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With an increasing penetration rate of electric vehicles in distribution networks, it is becoming vital to schedule their 

battery charging/discharging to maintain the network balance and increase the vehicle owners’ profit. Electric vehicles are 

now considered one of the most important and accessible sources of revenue for their owners since they can be connected 

to the grid (V2G) as a power source during peak hours. As such, while flattening the power profile, they can improve the 

voltage drop across the grid buses. If charging/discharging of the vehicles is scheduled irregularly, the power drawn from 

the phases will become unbalanced, which can cause global outages and impair system stability in addition to increasing 

the harmonic volume and decreasing power quality. The present paper uses dynamic programming to reduce operating 

costs and enhance the profits of vehicle owners who participate in the V2G program. This optimization algorithm 

eliminates the undesirable paths leading to unconventional responses in the search space, which will greatly increase the 

speed and accuracy by which the optimal response is achieved. This model, along with multi-part tariffs on electricity 

prices, can lead to the more active participation of vehicle owners and help improve the power quality indices of the 

electrical parameters of the grid. The proposed method is simulated on a sample distribution network, and the case studies 

conducted prove the validity of the proposed algorithm.  
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I. INTRODUCTION 

Nowadays, the widespread entry of electric vehicles (EVs) 

into the market has created an inseparable link between the 

two industries of electricity and transportation. The electricity 

industry must be prepared enough to embrace such changes 

from now on – changes that can either turn into a challenge 

for the electricity industry, in case of mismanagement and 

improper planning, or an opportunity, if a proper 

implementation framework is in place. The concept, which is 

interpreted as connecting the vehicle to the grid or V2G in 

short in today's scientific literature, is nothing but a win-win 

collaboration between the field of transportation and 

electricity supply, the optimal implementation of which 

requires to embed a new piece called electric vehicles in the 

complicated puzzle of the electricity industry [1-2]. EVs can 

store electricity in their batteries during off-peak hours when 

electricity is cheap and deliver it to the grid during peak 

hours when electricity prices are high. When looking at EVs 

parked and connected to the grid as sources of service, one 

enters into the V2G discussion [3]. In other words, V2G 

means using the battery capacity of EVs as an electric energy 

saver to provide electrical power or ancillary services to the 

power grid. Moreover, one of the other relevant parameters of 
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V2G is the control of the state of charge (SOC), whose 

impact on vehicle load management is examined here.  

In addition to participating in electricity markets, V2G can 

also be used to play a complementary role in production from 

renewable resources. This means that fluctuations in the 

output power of power generation units such as wind and 

photovoltaic can be compensated by energy storage in 

batteries of EVs. The V2G required to stabilize solar power 

for peak power and wind power for base load is calculated in 

[4]. According to [5], four V2G-related markets include base 

load, peak, spinning reserve, and frequency regulation. The 

authors argue that V2G is unsuitable for base load, but it can 

be used for peak under certain conditions. It is competitive 

for the spinning reserve and highly competitive for regulation 

purposes. In the view of [6], V2G has two types, one-way and 

two-way. In the one-way type, the power direction is always 

from the grid to the vehicle, but in the two-way type, it is 

possible to inject the vehicle power into the grid. In other 

studies such as [7], V2G only refers to the second type, and 

the first type is called G2V.  

The participation mode suggested by [8] for EVs in the 

electricity market in the V2G discussion is in such a way that 

EVs are in the charging phase at non-peak times, e.g., at 

night, and their aggregator contributes to amending the load 

curve. During the day and when the vehicles are parked, their 

aggregator can participate as a source in the regulatory 

market and can also be applied to reduce the peak. Reference 

[9] has studied the suitability of EVs for different markets in 

California and presented Table 1 in this regard. The 

applications mentioned for V2G in [9] include smoothing the 

power produced by wind farms and promoting short-term 

voltage stability.    

 

TABLE I 

VEHICLE OWNER'S POTENTIAL ANNUAL NET PROFIT FROM V2G IN 

CALIFORNIA ($) [1] 

 Peak power ($) 
Spinning reserve 

($) 

Frequency 

Regulation 

($) 

Battery 

Electric 

Vehicle 

267 720 3162 

Fuel Cell 

Electric 

Vehicle 

-50 loss to 1226 2430 to 2685 2984 to 811 

Hybrid 

Electric 

Vehicle 

322 1581 -759 loss 

 

Reference [10] has also emphasized the utilization of EVs 

and V2G to enhance the use of wind energy and has argued 

that the electricity, transportation, and heating industries can 

be scheduled in an integrated manner. According to the 

International Energy Agency, published in 2019, over the 

next 25 years, global energy demand will grow by 80%. A 

significant part of this energy is consumed in transportation, 

which is, on the other hand, one of the most important 

sources of production and emission of greenhouse gases [11]. 

One way to reduce the negative impact of battery charging on 

these vehicles is to manage their charging so that they are not 

charged simultaneously. Therefore, this reference has 

conducted research indicating that the peaks and valleys of 

the power curve can be flattened according to the habits of 

the American people in using their EVs. Studies on drivers' 

behavior have shown that their vehicles are parked for about 

22 hours a day [12]. The energy in the batteries of EVs 

remains unused during this long parking time, so if they can 

be connected to the grid in a V2G manner, the energy stored 

in their batteries can be used to provide ancillary services, 

such as reducing peak power and spinning reserve [13]. 

The problems caused by the increased penetration rate of 

EVs in the grid are mostly related to the lack of control over 

the charger power of EVs and the lack of proper coordination 

between vehicles. Various research studies have been 

conducted on the regulation of EVs to adjust grid load, which 

are reviewed below. To increase the penetration factor of 

EVs, the starting time of the vehicle battery charging to the 

grid low-load intervals is shifted in [14]. To do this, it is 

assumed that there is a smart context between the grid and the 

vehicles in which the vehicles are aware of the energy price 

of the grid at any given time (Fig. 1). Vehicle owners also 

decide to charge their vehicle battery in less expensive hours. 

The grid can also prevent vehicle batteries from being 

charged during the network's peak load period. 

 

 
Fig. 1: The structure of a microgrid equipped with 

renewable resources and EV charging stations. 

 

In addition to charging the batteries, the battery 

discharging state is also considered in [15] so that if the 
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vehicles connected to the grid have some energy in their 

batteries at the moment of connection, some vehicles can 

supply a part of their energy through the above-mentioned 

vehicles, which will ultimately reduce the energy loss. In this 

reference, the charging time of most vehicles is shifted to the 

lower load intervals. In [16], the optimal charging time of 

vehicles is obtained according to the grid load conditions and 

voltage profile, and the charging of vehicles is shifted to the 

low-load intervals of the grid. In this reference, in addition to 

determining the starting point of charging, the battery 

charging power is also controlled. In [17], a real-time load 

regulation method is presented in which EVs are charged in 

compliance with the priority of other vehicles at any time 

step. These studies have been carried out to solve the 

problems of increased energy demand in the grid peak load, 

for which the charging time of vehicles is generally shifted to 

the grid low-load intervals.  

The present paper proposes a method based on dynamic 

programing that, in addition to a higher speed in finding the 

optimal response for battery scheduling of EVs, can identify 

insignificant paths during optimization and be careful not to 

pass them. Therefore, multi-stage dynamic programing is 

transformed into dynamic programing with a progressive 

approach in which the ways to reach from the zero stage to 

the final stage are modeled according to the vehicle battery 

charging state. Therefore, many non-optimal responses that 

are clearly identified before solving are removed from the 

search space, and the set of possible responses turns into a 

much smaller and convex space. 

II. OPTIMAL CHARGING AND DISCHARGING 

FORMULATION 

The problem of charging several EVs in the grid, along 

with its technical and economic constraints, leads to the 

optimization of the following function:  

(1) 
𝑐𝑜𝑠𝑡(𝑥1 , 𝑥2 , … , 𝑥𝐽)     ;     𝑥𝑖𝜖𝜃𝑖 

 𝑖 = {1 , 2 , … , 𝑁}     

where cost (x) is an objective function encompassing the 

power consumption parameters of the electric vehicle N in 

conditions ix. The power consumption or injection function 

of PEVs is defined by vector (2).  

(2) 𝑥𝑖 = [𝑥1
𝑖 , 𝑥2

𝑖 , … , 𝑥𝑘
𝑖 , … , 𝑥

𝐾𝑖
𝑖 ] 

Set 𝜃𝑖 also defines all possible consumption or power 

injection modes for the 1st vehicle according to the following 

constraints. Given that the charger type is also important in 

this problem, regardless of its technology, the range of power 

exchanged between the PEV and the grid can be expressed by 

equation (3). 

(3) 

−𝑝 𝑖 < 𝑥𝑘
𝑖 < 𝑝 𝑖        

∀𝑘𝜖{1,… , 𝐾𝑖} , ∀𝑖𝜖{1 , 2 , … , 𝐽}  

where 𝑝 𝑖 is the maximum nominal power of the charger 

used. The battery charging state must always remain within 

the permissible operating range. So, we will have:  

 

(4) 
𝑆𝑂𝐶𝑖 < 𝑆𝑂𝐶0

𝑖 + 𝜏∑

𝑘

𝑟=1

𝑥𝑟
𝑖 < 𝑆𝑂𝐶𝑖  

𝜏 is the length of the time steps and 𝑆𝑂𝐶𝑖 and 𝑆𝑂𝐶𝑖 are the 

minimum and maximum 𝑆𝑂𝐶, respectively. Therefore, the 

desirable 𝑆𝑂𝐶 can be calculated by Equation (5), which is the 

same as the final charging of the vehicle battery. Of course, 

Equation (6) can also complement the formulation of the 

problem in cases where the charger type is not known.   

(5) 

𝑆𝑂𝐶𝑑𝑒𝑠𝑖𝑟𝑒𝑑
𝑖 = 𝑆𝑂𝐶0

𝑖 + 𝜏∑

𝑘

𝑟=1

𝑥𝑟
𝑖  

∀𝑖𝜖{1 , 2 , … , 𝐽}  

(6) 𝑆𝑂𝐶𝑑𝑒𝑠𝑖𝑟𝑒𝑑
𝑖 ≤ 𝑆𝑂𝐶0

𝑖 + 𝜏∑

𝑘

𝑟=1

𝑥𝑟
𝑖 ≤ 𝑆𝑂𝐶 

III. PROBLEM SOLVING BY DYNAMIC 

PROGRAMING 

In mathematics and optimization science, dynamic 

programing is an efficient way to solve a set of problems 

using the two characteristics of overlapping and optimal 

infrastructure sub-problems. In this method, like the division 

and solution method, the main problem is solved by 

combining the answers of the sub-problems, but the 

difference between the two methods is that in the division and 

solution method, the target problem is divided into a number 

of independent sub-problems and each one is solved 

separately. In the end, the answers are combined. But, in 

dynamic programing, the problems should not be completely 

independent, meaning that the sub-problems themselves have 

common constraints. These common sub-problems, although 

derived from separate paths, have the same answer in both 

cases and do not need to be recalculated. Therefore, in 

dynamic programing, the answers to these sub-problems are 

stored in a table or matrix so that they can be re-accessed. 

This difference may seem very simple and negligible, but in 

practice, problem-solving time is significantly reduced with 

this very simple solution. In general, problem-solving by the 

dynamic programing method is very similar to the inductive 

problem-solving method because, just like induction, in 

dynamic programing, the problem is divided into smaller 

problems but similar to the main problem, and the answer to 

the main problem is obtained by assuming the answer to these 

smaller problems. Finally, a step must be achieved whose 

answer could be easily calculated although a kind of 

induction is usually used to prove its accuracy. Dynamic 

programing is commonly applied to solve optimization and 

counting problems, including the arrival and departure times 

of EVs. The general model of the system under optimization 

is expressed using equation (7): 
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(7) 
𝑥𝑘+1 = 𝑓𝑘(𝑥𝑘 , 𝑢𝑘 , 𝜉𝑘) 

𝑘 = 0, 1, … , 𝑇 − 1 

where 𝑘 is a discrete interval time and 𝑓𝑘  is a function 

that represents the model of the whole system. It models 

the state of the system in interval 𝑘, and 𝑢𝑘  also shows the 

control and decision-making of system variables in 

passing from 𝑥𝑘  to 𝑥𝑘+1. Furthermore, parameter 𝜉
𝑘

 

represents a random variable used for optimization. 

Therefore, the predicted value of the function with 

respect to the combined random variables included in the 

income function can be represented using equation (8). 

(8) 𝛧 = 𝐸 (∑

𝑇−1

𝑘=0

𝛷(𝑥𝑘 , 𝑢𝑘 , 𝜉𝑘) + 𝛷𝑇(𝑥𝑘)) 

where 𝐸 represents the mean or expectation function 

and Φ models the target cost function in interval 𝑘, which 

depends on the system state and the random variable. 

Using the control law of acceptable paths, 𝜓 can be 

defined to be a mapping from 𝑥𝑘  to 𝑢𝑘 , in such a way that: 

(9) 
𝜓 = {𝛺0, 𝛺1, … , 𝛺𝑇−1}  

𝛺𝑘(𝑥𝑘) = 𝑢𝑘  

(10) 𝑢𝑘 ∈ 𝛤𝑘(𝑥𝑘) ⊂ 𝛤̂𝑘 

The set 𝛤𝑘 includes all possible states for decisions of the 

control variable in interval 𝑘, and 𝛤𝑘(𝑥𝑘) is a non-empty 

subset of 𝛤𝑘 that depends on the current state of the system. 

Therefore, we will have 𝑥𝑘 ∈ 𝛱𝑘 where the set 𝛱𝑘 contains 

all the states of the system in interval 𝑘. 

Assume that the initial state of the system 𝑥0 and the initial 

conditions of the control law, i.e. 𝜓 = {𝛺0, 𝛺1, … , 𝛺𝑁−1}, 

exist, so the expected final cost of the system will be: 

(11) 𝛧𝜓(𝑥0) = 𝐸 (∑

𝑇−1

𝑘=0

𝛷(𝑥𝑘 , 𝛺𝑘(𝑥𝑘), 𝜉𝑘) + 𝛷𝑇(𝑥𝑘)) 

where 𝑁 is a set of acceptable paths in control theory. 

Therefore, the final function under optimization can be 

defined as follows:  

(12) 𝛧𝜓∗(𝑥0) = 𝛧
∗(𝑥0) =    {𝛧𝜓(𝑥0)}  

where 𝜓∗ is the optimal control and 𝛧∗(𝑥0) denotes its 

optimal cost. 

Fig. 2 illustrates a dynamic programing problem-solving 

diagram with a multi-step approach, while Fig. 3 shows 

dynamic programing with a progressive approach. The 

difference between the two approaches is that in multi-step 

methods, there is a path from all nodes of the current stage to 

the nodes of the next stage, and this path includes all possible 

scenarios. This slows down the optimization performance. In 

dynamic programing with a progressive approach, it is 

possible to eliminate impossible states or states that clearly 

do not have the optimal response in those nodes (or paths) by 

using restrictive constraints that are applied to the system. 

Therefore, the routes passing from the current node to the 

next step node are not necessarily available. 

To solve the problem of optimizing the charging and 

discharging time of EVs in the power grid, the most 

important parameter that is considered can be written, 

regardless of the system noise, as follows:  

(13) 𝑆𝑂𝐶𝑘+1 = 𝑆𝑂𝐶𝑘 + 𝛥𝑡 𝑝𝑘  

The 𝛤̂𝑘 set can be defined as the output powers of the 

batteries shown in equation (14).  

(14) 
−𝑝𝑚𝑎𝑥 < 𝑝𝑘 < 𝑝𝑚𝑎𝑥 

∀ 𝑘𝜖{0, 1, … , 𝑇 − 1} 

According to Fig. 4, to indicate how to optimize the 

charging/discharging schedule of vehicles using dynamic 

programing, the permissible interval of battery charging state 

is expressed by equation (15) as follows:   

(15) 𝑆𝑂𝐶𝑘
𝑚𝑖𝑛 < 𝑆𝑂𝐶𝑘 < 𝑆𝑂𝐶𝑘

𝑚𝑎𝑥 

 
Fig. 2: Dynamic programing block diagram with a multi-

stage approach. 

 

 
Fig. 3: Dynamic programing block diagram with a 

progressive approach. 

 

 
Fig. 4: Dynamic programing diagram in optimizing battery 

charging/discharging. 

 

The parameters 𝑆𝑂𝐶𝑘
𝑚𝑖𝑛 and 𝑆𝑂𝐶𝑘

𝑚𝑎𝑥 are defined in terms 

of 𝑘 in the form of equations (16) and (17):   
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(16) 

𝑆𝑂𝐶𝑘
𝑚𝑖𝑛 = {𝑆𝑂𝐶 

𝑚𝑖𝑛 , 𝑆𝑂𝐶0
− 𝑃𝑚𝑎𝑥𝛥𝑡(𝑘), 𝑆𝑂𝐶𝑑𝑒𝑠𝑖𝑟𝑒𝑑

+ 𝑝𝑚𝑎𝑥𝛥𝑡(𝑘 − 𝑇)}  

(17) 𝑆𝑂𝐶𝑘
𝑚𝑎𝑥 = {𝑆𝑂𝐶 

𝑚𝑎𝑥 , 𝑆𝑂𝐶0 + 𝑃𝑚𝑎𝑥𝛥𝑡(𝑘)}  

According to Fig. 4, it is noteworthy that 𝑆𝑂𝐶𝑘
𝑚𝑖𝑛 and 

𝑆𝑂𝐶𝑘
𝑚𝑎𝑥 do not depend only on the upper and lower limits of 

the battery charging rate but also on the maximum power 

drawn from the battery for charging/discharging. On the other 

hand, we have 𝛤𝑘(𝑆𝑂𝐶𝑘) ⊂ 𝛤̂𝑘, which depends on the state 

variations of the 𝑆𝑂𝐶𝑘 variable. Therefore, considering the 

application of the dynamic programing method in this 

problem, we will have the following equation for the time 

𝑘− 1. 

(18) 
𝑆𝑂𝐶𝑘 − 𝑆𝑂𝐶𝑘

𝑚𝑎𝑥

𝛥𝑡
< 𝑝𝑘−1 <

𝑆𝑂𝐶𝑘 − 𝑆𝑂𝐶𝑘
𝑚𝑖𝑛

𝛥𝑡
 

Then, the diagram block presented in Fig. 4 should be 

updated to Fig. 5 to achieve the progressive state. 

Fig. 5: Dynamic programing diagram with a progressive 

approach. 

IV. SOLUTION ALGORITHM 

If the generating capacity of the vehicles directed towards 

the power aggregator is introduced using equation (19), then 

the total cost function can be approximated based on the grid 

load by equation (20).  

(19) 𝑃𝑖 = [𝑝1
𝑖 , 𝑝2

𝑖 , … , 𝑝𝑘
𝑖 , … , 𝑝𝑇

𝑖 ] 

(20) 

𝐺𝑖(𝑃
𝑖 , 𝑃−𝑖) = 

−∑

𝑇

𝑘=1

(

 
 
(𝑝𝑘

𝑖 + ∑

𝑁

𝑗=1,𝑗≠𝑖

(𝑝𝑘
𝑗
+ 𝑙𝑘)) − 𝐿𝑚𝑒𝑎𝑛

)

 
 

2

 

where 𝐿𝑚𝑒𝑎𝑛 is the average grid load and determined using 

equation (21). 

(21) 𝐿𝑚𝑎𝑛 =

1
∆𝑡
∑𝑁𝑖=1 (𝑆𝑂𝐶𝑑𝑒𝑠𝑖𝑟𝑒𝑑

𝑖 − 𝑆𝑂𝐶0
𝑖) + ∑𝑇𝑘=1 𝑙𝑘

𝑇
 

Moreover, the power set of each vehicle, as an important 

actor, in supplying the grid load will be: 

(22) 𝑃−𝑖 = [𝑃1, 𝑃2, … , 𝑃𝑖−1, 𝑃𝑖+1, … , 𝑃𝑁] 

In order to simplify the cost function, we can write:  

(23) 𝐿𝑘
−𝑖 = − ∑

𝑁

𝑗=1,𝑗≠𝑖

(𝑝𝑘
𝑗
− 𝑙𝑘) + 𝐿𝑚𝑒𝑎𝑛 

Which results in:  

(24) 𝐺𝑖(𝑃
𝑖 , 𝑃−𝑖) = −∑

𝑇

𝑘=1

(𝑝𝑘
𝑖 − 𝐿𝑘

−𝑖)
2

 

The optimal power is denoted by 𝑃𝑖∗. Fig. 6 displays the 

flowchart of the proposed optimization algorithm. Therefore, 

the general problem-solving process will be as follows. First, 

the grid information, including the balanced and unbalanced 

loads as well as the number of EVs in the grid, is identified. 

Also, the grid demand rate, the temporal priority of vehicle 

charging, the voltage range of grid feeders, etc. are defined as 

input variables at this stage.  

In the next step, V2G and G2V algorithms are introduced 

to the vehicles so that each vehicle can determine how to 

enter and depart according to the price of upstream 

electricity. The information of each vehicle is then sent to the 

ISO. 

Afterward, the SOC of each vehicle is evaluated. 

According to the dynamic programing method, if the SOC is 

less than the minimum or more than the maximum, the 

charging or discharging process is stopped, and the load limit 

for vehicles is set. According to the imbalance rate and grid 

losses, the distance that each vehicle can travel could be 

calculated.  

 
Fig.6: Optimization algorithm flowchart. 

 

In the final stage, each vehicle that is connected to the 

upstream grid enters the load distribution, and the permissible 

ranges for the voltage of the feeders and the active and 

reactive power flowing on the grid lines are evaluated. This 

process is updated again after each vehicle is connected to or 

disconnected from the network. If the grid constraints are not 

observed during the G2V process, the vehicle connected to 

the grid and the other vehicles waiting to be charged will be 

shifted to the next interval.  

Progressive load distribution methods have widely been 

used in distribution load calculations due to their high speed 

and little need for computer memory, as well as their good 

convergence characteristics. The general algorithm here 
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consists of two basic steps, including backward sweep and 

forward sweep, which are repeated until convergence is 

achieved. These methods are divided into three categories of 

sum current method, power sum method, and impedance sum 

method. 

The general steps of the algorithm are as follows:  

 

1) backward sweep: Starting from the end bus and moving 

towards the slack bus, the branch powers are calculated. 

 (25) 𝑆𝑛 = 𝑆𝑖 + ∑

𝑚𝜖𝑀

𝑆𝑚 + 𝐿𝑜𝑠𝑠𝑛  
 

 

where 𝑆𝑛 is the branch power n, 𝑆𝑖  indicates the power 

injected into the load connected to the node i, M is the sum of 

the branches connected to branch n in node i, 𝑆𝑚 represents 

the power of branch m and 𝐿𝑜𝑠𝑠𝑛 is the losses of branch n, 

which are zero in the first iteration. 

 

2) Forward sweep:  Starting from the branches connected 

to the slack bus and moving towards the end branches, the 

currents in the bus of the sending branch n (j) and the 

voltages in the bus of the receiving branch (n), i, are 

calculated.   

(26) 

𝐼𝑛 = (
𝑆𝑛

𝑉𝑗
)∗  

𝑉𝑖 = 𝑉𝑗 − 𝑍𝑛 ∗ 𝐼𝑛  

𝐿𝑜𝑠𝑠𝑛 = −(𝑉
𝑖 − 𝑉𝑗) ∗ 𝐼𝑛

∗  

 

3) Voltage mismatch calculation: After the two above-

mentioned steps were completed in each iteration, the voltage 

mismatch is calculated for all buses:  

(27) ∆𝑉𝑖
(𝑘)
= |𝑉𝑖

(𝑘)
| − |𝑉𝑖

(𝑘−1)
| 

where k is the number of iterations. If each of the ΔVi 

values is greater than the convergence criterion, steps 1 and 2 

are repeated until convergence is achieved. 

EV units that are included in the model as a PQ bus in the 

form of a negative load are controlled. That is, it is enough to 

reduce the amount of active and reactive power produced by 

the EV from the power consumption of the bus and do the 

load distribution. However, to include the distributed 

production units that are controlled as a PV bus, additional 

processes are needed to solve the load distribution. A 

compensation technique is used to control PV nodes. The 

basic idea of this method is that in order to obtain the voltage 

in a PV node, it is necessary to determine the correct amount 

of reactive current injection generated by the unit. For this 

purpose, in each PV bus, the constants for the generator are 

determined, i.e., the actual power output (P) and the voltage 

range (V). Then, this bus is considered a PQ bus in the load 

distribution algorithm. After the load distribution is 

converged, the optimal response is achieved using the voltage 

control sensitivity matrix and the reactive power control 

constraint in the PV bus. 

The voltage variance index, which is known to indicate the 

improvement of the voltage profile, will also, be equal to: 

(28) 𝑓𝑣 = ∑

𝑛𝑛

𝑛𝑖=1

(𝑉𝑛𝑖 − 𝑉𝑟𝑎𝑡𝑒𝑑)
2 

Also for the voltage stability index we have: 

(29) 

𝑆𝐼(𝑛𝑖) = |𝑉𝑚𝑖|
4 

  −4[𝑃𝑛𝑖(𝑛𝑖)𝑅𝑛𝑖 + 𝑄𝑛𝑖(𝑛𝑖)𝑋𝑛𝑖]|𝑉𝑚𝑖|
2 

  −4[𝑃𝑛𝑖(𝑛𝑖)𝑅𝑛𝑖 + 𝑄𝑛𝑖(𝑛𝑖)𝑋𝑛𝑖]
2 

In addition, for the (current) load balance index we have: 

(30) 𝑓𝑢𝑛𝑏𝑙 =∑

𝑚

𝑖=1

(
𝐼𝑛𝑖

𝐼𝑛𝑗،𝑎𝑣𝑔
)

2

 

(31) 𝐼𝑛𝑗.𝑎𝑣𝑔 =
1

𝑚
∑

𝑚

𝑗=1

𝐼𝑛𝑗  

In which the current 𝐼𝑛𝑖  must always be close to 𝐼𝑛𝑗 so that 

the imbalance is eliminated. 

V. SIMULATION  

In order to validate the proposed method, three different 

case studies are presented in this paper, which are described 

below.  

A. Case Study 1  

In this case study, it is assumed that the electricity tariff is 

two-part, so the profit from the sale of battery power to the 

grid in the V2G state is directly related to the amount of 

charge in the batteries. It is assumed that four EVs shown in 

Fig. 7 are connected to the network and to buses 2, 4, 5, and 

8. The initial charge of the batteries, their capacity, and other 

vehicle specifications are presented in Table (2).  

 
Fig. 7: Distribution grid considered in the case study 1. 

 

Table II 

CHARACTERISTICS OF THE MICROGRID IN CASE STUDY 1 

Parameter Value 

Effective system voltage 230 (rms) 

Line frequency 50 Hz 

No. of connected buses (5, 8, 4,2) 

Battery capacity (15, 15,16,20) kWh 

Initial charge rate (5, 8,3/2, 6/4) kWh 

Final charge rate (12, 15,15,17) kWh 

 

As shown in Figures 8(a) and (b), the load profile becomes 

flatter when the vehicles are discharged. Since the single-part 

tariff has been considered to be 2 USD/kWh during all hours 

of the day, the payment cost will be: 
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(32) 𝑐𝑜𝑠𝑡𝑠𝑖𝑛𝑔𝑙𝑒 𝑡𝑎𝑟𝑟𝑖𝑓 = ∑

𝑁𝑐𝑎𝑟

𝑗=1

𝑃𝑗 × 𝜋𝑗 

According to the diagram and after simplification, we will 

have:  

(33) 𝑐𝑜𝑠𝑡𝑠𝑖𝑛𝑔𝑙𝑒 𝑡𝑎𝑟𝑟𝑖𝑓 = 36.40
𝑘𝑊ℎ × 2$/𝑘𝑊ℎ = 72.8 $ 

Figures 9(a) and (b) also illustrate the diagrams of voltage-

bus profiles of the grid and battery output power of vehicles, 

respectively. In the two-part tariff, we consider the price of 

electricity at 15 to 33 hours to be $2.8 and at the remaining 

hours to be $2. In this case, the amount paid to the 

distribution company is equal to $54.72 according to the 

diagrams in Fig. 10 and Equation (25), which has resulted in 

a saving of $18.08. The amount of profit also increases 

correspondingly. The diagrams in Fig. 11 also show the 

voltage profile of the main buses and the output power of the 

vehicle batteries. Compared to the single-part tariff, it can be 

seen that the bus voltages have been improved. 

 

 
(a) 

 
(b) 

Fig. 8: Single-part tariff; a) SOC diagram, b) load profile 

 
(a) 

 
(b) 

Fig. 9: Single-part tariff; a) Voltage profile, b) Battery 

output power 

 
(a) 

 
(b) 

Fig. 10: Two-part tariff; a) SOC diagram, b) load profile 

 
(a) 

 
(b) 

Fig. 11: Two-part tariff; a) Voltage profile, b) Output 

power of batteries 

B. Case Study 2  

In order to investigate the imbalance in the distribution 

network and to see how to balance it by the optimal 

management of vehicle battery charging/discharging, the 

power drawn from all three phases of the distribution system 

is investigated in this case study. Since the distribution 

systems in different feeders might be unbalanced and this 

imbalance may disturb the load balance, this study assumes 

that the power required for each vehicle battery is unequal 

(which is, of course, the case in practice) [18]. If the 

imbalance index of the main voltage is defined by equation 

(34), it is possible to drastically reduce the amount of 

imbalance by introducing a conversion function (35) so that 

the voltage of the negative and positive sequences gets very 

close to each other.   
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(34) 𝑉𝑢𝑛𝑏 = |
𝑉𝑃𝐸𝑉,𝑘
−

𝑉𝑃𝐸𝑉,𝑘
+ | ∗ 100 

(35) 𝑂𝐹 = {(𝑉𝑢𝑛𝑏) }  

where parameters 𝑉𝑃𝐸𝑉,𝑘
−  and 𝑉𝑃𝐸𝑉,𝑘

+  are introduced by 

equations (36) and (37), respectively.  

(36) 𝑉𝑃𝐸𝑉,𝑘
− =

1

3
(𝑉𝑃𝐸𝑉,𝑘

𝑎 + 𝛽𝑉𝑃𝐸𝑉,𝑘
𝑏 + 𝛽2𝑉𝑃𝐸𝑉,𝑘

𝑐 ) 

(37) 𝑉𝑃𝐸𝑉,𝑘
+ =

1

3
(𝑉𝑃𝐸𝑉,𝑘

𝑎 + 𝛽^𝑉𝑃𝐸𝑉,𝑘
𝑏 + 𝛽𝑉𝑃𝐸𝑉,𝑘

𝑐 ) 

 

 Parameter 𝛽 is equal to 1∠2𝜋3 which is extracted from the 

Fortescue matrix [19]. Considering the above equations and 

integrating them in the dynamic programing, the active and 

reactive power consumption of vehicles in each bus can be 

seen in the diagrams in Fig .12.  

Before connecting the vehicles to the circuit, the imbalance 

in the power of all three phases is drawn with the lines, but 

with proper charging and discharging management of the 

vehicles (the dashed line), the imbalance is practically 

eliminated and the power of each of the three phases becomes 

roughly balanced [20]. The active and reactive diagrams 

drawn from all three phases are illustrated in Fig .12, in 

which they are shown with bold lines.  

 

 
(a) 

 
(b) 

Fig. 12: Investigation of balancing the power drawn from 

all three phases in the distribution grid; a) Active power, b) 

Reactive power 

C. Case Study 3  

In this case study, it is assumed that five EVs are 

individually connected to the grid for six hours and charged. 

If the vehicles are connected to the grid irregularly, the 

diagram shown in Fig. 13 indicates that the load profile will 

also have large oscillations asymmetrically. This proves the 

importance of how the use of EVs is scheduled so that the 

load profile that is to be provided by the grid could exhibit 

the maximum flatness. The power consumption diagram of 

vehicles that are connected to the balanced distribution grid 

in a regular manner and with the same power is shown in 

Fig.14.  

 
Fig. 13: Comparison of vehicle power consumption in 

managed/unmanaged charging states 

Fig. 14: Power consumption of each vehicle in the managed 

charging state with its SOC 

D. Case Study 4 

In this section, which is the continuation of the case study 

3, it is assumed that the penetration rate of vehicles in the 

distribution grid is changed. Therefore, four different cases 

are evaluated below. It is noteworthy that the reliability 

indices have fully been described in [21-22].  

1) The system without any vehicles 

In this scenario, the grid is at a resting state and there is no 

PHEV. Therefore, active and reactive power control, as well 

as voltage and frequency rate control is performed only by 

the upstream operator, and consumers are not involved in the 

price. In this case, unsupplied energy may increase at peak 

load and reduce the grid reliability. Load response sources are 

not used here either.     

 

2) PHEVs are on the grid but their charging is not managed: 

In this scenario, the vehicles are connected to the grid, but 

their charging process is not managed, and each vehicle can 

get power from the grid at any time. This can cause a voltage 

drop at peak load because the vehicles are connected to the 

grid like extra loads in this scenario and the grid control is 

extremely difficult. This scenario shows the negative impact 

of using EVs.  

3) Charging of PHEVs is managed (vehicles do not have 

returning storage source)  

 In this scenario, EVs are connected to the grid and are 

charged, but they do not deliver energy to the grid. Their only 

advantage for the grid is the reduction of pollutants and the 

reduction in the use of fossil fuels. In this case, the vehicles 

are charged in a managed manner (at low load) and are not 

connected to the grid during peak load.  
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 4) Both managed charging and V2G scenario are 

applied (vehicles have returning storage source) 

At this stage, in addition to the fact that charging of the 

vehicles is scheduled, the unused energy discharge of their 

batteries is also managed in the grid during production 

shortage. This scenario indicates the positive impact of using 

EVs.  

5) Evaluation of Results  

Comparing the results of cases 3 and 4 with case 2 shows 

that scheduled charging not only has a less negative effect 

than uncontrolled charging but also improves grid reliability. 

Unmanaged charging reduces reliability by 92%. PHEVs act 

as storage systems in the V2G state, thereby improving 

system reliability by 19%.  

The results also suggest that the reliability indices are 

significantly affected by the unmanaged charge of PHEVs. 

Because the penetration of PHEVs into the smart grid is 

significantly increased, the grid reliability will sharply reduce 

if the proper charge management strategy is not implemented. 

In addition, the results show that the LOEE index (Loss of 

Energy Expected) is reduced by about 2.5% in the 

unmanaged charging state and also when charging the electric 

vehicle is only possible at home (during holidays). Using a 

managed charging strategy, especially in the V2G state and 

when charging scheduling is applied at home or work, the 

LOEE index is improved by about 2.92%. The results of 

comparing the above cases show that by implementing the 

proposed charge management methods, PHEV risks for grid 

reliability can be turned into an opportunity to improve it. 

With a managed charging strategy in case 3, the problems 

caused by load demand for charging PHEVs can be 

controlled. In the V2G strategy mentioned in case 4, the 

LOEE index and EENS (Energy Expected Not Supplied) are 

reduced compared to case 1 where there is no PHEV on the 

grid. 

To evaluate the proper performance of the smart grid, the 

sensitivity analysis of important parameters such as charging 

level and penetration rate of PHEVs in the LOEE index was 

performed whose results are illustrated in Figures (15) to 

(17). These figures exhibit the changes in the LOEE index in 

relation to the level changes in charge and penetration rate of 

PHEVs in cases 2, 3, and 4. In the LOEE, sensitivity analysis 

was conducted for charging level factors (CLF) and PHEV 

penetration factors (PPF). CLF and PPF are multiplied by the 

current values of the charging level and the penetration level 

of electric vehicles, respectively. Then, the reliability indices 

are calculated, so it is possible to examine the importance of 

the charging level and the penetration level of PHEVs on the 

reliability parameters. The LOEE sensitivity in the 

unmanaged charging scenario for PPF and CLF changes is 

also shown in Fig.15.  

 
Fig. 15: LOEE index sensitivity based on CLF and PPF in 

the case 1. 

As illustrated in Fig. 15, in the unmanaged charging 

scenario of PHEVs, as the penetration level of EVs (increased 

PPF) and their charging level (increased CLF) are increased, 

the LOEE index also rises. The system reliability decreases 

with an increase in the number of PHEVs whose charging has 

not been managed. The results also indicate that the charging 

level parameter increases the negative impacts of unmanaged 

charging of PHEVs. According to the results of sensitivity 

analysis, the worst grid reliability situation in the unmanaged 

charging of electric vehicles scenario occurs at the fast 

charging level and at maximum penetration of EVs. The 

results of case 1 (the scenario of unmanaged charging of 

EVs) suggest that changing the penetration of PHEVs and 

charging level have a similar effect. In electrical networks 

where it is not possible to use advanced communication and 

information technologies, the charging level of EVs can be 

reduced to improve system reliability. The LOEE changes in 

terms of large CLF changes and PPF (between 0 and 2) are 

shown in Fig. 16. 

According to the results in Fig. 16, in the unmanaged 

charging scenario, when the EVs are charged with the 

maximum charging level, the grid reliability is drastically 

reduced. Fig. 16 shows the result of LOEE sensitivity 

analysis with respect to PPT and CLF changes in the V2G 

scenario. The load demand and production curves on a 

critical day in both the unmanaged charging scenario and the 

V2G scenario are compared. In the critical situation, the two 

main feeder transformers of the grid have been out of the 

circuit. In this situation, in the case of unmanaged charging, 

the load and production diagrams are shown in Fig. 17, and 

the load and production diagrams of an IEEE 34-bus grid in 

the V2G scenario are displayed in Fig. 18.  
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Fig. 16: Sensitivity of the LOEE index based on CLF and 

PPF in case 1 in a wide range of changes. 

 

Therefore, it can be argued that the use of EVs can have 

favorable and unfavorable impacts on the grid, which 

requires strong management to operate it. In addition to 

increasing system losses, unmanaged vehicle charging also 

raises operating costs and reduces network reliability. SOC 

management is one of the most important operating 

parameters of the problem that can clearly affect network 

performance. Finally, Table (3) compares the proposed 

method with the existing methods. It is observed that in the 

proposed method, both the voltage imbalance index is lower 

than that of the other methods and the range of SOC changes 

is increased.   

 

 
Fig. 17: Load supply in unmanaged charging state 

 

 
 

Fig. 18: Load supply in the managed charging state 

 

Table III 

COMPARISON OF THE PROPOSED METHOD WITH CONVENTIONAL 

METHODS 

Method 

Profit rate 

in scenario 

1 

SOC 

range 

Voltage 

imbalance 

index 

[5] $ 16.236 (20-80)% 1.9% 

[7] $ 16.562 (20-85)% 1.8% 

[17] $ 18.105 (25-85)% 1.9% 

Proposed 

method 
$ 18.723 (15-90)% 1.5% 

 

VI. CONCLUSION  

In this paper, optimal scheduling to set the appropriate 

connecting time of EVs to a low-voltage distribution network 

has been presented. Since supplying peak load during peak 

for the distribution network is usually associated with many 

problems, EVs can help the network during these hours and 

flatten the load profile by injecting extra power.  

According to the case studies conducted here, it is 

concluded that the two-price tariff benefits vehicle owners 

more and increases their participation in improving network 

voltage drops. An optimal vehicle charging and discharging 

schedule can also eliminate imbalances in the distribution 

network and act as reactive power control devices. When the 

charging/discharging of vehicles is not managed, fluctuations 

in the grid power profile increase, which can be considered a 

threat to grid security. Hence, all the problems mentioned can 

be reduced to a minimum level by using dynamic 

programming with a progressive approach.  
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TABLE IV 

NOMENCLATURE 

Variable  Explanations   

xi Terms of operation EVs  

𝜃𝑖  
The set of all power injection or 

absorption by EVs  

N Number of EVs  

𝑖 EV number i 

𝑝 Maximum Generation of EVs 

𝑆𝑂𝐶0
𝑖  Initial SOC  

𝑆𝑂𝐶𝑖  Maximum SOC 

𝑆𝑂𝐶𝑖  Minimum SOC 

𝜏 Length of sampling time steps  

𝑆𝑂𝐶𝑑𝑒𝑠𝑖𝑟𝑒𝑑
𝑖  Desired SOC 

𝑓𝑘 The whole system modeling function 

𝜉𝑘  Positive random variable  

𝐸(𝑥) Mean function  

𝛷 Cost of fk function  

𝜓 A mapping of xk too uk 

𝛤̂𝑘 
All the possible states for control 

variable decisions  

𝛤𝑘(𝑥𝑘) An non-empty subset of 𝛤̂𝑘 

𝛱𝑘  All the system states in k interval  

𝛧 Expected value for the objective function  

𝜓∗ Optimal control  

𝛧∗(𝑥0) 𝜓∗ cost  

𝐿𝑚𝑒𝑎𝑛 Network average load  

𝑃𝑖∗ Optimal powers  

𝑉𝑃𝐸𝑉,𝑘
−  Negative sequence voltage of vehicles 

𝑉𝑃𝐸𝑉,𝑘
+  Positive sequence voltage of vehicles 

𝑆𝑛  Power of branch n  

𝑆𝑖  Power injected to the bus i  

𝑀 
set of branches connected to branch n in 

bus i 

 

𝐿𝑜𝑠𝑠𝑛  Losses of branch n  

𝑃𝑛𝑖(𝑛𝑖) Active power between n and i buses  

𝑄𝑛𝑖(𝑛𝑖) Reactive power between n and i buses  

𝑅𝑛𝑖 Line resistance between bus n and bust i 

𝑋𝑛𝑖  Line reactance between bus n and bus i 

𝐼𝑛𝑗  
Current of the line between bus n and bus 

i 

𝐼𝑛𝑗.𝑎𝑣𝑔 
Average current of the line between bus 

n and bus i 
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This paper applies a new state feedback control to a distributed secondary voltage and frequency control in an islanded 

microgrid. The problem is focused on the output consensus of the multi-agent systems, which is converted to a first-order 

dynamic system. The inverter-based distributed generations play as agents in the proposed control strategy. It is assumed 

that the distributed generators communicate through a communication network modeled by a directed graph (digraph). The 

distributed output consensus is used to design the secondary controllers. Such innovative controllers synchronize distributed 

generators' output voltages and frequencies to their reference values by a novel state feedback approach. Compared to the 

existing consensus protocols, the proposed method provides a different innovative solution to the secondary voltage and 

frequency control of microgrids, which has a better response in case of communication failures. Finally, extensive and 

comparative simulations have been presented to verify the validity of the proposed control strategy and the system 

performance. 
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I. INTRODUCTION 

Microgrids (MGs), consisting of distributed generators 

(DGs), loads, energy storages, power converters, LC filters, and 

output connectors, has recently been introduced and used to 

decrease the energy problems. Conventionally, MG can be 

operated in grid-connected, off-grid, or so-called islanded 

mode. MGs will change the traditional power generation 

structure and thus bring up new control challenges for the safe 

and efficient operation of the power system [1-5]. When 

islanded, voltage and frequency control of MGs become very 

important. In the well-known hierarchical control structure of 

MGs, secondary control restores voltage and frequency 

deviations caused by the primary control level to their reference 

values [6, 7]. Generally speaking, the secondary control uses a 

centralized structure that is required to send all the information 

of the DGs to a central control unit via a communication 

network system [8-11]. Information centralization provides 

reliability and security concerns. Also, centralized controllers 

have low-performance responses to plug-and-play and 

communication failures [9]. Moreover, the centralized methods 

do not satisfy accurate power-sharing [9]. 

 In order to overcome the weaknesses mentioned above, 

several studies have suggested the so-called distributed 

secondary voltage and frequency control based on multi-agent 

systems [12-14]. Unlike a central controller, the distributed one 

works with a one-way communication network, and the agents 

only use their information and the information obtained from 

their just immediate neighbors. Therefore, the complex 

communication network of the centralized controllers is 

ignored. In particular, the upfront costs of communication 

infrastructure are decreased in distributed control approach. 

Moreover, in spite of the fact that centralized control has the 
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low plug-and-play capability, poor scalability, and weak 

response to communication failures, the distributed controller 

better handles the plugging out/in of any DGs and works more 

reliable in conditions of different communication failure. It is 

also worth noting that distributed control has persistent 

operation against time-varying communication graph 

topologies. In summary, all advantages of distributed 

controllers lead to efficient information sharing and allow the 

operator to make faster decisions. 

As mentioned before, the secondary control's main aim is to 

restore the voltage and frequency of islanded MGs to their 

nominal references values. Also, a distributed approach is 

considered in the secondary control to share active power 

accurately when two or more DGs are working in parallel. 

Recently, researchers have shown an increased interest in 

distributed secondary voltage and frequency and active power-

sharing control in AC microgrids [12-24]. Unlike frequency, a 

global variable in a microgrid, voltage is a local variable. Three 

different scenarios can be considered for voltage restoration 

through distributed secondary control in MGs, by (i) average 

voltage consensus in the whole MG [12, 13], (ii) accurate 

voltage consensus in the output of the voltage-controlled 

voltage source inverters (VSIs) [14, 15], or (iii) accurate voltage 

consensus in some specific busses in the MG [16]. Moreover, 

various distributed secondary control consider some 

limitations. For instance, in [17], the distributed secondary 

control (DSC) is utilized to implement a coordinated 

framework for multiple DGs grouped dynamically through 

smart switches in a microgrid. A DSC scheme is considered in 

[18] for a hybrid microgrid to control only the load voltage. 

Another DSC is provided by [19] to restore frequency and share 

active power in an AC microgrid with mobile emergency 

resources (MERs) during a specified time. DSC approach is 

also considered under sensor and actuator faults [20, 21], 

switching topologies [22], and variable time-delayed 

communications [23] or fixed-time delays [24].  

Up to now, previous studies in the area of distributed 

secondary voltage and frequency control have examined initial 

cooperative consensus protocol. However, a novelty in the 

choice of consensus protocol has not been found in the 

literature. All the researches mentioned above have used 

conventional distributed control to restore voltage and 

frequency to their reference values and share active power 

accurately. However, in this paper, we enhanced the 

conventional DSC through an auxiliary part based on state 

information to improve the performance of the control protocol, 

such as accelerating the convergence speed and improving 

transient response. The proposed approach has a better 

performance than the conventional DSC approach in the 

presence of different power disturbances and communication 

failures.   

In this paper, a new cooperative control based on state 

feedback control for a multi-agent system is considered to solve 

the secondary voltage and frequency control problem in an  
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Fig. 1. Schematic diagram of an inverter-based DG with its three 

control levels 

islanded MG. The problem is converted to a single integrator 

dynamic system to design a simple controller. It is considered 

that the multi-agent system is fully distributed, and all agents 

only use their information and information from their 

immediate neighbors. Simulations are performed to investigate 

all the implementation mentioned above concerns of distributed 

control. The proposed method is compared with the classical 

consensus protocol, and simulation results show that our 

method performs better, particularly in the presence of system 

and communication disturbances compared to the classical 

protocols. 

 The rest of this paper is organized as follows: Section II 

provides a brief review of the hierarchical structure of MG 

control. Section III presents a brief graph-theoretic preliminary 

and explains the problem statement. A novel output consensus 

with state feedback control is offered in Section IV. Section V 

and VI discuss problem formulation of distributed voltage and 

frequency control for an islanded MG, respectively. Section VII 

introduces the MG test system with four inverter-based DGs as 

a multi-agent system. Simulation studies and results analysis 
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are provided in Section VIII, and finally, the conclusions are 

drawn in Section IX.  

II. HIERARCHICAL STRUCTURE OF MG CONTROL 

 In this section, the conventional hierarchical structure of MG 

control is reviewed. This control structure consists of four 

levels, including inner loop (zero), primary, secondary, and 

tertiary control levels responsible for processing, adjusting, 

monitoring, and optimizing system variables, respectively. 

Since the aim of this paper is to control secondary voltage and 

frequency in an islanded MG, the tertiary control level is not 

taken into consideration. For a detailed explanation, see [8, 25]. 

Fig. 1 shows an inverter-based DG schematic diagram with 

three control levels. The electrical network includes a dc power 

source, a three-leg dc-ac inverter, an LC filter, and an RL output 

connector. In the following, each control level of the 

hierarchical control structure is discussed.  

A. Inner Loop Control (Zero Level) 

 In this control level, the power is generated by using voltage-

controlled voltage source inverters (VSIs), which are connected 

to an islanded MG, or current-controlled VSIs, which are 

connected to a grid-connected MG. As shown in Fig. 1, voltage-

controlled VSIs consist of an inner current loop and an external 

voltage loop to stabilize the current and voltage and provide 

sufficient damping. While current-controlled VSIs are equipped 

with an inner current loop and a phase-locked loop to keep the 

synchronization with the grid. In the islanded mode of 

operation, a reference voltage is generated by the upper control 

layer as a primary control level. 

B. Primary Control 

 The droop control method is employed when two or more 

VSIs are connected in parallel to eliminate circulating currents 

and share active and reactive powers between converters. 

Generally speaking, the droop control method provides 

operating frequency and reference voltage magnitude for the 

voltage control loop according to the active and reactive power 

of inverter-based DG, respectively. For inductive lines, the 

droop control functions of i-th DG can be defined as follows [6, 

8, 25] 
*

i i pPm    (1) 

*

i i qE E Qn   (2) 

 Where: ω* and E* are frequency reference and voltage 

magnitude, Pi and Qi are measured active and reactive powers 

of i-th DG, and. mp and nq are droop coefficients that are 

selected according to active and reactive power ratings. The 

primary control of the proposed VSI is shown in Fig. 1. 

C. Secondary Control Level 

 Voltage and frequency deviations caused by the primary 

control level can be compensated via the secondary control 

level. If the load or generation changes in MGs, secondary 

control guarantees the zero error of voltage and frequency 

fluctuations. In order to compensate voltage and frequency 

deviations, we should measure the voltage and frequency at the 

point of common coupling (PCC), ωMG, and EMG, and compare 

them with their references, ωref, and Eref. Then, the error values 

passed through the compensators are sent to all DG's primary 

control levels via communication links. The proportional-

integral (PI) type controller shown in Fig. 1, as a common 

controller to restore voltage and frequency, can be obtained as 

follows [8] 

( ) ( )p ref MG i ref MGk k           (3) 

( ) ( )pE ref MG iE ref MGE k E E k E E      (4) 

 Where: kpω, kiω, kpE, and kiE are PI controller parameters. 

Conventionally, this controller can be implemented as a 

centralized secondary controller. However, as mentioned 

before, low reliability, complex communication network, and 

weak performance are significant drawbacks of the secondary 

centralized control approach. 

III. PRELIMINARY OF GRAPH-THEORETIC AND 

PROBLEM STATEMENT 

A. Graph Theory 

 The communication network of the multi-agent system can be 

displayed by using a directed graph (digraph) G= (V, E, A) of order 

n with the set of nodes 1 2{ }, , ,   nV v v v  , edges (arcs) 

E V V   , and adjacency matrix 
n n

ijA a     . We assume 

the graph is simple, i.e., no self-loops and no multiple edges 

between two identical pairs of nodes. The node vk represents the kth 

agent, and the arc (vi, vj) shows the information flows and means 

the agent j is the neighbor of agent i. The number of its neighbor 

defines the degree of a node. Letting di be the degree of node vi, 

then the degree matrix of a graph G, D  ∈  ℝ𝑛×𝑛 , is given by D, 

   1, , . . . ,         
T

ndiag d d d d . Besides, we assume aij is 

positive (aij > 0) if (vi, vj) ∈ E, and aij = 0 otherwise. The Laplacian 

matrix, L, associated with the graph G, can be defined as Lii = 

∑ 𝑎𝑖𝑗𝑗≠𝑖   and Lij = -aij, 𝑗 ≠ 𝑖 where L1n= 0. A sequence of 

successive edges in the form of {( ) ( ) ( )}, , , , , ,   i k k l m jv v v v v v  is 

considered as a direct path from node i to node j. A compact form 

can represent the Laplacian matrix as L= D – A. A directed graph 

is said to have or contain a directed spanning tree if a root node 

exists that has a direct path from that node to every other node in 

the graph. [26]. 

B. Problem Statement 

 We use a multi-agent with n followers and one leader in this 

paper. Consider n identical linear-space of the followers as: 

( ) ( ) ( ) ,

( ) ( ) , 1, 2, ,

i i i

i i

x t Ax t Bu t

y t Cx t i n

   

  ,

 

  
 (5) 

With state vectors 
n

ix  , control input 
p

iu   , and 

output vector 
q

iy  . It is assumed that the matrix pairs 

( , )A B and ( , )A C are controllable and observable, 
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respectively. Moreover, it is supposed that all followers have at 

least one neighbor. The leader, denoted as 0, generates the 

reference signal, which can be viewed as the following form: 

0 0

0 0

( ) ( ),

( ) ( ) ,

  

  

x t Mx t

y t Nx t




 (6) 

Where: 0

nx   and 
0

qy   are state and output leader, 

respectively. Also, it is assumed that the matrix pair ( , )M N is 

observable. Moreover, suppose that the leader receives no 

information from any follower.  

Assumption 1 For the followers in (5), there exist solution 

pairs ( , )i iT U for 1, 2, ,i n as we have 

.

i i i

i

TM AT BU

CP N

 


 (7) 

Also, we define the output error for each follower as follows 

0( ) ( ) ( ) , 1, 2, ,   i ie t y t y t i n     (8) 

 Here, in this paper, we have a control object of developing a 

distributed cooperative controller to solve the consensus 

problem in a multi-agent system which obtains the output error 

0e  as t  for any initial condition.  

IV. OUTPUT CONSENSUS WITH STATE FEEDBACK 

CONTROL 

 In this section, the consensus problem of the multi-agent 

system is solved by designing state feedback in contrast with 

the classical consensus protocols. In order to reach output 

consensus, a distributed protocol for the system (5) and the 

leader (6) is given as in [27] 

1

0

1 2

( ) ( ) [ ( ( ) ( ))

( ( ) ( ))],

( ) ( ) ( ), 1,2,..., ,

n

i i ij j i
j

i i

i i i

h t Mh t F a h t h t

b x t h t

u t K x t K h t i n



  

 

  



 
(9) 

Where: ( )ih t is an auxiliary state of the controller p nF 

, is called the coupling gain, and 1 2, p nK K   are the 

controller feedback gains to be determined. ija  is the ( , )i j - 

entry of the adjacency matrix associated with the G and ib  is 

called the pinning gain.  
Theorem 1: Suppose that assumption 1 holds. The consensus 

problem of a multi-agent system of followers in (5) and the 

leader in (6) can be solved by the control protocol in (9) if the 

following two conditions are satisfied: 

(1) F P , where   is a positive constant such that 

min 1   where min  is the minimum eigenvalue of L+b and the 

positive matrix P is a solution of the following Ricatti equation 

22 0.TPM M P P    (10) 

(2) 1K  and 2K  can be determined such that 1A BK  is 

Hurwitz, and 2 1i iK U KT   where ( , )i iT U  is the solution of 

(7). 

Proof: Let 1 2( , , , )nx col x x x  and 1 2( , , , )nh col h h h  

. Considering (5) and (8), the overall closed-loop network 

dynamics can be obtained in the following form 

1 2

1

0

( ) ( ) ( ) ( ),

( ) ( ) [ ( ( ) ( ))

( ( ) ( ))].

i i i

n

i i ij j i
j

i i

x t A BK x t BK h t

h t Mh t F a h t h t

b x t h t



  

  

 

  (11) 

The compact form of a closed-loop system can be written as  

1 2

0

( ) ( ) ( ) ( ),

( ) ( ( ) ) ( ) (( ) ) ( ),i n

x t A BK x t BK h t

h t I M L b F h t L b F t

  

       
 (12) 

Where: 1 2( , , , )nb diag b b b  and 0 0( ) 1 ( )nt x t   . 

By defining ( ) [ ( ), ( )]T T Tx t x t h t , (12) can be rewritten as the 

following form 

0( ) ( ) ( ),x t Ax t B t   (13) 

Where: A BK is Hurwitz. Hence, the matrix A  is Hurwitz, 

if and only if ( )nI M L b F    is Hurwitz. Since L b  is a 

symmetric matrix, we define an orthogonal matrix U  such that 

1 2( ) ( , , , ),T
nU L bU Q diag       (14) 

Where: , 1, 2, , ,i i n   is the eigenvalue of the L b  and 

the matrix U  satisfies 
T

nUU I . Therefore, from (14) we can 

write: 

1 2

( )

( )

( )( )( )

( ) ( , ,

, )( )

( ) ( , , , )( )

n

n

T
n n n

T
n

n n

T
n n

I M L b F

I M L b P

U I I M Q P U I

U I diag M P M P

M P U I

U I diag M P M P M P U I





  

 

   

    

     

   

 

     

 (15) 

Then, it concludes from (10) that: 

22 ( ) ( ) 0T TPM M P P P M P M P P        (16) 

(16) together with (15) achieves ( )nI M L b F     which 

is Hurwitz. Therefore, it can be obtained that the matrix A  is 

Hurwitz, and the overall closed-loop system in (11) is 

asymptotically stable. 

At the next step, we will prove that the output error ( )ie t  in (9) 

will converge to zero t . Consider 0( ) ( )i i ix t x Tx t  , then 

we can write 

0( ) ( )i i ix t x Tx t   

1 2 0

1 2 0

( ) ( ( ) ( )) ( ( ))

( ) ( ) ( ) ( )

i i i i

i i i

Ax t B K x t K h t T Mx t

A BK x t BK h t TMx t

   

   
 (17) 

From (8) and 2 1i iK U KT  , (17) can be written in the form 

of (18) 

1 1

0

1 2 0

( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ( ) ( ))

i i i i i

i i

i i

x t A BK x t BU BKT h t

AT BU x t

A BK x t BK h t x t

   

 

   

 (18) 
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It is easy to see that if 1A BK  is Hurwitz, then 

lim ( ) 0i
t
x t


  

M hEi + FE [∑ aij (hEj - hEi) + bi (Eref  - hEi)] ∫ 
hEj

To primary 

control

K1E Eodi + K2E hEi

Eodi

Distributed Secondary 

Voltage Control Layer

hEi

Eref

∑ ∫ 

hEi

hEi

uEi

Fig. 2. The block diagram of the state feedback distributed 

secondary voltage control 

. For the output error, we can derive (19) 

0

0

0

0

lim ( ) lim ( ( ) ( ))

lim ( ( ) ( ))

lim ( ( ) ( ))

lim ( ( ) ( ))

lim ( ) 0

i i
t t

i
t

i i
t

i i
t

i
t

e t y t y t

Cx t Nx t

Cx t CTx t

C x t Tx t

Cx t

 









 

 

 

 

 

 (19) 

Which indicates the output error ( ) 0ie t   as t  for any 

initial condition. Therefore, the output consensus of the multi-

agent followers (5) and the leader (6) is achieved by the 

protocol introduced in (8). This completes the proof. 

V. DISTRIBUTED STATE FEEDBACK FOR 

SECONDARY VOLTAGE CONTROL 

 In this section, an output consensus controller, based on the state 

feedback, is designed to solve the secondary voltage 

synchronization in an islanded MG. It is important to note that the 

dynamics of voltage and current controllers are overlooked in this 

study. This assumption is possible because their dynamics are 

much faster than the droop and power controllers. To do so, (2) can 

be rewritten in dq reference frame as 

0

odi n qi i

oqi

E U n Q

E

 


 (20) 

By differentiating the top equation in (20) we have (21). 

n odi qi i EiU E n Q u   (21) 

 Where: uEi is defined as an ancillary control. By employing (21) 

to a microgrid with n DGs the secondary voltage control of a 

microgrid can be changed to the consensus problem with first-order 

dynamics of the linear multi-agent system as follows: 

, 1,2,...,odi EiE u i n   (22) 

 In order to solve the synchronization problem, it is assumed that 

DGs can communicate with each other over the prescribed graph 

G in section 3. All nodes of graph G have scalar single-integrator 

dynamics according to (22). It is worth noting that the protocol is 

fully distributed because each DG needs its own information and 

its neighbors under a low-band width communication network 

layer. In order to reach the output consensus of secondary voltage 

in an islanded MG, the following state feedback distributed 

consensus algorithm and the control inputs Eiu  are considered, as 

described in (9) by (23): 

M hωi + Fω [∑ aij (hωj - hωi) + bi (ωref  - hωi)] ∫ 
hωj

To primary 

control

K1ω ωi + K2ω hωi

ωi

Distributed Secondary 

Frequency Control Layer

hωi

ωref

∑ ∫ 

hωi

hωi

uωi

PD∑ aij (mPi Pi – mPj Pj)
Pi

Pj

-uPiɛPi

∑

Fig. 3. The block diagram of the state feedback distributed 

secondary frequency control 

1

1 2

( ( ) ( ))

, 1, 2,...,

n

Ei E Ei E ij Ej Ei i ref Ei
j

Ei E odi E Ei

h M h F a h h b E h

u K E K h i n



    

  


 (23) 

 The block diagram of the proposed distributed secondary 

voltage control based on state feedback consensus algorithm is 

shown in Fig. 2. 

VI. DISTRIBUTED STATE FEEDBACK FOR 

SECONDARY FREQUENCY CONTROL 

 In this section, a distributed cooperative control based on 

state feedback control selects proper control inputs to 

synchronize the frequency of DGs, to the reference frequency, 

i.e. 50 Hz in this study. As the previous section, differentiating 

from (1) yields  

n i Pi im P u    (24) 

 Where (24) determines the feedback linearization method 

providing the following dynamic linear multi-agent system. 

, 1, 2,...,i iu i n    (25) 

 We define state feedback distributed consensus algorithm the 

same as in (23), and the control inputs iu  for the frequency 

control are as follows 

1

1 2

( ( ) ( ))

, 1, 2,...,

n

i i ij j i i ref i
j

i i i

h M h F a h h b h

u K K h i n

      

   







    

  


 (26) 

 As discussed in the previous section, the proposed control 

strategy provides the synchronization of all DG units' frequency 

to the reference value. According to (24), we can write (27).  

( )i i Piu m P dt     (27) 

 Despite the fact that the term Qi in Q  in (21) is ineffective in 

voltage control in MGs, when frequency control is applied the 

active powers of DGs in an MG match (28).  

j Pi

i Pj

P m

P m
  (28) 

 In order to satisfy (28), another distributed cooperative 

consensus control for the term Pi im P  is supposed to ensure the 

accuracy of active power-sharing. Therefore, an auxiliary 
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control upi is considered for the single-integrator and linear 

multi-agent system as follows: 

, 1, 2,...,Pi i Pim P u i n   (29) 

 We consider a classical distributed cooperative consensus in 

order to synchronize the active powers of DGs with the same 

droop coefficients. By employing the local neighborhood 

tracking error of active powers Pi  and the auxiliary control 

Piu  can be obtained as (30). 

( )Pi ij Pi i Pj j
j n

Pi P Pi

a m P m P

u D







 

 


 (30) 

 In spite of (23) and (26) there is no second phrase in (30). 

Therefore, from Theorem 1 in [26], it can be realized that active  

powers with the same droop coefficients have to consensus with 

each other to ensure the active power sharing accuracy (i.e. mPk 

Pk→ mPi Pi). 

 Fig. 3 shows the complete block diagram of the proposed 

model based on a distributed secondary frequency control for 

both leader and follower DGs. 

VII. SYSTEM UNDER STUDY 

 To evaluate the detailed analysis of the proposed state 

feedback distributed secondary voltage and frequency with the 

accurate active power-sharing, we have simulated a 380 V, 50 

Hz islanded MG [14], as shown in Fig. 4, under the sequence of 

events in the MATLAB/SimPowerSystems software 

environment. The test system consists of four inverter-based 

DGs, three lines, and two loads. The lines and loads are 

modeled as series RL branches and constant real and reactive 

power, respectively. Table 1 gives the DGs, loads, and lines 

parameters of the MG test system. Also, the corresponding 

voltage and current controller parameters and droop 

coefficients are shown in Table 1. It is considered that DGs of 

MG are connected to each other through a directed graph 

communication network, as depicted in Fig. 5. 

 

TABLE 1.  

PARAMETERS OF THE MG TEST SYSTEM 

Line 1 & 3 RL1,3 

RL3 

0.23 Ω  Load 1 Pload1 12 kW 

LL1,3 0.318 mH  Qload1 12 kVAr 

Line 2 RL2 0.35 Ω  Load 3 Pload3 15.3 kW 

LL2 1.847 mH  Qload3 7.6 kVAr 

DG 1 & 2 mP 9.4 × 10-5  DG 3 & 4 mP 12.5 × 10-5 

nQ 1.3 × 10-3  nQ 1.5 × 10-3 

Lf1, 

Lf2 

0.35 mH  Lf3, Lf4 0.35 mH 

Rf1, 

Rf2 

0.03 Ω  Rf3, Rf4 0.03 Ω 

Cf 50 μF  Cf 50 μF 

KPV 0.1  KPV 0.05 

KIV 420  KIV 390 

KPC 15  KPC 10.5 

KIC 20000  KIC 16000 

LoRo
DG1

LL2RL2

LoRo
DG2

Lo Ro
DG4

LL1

RL1

LL3

RL3

Eo1

Eo2

Eo4

Ploa d1 
Qload1

Ploa d3 
Qloa d3

Lo Ro
DG3

Eo3

Pload2 
Qload2

Plug-and-play 

Capability

Load 

Change

 
Fig. 4. The MG test system under study 

 

Ag1 Ag4

Ag3Ag2

Reference

Communication 

Failure

 
Fig. 5. Graph topology of the MG test system 

VIII. DISCUSSION ON SIMULATION RESULTS 

From (22) and (25), for the single-integrator dynamics, 

0, 1A B   and as the leader dynamic is scalar in both voltage 

and frequency control, then it is concluded that in (6) that we 

have, 0, 1M N  . According to the directed graph topology 

shown in Fig. 5, the matrix L+b can be determined as follows: 

2 0 1 1

0 1 1 0

0 0 1 1

0 0 0 0

L b

 
 


  
 
 
 

 

The minimum positive eigenvalue of the proposed matrix 

min 1  . Therefore, the first condition in Theorem 1 is satisfied 

by choosing 1  . Therefore, under condition (1) of Theorem 

1, the Ricatti equation in (10) satisfies for any value of P , and 

from condition (2), it is deduced that for 1K  , and 2K  we must 

have 1 2 10,K and K K   . Simulation results consist of three 

parts. At the first step, the controller performance is discussed, 

and, in another step, we investigate the controller gains impact 

on the speed convergence. Finally, we compare the proposed 

consensus protocol with the classic one presented in [14]. 

A. Controller Performance 

 For the simulations of this part, we choose 1 60EK   , 

1 30K    , 90EF  , 50F   and 70PD  , in order to have 

acceptable performance for the proposed controllers. Figs. 6 (a), 
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Fig. 6. DG output voltages with the proposed controller                        

(a) Overall trajectory (b)- (f) Magnified trajectories 

 
Fig. 7. DG frequencies with the proposed controller                              

(a) Overall trajectory (b)- (f) Magnified trajectories 

 
Fig. 8. DG active powers with the proposed controller 

(b), and (c) show the output voltage, frequency, and active 

power of DGs, respectively, while distributed secondary  

voltage and frequency are activated. At t = 0 s, only the primary 

control as discussed in section II is applied, and the secondary 

control is intentionally deactivated. As Figs. 6 (a) and (b) show, 

the DGs output voltage and the MG frequency stray from the 

reference values because of DGs droop controllers. In order to 

restore the output voltage of DGs and MG frequency, the state 

feedback distributed cooperative controls for secondary voltage 

and frequency control, as explained in sections V and VI, is 

applied at t = 2 s, under the communication network shown in 

Fig. 5. It is shown that by applying the proposed distributed 

control, both voltage and frequency are rapidly restored to their 

reference values for all DGs. In the following, at t = 4 s, for 

examining the plug-and-play capability, DG3 is plugged out 

from the MG and, at t = 6, is reconnected to the MG. As shown 

in the zoomed Figs. 6 (c), (d) and 5 (c), and (d), both voltage 

and frequency have some acceptable fluctuations and restore to 

their reference values in finite-time (less than 1 sec). After that, 

at t = 8 s, the load2 with P = 12 kW and Q = 12 kVAr is applied 

to the MG. Again, Fig 6 and 7 (e) show that the deviations of 

both voltage and frequency are damped in finite-time (less than 

1 sec). Finally, at t = 8 s, the communication link between DG3 

and DG4, as shown in Fig. 5 in the dashed line, is failed. The 

simulation results as depicted in zoomed pictures Fig. 6 and 7 

(f) show that the proposed consensus protocol synchronizes 

voltage and frequency of three DGs to the reference values in 

finite-time, and the DG4 voltage is reduced to the 364.3 V 

because it separates from the graph topology. Since the 

frequency is a global parameter the DG4 frequency holds at 50 

Hz. Also, Fig. 8 displays the active power of four DGs with the 

proposed consensus controller. Simulation results show that 

accurate active power-sharing is achieved by the proposed 

controller. 

B. Controller Gains Effect 

 To investigate the effect of controller gains on the dynamic 

response of the outputs, we consider three different sets of 

values for 1EK , 2EK , 1K   and 2K  . The effect of different 

controller gains on the dynamic response of the output error as 

in (8) for voltage and frequency of DG2, i.e., 3Ee  and 3e , is 

depicted in Fig. 9 (a) and (b), respectively. According to the 

simulation results, there is a clear trend of increase in the 

convergence speed with the growth of control gains in output 

error of voltage, as shown in Fig. 9 (a). Also, from Fig. 9 (b), it 

is clear that the frequency output error for the 1 10K     (the 

blue chart) has the slowest convergence compared with the one 

with 1 120K     (the red chart). From Figs. 9, it is clear that 

for the higher values of the controller gains, there is no 

significant development in speed convergence and dynamic 

response. 

C. Controller Performance Compared with [14]  

In this subsection, the proposed controller is compared with 

the classical consensus protocol proposed in [14]. As previously 

noticed in the introduction, the classical consensus protocol 

performance is not evaluated in existing studies. Since the 

proposed protocol is applied in the homogenous single-

integrator systems as shown in (22), (25), and (29), which is the 

same as in [14], we compare the proposed controller with the 

one presented in [14]. In order to study the performance of both 

controllers, we select the output voltage and the frequency of 

DG3, as depicted in Fig. 10 and Fig. 11, respectively. The gain 

controllers are chosen as both controllers have almost the same 

response at t = 2, i.e., the time that secondary distributed control 

is applied. Simulation results in Fig. 10 show that the proposed 

consensus protocol rapidly reaches consensus and, especially,  
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Fig. 9. Output error of DG3 for (a) Voltage (b) Frequency 

 
Fig. 10. Comparison between the proposed and the classical 

 
Fig. 11. Comparison between the proposed and the classical 

consensus protocols in [14] for the frequency of DG3 (a) Overall 

trajectory (b)- (f) Magnified trajectories 

 

in plug-and-play and load changes has more robust 

performance than the classical protocol presented in [14]. 

Fig. 11 shows the frequency of DG3 with the proposed 

consensus protocol compared with the classical protocol studied in 

[14]. As seen from Fig. 9 it is clear that our protocol has a better 

response in comparison to the classical consensus protocol. Again, 

in particular, in plug-and-play capability, load changes, and 

communication failure, the proposed protocol has a more 

appropriate response.  

IX. CONCLUSIONS 

 New state feedback distributed voltage and frequency of an 

islanded MG is proposed in this paper. The MG is considered 

with DGs that can communicate through a communication 

graph topology. The secondary voltage and frequency problem 

is converted to a simple single integrator consensus problem 

with a scalar controller gain by feedback linearization. Two 

state feedback distributed consensus algorithms for output 

voltage frequency and one classical distributed cooperative  

consensus protocols in [14] for the output voltage of DG3 (a) 

Overall trajectory (b)- (f) Magnified trajectories approach for 

output real power demonstrate active power-sharing among 

DGs. Despite a centralized control structure, the proposed 

controller only works with the information of some neighbors' 

DGs. The designed controller is very simple and has not been 

proposed or investigated for secondary voltage and frequency 

control of MGs before. A number of simulation studies were 

carried out in MATLAB/SimPowerSystems to show the 

effectiveness of the controller. Simulation results show that the 

prescribed state feedback control strategy has a significant 

performance in restoring voltage and frequency to their 

reference values and has the ability to change the convergence 

speed directly by adjusting the controller gains. 

 

REFERENCES 

[1] R. H. Lasseter, "Microgrids," in 2002 IEEE Power Engineering 

Society Winter Meeting. Conference Proceedings (Cat. No. 

02CH37309), 2002, vol. 1, pp. 305-308: IEEE. 

[2] R. H. Lasseter, "Smart distribution: Coupled microgrids," 

Proceedings of the IEEE, vol. 99, no. 6, pp. 1074-1082, 2011. 

[3] "Microgrids and active distribution networks," The institution 

of Engineering Technology, 2009. 

[4] F. Katiraei, R. Iravani, N. Hatziargyriou, and A. Dimeas, 

"Microgrids management," IEEE power energy magazine, vol. 

6, no. 3, pp. 54-65, 2008. 

[5] E. Hossain, E. Kabalci, R. Bayindir, R. Perez, and 

Management, "Microgrid testbeds around the world: State of 

art," Energy Conversion, vol. 86, pp. 132-153, 2014. 

[6] A. Bidram and A. Davoudi, "Hierarchical structure of 

microgrids control system," IEEE Transactions on Smart Grid, 

vol. 3, no. 4, pp. 1963-1976, 2012. 

[7] J. M. Guerrero, M. Chandorkar, T.-L. Lee, and P. C. Loh, 

"Advanced control architectures for intelligent microgrids—

Part I: Decentralized and hierarchical control," IEEE 

Transactions on Industrial Electronics, vol. 60, no. 4, pp. 1254-

1262, 2012. 

[8] J. M. Guerrero, J. C. Vasquez, J. Matas, L. G. De Vicuña, and 

M. Castilla, "Hierarchical control of droop-controlled AC and 

DC microgrids—A general approach toward standardization," 



International Journal of Industrial Electronics, Control and Optimization .© 2022   IECO 131 

 

IEEE Transactions on industrial electronics, vol. 58, no. 1, pp. 

158-172, 2010. 

[9] T. Morstyn, B. Hredzak, and V. G. Agelidis, "Control strategies 

for microgrids with distributed energy storage systems: An 

overview," IEEE Transactions on Smart Grid, vol. 9, no. 4, pp. 

3652-3666, 2016. 

[10] A. Mehrizi-Sani and R. Iravani, "Potential-function based 

control of a microgrid in islanded and grid-connected modes," 

IEEE Transactions on Power Systems, vol. 25, no. 4, pp. 1883-

1891, 2010. 

[11] C. Yang et al., "Dynamic event-triggered robust secondary 

frequency control for islanded AC microgrid," Applied energy, 

vol. 242, pp. 821-836, 2019. 

[12] Q. Shafiee, J. M. Guerrero, and J. C. Vasquez, "Distributed 

secondary control for islanded microgrids—A novel 

approach," IEEE Transactions on power electronics, vol. 29, 

no. 2, pp. 1018-1031, 2013. 

[13] J. W. Simpson-Porco, Q. Shafiee, F. Dörfler, J. C. Vasquez, 

J. M. Guerrero, and F. Bullo, "Secondary frequency and 

voltage control of islanded microgrids via distributed 

averaging," IEEE Transactions on Industrial Electronics, vol. 

62, no. 11, pp. 7025-7038, 2015. 

[14] A. Bidram, A. Davoudi, F. L. Lewis, and Z. Qu, "Secondary 

control of microgrids based on distributed cooperative control 

of multi-agent systems," IET Generation, Transmission 

Distribution, vol. 7, no. 8, pp. 822-831, 2013. 

[15] N. M. Dehkordi, N. Sadati, and M. Hamzeh, "Fully 

distributed cooperative secondary frequency and voltage 

control of islanded microgrids," IEEE Transactions on Energy 

Conversion, vol. 32, no. 2, pp. 675-685, 2016. 

[16] G. Lou, W. Gu, W. Sheng, X. Song, and F. Gao, "Distributed 

model predictive secondary voltage control of islanded 

microgrids with feedback linearization," IEEE Access, vol. 6, 

pp. 50169-50178, 2018. 

[17] Y. Du, X. Lu, J. Wang, and S. Lukic, "Distributed secondary 

control strategy for microgrid operation with dynamic 

boundaries," IEEE Transactions on Smart Grid, vol. 10, no. 5, 

pp. 5269-5282, 2018. 

[18] Y. Jafarian, A. Karimi, and H. Bevrani, "Secondary voltage 

control in a hybrid microgrid," International Journal of 

Industrial Electronics Control and Optimization, vol. 2, no. 3, 

pp. 221-232, 2019. 

[19] Q. Zhou, M. Shahidehpour, M. Yan, X. Wu, A. 

Alabdulwahab, and A. Abusorrah, "Distributed secondary 

control for islanded microgrids with mobile emergency 

resources," IEEE Transactions on Power Systems, vol. 35, no. 

2, pp. 1389-1399, 2019. 

[20] A. Afshari, M. Karrari, H. R. Baghaee, and G. B. 

Gharehpetian, "Distributed fault-tolerant voltage/frequency 

synchronization in autonomous AC microgrids," IEEE 

Transactions on Power Systems, vol. 35, no. 5, pp. 3774-3789, 

2020. 

[21] B. N. Alhasnawi, B. H. Jasim, and B. E. Sedhom, 

"Distributed secondary consensus fault tolerant control method 

for voltage and frequency restoration and power sharing 

control in multi-agent microgrid," International Journal of 

Electrical Power & Energy Systems, vol. 133, p. 107251, 2021. 

[22] M. Raeispour, H. Atrianfar, H. R. Baghaee, and G. B. 

Gharehpetian, "Distributed LMI-based control of 

heterogeneous microgrids considering fixed time-delays and 

switching topologies," IET Renewable Power Generation, vol. 

14, no. 12, pp. 2068-2078, 2020. 

[23] Y. Du, H. Tu, H. Yu, and S. Lukic, "Accurate consensus-

based distributed averaging with variable time delay in support 

of distributed secondary control algorithms," IEEE 

Transactions on Smart Grid, vol. 11, no. 4, pp. 2918-2928, 

2020. 

[24] S. Ullah, L. Khan, I. Sami, and N. Ullah, "Consensus-based 

delay-tolerant distributed secondary control strategy for droop 

controlled AC microgrids," IEEE Access, vol. 9, pp. 6033-

6049, 2021. 

[25] O. Palizban and K. Kauhaniemi, "Hierarchical control 

structure in microgrids with distributed generation: Island and 

grid-connected mode," Renewable Sustainable Energy 

Reviews, vol. 44, pp. 797-813, 2015. 

[26] F. L. Lewis, H. Zhang, K. Hengster-Movric, and A. Das, 

Cooperative control of multi-agent systems: optimal and 

adaptive design approaches. Springer Science & Business 

Media, 2013. 

[27] T. Han, Z.-H. Guan, B. Xiao, J. Wu, and X. Chen, 

"Distributed output consensus of heterogeneous multi-agent 

systems via an output regulation approach," Neurocomputing, 

2019. 

 

Morteza Alizadeh received the B.S and M.S 

degrees in electrical engineering from the Islamic 

Azad University and the University of Birjand, 

Birjand, Iran, respectively. Currently, he is 

working toward a Ph.D. degree in electrical 

engineering with the Amirkabir University of 

Technology, Tehran, Iran. His research interests 

include microgrid, distributed control systems in microgrids, power 

system control, and power system. 

 

H. Askarian Abyaneh (SM’09) was born in 

Abyaneh, Iran. He received the Ph.D. degree in 

electrical power system engineering from the 

University of Manchester Institute of Science and 

Technology, Manchester, U.K., in 1988. 

Currently, he is a Professor with the Department 

of Electrical Engineering, Amirkabir University of 

Technology (AUT), Tehran, Iran. His research interests are relay 

protection, power quality, restructuring, and deregulation in power 

systems. 

Alireza Bakhshai (Fellow, IEEE) received the 

B.Sc. and M.Sc. degrees from the Isfahan 

University of Technology, Isfahan, Iran, in 1984 

and 1986, respectively, and the Ph.D. degree from 

Concordia University, Montreal, QC, Canada, in 

1997, all in electrical engineering. He is currently 

a Faculty Member with the Department of 

Electrical and Computer Engineering, Queen's University and a 

Licensed Professional Engineer (P. Eng.) in Ontario. From 1986 to 

1993 and from 1998 to 2004, he was a Faculty Member with the 



International Journal of Industrial Electronics, Control and Optimization .© 2022   IECO 132 

 

Department of Electrical and Computer Engineering, Isfahan 

University of Technology. His research interests include high 

power electronics, distributed energy generation and conversion, 

microgrid and smart grid systems, and advanced control theories 

applied to power electronics converters. 

 

N. Khodabakhshi-Javinani received a Ph.D. 

degree in Electrical Engineering from Amirkabir 

University of Technology (AUT). He is currently 

an Assistant Professor with the Electrical and 

Computer Engineering Department, Yadegar-e-

Imam Khomeini (RAH) Shahre Rey Branch, 

Islamic Azad University, Tehran, Iran, and a Senior Research 

Associate with the Power System Protection, Amirkabir University 

of Technology, Tehran, Iran. Dr. Khodabakhshi-Javinani has a 

scientific cooperation with Prof. M.Abedi and Prof. H.Askarian A. 

His current research interests include Power System Protection, 

Monitoring, Operation, Control, and Signal Processing. 



International Journal of Industrial Electronics, Control and Optimization .© 2022   IECO…. 
Vol. 5, No. 2, pp.133-142, April (2022)   

 

 

 

 

Leader-Follower Formation Control of Uncertain 

USV Networks Under Stochastic Disturbances 
 

 

Ali Azarbahram1, Naser Pariz2,†, Mohammad-Bagher Naghibi-Sistani3, Reihaneh Kardehi Moghaddam4 

 

1,2,3 Department of Electrical Engineering, Faculty of Engineering, Ferdowsi University of Mashhad, Mashhad, Iran.  
4 Department of Electrical Engineering, Mashhad Branch, Islamic Azad University, Mashhad, Iran 

 

 
 

 

The robust adaptive leader-follower formation control of uncertain unmanned surface vehicles (USVs) under stochastic 

disturbances is studied in this paper. The additive noises are considered in the kinematics that stands for the un-modeled 

dynamic. The disturbances induced by wind, waves and ocean currents are also separated into stochastic and deterministic 

components. A comprehensive model for each agent is then derived by stochastic differential equations including standard 

Wiener processes. Thus, the problem definition is more challenging since both the environmental disturbances and kinematics 

states are defined by stochastic differential equations. Quartic Lyapunov functions synthesis, dynamic surface control (DSC) 

technique, the projection algorithm, and neural networks (NNs) are employed to guarantee that all the tracking errors 

converge to a ball centered at the origin in probability. Finally, the simulation experiments quantify the effectiveness of 

proposed approach. 
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I. INTRODUCTION 

The control of nonlinear systems has been among the hot 

topics in the past decades [1]. The control and stability analysis 

of cooperative nonlinear agents has been given considerable 

attention in the past several years such as in formation control 

of robot agents [2], synchronization (consensus) of multiple 

robots [3], and etc. Among these approaches, the formation of 

agents leads to maintaining a desired configuration between 

the neighboring systems [4], [5]. The leader-follower 

formation control of USVs was studied in several works (see 

for example, [5], [6]).  

The stability analysis of nonlinear control systems has led 

to different controlling architectures and schemes such as 

sliding mode control (SMC) [7], feedback linearization [8], [9], 

backstepping [1], and etc. An adaptive robust tracking 

controller based on backstepping method is presented for 

uncertain electrically-driven robotic manipulators in the 

framework of voltage control strategy in [10]. The explosion 

of complexity for the backstepping approach was resolved 

using dynamic surface control (DSC) method in [11] for 

deterministic cases. The DCS approach is utilized for  

deterministic types of nonlinear systems [12], [13] and 

different classes of stochastic nonlinear systems [14]–[16].  

On the other hand, the existence of stochastic environmental 

loads highlights the importane of analyzing the stability of 

nonlinear stochastic systems [17]–[19] and correlated 

stochastic agents [20], [21]. We have to note that the 

distructive effects of environmnetal loads on the performance 

of marine vehicles is necessary to be considered in practice 

[22]. The platoon and leader-follower formation of multiple 

USVs are investigated in [4] and [5], respectively. Time 
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varying external disturbances are considered and compensated 

in [4], [5]. Nevertheless, these environmental loads are 

deterministic. We have to note that ocean loads contain 

stochastic components in practice [23]. An ocean vehicle is 

supposed to track a reference trajectory under stochastic 

exogenous disturbances in [24]. A backstepping path-tracking  

method is investigated in [25] under stochastic loads. Although 

[24] and [25] have investigated the effects of stochastic 

disturbances, a single path tracking vehicle is only addressed. 

In [20], the formation is achieved among the agnent. In earlier 

problem formulations for formation control of MASs the 

kinematics is considered deterministic [20]. To be precise, 

even in stochastic problem formulations, the kinematics is 

considered deterministic. More understandably, uncertain 

states and un-modeled dynamics in all the existing literature 

for the kinematics are ignored, which makes a control design 

inapplicable in practice.  

The main contributions of the proposed approach in this 

paper are listed below: 

 Compared to existing results, the kinematics in our 

proposed approach is described by ordinary 

stochastic differential equations. 

 The proposed architecture in this paper considers 

both state uncertainty and stochastic exogenous loads 

denoted by standard Wiener process.  

The remaining paper is organized as follows. The first 

section gives the preliminaries. Section two, studies the 

formation control architecture. In Section four, the 

effectiveness of the implementation is investiagateds. Finally, 

Section five concludes the paper.  

II. PREPARATORY WORK 

The used notation in this paper is reported in Table I. 

TABLE I.  

USED NOTATION 

 The sets of real numbers 

N
 The sets of real N-vectors 

N N
 The sets of real N N matrices 

| |x  The absolute value of x  

|| ||x  The 2-norm of a given vector x  

|| ||x
p

 The p-norm of a given vector x  

( )diag   A diagonal matrix of its argument 

I  The identity matrix of appropriate dimensions 

(•)  The transpose operation on vectors or matrices 

Tr(•)  The trace of a given matrix 

ov(•)  The covariance matrix of its arguments 

ol(•)  The column spaces of its arguments  

ow(•)  The row spaces of its arguments 

x x  The Hadamard production 

(•)
m
  the minimum eigenvalue of its arguments 

(•)
M

  the maximum eigenvalue of its arguments 

 

A. Preliminaries  

Neural Networks: In order to approximate the continuous 

function ( ) :
q

g Z , RBF neural networks is utilized as 

. ( ) ( )g Z W Z
nn

 (1) 

The networks node number and input dimension are denoted 

by 1l  and q, respectively. Therefore, 
q

Z  is the input 

vector and the weight vector is indicated by 

1 2
[ , , , ]

l
w w w W . The elements of basis function vector 

1 2
( ) [ ( ), ( ), , ( )]

l
s s s Z Z Z Z  is chosen as Gaussian 

functions of the form 

2

( ) ( )
( ) exp [ ,  1, 2, , ,]i i

i

i

s i l


 
   

Z Z
Z  (2) 

where 
1 2

[ , , , ]
i i i iq
   is the center of receptive 

field, and i  is the width of Gaussian function. The RBF 

neural networks approximate almost any function ( )g Z  with 

sufficiently large number of nodes l  over a compact set 
Z

 

to arbitrary any accuracy 0  as 

( ) ( ) ( ),   , 
q

g z


    
Z

Z W Z Z  (3) 

where 


W is the ideal constant weight vector and defined 

as 

arg min sup | ( ) ( ) | ,  { }
l

g

 

 
Z

W Z

W Z W Z  
(4) 

and ( ) Z  is the approximation error which satisfies 

| ( ) | Z . 

Definition 1 [26]: The projection algorithm over two 

arguments   and ˆ  is denoted by ˆ( , )   and 

defined as 

ˆ ˆ ˆ ˆ( , ) (1 ( )) :  ( ) 0 &  ( ) 0,

ˆ ˆ ˆ( , ) :  ( ) 0 &  ( ) 0,

ˆ ˆ( , ) :  ( ) 0,

  

  

 

      


    
   


 (5) 

with 

2 2

2

ˆ ˆ|| || ( )
ˆ ˆ( ) ,   ( )

ˆ2

M

M 

 
   

 
 (6) 

where   is a small positive constant and || ||
M

 . 

The projection algorithm is such that if 

ˆ ˆ( , )    

For some positive symmetric positive definite matrix  and 

0
ˆ( ) ||||

M
t  then 
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0
ˆ) ( ) , ,

ˆ) ( , ) ,

ˆ) || ( , ) || || ||,

ˆ ˆ) ( , ) ,

M

T T

a t t t

b is continuous

c

d





 

 

    



  

 
 

Young’s Inequality [1]: For any vector set ( , )
n

k m , 

the following inequality holds 

T 1
|| || || || ,

p
p q

q
p q




 k m k m  (7) 

where 0, 1, 1p q    , and ( 1)( 1) 1p q   . 

B. Stochastic dynamics 

The dynamics of a particular stochastic nonlinear system is 

described by [24]  

 d ( , )d ( , ) ( )dt t t t x h x G x Λ w  (8) 

where 
n

x  is the system state. w is an independent 

standard Wiener process of dimension r. :
n n


 h

and :
n n r


 G are locally bounded and Lipschitz 

continuous in
n

x . ( ) :
r r

t



Λ is nonnegative 

definite and Borel measurable for all t


 and also bounded. 

Lemma 1 [27]: Let a 
2

C  function ( ( ))tx  is defined 

over the stochastic system (8). Then the infinite generator 

( ( ))tx  is derived as 

 
2

T T T

T

1
( ( )) ( ) ( , ) Tr ( ) ( , ) ( , ) ( ) .

2
( )t t t t t t

 
 

  
x h x Λ G x G x Λ

x x x

 (9) 

Lemma 2 [28]: Suppose that a 
2

C  function 

( ( )) :
n

t


x  is defined. If there exist class K


 

functions 
1(•) and

2 (•) , constant c, and a Borel measurable 

increasing function
3(•) such that ( )

n
t x and

0
0t t   , we have 

1 2

T

3

(|| ( ) ||) ( ( )) (|| ( ) ||),

( ( )) ( ( )) (|| ( ) ( ) ||),

t t t

t c t t t

 



 


  

x x x

x x Λ Λ
  (10) 

then there exists a unique strong solution of the system (8) 

for each 
0

( )
n

t x  which satisfies 

0

0 0

T

3

[ ( ( ))] exp( ( )) ( ( ))

1
sup ( ) ( ) ||).( ||
t t

t c t t t

c 

  
 

  



E x x

Λ Λ
 (11) 

 
Fig. 1: The schematic motion behavior of i-th 

hypothetical USV. 

C. Problem Statement 

The motion of each agent is depicted in Fig. 1. The 

kinematics of one particular agent is described by 

( cos( ) sin( )) ,

( sin( ) cos( )) ,

,

i

i

i

i i i i i x

i i i i i y

i i

dx u v dt g dw

dy u v dt g dw

d rdt g dw

 

 



   


  


 

 
(12) 

where w denotes a one-dimensional standard Wiener 

process defined on a complete probability space. Furthermore,

:
i

x
g  , :

i
y

g   and :
i

g


  are smooth 

unknown nonlinear functions of 
i
η  with zero initial 

conditions where [ , , ]
i i i i

x y η .  

With [ , , ]
i i i i

u v rν , the kinetics of i-th USV agent is 

usually derived using Lagrangian mechanics represented by 
1

wd wv

( ) ( )[ ]

( , ) ,

[

]

i i i i i i i i c

A r i i i i i

d C D

dt

   

    

ν M ν ν ν ν ν

M ν η ν ξ τ τ τ

 (13) 

where 
iM  is the vehicle inertia matrix as 

0 0

0

0

.  
i

u

v g r

g v z r

m X

m Y mx Y

mx N I N



 

 

 
  

 

M  (14) 

AM  is added mass inertia matrix. The control input is 

,1 ,2 ,3[ , , ]i i i i  τ . The total Coriolis matrix is ( )i iC ν  with 

13

23

13 23

0 0

0 0

0

 ( )
i

i

i i

C

Ci i
C C

C
 

 
  
 

ν  (15) 

The damping matrix ( )i iD ν  is 

2
| |

| |

| |

| | 0 0

0 | |

0 | | 0

( )
u u u uuu

v v v r

v v v

X X u X u

Y Y v Yi i
N N v

D
  

  

 

 
  
  

ν  (16) 

Note that here,
13 ( ) ( ) ,i v g rC m Y v mx Y r    

23 ( ) ,i uC m X u  ,cu u u  cv v v  and r r .  
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| | | | | | | | | | | | 1 2 3
, , , , , , , , ,

i i i i i i i i i i i i i
i r v v r r r r v r v r r r i i i

Y Y Y N N N N b b b   ξ is also a 

constant uncertain parameter vector and ( , )i i i η ν  is 

described by 

 0 0 0 0 0 0 0 cos( ) sin( ) 0

| | | | | | 0 0 0 0 sin( ) cos( ) 0

0 0 0 | | | | | | 0 0 1

( , )
i i i

i i

i i i i i i i i

i i i i i i i

r v v r r r

r v r v r r r

 

 







 
 
 

η ν

 (17) 

The relative velocity vector is
r c ν ν ν , where 

[ , , ]c c c cu v rν is the sea current velocity. Let s and s be 

the deterministic and stochastic elements of s , respectively. 

Then, one has
wd wd wd τ τ τ ,

wv wv wv τ τ τ , 

c c c ν ν ν , and 
c c c ν ν ν . Accordingly, one has 

. ( ) ( )
A r A c A c c

   M ν M ν ν M ν ν ν  (18) 

Therefore, by defining
t A M M M , the stochastic 

kinetics of i-th USV agent is derived as 

 [ ( , ) [ ,] ]i i i i i i i i i i id dt d     ν g G Υ η ν ξ τ G Λ w  (19) 

where w  is a 6-dimensional Wiener standard process 

vector and 

1

1

1

3

wd wv

,

( ( ) ( ) ),

ow( ( ), ),

ol( , ).

i t i

i t i i i i i i

i t i i

i c A c

C D

D

 





 


  





  

τ M τ

g M ν ν ν ν

G M ν I

Υ ν M ν τ τ

 
(20) 

Furthermore, 
1 2diag( , ),i i iΛ Λ Λ  with 

1

2 wd wv

ov( ),

ov( ).

i c

i A c



  





Λ ν

Λ M ν τ τ
 (21) 

 

III. MAIN RESULTS 

The following assumptions hold true.  

Assumption 1: The reference signal is deterministic, 

bounded, and also satisfies
2

0
Cη  

Assumption 2: There exists a predefined preceding USV i-

1 associated with agent i. 

Assumption 3: The vectors
iΥ , 

iξ  and covariance matrix 

( )i tΛ  are all bounded, i.e., for
iM ,

i
M , and 

iM , one has 

 || , || , || .|| || ||i i i i i i i    M M M
Υ ξ ξ Λ Λ  

 
(22) 

D. Leader-follower formation control design 

Consider again the team of N fully actuated USVs described 

in (12) and (19). The schematic of two agents is shown in Fig. 

2.  

 

 
Fig. 2: The schematic of two hypothetical agents. 

 

A desired predetermined reference trajectory 

0 0 0 0[ , , ]x y η  is accessible by the leading USV of the 

team. In this configuration, each follower is the leader for 

another agent. More precisely, each two consecutive USVs act 

as a pair of leader-follower. According to Fig. 2, the reference 

trajectory to be followed by the i-th vehicle is determined by 

USV i-1, which is shifted longitudinally and circularly by 

predefined parameters ie and i , respectively, and then 

rotated relatively through i . These predetermined formation 

parameters can be either time-invariant or time-varying.  

The reference trajectories for the i-th follower agent in x , y, 

and   directions are described as 

 
1 1 1

1 1 1

1

cos( ) cos( ) sin( ) sin( )],

sin( ) cos( ) cos( ) sin( )],

,

[

[

ri i i i i i i

ri i i i i i i

ri i i

x x e

y y e

   

   

  

  

  



  

  

 







 (23) 

We define the leader-follower formation errors as 

 ,   ,   .xi i ri yi i ri i i ris x x s y y s         (24) 

Then according to Lemma 1, we have 

 
1

1

1

[ cos( ) sin( ) ] ,

[ sin( ) cos( ) ] ,

[ ] ,

i i

i i

i i

xi i i i i i x x i

yi i i i i i y y i

i i i

ds u v x f dt g dw

ds u v y f dt g dw

ds r dt g dw 

 

 









    

    

  

 
(25) 

where  

 

1 1 1 1 1

1 1 1

1 1 1 1 1

1 1 1

1 1

cos( ) sin( )

[cos( )sin( ) sin( ) cos( )],

sin( ) cos( )

[cos( ) cos( ) sin( )sin( )],

i i i i i

i i i i i i

i i i i i

i i i i i i

i i

x u v

e r

y u v

e r

r

 

   

 

   



    

  

    

  

 










 

 





 



 (26) 

and 
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1

1

2

1 1

2

1 1

[cos( ) cos( ) sin( ) sin( )],

[cos( ) sin( ) sin( ) cos( )]

0.5

0.5

i i

i i

x i i i i i

y i i i i i

f e g

f e g





   

   





 

 

 

 

 (27) 

Additionally 

 

1 1

1 1

1

1 1

1 1

[cos( ) sin( ) sin( ) cos( )]

[sin( ) sin( ) cos( ) cos( )]

,

,

i i i i

i i i i

i i i

x i i i i i x x

y i i i i i y y

g e g g g

g e g g g

g g g





  

   

   

 

 



 

 

   

   

 

 (28) 

Step I: 

Let 

 

,

.

f

i i i

f

i i i

  


 

ζ ν α

χ α α
 (29) 

A Lyapunov function candidate is selected as 

4 4 4

0,

1 1 1
.

4 4 4
i xi yi is s s    (30) 

By employing Lemma 1, we have 

 

3

0, 1 2 1 1

3

1 2 1 2

3

3 1 3

2 2

4 4 2 21 2

12 2

1 2

2 2

4 1 2

2 2

1 2

cos( ) sin( ) (•)]

sin( ) cos( ) (•)]

(•)]

3 3
(1 2( ) || )

4 2

3
(1 2( )

4

[

[

[

||
i

i xi i i i i i i

yi i i i i i i

i i i i i i i i

i i

xi i xi x

i i

i i

yi

i i

s x f

s y f

s f

s h s g

s



   

   

 

 

 

 

 









   

   

    


  


 

ζ E χ E

4 2 2

1

4 4 2 2

22

3

3
|| )

2

3 1 3
(1 ) ,

4 2

||

| || |

i

i

i yi y

i i i

i

h s g

s h s g
  









  

 

(31) 

where
1 2 3[ , , ] ,i i i iE  with 

3 3

1

3 3

2

3

3

cos( ) sin( ),

cos( ) sin( ,)

i xi i yi i

i yi i xi i

i i

s s

s s

s


 

 

  

  

 







 (32) 

with unknown smooth nonlinear functions
1 ( )i xih s ,

2 ( )i yih s
, 

and 
3 ( )i ih s


 to be introduced later. Moreover, we have the 

following unknown continuous functions 
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One has 
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Define the approximation errors 1i , 2i , and 3i . Then, 

we have 
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(35) 

By expanding the Lyapunov function candidate in (30) one has  

2 2 2

1, 0, 1 2 3

1 2 3

1 1 1
,

2 2 2
i i i i i

i i i  
        (36) 

which, results in 
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The virtual control laws 1i , 2i , and 3i  are then designed 

as 
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where , , , 1, , ,xi yi i i N   are control gains. We 

design 
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(39) 
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By taking all the aforementioned into account, (37) leads to  
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(40) 

Consider the first-order filter 
f f

i i i i μ α α α  such that

(0) (0)f

i iα α . Then for 1,2,3,q   we have 
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where 
1i

 and 
2i

 are functions of  
1iη , 

1iη  , 

..

1i
η , xis , yis , 

1i , 
2i , 
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1i  , and 
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Furthermore, we have 
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We can write,
1 1i xi ih s h , 

2 2i yi ih s h , and 
3 3i i ih s h
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The Lyapunov function candidate is expanded to give  
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We have 
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with 
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(47) 

This completes the first step of designing the leader-

follower formation control approach. 

Step II: 

From (19) and (29), one obtains that 
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  Υ Υ  ,ii i

 ξ ξ ξ  and

2| ˆ|| , 1, ,|i i i i i N    Λ Λ .  

Then, expand the Lyapunov function to  
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where 
1i  and 

2i  are symmetric positive definite 

design matrices and 
3 , 1, ,i i N    are positive constants. 

Hence 



International Journal of Industrial Electronics, Control and Optimization .© 2022  IECO 139 

 

 

2

3, 2,

1

.2
1

1T

.

1

2

3

| |

( , )

1 (•)
Tr{ }

,

]

2

1 ˆ

[i i i i i i i

i i i i i i i

i ii i i i i

i i

i i ii i

i



 


 





  

  


  

 

  

ζ ζ g G Υ

η ν ξ τ μ χ

Λ G G Λ Υ Υ
ζ ζ

ξ ξ

 

(50) 
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By Young’s inequality, one obtains 
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Furthermore, the following holds true 
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As a matter of fact, 
2 4| || | ||| |i inζ ζ . In this problem 

formulation n is equal to three. Then, 
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We know that 
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Now we choose the control law as 
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(56) 

where  , 1, ,i i N   are control gain matrices. The 

following are also derived 
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By taking the aforementioned equations into account, we 

have 
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Consider the compact sets  
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with positive constants 
diB  and i  for 1, ,i N  . We 

know that all the variables of functions (•) 1,2,3qi q   are 

bounded in
di i  , which indicates that | (•) |qi ib . With 

similar lines of reasoning, one concludes that 
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Theorem 1: By considering Assumptions 1-3, consider a 

team of N USVs seeking to follow a reference signal and keep 

a predefined formation among themselves under stochastic 

exogenous disturbances as described in uncertain dynamics 

(12) and (19). Choose the parameters such that 

, 1,2, ,7 qi q    and 1, ,i N  are strictly positive 

where, 
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Then, design the virtual inputs (38), the adaptive rules (39), 

and the actual control signal (56) alongside with update laws 

using the projection algorithm in (57). Finally, by applying the 

control signal  i t i

τ M τ  to the i-th physical system, all the 

tracking errors, i.e.,  

1 2 3 1 2 3ol( , , , , , , , , , )xi yi i i i i i i i is s s      
ei

X ζ  

converge to a ball centered at the origin in probability. 

Proof: The following holds true 
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 (59) 

which results in 

 
1

3, 3, 3

2

.i
i i i

i

c
c

c
    (60) 

The positive constants 
1 2,i ic c  and 

3 , 1, ,ic i N   are 

specified as 
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(61) 

 

where is defined in Definition 1, and 
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(62) 

Then according to Lemma 1, the closed loop system 

consisting has a strong solution. By applying Lemma 2 to (60), 

an exponential convergence of the expectation of the tracking 

errors to 3 2

1

i i

i

c c
c

 is achieved. Then,  

3 2
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therefore, 
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This completes the proof.                          ∎  

IV. SIMULATION RESULTS 

The simulations are performed on a vigilant networked 

group of 3N   USVs seeking for the platoon formation 

among themselves. In platoon configuration, 
i   and 

0i  . Consider the stochastic dynamics of a USV group as 

described in (12) and (19). A desired reference trajectory is 

defined as  

 0

0

[1.2 ,0,0]

[1.2 60sin ,60(1 cos ), ]

c

c

t t t

t t t t t t

  


     

η

η
  

where, 100ct   and 0.02( )ct t t   . The desired 

distance is 5ie  . The USV agents are stationary positioned 

at
1 [0,5,0] ,η 2 [0,10,0] ,η

3 [0,15,0]η .  

The design parameters are also chosen as
1 62i  I , 

1 102i  I ,
3 1.5i  , 10xi  , 12yi  , 8i  ,

diag(9,9,6)i  . The simulation is performed for 

  400t  sec with a sample time of 0.001sT   sec.  

 

 

Fig. 3: The formation tracking of USV agents. 

 

The uncertain functions are
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2
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i
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g


 
. All other dynamical 

system parameters are taken from [29] including the system 

matrices. Additionally, the covariance matrices 1iΛ
 and 2iΛ
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are chosen such that
|| || 40

i i 
Λ Λ

. The Neural Networks 

inputs are

T

1 [ , ]i i rix xZ
,

T

2 [ , ]i i riy yZ
, and 

T

3 [ , ]i i ri Z
. The centers of the NN are evenly spaced on

[ 1.5,1.5] [ 1.5,1.5]   , [ 1.5,1.5] [ 1.5,1.5]    and 

[ 0.5,0.5] [ 0.5,0.5]   , respectively. The results are shown in 

Fig. 3 -Fig. 6. In Fig. 3, the tracking performance of USV agents 

is shown for the whole simulation time including four distinct time 

instants, 20t  , 60t  , 150t  , 250t  , and 400t  . The 

control inputs are also shown in Fig. 4 – Fig. 6.  

 

Fig. 3: The formation tracking of USV agents. 

 

 

Fig. 4: The Control inputs ,1i . 

 

 

Fig. 5: The Control inputs ,2i . 

 

 

Fig. 6: The Control inputs ,3i . 

 

V. CONCLUSION 

We studied the robust adaptive leader-follower formation of 

USVs under stochastic exogenous disturbances. The 

environmental disturbances were separated into distinguished 

stochastic and deterministic parts. A comprehensive model for 

each USV agent was then derived by stochastic differential 

equations. All the tracking errors are proved to converge to a ball 

centered at the origin in probability.  
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The supply of purified water in marine and domestic applications, especially in remote areas regarding fossil fuels 

environmental pollutants, makes it hard to use conventional energy sources. Therefore, the present research seeks to 

construct a water purification system by using reverse osmosis technology supplied by a novel wind turbine driven with a 

permanent magnet synchronous generator. To reach this goal, an efficient high torque wind turbine was designed with new 

butterfly blades in which the lift and drag forces were determined along with creating twisting angles in blades. The blades 

were initially designed in SolidWorks software. Then, the computational fluid dynamics principles were simulated in the 

COMSOL5.2a environment by utilizing the k-ω pattern and multi-reference coordinate axis method. A laboratory prototype 

was implemented to verify the theoretical calculations, simulation analysis, and validity of the wind turbine. To ensure the 

sufficient capability of the system in worse situations, the performance of the turbine system at a low wind speed of 4 m/s was 

evaluated. The results showed that a maximum power factor of 0.29 was obtained, making the micro-turbine appropriate for 

both marine and domestic sweetener systems. 
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I. INTRODUCTION 

Nowadays, access to adequate purified water is turning 

into a global issue given the growing expansion of human 

societies and industrial development [1]. On the other hand, 

increasing concern about generating electricity from fossil 

energy due to their depletion crisis and environmental 

pollutant emissions necessitated energy generation from 

renewable energy sources [2]. Among all sorts of emerging 

energies, wind power has a special place due to lower 

energy costs, high efficiency, easy access, and eco-

friendliness, which has attracted the attention of many 

researchers and industrialists [3]. It is anticipated that by 

2050, at least 12% of the world's electrical energy will be 

generated from wind. Wind turbines operate on the basis of 

a drag force like an open sail, and the wind force pushes 

the desired surface [4]. Savonius Rotor is a very simple 

example of the windmill based on the drag force [5]. These 

turbines move because the drag force in the open and 

concave regions of these rotors is much larger and more 

than that in the closed and convex regions. In these turbines, 

the drag force acts as a propulsion force to rotate the blades. 

Savonius turbines usually have two or three wind power 

absorption blades. The design of these turbines is such that 

the rotational speed is low, but a large torque is generated 

in each turning circle. Studies on the aerodynamic behavior 

of the Savonius blade to increase its efficiency have 

suggested that the height of the blade will be considered 

twice its diameter, the initial overlap ratio will be between 

0.15 and 0.3, and the second overlap distance will be zero  
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[1, 5]. Besides, analyzing the helix rotor in comparison 

with its power production, torque, start-up characteristics, 

and rotational speed with conventional Savonius and their 

work results show higher efficiency and easier startup 

compared to conventional Savonius [6]. In addition, an 

experimental study on the Savonius turbine found that with 

the increase in the speed coefficient of the blade tip, the 

efficiency of these turbines increased, and the turbine with 

an overlapping space β and a round at the ends of the plates 

had better performance than the turbine without them [7]. 

The advantages of Savonius turbines for domestic 

electricity generation and wind turbine efficiency at 

various speeds were studied in [8]. The position of blades 

against the wind was investigated by [9] in an experimental 

and numerical study on a small type Savonius wind turbine. 

Aerodynamic simulation of a Savonius micro-turbine was 

conducted in [10] to identify the suitable point for installing 

wind turbines on the roof of a solar building. The effects of 

the overlapping ratio on the performance of domestic wind 

turbines were examined both numerically and 

experimentally in [11] according to which the best overlap 

ratio for this rotor is 20%. Authors in [12] tested wind 

turbines for quantitative and qualitative drinking water 

production by using RO systems in Ghana. In [13], a 

sweetener system was designed using wind turbines for 

rural areas to facilitate maintenance and allow high cost 

savings. An RO system with a back and forth pump that 

needed about 2 kW of power was utilized. Similarly, in [14], 

a study was conducted on the use of RO desalinating 

systems in a concrete plant. In this research, a comparative 

study was carried out to evaluate electrical energy versus 

wind energy for use as an energy source in RO desalinating 

systems.  

On the other hand, Nuclear Energy Agency and Energy 

Information Management’s report considered the 

equalized cost of power generation technologies in 

different countries as well as mentioning wind power as 

one of the cheapest power generation options [15]. 

Accordingly, many interesting solutions have been 

proposed for using wind power. The feasibility of using a 

Savenius wind micro-turbine on the roof of residential 

buildings was investigated in [16]. Similarly, many studies 

have been carried out on the use of Sovenius wind turbines 

in various applications. But, technical optimization of these 

turbines and their use in power generation for desalinating 

have been neglected. Therefore, the present study 

investigates the optimization of the Sovenius blade 

regarding the economic analysis of its application for 

electricity generation for a desalinating system. On the 

scale of domestic water consumption, reverse osmosis (RO) 

water desalination systems can only be used with wind 

power and without the need for another source because the 

electricity they need can be supplied by a small wind 

turbine and in the low-speed wind condition. The first step 

in the construction and installation of these small wind 

turbines is to conduct feasibility studies to assess the 

technical, economic, and infrastructural feasibility of 

establishing a water purification system using wind energy 

on a specific site using wind turbines. The rest of the paper 

is structured as follows: Section II introduces 

comprehensive modeling of the proposed system, 

including conventional units, electrical components, and 

Permanent Magnet Synchronous Generator (PMSG), as 

well as mechanical parts. Additionally, the model proposed 

for designing blades for an RO system incorporating a wind 

turbine is implemented in this section considering a 

detailed comparison between research samples. Section III 

presents the numerical results and simulation analyses 

obtained from the computational software. Section IV 

reports the experimental results derived from mechanical 

and electrical tests. Finally, the conclusions are 

summarized in Section V. 

 

II. PROBLEM DESCRIPTION 

A. Governing equations of the fluid flow 

Equations governing the flow of incompressible fluids 

are called Navier-Stokes equations. Many models have 

been suggested to solve these equations under different 

fluid conditions, each of which is suitable for a particular 

situation and its particular conditions. The fundamental 

equations in the analysis of fluids are the two relationships 

of conservation of mass (Eq. 1) and the relation of 

momentum (Eq. 2). Since there is a fluid rotation in the 

analysis of wind turbines, the two resultants, which are 

named Coriolis and centrifugal acceleration, are entered 

into the momentum equation. The Coriolis acceleration is 

defined as 2𝜔⃗⃗ × 𝑉𝑟⃗⃗  ⃗  and the centrifugal acceleration as 

𝜔⃗⃗ × 𝜔⃗⃗ × 𝑟  where r is the radial position of the rotation 

domain relative to the center, ω is the angular velocity of 

the spinning domain, Vr is the relative velocity, ρ is the 

static pressure, τr is the stress tensor, and F is the external 

forces subjected on the object [17]. 

𝜕𝜌

𝜕𝑡
+ 𝛻. 𝜌𝑉𝑟⃗⃗  ⃗ = 0 

(1) 

 

𝜕

𝜕𝑡
(𝜌𝑉𝑟⃗⃗  ⃗) + 𝛻. 𝜌𝑉𝑟𝑉𝑟⃗⃗ ⃗⃗ ⃗⃗  ⃗) + 𝜌(2𝜔⃗⃗ × 𝑉𝑟⃗⃗  ⃗ + 𝜔⃗⃗ × 𝜔⃗⃗ × 𝑟 ) 

= −𝛻𝜌 + 𝛻𝜏𝑟 + 𝐹  

(2) 

 

B. Standard method k-ω 

To simulate two flow domains, including rotors and 

stators, a combination of two Cartesian and cylindrical 
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coordinates was used. The standard k-ω model whose 

relations are presented in the following equations was used 

to analyze the turbulent flow [3]. These relationships are 

related to Navier Stokes relations by the flow switching 

parameters. The k-ω method is a suitable precision method 

for analyzing turbulent flow and Reynolds stresses caused 

by it. 

𝜌(𝑢. 𝛻)𝑘 = 𝛻[(𝜇 + 𝜇𝑇𝜎𝑘)𝛻𝑘] + 𝑃𝑘 − 𝛽0𝜌𝜔𝑘 

𝜌(𝑢. 𝛻)𝜔 = 𝛻[(𝜇 + 𝜇𝑇𝜎𝜔)𝛻𝜔] + 𝛼
𝜔

𝑘
𝑃𝑘 − 𝜌𝛽0𝜔

2 
(3) 

𝜇𝑇 = 𝜌
𝑘

𝜔
 

(4) 

𝑃𝑘 = 𝜇𝑇[
𝛻𝑢

𝛻𝑢 + (𝛻𝑢)𝑇
] 

(5) 

 

C. Permanent Magnet Synchronous Generators 

Permanent magnet synchronous generators (PMSGs) 

are kinds of synchronous generators that are connected to 

the system directly. However, higher reliability, efficiency, 

and power-to-weight ratio make them more attractive than 

other generators. Particularly, PMSGs are praised for direct 

drive, operating without a gearbox, slow rotation speed, 

and lack of rotor current. However, they still have some 

drawbacks. For example, they need an electromagnetic 

field with a flexible structure, which leads to high 

manufacturing and operation standards, and some 

temperature-related issues make them less applicable at 

wind farms. 

  
Fig. 1. The k-ω method for Sovenius wind turbine blade.  

The high efficiency and low maintenance will reduce 

the cost, which is the most important concern to invest [18]. 

Further details about control systems, aggregation methods, 

and equivalent models for PMSG wind turbines are 

presented in [19]. Figure 2 describes the components of a 

PMSG system including the generator and grid side 

converters’ controllers.  

 
Fig. 2. A schematic of a wind turbine driven PMSG  

Considering 𝜌 as air density in kg/m3, blade pitch angle 

(𝛽), Ar as blade impact area in m2, and wind speed in m/s 

(Vw), the power coefficient of the variable speed wind 

turbine (Cp), tip speed ratio (𝜆), and mechanical power (Pm) 

can be calculated as [2, 20]: 

Pm = 0.5. ρ. Ar. Vw
3 . Cp(λ, β) (6) 

Cp(λ, β) = 0.22 × (
116

γ
− 0.4. β − 5). exp(

12.5

γ
) 

(7) 

1

γ
=

1

γ + 0.89
−

0.035

β
3 + 1

 
(8) 

λ =
R. ω

V𝑤

 
(9) 

Further details and expressions are discussed in [21]. 

The relationship between mechanical power, torque, and 

wind speed can be established below: 

T𝑚 =
𝑃𝑚

ω
 (10) 

Accordingly, the mechanical torque depends on the 

wind speed and regarding system states (6) to (10), the 

model of the wind turbine can be modeled. Hence, the 

Simulink platform of a wind turbine is shown in Fig. 3. 

 
Fig. 3. The block diagram of the wind turbine aerodynamic. 

  

The current equations for the generator with the help of 

a rotor-fixed rotating coordinate system can be calculated 

as follows: 

disd

dt
= −

Rsa

Lsd

isd + ωs

Lsq

Lsd

isq +
1

Lsd

usd (11) 

disq

dt
= −

Rsa

Lsq
isq − ωs(

Lsd

Lsq
isd +

1

Lsq
ψ

p
) +

1

Lsq
usq (12) 

Ultimately, the electromagnetic torque of the rotor is: 

Te = 1.5
P

2
[ψ

p
isq + isdisq(Lsd − Lsq)] (13) 

where 𝑖𝑠𝑑 and 𝑢𝑠𝑑 are the current and voltage of 𝑑-axis, 

respectively. Similarly, 𝑖𝑠𝑞 and 𝑢𝑠𝑞 are the q-axis current 

and voltage, 𝐿𝑠𝑑 and 𝐿𝑠𝑞 are the generator inductance, 𝜔𝑠 is 

the generator’s electrical angular frequency, 𝜓𝑝represents 

the permanent flux, 𝑅𝑠𝑎 represents the stator’s resistance, 

and finally, P is the number of the generator’s poles. 

 

D. Reverse osmosis water purification method  

Reverse Osmosis (RO) is a filtration method with 

membrane technology that eliminates many types of large 
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molecules and ions from the solution by compressing the 

solution behind the membrane. As a result, the solvents 

remain on the side under pressure, and the pure solvent is 

allowed to pass to the other side. If a semi-permeable 

membrane is placed between two solutions with different 

concentrations, some of the solvent is transferred from one 

side of the membrane to the other. The natural direction of 

the solvent movement (i.e., from a higher chemical 

potential to lower chemical potential) is in such a way that 

the more concentrated solution is diluted. Pure water passes 

through the membrane and enters saline water. If the 

system is allowed to reach a balance, then the level of more 

concentrated saline water will rise upper than the level of 

pure water. This difference in the surface on both sides of 

the membrane is called osmotic pressure. By applying 

more mechanical pressure than osmotic pressure to saline 

water, water molecules are separated from the salt 

molecules and the water moves towards the pure water 

section, which is called "reverse osmosis".  

Semi Permeable 

Membrane

Applied Pressure Pure Water

Contaminants

Fresh 

Water

Direction of water

Salt 

Water

 
Fig. 4. Reverse Osmosis filtration overview. 

 

E. Comparison between research samples 

It is worth mentioning that the geometric and 

aerodynamic shape of the blade is the most important 

parameter in the operation of wind turbines, but limited 

research has been carried out in this field. Since one of the 

design goals in this research is to determine the effect of 

the aerodynamic shape of the blade on the efficiency and 

torque of wind turbines, a few examples of existing blades 

that have been investigated so far have been gathered in Fig. 

5 and their properties have been investigated. 

 
Fig. 5. Different geometric and aerodynamic shapes. 

As can be seen, in all of these patterns, it has been tried 

to determine the effect of each of these parameters on 

turbine performance by increasing and decreasing the 

curvature of the blade. If the Benesh blade is considered a 

control blade, then the curvature of yellow, grade 3, and 

grade 4 patterns is lower and the curvature of Sovenius, 

Khosravi, and Grade 5 is higher than that of the Benesh 

blade [20]. Considering this point, the optimized turbine in 

this study has a higher power factor or better efficiency 

than the conventional Sovenius and Khosravi blades, but it 

has a lower power factor than the Benesh. Table I shows 

the lift (LC) and drag coefficients (DC) for several samples 

of turbine blades. It should be noted that in this table, Pc 

represents the center of pressure. As can be seen, the 

difference between the values of drag coefficients is not 

significant. On the other hand, the lift coefficients include 

a range of variables. Therefore, the most important factor 

in varying the efficiency of wind turbines of this type is the 

variation in the lift coefficient. For example, the 

conventional Sovenius turbine has the lowest lift 

coefficient and the lowest efficiency in the reports. 

Moreover, the length of the torque arm plays an important 

role in determining the efficiency of turbines, but not the 

most important factor, since the Benesh and conventional 

Savenius blades have the highest effective arm length, 

while they have the highest and lowest efficiency in the 

table, respectively. 

TABLE I 

THE COMPARISON OF POWER COEFFICIENTS AND DRAG 

AND LIFT FORCES OF DIFFERENT TURBINE BLADES. 

Blade name Dc Cp,max Cm,max Pc (cm) λmax Lc 

Grade 5 3.01 0.34 0.41 9.3 1.3 0.07 

Grade 4 3.01 0.3 0.39 10.5 1.2 0.09 

Grade 3 3 0.31 0.4 10.5 1.2 0.11 

Benesh 3.01 0.37 0.34 11.9 1.2 0.08 

Yellow 3.08 0.36 0.34 10.8 1.2 0.11 

Khosravi 3.16 0.26 0.29 10.6 0.9 0.007 

Sovenius 2.3 0.23 - 11.9 0.8 0.001 

 

III. SIMULATION RESULTS 

The equations mentioned for the wind turbine are 

solved by producing nodes in the control volume, the 

meshing method, and the quality of the produced meshes. 

Hence, three different models of turbines are designed, 

modeled, meshed, and analyzed in COMSOL software in 

this study. The specifications of this meshing are presented 

in Table II and the related meshing is illustrated in Fig. 6. 

In this study, the air fluid enters the computing region at a 

speed of 4 m/s. Either one of the two conditions can be used: 

input velocity and input flow, which do not have any 

difference as the fluid in the input has constant properties. 

The velocity input boundary conditions were used as well. 
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The output pressure boundary condition as zero we used, 

as well as the other walls, the floor and the ceiling of the 

computational area were determined by wall boundary 

conditions (see fig. 7).  

 

 
Fig. 6. The meshing of this study. 

 

TABLE II 
 MESHING CHARACTERISTICS. 

Mesh numbers Mesh types 

36497 In apexes 

165530 Pyramid 

2201 Tetrahedral 

89634 Hexagonal 

440 Foursquare 

9434 Triangular 

18000 In boundary layer 

14870 In edges 

337706 Total meshes 

0.4276 Mesh quality 

 

 
Fig. 7. Specific boundary conditions of this study. 

According to the literature review, the potential of wind 

energy is calculated to be in the range of 900-1500 W/m2. 

Therefore, the power of wind energy in the geographical 

regions of the country should be considered independently 

and regionally [20]. Hence, statistical methods, 

mathematical and computational relations, the amount of 

energy, and wind speed in different months are calculated 

in this research. For this purpose, daily and hourly statistics 

(eight times measured at three-hour intervals) for wind 

speed during the last 5 years of the synoptic meteorological 

station as presented in table III are used. Figure 8 shows the 

diagram of the pressure distribution on the simulated rotor 

surface, in which, according to the colors, the highest 

pressure on the turbine blade is at the rotor's edges and 

shows that with the flow of air into the airfoil-shaped 

blades, the airflow creates a lift force that causes the turbine 

to rotate. When the blades rotate 90° from the horizontal 

position, the blade profiles become completely tensile 

(preventer). The opening cup at the top causes the blade to 

rotate clockwise, while the downward cup is subjected to a 

preventing force, which is opposed to the blade rotation. In 

terms of blade shape, the purer torque is in the clockwise 

direction.  

TABLE III 
AVERAGE MONTHLY AND HOURLY WIND SPEED AND ITS PERCENTAGE VARIABILITY OF METEOROLOGICAL STATION 

Average 
Wind speed (m/s) for each time period 

Month 
21:00 18:00 15:00 12:00 09:00 06:00 03:00 0:00 

0.12 0.367 0.968 1.032 2.451 2.258 0.968 0.516 0.419 Jan 

1.34 0.62 0.379 1.448 2.759 3.034 1.517 0.517 0.414 Feb 

2.09 1.129 2.194 1.839 3.742 3.064 2.645 1.226 0.903 Mar 

2.08 0.7 1.633 2.933 2.967 1.533 1.433 1.034 1.4 Apr 

2.10 1.097 1.806 4.355 4.032 2.870 2.323 0.193 0.161 May 

2.99 1.633 3.333 3.933 4.161 4.3 3.133 1.433 1.733 Jun 

2.38 2.387 2.645 3.258 2.741 3.064 2.163 0.839 1.419 Jul 

2.06 1.354 1.156 4 2.129 2.548 3.161 0.516 1.290 Aug 

1.08 0.667 0.3 0.533 2 2.333 1.933 0.433 0.5 Sep 

1 0.516 0.419 0.935 1.580 2.129 1.516 0.580 0.451 Oct 

1.05 0.733 1.516 0.548 1.833 1.5 0.366 0.433 0.433 Nov 

0.76 0.741 0.419 0.345 1.064 1.645 1.193 0.387 0.545 Dec 

1.67 0.995 1.396 2.096 2.621 2.329 1.946 0.676 0.805 𝐕̅ 

0.7 0.57 0.98 1.5 0.97 0.8 0.95 0.38 0.52 σ 

41.7 57.4 70 71.9 37.3 34.7 48.9 55.5 64.5 Cv 
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Fig. 8. Pressure distribution diagram a) in x-y, b) in x-z, c) in z-y and d) 3-dimensional 
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Fig. 9. Velocity distribution diagram a) of the turbine rotor and b) on the studying blade. 

Since these two cups are connected by a middle portion, 

this causes the air to flow between the two blades and, as a 

result, reduces turbulence. Figure 9 shows the distribution of 

velocity on the turbine rotor and turbine blade, respectively. 

As seen in the figures, the maximum velocity is in the direction 

in which the wind hits the turbine rotor from ahead. To 

maximize the efficiency of the Sovenius rotor, the end plates 

should be used on both sides of the rotor. A part of the air fluid, 

after collision with the rotor, moves away from the rotor 

towards the rotor's edges so that the maximum momentum of 

the wind is not transmitted to the rotor and the efficiency 

decreases. The other thing is that the air fluid after colliding to 

the surface that faces wind rotation by 90° from the concave 

side moves upward and down the blade. In order to obtain the 

most momentum in its ideal state, this angle should increase to 

180°. Figure 10 shows the power factor diagram based on the 

speed of the tip of the blade (m/s). The maximum power factor 

of 0.29 for the rotor's blade at the speed coefficient of 0.8 is 

obtained. Moreover, the lift and drag forces and the pressure 

center of the Sovenius blade at the Reynolds number range of 

106 are obtained through simulations. Obtaining the center of 

pressure is necessary since the torque arm increases by 

increasing the distance between the pressure center and turbine 

center, thereby increasing the torque probability. Further 

simulation results are presented in Table IV. After determining 

the aerodynamic shape and the lift and drag forces, the torque 

f blades is obtained in a complete cycle using the CFD analysis. 

 
Fig. 10. PF diagram in terms of the tip of the blade speed (m/s). 
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TABLE IV 

 AERODYNAMIC CHARACTERISTICS OF THE ROTOR 
Magnitude Parameter 

2.48 Drag coefficient 

0.25 Lift coefficient 

12.72 Center of pressure (cm) 

22.27 Average torque (N. m) 

 

Figure 11 indicates the torque subjected to the blades in a 

complete cycle. Accordingly, the maximum torque for the 

proposed turbine blades is 24.94 N.m, which is at 90°. To 

maximize the efficiency of the Sovenius rotor, the end plates 

should be used on both sides of the rotor. A part of the air fluid 

moves away from the rotor towards the rotor's edges after 

collision with the rotor so that the maximum momentum of the 

wind is not transmitted to the rotor, and thus, its efficiency 

decreases. To avoid this issue, it is necessary to use the end 

plates on the rotor. The other thing is that, similar to the 

previous section, the air fluid rotates 90° from the concave side 

after colliding with the surface in its ideal state and this angle 

should increase by 180°. 
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Fig. 11. The torque diagram subjected to the blade. 

 

IV. EXPERIMENTAL RESULTS 

The executive activity for blade metrology (metallurgical 

and mechanical properties) is obtained by comparing the 

strength and flexibility of the aluminum alloy sheets to other 

steel and foam sheets. As a result, aluminum alloy is chosen in 

this study. After that, regarding the design, each blade is 

divided into five equal parts. In this case, if a part of the blade 

is damaged, it can be easily replaced and the maintenance costs 

would be reduced. In the next step, these blades are cut by laser 

and then curved with a working roll that has a radius of 0.46 m 

for the turbine blade, which is less than the radius of 

conventional Savonius wind turbines. This feature results in a 

greater force and torque on the blades and greater power for 

the turbine. Then, by coupling the wind turbine and the 

generator, the proposed setup was structured. Moreover, the 

MRO1644 water desalination system is utilized in which the 

amount of sweetened water is 187 L/day. Due to the DC 30 

w/hrs power demand of the device, a PWM rectifier was 

applied in. Accordingly, the properties of the test system are 

presented in Table V and the photo of the setup in the test 

environment including both the wind tunnel and suppling the 

water desalination system is illustrated in Fig. 12. As a result, 

the experimental results are summarized in Table VI, 

approving the sufficient perfomance of the system and 

satisfying the required power demand during every possible 

condition as considered during system design. 

TABLE V 

PROPERTIES OF THE LABORATORY PROTOTYPE 
Name Vertical Axis Wind Turbine 

Started Wind Speed 1 m/s 

Rated Wind Speed 10 m/s 

Safe Wind Speed 45 m/s 

Rated Voltage (DC) 12.24 v 

Rated Power 100 watt 

Max Power 150 watt 

Rotor Diameter of Blades 0.48 m 

Blades Height (m) 1 m (include generator 8 flange) 

Blades Material Aluminum Alloy 

Generator PMSG 

Work Environment Temperature -10 cº ~ +40 cº 

Work Environment Humidity Controller and inverter ≤ 80% 

Product Assembly Weight (kg) < 19 kg 

 

 

 

 
a) b) 

Fig. 12. The overview of the manufactured laboratory prototype 

for a) wind tunnel test and b) RO application. 

TABLE VI 

EXPERIMENTAL RESULTS OF THE PROPOSED STRUCTURE 
Angular Speed 

(rad/sec) 

Voltage 

(Volt) 

Current 

(A) 

Power 

(watt) 

Torque 

(N.m) 

200 10.9 1.8 19.62 5.94 

300 14.6 2.5 36.5 7.30 

400 14.9 2.9 43.21 6.54 

500 15.4 4 61.6 7.42 

600 17.3 4.8 83.04 8.30 

700 18.7 5.2 97.24 8.38 

800 19.5 5.9 115.05 8.65 

900 20.3 6.2 125.86 8.39 

 

V. CONCLUSION 

This study aimed to design, simulate, and manufacture the 

rotor of wind turbine CH-50/butterfly type and use it as a 

power generator for a water desalinating system. To achieve 

this goal, the aerodynamic performance of this blade was 

first calculated by using computational fluid dynamics and 

performing 3D simulations. Both of the simulation results 

and analyses demonstrated 0.29 for the power coefficient of 

the rotor at a speed coefficient of 0.8. Also, the rotor has a 

torque of 24.94 N.m at 90 in a complete cycle. Comparing 

the two-dimensional analysis of simulations demonstrated 



International Journal of Industrial Electronics, Control and Optimization .© 2022 IECO 150 

 

 

that the difference between the wide range values of lift and 

drag coefficients was not significant. The highest drag 

coefficient was for a blade that had a low lift factor. 

Therefore, the lift coefficient variations can be considered 

the most important factor in the efficiency variations of this 

turbine type. Besides, the length of the torque arm plays an 

important role in determining the efficiency of the turbines. 

At last, a prototype test setup was implemented and the 

various tests regarding the technical specifications of the 

desalination system were conducted. The results indicate 

that the amount of the generated power by the proposed 

setup can meet the demand of the desalination system, 

leading to providing 187 liters of purified water per day. 
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Load sharing, as an important challenge in microgrids (MGs), is realized commonly via a droop control method. 

Conventional droop control methods are not applicable in unpredictable renewable energy sources (RESs) like 

photovoltaic (PV) and wind turbines (WT) because their output power depends on the weather conditions and can be 

extracted only if these free sources are available. This paper considers two operating modes for these types of sources as 

Maximum Power Point Tracking (MPPT) and DC-link Voltage Control (DCLVC). These power sources usually operate in 

the MPPT mode unless the load of the MG drops to a lower level compared to the maximum power generation by RESs, in 

which case the sources switch to the DCLVC operating mode. This study proposed a method based on enhanced droop 

control, which helps RESs to choose their control mode locally without communication and share the demand of the AC 

MG with other dispatchable sources besides supplying its maximum power. The proposed method focused on supplying MG 

load from RESs as much as possible and simplicity in implementation. MG frequency helps the proposed controller to 

select its operation mode. Enhanced control for DC link voltage control is offered for inverter-based RESs. The validity of 

the proposed method is approved by simulations in the MATLAB/SIMULINK environment. 
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I. INTRODUCTION 

Since greenhouse gas reduction has become an important 

environmental issue, renewable energy resources (RESs), 

such as wind and solar energy, have gained huge attention, 

especially in MGs [1], [2]. Integration of RESs and MGs 

requires power electronic interfaces [3], [4]. Hence, MGs 

comprise of RESs, energy storage systems, and power 

electronic interfaces. To share MG's load among parallel 

power electronic interfaces, suitable control methods should 

be applied to avoid circulating currents, especially in 

presence of RESs [5] – [7]. 

In the future, many countries around the world are likely to 

experience high penetration levels of WT and PV as RESs, to 

not only reduce greenhouse gas emissions but also utilize an 

interesting economic alternative in areas with abundant wind 

or solar radiation. The integration of high penetration levels 

of WT and PV into MGs may require new approaches and 

solutions [8], [9]. Due to the intermittency effect and 

renewable characteristics, WT and PV units can operate in 

either MPPT or DCLVC mode, while other dispatchable 

sources have the linear droop characteristic. 

 Basically, the first solution is to employ a central 

controller, that is why the authors in [10] propose a central 

controller to control the PV output power in an MG. 

Supplying unbalanced load via the combination of PV and 

battery energy storage system in [11] and [12] is another 

example indicating an effort to control RESs via a central 

controller.  High bandwidth is critical for central controllers 

in an MG. The costs of high bandwidth infrastructure besides 

noise and network security make the central controller an 

undesirable option and weakness of the mentioned papers. 

That is the reason researchers tend to use local controllers. 
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Although the increase in the RESs penetration in MGs is 

intended and desirable, DC MGs are preferred because of 

their less complexity. That is why authors in [13] and [14] 

apply a voltage droop control to a DC MG. In [15], an 

integrated PV and battery energy storage are controlled based 

on the voltage of a DC MG. Also, the authors in [16] propose 

the supervisory control for a combination of PV and WT 

along with a battery energy storage device for a DC MG. 

Although the mentioned literature proposes a control method 

for RESs in DC MGs, dispatchable sources besides RESs do 

not share the load with each other. Hence not involving load 

sharing in the study is a disadvantage of their methods. In 

[17], a decentralized control method based on the V-I droop 

concept is proposed for multiple PV sources, where the 

objective is to regulate the DC bus in a DC MG. Despite the 

fact that power sharing among PV sources has been carried 

out in some studies, PV sources cannot operate in the MPPT 

mode, unless a DC MG is in connected grid connected mode 

and that is the weakness of the study.  

Some authors tried to control RESs in AC MGs, where the 

droop control method was used to control PV sources to 

improve the MG voltage at the fundamental frequency [18]. 

In another study, a control method is proposed for a PV 

source so that it could operate in grid-connected or 

standalone mode, but load sharing in presence of RESs is not 

discussed because multi-source MGs were discarded [19]. 

Load-sharing in the studies is still not addressed, which is the 

weakness of the above studies. Most papers addressing the 

load sharing in AC MGs are focused on dispatchable sources 

while neglecting RESs [20] – [22]. Due to intermittent 

characteristics of RESs, load sharing of the proposed paper 

does not have the capability of controlling RESs. There are 

few studies that discuss the effects of RESs on load sharing. 

In [23], autonomous control strategies are proposed for PV 

and battery units operating in a droop-controlled islanded MG 

based on PV. Authors in [24] present a local controller for a 

single PV source to share its power and a dispatchable source 

power, in which the intermittent effect of RESs is considered 

in the AC MG. Nonetheless, it can be used only for MGs with 

a single PV source. References [25] and [26] introduce a 

decentralized controller for load sharing of a hybrid 

PV/Battery source based on switching between different 

operating modes. Yet, due to switching between numerous 

modes, an unpleasant transient is inevitable and it is the 

foible of the method. Considering the mentioned studies, 

further investigation is required to analyze the load sharing in 

intermittent RESs, especially in WTs of AC MGs.  

The present study proposed a decentralized controller to 

select the operating mode of the RESs based on local 

measurements and a droop method. MG frequency is used as 

a switching criterion between operation modes. The proposed 

controller helps RESs to extract the maximum power and 

supply the MGs in the MPPT mode. During low load 

conditions, the DCLVC mode is activated in the RESs to 

control DC link voltage in RESs and, while other 

dispatchable sources provide their minimum power, RESs 

share MG's load among each other, and power curtailment 

might occur if it is necessary. A comprehensive controller is 

proposed for DC link voltage control in PV and WT sources. 

It has the responsibility for determining the amount of power 

curtailment according to the voltage level of the DC link 

voltage. The power curtailment method varies according to 

the type of source. 

The organization of the paper is as follows. The primary 

control and proposed decentralized controller are explained in 

sections II and III, respectively. Simulation results are 

provided in section IV, and the last section presents the 

conclusions. 

II. PRIMARY CONTROL 

Various types of power sources are connected to MGs. 

They may operate in stand-alone or grid-connected mode. Fig. 

1 shows that power sources, such as PVs, WTs, or battery 

energy storage devices, are connected to MG by DC/AC 

power electronics interfaces in a sample structure of the MG. 

Voltage Source Inverter (VSI) and Current Source Inverter 

(CSI) are usually used as DC/AC interfaces between the 

source and the MG. Thanks to the ride-through and power 

quality advantages, VSIs have gained more attention in MGs 

applications [27], [28]. 

Current control loops, voltage control loop, virtual 

impedance loop, and droop control of VSI primary control 

are depicted in Fig. 2. The voltage control loop is responsible 

for voltage stability, especially in RESs-based MGs. Current 

control is in charge of continuous current injection with 

eliminated harmonics, especially in low-order harmonics. 

Current tracking must have a high bandwidth because it 

should provide a faster response than the voltage control; 

otherwise, any voltage disturbance can lead to an increase in 

the current THD and result in instability [29]. 

The proportional integral (PI) controller is the most widely 

used controller in inverter controls, but the proportional 

resonant (PR) controller is becoming more popular because 

of its faster dynamic response, higher gain at the fundamental 

frequency, and less harmonic components, especially in 

low-order harmonics. 

The frequency and amplitude of the reference voltage are 

calculated based on frequency-active power and amplitude–

reactive power relationships in the droop control method. 

Virtual impedance is added to make up the line impedance 

effect and reduce the dependency of active power and 

reactive power to voltage, and frequency, respectively [30]. 

Secondary control is responsible for the compensation of 

primary control deviation [31]. 
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Fig. 1. Structure of an MG 
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Fig. 2. Control of a DG source in an MG 

III. PROPOSED METHOD 

The sample AC MG depicted in Fig. 3 is used for the 

study. As Fig. 3 shows, the considered AC MG consists of 

‘m’ number of WT sources, ‘k’ number of battery energy 

storage sources and ‘n’ number of PV sources. PV sources 

are connected to the AC MG through a DC/DC converter and 

a DC/AC inverter. The DC/DC converter is responsible for 

the maximum power point tracking. The DC/AC inverter is 

used in the WT. The MG load is converted to an integrated 

single load. 

Load sharing in the sample MG is usually performed by 

the droop control method, which is described by the 

following equations: 

*

*

*

( ) 0

( ) 0

( ) 0

PVi PVi PVi PVi

WTj WTj WTj WTj

h h h h

D s P i n

D s P j m

D s P h k

 

 

 

   

   

   

 (1) 

where, 𝜔𝑃𝑉𝑖
∗ , 𝜔𝑊𝑇𝑗

∗  , and 𝜔ℎ
∗  are angular frequency 

references and 𝐷𝑃𝑉𝑖 , 𝐷𝑊𝑇𝑗  and 𝐷ℎ  represent frequency 

droop coefficients.  

*

*

*

( ) 0

( ) 0

( ) 0

PVi PVi Q PVi PVi

WTj WTj Q WTj WTj

h h Q h h

E E D s Q i n

E E D s Q j m

E E D s Q h k







   

   

   

 (2) 

where, EPVi
∗ ,  EWTj

∗  and Eℎ
∗  show voltage references, and 

DQ−PVi) , DQ−WTj  and DQ−h  denote voltage droop 

coefficients. 

The conventional droop method should be developed to be 

applicable to renewable intermittent sources like PVs or 

WTs. Hence, a new method is proposed here, with two 

operating modes as illustrated in Fig. 4 (a). Two control 

modes, one corresponding to the droop section of the curve 

and the other one corresponding to the vertical section of the 

curve in Fig 4. While the system frequency remains between 

fDS and f𝑚𝑖𝑛, renewable intermittent sources which may be 

PV sources or WTs track the maximum power and deliver it 

to the MG and operate in the MPPT mode (vertical section). 

As shown in Fig. 4 (a), the maximum power can be changed 

according to the weather variations and the remaining load 

shares among dispatchable sources. When the frequency of 

the MG increases to a higher level compared to fDS , 

dispatchable sources deliver their minimum power due to the 

load decrease, and intermittent sources share the load among 

each other based on a droop characteristic, which depends on 

the maximum extractable power of each available source 

according to the droop section of Fig. 4. 
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Fig. 5 depicts different operating modes of the proposed 

method in the sample AC MG with two PV sources, one WT 

source, and one dispatchable source. At State 1, each source 

delivers its maximum available power to the MG. Decreasing 

the load in this mode leads to a power decrease in the 

dispatchable source while renewable intermittent sources still 

operate at the maximum power point (MPP). When frequency 

reaches fDS and the MG operates at State 2, the dispatchable 

source operates at its minimum power mode and RESs are in 

charge of supplying the load. Increasing the frequency to 

State 3 leads to power curtailment in RESs and the DCLVC 

is activated in RESs to properly decrease their output power. 

At State 3, RESs share the load of the MG among each other 

using a new droop characteristic based on the maximum 

available power of each source. 

Since the proposed characteristic includes both MPPT and 

DCLVC modes, each part should be covered in a separate 

section. 
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Fig. 3. Configuration of the system under study 

A. Maximum Power Point Tracking Control Mode 

This mode is an important mode [32], [33] and RESs track 

their maximum power points and frequency of the MG is 

lower than fDS. Thus, the active power equation should be 

modified as follows: 

*

*

*

( )

( )

( )

PVi PVi New PVi PVi

WTj WTj New WTj WTj

h h h h

D s P

D s P

D s P

 

 

 





 

 

 

 (3) 

Where, 𝜔𝑃𝑉𝑖−𝑁𝑒𝑤
∗  and 𝜔𝑊𝑇𝑗−𝑁𝑒𝑤

∗  are new angular 

frequency references obtained from Equ. (4): 

 

 

* *

* *

( )

( )

PVi
PVi New PVi Max PVi PVi

WTj

WTj New WTj Max WTj WTj

D s
P P

S

D s
P P

S

 

 

 

 

  

  

 (4) 

Equ. (4) helps RESs to deliver their maximum power to 

the MG with updating character. 
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Fig. 4. The proposed characteristic for an intermittent renewable 

source (a) beside a conventional droop (b) 
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Fig. 5. Operation of the proposed method in different states 

Active power and phase angle relationships are similar in 

all sources. The relationship between the active power of 

inverter ‘i’ belonging to the PV source and its phase angle is 

given by Eq. (5) [33]: 

   

 sin

PVi com PVi com

PVi com PVi com

PVi

PVi

dt

E V
P

X

   

 

  





 (5) 

Where, EPVi is the output voltage magnitude of the ith 

inverter Vcom  is the common bus voltage magnitude, and 

assuming inductive impedance of line, XPVi  is the 

connection inductance. 

Small signal analysis is necessary for the adjustment of 

control parameters. Linearization of Equs. (3) - (5) at a single 

operating point leads to: 

 

 

 

 

*
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( )*
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( )*
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h h h S h
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D P

D
P P

S

D P

D
P P
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D P
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 

 

 
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

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
 

      


 

 
(6) 
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 (9) 

The control block diagram for RESs and the dispatchable 

source is illustrated in Fig. 6. As the small signal model of all 

RESs is similar, small signal model of one PV source is 

depicted as an example. A low-pass filter with a cut-off 

frequency of 0.2 Hz is considered in the control block of all 

sources. The filter is represented by 𝐺𝐿𝑃𝐹(𝑆) , and a PI 

controller is used for droop control as represented in Equ. 

(11) [30]: 

( )

1

1
LPF S

P

G
S




 

(10) 

, ,
pP iP

h PVi WTj

K S K
D D D

S


  (11) 

According to Ref. [27], the characteristic equation can be 

extracted from Fig. 6. In Fig. 7 root locus of the model is 

depicted. As all the three poles stay on the left side, the 

stability of the proposed method is confirmed. The 

conventional voltage-reactive power droop is applied to the 

reactive power control [30]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7. Root locus for small signal analysis in MPPT mo 

 

B. DC-link Voltage Control Mode 

When the load of the MG decreases to a lower level 

compared to the total maximum power of the RESs and 

dispatchable sources operate in a minimum power state, 

power curtailment is inevitable in RESs. The DC-link voltage 

will increase beyond its permissible maximum voltage due to 

the difference between the injected power to the DC-link and 

extracted power from it. Hence, RESs should switch from the 

MPPT mode to the DCLVC mode to control the DC-link 

voltage by controlling the power injected into the DC-link. 

As there are two types of RESs in this study, two types of a 

controller are proposed for the DC-link voltage control of PV 

and WT units, as shown in Figs. 8 and 9.  These two 

controllers operate similarly but with minor differences. In 

both of them, the difference between the DC-link voltage and 

the permissible maximum voltage passes through the 

saturation block. If the difference value is positive, the 

saturation block saturates the output at zero, and the voltage 

controller for DC/DC converter in PV source or pitch 
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WT source works to seek maximum power. When the 

difference value is negative, the output of the compensators, 

which are PI controllers, will be added to the output of the 

MPPT controller or the pitch angle controller. Therefore, the 

output of the DC/DC converter or the pitch angle controller 

does not track the maximum power and is changed to fix the 

DC-link voltage at the permissible maximum voltage.  
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Fig. 8. Block diagram of the DC/DC converter control 
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 Fig. 9. Block diagram of the AC/DC rectifier control of the WT 

 

As power curtailment is happening in this state and power 

is shared among RESs based on the new droop control, the 

droop equation for RESs changes as follows:  

*

*

PVi PVi PVi New PVi

WTj WTj WTj New WTj

D P

D P

 

 





 

 
 (13) 

New droop coefficients can be calculated by Equ. (14). 

 

max

max

DS
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Max PVi
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WTj New
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f f
D

P

f f
D

P















 (14) 

Similar to the previous section, small signal can be 

obtained. This is shown in Fig. 10 for the PV as an example. 

C. Mode Detection 

Fig. 11 shows how the proposed controller works locally 

and chooses its control mode for the PV source. The control 

method for WT is the same. According to Fig. 4, fDS is a 

border between two operating modes. Equation (15) shows 

the calculation of fDS for an MG. Thus, when the system 

frequency is higher than fDS, the proposed controller locally 

chooses the DCLVC mode and if it is lower than fDS, the 

MPPT mode is selected. Consequently, the system frequency 

passes through two saturation blocks with inverse operation 

modes and the outputs are multiplied by the reference voltage 

values. Finally, the sum of multipliers outputs produces 

reference voltage. Therefore, when the frequency of the MG 

is lower than fDS , the reference voltage is the product of the 

MPPT mode, else it will be the product of the DCLVC mode. 

 

𝑓𝐷𝑆

=
𝐷𝑖𝑠𝑝𝑎𝑡𝑐ℎ𝑎𝑏𝑙𝑒 𝑃𝑜𝑤𝑒𝑟(𝑓𝑀𝑎𝑥 − 𝑓𝑀𝑖𝑛)

𝐷𝑖𝑠𝑝𝑎𝑡𝑐ℎ𝑎𝑏𝑙𝑒 𝑃𝑜𝑤𝑒𝑟 + 𝑅𝑒𝑛𝑒𝑤𝑎𝑏𝑙𝑒 𝑃𝑜𝑤𝑒𝑟
+ 𝑓𝑀𝑖𝑛 

 

(15) 

IV. SIMULATION RESULTS 

Simulation of the proposed method is performed in the 

MATLAB/Simulink environment to show its validity. Fig. 12 

illustrates the sample AC MG, in which two PV sources, one 

WT source, and one dispatchable source are used for 

simulation purposes. The WT consists of an induction 

generator, a gearbox, and a wind turbine all interconnected. 

As Matlab Simulink environment is used for simulation, the 

default model of wind turbine beside some modifications 

from [8] and [9] are used for modeling the wind turbine. The 

maximum power of PV sources below 1000 W/m2 irradiation 

is shown in Table I. Method of [34] and [35] is used for PV 

power extraction. The Maximum power of the WT source 

below 10 m/s wind speed and zero pitch angle is provided in 

Table I. An LC filter at the output of the inverter is connected 

to all sources. Control parameters for all sources are provided 

in Table I. Common parameters for all sources have the same 

values. The load of the MG load is varied in a way that all 

operating modes can be achieved. The maximum and 

minimum frequencies of the MG are 50.1 Hz and 49.9 Hz, 

respectively. Hence, 𝑓𝐷𝑆  is roughly 49.96 Hz in the MG 

with the power in Table I. 
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Fig. 10. Small signal model for active power control in the DC-link voltage control mode for the RESs. 
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Fig. 11. The proposed control method 

 

Simulations under different situations are performed. 

Changes in the load and weather conditions are investigated 

in the first and second simulations, respectively. The first 

simulation starts under 1000 
𝑊

𝑚2  irradiance for PV sources, 

10 
𝑚

𝑆
 wind speed for the WT source, and the MG load equal 

to 3400 W. Then the MG load decreases two times; in the 

first case, the load reaches 3100 W at t = 5 s (section 2 in Fig. 

13) and in the second case, it decreases to 2200 W at t = 10 s 

(section 3 in Fig. 13). In the next step, the MG load increases 

and reaches 2600 W at t = 30 s (section 4 in Fig. 13). 

As expected, when the MG load is 3400 W, the frequency 

drops below 𝑓𝐷𝑆 and all RESs deliver maximum reachable 

power to the MG and the remaining load is supplied by the 

dispatchable source, which is shown in section 1 in Fig. 13 

and Fig. 14. At t = 5 s, the MG load decreases and the 

frequency increases to a higher level to become almost equal 

to 𝑓𝐷𝑆 . Therefore, the dispatchable source power decreases 

to its minimum power state, while RESs still deliver 

maximum power to the MG. More decrease in the MG load 

leads to more increase in the MG frequency. Thus it is 

expected that the frequency increases to a higher level 

compared to 𝑓𝐷𝑆  and RESs change the control mode from 

the MPPT to the DCLVC mode, and power curtailment 

happens. Section 3 of Fig 13 illustrates the proposed 

controller reaches the predetermined goals and load sharing 

during DCLVC mode is properly performed. Fig 15 shows 

the DC-link voltage for RESs. Different maximum 

permissible voltages are considered for each source to check 

each source separately. According to Fig. 13 and Fig. 15, 

RESs share the load between each other in a very proper 

manner and the DC-link voltage is kept constant at 

permissible maximum voltage. The DC-link voltage variation 

of PV1 and PV2 is similar and the controller response is very 

fast. However, in the case of the WT, it is much slower 

because of mechanical mechanism dynamics. The controller 

changes the pitch angle and due to a higher time constant and 

a slower response of the pitch control system, the variations 

in the DC-link voltage in the WT are much slower compared 

to those of PV sources. 
Table I 

SIMULATION PARAMETERS 

Type Symbol Quantity Value 

Electrical 

Parameter 

𝑉𝑀𝐺 MG voltage 311 V 

f MG frequency 50 Hz 

𝑉𝐷𝐶 DC voltage 650 V 

𝑃𝑀𝑎𝑥−𝑃𝑉1 PV1 Maximum Power 1.4 kW 

𝑃𝑀𝑎𝑥−𝑃𝑉2 PV2 Maximum Power 0.7 kW 

𝑃𝑀𝑎𝑥−𝑊𝑇 WT Maximum Power 1 kW 

𝑃𝑀𝑎𝑥−𝐷𝑖𝑠𝑝𝑎𝑡𝑐ℎ 
Dispatchable Source 

Maximum Power 
1.35 kW 

C Filter Capacitance 25 𝜇𝑓 

L Filter Inductance 1.8 mH 

𝐿𝑂 Output Impedance 1.8 mH 

Inner 

Loops 

𝐾𝑝𝐼 
Current proportional 

term 
0.35 

𝐾𝑖𝐼 Current Integral term 200 

𝐾𝑝𝑉 
Voltage proportional 

term 
0.35 

𝐾𝑖𝑉 Voltage integral term 400 

Droop 

Control 

𝐾𝑝𝑃 
Active power droop 

coefficient 
0.00001 (𝑅𝑎𝑑

𝑊. 𝑠⁄ ) 

𝐾𝑖𝑃 
Active power droop 

Integral term 
0.0008 (𝑅𝑎𝑑

𝑊. 𝑠⁄ ) 

𝐾𝑝𝑄 
Reactive power droop 

coefficient 
0.16(𝑉

𝑉𝑎𝑟⁄ ) 

𝑅𝑉 Virtual Resistance 1 Ω 

𝐿𝑉 Virtual Inductance 4 mH 

 

At t=30 s, the MG load increases and makes the MG 

frequency decrease but it is still higher than 𝑓𝐷𝑆, therefore 

DCLVC is ON and power curtailment happens again. Due to 

a sudden increase in the output power, the DC-link voltage 
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experiences a sudden decrease but power from RESs 

compensate for the changes, and the DC-link voltage returns 

to its previous state immediately. 

As the controller has online maximum power tracking, it 

should have the ability to respond to any changes in weather 

conditions. So, in the second simulation case, irradiance and 

wind speed changes are considered to examine the response 

of the proposed controller. 

In the second simulation, the MG load is kept constant and 

irradiance for the PV1 is decreased from 1000 
𝑊

𝑚2
 to 500 

𝑊

𝑚2
 

at t = 10 s, then it is increased to 1000 
𝑊

𝑚2
 at t = 20 s. Wind 

speed change occurs at t = 30 s and t = 40 s for the WT. At t 

= 30 s, wind speed is decreased from 10 
𝑚

𝑆
 to 8 

𝑚

𝑆
 and at t = 

40 s it becomes 10 
𝑚

𝑆
. Fig. 16 shows active power variation 

of all sources while the MG load is 3400 W and kept constant 

while weather conditions are changed for some of the RESs. 

As depicted in section 2 of Fig. 16, when irradiance changes 

from 1000 
𝑊

𝑚2 to 500 
𝑊

𝑚2 for PV1, as expected the MPPT 

controller finds a new maximum power, and the output power 

of PV1 decreases to 50 percent of its nominal power. While 

other RESs deliver their maximum power, the dispatchable 

source has the free capacity to compensate for differences 

between the MG load and the generation. So, the output 

power of the dispatchable source increases to make up the 

difference. When irradiance increases to 1000 
𝑊

𝑚2 at t = 20 s 

in section 3 of Fig. 16, the MPPT of PV1 changes its 

operating point to a previous state, and as it is predictable the 

output power of PV1 increases to its nominal power, hence 

the dispatchable source power drops to its previous state. The 

response of the WT to a decrease in the wind speed is shown 

in section 4 of Fig. 16, in which the wind speed decreases to 

8 
𝑚

𝑆
 at t = 30 s. It can be guessed that the dispatchable source 

takes the responsibility for the generation and load difference 

by increasing its output power. As depicted in section 4 of 

Fig.16, the dispatchable source makes up the difference. 

Section 5 shows the return to the previous state when the 

wind speed increases and the dispatchable source power 

decreases to its initial state. Figs. 17 and 18 show the 

frequency of the MG and variations in DC-link voltages of all 

RESs. Although irradiance or wind speed has been changed 

during the second simulation, the power injected into the 

DC-link and power extracted from DC- link was almost equal 

during weather changes for all RESs. Hence, the DC-link 

voltage did not experience much variation due to weather 

changes. MG voltage variation due to weather change is 

illustrated in Fig. 19. As shown in Fig. 19, changes in solar 

radiation or wind speed, which are accompanied by changes 

in the output power of REVs, cause changes in the MG 

voltage. Of course, the performance of the reactive power 

controller, which is responsible for the MG voltage control, is 

quite satisfactory and has a good speed to power changes. 

load sharing with the conventional droop method is 

performed in Fig. 20 to compare with the proposed controller 

operation. Weather variation is the same as Fig. 16. As 

depicted in Fig 20, load sharing performed very well but the 

dispatchable source share is increased compared to Fig. 16. 

Hence extracting power from RESs is decreased and RESs do 

not work at MPPT under any circumstances. As previously 

mentioned, the conventional droop method is not suitable for 

use with RESs. 

In order to check the effectiveness of the proposed method, 

simultaneous change in load variation and weather change is 

applied.  At t=15 s load decreased from 3400W to 3000W 

and sun radiation for PV1 decreased to 500 
𝑊

𝑚2
 from 1000 

𝑊

𝑚2
.  Again at t=30 s load decreased to 2300W and wind 

speed from 10 
𝑚

𝑆
 reduced to 8

𝑚

𝑆
 .  Fig. 21 shows that even 

in the simultaneous change of load and weather, the proposed 

controller properly shares the MG load among sources and 

insists on supplying load from RESs by helping them to work 

in MPPT mode. 

V. CONCLUSION 

This study shows that the proposed controller is applicable 

in renewable inverter-based sources with the DC-link 

voltage. It helps RESs to select their control mode locally 

using the MG frequency. Thus, the communication link 

can be omitted or lower bandwidth communication with 

much less cost can be used instead. Any decrease in 

dependency on communication will increase the reliability 

of the system and reduce the noise influence on the 

operation of the controller. 

Due to insist of the proposed method on consuming 

maximum reachable power of renewable source unless 

MG is in low load condition and cannot absorb the power, 

greenhouse gas emission reduces and penetration of 

renewable sources such as PV and WT in AC MG grows.  

Simulation results show that the operating mode is 

identified very well with the help of local measurements 

and the response of RESs to the MG load changes is very 

fast. Usage of the proposed method with PV and WT 

confirms that the proposed method is capable of matching 

with different types of RESs and the maximum power 

point tracking method. 

It is recommended to consider battery state of charge or 

DC link voltage level in power sharing during DCLVC 

mode for future work. RESs with a low level of DC link 

voltage can absorb power and act as a load during low 

load conditions and power curtailment can be reduced. It 

helps to use more renewable power. Load management 

can be investigated in future work when MG's available 

power is less than MG demand. 
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Fig. 12. A sample AC MG with three RESs and one dispatchable source used in simulations 
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Fig 13. Active power variations according to load change 
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Fig. 14. Frequency variations according to load changes 
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Fig. 15. DC-link voltage variations according to load changes 
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Fig 16. Active power variations according to weather changes 
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Fig. 17. Frequency variations according to weather changes 



International Journal of Industrial Electronics, Control and Optimization .© 2021  IECO… 163 

 

 

0 10 20 30 40 50
350

400

450

500

550

600

650

700

750

800

850

time (s)

V
ol

ta
ge

 (
V

)

_____   DC Link Voltage of PV1

_ _ _ _  DC Link Voltage of PV2

_ . _ . _ DC Link Voltage of Wind Turbine

 
Fig. 18.  DC-link voltage variations according to weather changes 

 
Fig. 19.  MG voltage variations according to weather changes 
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Fig 20. Active power variations according to weather changes with conventional droop controller 
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Fig 21. Active power variations according to weather changes and load change simultaneously with proposed droop controller 
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Electrical energy regeneration and storage in a tall structure with the installed passive pendulum tuned mass and damper 

(PPTMD) is investigated. While the passive vibration absorbing system works as an energy harvesting device, an electrical 

system including an electric motor, power electronic converters, a battery charger and storage subsystem are designed in 

order to store the energy taken from the structure vibrations which may be resulted from various external disturbances such 

as wind or earthquakes. The whole 76-story structure and the relevant electrical energy regeneration system are modeled 

and simulated and the design scheme is implemented on a two-story reduced order lab structure equipped with PPTMD, the 

electronic circuit and the battery. A boost AC rectifier is designed and controlled to rectify the AC output voltage and is 

followed by a boost DC-DC converter as a battery charger for the Li-ion battery. A passivity-based controller (PC) and a 

sliding mode controller are designed for the rectifier and the battery charger, respectively. The simulation and the real test 

results demonstrate the efficient harvesting and storage of the energy extracted from the building. 
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I. INTRODUCTION 

Recent architecture of buildings in modern cities of high 

population has moved towards tall structures with some 

movement flexibility [1,2] where the external disturnbance 

loads such as wind and seismic forces are potential treats to the 

stability of such structures. The emerging of structural control 

systems is a response to the urgent need of building 

stabilization [3,4]. There are several types of such systems 

reported in the literature such as passive-type [3,5] , the semi-

active-type [6,7] and active-type solutions [8-12]. As the most 

commonly used and easy to implement solutions, passive-type 

systems include the simple methods such as the base isolation 

solution [13] and viscoelastic dampers solutions [14], or 

different kinds of the the vibration absorbing systems such as 

tuned mass dampers (TMDs) [15], tuned liquid column 

dampers (TLCDs) [16],  and pendulum-based TMDs 

(PTMDs) [17,18], etc. All mentioned types of passive 

vibration absorber systems have as their objective the damping 

of the structural vibrations resulted from the external 

disturbances.  

The passive-type vibration absorbing systems used for the 

structural control consume less amount of energy as compared 

to other systems such as the semi-active and active ones since 

they need no source of power for their operation. However, the 
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energy of the vibration that is absorbed by the passive-type 

device, for example an installed pendulum, is completely 

dissipated. To harvest such otherwise-wasted energy from the 

building vibrations an energy conversion unit together with an 

especial design is needed. The recovered energy can be later 

utilized as the common utility electric power or be stored in the 

building emergency power storage system. Extracting of 

energy from vibrating systems has been previously studied in 

[19-22]. There are few studies regarding the energy 

regeneration in the passive structural systems. For example, in 

[23] the extraction of energy from through-building openings 

openings is investigated. Authors in [24] sduggest the 

extraction of the energy from the engineered cementitious 

composites by using the polyvinylidene fluoride piezo 

polymer. In [25] energy harvesting from a TMD system is 

studied. Also in [26] authors design a pendulum-based energy 

regenerating systems to provide the energy for the wireless 

sensor network installed in the structure when under seismic 

forces.   

As the power generated by pendulum-based compensators 

is of oscillatory nature, to store such power there is a need to 

convert the power to a DC output with minimum fluctuations. 

In this paper, an scheme for restoring the power from the 

pendulum actuator is proposed and the electronic processing 

and control of such power to be finally stored in the battery 

system. To this aim a DC generator followed by an AC rectifier 

system is utilized in order to simultaneously rectify and 

convert the semi-AC voltage into amplified DC voltage prior 

to being boosted through the DC-DC converter. The AC 

rectifier unit includes a passivity-based PWM control (PC) 

which adjusts the output DC voltage. Afterwards, a boost DC-

DC converter is responsible to enhance and tune the voltage 

and also acts as the battery charger system to adjust the fixed 

charging current according to the charging plan of the Li-ion 

battery. A sliding mode controller has been designed using the 

augmented nonlinear dynamic model of the battery to fix the 

battery charging current. There several application of sliding 

mode controllers on DC-DC converters (See for example [27-

28] and the references therein). Here, a simple sliding mode 

controllers is designed based on the augmented dynamic model 

of the battery/converter to adjust the battery charging current.   

The whole two-story structure and energy regeneration 

generator has been experimentally constructed and installed 

over a shake table. To have a better visibility of results the 

electronic processing and storage system including converters 

and batteries are simulated in Matlab Simulink and linked to 

the hardware to form a harware-in-loop test setup. The results 

show the effective implementation of the proposed scheme in 

regenerating the power from the PTMD actuator.  

The novelty of this paper is threefold: (1) this paper presents 

a complete scheme for energy regeneration from PPTMD. The 

plan is a multi-stage energy regeneration scheme that has not 

been previously proposed. (2) A passivity-based control design 

for the AC rectifier system has been designed (3) a sliding 

mode controller has been designed for the boost DC-DC  

 
Fig. 1. The overall plan of energy regeneration from passively 

damped structure including PPTMD. 

 

battery charger using the unified model of the 

converter/battery. 

The rest of the paper is organized as follows: Section II 

firstly gives the basics on energy regeneration from a passively 

damped structure and then each component of the energy 

regeneration system is introduced in detail. The designed 

dynamic controllers are also discussed. Section IV represents 

the simulation and test results regarding the implementation of  

the regeneration system. Finallly, section V concludes the 

paper.  

  

II. ENERGY REGENERATION SCHEME 

The vibrations from different external forces such as wind and 

earthquake are devastating factors considered in the design and 

operation of tall buildings. Tuned mass-damper (TMD) 

systems are common devices which are employed to absorb 

the kinetic energy of the structure vibrations. In this study, a 

structure with an installed passive-pendulum-type TMD 

(PPTMD) is considered. The pendulum is usually installed on 

the upper floors where the most intense movements occur [17, 

18]. In our energy regeneration scheme, an electric motor is 

coupled along the pendulum joint to transform the mechanical 

energy of the pendulum swings to the electrical energy. The 

outcome electric voltage is then rectified and converted to DC 

voltage. The electrical energy is finally stored in a Li-ion 

battery via a charger circuit. The described structure including 

the PPTMD, the electric motor and the power electronic circuit 

is shown in Figure 1.  

   The dynamic equations of the structure movements are 

described as ([29]) 

      - ( )
g w

u f t  M C K M r Ex x x or        (1) 

in which x is the vector of the displacements. The centered 

masses of floors are represented as the following diagonal 
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m
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 
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  
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M              (2) 

and the stiffness matrix K is represented as 

1 2

2

0 0 0

- 0 0

0 0 0

0 0 0 -
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ij
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n

k k

k

k

k

k

  
 
 
 
 
 
  

K             (3) 

where ki is the stiffness of the i-th floor. The damping matrix 

C in (1) is described as 

0 1
a a C M     (4) 

where 0
a and 1

a  are calculated in terms of stiffness of floors 

and the natural frequencies of the structure as 

 
1 3

0 1

1 3 1 3

2 2
,

w w
a a

w w w w

 
 

 
 

where w1, w2, w3 are first three structural modes [29]. In (1), 

g
u is the external disturbance acceleration and r (or E) is the 

disturbance excitation coefficient matrix and ( )
w

f t  is the 

wind force. The dynamic equation describing the pendulum 

swing is expressed as 

2 2
sin h

p p p

xg 1
T

L ML ML
  

   
        

   

              (5) 

where xh is the top story displacement, g represents the gravity 

acceleration, Lp is the pendulum arm length, T is the outcome 

torque and   is the swing angle. In case the pendulum axis is 

coupled with a generator shaft, the mechanical torque T 

contributes to the electrical energy production by the 

pendulum system which should be later processed to be stored 

in the battery. The length and mass of the pendulum is 

determined according to the natural frequency of the structure 

and its first modal mass [30]. Such energy is not currently 

harvested in the passively damped structures. In order to 

harvest and store such energy a generator system together with 

power electronic devices are employed. The complete diagram 

of energy regeneration has been depicted in Figure 1. As seen, 

the pendulum joint is coupled with a DC generator to transform 

the output mechanical power into an almost-AC electric 

power. The output voltage of the generator is rectified and 

regulated using an AC rectifier. The result is a DC voltage of 

desired magnitude. The output is then applied to a DC-DC 

boost converter that acts as a current charge controller for the 

battery. The resulting power is restored in Li-ion battery. In 

the following, different parts of the energy regeneration 

system together with the relevant control strategies are  

 

TABLE I 
SPECIFICATIONS OF THE DC GENERATOR 

 

 

AC

L S

S*

C Load

S

S*

Fig. 2. Structure of the AC rectifier. 

 

explained. 

A. Electric DC Generator 

The electric DC generator is coupled with the pendulum 

installed on the upper floor of the structure. The motor include 

a gearbox system to adjust the rotational speed and torque and 

is connected to the pendulum joint on the structure. The DC 

generator is of the permanent-magnet type. The specifications 

of the used DC electric motor for a 76-story and the one used 

for the reduced-order two-story lab structure in this study, are 

given in Table I.  

 

B. AC Rectifier 

The output voltage of the DC generator is almost AC while 

including contaminations of higher frequencies. It means that 

the voltage is of alternative nature as a result of the swing 

movements of the pendulum; however, it may include 

harmonics of different orders. In order to store the electric 

voltage extracted from the structural movements it is necessary 

to convert it into the DC voltage. Moreover, the magnitude of 

such voltage is usually low. It is because the output voltage 

depends on the rotational speed/frequency of the swing and 

such rotational speed is usually low. Such voltage will then 

undergo some processing by the power electronic circuits to be 

finally stored in the batteries. As each circuit causes some 

voltage loss, it is essential for the voltage magnitudes to be 

high enough before applying to the battery charger. Employing 

a gearbox system can slightly improve the voltage magnitude, 

however, it is still needed to provide a higher voltage. To 

obtain the regulated DC voltage from the input AC-like 

Parameter Unit Simulated 

76-story 

building 

Two-story 

structure 

Maximum Power W  4500 12 

Nominal Voltage  V 400 12 

Nominal Current  Amp  10 1 

Electric inductance (L) μH  100.5 10 

Electric resistance (Ra) Ohm  3.5 1.1 

Friction coefficient (B) N.m.s 0.002 0.001 

Moment of inertia (J) Kg/m2 0.001 0.01 

Torque constant (K) N.m/Amp 1.8 0.2 
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voltage, using the conventional bridge rectifiers is not 

recommended. Instead, a boost AC rectifier can be used here 

that converts the voltage into DC and amplifies the magnitude 

at the same time. Boost rectifier or boost AC rectifier is a well-

known interface circuit in power electronics. In some 

references it is also called the power factor correction (PFC) 

boost rectifier. Such circuit increases the power factor and 

reduces harmonic currents. As a result, the circuit is usually 

used for improving the power quality of power supplies. For 

general description on these circuits please refer to [31-34]. 

Here, the boost AC-DC circuit is used to convert the DC 

voltage to AC voltage and, in the same time amplify the 

magnitude of voltage.  The circuit diagram of the used AC 

rectifier is depicted in Figure 2. The circuit includes four 

switches, a capacitor, and an inductor connected to the 

resistance load.  

The dynamic equations of the single phase boost AC rectifier 

is given as follows ([35]): 

- ,

1
- ,

AC

di
L uV V

dt

dV
C ui V

dt R

 



           (6) 

where
0

sin( ),
AC

V E  is the ideal input AC voltage, i is the 

input current, V is the output DC voltage, u is the average duty-

cycle of the PWM input applied to the switch gates, L is the 

inductance, R is the resistance,  C is the capacitance and E is 

the AC voltage magnitude. Using the time-scale change 

t LC   defining the quality factor Q R C L , and the 

normalized states  1
,x i E L C  2

x V E , the average 

state-space equations of the boost AC rectifier could be 

rewritten as follows: 

1 2

2

2 1

- ,

,

AC
x ux V

x
x ux

Q

 



 


        (7) 

where 
0

sin( )
AC

V    could be the ideal normalized input. 

Here a passivity-based controller is designed to adjust the level 

of the output voltage. It is assumed that the desired state 

trajectory 
*
( )x    also satisfies 

* * *

1 1

*

* * * 2

2 1

,

,

AC
x u x V

x
x u x

Q
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 
           (8) 

By defining the state tracking error 
*

( ) ( )e x x    it can be 

easily shown that the error dynamics are obtained as 
*

1 2 2

*2

2 1 1

,

,

u

u

e ue x e

e
e ue x e

Q

  
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           (9) 

where 
*

u
e u u  . Now suppose that the control is designed 

such that  * *

2 1 1 2u
e x e x e    for some positive γ . 

Replacing to (9) results in 

 

 

* * *

1 2 2 2 1 1 2

* * *2

2 1 1 2 1 1 2

,

,

e ue x x e x e

e
e ue x x e x e

Q





    

    
         (10) 

Defining the error energy as 
2 2

1 2
0.5( )V e e  leads to 

* 2 * *

1 2 2 1 1 2 2

* * * 22

2 1 1 2 1 1 2

2

* 2 2 * * * 2 2 2

2 1 1 2 1 2 1 2

( )

( )

( ) 2 ( ) .

V e ue x e x x e

e
e ue x x e x e

Q

e
x e x x e e x e

Q

 

 
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     

 
    

 
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(11) 

In order to have negative value for the Lyapunov time 

derivative the following inequality, referred to as dissipation 

matching condition, should hold: 

* 2 * *

2 1 2

* * * 2

1 2 1

( )

01
( )

x x x

x x x
Q

 

 

 
  
  
  

        (12) 

The controller is then calculated as 

   

 

* * * * *

2 1 1 1 2 2

* * *

2 1 1 2

u u x x x x x x

u x x x x





      
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    (13) 

It is needed to choose the desired state trajectory values 
*

1
x   

and 
*

2
x  in calculation of control. If the total average energy 

of the system is 
2 2

1 2
0.5( )E x x   then the power is given by 

2

2

1
,

AC

xdE
xV

dt Q
        (14) 

in which the first term is the input power and the second is the 

delivered power. In the balance condition the dc values of two 

terms are equal that gives 

2

2

1
.

AC dc

dc

x
x V

Q
          (15) 

The desired state trajectory values can be selected by 

considering (15). In an ideal case, the normalized output 

voltage x2 converge to the steady state dc value Vd and the 

normalized AC current have the steady state 

 1 0
sinx A   . Setting also  0

sin
AC

V     we have 

2
2

,d
V

A
Q

                  (16) 

Therefore, the steady state values  * *

2 1 0
, sin

d
x V x A     

are appropriate choices. In (13) it is also needed to calculate 
*

u  that can be obtained from (8) as 
*

* 1

*

2

AC
V x

u
x


                 (17) 

which in case of ideal AC input becomes 
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       (18) 

Thus, as a summary, the PC can be designed as  
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   (19) 

where Vd is the desired DC voltage ratio and γ is a positive 

design parameter to adjust the speed and damping of the 

transient response.  

 

C. Battery Charging Circuit 

The boost AC rectifier provides the regulated DC voltage with 

the desired magnitude. Such voltage level is determined by the 

battery specifications. However, the rectifier is not able to 

control the input current for charging the battery. 

Consequently, a charge controller circuit is needed to control 

the charging current. To this aim, a boost DC-DC converter is 

suggested as the battery charger. The application of DC-DC 

converter as the battery charger is studied by several 

researchers (see for example [36, 37] and the references 

therein). The circuit diagram of the boost DC-DC converter is 

shown in Figure 3. The output current of the boost DC-DC 

converter should be controlled for the goal of ensuring the 

efficient battery charge-time and its long-time health. The 

dynamic state-space equations of the boost DC-DC 

converter is described as follows: 

(1 ) ,

(1 ) ,

in
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di
L u V V

dt

dV
C u i i

dt

   

  
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,

, ,
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bat oc

dSOC
i

dt

V E
i E SOC

R
 




  

             (20) 

where i is the input current, V is the output DC voltage, ibat is 

the battery input current, [0,1]u  is the on-off input applied 

to the switch gate, SOC is the state of charge of the battery, Eoc 

is the open-circuit voltage of the battery, L is the inductance, 

R0 is the battery internal resistance, and Vin is the input voltage. 

Also, parameters ,   are describing the dependency of the 

open-circuit voltage of the battery on its charging level. Here, 

this relationship is approximately assumed to be linear.  

   To regulate the charging current a sliding mode controller 

is designed using the unified dynamic model of the boost DC-

DC and the battery. The sliding surface is defined as 

bat bat
S i i  in which bat

i is the desired charging current. The 

equivalent control eq
u is obtained by setting 0S  . According 

to (20), this results in 

TABLE II 
SPECIFICATIONS OF THE BATTERY AND ELECTRONIC CIRCUITS 

 

 
Fig. 3. Structure of the battery charging system. 

 

 

 
Fig. 4. A block diagram of control system. 

 

 1 1
.

bat

eq

C C i
u

i

   
           (21) 

The whole sliding mode control is then expressed as 

 eq
u u ksign S              (22) 

The sliding gain k can be then chosen large enough to 

guarantee the stability of the sliding surface. 

Device Parameter 76-story 

structure 

Two-story 

 structure 

Battery 

Cell 

Rated capacity (Ah) 4500 0.018 

Internal resistance (Ohm) 400 1.777 

Nominal voltage (V) 10 3.2 

AC 

Rectifier 

Inductance (mH) 2 0.5 

Capacitance (μF) 1000 10 

Boost  

DC-DC 

Inductance (mH) 1 0.1 

Capacitance (μF) 4700 1000 
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The specification of the required battery, and the component 

values of the boost AC rectifier and the boost DC-DC 

converter is given in Table II. The size of the battery-pack is 

determined using a serial-parallel cell arrangement. The 

implementation of the control methods are also shown in 

Figure 4. 

III. SIMULATIONS AND TEST RESULTS 

To evaluate the implementation of the proposed energy 

regeneration scheme, the overall plan is simulated on two-

story and 76-story buildings. Moreover, laboratory test results 

are taken from a two-story experimental lab structure that is 

constructed based on the reduced model of an eleven-story 

building. Since the level of the generated voltage at the 

terminal of the DC generator installed on the laboratory 

structure is too low to be processed in actual electronic circuits, 

a hardware-in-loop test system was used to interface the 

laboratory structure, the pendulum and the corresponding 

coupled generator with the LabVIEW software in the PC 

where the electronic circuits are simulated. 

A. Simulation Results 

A two-story and a 76-story building with the regeneration 

system are simulated. It should be noted that the first goal of 

PPTMD system is to reduce the oscillations of the structure 

under the effect of the external disturbances such as earthquake 

or wind. Thus, firstly the performance of the passive pendulum 

in the structure stabilization is demonstrated.  

For the two-story building only the earthquake force is 

considered to be effective while for the 76-story building the 

wind effect has been simulated. For the simulated two-story 

building the parameters are as follows: 

3.7769 0 511.4320 -322.1163
M= ,K= ,

0 3.2372 -322.1163 322.1163

   
   
   

 

3.3703 -1.3951
C=

-1.3951 2.3853

 
 
 

            

(23) 

A pendulum with the length equal to 60 cm and the mass equal 

to 500g is used. To induce the structural movements, the data 

from El Centro earthquake has been utilized [38] whose 

acceleration profile is given in Figure 5. Also Figure 6 shows 

the time variations of the upper floor’s displacement and 

velocity for the passively-damped structure compared to the 

undamped one. As seen, the passive pendulum system leads to 

a decrease in the structural movements. The effect of wind has 

been studied on a 76-story building. The wind force is 

calculated as 

2 2

,

1

2
z d z t

F A C V             (24) 

where Vz,t is the wind speed, Cd is the aerodynamic drag 

coefficient, Az is the effective area and  is the air density. 

For 76-sotry building, a PPTMD system with the mass of 

1000kg and the length of 2.5m is considered that is installed  

 
Fig. 5. El Centro earthquake acceleration profile used as the 

structure disturbance force [38]. 

 

 
(a) 

 

(b) 

Fig. 6. Upper floor’s movements for the simulated two-story 

building (a) displacement (b) velocity. 

 

 
(a) 

 

(b) 

Fig. 7. Top floor’s movements for the simulated 76-story 

building (a) displacement (b) velocity. 

 

 
(a) 

 

(b) 

Fig. 8. The active power damped by the PPTMD without energy 

regeneration for (a) simulated two-story building under 

earthquake (b) 76-story building under wind force. 

 

on the upper floor. Figure 7 shows the top floor’s displacement 

and velocity with and without PPTMD system which clearly 

shows the superiority of the PPTMD system in stabilizing the 

structural movements. The active powers damped by the 

PPTMD for both simulated structures are depicted in Figure 8. 

Such power may be utilized by conversion into the electrical 

power, processing and finally storing in the batteries. For the 
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76-story, however, the actual wind calculations are used. 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 
(f)  

Fig. 9. Electrical signals at different stages of the power 

processing for the simulated 76-story building: (a) output voltage 

of the pendulum-coupled generator (b) input current of boost AC 

rectifier (c) output voltage of boost AC rectifier (d) input current 

to boost DC-DC converter (battery charger) (e) battery charger 

voltage (f) state of charge of the battery. 

 

The electric voltages and currents at different stages of 

the power processing are shown in Figure 9 that 

demonstrates the satisfactory performance of the 

proposed plan. Figure 9(a) represents the voltage 

produced by the generator as a result of the movements 

of the pendulum installed on a 76-story building. In this 

case the pendulum absorbs the movements of the 

structure by the wind. The current of the boost AC 

rectifier is shown in Figure 9(b).  The reasons for high 

frequency of the current is the assumption that in PC 

the input voltage is ideally sinusoidal signal with fixed 

frequency while it is not true for the case of 76-story 

building. PC makes use of the derivative of the voltage 

that may results in high frequency control input and the 

possible high frequency current. The effect of the SMC 

control on the DC-DC charger may also induce high 

frequencies on the boost AC rectifier. 

Figure 9(c) shows the almost DC voltage as the output of 

the boost AC rectifier. The non-smooth DC voltage is again 

due to the non-sinusoidal voltage of the generator. However, 

this is fixed by the boost DC-DC charger as the current and 

voltage are almost DC  (Figures 9(c) and 9(d)) and the state-

of-charge is increasing with time with fixed current (Figure 

9(f)). 

   

 

(a) 

 

(b) 

Fig. 10. The laboratory setup of the regenerative PPTMD: (a) 

The whole structure (b) the pendulum and the coupled generator. 

 

B. Experimental Results 

  In addition to simulation of the proposed plan by using the 

modeling principles, the proposed energy regeneration scheme 

is implemented on a laboratory structure. The two-story 

structure, i.e. the reduced model of an 11-story building by 

mimicking its major natural frequencies, is installed on a 

single-axis laboratory shake table. The shake table is 

controlled using the LabVIEW software on the PC exchanging 

the data with an AC servo drive via data acquisition cards. The 

servo drive controls the the shake table to generate any desired 

acceleration profile.  Previous researches has been carried out 

the tracking control of the shake table taking into account 

various sensoring/control issues (See for example [38-41]). 

The laboratory setup is shown in Figure 10. Three PC-

connected cameras are measuring the displacement and 

velocity of movements at different structure floors. The 

pendulum with appropriately calculated length, material and 

weight is installed on the top floor.  The structure is 

composed of flexible metal sheets whose length, weight and 

elasticity are precisely calculated to reflect a real 11-story 

building in terms of the main natural frequencies. The details 

of the laboratory structure designed is available in [7, 9].  

Figure 11 shows the results taken from the implemented setup 

in which the two-story structure, pendulum and the generator 

are real laboratory equipment and the electronic circuits and 

the battery are simulated in LabVIEW software and two parts 

of system are connected via a hardware-in-loop system. As 

seen in Figure 11, in this case, the voltage is rectified to a 

smooth DC voltage by the boost AC rectifier (see Figure 11(c))  
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(a)  

 
(b)  

 
(c)  

 
(d)  

 
(e)  

 
(f)  

Fig. 11. Electric voltages at different stages of power processing 

for the laboratory test setup connected to the LabVIEW 

simulated electronic circuit and battery (a) output voltage of the 

pendulum-coupled (b) input current of boost AC rectifier (c) 

output voltage of boost AC rectifier (d) input current to boost 

DC-DC converter (battery charger (e) battery charger voltage (f) 

state of charge of the battery. 

 

and the charging current is adjusted by the boost DC-DC 

charger (Figure 11(d)). The adjusted voltage and the increasing 

state-of-charge are also shown in Figures 11(e) and 11(f). The 

high frequency oscillations in the voltage and current is due to 

the intrinsic chattering caused by the SMC. 

 

IV. CONCLUSIONS 
 

An energy regeneration scheme for harvesting energy from a 

passive PTMD structural control system was proposed. The 

suggested plan includes a DC generator coupled with the 

damping pendulum. The output voltage produced by the 

electric motor was converted to a rectified DC by a boost AC 

rectifier that is controlled by a passivity-based control. A boost 

dc-dc converter is then utilized as the battery charger to 

guarantee the desired charging characteristics for the Li-ion 

battery. The boost charger is controlled by a sliding mode 

controller to address the nonlinear dynamics and model 

uncertainties of the converter and the battery. A 76-story 

building under wind force effect is simulated and the results 

show almost DC voltage as the output of the boost AC rectifier, 

DC output of the boost charger and the smooth charging 

current. Also the plan was experimentally implemented on a 

two-story laboratory structure mounted on a shake table. The 

electronic part was simulated within the PC using a hardware-

in-loop system. The results from the experimental setup also 

verifies the efficiency of the proposed method in providing 

smooth DC output for the boost AC rectifier, and the desired 

charging characteristics for the battery charging system.    
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Phase locked loop (PLL) circuits are widely used in fractional frequency synthesizers. In these synthesizers, fractional 

multiples of the reference frequency can be synthesized, so the reference frequency and the bandwidth of the loop can be 

increased. This frequency synthesizer is commonly used due to its flexibility and convenient frequency adjustment. In this 

paper, a PLL circuit of the transistor level is designed in which a hybrid digital sigma-delta modulator with reduced hardware 

is used. This Digital Delta-Sigma Modulator (DDSM) has four stages that have a lower noise level and power consumption 

than the conventional type. This PLL circuit has a third-order loop filter and a voltage-controlled oscillator of the NMOS 

type. In the PLL circuit, two counters are used in its feedback path. In the proposed divider, there is a dual divider P / P + 1 

(in this case 5, 6) which divides its input signal by 5, 6 according to the control input. A design example for the PLL is 

provided. A third stage digital Delta-Sigma modulator with reduced hardware is also used to control these counters. This 

modulator has less power consumption than the conventional method and has less number of transistors by 85%.  
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I. INTRODUCTION 

Frequency synthesizers are an important part of multi-

frequency wireless transmitter / receiver circuits. The phase 

locked loop in the frequency synthesizer is primarily used as a 

local oscillator in wireless receivers, lowering the carrier 

frequency to the intermediate frequency (IF). Phase locked 

loop circuits are used for modulation phase and frequency 

modulation, clocked pulse recovery, communication noise 

prevention, frequency synthesizer, deflection prevention, edge 

detection and many other applications. 

Phase locked loop (PLL) circuits are widely used in fractional 

frequency synthesizers. In these synthesizers, fractional 

multiples of the reference frequency can be synthesized, so the 

reference frequency and the bandwidth of the loop can be 

increased. This frequency synthesizer is commonly used due 

to its flexibility and convenient frequency adjustment. 

Most frequency synthesizers use phase locked loop circuits. 

Each PLL circuit includes a phase comparator (PC), a low-pass 

filter (LPF), a charge pumping (CP), and a voltage-controlled 

oscillator (VCO). [1]  

The blocked diagram of a PLL circuit is shown in Fig.1. A 

digital sigma-delta modulator is used to control the division 

ratio in the phase locked loop circuit. In Fig.1 X is the 

modulator input, N0 is the correct division ratio and M is the 

modulator module. Therefore, the following relation is 

established in the fractional frequency synthesizer. Usually, 
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the modulus M is a multiple of two. 

fout = (N0 +
X

M
) . fref                             (1) 

where fref is the input frequency at the input to the phase 

comparator. In fractional frequency synthesizer architecture, 

both fout and fref are integer multiples of fs, where fs =
fref

M
 

is the channel spacing.   

 
Fig.1: Blocked diagram of a PLL based fractional frequency 

synthesizer. 

 

Digital Delta-Sigma modulators generally use two methods 

to increase the output period: Stochastic method and 

deterministic method. 

The stochastic method uses a single-bit dither signal to 

randomize the output. This dither signal is either directly or 

filtered or effectively applied to the modulator input [2-6]. 

The deterministic method causes a change in the internal 

structure of the modulator to increase the periodicity of the 

output signal. Some of the deterministic methods used before 

are: Use the initial conditions for the first stage of the 

modulator [7], use the delay feedback path in each stage of the 

modulator [8-9], use the quantizer with the prime module [10], 

use the straight forward path to add the output of each stage to 

the next stage of the modulator [11]. 

Wang et al. [12] recommended a method for avoiding the 

development of spurs by substituting the sigma-delta 

modulator for a new type of digital quantizer and a charge 

pump offset incorporated with a sampled loop filter. 

In [13-14], a solution is presented based on mixed-radix 

algebra, where the required ratio is formed by combining two 

and three different modulus. In [15-17], a novel method is 

proposed for applying periodic dither to a DDSM to obtain 

minimized spurious tones. The effects of adding the 

pseudorandom dither signal in different stages within the 

proposed Multi-stAge noise SHaping (MASH) modulator are 

expressed in a set of equations. In [18], the design of a new 

architecture of Continuous-Time (CT) MASH 2-2 (multi-stage 

noise shaping modulators) full feedforward Sigma-Delta (ΣΔ) 

modulator is presented. In [19], it is shown that applying a 

linear feedback shift register (LFSR) dither to a digital delta-

sigma modulator (DDSM) cannot always increase its 

fundamental period. 

The purpose of this paper is to introduce and design a new 

four stage Sigma-Delta modulator that has less hardware and 

power consumption than conventional methods. This 

modulator is used in a phase locked loop to properly adjust the 

division ratio of the modulator.  

In the present work, we introduce hybrid DDSM 1-2-3-4 

modulator architecture. In this method, the First Order Error 

Feedback Modulator (EFM1) in the first stage has a variable 

programmable modulus M1 that is not a power of 2. The 

modulators in the second, third and four stages (M2, M3, and 

M4, respectively) are the power of 2. The planning 

methodology relies on error masking [20-21]. Thus, the 

frequency synthesizer can produce the required frequency 

accurately without declining the performance and increasing 

hardware complexity. In this paper, a new phase locked loop 

circuit is designed which includes a third-order loop filter, a 

charge pump circuit, a voltage-controlled oscillator with the 

NMOS method, and a divider with two counters. The counters 

use the proposed digital Delta-Sigma modulator, which 

reduces hardware consumption. 

The remainder of this paper is structured as follows: Section 

2 describes the overall operation of the DDSM and 

summarizes related works. Section 3 describes the proposed 

hybrid modulator. The calculation of periodic length for hybrid 

MASH modulators is presented in Section 4. The parts of the 

phase locked loop circuit proposed in Section 5 are presented. 

Section 6 illustrates the design example and simulation results. 

Finally, conclusions are made in Section 7. 

II. RELATED WORKS 

Before presenting our plan methodology in detail, we first 

review a conventional MASH DDSM architecture. Here, a 

structure based on the error feedback modulator model (Fig.2) 

is considered.  The signal v[n] is the sum of the digital words 

x[n] and s[n]. When v[n] is greater than M, the quantizer 

overflows and the output signal will be 1. In comparison, when 

v[n] is less than M, the quantizer does not overflow and y[n] 

will then be 0. Mathematically, we write: 

y[n] = Q(v[n]) = {
0,    v[n] < M
1,   v[n] ≥ M

               (2) 

where M is the modulus of the quantizer and v[n] is the 

input to the quantizer [1]. 

 
Fig.2: Blocked diagram of the first order error feedback 

modulator. 

 

Fig.3 shows the blocked diagram of a classical lth order 
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MASH DDSM comprising a cascade of l N-bit EFM1 blocks 

and a noise cancellation network.  

The output of the classical MASH DDSMl can be expressed 

in the z-domain as [1]: 

Y(z) =
1

M
. X(z) + (1 − z−1)l. Ql(z)                  (3) 

where X(z) and Ql(z) are the z-transforms of the input 

and the quantizer noise introduced by stage l.  

Fig.3: Blocked diagram of an lth order MASH DDSM 

incorporating a cascade of EFM1s [1]. 

 

The structure of the HK-EFM1 (Hosseini and Kennedy 

EFM) used in the HK-MASH (Hosseini and Kennedy MASH) 

is illustrated in Fig.4.  There is just one difference between 

this structure and the classical EFM1 in Fig.2; i.e., the 

existence of the feedback blocked 𝑎𝑧−1. Here, a is a selected 

small integer to make (M−a) the maximum prime number 

below M. The cycle length of it is (M − a)l = (2N − a)l , 

where l is the order of the modulator. Song and Park [11] 

proposed the modified MASH 1-1-1, as shown in Fig.5. The 

modified MASH structure cascades several first-order digital 

accumulators like the traditional MASH structure but has a 

supernumerary feedforward connection between two adjoining 

categories and increases the sequence period of quantization 

error.  

 
Fig.4: The modified EFM1 used in HK-MASH [10]. 

 

Le and Chen [23] presents a self-adaptive Sigma-Delta 

modulator, which offers opportunity to simplify the process of 

tuning parameters and further improve the noise performance.  

Mazzaro and Kennedy [24] presents a Fractional-N Charge 

Pump (CP) PLL with a MASH 1-1-1 divider controller to 

exhibit pairs of spurious tones called “horn spurs”. Mai and 

Kennedy [25] describes a detailed analysis of the cause of 

wandering spur patterns in a MASH 1-1-1 DDSM-based 

fractional-N frequency synthesizer, supported by experimental 

measurements. 

Shamsi proposes a new mismatch cancelation technique for 

quadrature delta-sigma modulators (QDSM). In this approach, 

a high speed and simple structure dynamic element matching 

(DEM) based on homogenization and time-division (HTD) is 

designed. [26] 

 
Fig.5: Blocked diagram of the modified MASH 1-1-1 

proposed in Song and Park [11]. 

 

Mai et all presents two methods. It describes a 4.9-GHz 180-

nm SiGe BiCMOS charge-pump phase-locked loop (CP-PLL) 

fractional-N frequency synthesizer platform with a divider 

controller that can function as: 1) a standard MASH 1-1-1; 2) 

a MASH 1-1-1 with high-amplitude dither; and 3) a MASH 1-

1-1 with a modified third stage. [27] 

Abdul and Nelakuditi presents the design and implementation 

of Charge Pump (CP) circuit to improve the mismatch in 

currents with good linearization in Low Voltage Fractional-N 

PLL suitable for RF applications. [28]  

The Global System for Mobile communication (GSM) 

system is a time and frequency division system in which a 

carrier frequency and a time slot number characterize each 

physical channel.  

Thus, in GSM 1800, the problem of synthesizing is 

considered an (fout) output frequency of 1.80 GHz from a 13 

MHz ( fref)  reference clocked. In this example, fref =

13 MHz, fs = 200 KHz, fout = 1.80 GHz yielding, N0 =

138,  and X = 15123, M = 215 . In conventional MASH 

1-1-1 based fractional frequency synthesizers having M =

215 , the required division number can be approximated as 

follows: 

fout = (138 +
15123

215 ) . fref = 1.799999725 GHz       (4) 

Hence, a frequency offset is approximately 274.65 Hz. 

The approximation noise can be reduced using a larger value 

of modulus M. Also, it correlates with increasing the word 

length of the modulator, hardware complexity, and power 

consumption.  

III. THE PROPOSED HYBRID DIGITAL SIGMA 

DELTA MODULATOR 

In this section, we introduce a novel structure for the 

https://ieeexplore.ieee.org/author/37088892896
https://ieeexplore.ieee.org/author/37085420769
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dithered MASH DDSM 1-2-3-4 that produces a long sequence 

period. 

This paper attempts to reduce the hardware and power 

consumption of the fourth-order Digital Sigma-Delta 

Modulator and improve the noise level. Therefore, a fourth-

order sigma-delta modulator with a high bit number is broken 

down into several smaller sigma-delta modulators with fewer 

bits. Then, the input of the fourth-order modulator is divided 

into four segments so that each part of it is subdivided into first, 

second, third, and fourth-order modulators. We call this 

modulator, which consists of 4 sub-sections, a hybrid 

modulator. 

The hybrid modulator architecture is shown in Fig.6. In this 

architecture, instead of a single classical power-of-two 

modulus sigma-delta modulator in the fractional-N frequency 

synthesizer, we can use four modulators. The first stage 

modulator is a Variable Modulus EFM1 (VM-EFM1) and has 

a programmable modulus M1 that is not a power of 2. The VM-

EFM1 is shown in Fig.7. The modulator has two inputs: X is 

the input signal and M1 is an optional modulus. By using the 

modulus M1, we can change the quantizer accuracy. The output 

of the VM-EFM1 can be expressed in the z-domain as: 

𝑌(𝑧) =
𝑋(𝑧)

𝑀1
+ (1 − 𝑧−1)−1. 𝑄(𝑧)                    (5) 

 
Fig.6: Blocked diagram of the hybrid modulator DDSM 1-2-

3-4 used in fractional frequency synthesizer. 

 

where X(z) and Q(z) are the z-transforms of the input and 

the quantization noise introduced by the VM-EFM1.In the 

fractional-frequency synthesizer, we can control the numerator 

and denominator of the fraction. 

 
Fig.7: The variable modulus first order error feedback 

modulator (VM-EFM1) [7] 

 

The second modulator in the hybrid structure is modified 

MASH 1-1, which has conventional modulo M2. The cycle 

length in modified MASH 1-1 structure is 𝑀2
2, where 𝑀2 is 

the quantizer modulus in the classical DDSM. 

The third modulator in the hybrid structure is multi-modulus 

MASH 1-1-1, which has conventional modulo M3. The small 

positive integer a in the ith stage of HK EFM1 is denoted as ai. 

This value will be assumed different for each stage. The values 

of ai are selected such that to make {𝑀 − 𝑎1, 𝑀 − 𝑎2, … , 𝑀 −

𝑎𝑙} co-prime numbers to maximize the period. A few values 

of 𝑎𝑖 are given in Table I. It is of note that to make the period 

independent of the input, 𝑀 − 𝑎1 is set as a prime number. 

TABLE I 

 SOME VALUES OF AI IN THIRD ORDER MASH 1-1-1. 

Word Lengths (N) 𝑎1 𝑎2 𝑎3 

4,6, 9, 10, 12 3 0 1 

3, 5, 7 1 0 3 

8 5 0 1 

11 9 0 1 

 

If the greatest common divisor of any two numbers is 1, they 

are co-prime numbers. A prime number is a number that has 

two divisors.  

 The fourth modulator in the hybrid proposed structure is 

dithered MASH 1-1-1-1, which a periodic LFSR dither input 

with a period Nd  added to the third and fourth stages of 

MASH 1-1-1-1. Fig.8 presents an implementation of the 

second-order dither hybrid modulator. 

 
Fig.8: Implementation of the second order dither hybrid 

DDSM 1-2-3-4 modulator. 

 

The output frequency (fout) in the fractional frequency 

synthesizer is determined by: 

fout = (N0 +
X4+

X3+
X2+

X1
M1

M2
M3

M4
). fref                      (6) 

In this case, the z-transforms y1, y2, y3, y4, and yout are shown 

by: 

Yout(z) = N0 + Y4(z)                             (7)       

Y4(z) = STF4(z)(X4 + Y3(z)) + NTF4(z)Q4(z)        (8) 

Y3(z) = STF3(z)(X3 + Y2(z)) + NTF3(z)Q3(z)        (9) 

Y2(z) = STF2(z)(X2 + Y1(z)) + NTF2(z)Q2(z)       (10) 

Y1(z) = STF1(z). X1 + NTF1(z)Q1(z)               (11) 

where STF1 , STF2 , STF3 , STF4 , NTF1 , NTF2,

NTF3, and NTF4 are the signal and error transfer functions of 

first, second, third and fourth stage modulators, respectively, 

and Q1(z),  Q2(z), Q3(z), and Q4(z) are the quantization 

javascript:void(0)
javascript:void(0)
javascript:void(0)
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error signals introduced by the first, second, third, and fourth 

sigma-delta modulators, respectively. X1, X2, X3, and X4are 

the integer inputs of the VM-EFM1, modified MASH 1-1, 

multi-modulus MASH 1-1-1, and second-order dithered 

MASH 1-1-1-1in the hybrid architecture, respectively. Hence, 

the final output yout can be attained by: 

Yout(z) = N0 + STF4(z). X4 + STF4(z). STF3(z). X3 +

STF4(z). STF3(z). STF2(z). X2 +

STF4(z). STF3(z). STF2(z). STF1(z). X1 + NTF4(z)Q4(z) +

STF4(z). NTF3(z). Q3(z) +

STF4(z). STF3(z). NTF2(z). Q2(z)+

STF4(z). STF3(z). STF2(z). NTF1(z). Q1(z)           (12)   

where, 

STF4(z) =
1

M4
,  STF3(z) =

1

M3
,  STF2(z) =

1

M2
,  STF1(z) =

1

M1
,  NTF4(z) = (1 − z−1)4,  NTF3(z) = (1 − z−1)3 ,

NTF2(z) = (1 − z−1)2, and NTF1(z) = (1 − z−1). 

IV. DESIGN METHOD  

The DDSM quantization error power is distributed over a 

few tones that are specified by the period, leading to a tone 

spacing of  df[k] =
fs

N
, where fs  is the sampling frequency 

and N  is the period. When the sequence length and, 

consequently, the number of tones is large, the Power Spectral 

Density (PSD) approaches the classical white noise 

approximation. The PSD of Y2, Y3, and Y4 in the second-order 

LSB LFSR dither signal in the DDSM2, the multi-modulus 

DDSM3, and dithered DDSM4 are defined by [13]: 

P2(Ω[k]) =
1

12
(|1 − z−1|)4

z=ejΩ
=

1

12
(2 sin (

Ω

2
))

4

     (13)  

P3(Ω[k]) =
1

12
(|1 − z−1|)6

z=ejΩ
=

1

12
(2 sin (

Ω

2
))

6

     (14) 

Ω[k] =
2π

N
. k,    k = 0,1, … ,

N

2
                      

(15) P4(Ω[k]) =
1

12
(|1 − z−1|)8 +

1

12

1

M4
2 (|1 − z−1|)4

z=ejΩ
       

(16) 

where Ω is the angular frequency of the oscillation and P is 

the density of the power spectrum. Also, at the output of the 

proposed hybrid modulator, since P2 and P3are second-order 

and third-order shaped, respectively, while P4 is fourth-order 

shaped, if the level of the lowest frequency tone in P2 and P3 is 

below that of P4, the overall power of P2 and P3should always 

be below the P4 envelope. This can be expressed as: 

P2 < P4, f =
fs.k

N2
, k = 1,2, … ,

N2

2
                     (17) 

P3 < P4, f =
fs.k

N3
, k = 1,2, … ,

N3

2
                     (18) 

Note that for a DDSM with an output period of N, the lowest 

frequency tone is at 
𝑓𝑠

𝑁
.  

Thus, at low frequencies: 

|1 − z−1|2 = |1 − e
−j2πf

fs |
2

= |2 sin (
πf

fs
) |2, sin (

πf

fs
) ≈

πf

fs
for f ≪ fs                                    (19)                       

We can approximate P2, P3, and P4 at low frequencies by: 

P2 =
1

12
(

1

M3.M4
)

2

24. (
πf

fs
)4                          (20) 

P3 =
1

12

1

M4
2 26. (

πf

fs
)6                              (21) 

P4 =
1

12
28. (

πf

fs
)8 +

1

12

1

M4
2 24. (

πf

fs
)4                   (22) 

Substituting Equs. (20)-(22) into the constraints Equs. (17) 

and (18), we have: 
1

12
28. (

πf

fs
)8 +

1

12

1

M4
2 24. (

πf

fs
)4 ≈

1

12
28(

πf

fs
)8                 (23) 

(
1

M3.M4
)

2

24. (
πf

fs
)4 < 28. (

πf

fs
)8, f =

𝑓𝑠

𝑀2
2                  (24) 

26.
1

M4
2 (

πf

fs
)6 < 28. (

πf

fs
)8, f =

𝑓𝑠

(𝑀3−𝛼)3
                   (25) 

Therefore: 

(
1

M4
)

2

<
22.π2

M3
6                                      (26)  

M3
3 < 2𝜋. M4 → 23n3 < 2𝜋. 2n4 → 3n3 < log2(2π) +

 n4 → n3 <
2.65+n4

3
                                          

(27)   

(
1

M3.M4
)

2

<
24.π4

M2
4                                    (28) 

M2 <
√M3.M4

2π
                                      (29) 

In the VM-EFM1 accumulator, the output Y1 will be 

periodic with a cycle length between two and M1. In the worst 

case, the quantization noise power of VM-EFM1 is spread over 

(M1-1) tones. The power in the lowest tone, after passing 

through MASH 1-1, multi-modulus MASH 1-1-1, and dithered 

MASH 1-1-1-1, is obtained by: 

Ptone = (
1

M1.M2.M3.M4
)2 = STF1

2. STF2
2. STF3

2. STF4
2
   (30) 

Consequently, to mask the worst-case tone from VM-EFM1 

at the output of dithered DDSM 1-1-1-1, it is required that: 

Ω1[1] =
2π

M1
, k = 1, N1 = M1                       (31)                       

P4(Ω1[1]) ≥ Nf. Ptone                              (32)                       

where 𝑁𝑓  is FFT length, which presents the frequencies at 

which the PSD is estimated.  

Substituting Equs. (22) and (30) into the constraint Equ. 

(32), we obtain: 

Nf(
1

M1.M2.M3.M4
)2 ≤

1

12
(

2π

M1
)8 → M1 ≤ √

(2π)8.M2
2.M3

2.M4
2

12Nf

6
   (33) 

 

A. Simulation Results  

Given three design parameters of the reference 

frequency  fref , the channel spacing fs , and the output 

frequency  fout , we need to determine nine integers of 

N0, X1, X2, X3, X4, M1, M2, M3, and M4. First, M4 is obtained 

and then  M1, M2, and M3 are calculated. 

Selecting the variable modulus EFM1, we compute:  

p1 = gcd (fref, fout, fs)                            (34) 

p2 =
fpc

p1
                                        (35) 

where gcd(a,b,c) denotes the greatest common divisor of a, 

b, and c. Then, the modulus M1 is calculated as follows: 
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M1 =
p2

gcd (p1,p2)
                                  (36) 

 M2 and  M3 obtain from Equs (27) and (29). 

Next, the inputs N0, X1, X2, X3, and X4 can be determined.   

I1 =
fout

fref
                                       (37) 

The integer division number is obtained as:  

N0 = floor(I1)                                  (38) 

where floor(x) returns the largest integer less than x. 

I4 = M4. (I1 − N0)                               (39) 

The input of dithered MASH 1-1-1-1 modulator is 

determined as: 

X4 = floor(I4)                                  (40) 

The input of multi-modulus MASH 1-1-1 modulator is 

determined as: 

I3 = M3. (I4 − X4)                                 (41) 

X3 = floor(I3)                                    (42) 

The input of modified MASH 1-1 modulator is calculated 

as: 

I2 = M2. (I3 − X3)                                 (43) 

X2 = floor(I2)                                    (44) 

The input integer number of VM-EFM1 is obtained by 

choosing:  

X1 = M1. (I2 − X2)                                 (45) 

In GSM 1800, consider the problem of synthesizing an 

output frequency of 1.800 GHz from a 13 MHz reference 

clocked. In this example, fref = 13 MHz, fs =

200 KHz,  fout = 1.80 GHz yielding, N0 = 138,  X4 =

472, X3 = 9,  X2 = 13, X1 = 7 ,  M1 = 13, M2 = 24, M3 =

24, and M4 = 210. 

In contrast, in the classical MASH 1-1-1-1, no 

approximation is implicated in the hybrid modulator. In 

particular, 

fout = (138 +
472+

9+
13+

7
13

24

24

210 ) . fref = 1.800GHz         (46) 

In order to compare classical and hybrid modulators, we 

demonstrate simulation results. The initial states of the first 

stage registers are set to odd values to avoid short cycles. The 

simulated output power spectrum of the classical 23-bit MASH 

1-1-1-1 DDSM is shown in Fig.9. The simulated output power 

spectral density (PSD) of the hybrid DDSM 1-2-3-4 is 

illustrated in Fig.10. As expected, the hybrid DDSM 1-2-3-4 

achieves an almost identical PSD compared to the traditional 

23-bit MASH 1-1-1-1.  

B. Hardware Complexity 

The proposed multi-stage Sigma-Delta modulator circuit 

has 4-4-4-10 bits, whose power consumption for different 

transistor models is presented in Table II. The clocked pulse 

signal frequency of 1 MHz is selected and the number of 

transistors in this circuit is 2503 complementary transistors. 

Table III compares the number of transistors and the power 

consumption of the conventional 1-1-1-1 MASH modulator 

with the proposed method. The waveform of time domain of 

the modulator is plotted in Fig.11 after simulation with 

different transistor models. Continuation of the conventional 

1-1-1-1 23-bit multi-stage Sigma-Delta modulator for 

3271665 input with initial conditions e1[0] = 1, e2[0] = 0, e3[0] 

= 0 and e4[0] = 0 with HSPICE software and manufacturing 

technology 0.18 micrometers are implemented.  

 

 
Fig.9: Simulated PSD at the output of a second-order dithered 

classical MASH 1-1-1-1 DDSM; the input is 3271665, 

𝑀 = 223. The solid black curve shows the PSD of the fourth-

order shaped quantization noise of MASH 1-1-1-1 with second-

order shaped additive LSB dither. 

 

 
Fig.10: Simulated PSD at the output of a second-order 

dithered hybrid DDSM 1-2-3-4; the inputs are X4 = 472, X3 =

9, X2 = 13, X1 = 7, the modulus are M1 = 13, M2 = 24, M3 =

24, and M4 = 210. The FFT length is Nf = 218. The solid 

curves assume shaped white quantization noise including 

second-order shaped additive LSB dither. 

TABLE II 

COMPARISON OF POWER CONSUMPTION OF MULTI-STAGE 

MODULATOR STRUCTURE OF THE PROPOSED DESIGN 4-4-4-10 

BITS WITH THE MODEL OF DIFFERENT TRANSISTORS N, P.  

Transistor Type Power Consumption 

TT 14.06 nW 

FF 75.36 nW 

FS 71.09 nW 

SF 16.75 nW 

SS 110 nW 
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TABLE III 

 COMPARISON OF THE PROPOSED DESIGN WITH THE 

CONVENTIONAL 1-1-1-1 MASH SIGMA-DELTA MODULATOR.  

Methods Filip 

Flaps 

Transistor 

Count 

Power 

Consumption in 

TT mode 

MASH 1-1-1 

conventional 25-bit 

structure [17] (a) 

78 2939 297.53 nW 

Proposed DDSM4 

4-4-4-10 bit (b) 

74 2503 14.059 nW 

a/b% 94% 85% 47 times 

 

 
Fig .11. Time waves of the proposed Sigma-Delta 

modulator with manufacturing technology of 0.18 

micrometers per input X1 = 7, X2 = 13, X3 = 9, X4 = 472 

and modules M1 = 13, M2 = 16, M3 = 16, M4 = 1024 and the 

clocked pulse frequency is 1 MHz. 

 

V. THE PROPOSED PLL CIRCUIT 
 

In GSM450 telecommunication system, the synthesizer 

input frequency is 13 MHz and its output frequency is 450 

MHz. In the following, the different parts of this PLL 

synthesizer circuit are designed.  

 

A. Phase /Frequency Detector (PFD) 

The PFD circuit is shown in Fig.12. The most important 

aspect of the phase detector (PD) design is the estimation of 

the reset path delay. One of the disadvantages of the phase / 

frequency detector circuit is the presence of a dead zone. In 

this case, the output pulses become so narrow that they cannot 

activate the charge pump circuit.  

In this figure, four inverting gates are used to delay the reset 

path. Gates have also been used to connect the Up and Down 

signals to the charge pump. In this circuit, flip-flops in the 

Fig.13 are used. This flip-flop has normal and pulse-sensitive 

reversing gates. In a clocked pulse sensitive inverter gate, if 

the clocked pulse is equal to one, the gate is activated and if it 

is zero, the gate does not operate. 

 
Fig. 12. PFD circuit selected in this synthesizer. 

 

 
Fig. 13. The D flip-flop circuit with reset base and use of 

dynamic gates. 

 

B. Charge Pumping (CP) 

The CP circuit at the transistor level is shown in Fig.14. 

Transistors M1, M2 act as switches to reduce load injection 

error, undesirable reference tones, and current mismatch. 

Transistors M1-M4 perform the task of switching the charge 

pump. The rest of the transistors are current mirrors that repeat 

a certain amount of current at the output. In addition, the 
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current of the CP circuit is considered equal to 50 

microamperes. 

 

Fig. 14. CP circuit at the transistor level. 

 

C. Loop filter 

This synthesizer uses a third-order loop filter. This loop 

filter works in such a way that the response speed is reduced. 

The narrower the bandwidth of the filter, the lower the cut-off 

frequency of the filter, and consequently, the slower the loop 

response time to respond to changes. The circuit of this filter 

is shown in Fig15. The transfer function of this filter is Equ. 

(47). The values of the elements of this loop filter are shown 

in Table IV. Fig.16 shows the time domain waveforms of this 

PFD / CP / Loop filter. 

 

 
Fig. 15. The proposed CP phase locked loop circuit with a 

third-order filter. 

  F(s) =
1+RCs

R.R2.C.C1.C2s3+((C1+C2)RC+R2.C2.(C+C1))s2+(C+C1+C2)s
        )47) 

 

D. Divider into feedback path 

 

Fig  . 16. Waveforms of PFD / CP / loop filter on 

transistor level. 

TABLE IV 

VALUES OF LOOP FILTER ELEMENTS IN THIS SYNTHESIZER. 

Transistor Type Power Consumption 

N 30-38 

fref 13 MHz 

fout 430-450 MHz 

Kpd 50 µA 

C1 780 pF 

C 3.4 nF 

C2 78 pF 

R 3.9 KΩ 

R1 306 Ω 

 

will use three counters, as shown in Fig17. In the proposed  

divider, there is a dual divider P / P + 1 (in this case 5, 6) which 

divides its input signal by 5, 6 according to the control input. 

The value of the fractional divider can be programmed as Equ. 

(48).  

𝐧𝐟𝐫𝐚𝐜 = 𝟓 × (𝟔 + 𝐍𝐀) + 𝐍𝐁                        (48) 

where NA, NB are the loaded numbers of counter A and B, 

respectively. These counters are static CMOS in full scale and 

operate at a frequency of 450 MHz. The time domain 

waveforms of this divider are shown in Fig.18. 

 

E. Voltage Control Oscillator (VCO)  

VCO circuits are divided into three categories. NMOS (N 

metal oxide semiconductor) category, PMOS (P metal oxide 

semiconductor) category and CMOS (Complementary metal 
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oxide semiconductor) category. The active circuit of the first 

type consists of a pair of transistors of type N, which are placed 

in a cross couple. The advantages of this structure are more 

simplicity, less noise. One of its disadvantages is its relatively 

high power consumption. Type P structures are made of PMOS 

transistors and their power consumption and noise 

performance are weaker. CMOS structures are made of a pair 

of N, P type transistors that have lower current consumption, 

but higher power consumption, noise, jamming capacitance, 

and complexity. Therefore, in this paper we use the N-type 

circuit. (Fig.19) 

 

Fig. 17. Multi -module divider structure using 5,6 pre-divider 

and programmable counter. 

 

 

Fig. 18. The waveforms of multi modulus divider with three 

counters. 

In the proposed phase locked loop circuit, the introduced 

fourth-order Sigma-Delta modulator is used. 

 

 
Fig. 19.  The NMOS type differential tank circuit in this 

paper. 

Table V compares the proposed method with other methods 

in terms of power consumption and number of transistors. As 

this table shows, the number of transistors in this modulator is 

less than other methods and has lower power consumption. 

TABLE V 

 COMPARISON OF THE PROPOSED DESIGN WITH OTHER 

METHODS.  

Methods Power Consumption Transistor 

Count 

[4] 127 nW 2570 

[18]  280 nW 2800 

[22] 300 nW 2939 

[28] 150 nW 2700 

Proposed method 100 nW 2503 

 

In this structure, the Carry Skip Adder (CSA) stages have 

been used as 1-2-3-3-5-3-3-2-1. CMOS transistors are used to 

make adder circuits. Each logic gate and flip flop is made by 

CMOS transistors and finally the number of transistors is 

counted. This configuration has 2939 CMOS transistors. 

Therefore, in total, the hardware consumption in the proposed 

method has reached 85% and has decreased by 15%. The total 

power consumption of a conventional 23-bit fourth-order 

structure with different transistor models is shown in Table VI, 

which is much higher than the proposed method. 

VI. CONCLUSIONS 

This paper presents a novel method for digital delta-sigma 

modulators (DDSMs) that can be used for precision frequency 

synthesizers. The hybrid DDSM 1-2-3-4 has four stages and 

the inputs of these stages are fixed numbers. The first stage of 

this modulator is programmable EFM1 and the module is not 

power of two. The second stage is a second-order modulator 

whose modulus of power of 2. The third stage is a third-order 

modulator with different modules and the fourth stage is a 
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fourth-order modulator with a dither signal. Optimal input 

signals are applied to each modulator to provide error masking. 

In this method, the input with high word length is divided into 

several optimal and smaller parts and each input is applied to 

a modulator. The proposed multi-stage Sigma-Delta modulator 

circuit has 4-4-4-10 bits, whose power consumption for normal 

transistor models is 14.08 nW. The clocked pulse signal 

frequency of 1 MHz is selected and the number of transistors 

in this circuit is 2503 complementary transistors. the 

conventional 1-1-1-1 MASH Sigma-Delta modulator has 2939 

CMOS transistors. Therefore, in total, the hardware 

consumption in the proposed method has reached 85% and has 

decreased by 15%. It also simulates corner effects. A PLL 

circuit was also designed and implemented. In this PLL circuit, 

a frequency/ phase detector, a charge pump (CP) circuit, a 

third-order loop filter and a voltage-controlled oscillator 

(VCO) of the type NMOS are used. Meanwhile, in the 

feedback path of this PLL, a divider with three counters has 

been introduced and implemented. The waveforms of this PLL 

circuit were also plotted in the time domain.  

TABLE VI 

COMPARISON OF POWER CONSUMPTION OF 

CONVENTIONAL 1-1-1-1 23-BIT MULTI- STAGE MODULATOR 

STRUCTURE WITH DIFFERENT N, P TRANSISTOR MODELS. 

Type of Transistors Power Consumption 

TT 297.53 µW 

FF 355.3 µW 

FS 482.3 µW 

SF 339.14 µW 

SS 248.42 µW 
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Recent technical advances in Wide-Area Measurement Systems (WAMS) have made it possible to use a combination of 

measured signals from remote locations to design centralized control. However, the transmission delay of remote signals and 

changes in the power system operating point are significant issues in the operation of the Wide-Area Damping Controller 

(WADC). Regarding issues and uncertainties in the power system, mixed 𝐻2/𝐻∞ synthesis has been proposed for wide-area 

robust controller design. In this paper, an adaptive wide-area robust controller for Thyristor Controlled Series Capacitors 

(TCSC) is presented to improve the inter-area oscillation damping in multi-machine power systems in which the time-varying 

delays in feedback signal time are taken into account. So, an Adaptive Delay Compensator (ADC) is used to compensate for 

the delay of receiving remote signals. Despite the nonlinearity of the power system, the changes in the operating point, and 

the presence of time-varying delays, the proposed scheme shows robust performance in damping the low-frequency 

oscillations. The efficiency of the proposed control system in the presence of TCSC is shown through simulation results that 

show its superiority over the conventional control system. The simulation of the paper is carried out on the Four-Machine 

Two-Area test system and 10-machine, 39-bus New England power system. 
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I. INTRODUCTION 

Once Damping inter-area modes of oscillation depend on 

different factors such as the system load level, the optimal 

transmission system design, the severity of the fault, and the 

type of system load [1]. Economically, power systems need to 

be operated near the system stability limit to reduce inter-area 

oscillations damping. 

Also, the critical conditions are generated once the number of 

industrial loads and power electronics devices have increased, 

primarily constant power and constant current loads. Therefore, 

increasing the damping of inter-area oscillations is necessary to 

increase the transferable power using a suitable control strategy 

[2]. With the emergence and development of WAMS, many 

various controllers have been proposed to improve the 

performance of the power system [3]. Wide-Area Controller 

System (WACS) is used to improve the damping of inter-area 

oscillations which is called the Wide-Area Damping 

Controller (WADC). WADC for inter-area oscillation 

damping was first introduced in [4] under a hierarchical 

control structure, while Power System Stabilizers (PSSs) are 

used to stabilize local modes. WADC design method using 

wide-area signals can make it possible to select the optimal 

feedback signals with high observability from the inter-area 

modes of oscillation. As a result, WADC is more effective in 

damping inter-area oscillations than local controllers [5].  

There is a time delay in transmitting feedback signals by a 

telecommunications channel from one place to another as an 

inherent feature of the WAMS. The delay depends on various 

factors such as the type of telecommunication channel, 

distance, and signal transmission protocol [6]. If the delay is 
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not correctly considered in the controller design, it can affect 

WADC performance and system stability. The design method 

of conventional lead-lag compensators is presented to 

compensate for the phase change caused by the signal 

transmission delay in [7]. In [8] and [9], the methods based on 

Lyapunov stability theory are used to take the latency in the 

telecommunication channel into account. Also, the Smith 

Predictor is used to compensate for a certain amount of delay 

in [10]–[12], in which the linear model of the system is 

designed at an operating point. Therefore, the predictor may be 

ineffective in compensating for the delay once the system's 

operating point changes and leads to the production of an 

unstable signal.  

Controllers designed using the aforementioned methods 

have constant parameters. So, these controllers will perform 

well only in small changes in latency. To ensure the optimal 

performance of the controller under abnormal operating 

conditions, it is necessary to compensate for the time-varying 

delay using adaptive approaches. Adaptive Delay 

Compensator (ADC) for wide-area robust damping controller 

design is presented in [13]–[16].  
In [17], a robust multipurpose controller has been used to 

design the wide-area controller. For this purpose, the control 

scheme is based on the use of hierarchical control. Another 

limitation that poses a severe challenge to WADC 

implementation is the uncertainty in the system dynamic 

model. In [13]–[17], first, the structure which is used to 

implement WADC is introduced, then the multipurpose 

controller design method is investigated by mixed 𝐻2/𝐻∞ 

synthesis and pole-placement using Linear Matrix Inequalities 

(LMI).  

In this paper, an adaptive wide-area robust controller for 

TCSC is designed to improve the damping of inter-area 

oscillations in multi-machine power systems by considering 

the time-varying delay in the transmission of feedback signals. 

The structure of the topics of the article is as follows. Section 

II describes the modeling of different power system 

components, such as generator, excitation system, PSS, load, 

and TCSC. Section III introduces the design method of the 

robust inter-area controller. In section IV, the implementation 

of the proposed method for adaptive delay compensation is 

introduced. In section V, the results of the ADC-based wide-

area controller for TCSC applied to the Four-Machine Two-

Area test system and 39-bus New England power system are 

discussed. Finally, the conclusion is given in section VI. 

 

II. MODELLING OF POWER SYSTEM 

COMPONENTS 

performance as well as system stability. Power system 

dynamics and electrical relationships, which are described by 

differential equations, are nonlinear by nature. These equations 

represent the dynamical model of elements such as generators, 

excitation systems, governors, PSS, wind turbines, FACTS 

devices, etc. Generally, the power system can be expressed by 

a set of first-order differential and algebraic equations. With 

differential equations of power system components as well as 

the algebraic equations of the transmission network, the 

mathematical model of the whole system can be expressed by 

Eq. (1) [18], [19]: 

{

𝑥𝑠̇ = 𝑓(𝑥𝑠 . 𝑑. 𝑢) 
0 = 𝑔(𝑥𝑠 . 𝑑. 𝑢) 

𝑦𝑠 = ℎ(𝑥𝑠 . 𝑑. 𝑢)
 (1) 

Where the vector function f defines the differential equations 

while g and h are the algebraic vector functions of the power 

system static equations. Also, 𝑥𝑠 is the vector state variables 

of the system which is defined by Eq. (2). 

𝑥𝑠 = [𝜆1𝑑1  𝜆1𝑑2  ⋯ 𝜆1𝑑𝑖 . 𝜆2𝑞1  𝜆2𝑞2 ⋯𝜆2𝑞𝑖 .  

𝐸′𝑑1  𝐸
′
𝑑2⋯ 𝐸

′
𝑑𝑖 . 𝐸

′
𝑞1  𝐸

′
𝑞2  ⋯𝐸′𝑞𝑖 . 𝛿1    𝛿2   ⋯ 𝛿𝑖 . 

𝜔1 𝜔2  ⋯ 𝜔𝑖 .  𝑋1𝐸1  𝑋1𝐸2  ⋯ 𝑋1𝐸𝑖 . 𝑋2𝐸1  𝑋2𝐸2   ⋯𝑋2𝐸𝑖 . 

 𝑋3𝐸1  𝑋3𝐸2  ⋯ 𝑋3𝐸𝑖 . 𝑋𝑡𝑐𝑠𝑐]
𝑇 

(2) 

Also, d is the vector of power system variables, as shown in 

Eq. (3). 

𝑑

= [𝜃1      𝜃2  ⋯ 𝜃𝑛𝑏𝑢𝑠 . 𝑉1     𝑉2   ⋯  𝑉𝑛𝑏𝑢𝑠 ]
𝑇 

(3) 

Generally, the system inputs include governor reference, 

excitation system voltage, generator rotor speeds, and TCSC 

reference compensation percentage. In this paper, the 

reference voltage and rotor speed of the generators are 

considered the system's inputs, which are defined in Eq. (4). 

𝑢 = [𝑉𝑊𝐴𝐷𝐶𝑖    .   𝑋𝑊𝐴𝐷𝐶𝑖  ]
𝑇    ∶ 𝑖 ∈ {𝑐𝑔} (4) 

𝑐𝑔 refers to a set of controlled generators that damping of 

inter-area oscillations by applying control signals to their 

excitation system. Also, the static load model can be 

considered as Eqs. (5-6) [19]: 

𝑃𝐿(𝑉) =  𝑃0(𝐴1 + 𝐴2
𝑉

𝑉0
+ 𝐴3(

𝑉

𝑉0
)2) (5) 

QL(V) =  Q0(B1 + B2
V

V0
+ B3(

V

V0
)2) (6) 

Where 𝑃0 and 𝑄0 are the active and reactive load power at 

rated voltage  𝑉0 , respectively. Also, 𝑃𝐿  and 𝑄𝐿  represent 

the active and reactive load power at V voltages, respectively. 

Also, the weighting factors A3 , A2, A1(B3 , B2, B1) represent 

the share percentage of active (reactive) load of constant 

impedance, constant current, and constant power, respectively. 

It should be noted that constant impedance and constant power 

load models are used in the Four-Machine Two-Area and 39-

bus New England test systems, respectively. The relationship 

between these weighting factors must be established, as shown 

in Eq. (7). 

A1 + A2 + A3 = 𝐵1 + 𝐵2 + 𝐵3 = 1 (7) 

The sub-transient model is also used to model the synchronous 

generators which are shown in Eqs. (8)-(13) [1]. 
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 𝑇′𝑑0𝑖𝐸
′̇
𝑞𝑖 = −𝐸

′
𝑞𝑖

− (𝑥𝑑𝑖 − 𝑥
′
𝑑𝑖) [𝑖𝑑𝑖

−
𝑥′𝑑𝑖 − 𝑥"𝑑𝑖

(𝑥′
𝑑𝑖
− 𝑥𝑙𝑖)

2
(𝜆1𝑑𝑖

+ (𝑥′𝑑𝑖 − 𝑥𝑙𝑖)𝑖𝑑𝑖) − 𝐸
′
𝑞𝑖] + 𝐸𝑓𝑑𝑖  

(8) 

𝑇"𝑑0𝑖𝜆̇1𝑑𝑖 = −𝜆1𝑑𝑖 + 𝐸
′
𝑞𝑖 − (𝑥

′
𝑑𝑖
− 𝑥𝑙𝑖)𝑖𝑑𝑖 (9) 

𝑇′𝑞0𝑖𝐸′̇ 𝑑𝑖 = −𝐸
′
𝑑𝑖

+ (𝑥𝑞𝑖 − 𝑥′𝑞𝑖) [𝑖𝑞𝑖

−
𝑥′𝑞𝑖 − 𝑥"𝑞𝑖

(𝑥′
𝑞𝑖
− 𝑥𝑙𝑖)

2
(𝜆2𝑞𝑖

+ (𝑥′𝑞𝑖 − 𝑥𝑙𝑖)𝑖𝑞𝑖) + 𝐸′𝑑𝑖] 

(10) 

𝑇"𝑞0𝑖𝜆̇2𝑞𝑖 = −𝜆2𝑞𝑖 − 𝐸
′
𝑑𝑖 − (𝑥

′
𝑞𝑖
− 𝑥𝑙𝑖)𝑖𝑞𝑖 (11) 

𝛿̇𝑖 = 𝜔𝑖 −𝜔𝑠 (12) 

2𝐻𝑖𝜔̇𝑖 = 𝑃𝑚𝑖 − (𝑖𝑞𝑖𝜆𝑑𝑖 − 𝑖𝑑𝑖𝜆𝑞𝑖) − 𝐾𝐷𝑖(𝜔𝑖 − 1) (13) 

 

The IEEE type AC4A excitation system model is used in this 

paper. The block diagram of the excitation system is shown in 

Fig. 1 [18]. Differential equations that show the dynamic 

behavior of this type of excitation system defined as Eqs. (14)- 

(17). 
1

1 sTRi

1

1

sTCi
sTBi



 1

K Ai
sTAi 3X Ei2X Ei1X Ei

Efdi

VTi

V refiV PSSi

VWADCi

min

fdi
E

max

fdi
E

 
Fig. 1. IEEE type AC4A excitation system model  

 

𝐸̇𝑓𝑑𝑖 =
𝐾𝐴𝑖𝑋2𝐸𝑖

𝑇𝐴𝑖
−
1

𝑇𝐴𝑖
𝐸𝑓𝑑𝑖 

 
(14) 

𝑋̇1𝐸𝑖 = −
1

𝑇𝑅𝑖
𝑋1𝐸𝑖 +

1

𝑇𝑅𝑖
𝑉𝑇𝑖  

 
(15) 

𝑋̇2𝐸𝑖 =
1

𝑇𝐵𝑖
(
𝑇𝐶𝑖

𝑇𝑅𝑖
− 1)𝑋1𝐸𝑖 −

1

𝑇𝐵𝑖
𝑋2𝐸𝑖

−
𝑇𝐶𝑖

𝑇𝐵𝑖𝑇𝑅𝑖
𝑉𝑇𝑖

+
1

𝑇𝐵𝑖
(𝑉𝑊𝐴𝐷𝐶𝑖 + 𝑉𝑃𝑆𝑆𝑖

+ 𝑉𝑟𝑒𝑓𝑖) 

 

(16) 

𝐸𝑓𝑑𝑖=

 {

E𝑓𝑑𝑖
𝑚𝑖𝑛                                       ; 𝑋3𝐸𝑖 < 𝐸𝑓𝑑𝑖

𝑚𝑖𝑛

 

𝑋3𝐸𝑖  ; 𝐸𝑓𝑑𝑖
𝑚𝑖𝑛 ≤ 𝑋3𝐸𝑖 ≤ 𝐸𝑓𝑑

𝑚𝑎𝑥 

𝐸𝑓𝑑𝑖
𝑚𝑎𝑥                                        ; 𝑋3𝐸𝑖 > 𝐸𝑓𝑑𝑖

𝑚𝑖𝑛

 

 

(17) 

 

The third-order model was used to design the PSS to stabilize 

the local modes of oscillations, as shown in Fig. 2. The rotor 

speed of the generator is used as an input signal to the PSS. So, 

Eqs. (18)-(20) represent the dynamic behavior of the PSS 

model. 

1

2

1

1
i

i

sT

sT




3

4

1

1
i

i

sT

sT




3iPSS2iPSS1iPSS

PSSiV
i 5

51
i

pssi
i

sT
K

sT
 

Fig. 2. Type PSS1A power system stabilizer model 

𝑃𝑆𝑆̇ 1𝑖 = −
1

𝑇5𝑖
𝑃𝑆𝑆1𝑖 +𝐾𝑝𝑠𝑠𝑖

1

120𝜋
𝜔̇𝑖 (18) 

𝑃𝑆𝑆̇ 2𝑖 = −
1

𝑇2𝑖
𝑃𝑆𝑆2𝑖 +

1

𝑇2𝑖
𝑃𝑆𝑆1𝑖 +

𝑇1𝑖

𝑇2𝑖
𝑃𝑆𝑆̇ 1𝑖  (19) 

𝑃𝑆𝑆̇ 3𝑖 = −
1

𝑇4𝑖
𝑃𝑆𝑆3𝑖 +

1

𝑇4𝑖
𝑃𝑆𝑆2𝑖 +

𝑇3𝑖

𝑇4𝑖
𝑃𝑆𝑆̇ 2𝑖  (20) 

Also, the dynamical model of TCSC considering the delay in 

thyristor firing angles is depicted by a lag compensator block 

in Fig. 3 [20]. Therefore, the output reactance changes can be 

expressed by Eqs. (21)-(24). 

131U2U

3U

1

1 sTd
1

2

( )1

1

K sT

sT




3

4

1

1

sT

sT





1

1 TCSCsT

ref

TCSCX TCSCX

 
Fig. 3. TCSC block diagram 

 

𝑈̇0 = −
1

𝑇𝑑
𝑈0 +

1

𝑇𝑑
∆𝛿13 (21) 

𝑈̇1 = −
1

𝑇2
𝑈1 +

1

𝑇2
𝐾𝑈0 +

𝑇1

𝑇2
𝐾𝑈̇0 (22) 

𝑈̇3 = −
1

𝑇4
𝑈3 +

1

𝑇4
𝑈1 +

𝑇3

𝑇4
𝑈̇1 (23) 

Ẋtcsc = −
1

Ttcsc
Xtcsc +

1

Ttcsc
XTCSC 
ref

−
1

Ttcsc
U3            

(24) 

Where U3 is a complementary control signal generated 

through a third-order dynamical model with generator rotor 

angle changes as its input. Also, the connection between the 

dynamic equations of the generators is established through the 

network admittance model. In the two-axis model of the 

synchronous generator, the dynamics of each machine are 

presented in a d-q reference frame that rotates at the speed of 

the machine rotor. To solve these equations, it is necessary to 

define a single reference frame for the whole system, called the 

system reference frame, and express all voltages and currents 

in that reference frame. The system reference frame rotates at 

synchronous speed. The voltage and current quantities of each 

machine can be expressed in the d-q reference frame of the 

machine or the system reference frame (R-I axes), as shown in 

Fig. 4. According to Fig.4, Eqs. (25) and (26) will be 
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established between the d-q and R-I quantities. 

RiV

IiV

div
dii

RiI

IiI

qii

qiv

tiV

tiI
i

R

I

d

q

 
Fig. 4. The system reference frame and 𝑖𝑡ℎgenerator reference 

frame 

𝑉̅𝑡𝑖 = 𝑉𝑅𝑖 + 𝑗𝑉𝐼𝑖 = (𝑣𝑑𝑖 + 𝑗𝑣𝑞𝑖)𝑒
𝑗(𝛿𝑖−

𝜋

2
)
 (25) 

𝐼𝑡̅𝑖 = 𝐼𝑅𝑖 + 𝑗𝐼𝐼𝑖 = (𝑖𝑑𝑖 + 𝑗𝑖𝑞𝑖)𝑒
𝑗(𝛿𝑖−

𝜋

2
)
 (26) 

 

III. WIDE-AREA DAMPING CONTROLLER 

DESIGN 

This paper uses a robust multipurpose control based on [21] 

to design the wide-area controller. For this purpose, a two-

level hierarchical control scheme is used with local controllers 

at the first level while the wide-area controller is implemented 

at the second stage. The hierarchical control scheme has 

minimum damping due to the performance of local controllers 

in the case of loss of telecommunications [3], [22]–[24]. 

The main goal of the multipurpose controller design is to use 

the combination of time and frequency domain performance of 

mixed 𝐻2/𝐻∞  synthesis and defining the constraints of 

closed-loop poles placement in the desired location. In the 

design of the single-purpose 𝐻∞ controller, robust stability, 

and elimination of output disturbance are achieved by 𝐻∞ 

synthesis. In the multipurpose controller design of mixed 

𝐻2/𝐻∞  synthesis, the 𝐻∞  synthesis is only used to obtain 

robust stability against model uncertainty, while the 

elimination of output disturbance with considered limitations 

is carried out by 𝐻2 synthesis. So, the multipurpose controller 

has a better transient response than the single-purpose scheme. 

The block diagram of the closed-loop system with WADC 

utilizing the multipurpose design is shown in Fig. 5, where 

𝑢𝑤𝑎𝑑𝑐  and 𝑦𝑤𝑎𝑑𝑐  represent the wide-area controller's input 

vector and output vector, respectively [25]. 

0( )P s

( )WADC s

1( )W s

2( )W s

3( )W s

0r 

Z

2Z}d

wadcuwadcy

Nominal Plant Model

 
Fig. 5. Multipurpose controller design using weighting 

functions 

In Fig. 5, the output channel 𝑧∞ corresponds to optimizing 

the 𝐻∞  performance while the output channel 𝑧2  aims to 

improve the 𝐻2  performance. Also, 𝑊3(𝑠) , 𝑊2(𝑠)  and 

𝑊1(𝑠) are the weighting functions in the frequency domain. 

The 𝑊3(𝑠) function, which is in the 𝑧2 channel, is a low-

pass filter used to eliminate the disturbance effect on the output. 

Also, the weighting function 𝑊2(𝑠)   is a high-pass filter 

which usually is considered as a small constant number to 

minimize the disturbance effect on the controller output. 

Finally, the weighting function 𝑊1(𝑠), which is in the output 

channel of 𝑍∞ , is a high-pass filter used to robust stability 

against the model uncertainty. Furthermore, 𝑃0(𝑠)  is the 

nominal plant of the system which is obtained by the reduced 

model of the power system. The delay has been considered in 

this system linear model [15]. So, the system shown in Fig. 5 

can be shown as a Linear Fractional Transformation (LFT) 

model in Fig. 6, where 𝑃̃0(𝑠) represents the modified plant 

model with weighting functions. 

( )WADC s

d

WADCy WADCu

Z

2Z0( )P s

 
Fig. 6. LFT block diagram for the multipurpose design 

approach 

{
 

 
𝑥̇𝑃 = 𝐴𝑃𝑥𝑃 + 𝐵𝑃𝑑𝑑 + 𝐵𝑃𝑦𝑤𝑎𝑑𝑐
𝑧∞ = 𝐶𝑥𝑥𝑃 + 𝐷𝑑𝑥𝑑 + 𝐷𝑥𝑦𝑤𝑎𝑑𝑐
𝑧2 = 𝐶2𝑥𝑃 +𝐷𝑑2𝑑 + 𝐷2𝑦𝑤𝑎𝑑𝑐
𝑦𝑠 = 𝑢𝑤𝑎𝑑𝑐 = 𝐶𝑃𝑥𝑃 +𝐷𝑝𝑑𝑑

 (27) 

{
𝑥̇𝑘 = 𝐴𝑘𝑥𝑘 + 𝐵𝑘𝑢𝑤𝑎𝑑𝑐
𝑦𝑤𝑎𝑑𝑐 = 𝐶𝑘𝑥𝑘 +𝐷𝑘𝑢𝑤𝑎𝑑𝑐

 (28) 

So, state-space equations of the closed-loop system can be 

expressed in Eq. (29). 

{

𝑥̇𝑐𝑙 = 𝐴𝑐𝑙𝑥𝑐𝑙 + 𝐵𝑐𝑙𝑑
𝑧∞ = 𝐶𝑐𝑙1𝑥𝑐𝑙 + 𝐷𝑐𝑙1𝑑
𝑧2 = 𝐶𝑐𝑙2𝑥𝑐𝑙 + 𝐷𝑐𝑙2𝑑

 (29) 

Where 𝑥𝑐𝑙 , 𝐶𝑐𝑙1 , and 𝐶𝑐𝑙2 are defined as Eqs. (30)-(32), 

respectively.  

𝑥𝑐𝑙 = (
𝑥𝑝

𝑥𝑘
) . 𝐴𝑐𝑙

= (
𝐴𝑃 + 𝐵𝑃𝐷𝐾𝐶𝑃             𝐵𝑃𝐶𝐾

𝐵𝐾𝐶𝑃                          𝐴𝐾
) . 𝐵𝑐𝑙

= (
𝐵𝑝𝑑 + 𝐵𝑝𝐷𝑘𝐷𝑝𝑑

𝐵𝑘𝐷𝑝𝑑
) 

(30) 

𝐶𝑐𝑙1 = (𝐶∞ + 𝐷∞𝐷𝑘𝐶𝑝        𝐷∞𝐶𝑘).  𝐷𝑐𝑙1

= 𝐷𝑑∞ + 𝐷∞𝐷𝑘𝐷𝑝𝑑 
 (31) 

𝐶𝑐𝑙2 = (𝐶2 + 𝐷2𝐷𝑘𝐶𝑝        𝐷2𝐶𝑘).  𝐷𝑐𝑙2

= 𝐷𝑑2 + 𝐷2𝐷𝑘𝐷𝑝𝑑 
(32) 

According to Fig. 5, the main objectives of WADC design 

are as follows. 1) Improve 𝐻∞  synthesis performance to 

controller robustness against system uncertainties, 2) Improve 

𝐻2 synthesis performance to improve controller performance 
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once the system is subjected to large disturbances, 3) 

Placement of the closed-loop poles in a specific location on the 

left-half plane to achieve a desired transient response. In 

mathematical terms, multipurpose controller design can be 

expressed as an optimization problem that minimizes mixed 

𝐻2/𝐻∞ synthesis, which is displayed as Eq. (33). 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑎∞‖𝑇𝑑𝑧∞(𝑠)‖∞
2
+ 𝑎2‖𝑇𝑑𝑧2(𝑠)‖2

2
 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜:  

𝑝𝑜𝑙𝑒𝑠 ∈ 𝑟𝑒𝑔𝑖𝑜𝑛      

(33) 

Where 𝑇𝑑𝑧∞(𝑠) and 𝑇𝑑𝑧2(𝑠) are the closed-loop transfer 

functions of the disturbance d to the outputs 𝑧∞  and  𝑧2 , 

respectively. ‖𝑇𝑑𝑧∞(𝑠)‖∞
and ‖Tdz2(s)‖2

 represent the 𝐻∞ 

and 𝐻2  norms of the Tdz∞(s)  and Tdz2(s)  transfer 

functions, respectively. Also, a∞ and 𝑎2 weighting factors. 

To achieve the desired transient response, it is necessary to 

place the closed-loop poles in the left-half plane. This specific 

location for the placement of closed-loop poles is considered 

according to Fig. 7. Therefore, the maximum settling time and 

the minimum inter-area oscillation damping ratio will be 

limited to 4 𝑎⁄  and cos (β), respectively. 

Im

Re





 
Fig. 7. The region of interest for the pole-placement of the 

closed-loop system 

 

IV. ADAPTIVE DELAY COMPENSATOR FOR 

WIDE-AREA ROBUST CONTROLLER 

DESIGN 

An ADC for the robust controller system to dampen the 

inter-area oscillations has been presented. The implementation 

of the proposed method contains two main steps: 1) To design 

an ADC, First, ADC is defined as the weighted sum of several 

phase compensators with the consideration of the delay 

variation range. Then, the weighting factors are adjusted in 

real-time according to the measured delay value to compensate 

for the time-varying delay. 2) To design the robust controller, 

the delay compensator is considered as a part of the controlled 

system, and the WADC controller is designed using the 

method as mentioned above described in Section III to 

improve the damping of inter-area oscillations. 

Time Delay of Control Loop

Local ControllerWADC
PMUn

Adaptive Delay 
Compensator (ADC)

Wide Area Damping
Controller(WADC)

PMU1

PDC

Time stamp [t1]
Time stamp [t2]

GPS time 
service

POWER SYSTEM

V´WADCi [t1] VWADCi

τ  = t2 – t1

 
Fig. 8. Control structure based on generator excitation system 

with ADC 

The most crucial point to remember about continuous-time 

delay compensation is the robustness of WADC against delay 

changes. However, the ADC can easily extract the delay model 

and use it to design WADC and its robustness against delay 

changes. The delay caused by signal transmission becomes 

even more critical once the used control scheme is the wide-

area controller [26]. The structure of the wide-area control 

system with the ADC is shown in Fig. 8. PMU measurements 

are collected at 𝑡1  and synchronized in Phasor Data 

Concentrator (PDC) [27]. When one or more 

telecommunications links become overloaded, the PDC waits 

until it receives all the signals with timestamp 𝑡1 and sends 

feedback signals to the WADC after the measured signals are 

synchronized. After receiving the feedback signals, WADC 

calculates the control signal 𝑉′𝑊𝐴𝐷𝐶𝑖  with the timestamp 𝑡1 

and sends it to the ADC located at the control center. When 

ADC receives control signal 𝑉′𝑊𝐴𝐷𝐶𝑖  (corresponds to 

timestamp 𝑡1 ), the control loop delay is calculated as τ =

t2 − t1, where 𝑡2 represents the new timestamp currently that 

the control signal reaches the delay compensator. Also, it is 

determined in real-time by the Global Positioning System 

(GPS). So, the ADC generates the appropriate phase value to 

compensate for the measured delay. Then, the compensated 

signal VWADCi is applied to the Automatic Voltage Regulator 

(AVR) input mounted on the synchronous generator excitation 

system or FACTS compensator to achieve desirable dynamical 

performance. In this paper, the ADC performance is evaluated 

in a wide-area control system on the TCSC. Also, it is assumed 

that the WADC is located near of the TCSC installed location. 

So, the proposed control scheme is shown in Fig. 9. In the 

presented scheme, ADC receives the feedback signal M 

(corresponds to timestamp 𝑡1 ) from the data center. ADC 

performs the phase compensation concerning measured delay 

and applies the compensated signal to the WADC input. So, 

WADC calculates the control signal  𝑋𝑊𝐴𝐷𝐶  and apply it to 

TCSC to improve the damping of inter-area oscillations. 
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Phasor Data 
Concentrator (PDC)
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Time stamp 
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GPS
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Bus i Bus j
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M2 [t1]
M1 [t1]
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Fig. 9. The proposed control scheme based on TCSC usage 

with ADC 

 

A. The delay of the WAMS communication network 

The delays in the WAMS communication network are 

caused by the measurements' processing time, synchronization, 

sending of measurement signals, calculation of control signals, 

and sending them. Therefore, the total delay is equal to the time 

it takes to send a measured signal by the PMU to the control 

center. Conventional telecommunication lines in the WAMS 

are generally divided into two categories; wired links and 

wireless links. Satellite and digital microwave links are the 

most used wireless links, while fiber-optic lines, Power Line 

Carriers (PLCs), and telephone lines are among the most 

common wired links. The delay for these conventional 

telecommunication lines is shown in Table I[28], [29]. 

TABLE I 

DELAY FOR VARIOUS TELECOMMUNICATION LINES 

IN THE WAMS SYSTEM [30] 

Telecommunication line 

type 

Delay 

(milliseconds) 

Fiber optic lines 100-150 

Digital microwaves 100-150 

Power line carrier 150-350 

Telephone lines 200-300 

Satellite 500-700 

 

B.  Delay modeling 

The most widely used approach of delay modeling is to 

approximate it with a transfer function in a specific frequency 

range. The delay transfer function is generally defined as Eq. 

(34). A common approach used for delay modeling is the Pade 

Approximation of order n of the delay, which is presented as 

Eq. (35) [15]. 

Gd(s) = e
−τs (34) 

Gd
n(s)

=
∑

(−1)k(2n−k)!nl

2n!k!(n−k)!
τkskn

k=0

∑
(2n−k)!nl

2n!k!(n−k)!
τkskn

k=0  

 
(35) 

The approximated delay model is obtained by Eq. (36). 

GD(s) =
(1 −

sτ

2n
)n

(1 +
sτ

2n
)n

 (36) 

 

C.  Adaptive Delay Compensation Design 

The proposed ADC is a weighted sum of several 

compensators in which the weighting factor corresponds to 

each compensator is updated in continuous time according to 

the measured delay. To describe the ADC process, 𝐺̅𝐷(𝑠)  

considered as a minimum phase transfer function, as shown in 

Eq. (37). 

G̅D(s) =
1

(1 +
sτ

2n
)2n

 (37) 

The phase of the 𝐺̅𝐷(𝑠) the transfer function is the same as 

the approximate delay model phase expressed by the Eq. (36). 

Therefore, the transfer function of each compensator using 

𝐺̅𝐷(𝑠) is defined by Eq. (38). 

DCi(s) = K(Ti)
(1 +

sTi

2n
)
2n

(1 + sTc)
2n
   i = 1,2,⋯ ,m (38) 

Where 𝐷𝐶𝑖(𝑠)  represents the 𝑖𝑡ℎ  compensator transfer 

function, m shows the number of compensators, 𝑇𝑖  and 𝑇𝑐 

are the phase lead (numerator) and phase lag (denominator) 

time constants of the are 𝑖𝑡ℎ compensator, respectively. Also, 

K is the Gain Correction Factor (GCF), a function of the delay. 

So, the state-space equations of the compensators can be 

expressed using controllable canonical realization. The 𝑖𝑡ℎ 

compensator state-space equations will be defined as Eqs. (39) 

and (40). 

ẋADC(t) = AADCxADC(t) + BADCuADC(t) (39) 

yDCi(t) = CDCixADC(t) + DDCiuADC(t) (40) 

Where 𝐴𝐴𝐷𝐶  and 𝐵𝐴𝐷𝐶  are state matrices and delay 

compensator inputs, respectively. Also, 𝐶𝐷𝐶𝑖  and 𝐷𝐷𝐶𝑖  are 

the output and direct supply matrices of the 𝑖𝑡ℎ compensator, 

respectively. 𝑥𝐴𝐷𝐶  is the state variable vector of delay 

compensator, 𝑢𝐴𝐷𝐶  represents the remote signal applied to the 

compensator input, and finally, 𝑦𝐷𝐶𝑖  represents the output of 

the 𝑖𝑡ℎ compensator. The proposed ADC is considered as a 

weighted sum of a small number of compensators where its 

transfer function is indicated in Eq. (41). 

ADC(s) =
N(s)

D(s)
=∑βi(τ)DCi(s)

m

i=1

 (41) 

Where N(s)  and 𝐷(𝑠)  are the polynomials of the 

numerator and denominator of ADC, respectively. Also, 𝛽𝑖(𝜏) 

is the weighting factor of the 𝑖𝑡ℎ  compensator. If m is the 

number of compensators, then the weighting factors used in Eq. 

(41) can be obtained by Eq. (42). 

β̅(τ) = T̅−1T̅τ (42) 

Where 𝛽̅(𝜏), 𝑇̅, and 𝑇̅𝜏 are expressed as Eqs. (43)-(45). 
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𝛽̅(𝜏)

= [𝛽1(𝜏)          𝛽2(𝜏)     ⋯        𝛽𝑚(𝜏)]
𝑇 

(43) 

𝑇̅ =

(

 
 

1                1  ⋯ 1
𝑇1

  𝑇1
2           

𝑇1
  𝑇2

2

⋯
⋯  

𝑇𝑚
𝑇𝑚

2

⋮                 ⋮ 
𝑇1
𝑚−1     𝑇2

𝑚−1
⋱
⋯

  
⋮

𝑇𝑚
𝑚−1

)

 
 

 (44) 

𝑇̅𝜏 = (

1
𝜏
𝜏2

⋮
𝜏𝑚−1

) (45) 

The implementation of the proposed ADC is shown in Fig. 

10, where matrices 𝐶𝐴̅𝐷𝐶  and 𝐷̅𝐴𝐷𝐶  are defined as Eqs. (46) 

and (47), respectively. 

C̅ADC = [CDC1
T     CDC2

T    ⋯   CDCm
T ]T (46) 

D̅ADC
= [DDC1

T     DDC2
T    ⋯   DDCm

T ]T 
(47) 

Time stamp t2

DADC

β1

Delay Compensated 
Signal

β2

βm-1

βm

Σ 

DC2

DC1

DCm-1

DCm
CADC

AADC

1/sBADC Σ 

Σ 

Time stamp t1

τ  = t2 – t1

Time delay

_

Remote Signal
(Wide-area signal)

XADC XADC

.

_

 
Fig. 10. The proposed ADC 

 

The block diagram of the closed-loop system by considering 

WADC and ADC is depicted in Fig. 11. In this figure, 𝐺0(𝑠) 

represents the linearized model of the power system, and the 

compensated delay model is represented by 𝐶𝐷𝑀𝑡(𝑠) . To 

implement the ADC using Eq. (41), the compensated delay 

model will be represented as Eq. (48) [27]. 

CDMτ(s) = ADC(s)GD(s)

=
∑ βi(τ)K(Ti) (1 +

sTi

2n
)
2n

m
i=1

(1 + sTc)
2n

(1 −
sτ

2n
)n

(1 +
sτ

2n
)n

 
(48) 

G0 (s)  CDMt (s)

 WADC (s)
+ +

Power System Linearized 
Model

Compensated Delay 
Model

Wide Area Controller

r = 0

ys 

 
Fig. 11. Closed-loop system block diagram considering 

WADC and ADC 

 

By considering the ADC, the common point of the system 

linearized and compensated delay models are considered the 

plant that the WADC is designed. The plant for the above-

mentioned system displayed in Fig. 11 is defined as Eq. (49). 

 

P(s) = G0(s)CDMτ(s) (49) 

V. SIMULATION RESULTS 

A.  Case Study I: Four-Machine Two-Area Test System 

To show the advantages of TCSC-based WADC 

performance, the proposed control scheme was applied to the 

Four-Machine Two-Area test system, which is shown in Fig. 

12. It should be noted that PSSs are only installed on G1 and 

G3 generators, while PSSs for G2 and G4 generators have not 

been considered. The transfer function of the PSSs as 

mentioned earlier and the conventional wide-area controller 

are shown in Eqs. (50) and (51), respectively. 

𝐻𝑃𝑆𝑆(𝑠) = 8
7𝑠

1 + 8𝑠
(
1 + 08𝑠﮳0

1 + 03𝑠﮳0
)2 (50) 

𝐻𝑊𝐴𝐷𝐶(𝑠) = 𝐾𝑎
7𝑠

1 + 8𝑠
(
1 + 0․08𝑠

1 + 0․03𝑠
)2 (51) 

 

 
Fig. 12. Single line diagram of two area four machine system 

with TCSC 

TABLE II 

TIME-VARYING DELAY CONSIDERED 

Time Interval (s) Time Delay (ms) 

0 ≤ 𝑡 < 7 470 ± 𝜃𝜏  

7 ≤ 𝑡 < 10 150 ± 𝜃𝜏  

10 ≤ 𝑡 ≤ 20 290 ± 𝜃𝜏  

 

Where 𝐾𝑎  is selected based on a trade-off between the 

delay margin and the damping performance. The time-domain 

simulations are carried out to show the performance of the 

proposed WADC in the presence and absence of TCSC once 

the system is subjected to a large disturbance. The simulation 

results for the three-phase fault that occurred on the L2 line for 

different delay values are shown in Fig. 13. The three-phase to 

fault occurs at 0.1 s while it is cleared after 0.1 s. Also, the 

assumed time-varying delay is considered in Table II, where 

𝜃𝜏 is a random value between zero and 30 ms. As shown in 

Fig. 13, the adaptive wide-area robust controller has a great 

performance in damping inter-area oscillations against the 

different values delay compared to the other methods. When 

the delay is 100 ms, the ADC is equal to the DC1 compensator, 

and the performance of the lead-lag controller with 𝐾𝑎 = 4 is 

approximately similar to the performance of the proposed 

method. However, the performance of the conventional 

G1 G3

G4G2

Load

C1 C2
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PMU
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controller completely deteriorates with an increase in delay 

value and time-varying delay. On the other hand, the controller 

with 𝐾𝑎 = 2 gain can withstand a more extensive range of 

delay changes because its delay margin is 358 ms. As can be 

seen, this enhancement in the delay margin is obtained by 

weakening the controller damping performance where 

damping of the oscillations is last more than 20 s with different 

values of time delay. Although this gain provides an enhanced 

damping ratio for the lead-lag controller compared to the open-

loop system, the desirable damping is not preserved in either 

low or high values of delay. 

 

 

 

 
Fig. 13. The rotor speed changes of the G1 and G3 subjected 

to a 3-phase fault on the L2 line (a) delay =100 ms (b) delay 

=300 ms, (c) delay =500 ms, (d) time-varying delay. 

Also, Fig. 14 shows the simulation results of the G1 and G3 

generators' speed changes caused by different delays with 

ADC-based centralized controller and PSS. As can be seen, the 

ADC-based WADC has appropriate damping at different time 

delays than the fixed-delay compensators (DC1, DC3, and 

DC5) and PSS. 

    
Fig. 14. Different delays with ADC-based centralized 

controller caused the rotor speed changes of the G1 and G3 

 

Small signal analysis for the Two-Area test system in the 

presence and absence of TCSC shows that the system has three 

oscillatory modes. The participation of each generator in these 

oscillatory modes is shown in Tables III and IV. As can be seen, 

the damping ratio of all electromechanical modes as well as 

the frequency of local modes has changed. However, the inter-

area mode frequency increased from 0.7344 Hz to 0.7515 Hz. 

This mode has a settling time of 30 s because of its damping 

ratio and low oscillation frequency. So, it is essential to 

improve the damping ratio of this oscillatory mode. 

TABLE III 

ELECTROMECHANICAL MODES OF TWO-AREA 

SYSTEM WITHOUT TCSC 

Local and 

inter-area 

modes value 

Mode 

shape 

Damping 

ratio (%) 

Frequency 

(Hz) 
Mode 

−0․6467

± 4․6711𝑖 

G1, G2 

VS. G3, G4 
13.71 0.7344 1 

−5․8336

± 12․298𝑖 

G3 VS. 

G4 
42.86 1.9573 2 

−4․7517

± 13․7841𝑖 

G1 VS. 

G2 
32.59 2.1938 3 

 

TABLE IV 

ELECTROMECHANICAL MODES OF TWO-AREA 

SYSTEM WITH TCSC 

Local and 

inter-area 

modes value 

Mode 

shape 

Damping 

ratio (%) 

Frequency 

(Hz) 
Mode 

−0․7349

± 4․7116i 

G1, G2 

VS.G3,G4 
15.41 0.7515 1 

−5․8698

± 12․4025𝑖 

G3 VS. 

G4 
42.78 1.9739 2 

−4․7804

± 13․9393𝑖 

G1 VS. 

G2 
32.44 2.2185 3 
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The considered feedback signals are the speed changes of 

the generators in the system. The inter-area mode damping is 

done by applying a control signal to the generator excitation 

system. The relative values of the inter-area mode for different 

feedback signals and control locations are shown in Table V. 

According to the results, the G1 generator is considered the 

control location, and the speed changes between the G1 and 

G3 generators, which have the highest visibility of the inter-

area mode, are selected as the feedback signal. In this work, 

the WADC is located near the TCSC while ADC is installed to 

compensate for the delay in the feedback signal.  

TABLE V 

FEEDBACK SIGNALS AND CONTROL LOCATIONS 

Feedback Signal 

𝝎𝟑

− 𝝎𝟒 

𝜔2
−𝜔4 

𝜔2
−𝜔3 

𝜔1
−𝜔4 

𝝎𝟏

− 𝝎𝟑 

𝜔1
−𝜔2 

0.0409 0.8178 0.8175 0.9038 1.0000 0.0561 G1 

Control 

Location 

0.0385 0.7581 0.7138 0.7984 0.8148 0.0506 G2 

0.0289 0.5896 0.5163 0.6417 0.8506 0.0423 G3 

0.0353 0.6302 0.6791 0.7064 0.7124 0.0473 G4 

 

The order of the linearized model obtained by MATLAB 

software is 55, which is reduced to 10 using the Schur model 

order reduction method [31]. The bode diagram for the original 

model and reduced model are shown in Fig. 15 (a). As can be 

seen, the reduced model in the frequency range of the 

electromechanical oscillations has the same dynamic behavior 

as the original model. The delay variation is considered 

between 100 ms and 500 ms. Also, the time constants of these 

compensators are considered as 𝑇1 =0.1, 𝑇2 =0.2, 𝑇3  ,3﮳.0=

𝑇4 = 0.4, 𝑇5 =0.5. The variations in the delay will cause 

uncertainty in the compensated delay model. The main part of 

this uncertainty is due to the variation in the gain value of this 

model, which if GCF is not used, the gain increases with 

increasing of the delay value and decreases with decreasing of 

the delay value. Therefore, using an appropriate gain factor can 

reduce the caused uncertainty by delay variations. The MSV 

diagram of the designed plant considering the uncertainty is 

shown in Fig.15 (b).  

 
(a) 

 
(b) 

Fig. 15. (a) Bode plot of the linearized model and reduced 

model (b) MSV diagram for 𝑊1(𝑠) weighting function and 

plant uncertainty 

Also, the weighting functions 𝑊1(𝑠)  ,𝑊2(𝑠) ,𝑊3(𝑠)  are 

considered as Eqs. (52) - (54) [32]. 

𝑊2(𝑠) =  (52) 2﮳0

𝑊3(𝑠) =
10

𝑠 + 20
 

(53) 

𝑊1(𝑠) = 8𝑠 (𝑠 + 90)⁄  (54) 

The weighting factors of 𝐻∞ and 𝐻2 are assumed 0.5. The 

results of the controller design are presented in Table VI. 

TABLE VI 

THE DESIGNED CONTROLLER WITH TCSC BY 

CONSIDERING 𝑎 = 0․49 AND 𝛽 = 87  FOR THE LMI 

REGION 

Designed controller with TCSC 

‖𝑻𝒅𝒛∞‖∞ ‖𝑻𝒅𝒛𝟐‖𝟐 

0.786 0.244 

 

The time-varying delay, the weighting factors of 

compensators, and the ADC output signal applied to the AVR 

input of the G1 generator are shown in Fig. 16. This figure 

shows the ADC output variations between the outputs of other 

compensators when a large latency variation occurs. 
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Fig.16 . Continued 

  
Fig. 16. Vertex compensator weights and control signals. (a) 

Time-varying delay, (b) Weight of vertex compensators, (c) 

the output of vertex compensators and ADC 

 

Also, Fig. 17 shows the rotor speed changes of the G1 and 

G3 caused by different delays with ADC-based centralized 

controller and TCSC. As can be seen, the ADC-based WADC 

with TCSC has suitable damping at different time delays than 

the fixed-delay compensators (DC1, DC3, and DC5). 

 
Fig. 17. The rotor speed changes of the G1 and G3 were 

caused by different delays with an ADC-based centralized 

controller and TCSC 

 

Fig. 18 shows the active power from bus 7 to bus 9 with fault 

levels and different operating conditions. A three-phase to 

fault occurs at 1 s on the L2 line, and it is cleared after 0.1 s. 

Fig. 18 (a) shows the active power from bus 7 to bus 9 

considering 80% of the load, Fig. 18 (b) shows 100% of the 

load, and Fig. 18 (c) shows 120% of the loads. As can be seen, 

WADC based ADC with TCSC compared to WADC with 300 

ms fixed-delay compensator and PSSs have better 

performance. 

 

 

 
Fig. 18. The occurrence of 3-phase to fault on the L2 line at 

different operating points with the presence of TCSC (a) 80% 

load (b) 100% load (c) 120% load 

B.  Case Study II: 39-Bus 10-Machine Power System 

The IEEE 39-bus 10-machine system with TCSC is chosen 

to evaluate the performance of the proposed method in a wide-

area controller based on the use of FACTS devices. The single-

line diagram of the network is shown in Fig. 19. This system 

consists of 10 synchronous generators, in which the G1 

generator represents the dynamic model of the external grid. 

To impose the stress on the system, the load level and the 

generation have been increased. The local PSSs are installed 

only on generators G2, G3, G5, G8, and G9, while other 

generators are not equipped with PSS. The PSS transfer 

function installed on the aforementioned generators is 

displayed in Table VII [33], [34].  

Small signal analysis of the linearized model of the system, 

according to Table (8), shows that the system has four 

oscillatory modes with a frequency of less than one Hz. Since, 

in each of these oscillatory modes, several generators oscillate 

against each other, they can be considered inter-area 

oscillation modes. Corresponding generators that produce 

these oscillatory modes include five groups of coherent 

generators. As shown in Table VIII, the groups mentioned 

above of coherent generators consist of G9, (G2 and G3), (G4, 

G5, G6, and G7), (G8 and G10), and G1. 
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Fig. 19. 39-Bus 10-Machine Power System 

 

TABLE VII 

THE INSTALLED PSS ON 39-BUS TEST SYSTEM 

GENERATORS 

The Installed PSS Generator 

𝟓
𝟖𝒔

𝟏 + 𝟖𝒔
(
𝟏 + 𝟎. 𝟎𝟔𝒔

𝟏 + 𝟎. 𝟎𝟏𝒔
)𝟐 

 

G2, G3 

𝟕
𝟖𝒔

𝟏 + 𝟖𝒔
(
𝟏 + 𝟎. 𝟎𝟔𝒔

𝟏 + 𝟎. 𝟎𝟏𝒔
)𝟐 (

𝟏 + 𝟎𝟓𝒔﮳𝟎

𝟏 + 𝟎. 𝟎𝟏𝒔
) 

 

G9, G8, G5 

 

TABLE VIII 

INTER-AREA MODES OF OSCILLATION OF THE 39-

BUS TEST SYSTEM WITH TCSC 

Mode Frequency 
Damping 

ratio 

Mode 

shape 

Local 

and inter-

area modes 

value 

1 0.2801 31.29 
G1 VS. the 

others 

−0.58

± 1.76𝑖 

2 0.4010 65.93 

(G3, G2) 

VS. G9 and 

(G8,G10) 

−2.21

± 2.52𝑖 

3 0.4361 55.11 

G9 VS. 

(G4, G7) and 

(G8, G10) 

−1.81

± 2.74𝑖 

4 0.7432 33.13 

(G7, G4) 

VS. (G2, G3) 

and (G8,G10) 

−1.64

± 4.67𝑖 

 

Controllability and observability methods are used to 

determine the appropriate control location and control signal. 

One of these methods is the Residue Value which is based on 

model analysis [30]. This value is calculated for the lines of 

the case study system, as shown in Table IX. As shown in 

Table IX, the maximum value of the residues is related to the 

line (26-25). According to this controllability index, line (26-

25) is the best place to install TCSC in this system. The 

measured signals are the speed of synchronous generators, and 

the feedback signals are considered the speed difference 

between the two generators. Also, for a comparative study 

without TCSC, a wide-area control signal is applied to the 

input of the AVR system installed on the excitation of some 

synchronous generators. The selection of the appropriate 

feedback signal and control location is made independently 

according to the maximum Geometric Measure of 

Controllability (GMC) and the maximum Geometric Measure 

of Controllability (GMO) for that mode to damp the inter-area 

oscillations. The details of these measures are not discussed 

here and can be found in [35], while the effectiveness of this 

method has been confirmed in [32]. Table X shows each 

mode's control location and selected feedback signal based on 

the maximum GMC and GMO indices. For example, 

according to Table 8, the first mode shows the oscillation of 

the G1 generator compared to the rest of the system generators. 

It can be effectively controlled by measuring the speed 

difference between the G1 and G9 generators and applying a 

control signal to the G9 generator. Therefore, G2, G4, and G9 

are the selected control locations to improve the damping of 

inter-area oscillations. It is also assumed that the bus connected 

to generators G1, G2, G3, G5, G9, and G10 are equipped with 

PMUs to obtain feedback signals. 

TABLE IX 

TCSC RESIDUE COEFFICIENT IN THE 39-BUS TEST 

SYSTEM 

TCSC Placement 

The Normalized Residue Line 

0.34 9 – 39 

0.59 17 – 27 

0.28 15 – 16 

0.91 16 – 21 

0.26 14 – 15 

0. 58 21 – 22 

0.41 16 – 17 

0.53 2 – 3 

0.13 3 – 4 

0.68 2 – 25 

0.28 7 – 8 

1.00 25 – 26 

0.52 26 – 28 

0.64 28 – 29 

0.45 17 – 18 

 

TABLE X 

FEEDBACK SIGNALS AND THE SELECTED CONTROL 

LOCATIONS TO IMPROVE THE DAMPING OF INTER-

AREA OSCILLATIONS 

4 3 2 1 Mode Number 

G4 G9 G2 G9 
Control Location Based 

on Maximum GMC 

𝜔3
− 𝜔5 

𝜔9
− 𝜔10 

𝜔2
− 𝜔9 

𝜔1
− 𝜔9 

Feedback Signal Based on 

Maximum GMO 

 

The linearized model of the case study system is obtained at 

the nominal operating point using MATLAB software. The 

order of the obtained linear model is equal to 116. To facilitate 

the design of the WADC, the order of the system is reduced to 
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10 using the Schur model order reduction method in the robust 

control toolbox of MATLAB software. The frequency 

response of the full-order and the reduced model are shown in 

Fig. 20 (a). According to this figure, the reduced model has the 

dynamic behavior of the full-order system with reasonable 

accuracy in the frequency range of electromechanical modes. 
 

 
Frequency (rad/s) 

(a) 

 

 
Frequency (rad/s) 

(b) 

Fig. 20. (a) Bode plot of the linearized model and reduced 

model (b) MSV plot of plant model uncertainty and the 

corresponding weighting function 
 

As mentioned before, changes in the delay will cause 

uncertainty in the compensated delay model. The main 

contribution of the uncertainty is due to the change in the gain 

of this model. If the GCF is not used to modify the gain value, 

the gain increases with increasing delay and decreases with 

decreasing delay. So, the resulted uncertainty can be 

significantly reduced using an appropriate gain factor. The 

MSV diagram of the designed plant uncertainty is shown in 

Fig. 20 (b). The time-varying delay is considered according to 

Table XI, where θτ is a random value between zero and 30ms. 

TABLE XI 

THE CONSIDERED TIME-VARYING DELAY 

Time Interval (s) Time Delay (ms) 

0 ≤ 𝑡 < 7 120 ± 𝜃𝜏 

7 ≤ 𝑡 < 13 300 ± 𝜃𝜏 

13 ≤ 𝑡 ≤ 20 480 ± 𝜃𝜏 
 

The maximum and minimum value of the delay for the 

system is considered 100 ms and 500 ms, respectively. Then, 

ADCs are designed to compensate for delayed changes 

adaptively. Therefore, the ADC is installed in the control 

location, close to the TCSC installation site, to compensate for 

the delay. The lead-phase time constants of the delay 

compensator are selected as 𝑇1 = 𝑇2 ,1﮳0 = 𝑇3 ,2﮳0 =  ,3﮳0

𝑇4 𝑇5 ,4﮳0= =0.5. Also, the selection of optimal weighting 

functions 𝑊1(𝑠) , 𝑊2(𝑠) , and 𝑊3(𝑠)  to design the 

centralized WADC for the 39-bus test system are considered 

as Eqs. (55)-(57) [32]. 

𝑊1(𝑠) =
10𝑠

𝑠 + 60
 (55) 

𝑊1(𝑠) =
10𝑠

𝑠 + 60
 (56) 

𝑊3(𝑠) =
5

𝑠 + 10
 (57) 

To design the central controller, the relative weighting 

factors of 𝑎∞ and 𝑎2 are considered to 0.5 to consider the 

robustness and efficiency of the controller. In this study, the 

value of 𝑇𝐶 = 04﮳0  is selected as the ADC lag-phase time 

constant, and the performance of the designed controller is 

evaluated. Using small signal analysis for the closed-loop 

system, the designed controller performance is examined in the 

face of various delay values and system operating point 

changes. To define the new operating points, it is assumed that 

the load of the area containing the G9 and busbars 26, 27, 28, 

and 29 will change from 60% of the nominal load to 140%. 

Given that the G9 is involved in all the first three modes, the 

main purpose of the changes in load and generation is to 

change the power exchange between the adjacent areas. As 

shown in Figs. 13 and 14, the proposed WADC improves the 

damping of inter-area oscillations while its performance does 

not weaken when confronted with the change in delay value or 

the operating points. 

Time-domain simulations confirm the effectiveness of the 

presented ADC in the presence of the TCSC. For this purpose, 

nonlinear simulations are performed for 20 s, and the 

performance of the proposed method in the face of different 

values of delay, nonlinear nature of the power system, large 

disturbances, and changes in operating conditions are 

evaluated. The proposed method shows excellent damping in 

different operating conditions and different scenarios of delay 

changes. Fig. 21 shows the simulation results of a three-phase 

fault that occurs in 0.1 s between busbars 17 and 18 and clears 

after 0.1 s. To illustrate the advantage of having a TCSC with 

an ADC, comparisons are made between WADC with ADC, a 

𝐷𝐶5 constant compensator designed for a fixed delay value of 

500 ms, and a robust controller provided in [21]. In 

conventional controllers, the coefficients of the controllers 

must be changed to keep the system stable by changing the 

system's operating point, but the ADC and TCSC-based wide-

area controller, which is shown in Fig. 22, is robust against 

load level changes of the system. 
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According to the time-varying delay scenario presented in 

Table 10, the moving average of the delay, the weighting 

factors of the compensators, and control signals with 

compensated delay (the output of each ADC) applied to the 

AVR of G2, G4, and G9, which is depicted in Fig. 23. As 

shown in Fig. 23, the proposed method maintains the desired 

performance in damping oscillations, and ADC effectively 

compensates for the time-varying delay. In 0 ≤ 𝑡 < 7 , the 

average delay is 120 ms and 𝐷𝐶1 can compensate for 100 ms. 

Therefore, the delay can be partially compensated, and as a 

result, the performance of 𝐷𝐶1 and ADC is almost the same. 

As the delay increases during the 𝑡 ≥ 7, the uncompensated 

delay increases significantly, leading to a deterioration in 

WADC performance.  

 
Fig. 21. The occurrence of three-phase fault on line 18-17 and 

the presence of TCSC between buses 26-25: with ADC - with 

fixed delay compensator 500ms (DC5)- No delay compensator 

 

 

 
Fig. 22. The occurrence of 3-phase to fault on line 27-17 at 

different operating points with the presence of TCSC (a) 60% 

load (b) 100% load (c) 140% load 

 

Also, in Figs. 25 and 26, a comparison of the two cases 

without TCSC and with TCSC with ADC is considered. When 

TCSC is used, the wide-area robust control of the system is 

done in a centralized way (i.e., all feedback signals from the 

speed difference of the generators are in the same place with 

WADC and applied to TCSC). Also, when TCSC is not used, 

the wide-area robust control can be applied semi-centralized, 

which means at the location of G9, G4, and G2 with PSS signal 

is applied to the excitation system. Fig. 24 shows the controller 

analysis against delay changes, while in Fig. 25, the controller 

is analyzed against load changes.  
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Fig. 23. (a) Moving average delay, (b) Changes in compensator 

weighting factors, and (c) ADC output in the presented scenario 

in Table IV 

 
Fig. 24. Comparison of two modes without TCSC and with 

TCSC considering ADC and delay at different times for 10-

machine system and creating three-phase short-circuit fault on 

line 17-18 

 

 

 
Fig. 25. Comparison of two modes without TCSC and with 

TCSC considering ADC for 39-bus test system and three-phase 

fault on line 17-27 at different operating points (a) 60% load, (b) 

100% load, (c) 140% load 

VI. CONCLUSION 
 

This paper presents an ADC to compensate for the time-

varying delay in a wide-area robust controller. The proposed 

adaptive compensator is implemented as the weighted sum of 

several compensators which each of them has a weighting 

factor according to the measured delay. Consequently, with the 

delay variations and compensating for it, these weighting 

factors are continuously updated. Using this compensator, a 

model for the compensated delay is presented, which can be 

easily applied to the system nominal plant to design WADC by 

the mixed 𝐻2/𝐻∞  synthesis. Also, the uncertainties in the 

compensated delay model, caused by delay value variations, 

have been considered in designing a wide-area controller to 

ensure its robust stability. Using the simulations carried out on 

the Two-Area Four-Machine power system, and 39-bus New 

England test system, the efficiency of the proposed method 

was investigated by implementing two control schemes based 

on the use of voltage control loops synchronous generators and 

the TCSC for damping of the inter-area oscillations. The 

simulation results confirm the effectiveness of the presented 

method in compensation for time-varying delay and its 

robustness against changes in the operating point of the system. 
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