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Improving the performance of electric machines has been focused on by researchers for many 

years. Reducing vibration and noise is one of the factors that are effective in improving the 

performance of electric machines. Electromagnetic forces are produced by the harmonics in the 

magnetic flux of the air gap, and vibration and electromagnetic noise are produced by the 

electromagnetic forces exerted on the stator and rotor structures. This paper proposes a new 

structure of the squirrel cage rotor to improve the distribution of the air gap magnetic flux and 

reduce the electromagnetic forces and, consequently, the electromagnetic noise in a single-phase 

induction motor. For this purpose, the rotor bars in the proposed design are located on the rotor 

in a sinusoidal form. The results show that this rotor structure improves the dynamic behavior 

and many parameters, such as electromagnetic forces, harmonic distortion of magnetic flux, and 

torque ripple. 

I. Introduction 

In general, induction motors are divided into two groups based 

on rotor structure: squirrel cage motors and slip ring motors 

(wound rotors). Due to their simple and robust structure, more 

than 90% of induction motors are squirrel cage rotor types. 

Single-phase induction motors (SPIM) are the most common 

type of low-power motors in single-phase systems and are 

extensively used in domestic and industrial applications [1-2]. 

  With the development and progress of the process of 

designing and manufacturing electric machines, various 

technologies of them have been presented for specific purposes. 

On the other hand, these machines must be able to meet many 

specific application requirements such as speed, torque, 

reliability, longevity, low noise and vibration, and maintenance. 

Therefore, improving the performance of electric machines has 

always drawn researchers’ attention [3-5]. In general, many 

factors in the process of design, production, and operation of 

electric machines affect their performance. In [6 - 8], the effect 

of non-sinusoidal voltage is examined on the steady-state 

performance of a motor. The results show that harmonic  

voltages produce non-sinusoidal currents in the stator and rotor, 

resulting in additional losses and torque ripples. SPIMs have low 

starting torque. Also, during the transient and steady-state, these 

motors produce a significant level of torque pulses, which create 

noise and vibration in the electric machine. In [9], to solve these 

problems, a pulse width modulation (PWM) inverter has been 

used to start the motor. In [10-13], by designing the winding and 

using the pole-change method, reduces the harmonic 

components of the magnetic flux density air gap. In general, air 

gap field harmonics play a major role in the performance of 

electric machines, including the level of electromagnetic forces 

and the production of noise and vibration in them. 

 In [14], by injecting a small current into the stator winding, 

which has a controlled magnitude, frequency, and phase, waves 

are created that are contrary to the existing harmonics and limit 

or eliminate them. Also, efforts are made in [15-17] to reduce 

the field harmonics by using the compensators of the negative 

current component. In [18-21], the effect of the geometry of the 

rotor bars and stator slots is investigated on the magnetic field of 

the air gap and the performance of the squirrel cage induction 
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motor. In [22], to improve the starting characteristic of the motor, 

it is suggested to use skew slots in the stator core instead of the 

rotor. Another method to improve the performance of SPIM in 

a specific speed range is to use an adjustable capacitor. In [23], 

a chaotic pulse width modulation method is proposed to extend 

the power spectrum of the induction motor drive system. The 

results show that in this method, carrier, voltage/current, and 

acoustic switching noise spectrum are dispersed over a chaotic 

frequency range with no specific frequency concentration. 

 In [24], the effect of capacitor changes on motor characteristics 

including efficiency, electromagnetic torque, torque ripple, 

power factor, and current in a specific speed range is 

investigated, and the results confirm the improvement of motor 

performance. In [A], it deals with the reduction of quantization 

noise in the direct torque control of an induction motor. In the 

proposed method, by using a random dither signal that is added 

to the truncating analog-to-digital converter (ADC) outputs, the 

average error of the ADC reaches zero, and as a result, the 

integrator output error is reduced. The proposed quantization 

method can improve the result of the digital converter. Therefore, 

this method can reduce the current measurement result. 

Therefore, torque and flux ripples are reduced. To make electric 

motors with high reliability and low losses, a high-temperature 

superconducting induction/synchronous motor (HTS-ISM) is 

studied in [B]. The torque density and structural dimensions of 

HTS-ISM are optimized using the collective decision 

optimization algorithm (CDOA). 

The results show an increase in torque of about 51.75% through 

the optimization process. Also, the particle swarm optimization 

(PSO) algorithm has been used as a common optimization 

method to compare the results. The results show that CDOA is 

more capable than PSO in motor design parameter optimization 

problems. In [25-27], the effects of the combination of different 

rotor and stator slots on the electromagnetic force are 

investigated by the finite element method using theoretical 

analysis. The results show that the coordination of the slots is 

very important and significant in the design process of low-noise 

motors. Another effective method of noise reduction is the use 

of skew slots in the rotor [28-30]. In [28-29], a new type of skew 

slot is presented and it is compared with previous types to 

examine the effectiveness of the proposed method. As 

mentioned, different goals are considered in different machines 

depending on the type of application for improving their 

performance.   

  This paper presents a new structure of the squirrel cage 

rotor to improve the distribution of the air gap magnetic flux. In 

the proposed design, by maintaining the composition and 

geometry of the stator and rotor slots, as well as the identical 

distribution of the stator winding, the rotor bars are located on 

the rotor according to a sinusoidal function. For this purpose, the 

conventional squirrel cage rotor and the proposed designs are 

simulated in ANSYS Maxwell 2D software. With the new rotor 

design, the total harmonic distortion (THD) of the magnetic field 

of the motor is reduced. As a result, the level of electromagnetic 

forces is reduced. Besides, some dynamic performances such as 

torque ripple and speed response are improved. The rest of the 

paper is organized as follows. Section II presents the stator 

windings. In Section III, the proposed design of a squirrel cage 

rotor will be introduced. Section IV presents the simulation 

results. Finally, the conclusion of the paper is provided in 

Section V. 

II. Distributions of Stator Windings

As was already mentioned, one of the factors affecting the 

electromagnetic forces in electric machines is the distribution 

of stator winding. The winding distribution can be concentric 

or lap. However, since this paper aims to investigate the effect 

of the position of the squirrel cage rotor bars on SPIM on the 

electromagnetic forces, the distribution of the winding in both 

conventional and proposed designs is considered to be similar. 

  In [13], the effect of different types of the stator winding 

distribution on electromagnetic forces in a SPIM is considered 

and a new winding is introduced to reduce electromagnetic 

forces. This paper considers the stator winding in both 

conventional and proposed designs to be 4-poles and exactly 

similar to the winding introduced in [13]. This winding type is 

a lap. The pitch of the main and auxiliary windings equals 7. 

The widespread design of the stator winding distribution (main 

and its auxiliary windings) is shown in Fig. 1. 

III. Proposed Design of Squirrel Cage Rotor

The cross-sectional of the conventional and proposed designs 

of the squirrel cage rotor is shown in Figs. 2 and 3, respectively. 

In the proposed design the distribution of the centers of rotor 

bars is located on a sinusoidal function. All other parameters 

such as dimensions, composition, and geometry of the stator 

and rotor slots are identical in both motors. Also, the shape and 

area of the rotor bars are kept constant. 
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Fig. 1. The widespread design of stator winding: main (solid line) and auxiliary (dashed line) – 4poles [13] 

Fig. 2 .  The cross-sectional of the conventional squirrel -cage rotor 

Fig. 3 .  The cross-sectional of the proposed design of the squirrel cage rotor  

IV. Simulation and Results

  To evaluate the proposed design and compare it with the 

conventional design of the squirrel cage rotor, these two 

designs are simulated in ANSYS Maxwell 2D software. The  

electrical specifications of the studied single-phase induction 

motor (run and start capacitor) are presented in Table 1 and its 

sizing information are according to Table 2. In this 

comparison, the stator structure and its winding distribution 
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are the same. Also, the dimensions, geometry, and area of the 

rotor bars and their core are identical, and the only difference 

is in the placement of the rotor bars. 

TABLE 1 

ELECTRICAL SPECIFICATIONS OF THE SINGLE-PHASE 

INDUCTION MOTOR STUDIED 

Parameters Values 

Output power (hp) 0.75 

Voltage (V) 220 

Phase number 1 

Frequency (Hz) 50 

Run capacitor (𝝁𝑭) 25 

Start capacitor (𝝁𝑭) 160 

Pole number 4 

TABLE 2 

SIZING INFORMATION OF THE SINGLE-PHASE 

INDUCTION MOTOR STUDIED 

Parameters Values 

Stator 

Outer diameter (mm) 160.6 

Inner diameter (mm) 89.8 

Length (mm) 66 

Number of slots 36 

Air gap(mm) 0.45 

Rotor 

Outer diameter (mm) 88.9 

Number of bars 48 

Length (mm) 66 

End ring thickness(mm) 5 

End ring height (mm) 15 

A. Distribution of Magnetic Field 

   Figs. 4 and 5 display the magnetic field distribution and 

flux lines in machines. The curves of the air gap flux density 

variations in the conventional and proposed designs are shown 

in Fig. 6. According to these curves, the average variations of 

flux density amplitude in conventional and proposed designs 

are 0.43 Tesla and 0.56 Tesla, respectively. Also, the Fast 

Fourier Transform (FFT) analyses of these waveforms in 

conventional and proposed models are depicted in Figs. 7 and 

8, respectively. Accordingly, the total harmonic distortion 

(THD) percentages in these designs are 71 and 52, respectively. 

To investigate the effect of the proposed structure on the air 

gap field, the effect of the rotor field in the conventional and 

proposed designs has been independently analyzed. Fig. 9 

displays the flux density change curves due to only the rotor 

field in these designs. According to these curves, the average 

variations of flux density magnitude in conventional and 

proposed designs are 0.35 Tesla and 0.41 Tesla, respectively. 

The FFT of these curves is also shown in Figs. 10 and 11, 

respectively. Accordingly, the THD percentages in these 

designs are 83 and 61, respectively. As is seen in these figures, 

the new placement of rotor bars increases the magnetic field 

generated by the rotor. As a result, as the magnitude of the air 

gap magnetic field increases, its distortion decreases. 

Fig. 4. Magnetic flux distribution in conventional 

design 

Fig. 5. Magnetic flux distribution and flux lines in proposed 

design 

Fig. 6. Air gap flux density curves 
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Fig.7. FFT of the air gap flux density in the conventional design 

Fig. 8. FFT of the air gap flux density in the proposed design 

 
Fig. 9. Rotor field curves 

Fig. 10. FFT of the rotor field in the conventional design 

Fig. 11. FFT of the rotor field in the proposed design 

B. Electromagnetic Forces in Induction Motor 

  The harmonics in the magnetic flux in the air gap are the 

main cause of electromagnetic noise and vibration in electric 

machines. Recently, reducing noise and vibration in electric 

machines to improve their performance has been highly 

regarded by researchers. In general, radial and tangential 

electromagnetic forces are two major sources of 

electromagnetic vibration. Radial electromagnetic forces are 

the main source of electromagnetic noise in electric machines. 

 Today, with the development of the process of designing and 

manufacturing electric machines, the harmonic components 

affecting vibration and noise have been reduced greatly. 

However, various factors caused by internal/external defects 

of the motor such as power supply, load, stator core structure, 

rotor, etc. can cause serious problems that affect the normal 

performance of the motor [33-35]. 

  Electromagnetic pressure (Maxwell pressure) or in other 

words electromagnetic forces (Maxwell forces) per unit area 

(Pm) can be calculated by Eq. (1). 

𝑃𝑚(𝜃. 𝑡) =
𝑏𝑟
2(𝜃.𝑡)−𝑏𝑡

2(𝜃.𝑡)

2𝜇0
    (1) 

  In Eq. (1), θ is the mechanical angular position in degree, t 

is time, 𝜇0  is the magnetic permeability in the air gap, 

𝑏𝑟(𝜃. 𝑡)  and 𝑏𝑡(𝜃. 𝑡)  000.00000000000000000…..are the 

radials the tangential components of flux density in the air gap, 

respectively. In general, the radial component is much larger 

than the tangential component, so in most cases, the tangential 

component is ignored. 

C. Analysis of The Dynamic Characteristics

  Fig. 12 depicts the curve of the electromagnetic force 

applied to the rotor and stator cores in the conventional and 

proposed designs. For example, according to this figure, the 

mean value of the variation of the electromagnetic force in the 

conventional and proposed models by a numerical method 

under loading condition 2 N.m is equal to 4.58 N and 0.59 N, 

respectively. Also, the curves of speed, main winding current, 

and torque are shown in Figs. 13, 14, and 15 respectively.  
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Fig. 12. Electromagnetic force-time curves 

Fig. 13. Speed-time curves 

Fig. 14. Main winding current - time curves 

Fig.15. Torque-time curves 

Table 3 shows the comparison of losses in two conventional 

and proposed models under different loading conditions. 

According to this table, core losses and copper losses under 

different loading conditions including 100%, 80% and 60% 

of nominal load have been calculated and compared. The 

total losses in the proposed design are smaller than the 

conventional design. This means that the efficiency of the 

proposed motor has been modified.  

TABLE 3 

COMPARISON OF LOSSES IN CONVENTIONAL AND 

PROPOSED DESIGN 

Total losses 

(W) 

Copper loss 

(W) 

Core loss 

(W) 

Losses 

Design 

94 82 12 Conventional (load=1.5 N.m) 

114 104 12  Conventional (load=2 N.m) 

160 148 12 Conventional (load=2.5 N.m) 

78 64 14 Proposed (load=1.5 N.m) 

97 83 14  Proposed (load=2 N.m) 

134 120 14 Proposed (load=2.5 N.m) 

V. Conclusion 

  In this paper, it was determined that if the position of the 

rotor bars follows the sinusoidal distribution, the first 

harmonic component of the air gap magnetic flux will 

increase and other harmonic components will decrease. 

Therefore, it can be achieved with less electromagnetic 

force and noise. Also, the single-phase induction motor will 

show better behavior in transient operations. The analytical 

and simulation results by Maxwell software of both 

simulated models are summarized in Table 4. 
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TABLE 4 

COMPARISON OF PARAMETERS IN CONVENTIONAL AND PROPOSED DESIGN 

Motor 

Quantity 

Conventional 

design 

Proposed 

design 

Stator winding Current (A) Main 6 5 

Auxiliary 5 4 

Winding Resistance (Ω) Main 3.9 

Auxiliary 4 

Torque ripple (N.m) 2.50 2.25 

The calculated average of  Maxwell radial force 

magnitude  by numerical method (N) 

4.58 0.59 

The calculated average of  Maxwell radial force 

magnitude by analytical method (N) 

12.06 2.68 

The variations average of flux density amplitude 

(Tesla) 

0.43 0.56 

The THD of flux density (%) 71 52 

Total copper consumed (gram) 235 
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Software-defined networking is a new network model proposed to solve the complexity 

of traditional network problems and facilitate dynamic network operation and 

management. The separation of the control plane from the data plane is the main idea of 

software-defined networks. Controllers are the operating system of software-defined 

networks and are responsible for managing the entire network. It is essential to locate 

controllers appropriately to have a balanced topology while guaranteeing low latency. In 

this work, a metaheuristic algorithm is used for controller placement. First, the problem 

is formulated and the network is partitioned by a clustering algorithm. Then, the seagull 

optimization algorithm is used to determine a suitable place for the controller in each 

network partition dynamically. Simulations are performed on the standard network 

topology from the internet topology zoo dataset to evaluate the proposed method. 

Simulation results reveal that the proposed method performs well in case of delay and 

load balancing compared with the state-of-the-art optimization algorithms. 

I. Introduction 

Software-defined networks (SDNs)  [1] are a promising new 

network model proposed to solve the complexity of traditional 

networks [2] and facilitate the operation and management of 

dynamic networks [3]. The main idea in SDNs is the separation 

of the control plane from the data plane [4]. The control 

function of network components, such as switches in SDNs, is 

transferred to the control plane and controllers. SDNs are 

programable networks with many advantages [5], such as 

simplifying network management, improving network 

utilization efficiency, and supporting network innovation [6]. 

 Network switches, also known as SDN nodes, are responsible 

for forwarding data based on the flow table [7], while 

controllers route network packets through the switches. When 

an unknown flow arrives at a switch, the switch sends a flow 

setup request to the controller, and the controller responds to 

the request by entering the flow in the switch's flow table [8]. 

Often a large-scale network with a single controller has high 

latency to perform control actions. In addition, the main 

obstacle in single controller networks is "single point failure". 

Also, it handles the entire network traffic, which may not be 

efficient. Since a single controller is responsible for all control 

activities in the entire SDN, any network failure will 

significantly impact network performance [9]. Several 

controllers have been distributed in the network to overcome 

these problems. The optimal placement of controllers in 

networks is a known problem, which is called controller 

placement problem (CPP). Because controllers play a vital role 

in increasing network performance, they must be located in 

optimal locations [10].  

An example of the CPP in an SDN is shown in Fig. 1. The 

control plane consists of two controllers in this sample that can 

manage the entire network. In an SDN with multiple 

controllers, the number of controllers is usually determined by 

network scale and traffic. 

The CPP unveils several challenges that must be considered. 

The optimal place of controllers is one of the CPP challenges 

as it widely impacts several parameters like delay, reliability, 

and load balancing [11]. The solutions should consider the 

controllers' capacities, the load distribution between the 

controllers, and the delay. Just as delay is the most crucial 

challenge in all networks [12], it is also crucial in SDN, and 
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the propagation delay between the controllers and the switches 

must be considered in CPP.  

The CPP is difficult due to its NP-hard nature [13]. The 

conventional formulation for CPP optimizes the objective 

function by linear programming (LP). But, LP does not run 

effectively on large networks with many nodes and links. Since 

real SDNs are often dynamic with variations (e.g., the number 

of users, topology, device failure, etc.), computation time and 

resources are constraining factors [11]. Therefore, it is 

suggested to use metaheuristic techniques to solve it. 

Seagull Optimization Algorithm (SOA) [14] is a new 

population-based bio-inspired algorithm. Some of the 

advantages of metaheuristic algorithms including SOA are 

flexibility, deviation-free, simplicity, understandability, and 

avoidance of local optima [15]. Metaheuristic algorithms focus 

on exploring the workspace to reduce the stickiness of a local 

solution. Local solutions are not the right solution to any 

problem [16]. SOA is flexible enough to solve different 

problems of different natures. It uses the randomness of 

variables to solve problems and eliminate computation to 

extract search space, making it more applicable to existing 

problems [14].  

Fig. 1. An example of the CPP in SDN 

In this work, we find the appropriate location of the controllers 

in the network. This research formulates CPP based on the load 

balancing in controllers, controller-to-switch latency, and 

inter-controller latencies. 

Since CPP is NP-hard and to solve such problems, an optimal 

solution cannot be obtained in a reasonable time [15], 

researchers have developed optimization algorithms based on 

metaheuristics. Metaheuristic techniques are suitable for 

solving complex problems and are widely used [17]. So, we 

use SOA to determine the location of the controllers. To the 

best of the authors' knowledge, this is the first time that SOA 

is used to solve the CPP. Finally, the proposed method is 

evaluated using the Internet topology zoo dataset. The main 

contributions of this research can be summarized as follows:  

1. Formulating the CPP as an optimization problem aimed

to minimize the delay and improve load balancing 

2. Partitioning the network by Fuzzy C-Means (FCM)

clustering algorithm 

3. Determining appropriate places for controllers by SOA

The rest of the paper is organized as follows. Section 2 presents 

a literature review of the CPP. Section 3 defines and formulates 

the CPP. The proposed method, clustering network by FCM, 

and controller placement by SOA are presented in Section 4. 

The proposed method is evaluated in Section 5. Finally, 

Section 6 concludes the paper. 

II. Related Works

Separating the data and control planes in the SDN 

architecture forces operators to design the control plane, so the 

design of the control plane is a hot topic in SDN. CPP has been 

studied from various perspectives in previous research, such as 

network performance [18], [19], [20], [21], deployment 

scenarios [22], [23], [24] etc., focusing on optimizing network 

performance. The following is an overview of research 

associated with CPP. 

CPP was first introduced by [18] in 2012. The authors studied 

CPP to minimize the propagation latency from the switches to 

the dedicated controller. Their approach included a large class 

of localization problems corresponding to a K-center problem 

to minimize the average propagation delay.  

Controller load balancing is another critical performance 

metric on CPP. Dixit et al. [22] proposed a flexible distribution 

of controllers to maintain the number of controllers by 

changing the controllers' number according to the SDN traffic. 

However, these methods improved only one parameter, like 

propagation delay or load balancing. 

Authors in [25] studied a multi-objective genetic algorithm to 

produce an approximate Pareto optimal frontier on large-scale 

networks. They considered load imbalance, latency, and 

reliability of network parameters. Also, they introduced 

inverted generational distance (IGD) as a performance metric 

to measure the distance between the estimated Pareto frontier 

and the optimal Pareto frontier.  

In [26], the authors focus on CPP in software-defined vehicular 

networks (SDVN) and consider the dynamicity of vehicular 

networks’ topology. They proposed a dynamic placement 

method based on integer linear programming (ILP) that 

adaptively adjusts the number and location of controllers 

according to road traffic fluctuations. But, ILP does not run 

effectively on large networks with many nodes and links. 

In [27] and [28], the authors try to solve CPP by partitioning 

the network. In [27], a hierarchical K-means algorithm is 

proposed, and in [28], a network partitioning technique with 

an optimized K-means algorithm is proposed to minimize the 

delay. Authors in [9] introduce deep Q-network-based 

dynamic clustering and placement (DDCP) for dynamic 

clustering of SDN switches and controllers and show that it 

can significantly improve response time and network resource 

utilization. However, deep learning requires a large amount of 

data and computational resources. 

In [20] and [21], the authors propose a mathematical model to 
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improve the delay in the distributed controller plane in SDN. 

They use two data-ownership models, single-data ownership 

(SDO) and multiple-data ownership (MDO), which provide 

consistency and eventual consistency. They show that both the 

switch-to-controller and the inter-controller latencies affect the 

response time of controllers in the SDO model. Also, the 

switch-to-controller latency is the only significant parameter 

affecting the controllers' response time in the MDO model. 

They propose two mathematical models to solve CPP that 

minimize the response time. For this purpose, they 

comprehensively examine all possible controller placement 

locations to determine Pareto optimal locations in switch-to-

controller and inter-controller latencies. Still, they do not 

consider the capacity of controllers and load balancing of 

controllers. 

Gao et al. [29] used particle swarm optimization (PSO) to solve 

CPP while considering the capacity of controllers. Gao et al. 

[30] presented a variant of the PSO heuristic for CPP while 

accounting for the load balance of controllers and latency. In 

[31], a discrete cuckoo search algorithm is applied to CPP. 

Simulation results show that the discrete cuckoo search 

algorithm performs well regarding latency and process time. 

However, it is designed for static environments and does not 

consider the load balancing of controllers. 

In [32], a dynamic optimization algorithm is developed based 

on the salp swarm optimization algorithm (SSA). It 

dynamically checks the optimum number of controllers and the 

optimal assignment of switches to controllers in large-scale 

SDNs. It aims to improve execution time and reliability but it 

does not consider controllers' capacity and load balancing.  

Schütz and Martins [33] proposed a formal mathematical 

model to reduce the controllers' propagation delay and load 

balance. The authors determined the location of the controllers, 

taking into account the capacity of the controller and the 

minimum number of controllers, and assigned nodes to the 

controllers.  

Authors in [10] use Pareto integrated tabu search (PITS) 

algorithm for CPP. They use a graph theory approach to 

determine the proper number of controllers. The PITS 

algorithm is proposed to identify the optimal location of 

controllers and switch assignments. Also, a heuristic approach 

is proposed to perform switch migration and improve SDN's 

reliability. 

Authors in [34] propose a new controller placement algorithm 

using Manta-Ray foraging optimization (MRFO) and salp 

swarm algorithm (SSA), but it only improves the delay 

parameter. They do not consider inter-controller latency either. 

Authors in [35] deal with traffic and energy consumption in 

SDN. They design an energy-aware routing algorithm 

formulated as a multi-objective NP-hard for the CPP. A 

heuristic approach is developed to find optimal routing for 

traffic between controllers and the controller to switches to 

improve energy consumption. It can rearrange traffic to meet 

provisioning criteria by utilizing the capacity-aware design, 

but the network delay is not considered. 

Authors in [24] address CPP and design a subgraph of a tee 

that can satisfy delay and availability constraints. Also, they 

consider geodiversity constraints to improve robustness to 

disaster-based failures. In [36], a DPC optimization algorithm 

is designed to solve the problem of poor aggregation effect in 

low-density regions. Also, the SC metric is addressed. The 

authors improve the BeeDPC algorithm to determine the 

controllers' position, simplify controller design and reduce 

average latency in SDN. Simulation results show that the 

optimized DPC algorithm can reduce the average delay. 

However, they do not consider the controller capacity. 

Authors in [37] propose a hybrid metaheuristic algorithm for 

CPP. At first, the authors improve the SDN network based on 

graph theory. Then, the optimal controllers are selected using 

the firefly optimization algorithm (FA). Finally, multiple 

controllers are placed using a hybrid metaheuristic algorithm, 

which includes a harmonic search algorithm and a particle 

swarm optimization algorithm (HSA-PSO). Among the 

advantages of this method can be mentioned the improvement 

of latency, reliability and throughput.

Most existing research on controller placement optimizes the 

delay by improving switch-to-controller propagation latency, 

but they usually don’t consider the capacity and load of the 

controllers. This research investigates the problem of delay 

minimization considering controller-to-controller and switch-

to-controller latencies, controllers' capacity, and their load 

balance. 

III. Problem Definition

In this section, the CPP treatment is formulated by the 

following assumptions. 

(a) Each switch is assigned to precisely one controller. 

(b) Each controller can respond to requests according to its 

capacity. Also, the sum of the requests processed by 

each controller at any moment must be within the 

processing capacity of the controller. 

(c) The switch requests cannot be split to be processed by 

multiple controllers. 

(d) The network load is dynamic and changes over time. 

(e) Each controller can only be placed in one of the nodes’ 

coordinates. 

(f) No two or more controllers can share the same nodes’ 

coordinates. 

We modeled an SDN topology by a graph 𝐺 = (V, E) where 𝑉 

is the finite set of our switches or nodes and 𝐸 is the set of links 

between them. Then, K is the number of controllers that must 

be placed in SDN and 𝐾 ≤ |𝑉 |. 

A. End-to-End Delay 

Eq. (1) shows the SDN total delay from source to destination 

[38] where delayend-end is an end-to-end delay, dproc is the 
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processing delay at each router or controller, and dprop is the 

propagation on each link. Also, dtrans is the total transmission 

rate of each switch to the controller that shows ds2c and the 

delay of transmission rate from each controller to another 

controller, shown by dc2c in Eq. (2). 

delayend-end = dproc+dtrans+dprop (1)

dtrans = ds2c + dc2c (2)

The number of network nodes is denoted by N, and 𝑑𝑣,c 

represents the shortest path from controller 𝑐 ∈ 𝐶 to node 𝑣 

∈V. Eq. (3) shows the average propagation delay for a set of 

controllers 𝐶 [13]. 

𝑑avg (C)= 
1

𝑁
∑ min

𝑐∈𝐶
𝑑𝑣,𝑐𝑣∈𝑉  (3) 

and the worst-case propagation latency for a set of 

controllers’ 𝐶 [13]: 

𝑑wc (C)=
𝑚𝑎𝑥
𝑣∈𝑉

𝑚𝑖𝑛
𝑐∈𝐶

𝑑𝑣,𝑐 (4)   

B. Inter-Controller Propagation Latency 

The average controller-to-controller latencies characterize the 

average latency between any pair of controllers in the network. 

The average of inter-controller latencies is calculated by Eq. 

(5) where 𝑑(𝑐1, 𝑐2) is the delay of c1 to c2: 

𝑑𝑐2𝑐 =
1

𝐾. (𝐾 − 1)
∑  𝑑(𝑐1, 𝑐2)

𝑐𝑖,𝑐𝑗 ∈𝐶

 
(5)

C. Switch to controller propagation latency 

We need to calculate the latency of switch-to-controller 

propagation, too. Eq. 6 shows the average latency of switch-

to-controller in SDNs where As c is the assignment of switch 

s to controller c. 

𝑑𝑠2𝑐 =
1

|𝑉|
∑∑𝑑(𝑠, 𝑐) 𝐴𝑠,𝑐

𝑐∈𝐶𝑠∈𝑆

(6)

D. The Load of Controller 

The traffic between SDN switches is unpredictable, and 

there are no known traffic patterns, but traffic load can be 

monitored during the runtime. The processing load of 

controllers often consists of three main parts: a load of rule 

installation in each controlled switch by c, the 

computational load of routing new arriving flows from the 

outside of SDN, and the computational load of routing new 

arriving flows from other SDN domains. B (fo, Si) shows the 

computational load of routing newly arrived flows at switch 

(Si) from the outside of SDN with a rate of fo, Si. 

B (f Sj,Si) shows the computational load due to routing at the 

controller of Si for flows arriving at Si from switch Sj 

controlled by another SDN controller with a rate of fSj, Si. 

Calculating SDN controllers' load is critical to performing 

path computation and depends on the arrival rate of flows 

through function B. The objective of this study is not the 

definition of function B [39]. 

LR in Eq. (7) shows the computational load to rules 

installation for switch Si at the controller [36]. 

𝐿𝑅 = ∑ 𝐹(𝑓𝑆𝑖,𝑠𝑗)/𝑏𝑤𝑖𝑗 + 𝐹(𝑓𝑆𝑖,𝑜)

𝑆𝑗∈𝑆

 (7) 

It expresses the number of flows traversing Si going out of 

SDN or other switches. Function F maps the flow arrival 

rate at Si to the computational load at the SDN controller 

needed for rules installation. bwij is the bandwidth of link 

node i to node j. Pm denotes the set of assigned switches. 

The overall computational load at SDN controller (LTc) is 

computed by Eq. (8) [36]. 

LTc= ∑ 𝐵(𝑓0,𝑆𝑖)𝑆𝑖∈𝑃𝑚 ,𝑆𝑗𝜖𝑆 +

∑ 𝐵(𝑓𝑆𝑗,𝑆𝑖)/𝑏𝑤𝑗𝑖 +𝑆𝑗∉𝑃𝑚 ,𝑆𝑖∈𝑃𝑚

∑ 𝐹(𝑓𝑆𝑖,𝑆𝑗)/𝑏𝑤𝑖𝑗 +𝑆𝑖∈𝑃𝑚 ,𝑆𝑗∈𝑃𝑚

∑ 𝐹(𝑓𝑆𝑖,𝑜)𝑆𝑖∈𝑃𝑚  

(8) 

Eq. (9) shows the average load of all controllers in the entire 

network. 

LTAvg=
1

𝐾
 ∑ 𝐿𝑇𝑐𝑐∈𝐶  (9)

IV. Proposed Method

The optimal locations of controllers change dynamically as the 

network load changes. Consequently, we must solve a dynamic 

optimization problem to find the optimal location of 

controllers in the network [25]. There are several switches in 

SDN that controllers must control. But, the problem is how 

switches are assigned to controllers that can provide the 

communication locality to decrease delay and increase load 

balancing at the controller level. For example, if switch No. 3 

usually sends data to switch No. 8 to provide the locality of the 

communication, it is better that switches No. 3 and No. 8 are 

supported by the same controller. This research aims to find 

the best arrangement of switches with controllers to localize, 

reduce inter-controller and switch-to-controller latency, and 

balance the controllers' load. 

The proposed method is based on SOA, which uses the seagull 

optimizer to find the proper location for the controllers. Firstly, 

the network is clustered by FCM, and then the optimal 

controller locations are determined in each cluster by SOA. 

In the first step, the network is clustered by FCM [40]. FCM is 

a clustering method that allows each data point to belong to 

multiple clusters with varying degrees of membership. 

Previous research like [27] and [28] used K-means clustering 

to partition the network, but we use FCM because of its 

flexibility. This means that if a node is in one cluster in the 

clustering step, its cluster can be changed in the placement 

step, which is possible in FCM. To optimize the controller 

placement, SOA [14] is adopted in the next step.  

After FCM clusters the network, the controllers' location in 

each cluster is determined using SOA. In defining the fitness 

function of SOA according to the research objectives, switch-

to-controller latency, controller-to-controller latency, and 

controllers’ load are considered. 
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A. Seagull Optimization Algorithm 

We use the seagull optimizer to find the optimal place for 

controllers in each cluster [41]. SOA is a metaheuristic 

population-based algorithm that simulates seagulls' 

migration and attacking behaviors. Population-based 

metaheuristic algorithms share various advantages, 

including scalability, simplicity, and computational time 

reduction [32] .Also, population-based algorithms can find 

the global optimum [14]. SOA is superior to optimizers 

such as spotted hyena optimizer (SHO) [41], grey wolf 

optimizer (GWO) [42], particle swarm optimization (PSO) 

[43], moth-flame optimization (MFO) [44], and genetic 

algorithm (GA) [45] with better exploration and 

exploitation, less time complexity and faster execution 

time.  

Seagulls are seabirds that are found all over the planet. 

Seagulls generally live in groups. They use their intelligence 

to find and attack their prey. They attract fish by baiting bread 

crumbs or earthworms. They make rain-like sounds with their 

feet to draw earthworms hidden beneath to the ground. The 

most important thing about seagulls is their migratory and 

aggressive behavior. Migration is defined as the seasonal 

movement of seabirds from one place to another to find a place 

with a better climate and more food resources [46]. 

Seagulls' behavior is illustrated as follows: 

• Seagulls migrate in groups. During migration, they maintain

their position to avoid colliding with each other. 

• Seagulls can move towards the best seagull for survival in the

group. 

• Seagulls can update their initial positions based on the

fittest of the seagull.

These birds often attack when they see migratory birds. They 

attack with a spiral shape. These behaviors can be formulated 

so that they can be optimized with the objective function. SOA 

focuses on two natural behaviors of seagulls: migration and 

attack. 

1) Migration (exploration)

During migration, the algorithm simulates how a group of 

seagulls moves from one position to another. In this phase, a 

seagull should satisfy three conditions: 1. collision avoidance, 

2. the movement direction, and 3. remaining close to the best

seagull. 

a) Collision avoidance:

With the help of variable A, the new Search Agent (SA) 

position is calculated, and collisions with neighbors are 

avoided in migration. 

𝐶𝑠
⃗⃗  ⃗ = 𝐴 × 𝑃⃗ 𝑠(𝑥) (10)

where Cs
⃗⃗  ⃗ represents the position of the SA that does not

collide with another SA, x indicates the current iteration, 

𝑃⃗ 𝑠  represents the current position of the SA, and A 

represents the movement behavior of the SA in a given 

search space that is calculated by Eq. (11) in the standard 

version of SOA. 

(11)𝐴 = 𝑓𝑐 − (𝑥 ×
𝑓𝑐

𝑀𝑎𝑥𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛
) 

where x=0, 1, 2, …., Max iteration and A is a variable that 

decreases linearly from fc to 0, and fc sets the frequency of 

using variable A. 

b) Movement Direction:

The SAs move to the best neighbor while avoiding 

collisions between neighbors. 

𝑀𝑠
⃗⃗⃗⃗  ⃗ = 𝐵 × (𝑃⃗ 𝑏𝑠(𝑥) − 𝑃⃗ 𝑠(𝑥)) (12) 

where M s represents the positions of SA P s towards the best-

fit SA P bs (i.e., fittest seagull), the variable B is deployed to 

make balancing between exploration and exploitation 

randomized. Eq. (13) states B calculation. 

B=2×A2 ×rd (13) 

where rd is a random number in the range of [0, 1].  

c) Remaining Close to the Best Seagull:

Finally, the SA can update its position concerning the best 

SA. 

𝐷𝑠
⃗⃗⃗⃗ = |𝐶 𝑠 + 𝑀⃗⃗ 𝑠| (14) 

The distance between the SA and the best agent is 

illustrated by D s. 

2) Attacking (Exploitation)

When seagulls attack prey, they perform a spiral 

movement. This behavior in the x, y, and z planes are 

defined. The new position of the SA is calculated using Eq. 

15 to 18. In these equations, r is the radius of each spiral 

turn, k is a random number in the range of 0 to 2π, u and v 

are constants to define the spiral shape, and e is the base of 

the natural logarithm.  

x′=r × cos(k) (15) 

y′=r × sin(k) (16) 

z′= r×k (17) 

r=u× ekv (18) 

The best solution is stored in 𝑃𝑠⃗⃗  ⃗(𝑥) , and the position of

other SAs is updated based on it. In SOA, like most 

metaheuristic population-based algorithms, a random initial 

population is first created. SAs update their position 

according to the best SA in each iteration. A decreases 

linearly from fc to 0. Variable B is responsible for the 

smooth transition between exploration and exploitation 

[14]. 

𝑃𝑠
⃗⃗  ⃗(𝑥) = (𝐷⃗⃗ 𝑠 × x′ × y′ × z′) + 𝑃⃗ 𝑏𝑠(𝑥) (19) 

The initial population of seagulls is vectors, along with the 

number of switches. For example, if the initial population is 20 

seagulls and the number of switches is ten, the initial size of 

the matrix will be 20×10. Suppose that the algorithm's input 
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and the number of controllers for placement are “3”. In that 

case, the initial population should be adjusted so that only three 

elements to locate the controller in each vector are selected. 

Element number may be “1” or “0”. “1” shows that this place 

is selected as controller placement, and other places equal “0”. 

So, in the initial population vector, three elements will be equal 

to “1”, and seven elements will be equal to “0”. Fig. 2 shows 

an example of three seagulls. 

The basic idea of the SOA in this study is to satisfy the 

controller plane's load balance, minimize the inter-controller, 

and switch to controller distances and latency. So, the fitness 

function is modeled as follows: 

Min fit(dtrans, LTAvg) (20) 

where fit is a non-linear function of deployed controllers and  

dtrans is the total transmission rate out of each switch to the 

controller and the delay of transmission rate out of each 

controller to another controller calculated by Eq. (2). LTAvg is 

the average load of controllers calculated by Eq. (9). The 

fitness function aims to minimize these parameters.  

Fig.2. An example of three seagulls 

V. Performance Evaluation 

A simulation environment is performed for the proposed 

method's performance testing. We compare our proposed 

method (SOA) with the state-of-the-art metaheuristic 

algorithms like Cuckoo Search Algorithm (CSA) [31], SSA 

[32] , and PSO [29] on the Internet topology zoo (ITZ) dataset 

[47].  

Fig. 3 Myren and Cogent network topologies [36] 

Fig. 4. The controller placement in the Myren topology 

Fig. 5. The controller placement in the Cogent topology 

A.Simulation Setup 

The proposed method is evaluated using MATLAB 2018b 

over a machine equipped with an Intel Core i3 processor and 8 

GB RAM. As shown in Fig. 3, the Myren and Cogent 

topologies from the ITZ dataset [47] are selected as small and 

large network topologies. The detail of these topologies is 

shown in Table I. Table II shows the simulation parameters. 

The initial number of populations in algorithms is set to 200, 

the iteration count is 50, and the algorithms run for ten rounds. 

Figs. 4 and 5 depict five controllers’ placement and node 

assignment obtained by the proposed method. In these figures, 

color stars show the switches, and red squares show the 

controller locations.  

TABLE 1.  

DETAILS OF THE SOFTWARE-DEFINED NETWORKS 
Network Type Geo 

extent 

Geolocation Layer No. 

switch 

No. 

links 

1 Myren REN Country Malaysia IP 36 39 

2 Cogent COM Country+ USA, 

Europe 

IP 197 212 

TABLE 2.  

THE SIMULATION PARAMETERS 

Parameter/ constants value 

Initial population 200 

Run time 10 rounds 

Traffic Random (0,250) 

Iteration 50 

PSO c1 = 2.0, c2 = 2.0, w(0.9→0.4) 
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A. End-to-End Delay 

In this section, the end-to-end delay is evaluated based on the 

number of packages sent. As can be seen in Figs. 6 and 7, the 

proposed method differs significantly from the other two 

algorithms in terms of the end-to-end delay. The proposed 

method, in most cases, has less latency than the other three 

methods and has made a significant improvement in reducing 

latency. This is because of considering the controller-to-

controller and switch-to-controller latencies in the fitness 

function and the flexibility of FCM to handle the nodes to 

select the appropriate cluster. 

Fig. 6. End-to-end delay in Myren 

Fig. 7. End-to-end delay in Cogent 

B. Load Balancing 

The controllers' load is evaluated to evaluate the network 

load balance. For this purpose, the maximum load of the 

controllers and the total load of the controllers over time are 

investigated. Figs. (8) and (9) show the maximum load of 

controllers in Myren and Cogent topologies in 10 rounds, 

respectively. Figs. (10) and (11) display the summation of 

controllers load in Myren and Cogent topologies in 10 rounds. 

Cuckoo and SSA have the highest loads among evaluated 

methods, but the proposed method has good performance in 

this parameter, and it has a better load balance and proper 

load distribution on the controllers than other methods.  

Fig. 8. The maximum controller load in Myren topology 

Fig. 9. The maximum controller load in Cogent topology 

Fig. 10. The sum of the controller loads in Myren topology 

Fig. 11. The sum of the controller loads in Cogent topology 
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This work deals with minimizing fluctuations of propulsion force and improving the motion 

quality in a linear switched reluctance motor. In order to minimize the jerks in the moving 

part of the motor, a new profile is used to generate an appropriate reference speed profile. 

Then, a simple fuzzy logic system which is able to overcome the uncertainties problem in 

nonlinear systems is designed and applied to the motor. The fuzzy control system can regulate 

the motor performance so that it tracks the reference speed with minimum error and 

fluctuation. The system is designed and its efficiency is shown through simulation and 

experimental tests in different performance situations. The obtained results confirm that the 

proposed strategy outperforms other conventional methods. 

I. Introduction 

Linear electrical motors are efficient and useful 

instruments in industrial applications with direct motion. 

Using these motors, rotary to linear motion mechanical 

converters are eliminated resulting in a simpler, cheaper, and 

more robust system. Linear switched reluctance motors 

(LSRMs) have several advantages that distinguish them from 

other types of electrical motors [1]. LSRMs have only one set 

of coils on the stator or translator, while the other side has no 

winding or PM. This feature is especially important in 

applications that involve a long movement path such as electric 

trains and elevators in tall buildings. Different LSRMs have 

been presented which can be used in various applications [1] 

and [2]. The standard design of LSRMs is done based on the 

design of corresponding rotary motors [1]. Review of different 

topologies of linear switched reluctance motor has been done 

in [3]. Reference [4] reviewed different topologies of LSRMs 

suitable for vertical motion applications, and finally a structure 

was selected which has been used in later studies [5] – [9]. The 

structure selected in the mentioned articles is a good choice for 

elevator application, though it needs massive iron to be placed 

for the entire movement path in tall buildings. In [10], a linear 

switched reluctance motor with additional permanent magnets 

has been examined in a railway system. The motor tempuratur 

studies has been done in [11]. The presented motor can create 

high force dencity, but PMs increase the total cost significantly. 

Use of more teeth at poles has a good effect on LSRM 

performance and the propulsion force quality. Two of these 

structures have been presented in [12] and [13]. The LSRM 

studied in [13] consisted of a modular toothed linear hybrid 

reluctance motor with permanent magnets in tranbslator slots. 

Details of the motor has been explained in [14]. All mentioned 

single-sided topologies in [10] – [14] were efficient in 

horizontal movement, but they were not good candidates in 

vertical motion applications such as elevator systems. Iron loss 

analysis and flux characteristics of a LSRM have been 

discussed in [15] and [16]. End-effects of a LSRM were 

explored in [17] based on mathematical and finite element 

analysis. A double-sided segmental stator LSRM with a high 

force density was presented in [18] which can be an 

appropriate choice for railway applications. A modular-stator 

LSRM with an active translator was presented in [19], which 

would produce a good average force though requiring 

https://www.orcid.org/https:/orcid.org/0000-0002-5207-0444
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extensive iron to be placed along the entire path in elevator 

application. In [20], a double-sided yokeless multi-tooth 

LSRM was proposed consisting of PMs in translator poles. It 

show a very good performance in terms of force ripple and 

cogging force. Analysis, design, and optimization of toroidally 

wound mover LSRM with segmental stator were done in [21] 

and [22]. A double-sided linear switched reluctance motor 

with two translators in a common stator was used in elevator 

application in [23] where the presented system indicated high 

average force with low ripple. In [24], seeker optimization 

algorithm was employed to achieve the least force ripple with 

maximum average force. Influence of design parameters and 

dimensions in the optimization of LSRM under thermal and 

weight constraints was discussed in [25]. In order to have a 

price electromagnetic model of a switched reluctance motor, it 

is very useful to analyze the flux, inductance, and force 

characteristics. These were done for two different LSRMs in 

[26] and [27]. In [28], the magnetic equivalent circuit of the 

LSRM was utilized to examine the performance of LSRM 

under asymmetric air-gap. This work presents the design and 

optimization of a double-sided linear switched reluctance 

motor with segmented stator and yokeless translator. In order 

to widen the positive force region, non-uniform air-gap has 

been designed and optimized. The proposed LSRM offers the 

advantages of the high force to mass ratio and low total cost. 

The influence of non-uniform air-gap dimension on the 

inductance and force characteristics of the motor is 

investigated and optimized via non-dominated sorting genetic 

algorithm to offer the maximum average force with minimum 

ripple. Finite element analysis of the proposed system has been 

done, and the results have been compared with a conventional 

LSRM. 

II. Selected Structure Of LSRM

A. Elevator application 
Fig. 1 displays the schematic view of the proposed LSRM. 

The motor has a twin opposing segmented stator with a 

yokeless translator as a motion guide in the path. The stator has 

eight concentric windings wound around the yoke of phases 

that are separated mechanically together. The LSRM shown in 

Fig. 1 has some advantages making it a good candidate for 

elevator application. In this motor, two phases are fed 

simultaneously, thus a high-power density is produced. The 

stator is made segmental and there is almost no mutual 

inductance between the phases. Hence, in addition to reducing 

the weight of the moving part, the losses are also reduced. 

Further, the translator has no yoke, which is very important 

economically in tall buildings and occupies less space. 

B. The main idea 

In the elevator application, the force produced by phases is 

always upward. In ascending motion, this force acts as a 

propulsion power while in descending motion it prevents the 

moving part from falling. According to (1), the phase force has 

a direct relationship with derivative of the inductance. In a 

conventional structure, a phase inductance is symmetrical in a 

pole pitch. In an elevator, the phase force generated in the 

inductance increasing zone ( 𝑑𝐿 𝑑𝑥⁄ > 0 ) is used for both 

ascent and descent. In this work, by changing the pole shape 

and the air-gap, the inductance curve becomes asymmetric 

whereby the inductance ascent side is greater than the other 

side’s. This has two major advantages: 

 Positive force is generated in a wider area, so the

average force increases.

 Air-gap changes continuously, which is effective in the

force ripple reduction.

Fig. 1. 3-D FEA model of the proposed LSRM. 

The proposed structure and the phase inductance curve are 

shown in Fig. 2. In a conventional structure, the phase 

inductance grows and then remains constant in its maximum 

value, while in the proposed structure, the inductance has a 

small constant zone with a large positive slope region. 

C. Propulsion Force Generation 

In the LSRM, the generated phase force in Z-axis direction 

can be written as [21]: 

𝑓𝑧 =
1

2
𝑖2 𝑑𝐿

𝑑𝑧
(1) 

where, L is the phase inductance and i represents the phase 

winding current. The average force from unaligned position 

𝑧2 to aligned position 𝑧1 is written as: 

𝑓𝑎𝑣 =
∫ 𝑓𝑧𝑑𝑧

𝑧2
𝑧1

𝑧2−𝑧1
=

𝑊𝑧=𝑧1
′ −𝑊𝑧=𝑧2

′

𝑑𝑧
=

𝑊𝑡
′

𝑧2−𝑧1
   (2) 

where, 𝑊𝑧
′  and 𝑊𝑡

′  denote the co-energy at position z

and total co-energy from aligned to unaligned position, 

respectively. Neglecting the energy in the core, we can write 

the co-energy at the aligned position as: 
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𝑔𝐿𝑤𝑠𝑝. 2𝛽𝑠𝛾   (3)

where, 𝛽𝑠 denotes the ratio of stator pole width to stator 

pitch, while 𝛾 indicates the ratio of translator pole width to 

stator pole width. In this work, d is assumed to be equal or 

larger than the stator pole width. This causes the overlap of the 

poles at aligned position to be approximately same as the 

conventional structure. Thus, the magnetic resistance at the 

aligned position will remain almost unchanged. 
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Fig. 2. (a) 2-D model of the proposed LSRM with non-uniform 

air-gap, (b) Ideal inductance curves. 

D. Propulsion Structural Reforms 

In order to improve the structure of the LSRM for elevator 

application, translator poles in Fig. 3-a were changed to a new 

shape as Fig. 3-b. The results indicated that this change is 

effective in enhancing the average force and reducing the 

ripple of force. A new problem is that, in the new structure 

there is a negative force agree with the earth's gravity in the 

unaligned position which is due to the asymmetry of the rotor 

poles. To solve this problem, a pole-shoe was added to the up 

side of the stator poles as Fig. 3-c. Inductance and force 

profiles for a phase are depicted in Fig. 4 for three structures. 

These profiles have been curved based on finite element 

analysis and the optimized dimensions. 

a 

b 

δ

ρ

c 

Fig. 3. (a) initial structure- Type 1, (b) translator pole change- 

Type 2, (c) proposed structure- Type 3. 

a 

b 
Fig. 4. (a) Inductance profile, (b) Phase force profile. 
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III. Optimization Of The Structure

A. Multi-Objective Optimization Problem 

Multi-objective optimization problem (MOOP) deals with 

a K-dimensional decision space of objective function 

𝑈(𝑋) = {𝑈1(𝑋), 𝑈2(𝑋), … , 𝑈𝑞(𝑋) }  based on decision 

vectors 𝑋. This method includes a set of non-dominated 

solutions instead of a single optimal method. Minimization 

of the objective functions leads to a minimum MOOP. 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑈(𝑋) = {𝑈1(𝑋), 𝑈2(𝑋), … , 𝑈𝑞(𝑋) }   (4) 

where 𝑋 = [𝑋1, 𝑋2, … , 𝑋𝐾] ∈ 𝑅𝐾  denotes a state in the K-

dimensional decision space (𝑅𝑘), and 𝑈 = [𝑈1, 𝑈2, … , 𝑈𝑞] ∈

𝛺𝑞 is the objective space with q minimization objectives. 

In this work, the average force, propulsion force ripple, and 

total mass of the motor have been selected as objective 

functions [24]. 

B. Objective Functions 

Determining an appropriate objective function is the first 

step in an optimization problem. Linear switched reluctance 

motors have inherently high force ripple which limits their 

applications in various industries. Initially, dimensions of the 

LSRM should be optimized so that it generates a high average 

force (𝐹𝑎𝑣) with minimal ripple (RF) which is defined as ratio 

of the ripple to the average force in percent. Also, the total 

mass of the motor (M) is another important factor. Accordingly, 

three objective functions can be determined as follows: 

𝑢1(𝑥) =
1

𝐹𝑎𝑣
(5) 

𝑢2(𝑥) = 𝑅𝐹 (6) 

𝑢3(𝑥) = 𝑀 (7) 

where, x denotes a vector including all dimension variables 

that may be adjusted to optimize the objective functions. Given 

some structural limitations, the parameters denoted in Fig. 2-a 

have been considered as optimization dimensions. The air-gap 

is considered constant 2 mm in the work. Hence, the adjustable 

parameters vector can be written as: 

𝑥 = (𝑤𝑠𝑝, 𝑤𝑡𝑝 , ℎ𝑠𝑝, ℎ𝑡𝑝, 𝛿, 𝑑, 𝜌)    (8)

C. Multi-Objective Optimization 

Dimensions of the LSRM denoted as x vector are changed and 

functions (5) – (7) are calculated at each step. The process 

continues until the function (9) reaches its minimum value. 

𝑓 = 𝑚𝑖𝑛 {𝑢1, 𝑢2, 𝑢3}   (9) 

In this work, the non-dominated sorting genetic algorithm 

(NSGA II) presented in [29] has been employed to solve the 

optimization problem. In this algorithm, the objective 

functions are calculated and the initial populations are sorted 

based on non-domination into each front. In the second step, 

crossover and mutation are performed. Identification of non-

dominated individuals from the first front population occurs in 

the third step which is the ranking step. The non-dominated set 

of solutions creates the first front solution whose individuals 

dominate the second front individuals. Thus, the front 

continues and all the fronts are determined. In each font, the 

sort values are described by individuals with specified 

crowding distance. By knowing the sort values and crowding 

distance, all of the first solutions or individuals are selected 

based on competition selection. The offspring population is 

developed from crossover and mutation operators. The best K 

individuals are chosen and the populations including the 

current population and offspring populations are ranked based 

on non-domination. The process continues until the stopping 

conditions are met. In the proposed optimization algorithm, 

population size, crossover probability, mutation probability, 

and maximum gen are 25.4, 0.8, 0.01, and 100 respectively, 

while the process has 100 independent runs. 

IV. Simulation Results

The LSRM displaced in Fig. 3 – c was optimized through 

the genetic algorithm mentioned in the previous section. Some 

parameters which are constant are reported in TABLE 1. 

TABLE 1 

CONSTANT PARAMETERS OF THE LSRM 

valueParameter

2 mmair-gap length

240 turnsturns in each coil

150 vrated voltage

12 Arated current

25 N/m/sfriction coefficient

2.8 𝛀phase resistance

For better and more accurate conclusions, both Type 1 and 

Type 3 LSRMs were optimized whereby the values indicated 

in TABLE 2 were obtained.  

TABLE 2 

OPTIMIZED PARAMETERS OF THE LSRM 

Optimized

Type 3

Optimized

Type 1
InitialParameter

15.5 mm15 mm14 mmspw

33 mm34 mm28 mmtpw

31 mm32 mm30 mmsph

30 mm34 mm36 mmtph

15 mm---14 mmd

3 mm---4 mm𝛿

3.5 mm---3 mm𝜌
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Finite element analysis of three types LSRMs was performed 

through Maxwell 16. In the analysis, the stator is moved by 1-

mm steps along a pole pitch, where the phase force as well as 

inductance is recorded at each point. The data obtained have 

been plotted in Fig. 4 using the curve fitting algorithm. The 

results in three aligned, mid-aligned, and un-aligned positions 

for three structures are presented in Fig. 5. 

Fig. 6 compares the average force and the ripple of the 

propulsion force at nominal current. It can be observed that the 

proposed structure has a higher average value. In order to 

achieve a complete comparison, the average force and the 

ripple for different phase currents are indicated in TABLE III. 

In the table, Fav denotes the average force and RF indicates 

the ration ripple to the average force in percent. It can be seen 

that the proposed structure has fewer force ripples due to the 

gradual reduction of the air-gap length. Further, the average 

force in the proposed structure is higher which is due to the 

wider phase force. 

TABLE 3 

OPTIMIZED PARAMETERS OF THE LSRM

Phase current 3 A 6 A 9 A 12 A 

Type 1 Fav (N) 22 48 94 152 

RF (%) 5.2 6.5 7.1 7.2 

Type 2 Fav (N) 28 53 99 159 

RF (%) 4.6 5.8 6.3 6.3 

Type 3 Fav (N) 31 56 104 163 

RF (%) 3.4 3.6 4.1 4.1 

a 

b 

c 

aligned mid-aligned unaligned 

Fig. 5. Finite element analysis of three structures, (a) Type 1, (b) Type 2, (c) Type 3 
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a 

 

b 

 

c 

Fig. 6. Propulsion  force at i=10 A, (a) Type 1, (b) Type 2, (c) Type 3. 

 

 

V. Experimental results 

To demonstrate the performance of the proposed structure, both 

type 1 and type 3 structures with the dimensions expressed in 

Tables I and II were constructed and compared experimentally. 

Both the stator and translator cores are made of silicon steel sheets. 

All poles need careful installation because of the poles of the stator 

and translator are separated individually due to no back iron. Thus, 

poles of both stator and translator are mounted on aluminum 

frames with a fixed distance of 2 mm as the initial air gap. A spacer 

is installed to ensure the constant distance. The structures of the 

LSRM are shown in Fig. 7. Propulsion force and inductance of the 

LSRMs are measured after locking the moving part using a plate 

and connectors at the desired position and energizing one phase 

winding with a constant DC current through a PWM power 

converter. A load cell sensor has been used to record the 

propulsion force data at a steady state current. For the inductance 

measurement, the angle between input voltage and current is 

determined from an oscilloscope. Results obtained from the 

mentioned experimental tests (EXP) are shown in Fig. 80 

compared with the finite element analysis (FEA). Results indicate 

that the practical results are relatively close to the finite element 

analysis results. This confirms the performance of the proposed 

structure of the LSRM for the elevator application as a 

unidirectional motion industry. 

 
a 

 
b 

 
c 

Fig. 7.(a) Prototype system, (b) Poles for Type 1, (c) Poles for Type 3. 

 

VI. Conclusions 

This work demonstrated the design and optimization of a linear 

switched reluctance motor for the elevator application. The 

propulsion force in the proposed structure was always upward 

corresponding to the working characteristics of an elevator. The 

translator was without yoke, making the system light and suitable 

economically, while the stator included separate poles leading to 

minor core losses. The translator was designed with a non-uniform 

air-gap length to generate wider positive force region and thus 

higher average force. Finite element analysis of the proposed 

structure along with a conventional one was performed and 

compared. A prototype system with two type 1 and type 3 pole 

structures was constructed and practical tests were performed. The 

obtained results were very close to the finite element analysis 

results confirming the robustness of the proposed structure. 
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a 

b 

c 

d 
Fig. 8. Comparison of the experimental results and finite element results, 
(a) Inductance, Type 1, (b) Inductance Type 3, (c) Phase force Type 1, 

(d) Phase force Type 3. 
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Wind power has been considered a future alternative to fossil energy resources. However, due 

to its stochastic nature, the integration of wind power plants (WPPs) into power systems poses 

some reliability problems such as a mismatch between load profile and efficient wind power 

generation. This issue can be alleviated by considering the correlation between hourly load 

and wind speed variations in the planning phase. To this end, a reliability-based wind power 

planning procedure is proposed and formulated as a stochastic programming problem. The 

objective function is the minimization of total costs, including capital investment, operating 

and maintenance, and customer energy not served costs. A new hybrid method that combines 

features of the load-duration curve and the K-means clustering algorithm is proposed to model 

the uncertainty of the input data. A shuffled frog-leaping algorithm is used to solve the 

proposed model. The simulation results indicate that the amount of adaptation between hours 

with high loads and those with high wind speeds markedly affects the selection of wind sites 

as optimal locations for WPP installation. Considering this issue can also improve power 

system reliability in the presence of WPPs. 

NOMENCLATURE 

max
invC Budget for investment in wind capacity 

skX , Capacity of the WTG type k at wind site s 

kCRF Capital recovery factor of the kth WTG type 

coci VV /  Cut-in/cut-out speed of WTG 

dr  Discount rate 

kL Economic life of the kth WTG 

dEENS  Expected energy not served in block d 

,d l Final operating scenario related to cluster l in block d 

IEAR Interrupted energy assessment rate 

ldIL , Interrupted load in cluster l and block d 

inv
kC Investment cost of the kth WTG type 

D
ildp ,, Load value of the ith member in cluster l and block d 

maxmin / ss XX  Minimum/maximum capacity of wind farm s 

HD
ldN , Number of demand hours of cluster l in block d 

dNh Number of hours in load block d 

HW
sldN ,, Number of wind speed hours at site s in cluster l and 

block d 
MO

kC &  Operating costs of the kth WTG type

rr PV / Rated speed/power of WTG 

b Set of load blocks 

S Set of wind sites 

K Set of WTG types 

d Set of clusters in load block d 

ld Set of load data in cluster l and block d 

sld  Set of wind speed data at site s in cluster l and block d 

wind
TX Total installation wind capacity 

, , ,d l s jWS  Wind speed value at site s for member j of cluster l in 

block d 

, ,

W

d l sp Wind power at site s for cluster l in block d 

ldW , Weight of cluster l in load block d 

ldWS ,  Wind speed of cluster l in block d 

Correlation of Load and Wind
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I. Introduction 

The share of renewable resources in the generation sector of 

many countries is rapidly increasing. Wind power has attracted 

more attention among different renewable resources because 

of its specifications, such as very low operating and 

maintenance costs and the lack of environmental pollution [1, 

2]. Due to the random nature of wind speed, the amount of 

generated wind power is uncertain. In a wind turbine generator 

(WTG), design parameters, including the turbine rated, cut-in, 

and cut-out speeds, and the rated capacity are involved in the 

output power at a specific wind site. Moreover, each WTG has 

its specific economic and reliability parameters. Hence, 

identifying the optimal type, number, and location of WTGs is 

essential to achieving the maximum economic and reliability 

benefits in wind power planning studies.  

On the other hand, there is uncertainty in the forecasted 

electric demand which affects power system reliability and 

changes the planning decisions. The reliability of the power 

system is a key issue in planning studies, especially in the 

presence of variable resources, such as wind power. In recent 

years, different papers have analyzed the reliability of power 

systems in the presence of WPPs using different techniques. 

For example, in [3], an analytical multi-state model is 

presented for the adequacy assessments of the generating 

system incorporating wind power. A procedure is presented in 

[4] based on the Markov process to model wind farms for 

reliability evaluation purposes. For a long-term assessment of 

wind power, an analytical approach is introduced in [5] and 

used to assess the performance of a hybrid renewable power 

system. A method to assess the reliability indices is proposed 

in [6] from the viewpoint of reactive power management for a 

power system including wind power. A framework for optimal 

selection of wind turbines is presented in [7], considering the 

capacity factor of WTG and the EENS reliability index. The 

proposed method helps compare the performance of wind 

turbines, but the uncertainties associated with the input data 

are not considered.  

Many papers have analyzed the generation capacity 

investment problem. In most of them, the problem is solved for 

conventional generation sources [8, 9]. Nevertheless, because 

of the uncertain character of wind speed, the WPPs need 

different models from the conventional plants. In [10], 

considering both long- and short-term uncertainties of wind 

power, a two-stage generation expansion planning model is 

developed, and an ARMA model is adopted to deal with the 

uncertainties. In [11], the impact of wind energy penetration 

on the capacity investment and incentives of individual wind 

power investors is analyzed in the power market. A risk-

constrained multi-stage stochastic programming model is 

proposed in [12] to make optimal decisions for investment in 

wind capacity.  

Some studies have investigated the optimal design of hybrid 

energy systems including WPPs. In [13], a framework is 

presented for the optimal design of a grid-connected 

wind/photovoltaic/storage energy system, and reliability is 

considered as constraint. For optimal sizing of the components 

of a hybrid wind/photovoltaic/battery system, an ant lion 

optimization method is proposed in [14]. The objective 

function is the minimization of the system's total cost. An 

approach based on the tunicate swarm optimization method is 

introduced in [15] to design a wind/photovoltaic/fuel cell 

hybrid system considering reliability and cost. In these studies, 

the advantages of hybrid energy systems have been exploited 

to supply the load, but the effect of uncertainty and the 

correlation of input data has not been considered in the results. 

The commonly used method to deal with uncertainties is 

stochastic programming [2, 12, 16, 17]. In this approach, 

which is also used here, uncertainty is represented via 

scenarios utilizing the input data. A significant aspect of 

scenario modeling in wind power planning studies is the 

consideration of the statistical correlation between electric 

load and wind power generation. Low values of electricity 

demand usually occur during the night when wind speed (wind 

power generation) is relatively higher [18]. Hence, considering 

load and wind as independent phenomena may result in non-

optimal investment decisions.  

In this paper, regarding the uncertainties and correlation 

between the input data, such as electric load and wind power, 

a new method is proposed to represent scenarios in the 

planning procedure. A stochastic-based programming model is 

presented for wind power capacity planning, considering the 

costs and reliability of the electric power system. The proposed 

model is a combinatorial constrained and nonlinear 

optimization problem that is properly solved by the shuffled 

frog leaping algorithm. To demonstrate the performance and 

effectiveness of the proposed approach, it is implemented in 

two modified power systems, and several case studies are 

presented. The main contributions of this paper are as follows: 

 Proposing a new hybrid method for scenario modeling

that combines features of the load-duration curve and the

K-means clustering algorithm in a probabilistic planning

framework of WPPs

 Considering and assessing the impact of the correlation

between input data on the results of wind power planning

from a reliability point of view in the power system.

II. Probabilistic WPP Modeling

A. Uncertainty characterization and scenario modeling 

Electric load and wind power generation are not statistically 

independent values in an electric power system. Low values of 

electricity demand usually correspond to high wind power 

generation [18]. Therefore, the uncertainty of both parameters 

should be jointly investigated. For modeling purposes, hourly 

historical data can be used for load and wind speeds at different 

wind sites in one or several years in the studied power system. 

It is assumed that the historical data are sufficiently scaled to 
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take demand growth into account. Each piece of historical data 

is a set of values, including the electric load and wind speeds 

at different wind sites, representing an operating scenario. 

Considering all scenarios (e.g., 8760 for one year) in solving 

the problem may result in intractability in a realistic power 

system. Therefore, a proper method should be adopted for 

reducing the primary data into a tractable data set.  

To model the uncertainties of the electric load and wind 

speed data, a novel hybrid method is presented that combines 

features of the load-duration curve (LDC) and the K-means 

clustering algorithm. The main advantage of the proposed 

method is achieving scenarios that have maximum 

concordance with the input data while the correlation between 

them is maintained.  

A flowchart of the proposed method for scenario modeling 

is depicted in Fig. 1. Evidently, the method is initialized with 

load and wind speed data input. To create initial scenarios, both 

load and wind speed data in the same time slot are jointly 

placed in a group to form an operating scenario. Then, the LDC 

is formed by sorting the load data in descending order. By so 

doing, the corresponding wind speed data that are in the same 

group are also moved, and the temporal correlation between 

them is maintained. Afterward, the load duration curve is 

divided into NLB load blocks (LBs), and the number of clusters 

in each LB (NCl) is also determined. 

In the next step, the K-means clustering algorithm starts by 

determining the number of iterations. The K-means method is 

an iterative algorithm that attempts to categorize a dataset into 

K subgroups (clusters) based on similarity [19]. As shown in 

Fig. 1, the K-Means method operates as follows: 

1) Initialize centroids by randomly selecting K data points as

the centers of clusters.

2) Calculate distances between data points and all the

centroids.

3) Assign each data point to the closest cluster (centroid).

4) Update centroids by taking the average of all data points

that belong to each cluster.

5) Repeat Steps 2 to 4 until the centroids no longer change,

or the maximum number of iterations is reached.

After the end of the K-means algorithm, to form the final 

operating scenarios, the values of wind speeds and load related 

to each cluster are obtained using (1) and (2), respectively. 
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Moreover, the weight of each final cluster is calculated using 

the following equation: 
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Finally, the output of this method is a reduced set of 

operating scenarios. 

Input load and 
wind speed data

Determine NLB and NCl  

Calculate weight of the scenarios using (3) 

Determine Number 
of iterations

Initialization of 
Centroids

Calculate distance of 
objects from centroids

Grouping based on minimum distance 

Are the centroids
unchanged or max 
iteration reached?

Form final scenarios using (1) and (2)

No

Yes

K-means method

- Create initial operating scenarios
- Form load-duration curve

Update 
centroids

Output final operating 

scenarios (γd,l)

Fig. 1. Flowchart of the proposed method for scenario modelling 

Each final scenario contains values of the load, wind speeds 

at different wind sites, and the occurrence probability that can 

be expressed as (4). 

, , , , ,; , ; ; , .D

d l d l d l s d lP WS s W d l                (4) 

B. WPP modeling for reliability evaluation 

In addition to an appropriate representation of uncertain 

input data, two factors should be taken into account for 

modeling a WPP which directly affect the WTG output. The 

first one is the relationship between the wind speed and the 

output power of the WTG, which can be specified using the 

WTG design parameters, including the rated capacity and the 

turbine cut-in, cut-out, and rated speeds. The second factor is 

the unavailability of the WTG, expressed by the WTG forced 

outage rate (FOR). 



308 Reliability-based Probabilistic Wind Power Planning/Jadidoleslam, et al

Considering the nonlinear relationship between the wind 

speed and output power of a WTG, the output power curve of 

a wind turbine can be represented as follows [3, 20]. 

2
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Constants , , and  are calculated using the following 

equations: 
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After determining the output power generated by a WTG, 

the next step is the identification of the WPP model. An 

analytical method is adopted to build a WPP model that 

incorporates the FOR of WTG units [3]. In this method, a WPP 

is divided into two basic parts: wind conditions and WTG units. 

If WPP comprises identical WTG units with zero FOR, the 

WPP model will be the same as a single WTG unit. However, 

if the FOR of WTG units is not zero, wind conditions and the 

WTG units form a series system (Fig. 2). Therefore, the WPP 

model can be obtained by combining the capacity outage 

probability table (COPT) of the WTG units and the wind 

conditions [3]. To create the COPT of a WTG unit (WTG-

COPT), the following procedure is followed: 

1) The output states of the WTG are defined as segments of

the rated power.

2) The total number of times that an output power falls within

one of the output states is determined.

3) The probability of each state is calculated by dividing the

total number of occurrences for each output state by the total 

number of data points. 

After forming the WTG-COPT, the multi-state model of a 

WPP, including multiple WTG units, is created using the 

following steps. 

1) The WTG units with specified rated power and FOR are

combined to create a COPT using the conventional COPT

algorithm [21].

Wind 

Condition

WTG unit 1

WTG unit 2

WTG unit n

Fig. 2. WPP Model including multiple WTG units. 

2) The wind condition model is represented by the WTG- 

COPT.

3) The wind condition and the COPT of Step 1 are combined

to create the multi-state WPP-COPT. 

To evaluate the reliability of the generation system, the 

generation model and load model should be convolved to 

create the risk model [21]. The generation model (GEN-COPT) 

is formed using the WPP-COPTs of different WPPs (Table 1) 

[21]. The first column shows the outage capacity level (Oi) in 

MW. Thus, the available capacity of the generation system will 

be the installed capacity minus the outage capacity, which is 

shown in the second column. In this table, the third column 

indicates the probability of the generation outage Oi which is 

calculated using the FOR of the generating units. The load 

model is described as the LDC displayed in Fig. 3. Based on 

this figure, for the generation outage of Oi, the load is lost for 

the period of ti. Consequently, the loss of load expectation 

(LOLE) can be calculated as 

1

.
N

i i

i

LOLE p t


   (9) 

The area under the LDC indicates the energy demand. 

Hence, the unserved energy due to the generation outage of Oi 

is Ei, and the expected energy not served (EENS) can be 

calculated as 

1

.
N

i i

i

EENS p E


                            (10)

In (9) and (10), N is the number of states of GEN-COPT and 

pi is the probability of the generation outage Oi. 

III. Problem Formulation

The goal of a power system planner is to identify the optimal 

wind power investment plans that minimize total costs. 

Consequently, the objective function of the proposed model is 

the minimization of total costs, including capital investment, 

operating and maintenance, and customer energy not served 

costs. Since the WTGs may have different lifetimes, the annual 

equivalent cost approach is adopted to evaluate different plans. 

The proposed wind power planning model is formulated as 

follows. 

TABLE 1 

EXAMPLE OF CAPACITY OUTAGE PROBABILITY 

TABLE. 

Capacity outage (MW) Available capacity (MW) State probability 

O1

O2. . . 
Oi . . . 
ON

Installed capacity ₋ O1

Installed capacity ₋ O2. . . 
Installed capacity ₋ Oi.. . 
Installed capacity ₋ ON

p1 

p2 . . . 
pi . . . 
pN 
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Fig. 3. Load duration curve for reliability evaluation [22]. 
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In (11), CRFk is the capital recovery factor used to calculate 

the annual equivalent investment cost and is expressed as 

follows [22]: 
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The objective function of (11) consists of three parts. The 

first one is related to the capital investment cost of newly 

installed WPPs. It includes the costs of the turbine, turbine 

erection, foundations, roads, and grid connections. The second 

part is the operating and maintenance cost of all WPPs. This 

cost is calculated annually within the lifetime of a WPP. Finally, 

the third part is the customer energy not served cost. Reliability 

and cost models are required to estimate this cost for a power 

system. Reliability can be assessed by the expected energy not 

served (EENS) index, using the analytical approach described 

in Section II. The commonly used cost model to estimate 

customer energy not served cost is the composite customer 

damage functions [23]. These functions can estimate a cost 

factor in ($/MWh), known as the interrupted energy 

assessment rate (IEAR). Therefore, the cost of energy not 

served can be calculated using the IEAR factor and EENS 

index. 

In the proposed model, Constraint (12) represents the 

equation for calculating the EENS reliability index in demand 

block d. Constraint (13) imposes the limitation of the total 

wind power installation capacity at a wind site. Wind power 

capacity, which can be installed at a wind site, is generally 

limited by factors such as the limitation of a geographical area 

and wind power availability. Constraint (14) indicates the total 

targeted wind power capacity that must be constructed in a 

power system. It is either determined by the future energy 

plans or forced by the accepted renewable portfolio standard 

(RPS) mandates. In some cases, Constraint (14) can be 

replaced by the investment budget constraint as follows: 

.max
, inv
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sk CX  

 

 (16) 

IV. Solution Approach Using the Shuffled

Frog Leaping Algorithm 

The shuffled frog leaping algorithm (SFLA) is a population-

based meta-heuristic optimization method presented in 2003 

by Eusuff and Lansey [24]. SFLA is inspired by the evolution 

of food-seeking frogs. It has a local search ability which makes 

it a powerful and efficient algorithm. SFLA has been used to 

solve various problems in power system studies and has shown 

good efficiency and performance in solving nonlinear and 

complex optimization problems [2, 9, 25]. 

In the first step, to start the algorithm, an initial population 

of ‘N’ hypothetical frogs is created in the search space. Then, 

each member of the population is evaluated based on its 

location (Zn) using the objective function of the problem, and 

the population of frogs is sorted in descending order according 

to their fitness values.  

The next step is called local search, which commences by 

dividing the frogs into a pre-determined number of groups (m). 

Each group is called a memeplex, and the number of frogs in 

each one is equal to N / m. In the local search procedure, using 

the frog leaping rule (Equations 17 and 18), the location of the 

worst frog (Zw) changes regarding the best frog (Zb). This jump 

is limited by the CPmax value. 

new

w wZ Z CP  (17) 

maxC ( ),b wP a Z Z CP CP    (18) 

In (17), a is a random number between 0 and 1. If this jump 

leads to a better position, it will replace the worst frog; 

otherwise, by substituting the best frog with the global best 

frog (Zg), the leaping rule will apply again. After this, if no 

improvement is achieved, the worst frog will be replaced by a 

new randomly generated one. The position of the frogs 

improves by continuing the evolutionary process in the 

memeplexes for a specified number of iterations.

In the final step, by using the so-called shuffling process, all 

the frogs are combined and sorted again. The local search and 

shuffling processes continue until the convergence criterion is 

met. A flowchart of the implementation of the proposed SFLA 

method is depicted in Fig. 4. More information and details can 

be obtained from [24]. 
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Initialize: Population size (N), No. of 
iteration (imax), No. of memeplexes (m), 

No. of local search iteration (jmax)

- Generate population (P) using (19)-(23)
- Evaluate the fitness of the P

i < imax

- Sort P in descending order
- Partition P into m memeplexes 

Shuffle the memeplexes

First memeplex: k=1

First local search iteration: j=1

- Determine Zw, Zb, Zg 
- Apply (17) and (18)

Apply (17) and (18) by Replacing Zb with Zg 

Zw (new) better 
than Zw?

Generate new frog 

j = j+1j< jmax

k = k+1k< m

Zw (new) better 
than Zw?

Yes

No

Yes

No

Yes

No

No

Yes

Replace the worst frog  Zw

Yes

Local search 

No

Next iteration 
i = i+1

First iteration: i=1

Return the best solution
 

Fig. 4. Flowchart of the SFLA method 

It is relatively difficult to apply equality constraints in the 

SFLA method. An adjustment technique is adopted here to 

meet Constraints (13) and (14) as follows: 

1) Allocate the minimum wind power capacity (Xs
min) to

each wind site (s=1,2,…,ns), and calculate the remaining 

capacity (XT
R) using (19). 
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2) Using the XT
R, the allocated capacity at the sth wind site

(Xs
A) is determined as follows: 
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where XS
R is the remaining capacity after capacity allocation 

to the (s-1)th wind site and calculated using (21). 
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If Xs
A is greater than XS

R, then Xs
A = XS

R and the allocated 

capacity at the remaining wind sites (s+1,…,ns) will be Xs
min. 

For the last wind site (s=ns), the allocated capacity is given 

by 
i
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Note that the order of wind sites for capacity allocation is 

randomly chosen. Thus, all wind sites will have the same 

chance for capacity allocation in the optimization process. 

3) Calculate the number of the kth-type WTG units at wind

site s using (23). 
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where [ ] is an integer truncation function. 

When using the integer truncation function, the total 

capacity allocated to all wind sites might become less than 

XT
wind. Hence, to meet Constraint (14) as accurately as possible, 

the number of the WTG with the lowest rated capacity is 

adjusted. 

V. Numerical Results 

To illustrate the performance and effectiveness of the 

proposed approach, results of different cases based on the 

RBTS [26] and IEEE-RTS [27] test systems are provided here. 

A. Data and parameters 

Suppose that four wind sites are considered to develop 

WPPs in the test systems. The wind speed data are from wind 

sites at Borujen, Moghar, Moorche-Khort, and Varzane in 

Isfahan Province, Iran [28]. The mean wind speeds of these 

sites are 13.5, 15.9, 16.9, and 17.1, respectively. The load data 

of the RTS [27] are used in the studies. To perform wind power 

planning, 12 WTG types with different design and operating 

parameters are considered (Table 2). The FOR and lifetimes of 

all WTG units are assumed to be 4% and 25 years, respectively. 

A discount rate of 8% is assumed in the studies. An average 

IEAR factor of 6.3 K$/MWh is assumed to calculate the energy 

not served cost [23].  

The proper selection of parameters for optimization 

algorithms has a significant effect on convergence speed and 

the results obtained. In this paper, the parameters of the 

employed algorithms (SFLA, PSO, and GA) are selected 

experimentally by performing several experiments. For this 

purpose, the SFLA has been run many times using different 
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parameter values. Following that, the appropriate parameters 

of the algorithm have been selected. To make a fair comparison 

between all employed algorithms, the parameters of the PSO 

and GA, such as the initial population and the number of 

iterations, have been selected proportionally. The selected 

parameters of the SFLA for both test systems are presented in 

Table 3. 

B. Number of scenarios selected 

In the proposed hybrid method for data modeling, the 

number of final scenarios is determined using the product of 

the number of LBs (NLB) and the number of clusters in each LB 

(NCl). By increasing NLB and NCl, both modeling accuracy and 

computational volume increase. To select the proper number 

of NLB and NCl, a trade-off must be made between accuracy and 

computational volume.  

To represent load data appropriately, the width of the LBs 

(in terms of hour span) varies according to the variations (slope) 

in the LDC curve. For example, since the peak load can greatly 

affect planning decisions, for the first LB representing the peak 

load, the width is considered narrower.  

Since the number of scenarios affects the accuracy of LOLE 

index calculation, to find an appropriate number of scenarios, 

the LOLE is calculated for different numbers of scenarios. For 

this purpose, the IEEE-RTS test system is considered, and it is 

assumed that WPPs can be installed at four wind sites with 

various capacities. The results are depicted in Fig. 5. Evidently, 

the LOLE is relatively constant after 48 scenarios for all wind 

power capacities. The results indicate that modeling the 

operating conditions using 48 scenarios is adequate for 

generation system reliability assessment and planning studies. 

These scenario data are provided in Table 4. 

TABLE 2 

CANDIDATE WTG UNIT PARAMETERS 

Cut-out 

speed 

(km/h) 

Cut-in 

speed 

(km/h) 

Rated 

speed 

(km/h) 

O&M 

costs 

($/MW-yr) 

Capital 

cost 

(k$/MW) 

Rated 

capacity 

(MW) 

Type 

80 10 40 36 1350 0.5 W1 

70 10 45 36 1350 0.5 W2 

80 12 40 35 1250 1 W3 

55 12 30 30 1120 2 W4 

60 13 33 33 1220 1 W5 

90 14 40 32 1250 1 W6 

50 15 33 35 1100 2 W7 

60 15 33 30.5 1100 2 W8 

70 15 37 32 1200 1 W9 

70 18 48 32 1250 1 W10 

70 18 45 30 1100 2 W11 

75 18 35 30 1100 2 W12 

TABLE 3 

SFLA PARAMETERS 

Parameters RBTS IEEE-RTS 

No. of memeplexes (m) 4 6 

CPmax
Inf. Inf. 

Population size (N) 40 60 

No. of iterations 60 100 

Local search iterations 10 10 

TABLE 4 

LOAD AND WIND SPEED SCENARIOS 

# block Hours 
Load 

(pu) 

Wind speed (pu) 

Borujen Moghar 
Moorche- 

khort 
Varzane 

1 

1 

81 0.885 0.156 0.268 0.160 0.347 

2 66 0.886 0.296 0.095 0.305 0.199 

3 61 0.884 0.273 0.126 0.562 0.232 

4 55 0.871 0.333 0.335 0.211 0.14 

5 85 0.891 0.281 0.135 0.274 0.461 

6 52 0.878 0.170 0.130 0.159 0.095 

7 

2 

153 0.812 0.233 0.201 0.479 0.131 

8 175 0.812 0.291 0.160 0.373 0.449 

9 88 0.817 0.506 0.504 0.519 0.119 

10 223 0.803 0.108 0.197 0.147 0.106 

11 194 0.818 0.396 0.171 0.196 0.134 

12 167 0.822 0.157 0.262 0.169 0.400 

13 

3 

139 0.745 0.389 0.449 0.222 0.138 

14 135 0.735 0.327 0.123 0.560 0.244 

15 189 0.737 0.155 0.187 0.283 0.454 

16 175 0.739 0.184 0.219 0.337 0.129 

17 291 0.743 0.078 0.16 0.132 0.129 

18 171 0.737 0.45 0.164 0.214 0.123 

19 

4 

185 0.666 0.473 0.215 0.198 0.114 

20 372 0.664 0.070 0.208 0.145 0.109 

21 270 0.667 0.199 0.101 0.263 0.151 

22 215 0.667 0.312 0.146 0.565 0.174 

23 202 0.674 0.259 0.391 0.332 0.205 

24 256 0.669 0.161 0.199 0.251 0.437 

25 

5 

179 0.608 0.232 0.419 0.239 0.179 

26 204 0.602 0.211 0.183 0.549 0.164 

27 308 0.600 0.076 0.207 0.118 0.108 

28 323 0.593 0.092 0.115 0.251 0.153 

29 261 0.591 0.112 0.198 0.214 0.413 

30 225 0.608 0.415 0.135 0.225 0.138 

31 

6 

217 0.508 0.381 0.175 0.323 0.214 

32 331 0.516 0.086 0.145 0.241 0.347 

33 373 0.509 0.083 0.115 0.191 0.112 

34 101 0.513 0.255 0.554 0.336 0.143 

35 283 0.510 0.078 0.301 0.156 0.171 

36 195 0.518 0.101 0.177 0.512 0.184 

37 

7 

234 0.447 0.067 0.116 0.29 0.107 

38 185 0.45 0.08 0.141 0.143 0.157 

39 177 0.446 0.077 0.35 0.179 0.185 

40 116 0.452 0.394 0.131 0.207 0.134 

41 97 0.441 0.097 0.153 0.558 0.202 

42 191 0.442 0.087 0.169 0.243 0.394 

43 

8 

125 0.375 0.075 0.136 0.324 0.305 

44 69 0.384 0.073 0.176 0.526 0.172 

45 65 0.384 0.481 0.215 0.240 0.202 

46 109 0.386 0.074 0.182 0.188 0.425 

47 215 0.377 0.061 0.090 0.251 0.08 

48 177 0.389 0.073 0.226 0.181 0.156 
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C. RBTS case study 

The RBTS is a 6-bus test system composed of 11 

conventional power plants and five load points. The system 

peak load and the installed capacity are 185 MW and 240 MW, 

respectively. Two potential wind sites with the wind regimes 

of Borujen and Moghar are considered to add WPPs to the 

RBTS. Three case studies are assumed to demonstrate the 

performance and effectiveness of the proposed approach. In 

Case 1, as the base case, the total limitation of wind power 

capacity is 40 MW. The maximum and minimum capacity 

constraints at every wind site are 40 and 10 MW, respectively. 

Case 2 is similar to Case 1, except that the objective function 

is replaced by the consumer energy not served cost. In Case 3, 

the peak load is increased from 185 MW in Case 1 to 200 MW. 

The best value of the objective function for Case 1, obtained 

by the SFLA, is provided in Table 5. For comparison and 

verification, particle swarm optimization (PSO) and genetic 

algorithm (GA) are also applied to solve the problem, and the 

results are listed in this table. The SFLA has found a better 

solution with a lower cost than the others. The optimal solution 

is provided in Table 6. Table 7 also shows the values of 

different components of the objective function and reliability 

indices for the optimal solution. 

 

 
Fig. 5. LOLE values in IEEE-RTS for different numbers of 

scenarios. 

 

TABLE 5 

BEST RESULT VALUES FOR DIFFERENT ALGORITHMS IN RBTS 

Case study 
Cost (K$) 

SFLA PSO GA 

case 1 5362.82 5364.16 5365.53 

case 2 27.45 27.45 30.096 

case 3 5515.28 5521.38 5525.88 

 

TABLE 6 

OPTIMAL SOLUTIONS OF RBTS IN DIFFERENT CASES 

Case study 
WTG type (No. of WTGs) 

Borujen Moghar 

case 1 W12 (11) W12 (9) 

case 2 W4 (11) W4 (9) 

case 3 W8 (15) W12 (5) 

The convergence characteristics of the SFLA, PSO, and GA 

methods are depicted in Fig. 6. The SFLA has superior 

performance and converges to a better solution faster than the 

other algorithms. For a better comparison between the 

algorithms, the SFLA, PSO, and GA are applied 20 times to 

solve the problem in Case 1, and the results are graphically 

depicted in Fig. 7. This figure presents the best, average, and 

worst values obtained by these methods. The results of the 

SFLA are better than the others, which proves its superiority in 

terms of success rate and solution quality. 

 

TABLE 7 

COMPONENTS OF THE OBJECTIVE FUNCTION FOR OPTIMAL 

SOLUTION OF RBTS 

Case 

Total  

cost 

(K$) 

Annual  

Investment  

cost (K$/yr) 

O&M  

cost 

(K$/yr) 

Energy not  

Served cost  

(K$/yr) 

LOLE 

(hr/yr) 

EENS 

(MWh/yr) 

1 5362.82 4121.87 1200 40.95 0.810 6.480 

2 5424.26 4196.81 1200 27.45 0.467 4.343 

3 5515.28 4121.87 1215 178.42 3.198 28.23 

 

 
Fig. 6. Convergence characteristics of algorithms in case 1 of 

RBTS. 

 

 
Fig. 7. Best, worst, and average values of algorithms in case 1 of 

RBTS. 

 

The best values of the objective function in Case 2, obtained 

by different algorithms, are illustrated in Table 5. In this case, 

both SFLA and PSO reached the optimal solution, which is 

provided in Table 6. A comparison of the results for Cases 1 

and 2 shows that the optimal plans for these cases significantly 

differ due to their different objective functions. In case 2, as 

shown in Table 7, the reliability of the generation system is 

better than in Case 1. However, the total cost in Case 1 is lower 
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than in Case 2. The results demonstrate the suitability of the 

proposed approach in searching for different objectives. 

Case 3 was introduced to express the effectiveness of the 

proposed approach in different cases. The results of this case, 

obtained using various algorithms, are listed in Table 5. The 

optimal solution obtained by SFLA is better than the other 

algorithms. This solution is shown in Table 6. In Case 3, the 

types of the installed WTG units are W8 and W12, whereas in 

Cases 1 and 2, they are W12 and W4, respectively. The results 

of this case (Table 7) show that when the peak load of the 

system is increased, the reliability cost becomes more 

important in the total cost. 

 

D. IEEE-RTS case study 

To express the ability of the proposed approach for solving 

the problem in a larger-scale power system, it is applied to the 

RTS system. The RTS is a 24-bus system with 32 conventional 

generating units. The system peak load and the total generation 

capacity are 2850 MW and 3450 MW, respectively. All four 

wind sites are considered to add WPPs to the RTS. Two case 

studies are examined here. In Case 1, the total WPP capacity 

limitation is 500 MW. The maximum and minimum capacity 

constraints at every wind site are 200 and 20 MW, respectively. 

In Case 2, the customer energy not served cost is considered as 

the objective function instead of the original one. 

The best values of the objective function in both cases, 

obtained via the SFLA, PSO, and GA methods, are given in 

Table 8. The results of the SFLA are superior to the others in 

both case studies. The optimal solutions for these cases are 

shown in Table 9. Various components of the objective 

function for these cases are also depicted in Table 10. Because 

of the different objective functions used in the model, there is 

a considerable difference between optimal plans and reliability 

indices. In Case 2, the WTG types for all four wind sites are 

type W4, whereas in Case 1, they are W4, W8, and W12. 

 

TABLE 8 

BEST OBJECTIVE FUNCTION VALUES FOR DIFFERENT ALGORITHMS 

IN RTS 

Case study 
Cost (K$) 

SFLA PSO GA 

case 1 69592.86 69625.14 69648.76 

case 2 2218.11 2241.29 2258.26 

 

TABLE 9 

OPTIMAL SOLUTIONS OF RTS IN DIFFERENT CASES 

Case  

WTG type (No. of WTGs) 

Borujen Moghar Moorche-khort Varzane 

1 W4 (81) W12 (10) W12 (59) W8 (100) 

2 W4 (87) W4 (10) W4 (53) W4 (100) 

 

 

Fig. 8 displays the convergence characteristics for the 

different optimization algorithms. The SFLA converges to a 

better solution with a high convergence speed. Results of Case 

1, obtained from 20 independent runs using different 

algorithms, are illustrated in Fig. 9. The best, average, and 

worst results of the SFLA are better than those of other 

algorithms. In RTS, the performance of SFLA is more evident 

where the number of decision variables is increased compared 

to the RBTS system. 

 

TABLE 10 

COMPONENTS OF THE OBJECTIVE FUNCTION FOR OPTIMAL 

SOLUTIONS OF RTS 

Case 

 

Total  

cost 

(K$) 

Annual 

Investment 

Cost  

(K$/yr) 

O&M 

cost 

(K$/yr) 

Energy not 

served cost 

(K$/yr) 

LOLE 

(hr/yr) 

EENS 

(MWh 

/yr) 

1 69592.86 51826.84 15100 2666.01 3.80 423.18 

2 69678.22 52460.11 15000 2218.11 3.25 352.08 

 

 
Fig. 8. Convergence characteristics of algorithms in case 1 of 

RTS. 

 

 
Fig. 9. Best, worst, and average values of algorithms in case 1 of 

RTS. 

 

E. Considering the correlation between input data 

To demonstrate the impact of considering the correlation 

between input data on the optimal planning schemes, the 

installed capacity of WPPs for RBTS and RTS is depicted in 

Figs. 10 and 11, respectively. Based on Fig. 10, although the 

average wind speed in Borujen is lower than Moghar, more 

capacity of WPP is installed in the Borujen wind site. This is 

due to the greater adaptation between hours with high 

electricity demand and high wind speed in Borujen compared 

with Moghar. Similar results can be observed in Fig. 11, where 
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the results of RTS are shown. Because of the suitable 

adaptation between the load and wind speed in Borujen, the 

installed capacity is more than Moghar and Moorche-Khort 

which have a higher average wind speed than Borujen. These 

results demonstrate the importance of considering the 

correlation between the input data in wind power planning 

studies. 

Fig. 10. Installed capacity of WPPs in RBTS system. 

Fig. 11. Installed capacity of WPPs in RTS system. 

F. Sensitivity analysis 

Herein, the effect of wind speed variations on the planning 

results is analyzed. To this end, wind power planning is carried 

out while neglecting wind power uncertainty in the RBTS test 

system (Case I). The results are compared with the results of 

considering wind power uncertainty (Case II). In both cases, 

the peak load is 185 MW, and the objective function is energy 

not served cost. It is assumed that the wind speed at the wind 

sites varies from -10% to +10% of the original values. The 

LOLE reliability index for both cases is depicted in Fig. 12. 

Case II is more robust than Case I. Especially when the wind 

speed is reduced, there is a significant increase in the LOLE 

index in Case I and, consequently, the cost of unsupplied 

energy. Furthermore, with increasing the wind speed, there is 

a slight improvement in the LOLE index for this case. 

Accordingly, the proposed approach for wind power planning 

considering the uncertainties is more flexible and robust, 

which can help the planner reduce the costs and system risks. 

Fig. 12. LOLE index versus wind speed variations. 

VI. Conclusion

This paper presents an approach for identifying optimal 

wind power investment plans, considering the uncertainty and 

correlation of electric load and wind power. The SFLA method 

is successfully applied to solving the proposed model. Based 

on the results of different case studies, the following 

conclusions can be drawn: 1) Statistical correlations between 

electric load and wind speeds significantly affect the optimal 

WPP investment plans. Thus, considering load and wind 

speeds as independent phenomena may result in non-optimal 

decisions. 2) A high average wind speed at a specific wind site 

is not sufficient for the better reliability performance of a WPP. 

The amount of adaptation between hours with high electricity 

demand and those with high wind speed also plays a key role 

in this regard. 3) When reliability receives more attention, the 

impact of the adaptation between wind and load speeds on the 

results becomes more salient. 4) Future works should include 

the development of a model considering the reactive power 

and transmission lines in the planning procedure. 
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This paper considers an optimal sliding mode control based on the cost control guaranteed 

approach using the linear quadratic regulator method to stabilize delay fractional under 

involved disturbance. We propose an approach to an open research problem in the design of 

an LMI-based sliding mode controller in which there are some constraints such as optimizing 

system performance. The sliding mode technique is well-known as an effective tool for 

calculating the transient response of the system and achieving robust system performance. 

LQR classic techniques are less effective for studying an optimal fractional system in the 

presence of disturbance due to nonlinearity, so we use the optimal sliding mode approach 

control law designed for the nominal system and, then, combined it with a fractional sliding 

mode controller. By using the Razumikhin theorem for the stability of fractional order systems 

with delay and linear matrix inequality, conditions on asymptotically stabilization were 

obtained. The presented controller stabilizes the nominal system and guarantees an adequate 

level of system performance. The sliding mode controller presented in the article, in addition 

to eliminating the effect of disturbance in the system, is independent of the delay A numerical 

example was provided to illustrate the effectiveness of the main results.  

I. Introduction 

The linear quadratic regulator (LQR) method is a major 

problem in optimal control [1,2,3]. From an engineering point 

of view, it is desirable to design control systems that are only 

asymptotically stable, but can also ensure an appropriate level 

of system performance. As the cornerstone of modern control 

theory, the optimal control technique has a major limitation 

because it usually requires an accurate mathematical model of 

the system. Therefore, a precise definition of the system is 

required to determine the optimal controller. If the system is 

subject to any uncertainty due to parameter changes or external 

disturbances during the process, including input and output 

interference, sensor noise and actuator noise, the optimal 

controller will most likely not work properly [4]. However, all 

the physical systems are affected by uncertainty and deviate 

from the desired value [5]. Such uncertain conditions may even 

lead to system instability. Therefore, an optimal controller 

must be robust to ensure attenuated performance in the event 

of uncertainty. In the field of robust control, sliding mode 

control has become widely popular as a successful control 

strategy for nonlinear systems [6,7,8 ,9,10,11]. In the early 

1970, sliding mode control gained considerable attention, due 

to the simplicity and inherent strength of uncertainties [12,13]. 

Sliding mode controllers consist of a discontinuous control 

input that directs the controlled system to a specified sliding 

surface. When the system is on the sliding surface, it is 

protected from uncertainty. In [14], a linear fractional system 

with delayed input was studied. The sliding surface used was 

a fractional sliding surface. In [15], the LQR problem was 

studied for a class of nonlinear and non-fractional systems in 

the presence of perturbation. The fractional sliding mode was 

https://www.orcid.org/0000-0003-1433-3124
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employed to eliminate the perturbation effect. Lyapunov 

theorem was adopted for the stability of the system. In this 

study, the delay effect was not considered. Given that ⅬQR 

plays a key role in the design of optimal control [16,17] and is 

widely used in engine control, chemical process control , 

aircraft flight control, etc., research on the design of sliding 

mode controllers using the ⅬQR strategy for nonlinear systems 

is still an important research topic [18,19]. Usually, the most 

conservative scenario is designed for the worst-case scenario 

where system uncertainties and external disturbances 

predominate. In such cases, stability is the main concern that 

needs serious attention. However, during nominal system 

operation, stability is not the only concern of controller design, 

criteria such as minimizing control input gain and faster 

convergence to the point of equilibrium also merit attention in 

the nominal system process stage. On the other hand, near the 

point of equilibrium, when uncertainties become the main 

factor, the sliding mode controller is ideally suited as the 

controller. To ensure this dual purpose, the optimal control 

strategy is integrated with the sliding mode controller to 

achieve optimal sliding mode control (OSⅯⅭ ) [8]. Research 

on optimal sliding mode control  is ongoing. In the optimal 

sliding mode method, optimal control is designed for a 

nominal system such that it is stable has optimal performance 

and is then combined with a sliding mode controller. For this, 

we find an upper bound for the LQR cost function that ensures 

its performance. The plan of the switching surface can 

guarantee asymptotic stability and desired performance. In 

recent years, different results have been derived for nonlinear 

fractional-order systems [4,11,20,21]. The combination of 

optimal control with SMC-based methods preserves the main 

benefits of this technique. Tanks to its, simplicity and inherent 

robustness towards the matched uncertainty, it also provides 

greater precision and optimal performance. The tool that has 

been considered in recent research is linear matrix inequality 

(LMI). Using an LMI and based on several variables called 

decision variables, the negative definite of a certain matrix can 

be determined [22]. In [19], an optimal sliding mode controller 

was presented for non-fractional and uncertain systems by 

using an integral sliding surface. In [5], an optimal second-

order sliding mode control method was utilized to stabilize 

non- fractional and nonlinear systems affected by uncertainties. 

In [23], a  second-order sliding mode control was proposed 

for finite-time bounded and nonlinear fractional-order systems 

without delay. Given the existing work, slight attention has 

been paid to the problem of sliding mode design for nonlinear 

and fractional systems. The design of the LMI-based sliding 

mode controller, in which there are some constraints such as 

optimizing system performance, is still an open research 

problem. In his paper, we solve this problem for the asymptotic 

stability of a class of delayed nonlinear systems in the presence 

of perturbations. We design a delay-independent sliding mode 

controller to ensure system stability and optimization. This 

paper uses a cost control guaranteed approach which provides 

a high limit on the system performance index and ensures that 

the system performance reduction due to uncertainties is less 

than this limit. Based on this idea, many significant results are 

presented for nonlinear systems with an integer order. 

Fractional order systems have special features compared to 

non-fractional order systems, so analyzing the stability of 

fractional order systems is more complex and difficult than 

integer order systems. In particular, it is difficult to solve the 

control problem using the cost control guaranteed method for 

fractional order systems [23,24]. Section 2 is devoted to the 

necessary preliminaries of  LMI and fractional calculus 

including Razumikhin stability for fractional order systems 

with delay. The problem statement is given in Section 3. In 

Section 4, we present an optimal state feedback control law for 

nominal system. In Segment 5, we plan a delay independent 

and optimal SMC technique, and a condition based on a linear 

matrix inequality and prove the stability of the system. In 

Section 6, the numerical example is simulated to demonstrate 

the reasonableness of our theory. Finally, we conclude the 

paper in Section 6. 

II. FUNDAMENTAL CONCEPTS

Notations 𝐷𝑡
𝛼

𝑡0
𝐶 𝑧(𝑡)  and 𝐼𝑡

𝛼𝑧(𝑡)𝑡0
denote fractional

operators, the Caputo derivative, and the Riemann-

Liouville integral of function z(t), respectively. 

Lemma 1. [25]. For differentiable function 𝑧(𝑡) , the 

following relation between 𝐷𝑡
𝛼

0
𝐶 𝑧(𝑡) and 𝐼𝑡

𝛼𝑧(𝑡)0 holds: 

𝐼𝑡
𝛼

0 ( 𝐷𝑡
𝛼

0
𝐶 𝑧(𝑡)) = 𝑧(𝑡) − 𝑧(0), 0 < 𝛼 < 1. 

Lemma 2. [26]. Let 𝑧(𝑡) ∈ ℝ𝑛  be a vector of

differentiable function, the following inequality holds: 

1

2
𝐷𝛼(𝑧𝑇(𝑡)𝑃𝑧(𝑡)) ≤ 𝑧𝑇(𝑡)Θ𝐷𝛼𝑧(𝑡), ∀𝛼

∈ (0,1).

where Θ ∈ ℝ𝑛×𝑛
 and  Θ = ΘT > 0.

Lemma 3.. [27]. For constant matrices Θ1, Θ2, Θ3  where

Θ1 and Θ2 are symmetric, and Θ2 > 0, then

Θ1 + Θ3
𝑇Θ2

−1Θ3 < 0,  if and only if :

[
Θ1 Θ3

𝑇

Θ3  − Θ2
] < 0. 

Lemma 4. [6].  For any matrix  Θ1 and Θ2 with

compatible dimensions, and for 𝛿 > 0,  and vectors 

𝑧, 𝑥 ∈ ℝ𝑛 we have

2𝑧𝑇Θ1Θ2𝑥 ≤ 𝛿 𝑧𝑇Θ1
𝑇Θ1𝑧 + 𝛿−1𝑥𝑇Θ2

𝑇
Θ2𝑥.

 Theorem 1.  [28].  For the delay fractional system as 

follows: 
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𝐷 𝑡
𝛼𝑧(𝑡) = 𝑓(𝑡, 𝑧𝜃).                      (1)𝑡𝑜

𝐶                 

where 𝑧(𝑡) ∈ ℝ𝑛 , 𝑧𝜃(𝑡) = 𝑧(𝑡 + 𝜃), −ℎ ≤ 𝜃 ≤ 0 ,

suppose that 𝑣1, 𝑣2, 𝑣3: ℝ+ → ℝ+ are scalar, continuous

and non-decreasing functions, and 𝑣1(0) = 𝑣2(0) =

𝑣3(0) = 0,  𝑣2(. ) is strictly increasing, if there exists a

continuous function 𝑉: ℝ+ × ℝ𝑛 → ℝ+ such that: 

(i) 𝑣1(‖𝑧‖) ≤ 𝑉(𝑡, 𝑧) ≤

𝑣2(‖𝑧‖),    

(ii)  𝐷 𝑡
𝛼𝑉(𝑡, 𝑧(𝑡)) ≤ −𝑣3(‖𝑧‖) , 0 < 𝛼 ≤ 1,

provided  

𝑉(𝑡 + 𝜃, 𝑧(𝑡 + 𝜃)) ≤ 𝑉(𝑡, 𝑧(𝑡)),       𝜃 ∈ [−𝜏, 0] 

for 𝑞 > 1, −ℎ ≤ 𝜃 ≤ 0, and 𝑡 ≥ 0, then system (1) 

is uniformly stable. 

III. PROBLEM STATEMENT

Consider the fractional system with state time-delay 

described by: 

𝐷𝑡
𝛼𝑧(𝑡)𝑡0

𝐶 = 𝐴0𝑧(𝑡) + 𝐴 𝑑 𝑧(𝑡 − ℎ) + 𝐵𝑢(𝑡)

+ 𝜔(𝑡, 𝑧(𝑡)),   𝑡 ≥ 𝑡0.         (2) 

𝑧(𝑡) = Ψ(𝑡),      𝑡0 − ℎ ≤ 𝑡 ≤ 𝑡0. 

where   0 < 𝛼 < 1 , and 𝑧(𝑡) ∈ ℝ𝑛, and 𝑢(𝑡) ∈ ℝ𝑚 , 

are the state and control vectors, respectively, and 

𝐴0, 𝐴 𝑑 ,  𝐵  are constant matrices with appropriate

dimensions. Moreover, the vector 𝜔: ℝ𝑛 → ℝ𝑛 , 

represents the system nonlinearity and any model 

uncertainties in the system including external disturbances, 

which is Lipschitz: 

∃𝜆 > 0, ‖𝜔(𝑧(𝑡)‖ ≤  𝜆‖𝑧(𝑡)‖, ∀𝑧(𝑡) ∈ ℝ𝑛.   (3)

Ψ(𝑡) ∈ 𝐶([𝑡0 − ℎ, 𝑡0], ℝ𝑛) is the continuous initial state

function; and h > 0 is the constant time-delay of the system. 

In this paper, the control law is designed based on the 

sliding surface technique to stabilize the time-delay system 

(2) in the face of external disturbance. The task is to design 

an asymptotically stabilizing control law that also 

minimizes the following cost functional: 

𝐽 =0 𝐼𝑡
𝛼(𝑧𝑇(𝑡)𝑄𝑧(𝑡) + 𝑢𝑇(𝑡)𝑅𝑢(𝑡))𝑑𝑡,          (4) 

where 𝑄 ∈ ℝ𝑛×𝑛 , and 𝑅 ∈ ℝ1  are positive definite 

weighing matrices, respectively and integral 𝐼  is the 

Riemann-Liouville fractional integral. 

 Assumption 1. The cost functional is minimized such that 

the following relation holds for the LQR cost function [25]: 

𝐽 = 𝐼𝑡
𝛼(𝑧𝑇(𝑡)𝑄𝑧(𝑡) + 𝑢𝑇(𝑡)𝑅𝑢(𝑡))𝑑𝑡 <0 𝐽̃, 𝐽̃ ∈ ℝ (5) 

IV. OPTIMAL CONTROLLER DESIGN

In the following, we design two control laws. First, an 

optimal control law 𝑢1 is designed for the nominal system

such that the nominal system be stable and Eq. (5) holds for 

LQR cost function. Then, 𝑢1 combines with a switching

control law 𝑢2 to reduce external disturbances. Neglecting

the nonlinearity term, the nominal system with the delay of 

(2) becomes 

The cost functional that should be minimized should hold to 

Eq. (5). In this section, we find an optimal state control 𝑢1 =

𝐾𝑧(𝑡) introduced using the stability criteria in theorem (1) 

for system (6). 

Theorem 2.  The state feedback control law 𝑢1 =

𝑘𝑧(𝑡),  stabilizes the nominal system defined in (6) by 

minimizing the performance index (5) if there is a 

symmetric positive definite matrix P, a matrix Y and two 

positive constants δ1 and δ2, such that the following LMIs 

holds: 

[
𝑀 𝐼
𝐼 − 𝛿1𝐼

] < 0, (7) 

𝛿1‖Ad‖2𝑃 < 𝛿2𝐼,   (8) 

where 

𝑀 =  𝐴0𝑃 + 𝑃𝐴0
𝑇 + 𝐵𝑌 + 𝑌𝑇𝐵𝑇 + 𝑃𝑄𝑃 + 𝑌𝑇𝑅𝑌 + 𝛿2𝑃 , and

𝐾 = 𝑌𝑃−1.   

  Proof.  We can consider the following Lyapunov 

function: 

𝑉(𝑡) = 𝑧𝑇(𝑡)𝑃−1𝑧(𝑡). 

It can be easily observed that 𝑉(𝑡) = 𝑧𝑇(𝑡)𝑃−1𝑧(𝑡)  is 

bounded by 𝜐1(𝑡) = 𝜆𝑚𝑖𝑛(𝑃−1)‖𝑧‖2 and 𝜐2(𝑡) =

𝜆𝑚𝑎𝑥(𝑃−1)‖𝑧‖2. Therefore, the first condition of theorem

(1) is satisfied. Now, according to theorem (1), we consider 

the second condition of the Razumikhin stability theorem. 

To this end we consider the closed-loop system as follows: 

𝐷𝑡
𝛼𝑧(𝑡)𝑡0

𝐶 = 𝐴0𝑧(𝑡) + 𝐴 𝑑 𝑧(𝑡 − ℎ) + 𝐵𝑢(𝑡)

=(𝐴0 + 𝐵𝑘)𝑧(𝑡) + 𝐴 𝑑 𝑧(𝑡 − ℎ).     (9) 

According to lemma (2), we have  

𝐷𝛼𝑉(𝑡) ≤ 2𝑧𝑇𝑃−1𝐷𝛼𝑧(𝑡) 

≤ 2𝑧𝑇𝑃−1[(𝐴0 + 𝐵𝐾)𝑧(𝑡) + (𝐴 𝑑) 𝑧(𝑡 − ℎ)

≤ 2𝑧𝑇𝑃−1(𝐴0 + 𝐵𝐾)𝑧(𝑡)2𝑧𝑇𝑃−1 (𝐴 𝑑) 𝑧(𝑡 − ℎ).

Considering the above relation as a sum of two terms, we 

have for the first term: 

2𝑧𝑇𝑃−1(𝐴0 + 𝐵𝐾)𝑧 = 𝑧𝑇[𝑃−1𝐴0 + 𝐴0
𝑇𝑃−1 + 𝑃−1𝐵𝐾 +

𝐾𝑇𝐵𝑇𝑃−1]𝑧.                                    (10)

and for the second term, according to lemma (4): 

2𝑧𝑇𝑃−1 𝐴𝑑 𝑧(𝑡 − 𝜏)

≤  𝛿1𝑧𝑇(𝑡 − ℎ)𝐴𝜏
𝑇𝐴𝜏 𝑧(𝑡 − ℎ)

+ 𝛿1
−1𝑧𝑇𝑃−1𝑃−1𝑧.               (11) 

By combining these two relations and considering Eq. (3), 

it is straightforward to see that: 
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𝐷𝛼𝑉(𝑡) ≤ 𝑧𝑇[𝑃−1𝐴0 + 𝐴0
𝑇𝑃−1 + 𝑃−1𝐵𝐾 + 𝐾𝑇𝐵𝑇𝑃−1

+ 𝛿1
−1𝑃−1𝑃−1 + 𝑄 + 𝐾𝑇𝑅𝐾]𝑧

+ 𝛿2𝑧𝑇(𝑡 − ℎ)𝑃−1𝑧(𝑡 − ℎ)

− 𝑧𝑇[𝑄 + 𝐾𝑇𝑅𝐾]𝑧. 
Now, if the following assumption holds  

𝑉(𝑡 + 𝑠, 𝑧(𝑡 + 𝑠)) = 𝑧𝑇(𝑡 + 𝑠)𝑃−1𝑧(𝑡 + 𝑠)    

< 𝑞∗𝑧𝑇𝑃−1𝑧;     𝑠 ∈ [−ℎ, 0],    

where 𝑞∗ = 1 + 𝛿, 𝛿 > 0,  then by substituting 𝑠 = −ℎ , 

and from (4.3), 𝛿1‖Ad‖2𝑃 < 𝛿2𝐼, we have 

𝐷𝛼𝑉(𝑡) ≤ 𝑧𝑇[𝑃−1𝐴0 + 𝐴0
𝑇𝑃−1 + 𝑃−1𝐵𝐾 + 𝐾𝑇𝐵𝑇𝑃−1   

+ 𝛿1
−1𝑃−1𝑃−1 + 𝑄 + 𝐾𝑇𝑅𝐾]𝑧

+ 𝑞∗𝛿2𝑧𝑇𝑃−1𝑧 − 𝑧𝑇[𝑄 + 𝐾𝑇𝑅𝐾]𝑧. 
Because 𝑞∗ = 𝛿 + 1  by 𝛿 → 0 , and also P and Q are 

positive definite matrices, so 
𝐷𝛼𝑉(𝑡) ≤ 𝑧𝑇𝑀2𝑧 − 𝑧𝑇[𝑄 + 𝐾𝑇𝑅𝐾]𝑧 ≤ 𝑧𝑇𝑀2𝑧. 

where  
      𝑀2 =     𝑃−1𝐴0 + 𝐴0

𝑇𝑃−1 + 𝑃−1𝐵𝐾 + 𝐾𝑇𝐵𝑇𝑃−1

+ 𝛿1
−1𝑃−1𝑃−1 + 𝑄 + 𝐾𝑇𝑅𝐾

+  𝛿2𝑃−1.     
Now, pre and post multiplying both sides of 𝑀2 by 𝑃 and 

let 𝐾 = 𝑌𝑃−1 we have: 

 M1 = 𝐴0𝑃 + 𝑃𝐴0
𝑇 + 𝐵𝑌 + 𝑌𝑇𝐵𝑇 + 𝛿1

−1𝐼 + 𝑃𝑄𝑃 + 𝑌𝑇𝑅𝑌 +

𝛿2𝑃.  

we have 𝑀2  < 0 if M1 < 0. From the Schur complement 

lemma, M1< 0 is equal to 

[
𝑀         𝐼
𝐼     − 𝛿1𝐼

] < 0, 

where 𝑀 =  𝐴0𝑃 + 𝑃𝐴0
𝑇 + 𝐵𝑌 + 𝑌𝑇𝐵𝑇 + 𝑃𝑄𝑃 + 𝑌𝑇𝑅𝑌 +

𝛿2𝑃.  
Thus, according to theorem (1), the closed- loop system (9) 

is stable. Finally, we have 

 𝑉(𝑡) = 𝑧𝑇(𝑥)𝑃−1𝑧(𝑡) > 0, also:  
𝜆𝑚𝑖𝑛(𝑃−1)‖𝑧(0)‖2 ≤ 𝑉(𝑡) ≤ 𝜆𝑚𝑎𝑥(𝑃−1)‖𝑧(0)‖2 

Moreover, 𝐷𝛼𝑉(𝑡) < 0 , 𝑄  and 𝑅  are positive definite 

matrices, so by using lemma (1): 
𝐷𝛼𝑉(𝑡) + 𝑧𝑇[𝑄 + 𝐾𝑇𝑅𝐾]𝑧 ≤ 0                

 0𝐼𝑡
𝛼𝑧𝑇[𝑄 + 𝐾𝑇𝑅𝐾]𝑧 < − 0𝐼𝑡

𝛼(𝐷𝛼𝑉(𝑡))       

= 𝑉(0) − 𝑉(𝑡)   < 𝜆𝑚𝑎𝑥(𝑃−1)‖𝑧(0)‖2. 
Thus, we have 𝐽 = 𝜆𝑚𝑎𝑥(𝑃−1)‖𝑧(0)‖2  which completes 

the proof. 

 

V. SLIDING MODE CONTROLLER 

DESIGN 

 Here, finding the parameters of a sliding mode controller 

guarantee that the directions of the SMC system guided to 

the a presupposed sliding surface in a constrained moment 

and the closed-loop system is asymptotically stable subject 

to the influences of external disturbances. To do this, we 

plan an integral-type sliding surface for the system. From 

theorem (2), the optimal controller is equal to 𝑢1 = 𝐾𝑧(𝑡), 

so the control law for system (2) can be defined as 𝑢 = 𝑢1 

+ 𝑢2, where 𝑢2 is a switching control law. Here, u is the 

optimal sliding mode control law. Consequently, we have: 

𝐷𝑡
𝛼𝑧(𝑡)𝑡0

𝐶 = 𝐴0𝑧(𝑡) + 𝐴 𝑑  𝑧(𝑡 − ℎ) + 𝐵𝑢(𝑡) +

𝜔(𝑡, 𝑧(𝑡))                                  (12) 

To combine the optimal controller with a sliding mode 

controller, an integral sliding surface Λ(𝑡)is designed as 

Λ(𝑡) = 𝐶𝐼1−𝛼𝑧(𝑡) − ∫ 𝐶(𝐴0 + 𝐵𝐾)𝑧(𝜉)𝑑𝜉         (13)
𝑡

𝑡0

 

where Λ(𝑡) ∈ ℝ𝑚 is the sliding surface, K ∈ ℝ𝑚×𝑛 of the 

gain matrix and G ∈ ℝ𝑚×𝑛 is also a constant matrix that 

must be designed in such a way that GB ∈ ℝ𝑚×𝑚 is non-

singular. Integral 𝐼  is the Riemann-Liouville fractional 

integral. Matrix 𝐾 is designed using theorem (2).  Now, 

we proceed to design a second-order SMC such that the 

reachability of the specified sliding surface Λ(𝑡)  and 

Λ̇(𝑡) = 0. is ensured. Consider system (12) involving time 

delay, the control law u ensures the convergence of the state 

variables to the sliding surface inside a limited time T∗. 
The following theorem will prove the reachability law. 

 

  Theorem 3.  Consider the time-delay system (12) with 

the sliding surface in (13). The following control law 

guarantees that all trajectories of the sliding surface reach it 

in the finite time: 

 𝑢(𝑡)

= 𝑢1(𝑡) + 𝑢2(𝑡)                                    

= 𝐾𝑧(𝑡) − (𝐶𝐵)−1𝜌(𝑧(𝑡))𝑠𝑖𝑔𝑛(Λ(𝑡)),               (14) 
where 𝑠𝑖𝑔𝑛(. ) is the sign function, and the switching gain 

𝜌(𝑧(𝑡)) is given by: 

𝜌(𝑧(𝑡))   = 𝛽 + (‖𝐺𝐴 𝑑‖ + ‖𝐺‖𝜆)𝑠𝑢𝑝‖𝑧(𝑡)‖,         (15) 
with 𝛽 > 0. 

 Proof.  After derivating from (12), we have 

Λ̇(𝑡) = 𝐺𝐷𝛼𝑧(𝑡) − 𝐺[(𝐴0 + 𝐵𝐾)𝑧(𝑡)]. 
Using (11), one has 

  Λ̇(𝑡) = 𝐺(𝐴0𝑧(𝑡) + (𝐴 𝑑)𝑧(𝑡 − ℎ) + 𝐵𝑢(𝑡)        

+ 𝜔(𝑧(𝑡)) − (𝐺[(𝐴0 + 𝐵𝐾)𝑧(𝑡)]     
   =  𝐺𝐴 𝑑𝑧(𝑡 − ℎ) + 𝐺𝐵𝑢(𝑡) + 𝐺𝜔(𝑧(𝑡)) − 𝐶𝐵𝐾𝑧(𝑡). 

from (13) and the above relation one can see that 

Λ̇(𝑡) = 𝐺𝐴 𝑑𝑧(𝑡 − ℎ) − 𝜌𝑠𝑖𝑔𝑛(Λ(𝑡)) + 𝐺𝜔(𝑧(𝑡)).   (16) 

The following Lyapunov function is considered: 

𝑉(𝑡) = 0.5𝛬(𝑡)𝛬𝑇(𝑡).                        (17) 

According to Eq. (14), the time derivative of  Eq. (16) is 

obtained as:  
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𝑉̇(𝑡) = 𝛬(𝑡)𝛬̇(𝑡) = 𝛬(𝑡)(𝐺𝐴 𝑑𝑧(𝑡 − ℎ) −   𝜌 𝑠𝑖𝑔𝑛(𝛬(𝑡))

+ 𝐺𝜔(𝑡, 𝑧(𝑡)) 

 ≤ ‖𝐺𝐴 𝑑𝑧(𝑡 − 𝜏)‖‖𝛬(𝑡)‖ − 𝜌‖𝛬(𝑡)‖    

≤ (‖𝐺𝐴 𝑑𝑧(𝑡 − ℎ)‖ + ‖𝐺𝜔‖)‖𝛬(𝑡)‖

− 𝜌‖𝛬(𝑡)‖.                 (18) 

We also have: 

‖𝑧(𝑡 − 𝜏)‖ < 𝑠𝑢𝑝‖𝑧(𝑡)‖,                  (19) 

Substituting Eq. (19) in Eq. (18), yields 

𝑉̇(𝑡) ≤ (‖𝐺𝐴 𝑑𝑧(𝑡 − 𝜏)‖ + ‖𝐺𝜔‖)‖𝛬(𝑡)‖ − 𝜌‖𝛬(𝑡)‖

≤ (‖𝐺𝐴 𝑑‖ 

+ ‖𝐺‖𝜆)𝑠𝑢𝑝‖𝑧(𝑡)‖‖𝛬(𝑡)‖  − 𝜌‖𝛬(𝑡)‖

= (‖𝐺𝐴 𝜏‖ + ‖𝐺‖𝜆)𝑠𝑢𝑝‖𝑧(𝑡)‖

− 𝜌)‖𝛬(𝑡)‖

= −(−‖𝐺𝐴 𝑑‖ − ‖𝐺‖𝜆)𝑠𝑢𝑝‖𝑧(𝑡)‖    

+ 𝜌)‖𝛬(𝑡)‖. 
Thus, the control law in Eq. (14) satisfies the following 

condition in the presence of external disturbance, where 

𝜌 = 𝛽 + (‖𝐺𝐴 𝑑‖ + ‖𝐺‖𝜆)𝑠𝑢𝑝‖𝑧(𝑡)‖ and 𝛽 > 0: 

𝑉̇(𝑡) = −𝛽‖𝛬(𝑡)‖ ≤ 0.                  (20) 

Therefore, the reaching law is established. Using (20), it can 

be shown that the trajectories of the sliding surface reach it 

in a finite time T∗, where: 

𝑡0 < T∗
≤ 𝛽−1√2𝑉(𝑡0) + 𝑡0. 

In fact, from (15), we have 𝑉̇(𝑡) ≤ −𝛽√𝑉(𝑡) . By 

integrating from this inequality, the time occurrence of the 

reaching phase is calculated in this way: 

𝑉̇(𝑡)

√2𝑉(𝑡)
≤ −𝛽 → ∫

𝑉̇(𝜉)

√2𝑉(𝜉)
𝑑𝜉 ≤ ∫ −𝛽 𝑑𝜉,

𝑡

𝑡0

𝑡

𝑡0

 

By integrating, we have: 

∫
𝑉̇(𝜉)

√2𝑉(𝜉)
𝑑𝜉 = √2𝑉(𝑡) − √2𝑉(𝑡0)

𝑡

𝑡0

≤ −𝛽(𝑡 − 𝑡0) 

Now, when Λ(𝑡) = 0, we have 𝑉(𝑡) = 0, then 

−𝛽−1√2𝑉(𝑡0) − 𝑡0 ≤ −𝑇∗ → T∗
≤ 𝛽−1√2𝑉(𝑡0) + 𝑡0. 

This completes the proof. 

 

  By substituting u(t) from (14) in (2), the equation of the 

closed loop system can be derived as follows 

 𝐷𝑡
𝛼𝑧(𝑡) = 𝐴0𝑧(𝑡) + 𝐴𝑑𝑧(𝑡 − ℎ) + 𝜔(𝑡, 𝑧(𝑡))𝑡0

𝐶

− 𝐵(𝐶𝐵)−1𝜌(𝑧(𝑡))𝑠𝑖𝑔𝑛(𝛬(𝑡) .   

According to theorem (3), state variables reach the sliding 

surface in finite time, so on the sliding surface for 𝑡 > 𝑇∗, 

we have Λ(t)=0. As a result, the closed loop system in the 

sliding mode is as follows: 

𝐷𝛼𝑧(𝑡) = (𝐴0 + 𝐵𝐾)𝑧(𝑡) + 𝐴𝑑𝑧(𝑡 − ℎ)

+ 𝑤(𝑡, 𝑧(𝑡)).                 (21)  

Here, we present a lemma to find the necessary conditions 

for the parameters of theorem (2) so that the choice of 

matrices K and P can ensure the asymptotic stability of the 

closed-loop system on the sliding surface. In the following 

lemma, we show that for the stability of the closed-loop 

system (21), in addition to (8), a linear matrix inequality 

must also hold. 

 

 Lemma 5. In system (2), matrix 𝐾 = 𝑌𝑃−1, closed loop 

systems (18) is asymptotically stable if there is a positive 

number 𝛿3, such that the following LMI holds: 

[

N1 λP  𝐼
𝜆𝑃 −𝛿3𝐼 0
𝐼 0 −𝛿1𝐼

] < 0,                         (22) 

where 𝑁1 = 𝐴0𝑃 + 𝑃𝐴0
𝑇 + 𝐵𝑌 + 𝑌𝑇𝐵𝑇 + 𝛿2𝑃 + 𝛿3𝐼. 

Proof. The following Lyapunov function is considered, 

where P is the same as P in theorem (2): 

𝑉(𝑡)

= 𝑧𝑇(𝑡)𝑃−1𝑧(𝑡).                             (23) 

To satisfy the first condition of theorem (1), we have 

𝜐1(𝑡) = 𝜆𝑚𝑖𝑛(𝑃−1)‖𝑧‖2 and 𝜐2(𝑡) = 𝜆𝑚𝑎𝑥(𝑃−1)‖𝑧‖2 . 

Considering Eq. (23) and lemma (2), the time derivative of  

Eq. (22) is obtained as: 

𝐷𝛼𝑉(𝑡) ≤ 2𝑧𝑇𝑃−1𝐷𝛼𝑧(𝑡)

≤  2𝑧𝑇𝑃−1[(𝐴0 + 𝐵𝐾)𝑧(𝑡)   + (𝐴 𝑑) 𝑧(𝑡 − ℎ)

+ 𝜔(𝑡, 𝑧(𝑡))]

+ 2𝑧𝑇𝑃−1𝜔(𝑡, 𝑧(𝑡)).                       (24) 

By considering the above relation as a sum of three terms, 

and Eq. (3) and lemma (4), we have for the last term: 

2𝑧𝑇𝑃−1𝜔 ≤  𝛿3𝑧𝑇𝑃−1𝑃−1𝑧 + 𝛿3
−1𝜆2𝑧𝑇𝑧.        (25)  

By substituting (24) in (23), and using (10) and (11), we 

have: 

𝐷𝛼𝑉(𝑡) ≤ 𝑧𝑇 [𝑃−1𝐴0 + 𝐴0
𝑇𝑃−1 + 𝑃−1𝐵𝐾 + 𝐾𝑇𝐵𝑇𝑃−1

+ 𝛿1
−1 𝑃−1𝑃−1 + 𝛿3𝑃−1𝑃−1 + 𝛿3

−1𝜆2𝐼] 𝑧

+ 𝛿1𝑧𝑇(𝑡 − ℎ)𝐴𝑑
𝑇𝐴𝑑 𝑧(𝑡 − ℎ). 

As for LMI (8) and for 𝑞∗ = 𝛿 + 1 > 1, the assumption 

𝑉(𝑡 + 𝑠, 𝑧(𝑡 + 𝑠))    < 𝑞∗𝑉(𝑡, 𝑧(𝑡))  for 𝑠 ∈ [−ℎ, 0]  

implies: 

  𝐷𝛼𝑉(𝑡) ≤ 𝑧𝑇[𝐴0𝑃 + 𝑃𝐴0
𝑇 + 𝐵𝑌 + 𝑌𝑇𝐵𝑇 + 𝛿1

−1𝐼 + 𝛿2𝑃

+ 𝛿3𝐼 + 𝛿3
−1𝜆2𝑃𝑃]𝑧. 

Therefore, according to the Schur complement lemma 

𝐷𝛼𝑉(𝑡) < 0, if  

[

N1 λP  𝐼
𝜆𝑃 −𝛿3𝐼 0
𝐼 0 −𝛿1𝐼

] < 0,      

where, 𝑁1 = 𝐴0𝑃 + 𝑃𝐴0
𝑇 + 𝐵𝑌 + 𝑌𝑇𝐵𝑇 + 𝛿2𝑃 + 𝛿3𝐼. Thus, 

whenever 𝑉(𝑡 + 𝑠, 𝑧(𝑡 + 𝑠))    < 𝑞∗𝑉(𝑡, 𝑧(𝑡)) is satisfied, 

condition 𝐷𝛼𝑉(𝑡) < 0  is also satisfied, by using the 

stability criteria in theorem (1), the closed-loop system (21) 

is stable. 
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Finally, the following procedure is suggested for the design of 

the optimal sliding mode controller: 

(I) Solve LMI (7) and Find matrix K 

(II) Use K to design sliding mode surface 𝚲(𝒕) 

(III) Compute switching control 𝐮𝐬𝐰 

(IV) Compute equivalent control  𝐮𝐞𝐪 

(V) Compute 𝐮 =  𝐮𝐬𝐰 + 𝐮𝐞𝐪  

(VI) Check the satisfaction of the LMI (22). If this LMI is 

satisfied, u is optimal sliding mode controller for delayed 

fractional order system with disturbances, 

 

VI. SIMULATION RESULTS 

In this section, we provide a numerical example to 

demonstrate the effectiveness of our methods. The 

numerical simulation is created utilizing Ninteger and 

Yalmip toolbox in MATLAB software. 

Example. Consider the nonlinear time-delay system (2) with 

α = 0.7 and the following system characteristics: 

𝑫𝜶𝒛 = [
−9 5 −8
−4 −3 5
−4 9 0

] z(t) + [
0.4 −1.2 1.9
0.2 −0.9 0.1

−0.1 −0.5 2.7
] 

z(t − ℎ)+ (
4

−1
12

) u(t) +(

0.8sin (𝑧1
2(𝑡)

0.8sin (𝑧2
2(𝑡)

0.8sin (𝑧3
2(𝑡)

). 

 

Subject to: 

𝐽 =0 𝐼𝑡
𝛼(𝑧𝑇(𝑡)𝑄𝑧(𝑡) + 𝑢𝑇(𝑡)𝑅𝑢(𝑡))𝑑𝑡. 

where 𝑄 = [
1 0 0
0 0.5 0
0 0 0.9

] , 𝑅 = 1 . Function 𝜔(𝑡, 𝑧(𝑡))  is 

Lipschitz, and 𝜆 = 0.8. This system is unstable for u = 0 as 

shown in Fig. 1. In this example, we choose ℎ = 1, 3 and 5. 

By applying theorem (2) and lemma (5), the LMIs conditions 

hold if: 

𝑃 = [
9.3016 −0.3530 6.2433

−0.3530 0.8247 −1.3964
6.2433 −1.3964 7.3454

], 

 𝑌 = [−4, 1, −12]. 

and 𝛿1 = 4.4250, 𝛿2 = 17.7142, and 𝛿3 = 0.4482. 

Then the controller gain matrix can be obtained as 𝐾 =

𝑌𝑃−1 = [2.9474, −6.6859, −5.4098].  Now, by using 

theorem (2), we have 𝐽 = 𝜆𝑚𝑎𝑥(𝑃−1)‖𝑧(0)‖2 =

 14.7427‖𝑧(0)‖2 . Matrix 𝐺  is chosen 𝐺 =

[−0.1, 0.1, −0.1]. By (12), the sliding surface function can be 

computed by movable parameters, 𝛽 = 1. According to the 

conditions of theorem (3) we have 𝐺𝐵 is non-singular and 

𝛽 > 0. By applying the control law in theorem (3), we find 

that the condition of the theorem is satisfied. Figs. 2-4 display 

the trajectories of the states of the closed-loop system with 

optimal SMC controller law (13). Fig. 5 presents the 

simulation results of the feedback control law and Fig. 6 

depicts the simulation results of the sliding function. Therefore, 

we show that the system is stable. These figures demonstrate 

the efficiency of our method for selecting controller gain 

matrix K to guarantee robustness against perturbations and 

minimize the LQR cost function. This indicates that the sliding 

mode controller, independent of the delay, stabilizes the 

system. To prevent the control signals from chattering, we 

replace 𝑠𝑖𝑔𝑛(Λ(𝑡)) with Λ(𝑡) =
Λ(𝑡)

‖𝛬(𝑡)‖+0.04
 . 

 
Fig. 1:  Trajectories of the open-loop system with h = 1. 

 

 

Fig. 2:  Trajectories of the closed-loop system with h = 1. 

 

 

Fig. 3: Trajectories of the closed-loop system of the system with 

h = 3. 
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Fig. 4: Trajectories of the closed-loop system with h = 5. 

 

Fig. 5: Feedback control law h = 3. 

 
Fig. 6: Sliding Manifold with h = 5. 

 

VII. Conclusions 
 

  In this paper, we studied the problem of asymptotically 

stabilization of a class of uncertain nonlinear  fractional-

order time-varying delayed systems subject to nonlinear 

disturbance on the basis of  an LMI- based SMC with LQR 

cost function.  We proposed new sufficient conditions 

expressed using LMI based on the Razumikhin approach.  

The performance of the main results was demonstrated 

using an example showing that the results of combining 

LQR with SMC could guarantee better efficiency of the 

optimal control system. We will apply the results obtained 

in this paper to the problem of robust FTB of fractional 

nonlinear time-varying delay systems using LQR-based 

SMC in our future work. 
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This study is concerned with the design of multi-input Dynamic Surface Control (DSC) 

to dynamic stability improvement of power systems which include both Doubly Feed 

Induction Generator (DFIG) and Static Synchronous Series Compensator (SSSC). The 

presented control method has a multi-input feature which acts on synchronous 

generators. To improve dynamic stability, the control law is developed by applying a 

suitable Lyapunov function. The coefficients of the proposed controller are determined 

by use of metaheuristic optimization algorithms. This optimal control law leads to a 

significantly improved performance in comparison with linear control. A particular 

low-pass filter is also introduced and applied to cancel the effects of additional 

undesired terms in the design method, leading to a simplified control form compared to 

the other available approaches in the literature. Implementing an adaptive parameter 

estimation scheme will result in the robustness of the proposed method. The 

effectiveness of the presented approach is investigated on a standard 39-Bus power 

system which includes DFIG and SSSC.   

 

 

I. Introduction 

In today’s world, there is a tremendous attention to implement 

new sources of energy. Of particular importance, the renewable 

energy resources such as wind energy are at the main center of 

research and practical efforts. Due to the fact that the wind 

velocity varies with time, the DFIGs are introduced to extract 

maximum electrical power from wind-turbines [1, 2]. 

Considering load demands growth, it is quite desirable to 

transmit higher level of electrical power through the existing 

electrical transmission networks. On the other hand, dealing 

with the issues such as dynamic stability, insulations 

components, and thermal capacity of the current electrical 

networks all together limits the maximum possible level of 

electric power transmission. Moreover, the safety, technical 

difficulties and high cost of constructing new electrical 

transmission lines, reduce the possibility of expanding new 

transmission lines. Hence, implementing Flexible AC  

Transmission Systems (FACTS) to increase the capacity of the 

existing power networks has been rapidly attracted researcher’s  

 

 

attentions. Among FACTS devices, SSSC is one of the 

sophisticated and favorable in increasing the capacity of the 

transmission line [3-5]. In the SSSC structure, passive elements 

are not employed. High level of switching mode in SSSC results 

in injection and absorption of active electrical power with low 

cost and high speed [6].  

Dynamic stability of power system is one of important aspects of 

power system operation, which usually occurs after unwanted 

disturbances. In power systems equipped with SSSC and DFIG 

elements, dynamic stability could be further improved [7, 8]. 

Traditionally, Power System Stabilizers (PSS) have been used to 

stimulate synchronous generators. The application of PSSs to 

improve dynamic stability is widely studied and investigated in 

the recent decades. However, due to their weak local 

performance and occurring of problems such as 

Sub-Synchronous Resonance (SSR), applying PSSs is very 

limited. Most of the PSS design methods are based on the 

assumption of considering a local linear model of the power 

network and small signal analysis. In some recent papers, Linear 

Matrix Inequalities (LMIs) technique is applied to suitably place 
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the eigenvalues of the assumed local linear models in certain 

points in order to improve the dynamic stability. However, due to 

the high intrinsic nonlinearity nature of the power networks, the 

mentioned approach does not guarantee the robustness of 

dynamic stability against parameter variations, [9, 10]. 

Beside the complexity in the nonlinear methods design, 

compared to the previous approaches applying nonlinear 

methods leads to robust and high-quality results. These nonlinear 

methods reduce sensitivity of the overall system to variations in 

the parameters [11, 12]. In [13], nonlinear back-stepping 

approach to stimulate the synchronous generators was developed 

to improve dynamic stability. However, DFIG and SSSC 

components was not implemented. A fuzzy DSC scheme was 

applied in the design method of [14]. However, the proposed 

method is limited to vary the synchronous generators stimulation 

field circuit. In [15-16], DFIG and SSSC components was 

separately employed to stimulate synchronous generators. In the 

current study, to improve the dynamic stability, utilizing both 

DFIG and SSSC devices together with nonlinear adaptive 

multi-input DSC method is proposed. The effects of control 

signals on each other and on the performance of the power 

system are also considered. Moreover, the parameters of the 

designed control law are optimized by use of intelligent 

algorithms in order to improve the stability. A low-pass filter is 

introduced in the design scheme to cancel the undesired terms in 

control law and to prevent large variations in control signals. 

Also, implementing the adaptive law for unknown parameters 

leads to the robustness against parameters variations. 

In this paper, firstly the assumed models for DFIG and SSSC are 

introduced. Then, based on a third-order model for synchronous 

generators, a generic model for the overall power network is 

offered. Finally, an adaptive multi-input DSC control law is 

developed. The results of implementing the proposed approach 

are verified by performing time domain simulations implemented 

on the 10-machine New England test system which also includes 

DFIG and SSSC. The results are compared with two linear and 

nonlinear approaches in the literature. 

 

TABLE 1 

SI BASE UNITS 

VARIABLE NAME SYMBOL 

Rotor angle of ith generator 𝛿𝑖 

Rotor speed of ith generator 𝜔𝑖 

Internal voltage of ith generator in q-axes 𝐸́𝑞𝑖 

Internal voltage of ith generator 𝐸́𝑖 

Stator current of ith generator in d-axis 𝐼𝑑𝑖 

Stator current of ith generator in q-axis 𝐼𝑞𝑖 

Excitation voltage of ith generator 𝑢𝑓𝑖 

Moment of inertia of ith generator 𝑀𝑖 

Mechanical input power of ith generator 𝑃𝑚𝑖 

Signal control of DFIG 𝑢𝑑 

Rotor angle of ith generator in steady state 𝛿0𝑖 

Rotor speed of i ith generator in steady state 𝜔0𝑖 

Amplitude of Generator terminal voltage ith 𝑉𝑖 

Phase of Generator terminal voltage ith Θ𝑖 

TABLE 1 CONTINUED 

Constant time generator excitation coil ith 𝑇́𝑑0𝑖 

d-axis reactance generator steady state ith 𝑥𝑑𝑖 

d-axis reactance generator transient state ith 𝑥́𝑑𝑖 

q-axis reactance generator steady state ith 𝑥𝑞𝑖 

EQUIVALENT REACTANCE OF DFIG IN STEADY STATE 𝑋𝑖 

EQUIVALENT REACTANCE OF DFIG IN TRANSIENT STATE 𝑋́𝑖 

 

II. Power System Modeling  

A. DFIG Modelling 

Figure 1. depicts the multi-machine power system including 

DFIG. The DFIG consists of Rotor Side Converter (RSC) and 

Grid Side Converter (GSC). Since the RSC plays the main 

role in stability improvements, the presented model is based 

on controlling this converter inputs. In the literature, this 

model is known as the synchronous generator model for 

DFIG. In this model, it is assumed that the stator resistance is 

zero. Hence, the following equations will represent the DFIG 

dynamic, see [17]: 

 

Fig 1. DFIG Connected to a Multi-Machine Network [1] 

{
 
 
 
 

 
 
 
 𝛿̇𝑖 =

1

𝐸́𝑞𝑖𝑇0𝑖
(−𝑇0𝑖(𝜔𝑖 − 𝜔0 )𝐸́𝑞𝑖 −

𝑋𝑖−𝑋𝑖́

𝐸́𝑞𝑖𝑇0𝑖
 𝑉𝑖𝑠𝑖𝑛(𝛿𝑖 − 𝜃𝑖)

+𝑇0𝑖𝜔0(𝑢𝑑1𝑖𝑐𝑜𝑠(𝛿𝑖) + 𝑢𝑑2𝑖𝑠𝑖𝑛(𝛿𝑖))]
                                                     

𝜔̇𝑖 =
𝜔0

2𝐻𝑖
[𝑃𝑚𝑖

𝜔𝑠

𝜔𝑖
− 𝐵𝑖𝑗𝐸́𝑞𝑖𝑉𝑖sin (𝛿𝑖 − 𝜃𝑖)]           

𝐸̇́𝑖 =
1

𝑇0𝑖
(−

𝑋𝑖

𝑋𝑖́
𝐸́𝑞𝑖 +

𝑋𝑖−𝑋𝑖́

𝑋𝑖́
 𝑉𝑖𝑐𝑜𝑠(𝛿𝑖 − 𝜃𝑖)                  

+𝑇0𝑖𝜔0(𝑢𝑑1𝑖𝑠𝑖𝑛(𝛿𝑖) + 𝑢𝑑2𝑖𝑐𝑜𝑠(𝛿𝑖))] )          
                     

 (1) 

where, 𝑉𝑖و 𝜃𝑖are the amplitude and phase angle of the 

connected bus voltage, respectively. 𝐵𝑖𝑗  is the susceptance 

of admittance matrix between the DFIG and the connected 

buses. 𝐸́𝑖represents the internal voltage of ith generator. 𝑉𝑟𝑖 

Φ𝑟𝑖  و  are respectively, the amplitude and the phase angle 

of the applied voltage to the DFIG rotor in polar coordinates. 

Finally, 𝑢𝑑1𝑖  and 𝑢𝑑2𝑖  are DFIG control inputs, which lead 

to the improvements in dynamic stability [17,18]. 

 

B.  SSSC Model 

The series converter is the applied model for SSSC. This 

converter injects active-power to the series link which leads 

to the dynamic stability improvement of connected buses 

voltages. According to the Fig.2, it is assumed that SSSC is 

placed between the ith and jth buses [19,20]. 
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Fig. 2.  a. SSSC between bus I and bus j b. equivalent circuit 

of SSSC c. Alternative equivalent injection model of SSSC in 

power system 

 

It is possible to model the SSSC performance with a series 

voltage source. This series voltage, V𝑠𝑒, is controlled by 

the following equations: 

{

Ī𝑖𝑛𝑗 = −𝑗𝐵𝑖𝑗𝑉𝑠𝑒                                

𝑣𝑠𝑒 = 𝑉𝑠𝑒𝑒
𝑗Φ𝑠𝑒                        

𝐵𝑖𝑗 =
1

𝑥𝑠𝑖𝑗
                            

            (2) 

In the presented analysis method, the SSSC is replaced by its 

equivalent injection model in the considered power system. 

The resulted configuration is depicted in Fig. 2.c. In this 

figure, the injected power are 𝑃𝑠𝑖  ، 𝑃𝑠𝑗   ، 𝑄𝑠𝑖and 𝑄𝑠𝑗 for ith 

and jth buses [21]: 

{
 
 

 
 
𝑃𝑠𝑖 = −𝐵𝑖𝑗𝑉𝑠𝑒𝑉𝑖 SIN(Θ𝑖 −Φ𝑠𝑒)  

𝑄𝑠𝑖 = 𝐵𝑖𝑗𝑉𝑠𝑒𝑉𝑖 COS(Θ𝑖 −Φ𝑠𝑒)      

𝑃𝑠𝑗 = 𝐵𝑖𝑗𝑉𝑠𝑒𝑉𝑗 SIN(Θ𝑗 −Φ𝑠𝑒)       

𝑄𝑠𝑗 = −𝐵𝑖𝑗𝑉𝑠𝑒𝑉𝑗 COS(Θ𝑗 −Φ𝑠𝑒)   

                       (3) 

In this study, it is assumed that SSSC is only able to generate 

and consume reactive power. Therefore, its total active power 

generation and consumption must be zero. Since the series 

resistance of the of transmission lines, in which the SSSC is 

took places, is negligible, the SSSC voltage can be 

represented by the following equations: 

Φ𝑠𝑒 = 𝑡𝑎𝑛
−1(

𝑉𝑗 SIN(Θ𝑗)−𝑉𝑖 SIN(Θ𝑖)

𝑉𝑗 COS(Θ𝑗)−𝑉𝑖 COS(Θ𝑖)
)                          (4) 

 

C. TOTAL POWER SYSTEM MODEL INCLUDING SYNCHRONOUS 

GENERATORS, DFIG, AND SSSC 

Fig.3 shows the general schematic of a power system 

network which includes Synchronous Generators, DFIG, 

and SSSC. This network consists of n1 synchronous 

generators, one DFIG and one SSSC. It is assumed that 

the mechanical input power of synchronous generators is 

constant. The stator’s resistances are also assumed to be 

negligible. The total power in ith bus is modeled by 

𝑌𝑖 = 𝐺𝑖 − 𝑗𝐵𝑖. 

 

 

Fig.3. The Assumed Overall Power System Network 

 

The considered model for each synchronous generator is a 

third-degree-equation which is described in (5). In (5), 𝑢𝑓𝑖 

is the control input of the generators, see [22]: 

{
 
 

 
 𝛿̇𝑖 = 𝜔𝑖 − 𝜔0                        

𝜔̇𝑖 =
1

𝑀𝑖
[𝑃𝑚𝑖 − 𝐸́𝑞𝑖𝐼𝑞𝑖]           

𝐸̇́𝑞𝑖 =
1

𝑇́𝑑0𝑖
(𝑢𝑓𝑖 − 𝐸́𝑞𝑖 − (𝑥𝑑𝑖 − 𝑥́𝑑𝑖)𝐼𝑑𝑖)   

       (5) 

The combination of the algebraic power balance equations 

of all connected buses to the synchronous generators with 

DFIG equations, in addition to the injected power of SSSC 

models will result in the following equations of the whole 

power system network model: 

{
 
 

 
 
𝛿̇𝑖 = 𝜔𝑖 − 𝜔0𝑖                         

𝜔̇𝑖 =
1

𝑀𝑖
[𝑃𝑚𝑖 − 𝐸́𝑞𝑖𝐼𝑞𝑖]              

𝐸̇́𝑞𝑖 =
1

𝑇́𝑑0𝑖
(𝑢𝑓𝑑𝑖 − 𝐸́𝑞𝑖 − (𝑥𝑑𝑖 − 𝑥́𝑑𝑖)𝐼𝑑𝑖)     

         

      (6) 

{
 
 
 

 
 
 𝛿̇𝑖 =

1

𝐸́𝑖𝑇0𝑖
[−𝑇0𝑖(𝜔𝑖 −𝜔0 )𝐸́𝑖 −

𝑋𝑖−𝑋𝑖́

𝐸́𝑞𝑖𝑇0𝑖
𝑉𝑖 sin(𝛿𝑖 − 𝜃𝑖))

+𝑇0𝑖𝜔0(𝑢𝑑1𝑖𝑐𝑜𝑠(𝛿𝑖) + 𝑢𝑑2𝑖𝑠𝑖𝑛(𝛿𝑖))]      

𝜔̇𝑖 =
𝜔0

2𝐻𝑖
[𝑃𝑚𝑖

𝜔𝑠

𝜔𝑖
− 𝐵𝑖𝐸́𝑖𝑉𝑖sin (𝛿𝑖 − 𝜃𝑖)        

𝐸̇́𝑖 =
1

𝑇0𝑖
[−

𝑋𝑖

𝑋𝑖́
𝐸́𝑖 +

𝑋𝑖−𝑋𝑖́

𝑋𝑖́
 𝑉𝑖𝑐𝑜𝑠(𝛿𝑖 − 𝜃𝑖)            

+𝑇0𝑖𝜔0(𝑢𝑑1𝑖𝑠𝑖𝑛(𝛿𝑖) + 𝑢𝑑2𝑖𝑐𝑜𝑠(𝛿𝑖))]      

   (7) 
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{
 
 
 
 
 

 
 
 
 
 𝑉̇𝑖 =∑𝑐𝑖𝑗𝐻𝑗

𝑁

𝑗=1

+∑𝑑𝑖𝑗𝑢𝑓𝑗

N

𝑗=1

+∑𝑘𝑖𝑗

𝑁

𝑗=1

𝑟

Φ̇𝑖 =∑𝑐𝑖+𝑛+2,𝑗𝐻𝑗

𝑁

𝑗=1

                          (8)

+∑𝑑𝑖+𝑛+2,𝑗𝑢𝑓𝑗

𝑁

𝑗=1

+∑𝑘𝑖+𝑛+2,𝑗

𝑁

𝑗=1

𝑟          

 

In above, (6) is the assumed dynamic model for 

synchronous generators, (7) is for the DFIG part and (8) 

describes the buses voltages of SSSC. N is the number of 

all the connected buses to the synchronous generators, 

DFIG and the connected buses to the SSSC. 𝐵𝑖𝑗′𝑠 are the 

elements of the reduced order admittance matrix of the 

power system network, where: 

 

{
 
 
 
 

 
 
 
 

𝛿̇ = [𝛿̇1 . . 𝛿̇𝑛1 𝛿̇𝑑]
𝑇

𝑈̇𝑠 = [
𝑢̇𝑠1
𝑢̇𝑠2

] = [
𝑟1
𝑟2
] = 𝑟

𝐸̇́𝑞 = [𝐸̇́𝑞1 . . 𝐸̇́𝑞𝑛1 𝐸̇́]
𝑇

𝑣̇ = [𝑉̇1 . . 𝑉̇𝑛+2 Θ̇1. . Θ̇𝑛+2]
𝑇

ℎ𝑖 =
1

𝑇0𝑖
(−𝐸́𝑞𝑖 − (𝑋 − 𝑋́)𝐼𝑑𝑖) 

𝐻 = [ℎ1 . . ℎ𝑛1]𝑇

                           (9) 

It should be noticed that 𝑟1 and 𝑟2 are related to each 

other, therefore, only one control input will be considered 

for SSSC. 𝑈𝑓 is: 

 𝑈𝑓 = [  𝑢𝑓1 ⋯𝑢𝑓𝑛1 𝑢𝑑1  ]𝑇                            (10) 

{

 𝑋̇1 = 𝑋2                       

𝑋̇2 = 𝑀𝑖𝑛𝑣[𝑃𝑚 − 𝑋3]

𝑋̇3 = 𝐹𝑇 + 𝑈 +  𝛤𝜑

                                  

(11) 

WHERE: 

𝑈 = 𝐺𝑇𝑈𝑓 + 𝐿𝑟                                              (12) 

{
 
 
 
 

 
 
 
 

 𝑋1 = [𝑥11  𝑥12   . .  𝑥1𝑛]
𝑇

   𝑋2 = [𝑥21  𝑥22   . .  𝑥2𝑛]
𝑇  

  𝑋3 = [𝑥31  𝑥32   . .  𝑥3𝑛]
𝑇

 𝑋3𝑠 = [𝑥3𝑑1  𝑥3𝑑2   . .  𝑥3𝑑𝑛]
𝑇

𝜑 = [𝑥𝑑1 − 𝑥́𝑑1  𝑥𝑑2 − 𝑥́𝑑2     ….  𝑥𝑑𝑛 − 𝑥́𝑑𝑛]
𝑇

𝛤 = [
𝛤1(𝑋1, 𝑋2, 𝑋3) ⋯ 0

⋮ ⋱ ⋮
0 ⋯ 𝛤𝑛(𝑋1, 𝑋2, 𝑋3)

]

         (13) 

WHERE IN (13), 𝑥1𝑖 = 𝛿𝑖 − 𝛿𝑖
∗
 , 𝑥2𝑖 = 𝜔𝑖 − 𝜔𝑖

∗
 AND 

 

 𝑥3𝑖 =

{

𝐸́𝑞𝑖𝑉𝑖𝑠𝑖𝑛(𝛿𝑖−Θ𝑖)

𝑥́𝑑𝑖
+
𝑉𝑖
2𝑠𝑖𝑛2(𝛿𝑖−Θ𝑖)

2𝑥𝑞𝑖𝑥́𝑑𝑖
(𝑥́𝑑𝑖 − 𝑥𝑞𝑖)   1  ≤   𝑖 ≤   𝑛1

𝐸́𝑖𝑉𝑖SIN (𝛿𝑖−𝜃𝑖)

𝑥́𝑑𝑖
                              𝑛1 + 1  ≤   𝑖 ≤   𝑛   

 

AND  

𝛤𝑖

=

{
 
 

 
 −(𝐸́𝑞𝑖 − 𝑉𝑖COS(𝛿𝑖 − 𝜃𝑖))

𝑥́𝑑𝑖𝑇0𝑖
                           1  ≤   𝑖 ≤   𝑛1

𝑉𝑖

𝑋𝑖́ 𝑇0𝑖
(COS(𝛿𝑖 − 𝜃𝑖) +

SIN(𝛿𝑖 − 𝜃𝑖) COS(𝛿𝑖)

SIN(𝛿𝑖)
)  𝑛1 + 1  ≤   𝑖 ≤   𝑛   

 

 

Here, n is the total number of the generators including 

synchronous and DFIG ones. Since it is assumed that only 

one DFIG is in the considered power system, n1, the 

number of synchronous generators, equals n-1. 

 

III. Design of Nonlinear Adaptive Multi-Input 

DSC Control Law 

In this section, based on the described model for power system 

network developed in Section 2, together with DSC method 

and adding an adaptive scheme for estimating uncertain 

parameters, a multi-input control law will be designed. In this 

framework, the following equations are formulated [23]: 

{

𝑍1 = 𝑋1             
𝑍2𝑋2  − 𝑋2𝑑
𝑍3 = 𝑋3 − 𝑋3𝑑

                                (14) 

Based on the DSC method, the function x2d is determined in 

such a way that x1  stabilizes and x3d stabilizes x2. 

where: 

 

 𝑍1 = [𝑧11  𝑧12   . .  𝑧1𝑛]
𝑇, 𝑍2 = [𝑧21  𝑧22   . .  𝑧2𝑛]

𝑇    

(15) 

We then have: 

{

 𝑍̇1 = 𝑋2                             

𝑍̇2 = 𝑀𝑖𝑛𝑣[𝑃𝑚 − 𝑋3] − 𝑋̇𝑑2 

𝑍̇3 = 𝐹𝑇 + 𝑈 +  𝛤𝜑 − 𝑋̇𝑑3

          (16)  

{
𝜏2𝑋̇2𝑑 + 𝑋2𝑑 = 𝑋̅2
𝜏3𝑋̇3𝑑 + 𝑋3𝑑 = 𝑋̅3

                                     (17) 

Now, in the following steps, a suitable Lyapunov function is 

defined which leads to the design of final control law [24, 25]: 

Step #1: 

𝑉𝑧1 =
1

2
𝑍1

𝑇𝑍1                                           (18) 

𝑉̇𝑧1 = 𝑍1
𝑇(𝑍2 + 𝑋2𝑑 − 𝑋̅2 + 𝑋̅2) → 𝑋̅2 = −𝐾𝐷𝑍1       (19) 

 

𝑉̇𝑧1 = −𝑍1
𝑇𝐾𝐷𝑍1 − 𝑍1

𝑇(𝑋̅2 − 𝑋2𝑑) + 𝑍1
𝑇𝑍2 

Step #2: 

𝑉𝑧2 = 𝑉𝑧1 +
1

2
𝑍2

𝑇𝑍2                                        (20) 

𝑉̇𝑧2 = −𝑍1
𝑇𝐾𝐷𝑍1 − 𝑍1

𝑇(𝑋̅2 − 𝑋2𝑑) + 𝑍1
𝑇𝑍2 

+𝑍2
𝑇(𝑀𝑖𝑛𝑣[𝑃𝑚 − 𝑋3] − 𝑋̇2d)  

= −𝑍1
𝑇𝐾𝐷𝑍1 − 𝑍1

𝑇(𝑋̅2 − 𝑋2𝑑) + 𝑍2
𝑇(𝑍1 

+𝑀𝑖𝑛𝑣[𝑃𝑚 − 𝑍3 − 𝑋3𝑑 + 𝑋̅3 − 𝑋̅3] − 𝑋̇2d)  

= −𝑍1
𝑇𝐾𝐷𝑍1 − 𝑍1

𝑇(𝑋̅2 − 𝑋2𝑑)  + 𝑍2
𝑇(𝑍1  

+𝑀𝑖𝑛𝑣[𝑃𝑚 − 𝑋̅3] − 𝑋̇2d) 

−𝑍2
𝑇𝑀𝑖𝑛𝑣𝑍3 − 𝑍2

𝑇𝑀𝑖𝑛𝑣(𝑋̅3 − 𝑋3𝑑)                      (21)                              

It is assumed that: 
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𝑍1 +𝑀𝑖𝑛𝑣[𝑃𝑚 − 𝑋̅3] − 𝑋̇2d = −𝐾𝑇𝑍2                          (22) 

 

which in equations (19) and (22) 𝐾𝐷 and 𝐾𝑇  are arbitrary 

positive definite matrices. 

 

→ 𝑋̅3 = 𝑀𝑖𝑛𝑣
−1(𝐾𝑇𝑍2 +𝑀𝑖𝑛𝑣𝑃𝑚 + 𝑍1 − 𝑋̇2d)          (23) 

Considering Equation (19) we have: 

𝑉̇𝑧2 = −𝑍1
𝑇𝐾𝐷𝑍1 − 𝑍1

𝑇(𝑋̅2 − 𝑋2𝑑)  − 𝑍2
𝑇𝐾𝑇𝑍2 −

𝑍2
𝑇𝑀𝑖𝑛𝑣(𝑋̅3 − 𝑋3𝑑) − 𝑍2

𝑇𝑀𝑖𝑛𝑣𝑍3  

Step #3: 

𝑉𝑧3 = 𝑉𝑧2 +
1

2
𝑍3

𝑇𝑍3 +
1

2
𝜑̃𝑇γ𝜑̃                           (24) 

𝑉̇𝑧3 = 𝑉̇𝑧2+𝑍3
𝑇𝑍̇3 + 𝛾

−1𝜑̃𝑇𝜑̃ 

𝑉̇𝑧3 = 𝑉̇𝑧2 + 𝑍3
𝑇(𝐹𝑇 + 𝑈 +  𝛤𝜑 − 𝑋̇3d) + 𝜑̃

𝑇𝛾𝜑̇̃  )       

𝑉̇𝑧3 = −𝑍1
𝑇𝐾𝐷𝑍1 − 𝑍1

𝑇(𝑋̅2 − 𝑋2𝑑)  − 𝑍2
𝑇𝐾𝑇𝑍2 −

𝑍2
𝑇𝑀𝑖𝑛𝑣(𝑋̅3 − 𝑋3𝑑) − 𝑍2

𝑇𝑀𝑖𝑛𝑣𝑍3  

+𝑍3
𝑇(𝐹𝑇 + 𝑈 +  𝛤𝜑 − 𝑋̇3d) + 𝜑̃

𝑇𝛾𝜑̇̃  )  

𝑉̇𝑧3 = −𝑍1
𝑇𝐾𝐷𝑍1 − 𝑍1

𝑇(𝑋̅2 − 𝑋2𝑑)  − 𝑍2
𝑇𝐾𝑇𝑍2 −

𝑍2
𝑇𝑀𝑖𝑛𝑣(𝑋̅3 − 𝑋3𝑑)  

+𝑍3
𝑇(𝐹𝑇 + 𝑈 +  𝛤𝜑 − 𝑋̇3d −𝑀𝑖𝑛𝑣𝑍2) + 𝜑̇̃

𝑇𝛾𝜑̃    

𝑉̇𝑧3 = −𝑍1
𝑇𝐾𝐷𝑍1 − 𝑍1

𝑇(𝑋̅2 − 𝑋2𝑑)  − 𝑍2
𝑇𝐾𝑇𝑍2 −

𝑍2
𝑇𝑀𝑖𝑛𝑣(𝑋̅3 − 𝑋3𝑑) + 𝑍3

𝑇(𝐹𝑇 + 𝑈 +  𝛤𝜑 − 𝑋̇3d −

𝑀𝑖𝑛𝑣𝑍2) + 𝜑̇̃
𝑇γ𝜑̃                                        (25) 

It should be noted that 𝜑̃ = 𝜑 − 𝜑̂: 

𝑉̇𝑧3 = −𝑍1
𝑇𝐾𝐷𝑍1 − 𝑍1

𝑇(𝑋̅2 − 𝑋2𝑑)  − 𝑍2
𝑇𝐾𝑇𝑍2 −

𝑍2
𝑇𝑀𝑖𝑛𝑣(𝑋̅3 − 𝑋3𝑑) + 𝑍3

𝑇(𝐹𝑇 + 𝑈 +  𝛤𝜑̂ − 𝑋̇3d −

𝑀𝑖𝑛𝑣 𝑍2) + (𝑍3
𝑇𝛤 + 𝜑̇̃𝑇𝛾)                             (26) 

Since, 𝜑 is constant, then 𝜑̇ = 0, hence, 𝜑̇̃ = −𝜑̇̂. In order 

to make a negative value for the derivative of Lyapunov 

function, the following relations should be applied: 

{
(𝐹𝑇 + 𝑈 +  𝛤𝜑̂ − 𝑋̇3d −𝑀𝑖𝑛𝑣 𝑍2) = −𝐾𝑠𝑍3   (27 − 𝑎)

(𝑍3
𝑇𝛤 − 𝜑̇̂𝑇𝛾) = 0                        (27 − 𝑏)

 

Where 𝐾𝑠 is positive definite matrix, The following relation is 

obtained:  

𝑈 = −𝐾𝑠𝑍3−𝐹𝑇 −  𝛤𝜑̂ + 𝑋̇3𝑑  + 𝑀𝑖𝑛𝑣 𝑍2           (28)  

      

(𝑍3
𝑇𝛤 − 𝜑̇̂𝑇𝛾) = 0→ 𝜑̇̂ = 𝛾−1

𝑇
𝛤𝑍3                   (29)  

             

If the backstepping method is applied, the control input will be 

obtained from (26). 

𝑈 = −𝐾𝑠𝑍3−𝐹𝑇 −  𝛤𝜑̂ + 𝑀𝑖𝑛𝑣 𝑍2    

+𝑀𝑖𝑛𝑣
−1(𝐾𝑇(𝑀𝑖𝑛𝑣[𝑃𝑚 − 𝑋3] − 𝑋̇2d) 

+𝑀𝑖𝑛𝑣𝑃̇𝑚 + 𝑍2 + 𝑋2𝑑 − 𝑋̇2d                             (30)                                                        

It should be mentioned that the number of terms in (28) is 

fewer than those ones in (30). 

According to (28) for the control input, the derivative of 

Lyapunov function will be: 

𝑉̇𝑧3 = −𝑍1
𝑇𝐾𝐷𝑍1 − 𝑍2

𝑇𝐾𝑇𝑍2 − 𝑍3
𝑇𝐾𝑠𝑍3 

−𝑍1
𝑇(𝑋̅2 − 𝑋2𝑑)  − 𝑍2

𝑇𝑀𝑖𝑛𝑣(𝑋̅3 − 𝑋3𝑑)               (31) 

The complete proof is described in Appendix A.There are a 

number of controller coefficients in (28). In order to design 

these coefficients, a PSO algorithm will be applied. PSO 

algorithm in comparison with most of the other intelligent 

methods is formulated in simple manner. It is a memory-based 

algorithm and has a higher convergence rate [26]. 

The cost function considered for optimization by PSO method 

is selected as follows: 

𝐽 = ∑ (𝛿𝑖 − 𝛿𝑖0)
2𝑛

𝑗=1
+ 𝜏∑ (𝜔𝑖 − 𝜔𝑖0)

2𝑛

𝑗=1
              (32) 

In relation (32), τ is a weight coefficient that can be 

determined experimentally.  

The designed control system block is shown in Fig. 4. In this 

control diagram, first the output states of the main plant are 

sampled and then entered into the parameter estimator and 

adaptive backstepping controller with the DSC filter. In this 

block, the appropriate estimation of the uncertain parameters 

of the system is produced and sent back to the main controller. 

In the DSC adaptive backstepping controller block, the DSC 

filter provides the derivative value of the desired values in the 

design of the backstepping controller without the calculation 

needed for direct derivation and sends it back to the backstep 

controller. Finally, the appropriate input control signals to 

improve the dynamic stability of the power generation system 

are generated and fed into the DFI

 
Fig 4. Control diagram and Power System Including DFIG and 

SSSC Applying Multi-Input Adaptive DSC 

 

A. The proposed Algorithm for Dynamic Stability 

Improvement of Power System Including DFIG and 

SSSC 

Fig. 5 describes the proposed control algorithm for the stability 

improvements of the power system which includes  

synchronous generators, DFIG and SSSC. 
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Fig 5. Flowchart Simulation of the Power System Including 

DFIG and SSSC with Applying Multi-Input Adaptive DSC 

 

IV. Simulation Results 
 

In order to investigate the effectiveness of the proposed 

control law, a stability analysis in different scenarios is 

considered for the 10-machine New England test system. 

This power system is depicted in Fig.6. It includes 10 

synchronous machines, one DFIG in Bus 19, and one SSSC 

component between Bus 6 and Bus 7. The initial data for this 

system is developed in [27]. 

 

Fig 6. The NEW ENGLAND standard 39-bus power system 

includes a wind generator equipped with DFIG 

In this case-study, a 3-phase short-circuit fault in the vicinity 

of generator 4 is occurred and lasted for 100 milliseconds. 

Fig.7 shows the variations in the speed of the G4 and DFIG 

under the condition in which no control input is employed. It 

is clear that the power system is dynamically unstable. Now, 

by applying the proposed control law, the deviations of 

internal angle and speed of G4 and DFIG are depicted in Fig. 

8 and Fig.9. As it can be seen from these figures, the angle 

and the speed of the rotor reach to their stable condition in 

about 2 seconds after clearing the fault. Fig.10 shows the 

behavior of internal angles and angular velocities of the 

generators of this power system. For a better investigation of 

the power system damping, the phase diagram for G4 and the 

DFIG is depicted in Fig.11. It can be seen that the system 

tends toward its stable condition very fast. Fig.12 show the 

control input signal for all the machines, DFIG, and SSSC. 

This figure shows that the amplitudes of all the signals are 

limited and they reach to their initial values. In Fig.13, the 

estimation of the unknown parameters of the power system is 

depicted. It shows that the estimation error tends to zero, and 

estimation values reach to their references.  

 

Fig 7. Speed deviation G4 and DFIG while is not control on 

system  

 

(a) 

 

(b) 

Fig 8. (a)rotor angle deviation for G4, (b)Speed deviation for 

G4 after fixing the short circuit error 
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(a) 

 

(b) 

Fig 9. (a)rotor angle deviation for DFIG, (b)Speed deviation 

for DFIG after fixing the short circuit 

 

(a) 

 

(b) 

Fig 10. rotor angle deviation of the generators rotor after 

fixing the short circuit error in bus39 Rotor Speed deviation 

of all generators after the short circuit fault in bus 39 

 

 

Fig.11. phase diagram of wind turbine based DFIG and G4 

 

Fig 12. control signals of G4 and DFIG, SSSC by Multi input 

dynamic surface control 

 

Fig 13. estimation of uncertain parameter for all generators 

and DFIG 

It should be mentioned that the input mechanical power to the 

generators may vary with time. This condition more 

frequently happens in Wind-Turbines. Therefore, in order to 

make a more comprehensive scenario, it is assumed that the 

mechanical input power to the DFIG suddenly change about 

10% and then reach to its initial value. In Fig.14 the variation 

in angle and speed of DFIG rotor is depicted. It shows that 

the controller acts in a correct manner and make the signal 
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amplitude to reach to its stable condition in a short period of 

time. 

 

Fig 14. speed deviation of synchronous generator and DFIG 

against changing point of fault occurrence to near G7 

In the Fig.15 to compare the performance of the controller 

adesigned by the DSC method, the results obtained with the 

backtracking method are compared. It can be seen that the 

DSC controller has a better performance for the speed and 

internal angle diagrams of the generator In addition, this filter 

softens the response and In Fig.16, for the input signal of G4, 

a comparison is made between the applied backstepping 

control approach and the proposed control scheme. It is 

observed that by use of the proposed control law, the 

trajectories reach to its stable condition in a faster way with 

lower overshoot value with respect to controller signal 

obtained from applying backstepping method. In addition, 

this filter softens the response as shown in the figure and 

makes us without the need for derivation. 

 

 
Fig.15.comparing rotor angle and speed deviation G4 in back 

stepping and DSC methods after the short circuit fault in bus 

39 

 
Fig 16. comparing control input signal for G4 in back 

stepping and DSC methods 

In order to further examine the performance of the proposed 

control law with the other important controller design 

methods, a comparison is made in Table 2. It is obtained from 

the information in this table that the proposed method has a 

superior performance with respect to the linear scheme of 

[13]. In Table 3, the proposed control law is compared with 

the nonlinear method offered in [9]. The results show that the 

proposed control law has a better performance with respect to 

the results obtained from [9]. 

TABLE 2 
COMPARISON OF CONTROL CRITERIA BETWEEN 

ADAPTIVE MULTI-INPUT DYNAMIC SURFACE 

CONTROL AND OPTIMIZED LINEAR CONTROL METHOD 

IN [13] 

Optimized Linear Control 

Design in [13] 
Proposed control in this article  

Over 

shoot 

(p.u.) 

settling 

time 

(Sec.) 

Rise 

time 

(Sec.) 

Over 

shoot 

(p.u.) 

settling 

time 

(Sec.) 

Rise 

time 

(Sec.) 

G4 

0.15 4.5 0.2 0.1 0.7 0.08 
Speed 

dev 

25˚ 4.0 0.15 2.29˚ 2.0 1.50 
Rotor 

ang 

- - - 2.1 1.1 0.15 
Ctrl 

signal 
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TABLE 3 

COMPARISON OF CONTROL CRITERIA BETWEEN 

ADAPTIVE MULTI- INPUT DYNAMIC SURFACE 

CONTROL WITH BACKSTEPPING CONTROL METHOD 

IN [9] 

Nonlinear Control design 

in [9] 
Proposed control in this article  

O 

shoot 

(p.u.) 

settling 

time 

(Sec.) 

Rise 

time 

(Sec.) 

Over 

shoot 

(p.u.) 

settling 

time 

(Sec.) 

Rise 

time 

(Sec.) 

G3 

0.5 5.0 0.5 0.12 0.9 0.05 
Speed 

dev 

13˚ 5.0 0.1 1.5˚ 1.8 1.10 
Rotor 

angle 

3.2 7.5 0.4 1.8 1.0 0.08 
Ctrl 

signal 

V. Conclusions 

In this study, a multi-input adaptive DSC control law is 

developed to improve dynamic stability of the power system 

including DFIG and SSSC. The simulation results show the 

superiority of the proposed control law in improvement the 

dynamic stability with respect to backstepping method (Table 

3) and linear methods (Table 2). For instance, according to 

Table 3, the overshoot is improved by 50% and the settling 

time is improved by 20% with respect to the recent reported 

results of applying backstepping scheme. The performance of 

the designed control law with respect to the unknown 

parameter variation and also rapid change in mechanical 

input of DFIG shows the robustness properties of the 

proposed control law. In other word, the control signal also 

has a smooth form with respect to the corresponding signals 

from backstepping controllers developed in the recent 

literature. 
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Appendix A: 

Proof: 

It can be shown that: 

τ2Ẋ2d + X2d = X̅2, 

τ3Ẋ3d + X3d = X̅3                                        
Define the following variables: 

{
Y1 = X2d-X̅2
Y2 = X3d-X̅3

                                     (a.1) 

According to a.1One can obtain: 

Ẏ1 = -
Y1
τ2
-Ẋ̅2 = -

Y1
τ2
+ L1 

Ẏ2 = -
Y2
τ3
-Ẋ̅2 = -

Y2
τ3
+ L2 

Where-Ẋ̅2 = L2and -Ẋ̅3 = L3 . |Li| has a maximum value LiM 

on a compact  region. Therefore,  |Li| ≤ LiM . Based on the 

Young inequality: the following inequalities can be written: 

Yi
TẎi = -

Yi
TYi

τi+1
+ Yi

TLi ≤ -
Yi
TYi

τi+1
+ |Yi

T||Li| ≤ -
Yi
TYi

τi+1
+

1

2T
LiM

2Yi
TYi +

T

2
                          (a.2) 

T is a positive definite diagonal matrix, Now a Lyapunov 

function is defined as (a.3): 

Vzn = Vz3 + Y1
TY1 + Y2

TY2                   (a.3) 

Let consider equation (a.3), the derivative of the Lyapunov  

function and replace V̇z3 from(31) can be written as: 

V̇zn = -Z1
TKDZ1-Z2

TKTZ2-Z3
TKsZ3 + Z1

TY1  + Z2
TMinvY2 +

Y1
TẎ1 + Y2

TẎ2                                     (a.4) 

 

Now by using (a.2) in (a.4) results in:                                           

V̇z3 ≤ -Z1
TKDZ1-Z2

TKTZ2-Z3
TKsZ3 + Z1

TY1  +

Z2
TMinvY2-

Y1
TY1

τ2
+

1

2T
L1M

2Y1
TY1 +

T

2
-
Y2

TY2

τ3
+

1

2T
L2M

2Y2
TY2 +

T

2
              

On the other hand, based on Young inequality,  

  Z1
TY1 ≤

Z1
TZ1

2
+
Y1

TY1

2
, Z2

TMinvY2 ≤
Z2

TZ2

2
+
Y2

TMinv
2Y2

2
                        

(a.5) 

Considering (a.5) and (a.4),  

V̇z3 ≤ -Z1
TKDZ1-Z2

TKTZ2-Z3
TKsZ3 +

Z1
TZ1
2

+
Y1
TY1
2

 +
Z2
TZ2
2

+
Y2
TMinv

2Y2
2

-
Y1
TY1
T2

+
1

2T
L1M

2Y1
TY1

+
T

2
-
Y2
TY2
T3

+
1

2T
L2M

2Y2
TY2 +

T

2
 

V̇z3 ≤ -Z1
T(KD-

I

2
)Z1-Z2

T(KT-
I

2
)Z2-Z3

T(Ks)Z3-Y1
T(-

I

2
+

I

T2
-
1

2T
L1M

2)Y1 -Y2
T(-

Minv
2

2
+

I

T3
-
1

2T
L2M

2)Y2 + T              

a = min {KD-
I

2
, KT-

I

2
, Ks, -

I

2
+
I

τ2
-
1

2T
L1M

2, -
Minv

2

2

+
I

τ3
-
1

2T
L2M

2} 

b = {T} 
V̇z3 ≤ -aVz3 + b 

Vz3(t) ≤ (Vz3(t0)-
b

a
)e-a(t-t0) +

b

a
≤ Vz3(t0) +

b

a
,∀ t≥t0 

From this inequality one can conclude that by suitable choosing of 

coefficients, the Lyapunov function and therefore the magnitude 

of errors, could be made smaller and smaller as desired. 
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Nonlinear fractional systems in the presence of uncertainties and external disturbances 

are important issues these days and fractional calculus has been evolved to improve the 

efficiency of controllers. In real world applications, uncertainties and external 

disturbances can affect the performance of systems. Dealing with these issues is one of 

the important problems. Sliding mode control is an effective nonlinear robust control 

method. In this paper, we introduce a method for study and evaluating stability of a class 

of nonlinear fractional system in the presence of uncertainty and external disturbances 

by using a robust adaptive fractional sliding mode controller with a new fractional sliding 

surface. Since in real life, the upper bound of uncertainties and external disturbances are 

unknown, we use an adaptive law to approximate it. We perform stabilizing analysis of 

the designed fractional controller using Lyapunuv's theorem. Then, we obtain finite time 

convergence of system states to the fractional sliding surface. Finally, we illustrate the 

accuracy of our proposed method on two examples. The fractional models of the glucose-

insulin system and the Lu system were considered and simulation confirm analytical 

results. Besides rapid convergence to the equilibrium point is another advantage of the 

method. 

I. Introduction 

  Many mathematical theories have been evolved and 

extended over time.  One instance of such theories is integer 

order calculus, which has been extended using the notion of 

fractional derivative. The major advantage of fractional 

calculus is that it is nonlocal. In fact, when we calculate 

ordinary derivative at a specific point, the resulting value 

depends only on that point and its around. This property is 

known as locality. But fractional derivatives are obtained by 

integrating a wide range of values and depends on the state of 

the system in the past. It might be difficult to use classical 

differential equations for the modelling and analysis of 

systems with memory effects. Nevertheless, that fractional 

derivatives are non-local allows them to cover memory 

effects. As a tool, fractional calculus has been evolved to 

improve the efficiency of control loops in two primary ways, 

namely, to improve the quality of modelling and to enhance 

the efficiency of controllers. This tool has been beneficial to 

the finding of more accurate models for processes by 

providing a wider context for dynamic models.It is obvious 

that finding a more accurate model of a process allows us to 

design more suitable controllers for the handling of that 

process [1]. Besides, since traditional controllers are special 

cases of fractional controllers, the use of fractional controllers 

can improve the efficiency of control systems designed. [2, 3] 

The first application of fractional calculus to the modelling of 

physical phenomena dates back to the 1930s [4]. Since then, 

this tool has been used in numerous fields of sciences. For 

example, in physics [5,6], in medical and biological sciences 

[7, 8], in economics [9] and so on [10,12]. As a special instance 

of nonlinear fractional order models, the fractional order model 

of glucose-insulin systems has been investigated by some 

researchers in recent years. In [13], the existence and 

uniqueness of fractional order derivatives for glucose-insulin 

regulation were proved using the fixed-point theorem and an 

iterative scheme. Also, a fuzzy fractional order predictive 

control system was proposed in [14] to stabilize the glucose 

level regulation. In [15] the effect of the incommensurate 
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fractional order derivatives on a glucose-insulin regulatory 

model is studied. In [16] for blood glucose level control, a 

Reinforcement Learning method and its combination with 

sliding mode controllers is used to determine the injection 

dosage. Stability analysis of fractional systems is more 

complicated than that of integer order systems. Considering 

the structure of the response of linear time invariant fractional 

systems, the stability of the equilibrium point in these systems 

has been   discussed [17]. However, in contrast to linear 

systems, the stability analysis of nonlinear fractional systems 

(NFS) runs slowly. Around two decades ago, the problem of 

structural stability of these systems was studied for the first 

time, considering the Riemann Liouville derivative and the use 

of Taylor’s polynomial expansion. Furthermore, the concept of 

Lyapunov stability was introduced in [18], using Gronwall’s 

lemma and Schwarz’s inequality. On the other hand, in some 

references, the method of linearization has been used. However, 

a unique and specific basis theory has not been obtained yet. 

In real world applications, model uncertainties and external 

disturbances can affect the performance of system. Dealing 

with these issues is one of the design problems of controllers. 

Sliding mode control (SMC) is an effective nonlinear robust 

control method. In recent decades, it has been widely used and 

has proved successful due to its good features such as high 

accuracy, ease of implementation and resistance to external 

disturbances and parametric uncertainties. [19] 

  This approach received attention after Utkin’s work and 

was extended to control issues [20]. There are two main steps 

in the design of a sliding mode controller, namely, creating a 

suitable sliding surface that represents the desired dynamics 

(the sliding phase) and adjusting the control law in such a way 

that a sliding condition is achieved (the reaching phase). 

Sliding mode control (SMC) for integer order systems was 

used for a long time until its application to fractional systems 

began [21,23]. In [22], the control of a fractional system with 

input delay time and state was investigated using the SMC 

method. In [24], the synchronization of the uncertain, 

fractional Duffing Holmes system was investigated through 

the SMC method. In [25], the SMC method was used to 

stabilize a system of invariant, fractional order with linear time. 

Fractional chaotic systems were investigated under SMC [26, 

27]. Several improved SMC methods based on neural networks 

[28], Riccati’s approach [29], LMI [30] and the adaptive 

technique [31] have been proposed. 

In [32], a fuzzy adaptive controller was designed with a 

fractional calculus approach and sliding mode. In [33], an 

adaptive step back output feedback controller was proposed for 

a group of nonlinear fractional systems. The authors of [34] 

presented an adaptive sliding mode control for nonlinear 

systems with uncertainty. In [35], a high order sliding mode 

observer, combined with an adaptive fraction order sliding 

mode control, was proposed for diabetic patients. A fractional 

sliding mode control method was proposed in [36] for a group 

of nonlinear systems that were subject to uncertainty. The 

paper [37] examined the design of an adaptive sliding mode 

controller for fractional linear systems that were exposed to un-

certainty and nonlinear disturbances. The authors of [38] 

assessed the application of a fractional control method based 

on a sliding mode used to track and stabilize a group of 

nonlinear fractional systems subject to uncertainty and drew 

upon a second order sliding mode approach in combination 

with a PI based design for the single input mode. 

A sliding mode control law was proposed in [39], based on a 

new backstepping technique for nonlinear fractional systems 

subject to mismatched disturbances. In [40], a fractional 

sliding mode control was designed to use the particle swarm 

optimization (PSO) algorithm for a specific class of nonlinear 

fractional systems. The paper [41] studied the sliding mode 

control of output feedback for nonlinear fractional systems and 

proposed a necessary and sufficient condition for the existence 

of a sliding surface in the LMI form. The authors of [42] used 

a sliding mode control for a group of fractional systems with 

matched and mismatched disturbances and offered a fractional 

disturbance observer to approximate both matched and 

mismatched disturbances. In addition, the sliding surface was 

constructed based on the oberver’s output. Based on the LMI 

method, [43] proposed a sliding mode control method for a 

group of fractional systems in which the upper bound of the 

known uncertainty was given. In [44], the stabilization 

problem was investigated by adaptive sliding mode control for 

a group of uncertain, nonlinear fractional Hopfield neural 

networks. In [45] a conformable fractional order sliding mode 

control method is studied for a class of fractional order chaotic 

systems in the presence of uncertainties and disturbances and 

stability analysis of the controller is derived by Lyapunov 

method with conformable fractional order operators. 

  The authors of [46] presented a second order, LQR- based 

sliding mode controller for a group of nonlinear fractional 

systems. A sliding mode active disturbance rejection control 

was proposed in [47] for nonlinear fractional systems with 

uncertainty and unknown disturbances. In [48], the asymptotic 

stability of a group of nonlinear fractional systems with 

bounded inputs, in the presence of uncertainty and external 

disturbances, was studied by adaptive constrained sliding 

mode control. By using sliding mode controllers, the 

stabilization of chaotic dynamic systems of nonlinear, 

fractional order was investigated in [49]. Building on the 

composite learning sliding mode control to control fractional 

nonlinear systems with actuator faults, [50] introduced a 

fractional integral sliding surface. Recently, in [51] a new 

adaptive fuzzy fractional order fast terminal sliding mode 

control method used for a class of nonlinear systems in the 

presence of uncertainties and external disturbances. 

  In the last two or three years, the use of sliding mode control 

in combination with fractional order calculations or in order to 

stabilize fractional order systems has attracted the attention of 

many researchers [52]. Fractional order sliding mode control 

law has been recently used for stabilizing different systems 

such as image encryption [53], Power Grids [54], cryptography 

[55], complex systems [56] and so on. 

  Despite its significance among advanced control methods 

resulting from high resistance to uncertainties and high ability 

to control indeterminate conditions, sliding mode control has a 

major drawback; the chattering phenomenon. The chattering 
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phenomenon can lead to unwanted fluctuations in the control 

system and derail the behavior of the system from what is 

desirable [57, 58].  There are some ways to prevent chattering. 

One of the most common methods is to use a fuzzy algorithm 

to obtain the amplitude of a narrow boundary layer around the 

sliding surface. Nonetheless, this is a slow process [59]. 

Another method is to apply high order sliding mode control, 

what prevents chattering without reducing accuracy. However, 

in addition to the difficulty of implementation, this method has 

the problem of chattering when high order sliding dynamics 

increase the relative degree of the system [60]. The continuous 

ap proximation method is more useful for the reduction of 

chattering than the other methods mentioned here. This method 

designs the control signal discontinuity by substituting a 

continuous function and creating a narrow boundary layer 

around the sliding surface; no report has been published 

concerning this method as yet [61].

Although many studies have been conducted in the field of 

control of nonlinear fractional systems in the presence of 

uncertainties and disturbances, most of them have some 

drawbacks, to the best of our knowledge, that we now briefly 

describe. First, the studies do not solve the problem of 

stabilizing for the general form of nonlinear, affine fractional 

systems. Also, in most cases, the upper bound of uncertainties 

and external disturbances is considered to be known. This is in 

contrast to what happens in real applications, where the limits 

of model uncertainties and external disturbances are unknown 

in practical systems. This issue has been addressed and 

discussed in our present research by designing a new robust 

adaptive fractional sliding mode controller (RAFSMC) which 

is proposed in next Section.

  The contribution and innovations of this paper can then be 

summarized as follows: 

 Considering a more general form of nonlinear

fractional order systems as affine nonlinear

systems.

 Designing a new robust-adaptive fractional order

sliding mode controller by proposing a new fractional

order sliding surface.

 Stabilizing the system in the presence of both model

uncertainties and external disturbances; where the

upper band of uncertainties and disturbances is

unknown.

 Estimating the upper bound of uncertainties by

designing stable adaptive rules.

 Solving the problem of glucose level regulation by

considering the nonlinear fractional order model of

Glucose-insulin Systems as applications to the

proposed methodology.

This paper is organized as follows. In Section 2, the problem 

is formulated and the model of nonlinear, fractional affine 

systems in the presence of model uncertainties and 

disturbances is presented. The robust adaptive fractional 

sliding mode controller is designed in Section 3. In Section 4, 

simulation results are given to confirm the analytical results. 

Finally, the conclusion closes the paper in Section 5. 

II. Formulation of the problem

A. Model of the system 

The system under consideration is a class of nonlinear, affine 

fractional systems that can describe a comprehensive range

of dynamic systems:

0
CDt

αx(t) =  f(x) + g(x)u(t), 
 x(0) = x0.    

Here, f: ℝn ⟶ ℝn  is an arbitrary nonlinear function, 

piecewise continuous and local Lipschitz with Lipschitz 

constant in the area enclosing the origin. Also, x(t) ∈ ℝn 

denotes pseudo-state, g: ℝn → ℝn×m is an arbitrary nonlinear 

function and u(t) ∈  ℝm  is the input of the system. It is 

assumed that 0 < α < 1  and 0
CDt

α  denotes the Caputo

derivative operator, which is defined by 

0
CDt

αx(t) =
1

(Γ(⌈α⌉ − α)
∫

t

0

x(⌈α⌉)(τ)

(t − τ)α−⌈α⌉+1
dτ 

where Γ( . )denotes the Gamma function and⌈α⌉  is the 

least integer that is greater than or equal to α [62]. 

B. A system with model uncertainty and external 

disturbance   

Considering the external disturbances and model uncertainties, 

the nonlinear fractional system in (1) can be expressed as 

0
CDt

αx(t) = (f(x(t)) + δf(x(t))) + g(x(t))u(t) + d(t) (3)

where d(t) ∈ ℝn denotes the external, bounded and unknown 

disturbance and δf(x) shows additive model uncertainties. By 

aggregating the uncertainties and disturbances, the model of 

the system can be written as 

0
CDt

αx(t) = f(x(t)) +  g(x(t))u(t) + E(x(t)), (4)  

where E(x(t)) = δf(x(t)) + d(t) . Now, consider the 

following assumption. 

  This format is actually the general form of fractional order 

nonlinear affine systems which are exposed to perturbations 

and many systems in practice can be written in this format. 

Robotic systems, biological systems, all the linear systems, 

chemical processes, etc. can be written in this affine form. As 

you can see, two of these real systems are mentioned in the 

simulation section, including the glucose-insulin system and 

the chaotic Lu system.  

Assumption 2.1 Assume that the amount of external 

disturbances and uncertainties is bounded as 

∥ E(x(t)) ∥≤ γ, 

where γ ∈ ℝ+indicates the upper bound of model 

uncertainties and external disturbances and is 

considered to be unknown. The aim of this paper is to design a 

sliding mode control law for the NFS exposed to model 

uncertainties and external disturbances in (4), in such a way 

that in spite of Assumption 2.1 the system becomes 

asymptomatically stable. In addition, an adaptive law is also 

designed to estimate the upper bound of model uncertainties in 

(5). Asymptotic stability is defined as follows 

Definition 2.2  ([64]). The constant vector xeq  is an 

(1)

(5) 

(2) 
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equilibrium point of the fractional system  0Dt
αx(t) = f(x(t)) 

if and only if 

             f(xeq) = 0 
We assume, without loss of generality, that the equilibrium 

point is equal to 0 , that is, xeq = 0. 

Definition  2.3 ((Stability of NFS) [64]). Suppose that xeq =

0 is equilibrium point of  0Dt
αx(t) = f(x(t)). The system is 

said to be stable if for any initial condition x(0) ∈ Rn×1, there 

exists δ > 0  such that any solution x(t)  of  0Dt
αx(t) =

f(x(t)) satisfies ∥ x(t) ∥< δ, for all t > 0. Furthermore, the 

fractional system is said to be asymptotically stable if the 

system is stable and ∥ x(t) ∥→ 0 as t → ∞. 

 In the next section, we design a sliding mode stabilizing 

controller for the NFS in (3). 

III. RAFSMC design 

SMC is a robust, nonlinear Lyapunov-based control method. 

The sliding mode design approach consists of two steps. The 

first involves the design of a switching function s = 0, such 

that the sliding motion satisfies the design specifications. The 

second one concerns the selection of a control law which will 

enforce the system to converge to the sliding surface (the 

sliding mode). 

A.  Defining the fractional sliding surface  

Considering the input affine NFS in (4), the m dimensional, 

fractional sliding surface can be defined by 

S(t) = Q∫
0

t
  0

c Dτ
αx(τ)dτ − Q∫

0

t
 (f(x(τ)) + L(x(τ)))dτ  (6) 

                           

where S(t) = [s1, s2, … , sm] ∈ ℝm×1  is the sliding surface 

vector, Q ∈ ℝm×n  and L(x) ∈ ℝn×1  are the control 

parameters that should satisfy the following assumption. 

Assumption 3.1 We assume that the vector L(x) ∈ ℝn×1 and 

the matrix Q ∈ ℝm×n  are chosen in such a way that they 

satisfy the following conditions. 

1. Q ≠ 0. 

2. Qg(x) ∈ ℝm×m is nonsingular. 

3. The NFS  0
c Dt

αx(t) = f(x(t)) + L(x(t)) is 

asymptotically stable. 

  We considered the sliding mode such that, firstly, when is 0 

, the desired characteristics and provided and, secondly, the 

system's dynamics would appear by deriving from it. 

In the SMC design, the switching surface and its derivative 

should meet the conditions s(t) = 0  and ṡ(t) = 0 , then 

based on (6) we have 

Q0
c Dt

αx(t) − Q(f(x(t)) + L(x(t))) = 0,             (7) 

where by assuming Q ≠ 0 we find that 

  0
c Dt

αx(t) = f(x(t)) + L(x(t))                         

Consequently, according to Assumption 3.1, the fractional 

equation in (7) implies that the closed-loop system is 

asymptotically stable, meaning that x(t) → 0 , when t → ∞. 

B.  Selection of the reaching law 

To satisfy the sliding mode condition, consider the reaching 

law 

 ṡ = −μs − ρ sign(s),                          (8) 

where μ, ρ ∈ ℝ+,    

and sgn (s) = [sgn (s1), sgn (s2), … , sgn (sm)]T ∈ ℝm 

denotes the sign function vector [9]. 

Lemma 𝟑. 𝟐 ( [63]). By adopting the reaching law as in (8), 

the system reaches the switching surface at the finite time T∗ 

given by 

T∗ =
1

μ
ln (

ρ + μ max 
i=1,…,m

 |si(0)|

ρ
).         

C.  Controller design                               

In this subsection, we use the fractional sliding surface in (6) 

and consider the reaching law in (8) to design a new stabilizing, 

RAFSMC for the system introduced in (4) which is robust 

against model uncertainties and external disturbances. Besides, 

in this controller, the unknown upper bound of model 

uncertainties and disturbances is obtained via a stable adaptive 

law. 

  In the following, we present a theorem that describes the 

basics and fundamentals of RAFSMC design. 

Theorem 3.3 Consider the NFS exposed to model 

uncertainties and external disturbances described in (3). By 

applying the control law  

u(t) = (Qg(x))−1(QL(x) − μs − ργ̂sgn (s)),       (10)  

in which the estimation of upper bound γ̂ is obtained from the 

adaptive law   

γ̇̂(t) = k1ρsT sgn(s),                          (11) 

where k1 > 0 is the adaptive law gain and the sliding surface 

is defined as in (6), along with Assumptions 2.1,3.1 we find 

that the closed-loop system (4) is asymptotically stable if the 

constant, scalar values μ and ρ are chosen such that μ > 0 

and ρ >∥ Q ∥. 

Proof. Differentiating the sliding surface defined in (6) and 

substituting the NFS in (3) we obtain 

ṡ(t) = QDαx(t) − Q(f(x(t)) + L(x(t))
= Q(f(x(t)) + δf(x(t)) + g(x(t))u(t) + d(t))

 −Q(f(x(t)) + L(x(t))
= Q(g(x(t))u(t) + E(x(t)) − QL(x(t)).       (12)

 

Now, consider the Lyapunov candidate function  

V(t) =
1

2
sTs +

1

2k1
γ̃2,                           (13) 

where k1 > 0  and γ̃ = γ̂ − γ  stands for the upper bound 

estimation error. Then, differentiating (13) with respect to time 

and substituting from (12) result in 

V̇(t) = sTṡ +
1

k1

γ̃γ̇̃

= sT(Q(g(x(t))u(t) + E(x(t)) − QL(x(t))))

 +
1

k1
γ̃γ̇̃.                           (14)

 

Now, applying the RAFSMC in (10) to (14) yields 

(9) 
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V̇(t) = sT(QL(x(t)) − μs − ργ̂sgn (s)

+QE(x(t)) − QL(x(t)) +
1

k1

(γ̂ − γ)γ  ˆ̇  (15)

where removing the similar terms and noticing γ̇̃ = γ̇̂  we 

obtain 

V̇(t) = sT (−μs − ργ̂sgn (s) + QE(x(t)) +
1

k1
(γ̂ − γ)γ̇̂. 

  (16) 

Now, considering the definition of ∥ s ∥  as sTsgn (s) , 

sTs =∥ s ∥2 and applying the adaptive law from (11) we find 

that 

V̇(t) = −μ ∥ s ∥2− ργ̂ ∥ s ∥ +sTQE(x(t)) (17) 

+ρ(γ̂ − γ) ∥ s ∥ = −μ ∥ s ∥2+ sTQE(x(t)) − ργ ∥ s ∥. 

(18) 

The upper bound of V̇(t) in (18) can be computed as 

V̇(t) ≤ −μ ∥ s ∥2 +∥ s ∥∥ Q ∥∥ E(x(t)) ∥ −ργ ∥ s ∥

   (19)  

So, considering the inequality (5) in Assumption 1 we can 

write 

V̇(t) ≤ −μ ∥ s ∥2 +∥ s ∥∥ Q ∥ γ − ργ ∥ s ∥=      (20)   

−μ ∥ s ∥2+ (∥ Q ∥ −ρ)γ ∥ S 

As a result, by selecting μ > 0  and (∥ Q ∥ −ρ) < 0  (or 

ρ >∥ Q ∥ ), we find that the upper bound of the derivative of 

the Lyapunov function is negative semi-definite. Now, by 

defining w̃(t) = μ ∥ s ∥2+ Q ∥ −ρ)γ ∥ s ∥ and integrating 

the both sides of (20), we deduce that V(0) ≥ V(t) +

∫
0

t
 w̃(λ)dλ . From this inequality we conclude that ∞ >

V(0) ≥ limt→∞  ∫
0

t
 w̃(λ)dλ. Hence, according to the Barbalat

lemma [65], w̃(t) and thus s(t), converges to 0 when t →

∞ and γ̃ remains bounded. So, according to the definition 

of the sliding surface in (6) and the stable equation in (7) and 

by the convergence of s  to 0 , the NFS in (3) is 

asymptotically stable and the psudostate x(t) of the system 

will asymptotically converge to 0 .

  It is worth to mention that the RAFSMC controller proposed 

in this paper, is designed based on Lyapunov theory and none 

of the controllers designed using this method are unique, 

because the Lyapunov theory proposes only sufficient and not 

necessary condition for stability. Therefore, this controller is 

not necessarily unique, meaning that there may be thousands 

of other controllers with different structures that may 

asymptotically stabilize the system. 

  In this paper, in order to reduce the chattering similar to what 

is suggested in [63,66], we use a continuous function instead 

of the sign function. To this end, we approximate the sign 

function in (10) and (11) by the function 

ρ sgn(s) ≅
ρ2s

ρ ∥ s ∥ +σ(t)
, (21) 

where σ(t) > 0  is a positive, bounded function such that 

∫
0

∞
 σ(t)dt < ∞. For example,

σ(t) =
1

1+tn
,  n ≥ 2. (22) 

IV. Simulation Results

We show the effectiveness of our proposed method by two 

examples. 

  Example 4.1. Consider the model that described by the 

Caputo fractional differential equations [67] 

{
0
CDt

αx1(t) = −p1[x1(t) − Gb] − x1(t)x2(t) + d(t)

 0
CDt

αx2(t) = −p2x2(t) + p3[x3(t) − Ib],  1 < α < 1

0
CDt

αx3(t) = −n[x3(t) − Ib] + u(t),

y = Cx(t) x(0) = [380,0.0001,310]T   (23) 

which x1(t) represent the temporal dynamics of the blood 

glucose concentration at time t, x2(t) the auxiliary function 

representing insulin-excitable tissue glucose uptake activity, 

proportional to insulin concentration in a 'distant' compartment 

and x3(t) the blood insulin concentration at time t. 

u(t)  defines the insulin injection rate and replaces the 

normal insulin regulation of the body, which acts as the control 

variable. Since the normal insulin regulatory system does not 

exist in the body of diabetic patients, this glucose absorption is 

considred as a disturbance for the system dynamics and d(t) 

shows the rate at which glucose is absorbed by the blood from 

the intestine, following food intake. The glucose concentration 

in blood is considered as the output y(t), where 
y(t) = [1 0 0]x(t) (24) 

For convenience we use the following replacement, 

{

x1(t): = x1(t) − Gb

x2(t): = x2(t)
x3(t): = x3(t) − Ib

(25) 

Then system (23) will be as follows: 

{

C
0

Dt
Cx1(t) = −p1x1(t) − x1(t)x2(t) + d(t)

 0
CDt

αx2(t) = −p2x2(t) + p3x3(t)

0
CDt

αx3(t) = −nx3(t) + u(t) (26)

TABLE 1 

PARAMETERS AND DESCRIPTIONS IN (EX. 4.1) 
Parameter DESCRIPTION Value 

p1 

The insulin-independent constant 

rate of glucose uptake in muscles 

and liver 

0.001(1/min) 

p2 Therate for decrease in tissue 

glucose uptake ability 
0.23(1/min) 

p3 The insulin-dependent increase 

in glucose uptake ability in 

tissue per unit of insulin 

concentration above the basal 

level 

6.3 

× 10−4((μU

/ml)−1min−2  ) 

Gb The basal value of glucose 

concentration in plasma 
80(mg/dl) 

Ib The basal value of insulin 

concentration in plasma 
10(μU/ml) 

𝑛 The first order decay rate for 

insulin in blood 
0.16(1/min) 
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Now, the nonlinear fractional order glucose-insulin model (26) 

with the parameter values of a diabetic patient can be rewritten 

as [67]  

 0
CDt

αx(t) = f(x) + g(x)u(t) + Dd(t),0 < α < 1

y(t) = Cx(t),                             (27)    
 

where                                         

f(x) = Ax + [−x1(t)x2(t),0,0]T

A = [
−p1 0 0

0 −p2 p3

0 0 −n

]

g(x) = [0,0,1]T

D = [1,0,0]T

C = [1 0 0].

 

We calculate the equilibrium point of the system (23) 

according to Definition 2.2 It will be obtained [Gb, 0, Ib]. The 

model uncertainties and external disturbances are considered 

as follows. 

δf(x(t)) = 0.1 [
−p1 0 0

0 −p2 p3

0 0 −n

] [

x1(t)
x2(t)
x3(t)

] ,

d(t) = [0.1 rand, 0,0]T.

     (28) 

where rand is a random value between 0 and 1 . Using Theorem 

3.3 and Assumption 3.1, the parameters of the RAFSMC and 

the adaptive law, respectively in (10) and (11), can be selected 

as follows. 

L(x(t)) = [

x1(t)x2(t) − 5x1(t)
−p3x3(t) − 4x2(t)

−3x3(t)
]

Q = [0 0 1]

μ = 40, ρ = 3, k1 = 4.                       (29)

 

The initial value for the adaptive law are assumed as 

γ(0) = 2 

in order to eliminate the chattering, by using (21) and (22), the 

sign function of the RAFSMC (12) is approximated by the 

function 

ρ sgn(s) ≅
ρ2s

ρ ∥ s ∥ +σ(t)
,  σ(t) =

1

1 + t2
.          (30) 

The result of simulating the behavior of system without 

controller is shown in Fig 1. 

 

Fig. 1. The state response of the glucose concentration in 

system without controller (Ex. 4.1) 

 

  As it can be seen, the blood glucose concentration rises 

significantly in a system without a controller. Applying the 

RAFSMC as in (10)-(11) to the glucose-insulin system in (23), 

the simulation results shown in Fig 2-7 are obtained. 

  As it is evident from this Fig 2 the blood glucose 

concentration converges to the Gb = 80mg/dl during about 

20 minutes which shows asymptotic stability of the system in 

convergence to its equilibrium point in the presence of random 

external disturbance and uncertainty in the nonlinear model of 

Glucose-Insulinn system. 

 

Fig. 2. The state response of the glucose concentration with 

controller (Ex. 4.1) 

Fig 3 and Fig 4 show the trajectories x2, x3 that reach the   

equilibrium point. The insulin concentration as input 

controller in Fig 5 remained bounded and converges to a 

bounded value after stabilizing the system. 

Fig. 3. The state response of the insulin-excitable tissue 

glucose (Ex. 4.1) 

                    

Fig. 4. The state response of the blood insulin concentration 

(Ex. 4.1) 

 

Fig. 5. The insulin concertration as input controller (Ex. 4.1) 
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In Fig 6, adaptive parameter is shown. These parameter is 

consistent with what was demonstrated in the stability of 

Theorem 8  and converge to a constant value. Finally, the 

sliding surface of the system is indicated in Fig 7. The sliding 

surface converges to 0 in a finite time. 

Fig. 6. Estimated adaptive parameter (Ex. 4.1) 

 

Fig. 7. The sliding surface of the glucose-insulin system 

(Ex. 4.1) 

  As a further explanation, it should be noted that Fig 2 to 4 

are state variables in the glucose-insulin model. As we can see, 

glucose concentration, insulinexcitable tissue glucose and 

blood insulin concentration respectively converge to their 

equilibrium values. Apart from being achieved in a reasonable 

time, which is less than 10 minutes for the patient, this 

convergence has neutralized the effect of uncertainties and 

disturbances by applying the control law. Fig 6 and 7 are 

respectively the adaptive parameter and sliding surface. 

According to the stability proof, we expect that the adaptive 

parameter converges to zero in a finite constant value and the 

sliding surface also converges to a finite time while not having 

chattering. Fig 6 and 7 easily confirm these both facts.  

  Example 4.2. Consider the Lu fractional system. Given 

external disturbances and modelling uncertainties, the 

nonlinear fractional system model is selected from [49]. 

{

 CDαx1(t) = 36(x2(t) − x1(t)) + δf1(t, x(t)) + d1(t) + u1(t),

 CDαx2(t) = 20(x2(t) − x1(t)x3(t) + δf2(t, x(t)) + d2(t) + u2

 CDαx3(t) = x1(t)x2(t) − 3x3(t) + δf3(t, x(t)) + d3(t) + u3(t)

(31) 

X(t0) = [10, −5,5]T 

where the values of uncertainty and disturbance are given by 

{

δf1(t, x(t)) + d1(t) = 0.2cos (3t)x1(t) + 0.15sin (2t)

δf2(t, x(t)) + d2(t) = 0.25sin (4t)x2(t) + 0.2sin (3t)i

δf3(t, x(t)) + d3(t) = 0.3 sin(2t) x3(t) + 0.25 cos(4t) 

(32) 

This model is widely used in the electrical industry and power 

distribution systems. 

Simulation of the behavior of the system without 

controller 

For α = 0.98 , the result of simulating the behavior of the 

system without controller is shown in Fig 8. 

 

Fig. 8. Behavior of the Lu system without controller (Ex. 4.2). 

 

Fig. 9. System states after applying proposed controller (Ex. 4.2) 

Simulation of system with controller 

Using the method presented in this paper, the closed loop 

system is simulated in the presence of modelling uncertainties 

and external disturbances.Select the controller parameters to 

satisfy the Assumption 3.1 and Theorem 3.3, as follows. 

L(x(t)) = [

−36x2(t) + 30x1(t)
x1(t)x3(t) − 25x2(t)
−x1(t)x2(t) − x3(t)

] ,

Q  = [
1 0 0
0 1 0
0 0 1

].                       (33)
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In addition, the control gains and adaptive laws are selected as 

follows. 

μ = 40 ,  ρ = 2 ,  k1 = 4.                        (34)

To reduce the chattering, the sign function is approximated by 

ρsgn (s) ≅
ρ2s

ρ∥s∥+σ(t)
,  σ(t) =

1

1+t2.   (35) 

Considering the initial adaptive law as 

γ(0) = 2,                                   (36) 

the simulation results of the RAFSMC are shown in the Fig 9, 

10, 11, 12 . 

Fig. 10. Sliding surfaces converge to 0 by applying the control 

law (Ex. 4.2) 

Fig. 11. Proposed RAFSMC (Ex. 4.2) 

The stability of system by using the control input is shown in  

Fig 9, where the system states converge to 0 . Fig 10 shows the 

convergence of the sliding surface to zero and the control 

signal is shown in Fig 11. The adaptive parameter tends to a 

limited value in Fig 12. 

Fig. 12. Estimated adaptive parameter (Ex. 4.2) 

We note that in [49], the following assumption is considered 

for uncertaintties and disturbances. 

|δfi(x, t)| + |di(t)| ≤ ρi < ∞;  i = 1,2, … , n. (37) 

Finally, the control law designed in the article is as follows. 

ui(t) = −(fi(t, xi(t)) + ki|xi(t)|ηtanh (xi(t))

+ρi + γiSi(t) + λi|Si(t)|δtanh (Si(t)).
(38) 

The outcome is that the parameter ρi is used in the control law. 

That is, the upper bound of the sum of uncertainties and 

disturbances in this article is assumed to be known and the 

designer must be aware of and include this upper bound in the 

control law. However, the method presented in our article does 

not have such a limitation. 

Briefly, we know, the assumption of an unknown upper bound 

for uncertainties and disturbances is more realistic in practical 

applications. In this article, according to Equation (3), we 

consider a nonlinear affine fractional order system exposed to 

uncertainties and external disturbances with unknown upper 

bound. A new robust adaptive fractional sliding mode 

controller was designed to stabilize this system. The proposed 

controller provides the features and general advantage of 

sliding mode controllers, such as high accuracy of sliding 

mode part, simplicity of implementation, and resistance to 

external disturbances and parametric uncertainties, also we 

used the advantage of adaptive controller for approximating 

that upper bound. 

  The stability of the proposed controller was proved in 

Theorem 3.3. At the end, for checking the effectiveness of the 

method, in Example 4.1, we showed that the state variables 

converge to the equilibrium point faster and in a shorter period 

compared with the controller used for the stability of the same 

system in reference [67]. 

Also, in Example 4.2, the designed controller in reference [49], 

(with known upper bound of uncertainties and disturbances) 

was compared with our proposed controller (with unknown 

upper bound), which is a significant strength and can lead to a 

more effective solution in real applications. 
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V. Conclusion 

  In this paper, stability of a class of NFSs in the presence of 

uncertainty and external disturbance was considered. To solve 

the problem, a RAFSMC with a new fractional sliding surface 

was designed. Since in real life, the upper bound of 

uncertainties and external disturbances are unknown, we use 

an adaptive law to approximate it, however in most articles the 

upper bound is considered to be known. Finally, to evaluate the 

efficiency of the proposed method, the fractional models of the 

glucose-insulin system and the Lu system were considered and 

simulation confirm analytical results. Also rapid convergence 

to the equilibrium point is another benefit of the 

method .Extending this work to situations in which the 

Fractional order nonlinear system is subject to delay 

(especially in the case of biological systems such as glucose-

insulin which are subject to real delay), the design of an 

adaptive sliding mode control law where the control input is 

saturated due to the limited range of the input Control in 

practice, generalizing the method for incommensurate 

fractional order systems or variable order fractional nonlinear 

problems and finally, optimization of controller coefficients 

with methods based on computational intelligence or meta-

heuristic algorithms are topics for further work. 
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To overcome the low output voltage of Renewable Energy Sources (RESs) such as 

photovoltaic arrays (PVAs) and fuel cells, a new multi-input DC/DC converter is 

presented in this paper. This converter is based on a combination of modified quadratic 

buck-boost converters, Switched Inductors (SIs), and Voltage Multiplier Modules 

(VMMs). The high voltage gain can be achieved by adjusting the duty cycle and turn 

ratio of the coupled inductor of VMM. This structure inherits all the advantages of the 

SEPIC converter and using a bidirectional input port (in which an Energy Storage 

System (ESS) can be connected) and several unidirectional input ports. The load power 

can be flexibly divided among various power sources. Due to the buck-boost 

characteristics of the presented converter, it is suitable to charge-discharge the ESS. A 

Coupled Inductor (CI) is used to couple energy from input to the output equipped with 

the VMM. Moreover, the use of SI reduces the rise time and ripple of the input current. 

The stability of the proposed converter against momentary changes of VPV and Ro is 

the main advantage of this converter. Moreover, considering a secondary ESS as Vi 

instead of PV allows the converter to be active 24 hours a day. In this converter, the use 

of two ESSs guarantees the supply of the required output power. In addition, two 

bidirectional input ports prepare the ESSs charging and discharging capabilities. To 

verify the analysis and feasibilities of the proposed converter, simulation results are 

presented  

I. Introduction 

Increasing demands for energy, air pollution, and 

depletion of fossil fuels have drawn researcher’s attention to 

renewable energy sources (RESs), such as solar and wind 

energies. Depending on geographical areas, the power 

attained from RESs is variable. Therefore, an energy storage 

system (ESS), as an auxiliary power supply in a multi-input 

converter (MIC), is required to supply load necessities. The 

obtained output voltage is relatively low in RESs, such as 

photovoltaic arrays (PVAs). Therefore, high step-up DC/DC 

converters (HSUDCs) are widely required to overcome this 

defect for stepping up DC voltage and supplying inverters 

and DC loads [1-2]. A family of integrated modules of 

HSUDCs is reviewed in [3]. In single port converters, each 

RES requires a separate converter, which needs a different 

control system. Therefore, this enhances the system's 

complexity. In multi-port converters (MPCs), different RESs 

and ESSs are integrated as inputs with one output in a single 

topology with a simple controller [4]. MPCs can be 

classified into isolated and non-isolated topologies. Using 

isolated topologies provides a high gain by using high-turn 

ratio but with low efficiency and heavy weight [5]. 

Interleaved and non-interleaved converters are proposed in 

[6-7] and [8], respectively. In [9-12], a voltage multiplier 

module (VMM) is added to the converter. In [13-14] the 

voltage-clamped module (VCM) is added to the converter. 

Coupled inductors (CIs) and MICs are used in all HSUDCs 

explored in the following reviews, but ESS besides RES has 
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not been considered. In [15-16], VMM and VCM are not 

considered. A soft-switched three-port converter is presented 

in [17-18]. There is no auxiliary power supply besides PVA 

to enhance the converter’s ability for supplying a permanent 

power for output in both presented converters. In [19], 

because of using multiple CIs and multi-switches in the 

converter, the efficiency is low. In [20], the high voltage and 

current stress are the main defects of the converter because 

the two CIs are directly cascaded. In [21], a two-input 

DC/DC boost converter based on a coupled inductor and 

VMM is proposed. The ESS besides RES has not been 

considered and this is the main defect of this work. In [22], a 

comparison is made between generalized predictive control 

and linear controllers in a multi-input DC-DC boost 

converter, it does not consider ESS besides. Due to the fixed 

consideration of two inputs in this converter, the PV cannot 

be used as an input for this converter, which is the main 

defect of this converter. In [23] a non-isolated single-ended 

primary-inductor converter (SEPIC)-based multi-input 

DC/DC converter is presented. This converter inherits 

step-up/down capability and cannot acts as an HSUDC.  

This paper presents a new SEPIC-based multi-input 

step-up voltage and current converter. The application of 

switched inductor (SI) instead of input inductance is a good 

substitute in the proposed converter. Therefore, this 

substitution minimizes the rise time and input current’s 

ripples. Moreover, this converter has been functionally 

promoted by applying CI instead of inductor L2, and adding 

two VMMs to its output. Therefore, this converter acts as a 

step-up voltage and current simultaneously, by applying CI 

with a low turn ratio and two VMMs. Moreover, the stability 

of the proposed converter against momentary changes of VPV 

and Ro is the main advantage of the proposed converter. One 

or more unidirectional port (s) beside one bidirectional port 

(as a secondary ESS) are considered in this converter as 

input power sources. Considering a secondary ESS as Vi 

instead of PV allows the converter to be active 24 hours a day, 

which is the other important advantage of this converter. 

This makes the converter to be supplied by various types of 

RESs. 

This paper consists of eight sections. The proposed 

structure of the converter is presented in Section 2. The 

proposed converter's functional modes are explained in 

Section 3. Section 4, explores the converter's power 

dissipation. Section 5, discusses the proposed converter's 

dynamic behavior. Section 6, presents a comparison between 

the proposed converter and other works. The simulation 

results and power management analysis are presented in the 

PSCAD environment in Section 7. The last section is 

devoted to concluding points. 

II. Proposed Converter's Structure

Fig. 1 depicts a step-up multi-input SEPIC based on CI, 

two VMMs, and SI as the proposed converter. The PVA and 

S1 are considered the main input and switch of this converter, 

respectively. The input inductor’s structure is a SI based 

which consists of elements D1, D2, D3, Li1, and Li2. This 

structure minimizes the input current rise time and ripples. 

Firstly, the main switch S1 is turned on, and two inductors Li1 

and Li2 make a parallel structure. 

Fig.1. A schematic diagram of the proposed converter 

This minimizes the input current’s rise time. Secondly, 

the main switch S1 is turned off, and two inductors Li1 and Li2 

make a series structure. This minimizes the ripples of the 

input current after reaching the reference level. The main 

ESS besides PV is considered for supplying the output power. 

Switch S2 and S3 are applied for charging and discharging 

the main ESS, respectively. Vi as a secondary ESS is 

considered for supplying the converter’s input power in 

place of PV at night. Switches Svi and S4 are applied for 

discharging and charging Vi, respectively. Magnetic inductor 

Lm is the output inductor as CI in this converter. In order to 

raise the load current, the turn ratio is determined low. 

Moreover, the lesser the CI’s turn-ratio determination, the 

lighter the transformer, the lower the magnetic leakage, and 

the higher the output current will be attained. By this means, 

high efficiency can be achieved. Two VMMs are considered 

to quadruple the secondary voltage of the transformer. 

III. Proposed Converter's Functional modes

   The demanded output power is assumed constant in this 

paper. Therefore, three operational modes can be considered 

by making a comparison between this value and PVA’s 

power. In the first mode, both powers have the same values. 

This mode is the simplest mode of operation. In this mode, 

the main switch S1 is activated. In the second mode, PVA’s 

power is smaller than the output power. This mode consists 

of two sub-modes, and S1 and S3 are triggered. Firstly, only 

S1 is activated for reaching the output power to the maximum 

level attained from PVA. Secondly, S1 and S3 are triggered 

for sending ESS’s power to the output for preparing the 

demanded power. In the 3rd mode, PVA’s power is greater 

than the output demanded power. This mode consists of two 

sub-modes. Firstly, S1 is activated so that the output power 

reaches its desired level. Secondly, the extra power for PVA 

is transferred through S2 toward ESS for charging. In the 
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third state of this mode, the extra power of PVA is 

transferred through D4 and S4 after the time ESS is fully 

charged to charge the Vi battery. Therefore, Vi can be 

replaced with Vpv by turning on the switch SVi at night. The 

other RESs can be added to the input as a replacement of 

PVA. Therefore, this property makes the converter’s input to 

be expandable. Those aforementioned properties besides the 

presence of CI, VMMs, and SI produce a converter with a 

low-ripple and rise-time of input current and step-up 

voltage/current properties. The following section presents 

functional modes in detail. 

A. The output demanded power is supplied only by PVA 

(Ppv=Pout) 

  In this mode, PVA can solely supply the output demanded 

power, and S1 is the only switch that is triggered. Figs. 2 and 

3 depict two states and time characteristics diagrams, 

respectively.  

Fig.2. States in the 1st mode; (a): 1st state, S1 is ON; (b): 2nd 

state, S1 is OFF 

   In accordance with two states (a) and (b) in Fig. 2, (1) and 

(2) can be derived, respectively. S1 regulates the inductor 

current ILi, i.e., the PV’s power. Fig. 2 depicts two states as 

follows. 

Fig.3. Time characteristic diagrams in the 1st mode 

Hint 1: 

     As Fig. 2 shows, whenever S1 is turned on, the 

input inductor Li is made by a parallel combination of 

two input inductors Li1 and Li2. Therefore, the rise-time 

of input current goes to a low limit. Whenever S1 is 

turned off, Li is made by a series combination of two 

input inductors Li1 and Li2. Therefore, the input 

inductor Li is increased and acts as a high-quality filter 

for decreasing input current ripples. 

a. Switching state1 (0<t<d1Ts)

  Fig. 2-(a) shows the current flow in this state. S1 is turned 

on, and inductors Li and Lm are magnetized. Capacitors C3 

and C4 are charged by the secondary voltage of transformer 

VN2. Vo is supplied by VCo, and capacitor C1 is charged by 

primary voltage VN1. Therefore, (1) can be derived in this 

state as follows: 

3 4

1 1

1

i

m

L pv

L

V = V ;

V = V = KV = KV ;p c

V = V = KNV ;c c c

(1) 

  where VP, K, N, and V1 are primary voltage, magnetizing 

coefficient, transformer’s turn-ratio, and effective voltage 

drop in transformer’s primary on the 1st state, respectively. 

b. Switching state2 (d1Ts <t<Ts)

   Fig. 2-(b) shows the current flow. S1 is turned off, and 

capacitors C2 and Co are charged by the primary and 

secondary transformers’ currents, respectively. Therefore, (2) 

can be derived in this state. 

1 2

2 2

2

3 4

i

m

L

L

o

V = V  V V ;pv c c

V = V = KV = KV ;p c

V  (1 + KN)Vc
V = V ;c c

2











(2) 

  where V2 is the effective voltage drop in the primary on the 

2nd state. By applying the volt-second balance equations, (3) 

and (4) can be deduced as follows: 

2

1 1 1 2

11 2

1

1

1 11 2 2 1

1

1

d V + (1 d )(V V V ) = 0;pv pv c c

1
V (V + V )(1 d ) = 0 V + V = Vpv c c c c pv

1 d

d
d V (1 d )V = 0 V = V ;V = Vc c c pv c pv

1 d



 



 



 





 (3) 

1 11

1

1

o 2
2d KNV + (1 d ) V (1+KN)V = 0;cc

d (1 + KN)
V = Vo pv

1 d

 





 
 

(4) 

B. The PV's power is smaller than demanded power 

(Ppv< Pout) 

  In this mode, PVA cannot solely supply the output power, 

and S1 is triggered so that the output reaches the maximum 

amount of power that can be supplied by PVA. After this 

time, S1 and S3 are triggered to send ESS’s power to output 
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for the power to reach its reference level. This mode can be 

considered in two sub-modes d3>d1 and d3<d1 as follows 

where d3, d1, S3, and S1 are duty cycles, respectively. 

I. d3>d1 in ESS discharging mode 

  Figs. 4 and 5 depict three states of operation and time 

characteristics diagrams, respectively. 

Fig.4. A schematic diagram of the proposed converter in d3>d1 

ESS discharging sub-mode in 2nd mode (Pout> Ppv); (a): 1st state, 

S1 and S3 are ON; (b): 2nd state, S1 is OFF, but S3 is still ON; 

(c): 3rd state, S1 and S3 are OFF. 

Fig.5. Time characteristic diagrams in d3>d1 ESS discharging 

sub-mode in the 2nd mode (Pout> Ppv) 

   S1 regulates ILi i.e. PV’s power. The discharging rate of 

ESS is controlled by S3. 

In this sub-mode, three states can be considered as follows: 

a. Switching state1 (0<t<d1Ts)

   Fig. 4-(a) shows the current flow in this state. S1 and S3 

are turned on, and inductors Li and Lm are magnetized. 

Capacitors C3 and C4 are charged by the secondary voltage 

VN2.VO is supplied by VCo, and the capacitor C1 is charged by 

the primary voltage VN1. Therefore, (5) can be derived. 

3 4

1 ESS 1

 
ESS 1

i

m

L

L

V = V  ;pv

V = V = KV = K(V + V )p c

V = V = KN(V + V );c c c

(5)

b. Switching state2 (d1Ts <t<d3Ts)

   S1 is turned off, but S3 is still turned on. Fig. 4-(b) shows 

the current flow, and capacitors C2 and Co are charged by 

primary and secondary transformer’s currents, respectively. 

Therefore, (6) can be derived. 

1 2

2 ESS 2

ESS2

3 4

i

m

L

L

V = V V V ;pv c c

V = V = KV = K(V V );p c

V (1 + KN)V KNVo c
V = V ;c c

2

 



 


(6) 

    Fig. 4-(c) depicts the current flow. S3 is turned off, and 

this state and the 2nd state of the previous mode are quite 

similar. Therefore, (2) can be used in this state. By applying 

the volt-second balance to (5), (6), and (2) respectively, (7) 

and (8) can be deduced as follows: 

;

1 1 1 2

1

1 2

d V + (1 d )(V V V ) = 0;pv pv c c

1
V + V = Vc c pv

1 d

 





(7)

;

1 ESS 3 1 ESS 31 2 2

3 ESS2

1 3 ESS1 2 2 1 2

1

1

3 ESS 3 ESS2 1

1

d (V + V ) + (d d )(V V ) (1 d )V = 0;c c c

V d Vc
d (V V ) V d V V V = ;c c c

d

d
V = V + d V ;V = V d Vc pv c pv

1 d

c c

 

 



 


  



(8)

Thus, the output voltage can be attained as (9) 

  

;
1 ESS 2

1 3 1 1 3 ESS

1

1
ESS23 1 32d KN(V V ) + (d d ) V (1+KN)V KNV (1 d )(V (1 + KN)V ) 0o cc o c

1
V = d (1 KN)V d (1 d ) KNd (1 d ) V ;o pv

1 d

   

  



   
 

 

(9) In case d3=d1, (9) can be simplified as follows: 

;
ESS

1

1

1

d (1 - KN)
V = V (1 d )Vo pv

1 d





  
(d3=d1) 

II. d3<d1 in ESS discharging mode

  This sub-mode is just like the previous sub-mode, but the 
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only difference is that d3<d1. Figs. 6 and 7 depict three states 

of operation and time characteristics diagrams, respectively. 

In this sub-mode, three states exist as follows: 

Fig.6. A schematic diagram of the proposed converter in d3<d1 

ESS discharging sub-mode in the 2nd mode (Pout> Ppv); (a): the 

1st state, S1 and S3 are ON; (b): the 2nd state, S3 is OFF, but S1 is 

still ON; (c): the 3rd state, S1 and S3 are OFF. 

Fig.7. Time characteristic diagrams in d3<d1 ESS discharging 

sub-mode in the 2nd mode (Pout> Ppv) 

a. Switching state1 (0<t<d3Ts)

   Fig. 6-(a) depicts the current flow. S1 and S3 are turned 

on, and this state and the 1st state of the previous sub-mode 

are quite similar. Therefore, (5) can be used. 

b. Switching state2 (d3Ts <t<d1Ts)

   Fig. 6-(b) depicts the current flow. S3 is turned off, but S1 

is still on. This state and the 1st state of the previous mode 

are quite similar. Therefore, (1) can be used. 

c. Switching state3 (d1Ts <t<Ts)

   Fig. 6-(c) depicts the current flow. S1 is turned off, and 

this state and the 2nd state of the previous mode are quite 

similar. Therefore, (2) can be used. By applying the 

volt-second balance to (5), (1), and (2) respectively, (10) and 

(11) can be deduced as follows: 

;

1 1 1 2

1 2

1

d V + (1 d )(V V V ) = 0;pv pv c c

1
V V = Vc c pv

1 - d
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

(10) 

;

ESS 1 3 11 1 2

2

1

1

3

3 ESS 3 ESS

1

d (V +V ) + (d d )V (1 d )V = 0;c c c

d
V = V d V ;V = V d Vc pv c pv

1 d







 



(11) 

Therefore, the output voltage can be attained as (12) 

;

ESS 11

1 1 ESS

o c3 1 21

3

1

32d KN(V +V ) + 2(d d )KNV + (1 d ) V (1+KN)V = 0;c c

1 - KN
V = d V (1 d )Vo pv

1 - d

d

  

 

 
 
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(12) 

     In the case d3=d1, (12) can be simplified as follows: 

;
ESS

1

1 1

1

d (1 - KN)
V = d V (1 d )Vo pv

1 d





   (d3=d1)

Hint 2: 

   From the case d3=d1 both in (9) and (12), it is clear that 

by considering a constant amount for d1 in both case at this 

point, the output voltages will have equal amounts. As 

assumed previously, Vo is constant that makes a constant 

demanded power. Moreover, in conditions which Vpv is low, 

ESS has an important role in supplying the demanded power; 

Therefore, (12) is applicable for this condition, and (9) can 

be used whenever Vpv is considerably high and it can supply 

the main amount of the demanded power. 

C. The PV's power is greater than demanded power in 

ESS charging mode. 

  In this mode, the excess power can be used to charge ESS. 

This mode can be considered in two sub-modes Ppv>Pout and 

Ppv<Pout as follows 

I. Ppv> Pout in ESS charging mode. 

     Figs 8 and 9 depict three states of operation and 

time characteristics diagrams, respectively. 

a. Switching state1 (0<t<d1Ts)

   Fig. 8-(a) depicts the current flow. S1 is turned on, and 

this state and the 1st state of the 1st mode are quite similar. 

Therefore, (1) can be used in this state 

. 

b. Switching state2 (d1Ts <t<(d1+d2)Ts)

   S1 is turned off and S2 is turned on. Fig. 8-(b) shows the 

current flow. The two inductors Li and LP (Lm) are 

demagnetized and their currents flow to ESS for charging. 
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The power transmission occurs through the transformer, and 

capacitors C3 and C4 are charged by VN2. Vo is supplied by 

VCo. C1 is charged by ILm. (13) can be derived. 

ESS

2 ESS1

ESS1

i

m

3 4

L

L

V = V V ;pv

V = V = KV = K(V V );p c

V = V = KN(V V );c c c







(13)

Fig.8. A schematic diagram of the proposed converter in ESS 

charging sub-mode in the 3rd mode (Ppv> Pout); (a): the 1st state, 

S1 is ON; (b): the 2nd state, S1 is OFF, but S2 is ON; (c): the 3rd 

state, S1 and S2 are OFF. 

Fig.9. Time characteristic diagrams in the state of PPV> Pout in 

ESS charging states 

c. Switching state3 ((d1+d2)Ts <t<Ts)

   Fig. 8-(c) depicts current flow. S1 is turned off, and this 

state and 2’nd state of 1’st mode are quite similar. Therefore, 

(2) can be used. By applying the volt-second balance to (1), 

(13), and (2) respectively, (14) and (15) can be deduced as 

follows: 

;

1 2 ESS 1 2 1 2

2 ESS

1 2

1 2

d V + d (V V ) + (1 d d )(V V V ) = 0;pv pv pv c c

V d Vpv
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1 d d
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



(14) 
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V + d Vc
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d d

(d + d )V d Vpv
V = V = V ;c c pv

1 d d
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



 







(15)

   Thus, the output voltage can be attained as (16) 

;
1 ESS 1 2

1 2

o 21 1

1 2 pv 2 ESS

22d KNV 2d KN(V V (1 d d V (1+KN)Vcc c

1 KN
V = (d d )V d V ;o

1 d d

) ) = 0

+
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


 

   
 

 
 

(16) 

II. Ppv>> Pout in ESS charging mode

  In this state, the excess power after ESS charging can be 

used for Vi charging. Fig. 10 depicts three states of operation 

in the state of Ppv>> Pout at the time that ESS is fully charged. 

The excess power is pushed toward Vi for charging by 

switching on S4. 

Fig.10. A schematic diagram of the proposed converter in ESS 

charging sub-mode in the 3rd mode (Ppv>> Pout); (a): the 1st 

state, S1 is ON; (b): the 2nd state, S1 is OFF, but S4 is ON; (c): 

the 3rd state, S1 and S4 are OFF. 
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Hint 3: 

   In all the above modes, the total input inductor is 

switched between two quantities. In the first and second 

steps, two inductors Li1 and Li2 become parallel and serial 

with each other, respectively. Therefore, the total input 

inductor can be calculated as (17). 

1

i i1 2

i i1 1 2i i1 2

- +i

L L
L = d (1 d )(L L );

L +L



(17)

If Li1=Li2 is assumed, (17) will be simplified as (18). 

1

1

i i1 1 1

i1

-i

-i

L = 0.5d L 2(1 d )L ;

L = L (2 1.5d );

 


(18)

(18) shows that the total input inductor is related to S1 duty 

cycle d1. Fig.11 depicts Li amounts by d1 variations. 

Fig.11. A schematic diagram of the Li1 inductor coefficient by d1 

variations (in Li1=Li2 assumption) 

Hint 4: 

   As Fig. 11 shows, the first times that d1 is near one, Li is 

on a minimum level which makes a minimum level for the 

rising time of the input current. As such, the current reaches 

its desired point in a short time. Then, d1 approaches the 

equilibrium point. Therefore, Li increases and acts as a high 

quality filter to create minimum ripples for input current. 

IV. The converter’s power dissipation analysis

The power dissipation of active elements is considered in 

two groups, the switching and conduction dissipations. The 

other power dissipation is considered for passive elements as 

capacitors and inductors [24].  

A. Active elements power dissipation 

a. Conduction dissipation

    This one is the power that dissipates in elements such as 

transistors and diodes. This type can be calculated as 

follows: 

, ,

, ,

, , ,, ,0

; ;

. . )

( ) ( )
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on sw T T on diode d d

2 2
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

   

    

 

(19) 

where, Von, sw , Von, diode are the ON-state voltage of the switch 

and diode, respectively. Moreover, RT and Rd are the 

resistance of switch and diode, respectively.  

b. Switching dissipation

   This one is the power that dissipates in switches at the 

switching times. This type can be calculated as follows: 

..
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. .
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..
; ;

( . . )
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
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



  



(20) 

where, Noff and Non are the number of ON-state switches in 

the current path, respectively. Also, fs is the fundamental 

frequency. 

   Moreover, Eon is the energy loss of the switch during the 

turning-on time and Eoff is the energy loss during the 

turning-off time. Moreover, ton and toff are turn-on and 

turn-off time of the switch, respectively.

    Totally, active elements power dissipation can be 

calculated as follows: 

, ,active total sw cond total
P P P 

               

(21) 

B. Passive elements power dissipation 

  For inductors and capacitors, a small internal series 

resistance is considered. These powers can be calculated as 

below: 

, ,

, , ,

. .;
j j

8 3
2 2

i lc total l totalC li=1 j=1

passive total c total l total

P ESR I P R I

i

P P P 

  



(22) 

where, ESR, Ic, Il, and Ri are equivalent series resistance of 

capacitors, the current through capacitors, the current 

through inductors, and internal resistor of inductors, 

respectively. In this converter, eight capacitors and three 

inductors are considered.  

Therefore, the dissipated power can be calculated as follows: 

, , ,total dissipated passive total active total
P P P

           

(23) 

   Therefore, the converter’s efficiency can be calculated as 

follows: 

,

,
;

total disipated out

total disipated outin
in in

total,disipatedout

in in

P P
P P P 1

P P

PP
% 100 100(1

P P
)

   

  





(24) 

  It is important to mention that the power dissipation of the 

transformer’s core is ignored. 

C. Components' design 

   The design of components is based on [6] and is 

considered in the 1st mode of operation. These equations can 

be written as follows: 
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   Moreover, VLm can be calculated as below: 

Lm p

1 s

BAeV N
(1 d )T






(26) 

where ∆B, and Ae, are the magnetic flux density variation 

and the magnetic core equivalent area, respectively. The turn 

numbers of the primary and secondary windings can be 

selected based on the appropriate transformer design 

guidelines. The apparent power of the HF transformer can be 

calculated by multiplying the root-mean-square (RMS) 

voltage and current of the primary winding. 

D. The coupled-inductor’s transferred power 

   The power transferred through the coupled-inductor is 

calculated by multiplying the instantaneous transformer’s 

secondary voltage and current. For this purpose in Figure3, 

this power can be calculated as follows: 
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(27) 

E. The loss of the elements considerations 

   For this purpose, a comparison must be done to have an 

estimation of the dissipation of each group of elements in 

contrast with the other groups. For this means some 

assumptions are considered as follows: 

1-The power dissipated in each passive element is considered 

0.1 watts. 

2-The dissipated power of each group of elements is considered 

approximately the number of element in the converter. 

3- The power dissipated in each diode is considered 0.2 watts. 

4- The power dissipated in each transistor is considered 1 watt. 

Therefore, the portion of each element can be approximately 

calculated as table1, and its related pie chart is depicted as 

follows: 

TABLE 1 

THE POWER DISSIPATED BY EACH ELEMENT 

Dissipated power of 

each group (Watts) 

No. of elements 

presented in a period 
Element Row 

0.4 4 Inductor 1 

0.44 4.4 Capacitor 2 

1.12 5.6 Diode 3 

1 1 Transistor 4 

Fig.12. The element’s losses pie chart 

V. The proposed converter’s dynamic behavior 

The system’s stability around an operating point is described 

by the system’s behaviour in transient state. Primarily, as 

mentioned in the previous section, the proposed converter 

operates in four different conditions. In this converter, there 

will be several inputs and outputs. Therefore, an MIMO 

control system can be considered for this converter. The state 

variables are iLi, iLm, VC1, VC2, and VCO. The state-space 

average model of the converter can be obtained as follows. 

In the 1’st operation mode (Ppv=Pout), the average model of 

the system can be obtained as (28). 

i 1 1 2

m 1 11 2

1

1 1 1

2

2 1
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1

L
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Lm

L Li m

L Li m

Lm

di

L = V (1 d )(V + V );pv c c
dt

di

L = d V (1 d )KV ;c c
dt

dVc
C = (1 d )i d i ;

dt

dVc 1
C = (1 d ) i (1 )i ;

Ndt

dV V(1 d )c c
C i d ;o

dt N R

K

+ -

 













 
  

 

(28) 

   In the 1st sub-mode of the 2nd mode (ESS discharging 

mode (PPV<Pout, d3>d1)), the average model of the system can 

be obtained as (29). 
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    In the 2nd sub-mode of the 2nd mode (ESS discharging 

mode (PPV<Pout, d3<d1)), the average model of the system can 

be obtained as (30). 
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   In the 1st sub-mode of the 3rd mode (ESS discharging 

mode (PPV>Pout), the average model of the system can be 

obtained as (31). The state variables and duty cycles can be 

divided into two components so-called equilibrium and the 

perturbation points can be assumed as (32). 

x = x + x;

d = d + d ;

(32) 

where x , x , x , d , d , and d are state variable, state

equilibrium, state perturbation, duty cycle, duty cycle 

equilibrium, and duty cycle perturbation, respectively. The 

perturbations are much smaller than the equilibrium points. 

Based on this assumption and substituting (32) into (28), the 

system's small signal model can be achieved. This model can 

also be represented in matrix form as (33). 

x A B ;

y C D ;

x u

x u



 

      

(33) 

   The system's small signal model in operation modes can 

be expressed as follows: 

   In the 1st operation mode (Ppv=Pout). (See (34) and (35)). 
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   By substituting (32) into (29) and (30), the system's small 

signal model can be achieved. In the 1st and the 2nd 

sub-modes of the 2nd mode (ESS discharging mode 

(PPV<Pout, d3>d1 and d3<d1)), all matrices except B are the 

same as the 1st operation mode (Ppv=Pout). In all those modes 

B and u are presented as (36). 
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   By substituting (32) into (31), the system's small signal 

model can be achieved in the 3’rd operation mode (Ppv>Pout 

and Ppv>>Pout) as follows: 
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  All elements of the matrix in (34), (36), (37), and (38) 

are fixed except for Li which varies with d1. 

   By calculating the eigenvalues of each matrix A for all 

operation modes in accordance with the duty cycles' ranges (0 

~ 1), it can be concluded that the real part of them is negative. 

Thus, this indicates the stability of the system for all modes 

of operation. Using the numerical values shown in Table 2, 

the bode diagrams of the proposed converter are obtained as 

shown in Figures 13-15. As depicted in all figures, the phase 

and gain margins of the transfer function indicate the stability 

of the proposed converter. 

Fig.13. The bode diagram of the transfer function in the 1st 

mode (Ppv=Pout) 

Fig.14. The bode diagram of the transfer function in the 2nd 

mode (Ppv<Pout) 

Fig.15. The bode diagram of the transfer function in the 3rd 

mode (Ppv>Pout) 

   Fig. 16 depicts the block diagram of a system with its 

controller. The β and system are the output’s feedback 

coefficient and a controllable plant, respectively. 

   Fig. 17 depicts the proposed converter with its controller. 

β is assumed one for all four converters’ outputs. This 

converter has three inputs G1, G2, and G3, which are gate 

pulses made by the controller for switches S1, S2, and S3, 

respectively. The outputs ipv, iESS, VESS, and Vo are the input 

current, ESS’s charging current, ESS’s voltage, and output 

voltage, respectively.  

Fig.16. The block diagram of a system with its controller 

Fig.17. The block diagram of converter with its controller 

   As Fig. 17 shows, there are four references in accordance 
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with the outputs. The controller makes appropriate duty 

cycles d1, d2, and d3 for reaching the outputs to desired points. 

   Fig. 18 shows the designed MIMO block diagram of the 

controller for the proposed converter. This block has eight 

inputs consisting of four measured parameters Vo, VESS, IESS, 

Ppv and their references. The Pout reference is compared to Ppv. 

This comparison decides to set the desired operational mode. 

The comparators Comp.4 and Comp.5 are considered for this 

purpose. Comp.1-3 are designated to compare Vo, VESS, and 

IESS with their references, respectively. This controller 

consists of a number of logic gates, comparators, adders, and 

a ramp signal generator to generate PWM signals. Because 

the output of Comp.1-3 must be analogue signals, when 

implementing the controller, a low-pass filter is placed in the 

output of these comparators. As such, the integral of their 

outputs is taken. Therefore, combining a series comparator 

with a low-pass filter will act like a PI controller .Thus the 

controller is Logic-PI-PWM-based. The comparators 6-8 are 

used to convert level to pulse width compared to a ramp 

signal generator to generate PWM pulses for the three main 

switches. In order to explain how this controller works, three 

modes are assumed as follows: 

A. Ppv<Pout 

   The output of Comp.4 is low, but the outputs of gates OR 

and strobe are high. This allows the pulses generated by 

comp.6 to appear at the G3 output. Initially, Vo is less than its 

reference Vo-ref, and due to this difference, the output level of 

Comp. 1 is non-zero, creating the d3 duty cycle. Moreover, 

the output level of Comp. 4 is zero. Therefore, the output of 

the Min block is zero, and according to the level of difference 

between Vo and Vo-ref, the duty cycle d1 is generated. A 

voltage threshold Vt is considered to control the output 

voltage ripples. When Vo reaches its reference neighborhood, 

the output of the Max block is zero. This speeds up the 

controller before it reaches its output reference. 

B. Ppv=Pout 

   All the explanations mentioned in the previous mode 

apply to this mode except that the strobe output is low. 

Therefore, G3 is disabled and G1 can be triggered. 

C. Ppv>Pout 

   In this case, the output of the strobe is zero. Therefore, the 

output G3 is disabled. At first, Vo is lower than its reference 

value, and the output of Comp. 1 is non-zero. Therefore, the 

output G1 is triggered. Whenever, one of or both VESS and iESS 

fall below their (its) reference value(s), the Min will select 

the minimum value, and the duty cycle d1 and d2 are deeply 

affected by the difference voltage of the output of Comp. 1 

and this value. Therefore, the negative result of this 

subtraction causes outputs G2 and G1 to be deactivated and 

triggered, respectively. Initially, before Vo reaches its 

reference level, G1 is the only output that is triggered, after 

which the G1 and G2 will be triggered. The NOT gate is 

intended to support ESS short circuit. 

Fig.18. A schematic diagram of the proposed controller 

VI. The comparison between the proposed

converter and other works 

Table 2 presents a comparison between the proposed 

converter and other works. It shows the three main 

advantages of this converter over other converters as follows: 

   1- Regardless of the type of input source used, the 

proposed converter operates independently and has no 

dependence on the type of input RES source. 

   2- The existence of an auxiliary ESS in the proposed 

converter enables the proposed converter to take over the 

task of producing power together with the main ESS when it 

is dark and unable to receive power from the main input. As 

such, this converter can provide output power 24 hours a 

day. 

   3- With the appropriate selection of the winding ratio 

used in the proposed converter, it is possible to create an 

increase mode in the output current compared to the input. 

      4- Due to the increasing property of the output voltages 

compared to the input in the SEPIC converter and the 

presence of voltage multipliers in the output of the proposed 

converter, the voltage gain of the converter reaches a number 

greater than one. Therefore, according to the third case 

mentioned above, the proposed converter will have a voltage 

gain and a current value greater than one at the same time. 

      5- The presence of the switched inductor in the proposed 

converter creates a strong filter at the input that reduces the 

rise time and ripple of the input current. 

      6- [23], in terms of performance, is the closest converter 

to the proposed converter. Items 2 to 5 mentioned above are 

not provided in [23]. The only advantage of [23]’s converter 

is that it has fewer diodes than our proposed converter (2 

fewer). Of course, the proposed converter has 3 more 

capacitors than [23]’s converter, which is not particularly 

important due to the lower power losses in the capacitors. 
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TABLE 2 

A PERFORMANCE COMPARISON BETWEEN THE 

PROPOSED CONVERTER AND THE OTHERS 

[6] [9] [13] [23] Proposed converter

Coupled Inductor 1 2 1 0 1

Diode M+1 4 4 4 6

Transistor 2 2 1 2 2

Capacitor M+2 3 5 2 5

ESS 0 0 0 1 2

Bidirectional port 0 0 0 1 2

 current Iin1/(1-d2) IL/d ILin/d IL1/d1 ILi/d1

 switch voltage Vo/n(M+1) Vo/(2+n) Vo/(2+n) (Vpv-VfDi)/(1-d1) (Vpv-VfDi)/(1-d1)

 Diode voltage 2Vo/n(M+1) Vo (n+1)Vo/(n+2) Vo-VEss nVLm

No No No Yes Yes

Yes Yes Yes No No

No No No Yes Yes

n(M+1)/(1-d) (2+n)/(1-d) (2+n)/(1-2d)
(d1+d3)VEss 

+d1Vin/(1-d1)

Structures

Specifications
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where M, n (N), and VfDi are the number of voltage 

multipliers used in the converter, turn ratio, and forward 

voltage of diode Di, respectively. 

VII. Simulation results and power management

analysis 

In this section, the EMTDC/PSCAD simulation results are 

performed to confirm theoretical analysis of the proposed 

converter performed here. Figures 18–22 show the simulation 

results. The values of different elements are summarised in 

Table 3.  

TABLE 3  

THE PARAMETERS VALUES 

Quantity Parameter Quantity Parameter 

2 mH Lm 47 μF C1

2 mH Li1=Li2100 μF C2 

105 μH Lk 100 μF C3 

60 ~ 120 V Vpv 100 μF C4 

24 V VESS-ref 0.5 N 

200V Vo-ref 500 ῼ RL 

40 KHz Fs 220 μF Co

0.95 K 1000 μF Cpv

   Each mode is presented separately according to Table 4. In 

this table, the production and consumption power (charge) are 

marked with a positive and a negative sign, respectively.  

   The 1st mode: In this mode, only PV is used to supply the 

output power.  

   The 2nd mode: In this mode, the power of PV is sent to 

the output and the excess power is provided by ESS. 

TABLE 4 

POWER MANAGEMENT IN ALL MODES 

   The 3rd mode: In this mode, a part of the power generated 

by PV, which is requested by the output, is sent to the output, 

and the excess PV power is spent on ESS charging. To 

prevent overcharging when ESS is fully charged, the excess 

PV power will be used to charge. The Vi battery is 

responsible for supplying power to the input of the converter 

to generate the output voltage (in the absence of PV at night). 

The production capacity is marked with a positive sign and 

the consumption power (charge) is marked with a negative 

sign. 

  This converter can be used to supply regional electricity. 

To change the output load when the household consumption 

changes, a single-phase inverter is included in the output of 

this converter in the simulation. The amount of power 

consumed by the consumer and the power produced by PV 

can be variable. To consider all the aforementioned situations, 

the simulation has been done in two states . In the first 

simulation state, Vpv is considered between two levels of 80 

and 120 volts. In the second state, these two levels are 

considered between 60 and 80 volts. In both states, the output 

load changes between 200 and 400 Ohms (in several 

moments different from the moments of Vpv changes). 

Figures 19-21 show the information related to the simulation 

of the first state and Figures 22-24 also show the information 

related to the second state. 

A. The first state of simulation 

   As shown in Figure 19, Vpv is sometimes changed and at 

other times, Ro changes between two levels. The output 

voltage reacts quickly with these changes and reaches the 

reference level .  

Fig.19 The PSCAD converter simulation results (Vo, Vac, VPV, 

Ro) in the state of Ppv>=Pout

   As shown in figure 20, in the initial times when PV is able 

to supply the Pout, this task is assumed by itself. At times 

when the output load is low or the power produced by PV is 

excess, by activating the S2 switch, this excess power is 

stored in the ESS. 

As shown in this figure, the G1 gate is only triggered in this 

mode, and Pout is supplied by the Ppv alone. 

P vi )Watts( P ESS )Watts( P pv )Watts( P out )Watts( 
Operational 

Mode

Operational 

Mode No.

Not UsedNot Used+80-80P out =P pv1

Not Used+25+55-80P out <P pv2

Not Used -25(ESS Charging)+105-80P out >P pv3-1

 -20(Vi Charging) -25(ESS Charging)+130-80P out >>P pv3-2
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Fig. 20 The PSCAD converter simulation results (G1, G2, G3) in 

the state of Ppv>=Pout 

  Figure 21 shows the load current changes according to 

what is related to Vac in Figure 18. In the same figure, the 

changes in Pout and Ppv are shown, which shows that Ppv is 

greater than Pout. Ipv variations are also specified in this Figure. 

Ipv is associated with a slight overshoot at times when Ro and 

Vpv change, but it appears with a slight ripple in the rest of 

the times. 

 
Fig.21 The PSCAD converter simulation results (Iac, Ipv, PPV, 

Pout) in the state of Ppv>=Pout 

B. Second State of simulation 

  The output of this state is shown in Figures 22-24. Figure 

22 shows the changes in Vpv between the levels of 60-80 volts. 

At different times with these voltage variations, Ro also 

changes. This figure also shows the outputs of the proposed 

converter and inverter, which reach the reference level after a 

short period of time, even with changes in the output load and 

input voltage. Figure 23 depicts the command pulses of S1-S3 

switches. When the requested output power exceeds Ppv, 

switch S3 is turned on to provide output power with the help 

of ESS. As it is clear in this figure, S2 does not work during 

the entire simulation because there is no excess power for 

storage. 

 
Fig.22 The PSCAD converter simulation results (Vo, Vac, VPV, 

Ro) in the state of Ppv<=Pout 

 

 
Fig.23 The PSCAD converter simulation results (G1, G2, G3) in 

the state of Ppv<=Pout 

 
Fig.24 The PSCAD converter simulation results (Iess, Ipv, PPV, 

Pout) in the state of Ppv<=Pout 

   Figure 24 shows the variations in Pout and Ppv in relation 

to each other and Ipv and IESS at the time of switching on S3. 
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VIII. Conclusions

  In this paper, a step-up voltage and current multi-input 

DC/DC SEPIC-based converter with coupled and switched 

inductors is proposed. An improved converter has been 

presented as a novel one by promoting existing structures. 

The controller strategy based on power management is 

considered to maximize the use of RES power in this 

converter. The main advantages of the proposed converter 

are as follows: 

   1- The stability of the proposed converter against 

momentary changes in VPV and Ro. This property is evident 

according to the simulation results. 

   2- Considering a secondary ESS as Vi instead of PV 

allows the converter to be active 24 hours a day. 

   3- The first priority in providing the power required for 

the output load is assigned to PV. This means that PV 

supplies all the load power required; otherwise, it will be 

done with the help of the main ESS. 

   4- Due to the use of SI as the input of the converter, the 

ripple and rise time of the input current is reduced. 

   5- Due to the use of CI, SEPIC, and VMM, it is possible 

to simultaneously increase the current and voltage gain. 

   6- In this converter, it is also possible to use other RES 

energy sources to supply the input power. 

   Different modes of operation are discussed and validated 

via PSCAD simulation results.  
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