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This paper proposes a nonlinear model by an optimal stabilizing controller for weak/islanded grids using a unified power
quality conditioner (UPQC). The UPQC can be employed to stabilize a grid-tie inverter (GTI) or a synchronous generator
(SG) with minimum control effort. The idea that GTI behavior is like synchronous generator is implemented in this study. The
research aims at using advanced controller to reduce oscillations and achieve stability in a micro-grid. Here, the robust
sliding mode controller-based UPFC is employed to design an optimal grid stabilizer. The paper considers variations in
UPQC terminal voltage during the transient period of the system, unlike other articles that assume it to be constant. The
performance of the proposed algorithm is evaluated by two benchmark networks. The paper presents a comparative study of
transient stability in a micro-grid system under different loads. Simulation results reflect the robustness of the proposed
sliding mode controller for oscillation reduction in comparison with the Lyapunov-based nonlinear optimal controller and Pl
controller. In addition, results show the effectiveness of the proposed nonlinear controller in controlling both GTI and SG in
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the micro-grid system.
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I. INTRODUCTION

Recently, several researchers have paid significant attention
to the problem of integrating renewable energy sources into
power systems by similar characteristics of synchronous
machines (SMs)[1]. The interaction between the power
network and the corresponding micro-grid has been one of the
most important issues in the electrical industry for the past few
years. These networks face faults thataffect stability and
protections [2].

The main difference between power networks and
micro-grids is their energy-saving capabilities. Power
networks have big power machines, and they have high
potential for energy saving when a fault occurs, so they use
this energy to achieve stability after clearing the
error[3].However, in micro-grids, the energy-saving capability
is very low so, these networks usually with fewer variations

fCorresponding Author: abazari-s@eng.sku.ac.ir
Tel: +98-9133144539, University of Shahrekord, Faculty of Electrical
and Computer Engineering, University of Shahrekord, Iran

have most oscillations against. In micro-grids, renewable
generators are usually applied, which connect to the network
through a grid-tie inverter (GIT). By applying a proper
controller method on DC links, the capacity of energy stability
can be increased in a limited level. These phenomena have not
been addressed in recent researches adequately.

For renewable generators (RG), the idea that GTI behavior is
similar to a synchronous generator is implemented in many
studies [4-9].Most studies in this field do not consider the
capacitor stability and total stability of the system. In [4], the
concepts of virtual synchronous machines (VSM) are
presented. In this case, power electronic devices can produce
virtual inertia that equals the rotor inertia of the synchronous
generator. However, in this research, it is assumed that the
inverter has unlimited energy. Moreover, the DC-link dynamic
is not considered. In [5] and [7], the renewable source is
connected to the main grid, and the inverter power is
controlled. In this study, the inverter is modeled similar to an
SG by considering a fictitious rotor angle, and the GTI phase
angle mimics an SG rotor angle. In [10], an effective damping
method to improve the VSM responses is proposed.
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Fig. 1. RG connected to weak grid

But the DC-link voltage stability is not considered. In [11], a

short-timeenergy reservoir is added to the network inverter
and imaginary virtual inertia is obtained. This method
eventually leads to the high cost of the combination
compared to the DC-link capacitor. In [12], it is assumed that
the capacitor dynamic is negligible, and small-signal analysis
is used for the performance study of the islanding mode. This
method extremely depends on DC-link with large capacity,
and it is not practical in some cases. Also in applying rotating
mass in virtual SG (VSG), the method needs the derivation of
speed signal. In [13], a VSM control algorithm is proposed
that simulates the traditional synchronous machine features.
However, the synchronous machine inertia and the damping
characteristics need to be changed, which makes the cost and
simplicity of the operation economically important.
In all the above methods, SG-like behavior is assumed for
flawless power systems. This assumption may not be correct
in weak networks during fault occurrence. In stability
discussion, the linear system theorem has been used for many
years [14-15]. In most of these works, the nonlinear power
grid model has been linearized around an operating point.
However, these approaches assume that network variables are
located in a small range of the reference operating point. In
general, linear models of nonlinear systems are reliable only
in specific regions, i.e., the operating point in which the
system is linear. The model of a power network is nonlinear,
especially during short circuits and transient behavior.
Therefore, the linear system theorem is not applicable, and
nonlinear controller designing is desirable for these systems.

The goal of optimal control in a power system is not only
to maintain the system stability but also to reduce the speed
of the oscillations with minimal effort to keep the desire
performance. This case leads to the reduction of electrical
stress on devices. Distributed flexible ac transmission
systems (DIFACTS) elements are utilized to enhance control
performance in distribution and micro-grid systems. This fact
extends the control area to some broader stability. One of the
most complete elements in micro-grid networks is UPQC. In
distribution systems and micro-grids, UPQC can be equipped
to increase network stability[16-17]. In addition to stability,
these methods can improve power quality [18] and increases
nonlinear loads [19]. In this paper, a robust sliding mode
controller-based UPFC that uses intelligent algorithms is
employed which can lead to a high degree of transient
stability improvement. The typical characteristics of the SMC
are that it is discontinuous and forces the system variables to
slide along a pre-defined sliding surface to maintain stability.
The controller is robust and can handle modeling
inaccuracies.

This paper focuses on micro-grid and power network
nonlinear features. Also, variations in terminal voltages are
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considered during the transient period, unlike previous works
in which only a kind of single machine system connected to
an infinite bus is used. Furthrmore, this idea that GTI
behaviour is alike synchronous generator is implemented and
the capacitor stability and total stability of the system is
consider. A sliding mode controller (SMC) is presented to
generator oscillation reduction. Further in order to better
compare results, the Lyapunov controller and PI controller
are designed.

This paper first describes the appropriate model of the
renewable generator dynamics along with UPQC and the idea
that the GTI behaves similar to the synchronous generator in
Section 1. The model is suitable for networks with renewable
energy sources connected through GTI and the networks with
SG. Next, Section Il presents the system oscillation
equation.Subsequently, Section IV discusses the design of a
sliding mode controller to improve stability and reduce
fluctuations after a fault. In general, the optimized proposed
nonlinear controller is impressionable to operational changing
conditions. It leads to the desired operation of the system
even with topology or fault location changes. In Section V, in
two benchmark networks, simulation results are proven for
both low and high powers to consideration and optimization
of the proposed optimal controller in comparison with a
Lyapunov controller and a PI controller. Eventually, the
paper is closed with some conclusions in Section VI.

1. DYNAMIC MODEL OF THE
RENEWABLE GENERATOR WITH
UPQC

This section presents the dynamic model of a renewable
generator connected to the GTI along with UPQC shown in
Fig. 1. The presented model applies for both RG and SG, so
the proposed sliding mode controller (introduced later) can be
used for both.

A. Renewable generator

where V. is the dc link voltage of the renewable source,
P, is the power injected into the dc link by renewable energy
sources, and P, is the power delivered to the inverter. The
electrical power P, can be expressed as.

CVWNV, =P, —P, 1)

Where C is the capacitance, V. is the dc link voltage of
the renewable source, P, is the power injected into the dc
link by renewable energy sources, and P, is the power
delivered to the inverter. The electrical power P, can be
expressed as
P, =VV,Bsin(g, - 6) (2)

where Vg is inverter output terminal voltage, ¢s = @; +
®so 1S the inverter voltage phase angle, ®; and o4, are the
phase steady- state and error values, respectively, and V; and
0, are the voltage and phase angle of the grid bus connected
through B admittance, respectively. To regulation the RG
output power, the phase angle of the GTI (¢s) can be
changed and thus acts like the rotor angle in a synchronous
generator [20]. An auxiliary variable U is used to control ¢
in a renewable generator and can be determined such that

¢ =0 ©)
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UPQC operating area

Fig. 2. Vector diagram of a UPQC connected to a network

The variable v is similar to the rotor speed in a
synchronous generator. In synchronous generators, speed is
related to the kinetic stored energy in the rotor, and since the
stored energy of the dc link capacitor can be changed by the
GTI output power (via the output voltage phase error), it can
be written as follows in order to create a significant
relationship between v and the energy stored in the dc link:
O=VV, =@/C)=(R, —P) Q)

Here, saved energy is calculated based on the capacitor
voltage V. according to Eqg. (1). Therefore, the inverter
phase angle error @; is determined as a new state variable
besides the variable v which mentions the capacitor saved
energy changing.

v=WV_"-V')/2 (5)

Eqg. (5) indicates the amount of change in the stored
energy of the dc link with Vco as the steady-state value of Vc.
In a renewable generator, capacitor C plays the role of inertia
of the machine, which means that its higher size reduces
oscillation and contributes to dynamic stability.

In the proposed GTI model, by controlling the phase angle

and gain, the renewable generator is modeled like
synchronous generator dynamic where dc-link capacitor acts
as energy storage like the rotor of the synchronous generator.
Unlike the current VSG models [4-8] where imaginary
inertia is considered, energy reserved in the dc-link
capacitor plays the role of kinetic energy storage and
appears as a dynamic state.

In the proposed method, GTI can be controlled with a
simulation mechanism like an automatic voltage regulator
(AVR) and a power system stabilizer (PSS) and their
equivalent nonlinear features. Here, the equivalent
classical-model SG, M = C/t is inertia, 6 = @g is rotor
angle and @ =0 is rotor speed error (capacitor voltage

indicator) [2]. Therefore, the dc-link capacitor dynamic in Eq.
(4) is taken into account like the rotor dynamic in the classic
model of the generator. For the proposed model, there is no
storage device or enormous capacitor capacity, and energy is
provided by a usual dc-link capacitor.
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B.UPQC Modelling

A simplified scheme of a UPFC connected to the grid is
shown in Fig. 1. UPQC includes a series transformer with
Xgr reactance, a shunt transformer with Xgy reactance, two
three-phase voltage source converters, and one dc-capacitor
link. Cq. and v4. are capacitance and dc-link voltage,
respectively. According to the single-line diagram shown in
Fig. 1, the UPQC vector diagram connected to the network is
shown in Fig. 2 [22].

According to Fig. 2, Vbp and Vbqg are the components of
the series voltage of UPFC and can be written as

V.=V AL and V=V () (6)
where B(t) andy(t) are converter gains for generating
voltage\7u in UPQC series transformer. Neglecting network

losses, according to Eq. (2), the electrical power can be
expressed as
P =VV,Bsin(g-6)= @
V.V,B(sindcosg, —cosSsiné,)
According to Fig. 2, it can be shown that
cosf = (V, +V,)/V, andsing =V, [V, . As a result,

according to Eq. (4), it can be used to obtain
0= [Cij( P, -V V,Bsin(d) +V,B cos(V,, -V, Bsin@y,,) (6)

In this paper, variations in terminal voltage V, are

considered during the transient period of the system, unlike
[23] that assumesV, to be constant. Therefore, the shunt

terminal voltage can be decomposed into two fixed
components V,  (steady-state value) and the variable
partD(disturbance) such thatV, :\7r +D. Thus, Eg. (8) can
be rewritten as
o= (Ci)(Pm V.V B sin(s))
1 _ )
+(E)(VSB cos(6V,, VB sm(5)\/bq)

—(Cij(vs B sin(s))D

I1l. SYSTEM OSCILLATION EQUATIONS

The dynamic behavior of the system, as shown in Fig. 1,
can be described by the swing equation as

S=w 10)

o=Ff +Af +[iplu —ipuj

M M

Where @ is the relative rotor speed and O is the relative
rotor angle similar toasynchronous generator, defined as
0=0-0,andw=w—-m,, respectively. Also, function f ,
disturbance part Af , and the powers P, and P, delivered to

the system by UPQC are given by



f =(Mij(Pm -V V Bsin(6))

1 .
Af :(_VJ(VSB sin(5))D
P, =V BV, cos(6)
P, =V BV, sin(s)

Note that since the reactance of the transmission line is much
greater than its resistance, the value of the resistance is
assumed to be zero in all calculations. This can simplify the
equations without having a significant effect on the transient
response. In the above system, under a steady state, the relative
speed @is zero and the angle O remains unchanged. In the
event of an error, the structure of the system changes and
accelerates or decelerates the rotor speed of the generators,
leading to power oscillations. In this case, power oscillations
must be controlled very quickly for transient stability to occur.
Sliding mode controllers can quickly and continuously adjust
the reactive power to amplify the system damping by rapidly
changing the UPQC impedance or equivalent by adjusting the
line voltage at the UPQC location.

IVV. DESIGN OF LOCAL SLIDING MODE
CONTROLLER

SMC is a robust control approach appropriate for the control
of time-variant systems in the presence of external
disturbances. SMC uses a high-speed switched feedback
control to sustain the control variable on the sliding surface.
The gain in the feedback path switches between two values
according to a rule that depends on the value of the variable at
each instant. The aim is to drive the plant’s state trajectory
onto a pre-specified surface in the state space and to maintain
it on this surface for subsequent time. A Lyapunov approach is
used to characterize the switched control design that will
maintain the plant state on the surface after interception [24].

The design procedure involves two steps: the selection of a
sliding surface and the computation of a control law to force
the system’s trajectory towards and keeping it on the sliding
surface. Consider the second-order system
X =f (x)+g(x)u (11)

Where u is the control input, x is the state vector, and the
dynamics f (possibly nonlinear or time-varying) is not exactly
known but estimated as f .We have state equations by

Xy =X, (12)
X,=F(X)+gX)u
The estimation error of f is assumed to be bounded by
some known function F = F (X, X) ;
f —f|<F (13)

Let e=X,; —X be the tracking error in the variablex.
Furthermore, let us define a surface S in the state-space R(2)
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by

S =€e+1e (14)

and A is a strictly positive constant. Differentiation of the
sliding variable gives

S =X, - X +A(X, —X) (15)
This implies that

S=x,—f —Af —g(X)u+2€ (16)
The simplified, | St-order problem of keeping the scalar S at
zero can now be achieved by choosing the control law u of
Eq.(1) such that outside of S. This control law was formulated
by the use of the Lyapunov stability theorem.

1d ,
24t

where 77 is a strictly positive constant. We then have

<-nls| = ssgn(s) <-n (17)

(X4 — f —Af —g(X)u+ A8)sgn(s) < —7 (18)

The best of a control law that would achieve $ = O is thus

g(Xu=x, — f +.1¢ (19)
In order to satisfy sliding condition (17) despite uncertainty

on the dynamics f, we add to Eq. (19) a term discontinuous

across the surface s=0, so

g(x)u=x, —f +2€ +k sgn(s) (20)
By choosing k to be large enough, we can now guarantee

that Eq. (17) is verified. Indeed, we have from Eqg. (18) and

(20)

k +Af sgn(s) =7 (21)

So that, letting

k=F+n (22)
Here F is a known bound for error estimation. If g(x) is

known, the control law from Eqg. (20) is as follows

u :i(x"d —f +26+(F +7)son(s)) .9 (x) 20 (23)
9(x)

Ifg . <|g(x)|<g,, We have

(%, —f +26 +(F +77)sgn(s))s
gmin

u=

an(g) (24)

A higher value of k essentially compensates for a larger
uncertainty, and results in better tracking.
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Fig. 3. Wind farm connected to the weak network [25].

However, this benefit comes at the expense of an
undesirable higher control activity (chattering) around the
sliding surface. A typical solution in this paper is to replace the
discontinuous signum function, in sgn(s) in Eq. (20), by the
smoother function sat(x/ ¢ ), where ¢ >0. With such
modification all control signals would be continuous with no
high-frequency (chattering) activities.

In this paper, the PSO algorithm is applied to approximate the
unknown coefficients required in the controller.

V. SIMULATION RESULTS

In this section, the realization of stability through simulation
to illustrate the effectiveness of the sliding mode controller in
reducing the power oscillations on weak and islanded grids
using UPQC is presented by implementing two scenarios. The
two scenarios are implemented in a similar way to [25].

A. Case Studyl

In this section, controller performance is considered in
oscillation damping for a wind farm connected to a small
power grid [26] through a GTI according to Fig. 3. As
previously mentioned, all available excitation control methods
for the simultaneous generator can be used for a renewable
generator equipped with a proposed mechanism such as GTI
excitation. The PSO algorithm is applied to approximate the
unknown coefficients required in the controller. Further, to
enhance the performance of the UPFC, PSO-based SMC,
Lyapunov controller, and Pl controller [27] are designed to
improve the damping of oscillations and transient stability of
the system. Transient responses of the three controllers are
compared in RG dc-link voltage, SG speed, series voltage, and
injected power of UPQC. The network is simulated using
Table | data in Matlab software.
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TABLE |
Microgrid Parameters for High Power Scenario [25].
Base Power 33MVA
Base Voltage 11KV
Generator
- Xg 0.264pu
Characteristic
H=wM/2 1.38
Load 1 31.5 MW(PF=0.98)
Load 2 9.2MW(PF=0.98)
Load
Load 3 12MW(PF=1)
Resistance(R) 0.02546 QQ/ km
Inductance(L) 0.9337mH /km
Line Capacitance(C) 0.0127 F [km
Total Length of grid=5km
Renewable Sources Power | 21.6MW
TABLE Il
Microgrid Parameters for Low Power [25].
Scenario Load 1 15.75Mw(pf=0.98)
e Load 2 4.6MW(PF=0.98)
oA Load 3 6MW(PF=1)
Renewable
Power 18MW
Sources

Speed governor and PSS are applied to the SG in all
simulations. To prove the robustness of the controllers, the
analysis is tested under different loads according to Tables |
and Il. As is seen in Fig. 3, a three-phase fault occurs in one of
the lines. To run the simulation, at first, there is no fault in
simulation for 0.2s, and a fault is then imposed for 50ms. The
controller does not inter during the fault to prevent the
exorbitance series voltage injection. In fact, the controller will
inter after fault clearing. The process has robustness and
satisfactory performance in a wide range. Figs. 4 and 5 show
the ability of the proposed controller (SMC) to improve the
system oscillations in high power scenarios.

Fig. 4a shows the RG dc-link voltage and Fig. 4b shows
the SG speed according to which system oscillations are
considerable after fault occurrence and the system tends to
instability. Then, using the UPQC with the proposed
controllers, the oscillations are greatly reduced. As shown in
Figs. 4c and 5, the UPQC series voltage and power into the
transmission line using the optimal proposed controller (SMC)
are in acceptable ranges where the maximum UPQC power is
around 1.1 MW that is about 4% of the transmission line
power. In the proposed method, the robustness of the optimal
controller is provable with the execution of the second
scenario under a low load level according to Table II.
According to Fig. 6, it is observed from the transient response
of the microgrid system that the oscillations are minimized
because of the proposed controllers and are subsequently died
out with minimum settling time and overshoots. Also, the
simulation shows the satisfactory damping performance of the
proposed SMC controller verifying the robustness of the
optimal controller working at different loads.
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B. Case Study2

In the second simulation scenario, the damping of power
system oscillations is investigated by comparing the
performance of the proposed optimal controller with the
Lyapunov controller and PI controller. Here, the effectiveness
of the proposed controllers in the islanded microgrid is studied
in which oscillations in SG are controlled by UPQC. As shown
in Fig. 7, the microgrid contains SG, renewables source, and
loads. Table 111 shows the specifications of the test system.
Here, the proposed nonlinear optimal controller and two other
controllers are applied to the UPQC series transformer to
improve the transient characteristics. In all simulations, the
speed governor and PSS are active. According to Table 11, the
loads are constant impedance with a power factor of 1 and 0.9.
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a1 . . . . . . . . .
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Fig. 5. Case study 1- high load levels: Injected power of UPQC
comparison of the proposed optimal nonlinear controller by SMC,
Lyapunov controller and PI controller.
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Fig. 6.Case study 1- low load levels: comparison of the proposed
optimal nonlinear controller by SMC, Lyapunov controller and
PI controller

a:RG dc-link voltage, b: SG speed, ¢: UPQC series voltage
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TABLE Il
Grid Parameters with High Load Levels [25].
Base Power 100 KVA
Base Voltage 460 V
Generator Characteristic Xd 0.17 pu
H=oM/2 0.1268 S
Load 1 30KW(PF=1)
Load 2 20 KW(PF=1)
load Load 3 20 MW(PF=0.9)
Load 4 50 KW(PF=1)
Load 5 40 KW(PF=0.9)
Resistance(R) 0.02546 O/ km
Inductance(L) 0.9337mH /km
Line Capacitance(C) | 0.0127 4F /km
Total Length of grid=5km
Renewable Sources Power | 30 KW

Renewable energy sources have been used to transfer fixed

power to the grid. These sources are connected to the network
via impedance. Here, to help reduce sudden energy
fluctuations, renewable energy sources are equipped with
storages, unlike the previous scenario. A three-phase fault
occurs in the UPQC bus.
To perform the simulation, the system is first simulated for 1
second without any faults; then, a three-phase fault is applied
for 100ms. The controller acts after fault removal (t=1.1s).
Figs. 8 and 9 show the damping effect of the UPQC controller
by the proposed algorithm with the SMC method compared to
the Lyapunov and PI controller in the presence of PSS and
governor.

The SG speed in Fig. 8a is shown, according to which the
proposed nonlinear optimal controller can reduce post-fault
oscillations with less amplitude and time compared to the
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figure 8band 8c Lyapunov and PI controller. The UPQC series
voltages in Fig. 8 and the power injected UPQC to the line are
shown in Fig. 9. According to Figs. 8b and 9, the injected
series voltage is less than 0.1PU, and the maximum power
injected by UPQC is about 0.28 of the line power and about
1.5 kW. It is clearly evident that the proposed controller has a
better transient response and the voltage and power injected by
the UPQC series transformer are lower than those of the
Lyapunov and PI controller.

Next, the error time is increased to 0.2s and the performance
of the SMC with the Lyapunov and PI controller are compared.
It is notable that the speed of response and the settling time are
improved using SMC in comparison with the Lyapunov and PI
controller.
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o
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b
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Fig. 8. Case study 2 -Comparison of the proposed optimal
a:nonlinear controller (SMC), b:Lyapunov controller c: Pl
controller; fault duration 0.1 s.
a:SG speed, b: UPQC series voltage

Due to changing conditions after the network error, as
shown in Figs. 10 and 11, the performance of the PI controller
is different from the performance of the SMC and Lyapunov
controller. This is due to the fact that the linear models of the
nonlinear systems are reliable only in specific regions, i.e., the
operating point, in which the system is linear [28]. It is clear
that the PI controller, even with more effort to control, cannot
reduce the oscillations to the size of the proposed controller.
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b synchronous generator connected to the weak grid and

microgrid. Using the new modeling approach, a network
equipped with UPQC is modeled as a nonlinear dynamic
system. In addition to its power quality tasks, UPQC acts as a
motive controller by series voltage injection. In this study, a
dynamic model of the network with a third rank model of SG
: and UPQC as a stabilizer element is used. After standard form
ime(s) ' determination, a sliding mode controller (SMC) is presented to

c generator oscillation reduction. To optimize the controller
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parameters, a PSO algorithm is presented according to the new
acceleration coefficient. The method is practicable without
complicated calculations and makes a good balance between
the general and local search of the main algorithm. The results
show that the proposed algorithm achieves an exact solution
for all problems. In this paper, the realization of stability
through simulation to illustrate the effectiveness of the sliding
mode controller in reducing the power oscillations on weak
and islanded grids using UPQC by implementing two
scenarios is proven. Further, to better compare the results, the
Lyapunov controller and PI controller are designed. According
to the simulation results, the proposed algorithm has a
considerable impact on oscillation reduction. Also, it is
sustained against variations of load and error time. Robustness
against parameters’ variations and disturbance rejection
properties are two important capabilities of the proposed SMC.
Besides, these two properties are the main weaknesses of the
linear controllers and cannot be ignored in practical
applications because high order dynamics, measurement errors,
modeling errors, and the nonlinear nature of power systems are
inevitable.
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This paper proposes, an efficient method to detect and discriminate mechanical defects of transformer winding based on
extracting the winding frequency responses using outlier data detection and ensemble algorithms, which together
constitutes an efficient hybrid method. First, the frequency response of the high voltage winding of a real transformer
model (1.6 MVA) was extracted in different condition and arranged as primary data. Then, due to the high standard
deviation of the characteristics and the weight of the outlier samples above the threshold of 1.1, the Local Outlier Factor
(LOF) method was used to clean the samples. Finally, data mining algorithms have been used to detect and distinguish
mechanical defects. Based on the results, the decision tree bagging ensemble method reported the best accuracy compared
to other techniques and improved the accuracy of the decision tree with total accuracy of 92.68% by LOF. These results
also showed that all methods improved accuracy by LOF. It can, therefore, be claimed that the proposed method is capable
of discriminating transformer winding mechanical defects accurately.
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l. INTRODUCTION

Transformers play a major role in electric power generation,
transmission, distribution and utilization, from both technical
and economic perspectives. Transformer performance at
different levels has a vital and effective role in maintaining
the stability and improving the reliability of the power system.
Therefore, it is paramount to use of efficient protection
systems to clear faults as fast and safe as possible. One way
to predict failure or defects is to use data mining methods.
Data mining can be defined as the process of discovering
meaningful relationships and patterns by examining large
volumes of data [1]. This concept has recently been the

“Corresponding Author:zmoravej@semnan.ac.ir,
Tel: +982331532678, Electrical & Computer Engineering Faculty,
Semnan University, Semnan, Iran

subject of many scientific papers, conferences and
dissertations. Data mining is a combination of machine
learning techniques, pattern recognition and statistical
methods.

According to [2, 3], the most common techniques in fault
prediction are regression methods and neural network. The
paper [4] evaluates data mining techniques in predictive
maintenance (PdM) to predict the insulation fault using the
analysis of data on the gas dissolved in oil of power
transformers. In this evaluation, the accuracy and
efficiency of the RBF artificial neural network is
compared with Gaussian kernel methods in the support
vector machines (SVMs) model, the C4.5 decision tree
and the nearest neighbor K.

Ref. [5], proposes a new approach with wavelet transform
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method and modeling with LS-SVM method to predict the
amounts of dissolved gases in oil-immersed transformers.
The particle optimization algorithm was used to optimally
select the parameters in the wavelet transform. The results
were compared with several neural network models,
regression and support vector machines, and the error of the
proposed model was evaluated less with a large difference.
The importance of feature selection and removal of excess
space is examined to detect the pattern in the Ref. [6], They
used the RF random forest technique to select effective
features. In Ref. [7], ANN neural network method was
applied to the data to distinguish among mechanical defects
of windings and other electrical faults. This paper is
dependent on the training data and if the location of the
windings was changed, the model error would be reduced.

In [8], a fault prediction model is proposed by first
determining the parameters and signals in MATLAB
software and changing them to a suitable value to detect
mechanical defects in the data preparation step, the internal
and external fault types of the device and the input current of
the transformer are simulated. These signals are then
converted into the properties of the training model by wavelet
transform and, during the training, the decision tree classifier
and artificial neural network are used to do modeling.
Various intelligent methods have also been used in the
articles for detecting and classifying types of faults, including
decision tree (DT) methods [9], artificial neural network
(ANN) [10], SVMs [11], Fuzzy algorithm [12].also methods
used to extract feature vector have included intelligent
transformations such as wavelet transform [13], S transform
[14-15], Time-time conversion [16], mathematical indicator
[17], numerical indices [18] which have good learning
capability and generalizability.

This paper used ensemble machine learning techniques to
identify and distinguish transformer fault with two types of
axial deformation (AD) and radial deformation (RD) faults.
Algorithms in a comparative mode include the C4.5 decision
tree base methods, the support vector machines ,the bagging
ensemble methods, the random forest, and the new boosting
gradient method which has received less attention in recently
published articles about transformer fault prediction , were
also tested in this research.

1. STUDY OF TRANSFORMER WINDING
MECHANICAL DEFECTS

Many transformer insulation faults are a direct result of
reduced insulation strength due to mechanical faults in
transformers winding. Two types of common mechanical
faults are AD and RD which are investigated in this paper.
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Fig. 1. Different degrees of radial deformation

As shown in Figure 1, the recessed shape of the winding has
a sinusoidal curve with a certain depth and width. This
condition increases the capacitance between the coils and
decreases the capacitance between the high-voltage winding
and the ground. r(8) can be modeled as Equ.(1).

d 21
() = {T0 +E(cos(59 —-1) for0<6< - Q)
To otherwise
where, d represents the depth of the deformation and, s
represents the width of the deformation. Furthermore, 6 is
the angle of deformation extent level and r, is the radius of
the winding in the healthy state. Figure 2 shows an example
of this fault on the transformer winding.

Fig. 2. Radi;al deformation on the transformer winding

In the detailed model, the parallel capacitor represents the
electric field between the disks with each other or with the
ground. In the defective state, the parallel capacitor C; is
calculated by Equ.(2) [19].

m
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The results of the experimental and numerical research
confirm the relationship between the change of the detailed
model parameters and the mechanical deformation of the
winding. To model the axial displacement defect of the
winding, it is assumed that the high-voltage winding is
displaced by an impact in the direction of its axis. Figure 3
shows an example of this type of fault.




Fig. 3. Axial displacement fault on the transformer winding

According to the studies, it is clear that the axial
displacement changes the components of the inductance
matrix (M) that describes the mutual inductances between the
components of the winding.

1. RESEARCH METHOD

The method presented in this paper is composed of three parts.

After obtaining the technical specifications of a real
transformer from the manufacturer and simulating this
transformer with CST software , the frequency response of
the transformer winding was firstly calculated in different
modes of mechanical defects. Then, according to the high
standard deviation of the characteristics and the weight of the
outlier samples exceeding the threshold of 1.1, the LOF
method was used to remove the samples and finally, the
machine learning methods were used to classify and to detect
the type of Fault. Figure 4 shows the classification method.

simulation of different events for the
winding
1
Extraction of the frequency
response of the winding

1

Deletion of the outlier data with

LOF method

. esting data ze
Training data set
Analysis of the ruIe-sI
L

Classification with different methods of data
analysis C4.5 decision tree, bagging collective,
SWhA, random forest boosting gradient

Classification of the faults
- F—_—

High || Low || High Low
Radial | | Radial || Axial | | Axial

Fig. 4. Classification method diagram of transformer mechanical
faults
A. Frequency response of the transformer winding
The winding of each transformer has a unique frequency
response, known as the fingerprint of that winding. the
slightest mechanical and electrical change in the winding
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causes a change in the frequency response of them. In the
dataset of this investigation, the resulting data from frequency
response of the winding and their correlation index were used
in various events.
B. LOF method to samples purging

Outlier data is an observation that is farther away from other
data and is different from the expected value [20]. In this
method, three steps are performed to calculate data
discrepancy. In the first step, a point is calculated for each K
point to the nearest neighbor. Then, the maximum value of
the distance between two points (dis(p,0)) and K to its
nearest neighbors ( k — distance(o) ) is considered to
calculate the accessible distance of one point relative to other
points (reach-dist) Equ.(3).

reach — distA(p, 0) = max{k — dist. (0),dis(p,0)} 3)
In the next step, the local density of each point is equal to the
inverse of the mean K of the nearest neighbors Equ.(4).
Finally, the rank of the outlier data is calculated which is
equal to the average local density rate of each data sample
relative to its neighbors, Equ. (5).

LRA,(p) = 1/Z‘,reach dist, (p,0)

= 4)

Zuzak(o)
(LoF, (p)) = —Fok® ®)
C. Classification of faults

In the fault type classification step, several basic decision tree
classifications were used, including support vector machines
and collective methods of bagging, random forest and
boosting gradient.

The main idea of bagging algorithms is to use several
learning methods and to combine their predicted result as a
group of classifiers to increase the overall accuracy of
learning. Each member of this group of learners is called a
base classifier. The use of collective algorithms reduces error.
One of the collective methods is the bagging method.
Random tree forest produces many decisions. To classify a
new type, it places the input vector at the end of each random
forest tree. Each tree provides a classifier, and it is said that
this tree gives that class a "vote." The forest chooses the
category with the most votes (among all the trees in the
forest). The boosting gradient method uses "weak" decision
trees like a random forest. The big difference between these
two methods is that in the boosting gradient method, the
trees are trained one after the other. Each subset tree is
primarily trained with data that was erroneously predicted
by the previous tree. This makes the model less focused on
issues that are easy to predict.

V. TRANSFORMER UNDER STUDY AND
SIMULATION

The specifications of a transformer of 20/0.4 kV and 1.6
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MVA with Dynll connection were obtained from the
manufacturer to perform the study and simulations. The
characteristics of the geometric dimensions of the transformer
are given in Table I. The high-voltage winding of this
transformer consists of 20 disks, of which the first four and

last disks of 20 loops and 16 intermediate disks have 21 loops.

The LV winding also consists of two 13-loop layers.

Table I.

Dimension Specification of the Transformer Winding
Description (mm) Description (mm)
Internal radius LV 93 Cross section LV | 11.8*3.35
External radius LV 106 Cross section HV | 8.5*%2.12

4 _ Thlclfness of 05
insulating paper

The channel between
two layers LV
The channel between
two layers LV, HV

Internal radius HV 1185

12.5 Coil height LV 536

Height HV 494

Internal radius HV 176.5 Core radius 90

The high frequency module of the powerful CST software
was used to describe the real behavior of the transformer and
to extract the frequency response as accurately as possible.
For this purpose, the complete specifications of a sample
transformer Table I, were entered in the model. The
three-dimensional model of the transformer is shown in
Figure (5) and the three-dimensional models of several
different events for the high voltage coil are displayed in
Figure (6). The meshing was done with high accuracy and in
an optimized way with three-dimensional elements.
considering a compromise between time and simulation
accuracy, the number of elements reached 10,600 so that the
minimum element size was defined as 3 mm and the
maximum as 13 mm. The simulation was performed by
defining the appropriate ingredients and boundary conditions
as well as the frequency band of 1 to 900 MHz.

Fig. 5. Three-dimensional model of the phase A of the
transformer in the healthy condition
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Fig. 6. HV winding in the condition of low and high radial fault,
and low and high axis fault

V. EVALUATION OF THE SIMULATION
RESULTS

A. Results of radial and axial deformation
Figure 7 shows the healthy frequency voltage response and a
sample of low and high axial deformation, and Figure 8
displays the voltage frequency response in the healthy mode
and a sample of low and high radial deformation. A total of
348 received signal samples is defined with four independent
frequency characteristics, healthy state correlation index, high
fault state correlation index, and low fault correlation index.
The standard deviation reports a high-frequency characteristic
that indicates outlier data. To calculate the correlation indices,
the CST results are exported to MS-Excel Format. Then, in
the data Analysis tab of MS-Excel software, the correlation
option is selected and a new window opens, in this window
by selecting the input/output range of data the correlation

coefficients will be calculated.
Magnitude in dB

10 —— ol high -+
2204 ——Huxiallow ...
3p| —Healthy __©

Frequency/MHz

Fig. 7. Frequency response magnitude of axial deformation
Magnitude in dB

0 | —Healthy
— Radial High
~Radial Low

0 100 200 300 400 500 600 700 200 500
Frequency/MHz

Fig. 8. Frequency response magnitude of radial deformation

No missing data can be seen in the columns. According to
Table 1II, the average correlation index in the healthy mode of



the device with a value of 95.57 is between the two values of
the correlation index in the high mode (94.71) and that in the
low mode (93.8). The mean and a minimum correlation
indices in the low fault mode (axial and radial) than in the
high fault mode (axial and radial).
TABLE II.
The Statistical Information Of The Dataset
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Index Tvoe Miss Statistical information
name P data Min Max Ave. Dev.
Frequency Real 0 1930.1 | 906707.8 | 152503 | 2233625
(kHz)
Corr. with

Real 0 4.336 100 9557 11.8
healthy
Corr. with
high Real 0 4.715 100 94.71 13.11
defect
Corr.with

Real 0 4.336 100 93.8 14.656
low defect

Given that some data are discarded based on the variances
and graphs specified in the input data topic, deleting this data
can help improve the model. Therefore, the technique of
removing the detection and deleting the LOF outlier data was
applied to the data at this step. The method with values of k =
10 (the value of the nearest neighbor) reported the results of
Table IIT in which the rank of the outlier data shows the
outlying data that should be removed.

TABLE III.
Outlier Data Detection Algorithm Setting

Outlier variable: real number Setting Method

K Small :10
Outlier data rank :1.349-1.043 K Large:20
Mean :1.07 Distance: Euclidean LOF
Standard deviation :0.042 Combined

measurement
This algorithm introduces an outlier data rate of

approximately higher than 1 and 1.1 [21]. The data weighing
less than 1.1 were considered normal and the rest were
deleted. After applying this algorithm, out of 348 samples, 18
outlier data samples were deleted and 330 samples remained.
B. Resultsof events classification unit

The confusion matrix Table IV, shows how the classification
algorithm works according to the input dataset by different
types of classification problem categories. The concepts of
True Positive, False Positive, True Negative and False
Negative are as follows.

TABLE IV.
Confusion Matrix
Predicted Value
Negative(-) | Positive(+)
Actual values | Negative(-) TN FP
Positive(+) FN TP
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TP: The actual value is positive (error) and the classifier has
correctly identified as positive.
FP: The actual value is negative (no error) and the classifier
has incorrectly identified as positive.
TN: The actual value is negative (no error) and the classifier
has correctly identified as negative.
FN: The actual value is positive (error) and the classifier has
incorrectly identified as negative.

We have two evaluation criterions are the precision
criterion ,Equs.(6),(7).

Recall = L (6)
Ntp + Nfn
4 _ Ntp
ccuracy = —————— @)
Ntp + Nfp

According to the results of Table V, the ensemble methods
that use several decision tree classifiers have more accurate
results than the tree base model and, the tree accuracy is
developed in both of the gradient method and the bagging
method. In general, tree methods reported higher accuracy in
detecting the type of transformer fault. In the fault type
classification step, several basic decision tree classifications,
support vector machines, and ensemble methods of bagging,
random forest and boosting gradient. To train the models, the
data were divided into two categories of training (75%)
and test data (25%) by validation method in the software
environment. In the training phase, the classifiers are
applied to the training data and the prediction function
predicts the test data for each model, category and type of
fault. To evaluate the models, the prediction results are
compared with the actual values and the accuracy of the
model is evaluated based on the parameters of total
accuracy and accuracy of each type of fault. The
parameter for each classifier are set.

For the decision tree of the information gain index, the
maximum depth were considered 10, the minimum leaf size
were considered 3 and minimum number of separation
records were considered 4. In the support vector machine
with linear kernel and boosting gradient with 20 trees, the
learning rate was considered 0.08 and the random forest were
considered with 20 tree models. In Table V, the results of the
methods were simulated once without removing outlier data
and once with the LOF method of removing the outlier data,
and it was compared and analyzed based on the evaluation
parameters.The accuracy of all models has been increased
when the outlier samples were discaded. In tree methods, the
model was improved by, on average of 9% by removing
outlier samples. The results of the fault type classifications
show that the bagging C4.5+ LOF with 92.68% total
accuracy is the best and the least faulty model in detecting
each fault sample. In the class of being healthy with no fault,
100% accuracy with the bagging method, and on average, in
each type of class, high accuracy was reported to detect the



type of fault with the proposed Bagging + LOF technique.
The support vector machine method performed poorly in fault
type classification. Even with the removal of the outlier data,
an an average accuracy of 43.55% was achieved in this
method. The matrix presented in Table VI, specifies the
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number of correctly predicted samples and the fault ,only 1
error was noticed in the low axial class, 2 errors in the high
axial, and 3 errors in the low radial.

TABLE V.
Accuracy of the Classifiers
Accuracy Recall Recall Recall Recall Recall
Model
(ACC) healthy axial high axial low radial high radial low
C4.5 86.21% 100% 66.67% 85.71% 94.12% 77.78%
C4.5+LOF 89.15% 100% 82% 83% 78% 89%
SVM 40.07% 58% 0% 15% 18% 27%
SVM+LOF 43.55% 58% 50% 25% 33% 36%
Bagging C4.5 83.91% 100% 66.67% 92.86% 76.47% 77.78%
Bagging C4.5+LOF 92.68% 100% 87.50% 83.33% 100% 84.62%
Random forest 86.21% 100% 66.67% 85.71% 94.12% 77.78%
Random forest+LOF 89.22% 100% 93.75% 83.33% 70.20% 76.92%
GTB 88.50% 100% 82% 75% 87% 79%
GTB+LOF 89.45% 100% 82.30% 83% 78% 89%
TABLE VI
The Matrix Of the Decision Tree Bagging Confusion
healthy axial low axial high radial low radial high
healthy 31 0 0 0 0
axial low 0 11 0 3 0
axial high 0 0 14 0 0
radial low 0 1 0 10 0
radial high 0 0 2 0 10
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Fig. 9. The decision tree model

Figure (9) reports the decision tree model with high
accuracy. Most of the reported rules are with higher
certainty and probability of occurrence. If the correlation
index in the healthy state is more than 99.99, the device is
100% in the healthy condition. The condition of the device
is very likely in axial mode(low displacement of the axis).If
the correlation index is less than 99.99 in the healthy mode ,
much more than 99.98 in the low-displacement mode of the
coil axis, and more than 99.34 in the high-displacement
mode of the winding and the received frequency is more
than 34499.7,the condition of the device is very likely in
the axial low mode (low axis displacement).

VI. CONCLUSION

In this study, to discriminate the types of transformer
mechanical faults, the transformer behavior with frequency
response and correlation indices in five models of device
condition (healthy, high axial, low axial, high radial and
low radial) was collected with 348 samples in two axial and
radial deformation conditions. In the analysis section of the
results, it was observed that the properties had outlier
values. Therefore, in the preprocessing step by LOF method
and threshold of 1.1, 18, outlier data samples were
removed.

Decision tree, machine learning techniques, neural network,
support vector machines, and ensemble methods of bagging,
boosting gradient and random forest were used to classify
the type of faults. The frequency responses of the
transformer were modeled once without LOF and then by

LOF, and the results showed increased accuracy and
reduced error when the outlier data removing in all
techniques, especially in the tree methods.

The technique of support vector machines with linear
kernel reported poor results up to 49% and low accuracy in
all types of fault classes. Basic and combined tree methods
had a good average accuracy for classifying the type of
transformer fault, The best accuracy was more than 92.68%
exhibited by decision tree bagging. bagging ensemble
methods and boosting gradients improved the results of the
base decision tree and proved the need to use ensemble
methods to improve the models. Compared to other articles,
the presented study focused on generating hidden rules
regarding the type of transformer fault and frequency
responses with ensemble methods and to constructing a
model of classification of fault with ensemble methods that
have not been used in other published articles.
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A In this paper, a novel selective DC fault detector approach based on the adaptive cumulative sum method (ACUSUM) is
B | suggested for the protection of high voltage direct current (HVDC) transmission lines. Using a communication channel, the
s proposed method detects DC fault occurrence and determines faulty lines at a multi-terminal HYDC (MT-HVDC)
transmission system in less than 2ms. The suggested approach works in the time domain and employs the ACUSUM method
T | as a mathematical tool to detect abrupt variations in the magnitude of line currents for fault detection. Simulation results
R | confirm the selectivity of the proposed algorithm at different DC fault situations, which enhances the reliability of the power
system. Besides the low sampling rate, the ACUSUM calculation burden is very low and its implementation needs no special
A . S . .
or complicated hardware. Adaptivity, independence from system parameters, robustness against fault resistance, fault
C | distance and noise are significant advantages of the proposed algorithm in comparison with other methods in addition to its
+ ll'appropriate speed.
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I. INTRODUCTION

Nowadays, because of their undeniable benefits, HVDC
systems play a vital role in enhancing power system capability
and reliability [1]. It is more difficult to protect an HVDC
system than an HVAC one [2]. When a fault occurs in a DC
line, just correct DC breakers must be opened to isolate the
faulty line. In this situation, opening any AC breaker or healthy
DC line breakers will distort the selectivity of the protection
scheme and notably decrease the reliability of the power
system.

Various approaches have been proposed based-on different
ideas for fault detection in multi-terminal HVDC transmission

fCorresponding Author: gh.seifossadat@scu.ac.ir
Department of Electrical Engineering, Shahid Chamran University of
Ahvaz, Ahvaz, Iran.

systems. The first category employs the variation pattern of
line currents and bus voltages for fault detection. The method
introduced by [3] uses the superimposed theory and detects DC
faults by monitoring the variation pattern of fault current at line
terminals. An approach based on the magnitude and direction
of line currents connected to the same bus has been suggested
in [4] but it suffers from high sampling frequency (100 kHz).
In [5], utilizing the ratio of the transient voltage indices and a
fault-blocking converter (FBC), Relays have been coordinated
to realize internal fault detection and faulty line location for
hybrid MT-HVDC networks.

The approach suggested in [6] uses the voltage gradient and
voltage derivative for fault detection and discrimination of AC
from DC faults, respectively. Another method employs the
monitoring of the calculated rate of change in the current-to-
voltage ratio for fault detection. Consequently, the suggested
method identifies the faulted section by checking the



summation and direction of all branch currents at each busbar,
individually [7].

Because of its capability in pattern recognition and
classification, a fault detector based-on the artificial neural
network (ANN) is proposed in [8], which uses the voltage
waveform measured at the rectifier substation. Regarding the
fact that there is no unique routine method for designing ANN
layers, different structures may differ in performance.

The traveling wave theory is considered a strong tool in the
field of fault detection. Detecting voltage waves at the terminal
and comparing them with an appropriate threshold has been
used in [9] for fault detection. In [10] a protection scheme
based on the energy ratio between backward and forward
traveling waves has been proposed which requires a logic
signal from the remote end. A single-end protection method
using the morphological gradient of DC voltage with
predefined thresholds has been proposed in [11] to protect DC
cables and overhead lines in voltage source converter-based
MTDC grids. This method is based on the effect of series
inductors attenuating high-frequency voltage traveling waves
transmitted from the fault point to the grid line ends. A
centralized protective scheme has been proposed in [12] in
which the principles of busbar differential protection and
traveling waves are employed. A non-unit line protection
scheme is presented in [13], which is based on the initial line-
mode voltage traveling waves (ILVTWSs). Based on the
analysis of the traveling wave (TW) propagation
characteristics, the transfer functions of ILVTWSs under typical
internal and external faults have been derived. By comparing
the differences of the transfer functions in the frequency
domain, the corresponding protection principles have been
developed.

Recently, protective algorithms based on harmonic analysis
have been employed for fault diagnosis. Investigations show
that monitoring the magnitude of the 12" harmonic of fault
current can be useful for separating external faults from
internal ones [14]. Another approach has used a specific
frequency alternating current (SFAC) during fault transient
[15]. Faulty zone selection based on harmonic content has been
proposed in [16] too.

Presently, TW-based protection and voltage derivative
protection are usually used as the main protection for HVDC
transmission lines, while backup line protections are composed
of DC under voltage and current differential protection [17].
Albeit their fast response (typically less than 1 ms), TW-based
protections always suffer from not being supported by the
capacitive voltage transformer (CVT) frequency responses,
being affected by noise and fault resistance, and needing high
sampling frequency devices while complexity and expensive
implementation are major problems with TW-based fault
detectors, too. On the other hand, voltage derivative protection
is sensitive to fault transition impedance and noise. Under
voltage protection is lowly reliable (i.e., separating internal
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from external faults) and current differential protection
operates with time delay up to hundreds of milliseconds [17].

Regarding these problems of the aforementioned
protection principles, this paper proposes a new highly
reliable DC fault detection algorithm based on the
ACUSUM method for the protection of MT-HVDC
transmission lines. This algorithm increases the detection
time to less than 2 ms, which makes it appropriate for
backup protection, not main protection. The suggested
approach works in the time domain based on the variation
patterns of the magnitude of line currents during DC faults.
As a mathematical tool, the ACUSUM algorithm provides
meaningful indices, which can detect DC faults and
determine the faulty line. Appropriate speed (as backup
protection), independence from system parameters,
adaptivity, low sampling frequency, low computational
burden, simplicity, no need for any complicated hardware,
robustness against fault resistance, fault distance, and noise
are the significant benefits of this method in comparison
with others.

The rest of the paper is organized as follows. The proposed

method is described in Section 2. Simulations and results are
presented in Section 3. Finally, Section 4 concludes the paper.

Il. PROPOSED ALGORITHM DESCRIPTION

The CUSUM test has been employed widely as a technique
for detecting abrupt changes in various fields [18].
Considering the helpful variations in current signal amplitude
during a fault, a fault detector based on the adaptive CUSUM
(ACUSUM ) algorithm for AC power transmission systems has
been proposed in [19]. To detect and distinguish faults in an
MT-HVDC transmission system, a new version of ACUSUM
is proposed and used as the basis of the fault detector unit,
which is explained below.

A. Main Idea

Fault inception in an HVDC transmission system, either in
DC or AC zone, causes deviation of voltage and current signals
from their original shapes. A detailed assessment of these
variation patterns can be a valuable tool for fault diagnosis.
Figure 1 shows a mono-polar meshed 150 kV four terminals
VSC-HVDC network, where the points of measurement are on
DC lines. The technical details of this simulated network have
been explained in section 3, completely. Also, a DC and an
AC fault have been shown on this system as F1 and F2
respectively.
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L34
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Fig.1. Simulated four-terminal meshed VSC-HVDC
transmission system

Figures 2 and 3 depict measurements by R12 and R21,
respectively against fault occurrence on F1 (at the middle
of the line at t=0.5 s). It can be seen that the incoming
line currents at both ends of the faulted DC line
experience an increment just after fault inception; while
the bus voltages at both ends show decrements. Figure 4
shows the measurements by R31 for the same fault. It is
observable from this figure that the control system of
converters can retain line current and bus voltage without
significant change. Regardless of voltage decrement at
faulted line terminals, it is evident that relays installed at
both ends of a faulted DC line experience incremental
variations in measured current, simultaneously. This fact
provides the basis for a selective protection scheme on
the DC side, where an increase in the measured line
current at both ends can be an indication of a fault on the
DC line where these are observed.

For the fault at F2, Figures 5 to 8 illustrate measurements
by R21, R12, R24, and R42, respectively. It can be seen
that the bus voltage, with the fault on the AC side (V2),
experiences a decrement after fault inception; while
outgoing DC line currents from that bus (121 and 124)
show decrements. In this case, measurements by R12 and
R42 at the remote ends of the DC lines connected to the
bus (with the fault on behind) show an increment in the
current signal with the remaining voltage in a
controllable manner. These graphs confirm that
regardless of voltage variations, based on the predefined
positive direction for relays accruing an AC fault cannot
lead to simultaneous incremental variation in the current
signal of two adjacent buses connected with aline.  This
fact can make AC faults filterable from DC ones by the
proposed method.
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Fig.2. Current of L12 (top) and the voltage of bus 1 (bottom)

against the fault at F1 seen by R12 (fault inception: t=0.5 s).
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Fig.3. Current of L12 (top) and the voltage of bus 2 (bottom)
against the fault at F1 seen by R21 (fault inception: t=0.5 s).
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Fig.4. Current of L13 (top) and the voltage of bus 3 (bottom)
against the fault at F1 seen by R31 (fault inception: t=0.5 s).

B. Fault Detection Procedure
The proposed protective scheme has four steps:

Step 1: Data Acquisition

In this step, the corresponding line current at each end of DC
lines is sampled with an appropriate sampling frequency
(2 kHz). Generally, two main concerns should be considered
in selecting a sampling rate:



e Usually, fault detectors with a high sampling rate
suffer from not being supported by CVT frequency
responses and the need for high sampling frequency
devices. Therefore, detector algorithms with low
sampling rare are more practicable than other rivals
with a high sampling frequency.

e Decreasing the sampling rate of the ACUSUM
algorithm increases detection time, which is
undesired. On the other hand, increasing the
sampling rate can distort the security of the
ACUSUM algorithm against the noise, which has
been discussed in the next sections.

To sum up the above two factors, 2 kHz is employed as a
sampling rate for ACUSUM to carry out the integration.

Step 2: Detection of Current Increment

In this step, the increment in current magnitude, as shown
in Fig. 2, is detected by ACUSUM as:

PLy, =max[(PL, ) +iyy—Blynk) 0l (1)

where i, represents the ki sample of the corresponding
currentsignal, P1,, representsoutput indices for k™" instants,
and pl,,, is an adaptive current setting of the relay at the
k™ instant where 1, is the average of the corresponding

line current from the previous moments. B, is a setting

parameter that can take any value. The values less than 1 will
provide better dependability and larger than 1 will enhance the

security of the proposed approach [19]. In fact, B,
provides a low pass filtering effect. Regarding the max
operation in (1), Pl(k) is always zero or has a positive value.
In other words, while the system is working in normal
conditions, no current sample is larger than the adaptive setting
of the relay ( 31, ) and the output index ( P1,) remains at
zero. When a current increment happens, current samples
become bigger than f1,,, and Pl,, starts growing up.

DC Trigger Signal will be switched if the following criterion
is fulfilled at, for example, three consecutive samples:

1, if Pl(k) >h
0, else

DCTrigger Signal = DCTS ={ 2

where h, is an arbitrary constant and should be ideally zero.

In fact, h, determines the permitted increment in the output

index of the algorithm when the magnitude of the current
signal passes the adaptive setting of the relay.
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Step 3: State Announcement

DCTS (introduced in step 2) as a primary flag is attached to
each installed relay at each terminal that addresses the
primitive diagnosis of the relay whose high value proposes the
corresponding DC line as a primitive candidate for the faulty
line. Regarding what was described in section 1I-A, since the
DC fault detection procedure needs the DCTS flag of both line
terminals, a communication link should be employed. In other
words, by using a communication channel, the adjacent relays
share their DCTS flag values.

Step 4: Decision Making

Finally, the faulted DC line is detected as a connective line
between two adjacent relays whose DCTS flags have become
high, simultaneously. Regarding the proposed logic, DCTS
changeover neither in one relay nor in two relays with no
communication line in between leads to protective operation.

After each fault detection, Pl is reset.
P1,, =0,k =k, ®)

Figure 9 shows the flowchart of the proposed algorithm.

C. Discussion

1) Determination of Idyn’k

For the calculation of | an appropriate data window

dyn,k 1
should be employed. The length of the moving data window is
a choice that may be affected by various parameters
considering the fault detector's structure and features.
Regardless of special issues, two facts are considered when
determining data window length (DWL):

e DWL should be short enough to prevent the increase in
the computational burden of the algorithm in each time
step. This fact becomes essential for those detector
algorithms with complicated structure and calculation.
Luckily, because of the simplicity of computation and
structure, ACUSAM is not affected by this fact.

e Considering the disturbance of extra short time
constant phenomena like lightning, DWL should not be
less than 3 ms to make these phenomena separable
from faults [7].

To sum up the above two factors, a 5 ms moving window
(containing 10 samples with 2 kHz sampling frequency) is
employed to carry out the integration. In each step, |, is the
average of the current samples of the moving data window
ended to k™ sample.
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Fig.9. Flowchart of the proposed algorithm
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While the system is working in a normal situation, extracted
I, has acceptable accuracy and can directly be used as |, , -
But, by any sudden variation in the current signal caused by a
fault or load switching, because the samples of the moving data
window are not homogeneous, |, does not correspond with
the real line current. Luckily, since ACUSUM is capable of
separating DC faults from load switching (which has been
assessed completely in Subsection 3-B-1), there is no concern

about this imprecise estimation, and 1, , in (1) can be

simply substituted by I, with an adjustable delay as follows
[19]:



Idyn,k = I(k—y) (5)

where v is a constant that has no effect on the magnitude and
just shifts it by vy steps [19]. Regarding the fact that fault criteria
should be satisfied for 3 consecutive samples, y=3 is a good
choice.

2) Determination of Setting Parameter (£3,)

To explain B, employed in DCTS calculation for DC fault

detection, it should be noted that choosing values greater than
1 for this parameter makes currents with larger magnitudes

than existing load current and less than A1, not being

detected by ACUSUM. This may be suitable for a forecasted
increase in the load where it is desired that the fault detection
unit (FDU) remains inactive upon that. But this choice makes
high resistance faults (HRFs) with a similar condition on
magnitude undetectable by ACUSUM as has been expatiated
in [19].

The most important issue in a robust fault detection
algorithm is high dependability, which must be 100% with
acceptable security [19]. Therefore, no significant current
variations should be ignored by FDU. Owing to what was
mentioned above, in a DC fault situation, perfect dependability
means that for any meaningful increment in the current level,

DCTS must be issued. This is achievable by selecting g, =1.

It is clear that if this current increment is not related to a DC
fault, the DCTS flag of the remote end will block FDU and
support the security of the protective algorithm.

3) Determination of Threshold (h,)

This parameter is arbitrary constant and should be ideally
zero. Because of the inherent features of the real application
such as noise, the security of the protection system necessitates
replacing zero value with an appropriate threshold to prevent
mall-operation of relays in normal conditions. Since remote
terminal data transmission and setting parameter (/f,) are

respectively assigned to mainly support the security and
dependability requirements of FDU, the threshold should be
defined to filter just small variations in input signals such as

noise. In this study, h, is set at 0.05. It can be changed by the
operator corresponding to the real field operation condition.

d-axis Controller

Power Controller

JII3T7

g-axis Controller

Fig.10. VSC control diagram
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TABLE |
SIMULATED SYSTEM PARAMETERS
DC line parameters L12 L13 L24 L34
Distance (km) 200 150 100 100
Resistance (/km) 1.27x107?
Inductance (H/km) 9.3x10™
Capacitance (F/km) 12.74x10°°
VSC parameters VSC1 VSC2 | VSC3 VSC4
Terminal power situation | Receive Send Send Receive
AC voltage (kV) 83 83 70 83
Converter type Two-level converter
AC frequency (Hz) 50
DC voltage (kV) 150
Series AC resistance (Q) 0.92
Series AC inductance 1
(mH)
DC link capacitor (mF) 0.4

I1l. SIMULATION RESULTS

To evaluate the proposed algorithm, a 150 kV four-terminal
meshed VSC-HVDC transmission system, which is an
expanded example of the test network in [20] (shown in Fig.
1), was simulated in the Simulink environment of the
MATLAB program whose details are summarized in Table 1.
The mono-polar test network consists of four remote AC
sources, four converter stations, and four transmission lines
where both ends are equipped with two directional relays.
Figure 10 shows the block diagram of VVSC control. Terminals
2 and 3 are under constant active power control and terminals
1 and 4 are in the DC voltage regulator. V, is considered
V, = 0. Additional details about the control system are
available in [20]. Because of its more transient resolution than
others, a distributed parameter model has been used for
transmission lines [21]. Two convertor stations have been
grounded solidly [22]. The sampling rate is 2 kHz. Data
processing has been done in the MATLAB program. The
incoming direction is considered the positive direction for lines
current. Different DC faults at different locations with various
fault resistances have been simulated and reported in the next
section for the evaluation of the suggested algorithm.

A. Dependability Assessment
1) First Simulated Case

Consider a solid pole to ground (PG) fault at the middle of
L12 as shown in Fig. 1 (point F1) at t= 500ms. Figs. 11 and 12
depict the line currents at buses 1 and 2, respectively. Output
indices of the corresponding relays have been illustrated, too.
According to Fig. 11, DCTS is issued by R12 at t=501.5ms.
Figure 12 confirms the same scenario for R21. R13 and R24
remain inactive correctly. It means that the proposed algorithm
detects L12 as faulted line and the trip signal is sent to the
related DC breakers to isolate L12 just 1.5ms after fault
inception. As expected and shown in Figs. 13 and 14, the
control system of VVSCs retains other currents in an acceptable




controlled manner and no protective reactions are permitted for
the installed relays at buses 3 and 4.

The effect of fault resistance on the performance of the
suggested algorithm was inspected. The results are described
in TABLE II. In these cases, the fault resistance for F1 has
been varied from 0Q to 100Q. The results reveal that for all
fault resistance values, the extracted indices are completely
sufficient and meaningful to make a correct protective decision,
so the algorithm can detect the faulted line in just 1.5ms after
fault inception.

The performance of the algorithm in various fault locations
has also been investigated. TABLE IlI presents the results of
these simulations, supporting the robustness of the proposed
algorithm against fault location. According to the detection
time of the relays installed on both terminals of the faulted line,
for all tested distances (from bus 1), the algorithm detects the
faulty line in less than 2ms after fault initiation.

TABLE Il
THE OUTPOT INDICES OF R12 AND R21 AND THE DETECTION
TIME FOR DIFFERENT FAULT RESISTANCE OF F1

Fault resistance R=0Q [ R=10Q | R=50Q | R=100 Q
R12 Pl 2.05 1.89 1.4 0.99
Detection time 1.5ms
R21 PLy, 2.55 2.39 1.9 1.5
Detection time 1.5ms

TABLE Il

THE OUTPUT INDICES OF R12 AND R21 AND THE DETECTION
TIME FOR DIFFERENT FAULT DISTANCES (FROM BUS 1) OF F1

Fault distance 10%L 50%L 90%L
R12 ‘ PL,, 7.77 2.05 0.79
Detection time 1.5 ms 2 ms
RL | Pl 1.16 2.55 8.213
Detection time 2ms 1.5ms

2

g1

= /

N 0

G498 04985 0499 04995 05 05005 0501 05015 0502 05025 0503

n t(s)

e //

oo 04985 0499 049 05 05005 0501 05055 0502 0505 0503

t(s)

2

%]

51

[a]

09498 04985 0499  0.499 05 05005 0501 05015 0502 05025 0.503
t(s)

@)

International Journal of Industrial Electronics, Control and Optimization [GRAYAl

IECO 291

0498 04985 0499 04995 05 05005 0501 05015 0502 05025 0.503

98 04985 0499 04995 05 05005 0501 05015 0502 05025 0.503
s)

0498 04985 0499 04995 05 05005 0501 0.5015 0502 05025 0.503
t(s)

(b)
Fig.11. Current signals and detection indices at bus 1 against the
faultat F1, (a) 112, (b) 113 (fault initiation: t= 0.5 s).
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Fig.12. Current signals and detection indices at bus 2 against the
fault at F1, (a) 121, (b) 124 (fault initiation: t= 0.5 s).

2) Second Simulated Case

An accurate selectivity assessment of the proposed method
demands a close-up reverse fault simulation. For this study, F1
is placed at 2.5% of the length of L12 (5 km far from R12). In
addition to R12 and R21, which must isolate the line, the
correct operation of R13 and R31 are of importance and should
be inspected. Evidently, this fault location replacement has no
special effect on the measurements by R24, R42, R34, and R43,
which have been depicted in Figures 11 to 14. On the other
hand, regarding the former simulated case and Table 3, the
DCTS flag surely becomes high for R12 and R21, so the related



figures are not shown again. The measurements by R13 and
R31 are illustrated in Figures 15 and 16, respectively. Two
valuable concepts are achievable from these graphs:

e First, there is no concern about R13 mall-operation in
reverse close-up faults. Regarding Figure 16, DCTS
becomes high for R31 at t=503ms, while R13 remains
inactive in Figure 15. According to the predefined logic of
the algorithm, these couple of flags are completely
meaningless and do not start the protection of L13 correctly.

e Secondly, there is no concern about the overreaching of
R31 for occurring a close-up/ low-impedance fault at an
adjacent line, too. This robustness confirms the selectivity
power of ACUSUM.

A question may be introduced as a relay could be designed
to detect any increment in the current signal without needing
the extra computational burden of ACUSAM. It should be

noted that ., in a simple overcurrent relay is a static

parameter that should be changed for different load conditions

by the operator whereas |, continuously adjusts itself by

load conditions. The mall-operation of a simple overcurrent
relay becomes worse when a decrease in the line current occurs
followed by an HRF whose magnitude falls below I, . But,

in ACUSUM, as |

can detect HRF in this case as well as other types of faults [19].
Moreover, due to cumulative sum, ACUSUM provides bigger
indices with more consistency than the simple over current
approach, which is considered an important property in the
detection of high-resistance or long-distance faults. Finally, it
should not be ignored that all the aforementioned benefits are
reachable without any notable extra computational burden
regarding the present-day digital technology.

The results of the simulation for over 100 various cases have
proven that the proposed algorithm can detect any DC fault in
less than 2ms. Table 4 compares the vital features of the
proposed method with those published in recent years.
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Fig.13. Current signals and detection indices at bus 3 against the
fault at F1, (a) 131, (b) 134 (fault initiation: t= 0.5 s).
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Fig.14. Current signals and detection indices at bus 4 against the
fault at F1, (a) 142, (b) 143 (fault initiation: t= 0.5 s).
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Fig.15. Signal and detection indices seen by R13 against the fault
at F1 at the beginning of L12 (fault initiation: t= 0.5 s).
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Fig.16. Signal and detection indices seen by R31 against the fault
at F1 at the beginning of L12 (fault initiation: t= 0.5 s).

B. Security Assessment

1) Load changing

Since load changing at bus results in variations in the current
magnitude of lines, a security assessment should be done to
confirm that the proposed algorithm can filter load changing
and separate it from DC fault occurrence. For more exact
inspection, a load switching in bus 2 at t=0.5 s has been
simulated. Figures 17 and 18 show the measurements at both
ends of L12 and L24, respectively. The predefined positive
direction for relays guarantees that the relays installed at both
sides of a line cannot experience increment in measured
current signal during a load switching. This fact is perceptible
from Figures 17 and 18. According to Figure 17, although the
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Fig. 18. Signals and detection indices at both sides of L24
against the load switching at bus2, (a) 124, (b) 142
(switching instant: t=0.5 s).
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Fig. 17. Signals and detection indices at both sides of L12
against the load switching at bus2, (a) 112, (b) 121
(switching instant: t=0.5 s).

t= 0.5 s) is reconsidered while all of the measured signals are
polluted with Gaussian noises with SNR=20 dB. Figures 19 to
22 illustrate the results of this part where the effect of noise is
observable on the measured signals. In comparison with




Figures 11 to 14, the assessment results reveal that albeit
signals have been polluted, the performance of the algorithm
remains hale and the algorithm detects L12 as a faulty line in
just 1.5 ms after fault initiation while other healthy parts of the
system continue power transmission. These results confirm the
robustness of the ACUSUM algorithm against noise. Four
main points should be mentioned in this part:

e  As is observable in Figures 19 to 22, low-magnitude
disturbances caused by the noise have been filtered by
the setting of an appropriate threshold as described in
Subsection 2.3.C. In fact, h; does not permit P1,
with values smaller than 0.05 to changeover the DCTS
flag. Enlarging this threshold can lead to an increase in
the security of the ACUSUM and its detection time.

e Applying a consistency check (checking for three
consecutive samples) improves the performance of the
algorithm against noise and does not permit the low-
magnitude disturbances caused by the noise to start any
protection. Increasing the number of consecutive
samples for the consistency check enhances the security
of the ACUSUM and its detection time.
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Fig. 19. Signals and detection indices at bus 1 against the fault at

F1 in presence of Gaussian noise with SNR=20, (a) 112, (b) 113
(fault initiation: t= 0.5 s).
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Fig. 20. Signals and detection indices at bus 2 against the fault at
F1 in presence of Gaussian noise with SNR=20, (a) 121, (b) 124
(fault initiation: t= 0.5 s).

e Regarding the former issue, increasing the sampling rate
can reduce the security of the proposed detector in a
noisy condition, unlike its detection time.

e In comparison with what was mentioned above, other
parameters such as the length of the data window, B, and
v values have no significant effect on the ACUSUM
performance in presence of noise.

C. Supplementary Augment

1) Communication

Currently, optical ground wires (OPGWSs) are widely used in
HVDC transmission systems [27]. The signal transfer delay in
an optical fiber cable is approximately 4.9 pus/km [28]. In other
words, even adding the communication time delay for
transferring data between protective relays of the line, the
proposed ACUSUM still belongs to the category of fast
detectors (as backup protection). Furthermore, this protection
can employ existing communication links without additional
cost. Regarding the reliability concerns, OPGWSs are immune
to electromagnetic interference arising from corona on DC
wires or faults in the transmission system [27], which ensures
high communication reliability.

2) Independence of the Algorithm
The proposed algorithm uses the variations in current signal
for fault detection, which is an inevitable phenomenon during



permanent faults. Moreover, the auxiliary parameters of the
proposed algorithm are flexible and can change due to making
the desired compromise between dependability and security
(considering the network configuration and operation
condition). Therefore, regardless of system parameters,
different converter types and configurations, and different
control systems, ACUSUM can be used as a fault detector
algorithm. In other words, during a permanent fault, different
converter types and control systems may result in different
variation levels in the current signal, which cannot remain
masked from ACUSUM. This sounds the independence of the
proposed method performance from the system parameters and
configuration.

IV. CONCLUSION

In this paper, a novel selective DC fault detector scheme
based on the adaptive cumulative sum (ACUSUM) method has
been proposed for MT-HVDC transmission lines, which can
detect DC faults and discriminate faulted line in less than 2ms.
This feature of the proposed algorithm ensures the selectivity
of the protection system and enhances the reliability of the
HVDC power transmission grid. The assessments have shown
that noise, variations in fault location, and fault resistance
cannot distort the performance of the algorithm. Appropriate
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Fig. 21. Signals and detection indices at bus 3 against the fault at
F1 in presence of Gaussian noise with SNR=20, (a) 131, (b) 134
(fault initiation: t= 0.5 s).
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09498 0.4985  0.499  0.4995 0.5 0.5005 0501 05015 0.502 05025  0.503
t(s)

@)

98 04985 0499  0.4995 05 05005 0501 05015 0502 05025 0.503

0.0498 04985 0499  0.4995 05 05005 0501 05015 0502 05025  0.503

09498 0.4985  0.499  0.4995 0.5 0.5005 0501 05015 0502 05025  0.503
t(s)

(b)
Fig. 22. Signals and detection indices at bus 4 against the fault at

F1 in presence of Gaussian noise with SNR=20, (a) 142, (b) 143
(fault initiation: t= 0.5 s)

speed (as backup protection), adaptivity, low sampling
frequency, low computational burden, independence from
system parameters, and the need for no complicated equipment
or hardware are notable advantages of the proposed method,
which make it applicable for practical applications.
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I. INTRODUCTION

In 1695, the idea of fractional calculus was firstly discussed in
some correspondence between Leibniz and Hopital. Leibniz
predicted that “one day, the useful consequences would be
drawn,” although his vision has been realized during the
following years. Later, fractional calculus became a
fascinating area for mathematicians, and many forms of
fractional differential operators were proposed. The most
popular ones are the Riemann-Liouville and Caputo fractional
derivatives [1]-[4]. Fractional calculus is an effective modeling
tool that displays the behavior of many mechanical and
biological dynamics better than the integer models [5].
Recently, fractional calculus has been widely used in different
fields of applied sciences such as physics, engineering, and
bioengineering [6], stochastic systems [7], and the theory of
diffusion [8]. One of the latest applications of fractional
models is to investigate and analyze the complex transmission

fCorresponding Author: smshafiof@pnu.ac.ir , Tel: +98-3135328134,
Department of Mathematics, Payame Noor University, Tehran, Iran

pattern of COVID-19 disease [9], [10].

The optimal control problems have been studied in almost
many fields to provide broad background knowledge. These
problems minimize an objective function, subject to dynamic
constraints on the state and control variables [11], [12]. FOCPs
are a subclass of optimal control problems, which objective
function or constraint equation governed by FDE [13]. Since
the dynamic constraints of these problems involve FDE,
finding the exact solution is very complicated, so numerical
methods must be utilized to solve FOCPs. These numerical
methods can be divided into two major classes, including
direct and indirect methods. The indirect methods are based on
Pontryagin’s maximum principle and the necessary optimality
conditions for FOCPs. These conditions lead to a TPBVP that
can analytically or numerically be solved using widely known
methods for differential equations. For this purpose, Agrawal
used the calculus of variation to specify the optimality
conditions for FOCPs, based on the Riemann-Liouville
fractional derivatives (RLFD) [14]. He also set the optimality
conditions for FOCPs containing CFD [15]. The TPBVP,
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including left and right fractional derivatives, have
approximately been solved by the Legendre multiwavelet
collocation method [16], variational iteration and Adomian
decomposition methods [17], and fractional power series
neural network method [18]. The advantages of indirect
methods are explained in [19], [20]. In the direct methods,
FOCP is solved by minimizing the objective function, using
the approximation or discretization of unknown functions,
according to the problem constraints, and without deriving the
Hamiltonian equations. Some examples of this method are as
follows: Hybrid of Block-Pulse functions and orthonormal
Taylor polynomials [21], Bernoulli polynomials with the
operational matrix of fractional integration [22], Genocchi
operational matrix of integration [23], Fractional-order Bessel
wavelet functions [24].

In recent years, many authors have applied hybrid functions
to solve different problems because hybrid functions are a
mathematical power tool to approximate the functions defined
on the distinct subintervals. Hybrid functions have consisted
of the combination of a polynomial with piecewise constant
basis functions such as Block-Pulse. For more details about
this topic, can refer to [25]-[27].

In the current article, we focus on the FOCP characterized
by integer-fractional dynamical system as follows:

min/ = f;ff(t,x(t),u(t))dt, (1)
subject to
K x(t) + K SDEx(t) = g(t, x(8)) + b(D)u(t), 2
with initial condition

x(ty) = xo, 0<a<l, (3)

where f(t,x(t),u(®)), g(t,x(t)) and b(t) are smooth,
b(t) is non-zero and, K; and K, are scalar numbers. As a
practical example, the dynamical system of light amplification
in Erbium-doped fiber amplifier, one of the most commonly
applied types of fiber amplifiers in metro optical networks,
contains the integer-fractional derivatives [28].

This article presents a new method to obtain the LRLFI, and
RRLFI operators for the hybrid of Bernoulli polynomials and
Block-Pulse functions directly and without any approximation.
The accuracy of these operators is effective in increasing the
accuracy of the proposed method for solving FOCPs. We
employ the following steps to solve the stated FOCP using the
suggested indirect method.

First, TPBVP based on the left and right CFD is obtained
from the necessary optimality conditions of the FOCP. Then,
in the obtained FDEs, the highest order derivatives of the state
x(t) and costate A(t) functions are approximated by using
the Bernoulli hybrid functions with unknown coefficients.
Afterward, by applying the LRLFI, RRLFI operators, and
Legendre-Gauss collocation method, the problem is converted
to a system of algebraic equations, by the solution of which the
unknown coefficients are obtained. Besides, estimation errors
and convergence analysis are brought. The existing results
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demonstrate that by increasing the number of hybrid functions
basis, the approximate solutions converge to the exact
solutions.

The organization of this paper is as follows: In Section II,
we provide some necessary definitions and properties of
fractional calculus and hybrid functions. Section 111, introduces
LRLFI and RRLFI operators for hybrid functions. In Section
IV, we obtain the necessary optimality conditions and describe
the numerical method for solving FOCPs. We provide error
bound and convergence analysis for the proposed method in
Section V. In Section VI, test problems are used to verify the
accuracy of the suggested approach. The final section of this
article is the conclusion.

Il. PRELIMINARIES AND NOTATIONS

We present some basic definitions and some required
properties of the fractional calculus and hybrid functions used
in this article.

A. Fractional Calculus

In this part, we briefly provide some definitions of the
fractional derivative and integral, and their properties [1]-[4],
[29]. Let f:[a,b] = R beafunction,and « > 0 be the order
of fractional derivative and integral, and m = [a] + 1.
Definition 1 The LRLFI and RRLFI operators of order a are
respectively defined as follows:

EF (D) = s Jy (€ =D f(Ddr, 4
dEf @) = 55 J, (T = 0" f (D), (5)

where T'(a) is the Gamma function.
Definition 2 The left and right RLFD operators of order a are
given by:

MDEF(E) = rmmy s o (6~ D (@ d, ®)
RDEF(E) = st [ (e = e f (D) d @
Definition 3 The left and right CFD operators are defined by:
EDEF(D) = ey o (6 = D™ f M (D) d, ®)
SDEF(E) = gt [ (r — e M (@) dr. ©)

Some properties of the Caputo derivative are as follows:
SDE LIEF () = f(©), $DF JI{F(O) = f(®), 0<B <1 (10)
N (t—a)!
i!

JEDEF@) = F(O = ) 0@

i=0

(11)
¢DFK = 0, (K is constant.) (12)
[ orf®) = F™ (),
! DFf(t) = (—D™f™(), meN, (13)

l DEf(O) = JID™f (D),

DEF(E) = (D)™ JFUD™F (D), a & No.



The relation between RCFD and RRLFD is as follows:
SSEARO)

or(k+1—a)(b_t)k_a'

DEf() = "DEf() -

(14)
The following relations are established:
JdE LT = WFTPFO, S @ = oy P F@), a8 >0

(15)
aC () ( t)l
tly eDy f(t)—f(t)— ( DO (b)
(16)
g -0f1="8_(p b+l g p>0 an
t'b T r(B+a) o )
r
SEtT = F(r(:':z) tT+e reN, t>0. (18)
a b-a)® a)®
Il o1 f(t)“LZ(a,b) @ IfOllz@p, 0<a<l (19)
b-a)* a)®
ety f Oz o) < T@D lfOllz@y, 0<a<1l. (20)

LRLFI operator satisfies the foIIowmg formula:
a—-1 a—1
e fo =D f@dr = st f (D), (21)

where t*~1« f(t) is the convolution of t% ! and f(t).
Also, RLFI and CFD operators are linear operations.

B. Bernoulli Polynomials
Bernoulli polynomials of order m can be defined as [30]:

m

b = () st (22

k=0
where a;, = B,(0),k =0,1,2,...,m, are Bernoulli numbers.
The Bernoulli polynomials satisfy the following formula:

Brn(1 =) = (=1)"Bn (1) (23)

C. Hybrid of Block-Pulse Functions and Bernoulli

Polynomials
Hybrid functions b,,,(t) for n=12,.,Nm=
0,1,2,...,M are given over the interval [0,1) as:
n-1 n
bnm<t)={ﬂm(’vt‘”“)' cel5): (24)
0, otherwise,

where n and m are the orders of the Block-Pulse functions and
Bernoulli polynomials, respectively. It is clear that
Y = span{bo(t), byo(t), ...,byo (t), b1 (L), ..

byi(®), ) by (D), -, NM(t)} (25)
is a finite dimensional and closed subspace of the Hilbert space
H = L*[0,1]. Therefore, Y is a complete subspace, and there is
a unique best approximation out of Y, such as fy, € Y for each
f eH, thatis vy € Y,|If — fumll < IIf — yll. Since fyy €Y,
there exist unique coefficients c;q, ¢z, ---, Cyn, SO that [31]

FO= fun® = D" combun(®) = CTBO),
n=1m=0
(26)
where C and B(t) are the following vectors:
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BT(t) = [byo(t), by (L), -+, byo (), by (2), ...
le(t)! ey blM(t) [ NM(t)]
CT = [C10)C20s e » CNO» C11s +ov» CN1s +ovs Cipgs ooes Chpp)- 27

I11. LRLFI AND RRLFI OPERATORS FOR
BERNOULLI HYBRID FUNCTIONS

In this section, LRLFI and RRLFI operators, are obtained for
hybrid functions which, are shown with I and Ig,

respectively. We divide the interval [0,1] into three

R . - n-1 n-1 n n
subintervals including [OT)[TE) and [;,1)
according to the properties of the hybrid functions.

A. LRLFI Operator

In this part, we use the new method to obtain the LRLFI
operator for hybrid functions. Suppose oI/FB(t)=I7B(t),
where
I,f‘B(t) = [I,f‘blo(t), ,IbeO(t),If‘bll(t), )
Ifbyy (8), oo, IF Dy (©), oon, IE Dy (D]
We obtain by, (t) for t € [" ! ") n=12..,Nm=
0,1,2,..., M. So from Equs. (4) and (21), and by applying the
definition of the convolution, we have
by (8) = mf (t = D by (Ddr

F(la) % 1p, (t —1)dr. (28)

By using the Equs. (24) and (28), and introducing the change

of variable T = t — n—_l . we have

I by (8) = mf Ta L by (t — T)dT

1 t‘
szo 1B (N(t—1)—n+ 1)dt
1 (v n-1
=mf T ﬁm<N<(t——N >—‘L’>)d‘[
=l T Bu(N(T = D)dT = oIf B (NT). (29)

From the Equs. (18) and (29), and by using the definition of
Bernoulli polynomials (22), we get

m

m
ol Bm(NT) = Z (k) Nkam—k olg(Tk)
k=0
m
= m ke & k+a
_;(k)N kTt at D)
(30)
Then, the Equ. (30) yields
1ot
r@do ¥ T Bm(N(E = 1) —n+ Ddr
_ m (m) N F(k +1) (t B n— 1)k+a
La k)T Tk a + 1) N :
(31)
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In addition, for t € [

,1), by using the Equs. (24) and (28),

we have

1 t
18Dy, (t) = m-f %1 b, (t —1)dr
0

1 (=~
= mj;_ﬁ 1B (N(t—1) —n+ 1)dt

1

=@(fo 141 (N(t —1) —n + 1)dr

- jt_ﬁ‘r“‘l Bm(N(t—1) —n+ 1)dr>.

(32)
The first integral in relation (32) is equal to Equ. (31) and the
second integral is calculated using the Equ. (23) as follows:

1 (7N
mfo " 1B, (Nt—1)—n+1)

1 ("N
=mf0 T ﬁm(l—(—N(t—r)+n))dr

=Sl B (‘N ((=5) - T)) dr (33)

by substituting Z=t-— % into Equ. (33), we have
=nm

Ty ), T BN = D)dT = (D)™ I8 (-ND).

34)
Following a similar approach to the one used in Equ. (30), the Equs.
(32) to (34) yield

%fot—ﬁ T;_l Bm(N(t —7) —n + Ddr
F(k + 1) k+a
_ (_1)m2(7]):) (— N)kam—km(t n)

k=0

N

(35)
Finally, using the preceding results, we can write

0, te [0 ”—_1)
Rum(®),  te[=22), (36)
an(t) - Snm(t)w tE [E; 1) )

Where R,,,(t) and S,,,(t) are the relations (31) and (35),
respectively.

ILabnm ) =

B. RRLFI Operator
Now, we obtain the RRLFI operator for hybrid functions.

Supposet € [ ) n=12,..,N, and IFB(t)=I§B(t),
from Equ. (5) and Bernoulli hybrld functions (24), we have

Igbnm(t) = ﬁf (t— t)a_l bnm(T)dT

= mj; (t—0)* B (Nt —n+ 1)dt

= tlgﬁm(Nt -n+1)= tlgﬁm (1 - N(%— t))
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From Equs. (17), (22), and (23), we get

n
B NE =1+ 1) = (=)™ I£ (N @- t))

~om (Z () W (2 t)")

m k=0
— (—1\m m k gﬁ_ k
0m Y () Moo G =0

— (—_1\m m k F(k-l-l)_ E_
=D ;(k)N “’”‘"r(k+a+1)(N t)
So, we conclude

k+a

AR Bn(Nt—n+ 1)
N

m

Ik + 1)
= 0" ) ()N e i a1y (Y

k=0

k+a

(37)
Fort e [0 ) from Equs. (5) and (24), the RRLFI operator
is obtained as follows

1w (© = 15 [ (0= 0 b

=— N(r )% by (t)dT

I'a)

F(a)f (T = ) by (Ddr
g J 0
= mf"T‘l(T —£)%14, (Nt —n + 1)dr

— 1 % a—-1 N 1d
_mft (-1t Bm(NT —n + 1)dt

—% tT(T - t)* 1, (Nt —n+ 1)dt

= Jifp(Nt—n+1)— Jiaf (Nt —n+1).
N N
Jdipn(Nt—n+1) is equal to Equ. (37), and
N
1B (Nt —n + 1) is calculated as follows:
N

« « n—1

BarBn(NE =1+ 1) = i (N (== t)
N N N

m

- (1) e (P

k=0
By using Equ. (17), we get

JEsBn(NE—n+ 1)
N

- Tk+1) m—-1
=;(?)(_N)kam"‘r(k+a+1)( N _t) '

(38)
By applying the Equs. (37) and (38), we deduce that

I}t?lbnm(t) =



(198, (Nt —n+1)— IS - n-1
tinPm t n—1ﬁm(Nt n+1),t €10, ,
| " = N

1B (N 1 n-lin 39
dipnNe—n+1)  te|—), (39)
L 0, te [%1)
IV. DESCRIPTION OF THE PROPOSED
METHOD

In this section, we find x(t) and u(t) such that the constraint
(2) and the initial condition (3) are satisfied and the objective
function (1) of the problem becomes minimum. To this end,
we transform the necessary optimality conditions of the FOCP
into an equivalent fractional TPBVP. Then, using fractional
operators and the collocation method, TPBVP is converted to
a system of algebraic equations. By solving this system, the
state variablex(t), the costate variableA(t), and finally the
control variable u(t), are determined.

A. Necessary Optimality Conditions

In this part, we obtain the necessary optimality conditions for
FOCP in the form of fractional TPBVP according to the
proposed method based on the LCFD and RCFD operators.
Theorem 1 If  (x(t), u(t)) be the optimal solution of
FOCP expressed in Equs. (1) to (3), there will be a costate
function A(t), such that

K, SDEA(E) — K A(t) = P(t,x(0), A1),

Kix(t) + Ky gDfx(8) = Q(t, x(1), A1),

x(ty) = x,, Aty) =0,

Where P and Q are the known functions in terms of x(t)
and A(t).
Proof This theorem is stated in reference [32] based on
RRLFD. For compatibility with the proposed method, we
replace RRLFD with RCFD. For this purpose, from Equ.
(14), RRLFD of the costate function can be written in the
following form:

(40)

REDEA(E) = SDEA(D) + %(tf -0,
sinceA(t) = 0, we apply EDEA(L), in the first Equ. (40)
instead of the RRLFD. Also, using the necessary optimality
conditions, the control variable can be represented in terms of
costate and state variables. O

B. Solving the Fractional TPBVP

In this part, the Bernoulli hybrid functions, LRLFI and
RRLFI operators, and Legendre collocation method are used
to approximate the solution of the mentioned fractional
TPBVP. For solving the fractional differential equations (40)
without loss of generality, let t, = 0 and t; = 1. Then, we
expand the first-order derivative of the state function x(t)
and costate function A(t) by the hybrid function as follows:
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x(t) = ATB(¢), (41)
A®) = CTB(b), (42)

where
BT (t) = [b1o(t), bao(t), - ,bo(£), by (£),

yeees by (), ooy Bipg (8), oo, By ()], (43)
AT = [a10, A0« Angs A1ty oors A1y woey Qipgs s Aypals (44)
BT (t) = [b1o(t), byo(t), ... .byo (), b11 (L),

. le(t), v biy @®, ..., blgm(t)], (45)

CT = [C10)C20s -+ Ciio» C11y +o+» Ci1s o » C1nts s Cint - (46)
If a=0,a =1, Equs. (4) and (41) yield
x(t) = ATI}B(t) + x,, 47

By applying properties (10), (12), and (15) in Equ. (47), we
obtain

EDEx(t) = ATIFB(t). (48)
Let «a =1,b =1, from the Equs. (5), (42), and boundary
conditions (40), we get

A(t) = —CTIEB(b), (49)
By using Equs. (10) and (15), the Equ. (49) yields
EDEA(t) = —CTIZ “B(¢). (50)

Substituting relations (41), (42), and (47) to (50) into Equs.
(40) implies that
—K,CTB(t) — K,CTI} ®B(t)
= P(t, ATI}B(t) + xo, —CTIAB(1)),
K ATB(t) + K,ATI}%B(t)
= Q(t, ATI}B(t) + x,, —CTI}B(t)).  (51)
After simplifying the Equs. (51), if possible, now we collocate
them in the Legendre-Gauss collocation points {t;}% .,k =
N(M + 1)+ N(M + 1) — 1, on the interval [0,1] which are
the roots of Legendre polynomial p,.,,. The system of Equs.
(51) is reduced to that of algebraic equations as follows:
—K,C"B(t;) — K,CT Iz *B(t;)
= P(t;, ATI}B(t;) + xo, —CTI}B (L)),
K,ATB(t;) + K, ATI}“B(t;)
= Q (4, ATI1B(t;) + %0, —CTI1B(t;)),  (52)
Where i =0,1,..,N(M+1) -1 and j = N(M + 1), ..., k.
By solving Equs. (52) via a standard numerical method, the
unknown coefficient AT and €T will be determined.
Remark 1 In the dynamic constraint of the system, if K; =0,
the approximate functions of the problem-solving process are
considered as follows:
EDEx(t) = ATB(t), (53)
EDEA(t) = CTB(t). (54)
By using Equs. (11), (16), and LRLFI and RRLFI operators,
from Equs. (53) and (54), x(t) and A(t) can be written as:
x(t) = ATIFB(t) + x(0) = ATI®B(t) + x,, (55)
A(t) = CTIEB(t) + 2(1) = CTIZB(t). (56)

V. ERROR BOUNDS
In this section, the error bounds for the hybrid functions
approximation, LRLFI and RRLFI operators, and the proposed
method are presented.
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A. Error Bound for Hybrid Functions Approximation
In the following theorem, the upper bound for the error and
the convergence of Bernoulli hybrid functions approximation
are investigated.
Theorem 2 Suppose that f(t) € CM+D[0,1] and fy,(t) =
N oYM Combnm (£), be the best approximation f(t) out
of Y given in (25) and (26), the following inequality is

satisfied:
L

lf @ = fam@ll; < DN TS (57)
where
L = max|f™*D(t)|,t € [0,1]. (58)

n-1n

Proof We divide interval [0,1] into subintervals [T’E ,n =
1,2, ..., N, with the limitation that f,, approximates f over

the  subinterval ["T_l,%],n=1,2,...,N and  f(t) =
N_ £, (¢). Let the Taylor polynomials
M 1 (t n—1)k
" _nt
- GY i i
A0 Zf () —2—
We know that
)M+1
(M+1) n-ln
@ - il < [rooe| S — e[t ©69)

Assume that £, (t) = XM _o Combnm (t), from Equs. (24),
(58), and (59), we have

IF ) — funl3 = f F(O) = fun (O)12dt

- i fi'f(t) ~ fam(B)I2dt
= EN: filf(t) — f©Pdt

2
n— 1)M+1

Z-L 1]C(M+1)(§)| ( T dt

<

(2M + 3)((M + 1)!) N2+’
And by taking square roots, the proof is finished. This theorem
shows that the Bernoulli hybrid functions approximation error
tends to zero if M and N are sufficiently increased. This result
confirms that fy, convergesto f. o

B. Error Bound for the LRLFI Operator

Theorem 3 Suppose f(t) € C™*V[0,1] and 0 < a <
1, the error bound for the LRLFI operator is achieved as
follows:

L
£ = IEfun Ol < rrparmam T (60)
Proof This theorem is proved by using inequalities (19) and
(57). o

C. Error Bound for the RRLFI Operator
Theorem 4 Assume f(t) € C™*V[0,1]. For 0 < a <
1, the error bound for the RRLFI operator is defined by:
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L
EF @ = 1 fun D> < srparmaom S (61)
Proof By using relations (20) and (57), inequality (61) is
resulted. o

D. Error Bound for the Proposed Method

In this section, we estimate the error of the proposed method
with respect to the hybrid functions order N,M,N, and M.
This theorem shows while the dimensions of the basis
functions are increased, the error bounds tend to zero,
consequently the state and control approximate variables
converge to the exact values.
Theorem 5 Suppose x(t) and A(t) are the exact solutions
of the TPBVP (40), x(t) and A(t) € CM*2[0,1]. xyu () =
ATIIB(t) +x, and  Agy(t) = —CTILB(t) are the
approximate solutions of x(t) and A(t) where achieved
from Equs. (47) and (49). Also P(t,x(t),A(t)) and
Q(t,x(6),A(t)) are Lipschitz functions, with the Lipschitz
constants P;, Q;, for i = 1,2, respectively. The error bounds
of (40) showing with E; and E,, for the proposed method are
obtained as follows:

PyLq (K1+r(2 a)+P2)L2

IE4ll, < M+O)INMDVI3 - (1) (M+1) o5 3’
Ko
(K1+F(2—a)+Q1)L1 Q2L
”EZHZ S (M+1)!N(M+1) PME3 (M+1)!IV(M+1)\/2M+3’ (62)
Where
L, = max|x™*2(¢)|,t € [0,1] and L, = max|AM*2(t)|,
€ [0,1].
Proof We define

I ll; = [|K;$DFA(E) — K A(e) — P(t,x(8), (D))

_(Kz DF A (8) — Ky A (8) — P(t» xNM(t)'ANM(t)))HZ:

according to the method outlined in Section 1V, we get

I ll; = [|K2$DFA(E) — K A(e) — P(t,x(6), (D))

+K,CTIZ*B(t) + K,CTB(t)

+P(t, ATIEB(t) + x0, —CTIzB(®)) ||,

from the Lipschitz condition and Equs. (13), we have

Il < Ki[|A(®) = €"B@)],

+HIIEDFA) + CT IR “B @),

+||P(t,x(©), A(t)) — P(t, ATI}B(¢) + x,, —CTI;E(t))H2

< K| i) - CTE(t)”Z + K, ||-IE7%A() + CTI,%“)‘E'(t)H2

+Py|lx(€) = (ATILB(6) + x0)l2 + P,IIA() + CTIzB®)Il2.
(63)

From definitions (4) and (5), we have x(t) = I}x(t) + x,

and A(t) = —I3A(t). By substituting these equations into

Equ. (63) and using error bounds (57), (60) and (61), we have

IE:Il, < Ki[J4(®) — "B,

+I || - IE%A() + CTI;—“E(t)”z

+P |1Ex(t) — ATIEB(O)l, + P2||—1;i(t) +CTIRB@)|,

< Kqi[|[A@®) = CTB@)||, + [4@®) = B,

re- (x)



+P|l%(t) = ATB®)Il, + Po[|A(t) = C"B(@)],
= Plllfc(t) - ATB(t)Ilz
+ (K 4+ g5+ P) 1A - CTB,
- PiLy (1<1+F(2 a)+P2)L2
= MDDV | (1) 2n 43
Now we define ||E,||, as follows:
IE; I, = |Ky%(t) + K;§DEx(t) — Q(t,x(£), A(1))
= (Kutwn (0) + Kz D (8) = Q6 2w (0, 2w )|
similarly, we can obtain the following relation

Ky
(K1+F(2—a)+Q1)L1 Q2L2
M+DINMAOVIME3 g+ MM+) 2143

IEIl, < ;

VI. ILLUSTRATIVE EXAMPLES

In this section, some examples are presented to illustrate the
efficiency and accuracy of the proposed method. The obtained
results have been compared with those reported by using other
methods.

Example 1 Consider the following two-dimensional FOCP
(34]

minj = f ((xl(t) —1=t")2 + (x, () — t*°)?

+ (u(t) - %Et + t2'5> >dt,

subject to:
ngle(t) = xz(t) + u(t),
15vm
8Dl(')5x2(t) = xl(t) + th — t1.5 _ 1’

xl(o) =1, XZ(O) = 0.

For this problem x(t) =1+t , x,(t) =t2°, and
u(t) =
minimum value is J = 0. The necessary optimality conditions
are as follows:

— t25 minimize the cost function and the

§DP5x1() = xp(0) + 20 — 125 — 1 2y(0),

€95 x, (t) = x, () + 2 1” — 151,

EDOSA, () = A,(t) — 2t15 + 2x,(t) — 2, (64)
CD{"SAZ(t) = Al(t) — 2t2% + 2x,(2),

u(t) += /ll(t) ——t +t%5 =0,

x,(0) =1,x,(0) =0,4,(1) =0,4,(1) = 0.
By applying the proposed approach and Equs. (53) and (54),
for N=1,M =2 and N =1,M = 1, we obtain
8D3'5x1(t) =A"B(t) = A10b10(t) + a11b11(t) + aq2b1, (1),
6D3x,(t) = CTB(t) = €10bso(t) + €11b11 () + c12b1, (1),
EDY3 A1 (8) = dygbyo(t) + dy1by4 (1), (65)
GDY3 25 (t) = eqobyo(t) + e11by1 (D).
Using the Equs. (55) and (56) yield
x,(t) = ATIP*B(t) + x,(0)

= a3l bio(t) + a1 I7°by; (t) + ag,IP°by, (8) + 1,
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x,(t) = CTIP®B(t) + x,(0)
= C1010°byo(t) + 11 10°b11 () + 121 by, (1),
() = dyol®byo(t) + dy1 I3 by, (8), and
A2(8) = egolgbyo(t) + €119°by4 (8). (66)

By substituting Equs. (65) to (66) into Equs. (64), and using the
collocation method, we obtain a system of algebraic equations. By
solving this system, the unknown coefficients are determined as
follows:

c10 = 0.55389182840797393036362224115202,

c;1 = 1.6616754852239214537180933550786,

¢, = 1.6616754852239213756555369361223,

dy, = 0.00000000000000001646518398466862,

dy; = —0.00000000000000009879110390801123,

a;o = 0.66467019408956860353341674532566,

a;; = 1.3293403881791372509565422891959,

a,, = 0.00000000000000004463398968873306.

e, = 0.00000000000000019409327747612383,

e;; = 0.00000000000000036094262159047331.

TABLEI
COMPARISON OF THE OPTIMAL VALUE J WITH METHODS IN

[28], [33], AND [34] FOR EXAMPLE 1

Method Optimal cost function Approximation
] order
Bernoulli operational 9.4157 x 1078 m=38
matrix [28]
Epsilon-Ritz [33] 8.0027 x 107° k=38
MADM [34] 8.4738 x 10°Y7 N =30

Present method 1.9636 x 10732 N=1M=2

The optimal cost function J obtained of the proposed method
and Bernoulli fractional derivative operational matrix
compatible with the spectral Ritz method in the direct
approach [28], Epsilon-Ritz method in [33], and modified
Adomian decomposition method (MADM) in [34], are
displayed in Table I. This comparison shows that the hybrid
functions proposed method provides a more accurate solution
than the mentioned methods by taking a small number of basis
functions. Compared to the method [28], the suggested method
using the exact fractional operators versus the approximate
operational matrix and applying the fractional calculus to
impose initial conditions against the Ritz method, leading to a
better solution. The graphs of the exact and approximate state
and control variables are shown in Figs. 1 and 2, demonstrating
the approximate solution matches the exact solution.

Example 2 We consider the following FOCP with variable
fractional order [32]
minJ = [ (tu(t) - (a + 2)x(0)) dt,
subject to the dynamical system
x(t) + §DFx(t) = u(t) +t% x(0) =0, x(1) =

I'(a +3) !
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(a+2)

A®) = DFA®) = -2 =,
x(t) + SDEx(t) = u(t) + t?,
From Equ. (67), we have

u(t) =2y (r) - 22, (68)

Here, we approximate the unknown functions by the hybrid
functions as follows:

A(t) = diobso(t) + dy1by; (D),

A(t) = —dyolgbyo(t) — di1 13y (B),
EDEA(L) = —dyolg™*b1o(t) — dyy I~ by (8).
x(t) = ATB(¢t) , x(t) = ATI}B(b),
EDEx(t) = ATIFB(t).

We replaced Equs. (68) and (69) in necessary optimality
conditions (67) and solved the resulting equations. This
problem was solved in [32] by two algorithms (Alg.1 and

x(0) =0,4(1) = 0.

(69)

1 T
Exact
0ol X Aep / Alg.2). The Alg.1 is based on calculating the necessary
sl / i optimality conditions and solves the resulted equations using
P /] the spectral method. In Alg.2 the state function was firstly
// discretized using the numerical integration, followed by the
06 Va Rayleigh-Ritz method to evaluate state and control functions.
€05 v %103
" S 1.2 ‘ ‘ ‘
- e N=1,1M=5
o4 522 N=1,M=4
0ar Ve 1 - = = =Ne2M=2] oy
e (Y
gar /"'*/v/ ;l \\ [
L 1
otr Vl/-:f"/";‘/v o8y 'r ‘\ PN !
e = I \ ‘ \ N !
0 sttt 1 L L L L L L x ' \ / \ ’ \ 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 506 i \ ! \ / \ 14
t & 1 \ U \ :I “ "
Fig. 1. The exact and approximate state variable x;(¢t) and ! ! N Y I Vo
04 H ! ' \ ! Vo
x,(t) for Example 1. ) \ , ) , -
06 — ‘ b P o v
xact 1
* App 025 |\ l’ ‘\ ! 1 l' ’
| ot (W 1
051 - SN P s N JAd—me= N P
0 = T —~ L 4
0 0.1 0.2 0.3 0.4 0.5 06 0.7 0.8 0.9 1
04t t
Fig. 3. Comparison of the errors x(t) at a = 0.5 for different
Sosl values of N and M for Example 2.
o A direct approach based on Chebyshev polynomials and the
’ Legendre-Gauss quadrature formula is employed to solve this
FOCP [35]. The comparison of maximum absolute errors in
err the state and control variables of the present method with those
of proposed numerical schemes in [32] and [35] is shown in
0 Tables 11 and I11. Figs. 3 and 4 display the absolute errors of

0 0.1 02 03 04 05 06 07 0.8 0.9 1
t

Fig. 2. The exact and approximate control variable u(t) for
Example 1.

For this problem, the exact solution is (x(t),u(t)) =

2ta+2 2ta+1 . . s
(r(a+3)'r(a+z))‘ The necessary optimality conditions are as
follows:
2t(tu() — (a + 2)x(t)) + A(t) = 0,

(67)

x(t) and u(t) by selecting the differentvaluesof N and M
at a = 0.5. These graphs show that the error of the solutions
is decreased by increasing the number of basis functions. The
exact and approximate solutions of state and control variables
for different values of a are depicted in Fig. 5.

Example 3 As a practical and nonlinear example, consider the
optimal maneuvers of a rigid asymmetric spacecraft. The Euler
equations for the angular velocities x, (t), x, (), and x;(t)



of spacecraft are given by
0.07 T T

N=1,M=5
0.06 N ==me=N=1M=4 | |
061, == =N=2,M=2
\
LY _
0.05 \
\
\
= 0.04 b
=4 1
5 \
= \
1 0.03 \ 1
\
\
0.02 \ b
\
\
0.01F \ 1
\
A A -
\ N - =~ - - - A
0 AN L —_— = .

Fig. 4. Comparison of the errors u(t) at « = 0.5 for different
values of N and M for Example 2.

0.7 T T
Exact
*  App =05
0.6 |===-= Exact
App =0.7
— — —Exact
0.5 O Appa=09

Exact
14 O  Appa=0.5
Exact
O  Appa=07

Fig. 5. The exact and approximate state and control variables for
different values of « with N =1,M =5 for Example 2.
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u1(T)

P AOE

U2\t (T)

%, (1) =

Uz (T)

X3(1) =
where u,, uz, and u, are control the torques. The spacecraft
principle inertia are I, = 86.24 Kg m?, I, = 85.07Kg m?,
and I, = 113.59 Kg m?. Also, ’311 2 ’11‘2’3
the inertia difference ratios. The performance index to be
minimized is expressed by

5P @@ + (@) +ud()dr,

The boundary conditions are as follows:

x,(0) = 0.01 f x,(0) = 0.005 f x5(0) = 0.001 f and
x,(100) = x,(100) = x5(100) = 0 f According to the
proposed method, the following TPBVP should be solved:

I,—I
, and 2= are
I3

. 1
m1n]=;

. I3~ A1(T)
%1 (1) = =2 zxz(T)xs(T) - 115 )
. I A2(z)
*y (1) = — == 3x1(T)x3(T) - 2122 s
. I A3(7)
x3(7) = — 2[3 x1 (T)x, (1) _317,

/{1(7) = 11_13 x3(1)A(7) + ﬂ352('5)/13('5);
/1.2(7) = x1 (1) A3(7),

/1.3 @)= 1_112 %, (DA (T) + 111_213 x1 (1), (7).

Also, the optimal control variables are obtained as follows:

A A
() = =249, (1) = 2200 5

We use transformation 7 = 100¢t,t € [0,1] to apply the
proposed method. By using this method with N =1,M = 7,
we get:

12 11

®+==

,and uz(t) = —

x,(t) = —2.468260116060948 x 10716¢8
—3.823003555219281 x 10~ 14¢7
+2.722028451181812 x 107135 + 2.386478651140519
x 10710¢5 — 1.195968612517397 x 10~ %t*

— 8.248480368393749 x 1077¢3 + 2.479330170240148
x 1075t% — 0.010001653525046¢ + 0.01,

x,(t) = 3.957240843616689 x 10716¢8
—8.933546050793784 x 107157 4+ 5.561002887595278
x 10714¢% — 1.406589411719365 x 10710¢°
+7.027484806347674 X 107 1%t* + 1.606375494884975
X 107t% — 4.821937043751208 x 1076¢2
—0.004996785000588t + 0.005,

x53(t) = 1.707020832761955 x 1071%¢8
—6.071238553944105 X 1072¢t7 + 7.687249774825881
X 10712t — 3.529343339794504 x 107 11¢5
+1.550767918419068 x 1071%t* + 2.572588863294985
X 10773 — 7.7239218234617 x 1077t?
—9.99484989810374 x 10~*t + 0.001.
By substituting t =0 and t = 1, boundary conditions are
obtained. In Table 1V, a comparison is created among the
numerical results of the cost function J, generated by the
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proposed hybrid functions method by taking N =1, M =7
with the reported results in [36] by applying fractional order
Chebyshev functions, [37] by using a quasilinearization
technique based on the Chebyshev polynomials, and [38] by

0.01

0.000F g
0.008F E
0.007 g
0.006 g
f.. 0.005 - .
0.004 g
0.003F g
0.002 g

0.001 b

%1073

4
10 1O

Fig. 6. The numerical values of state variables for Example 3.

adopting Fibonacci wavelets and the Galerkin method. These
results demonstrate the accuracy and efficiency of the
proposed approach in comparison with mentioned methods.
State and control approximate variables are shown in Figs. 6
and 7.

-3
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Fig. 7. The estimate values of control variables in Example 3.
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TABLE 11
THE MAXIMUM ERROR OF x(t) AT a = 0.5 AND COMPARISON WITH OTHER METHODS FOR EXAMPLE 2
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Alg.1[32] Alg.2 [32] Chebyshev polynomials [35] Present method
N=2 3.10 X 1072 2.73 %1072 2.16 X 1072 1.02x 1072 (N=2,M =2)
N=5 3.55x107* 1.60 x 107* 1.72 x 107* 3.26 X 1075 (N =1,M = 5)
TABLE 111

THE MAXIMUM ERROR OF u(t) AT a = 0.5 AND COMPARISON WITH OTHER METHODS FOR EXAMPLE 2

Alg.1[32] Alg.2 [32] Chebyshev polynomials [35] Present method
N =2 2.04x 1071 2.56x 107" 244 x 107t 6.18x 1072 (N=2,M =2)
N=5 9.13x 1073 8.22x 1073 6.26 x 1073 344x 1072 (N=1,M=5)
TABLE IV

COMPARISON OF THE OPTIMAL VALUE J WITH METHODS IN [36], [37], AND [38] FOR EXAMPLE 3

Method

Optimal cost function J

Approximation order

Fractional Chebyshev functions [36]
Quasi linearization [37]
Fibonacci wavelets and Galerkin [38]
Present method

0.004687795 m =10

0.00534063 N =10

0.00526040 k=2,M=4
0.004687795353 N=1,M=7

VIl. CONCLUSION

In this paper, the Bernoulli hybrid functions indirect method is
presented to solve integer-fractional OCPs. Here, the LRLFI
and RRLFI operators are computed for mentioned hybrid
functions directly and without any approximation. By
determining the necessary optimality conditions, the solution
of the FOCP is transformed into solving TPBVP, including a
system of FDEs. Then, the resulted system is solved, using the
hybrid functions approximation and LRLFI and RRLFI
operators as well as the collocation method. The error bounds
and convergence of the proposed method are investigated.
Finally, the method is illustrated by some test problems. The
obtained numerical results are compared with the exact
solutions and some of the ones available to display the
accuracy and proficiency of the proposed method. As can be
seen, with a few numbers of the hybrid basis functions,
satisfactory results are obtained.
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Videos directly captured from a computer or smartphone screen have certain characteristics that differentiate them from
camera-captured (CC) ones. These videos are called screen content (SC) videos whose specific encoder has been
introduced as a new extension of the HEVC standard called screen content coding (SCC). Most screen content applications
are real-time with low delay requiring an accurate rate control. The difference in the characteristics and use of special
coding tools such as palette mode, intra block copy, and adaptive color transform in this standard, have affected the
mechanism of bit rate generation and control. This paper presents methods and criteria to evaluate the controllability of
the bit rate of SC videos and compare it with that of CC counterparts. Furthermore, the requirements of SC video rate
control are studied. The experimental results indicate that the bit rate of SC videos is much less controllable than the
conventional ones so that the conventional rate-distortion models and bit rate control algorithms are not effective in coding
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I. INTRODUCTION

The focus of all video coding standards up to the first
version of the HEVC standard has been on the
camera-captured (CC) videos. However, in recent years,
screen content (SC) videos, which are known as the content
type due to a computer or mobile screen, have become a
popular video type. This is driven partly by recent advances
in mobile, cloud, and display technologies, such as wireless
displays, screen sharing and remote collaboration, cloud
computing, and gaming [1]. However, unlike CC videos, the
SC is a set of images with a large number of uniformly flat
areas, repeated patterns, a limited number of colors, and
numerically identical blocks without sensor noise [2]. Given
these characteristics, the SC has been considered during the
development of the HEVC standard, and SC coding tools
were gradually expanded. The first draft of SCC was
published in July 2014 and was officially introduced as one
of the HEVC extensions called HEVC-SCC.

The most important techniques and tools used in the HEVC

fCorresponding Author: mehdi.rezaei@ece.usb.ac.ir,

Tel: +98-5431132628, Fax: +98-5433447908, Faculty of Electrical and
Computer Engineering, University of Sistan and Baluchestan, Zahedan,
Iran

SCC extension, which have originated from the SC
characteristics, include the palette mode, intra block copy,
adaptive color-space transform, and adaptive motion vector
resolution [3]. These techniques are briefly introduced below:

- The palette mode is characterized by the use of a limited
number of colors of the SC. All pixels in a block are
classified into a list of major colors. For each coding unit,
a color index table is created and all pixels in that unit are
converted into the indices corresponding to each color,
except for some rarely used ones that can not be
quantized to any of the major colors and are called
escape pixels [4]. The palette mode is a new coding path
in the encoder block diagram [1].

- Intra block copy is a very effective technique in terms of
improving the coding performance, which takes
advantage of the repeated patterns in the SC. It is a block
matching technique in which the current predictor block
is predicted from a reference block located in the
previously reconstructed regions of the same image [5].

- Adaptive color-space transform is used to identify the
redundancy between color components, i.e., statistical
redundancy between the different color components [6].

- Adaptive motion vector resolution is inferred from the
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fact that in the SC, unlike the continuous CC content, the
amount of motion from one image to another is often an
integer value. If this mode is enabled, all motion vectors
are expressed in integer-pixel resolutions and the
additional overhead is avoided [7].

Most of the SC applications require a low delay and
constant bit rate. For this purpose, more accurate rate controls
(RCs) are needed whose design requires accurate evaluation
of their rate controllability. There is no algorithm for
controlling the rate in the video coding standard.

So far, several RC algorithms have been proposed for
different applications of different standards [8]. For example,
an RC algorithm is proposed in [9] for the HEVC standard to
keep the consistent objective quality. In the presented
algorithm, the probability density function of transformed
coefficients is modeled based on a Laplacian function that
considers the quad-tree coding unit structure. A frame-level
rate control scheme based on a new p-domain Rate-GOP!
based rate-distortion (RD) model is proposed in [10]. Another
frame-level RC scheme is proposed in [11] based on texture
and non-textured rate models, which is capable of
maintaining stable buffer status levels. Authors in [12] found
that there existed a more robust correspondence between rate
and the Lagrange multiplier A and proposed a novel A-domain
RC algorithm. An efficient distortion-based Lagrange
multiplier approach in low-latency video communications is
introduced in [13]. Based on the proposed distortion model, a
computationally feasible A is obtained in the minimization of
the total distortion subject to a given bit rate. A proportional,
integral, and derivative (PID)-fuzzy RC algorithm is
proposed in [14] to reach a higher visual quality in high-delay
applications with the buffering constraint. A new RC scheme
is proposed in [15] for a region of interest mode coding based
on the DCT coefficient model. A joint framework of machine
learning and game theory modeling is presented in [16] for
inter frame coding tree unit (CTU) level bit allocation and RC
optimization.

All of the above-mentioned algorithms well control the bit
rate of CC videos and their various applications such as low
or high delay. However, they are ineffective for SC videos
due to their specific features and new coding tools proposed,
which affect the generating mechanism of bit rate in the
encoder and its control as a consequence.

Some RC schemes for SC videos have recently been put
forward [17-24]. Guo et al. [17] proposed an RC algorithm
based on the R-A model in which the complexity of every
picture in the sliding window was estimated and bits were
allocated according to the estimated prediction errors. The
model parameter A was dynamically adjusted according to the
real consumed bits to achieve the goal of bitrate control. In
other work [18], they proposed another RC scheme based on

! Group of pictures
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picture classification. The pictures were classified based on
their complexity. Meanwhile, the proper bit allocation and
parameter updating strategies were selected to control buffer
occupancy. Xiao et al. [19] designed a pre-analyzer to collect
coding information of the next few frames before encoding
the current frame. After acquiring this information, a bit
allocation strategy was adopted to prevent buffer overflow
and underflow. The proposed RC model was based on the
R-A model. An RC scheme based on video content was
proposed by Yang et al. in [20]. The proposed scheme uses
different R-A models of different video contents to
characterize the relationships between R and D and update
their parameters. Also, a scene change is checked out to
accomplish bit allocation for regions with different contents.
Wang et al. [21] proposed a frame-level RC scheme for SC in
which inter frame correlation was used to classify the frames
into key-frames and non-key frames. Then, an efficient bit
rate allocation scheme was proposed based on the frame type
and Hypothetical Reference Decoder (HRD) to ensure RD
performance. Finally, based on the characteristics of the two
types of frames, two rate quantization (R-Q) models were
established. Tang and Li [22] proposed a low delay RC
method for SC coding. In the proposed method, the picture
type and buffer status are considered in the bit allocation
scheme. A linear R—-MAD (Rate-Mean Absolute Difference)
model is utilized to estimate frame QP (Quantization
Parameter) in the RC scheme. A down-sampling-based RC
algorithm aimed at the mobile screen video was presented by
Tang et al. [23]. In this RC, the source video is
down-sampled and is then encoded twice and the coding
information is stored. The real encoding process is optimized
at bit allocation and bit control based on the stored coding
information. Yang et al. in [24] proposed a very similar
content-based RC as in [20] based on the R-A model.

The whole articles reviewed above are based on the inter
frames and do not provide any real solution for intra frames
which is required for low-delay applications of SC videos. In
this paper, we do not intend to propose an RC algorithm for
SC videos. The main contribution of this paper is to compare
the controllability of the bit rate of SC videos with that of CC
videos from different aspects and then to study the
requirements of SC video RC algorithms, especially for
low-delay applications.

The rest of this paper is organized as follows. Section Il
proposes methods to evaluate the controllability of SC videos.
Section |1l presents the experimental results of the methods
proposed in Section Il, and Section IV gives the conclusions.

Il. METHODS AND CRITERIA FOR
EVALUATING THE
CONTROLLABILITY OF SC VIDEOS

To distinguish the difference between SC and CC videos,
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several methods and criteria have been employed. The
corresponding experiments are illustrated in the results
section. These methods and criteria are examined in more
detail in the following subsections.

A. Consecutive Frame Changes

In CC videos, all consecutive frames have gradual changes,
so RD models used for RC are well suited for them, and the
model parameters can be updated based on the results of
previously encoded frames [25, 26]. As a result, the RC
algorithm can provide accurate control over bit rate. On the
other hand, in SC videos, abrupt changes in consecutive
frames prevent effective control. MAD and SAD (Sum
Absolute Difference) can be used as criteria to compare the
SC and CC videos in terms of changes in consecutive frames.
The results provided are relevant to the rate controllability.

B. Peak-to-Average Bit Ratio

In low delay applications, all frames should be encoded
with approximately equal bits, and the video for which the
peak-to-average bit ratio tends to one meets the best
controllability. Thus, controlling the bit rate of a video for
this purpose means reducing the number of bits for the frames
having a large number of bits without control and vice versa
to push the bit rate peak close to the average bit rate. The
higher the value of the peak-to-average ratio in a video is, the
harder its RC will be. Therefore, this metric is proposed for
comparing the rate controllability of SC and CC videos.

C. Multi-Pass Rate Control Performance

To further compare the rate controllability of SC videos
with CC ones in practice, a multi-pass RC algorithm is
proposed. It has been attempted to convert the bit rate of
several videos to a fixed bit rate by multi-pass encoding. In
other words, their peak-to-average bit ratios should approach
one. This algorithm is designed in such a way that at each
pass, the QP of the frames whose bit rate in the previous pass
is far from the average bit with a threshold is modified. The
pseudocode of this algorithm can be observed as below. The
performance of the proposed multi-pass RC algorithm over
the SC and CC videos can be used to compare their
controllability.

MuLTI-PASs RC ALGORITHM PSEuDO CODE

Step 1: Encode all video frames with a constant QP.

Step 2: Calculate the mean of the frame bits.

Step 3: for each video frame with index n:

Step 4:  If (frame bits> a*mean of the frame bits)
QPn=QPn+1

Else If (frame bits < f*mean of the frame bits)
QPn=QPn-1

Otherwise
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QPn =QPn
Step 5: Encode the video frame with the new QP value
Step 6: Repeat from Step 2 several times

D. Accuracy of the Standard Model RC Algorithm

In this method, the CC and SC videos have been encoded
and compared to control the bit rate with the existing RC of
the HM standard model software, which is based on the R-A
model. This RC algorithm has shown good performance for
CC videos. Investigation of the performance of this RC
algorithm over the SC videos can show the controllability of
the SC video bit rate.

E. Content-Based RD Modelling Capability

A content-based RD model is needed for intra-frame RC.
However, it can be useful even for inter-frame RC. To
compare the RD modeling capability of SC videos with that
of CC videos, a set of SC and CC videos are encoded. Then,
the fitness of their provided results to a simple content-based
RD model is compared. For this purpose, the following
simple RD model has been selected from [14].

X
Q= 0 1)
BI
where X, and B, represent the coding complexity and the
consumed bits of intra frame, respectively. Q denotes the
quantization step, which is related to the QP as [14]

QP-12
Q=o.85x[2 s j @

It should be noted that several criteria can be used for the
coding complexity measurement. The criterion in [27] that
has been validated for the AVC/H.264 and previous standards
is used here.

X=(V+T, +T), ©)
in which
1 S S —_,
V= 2 2 (PO y)-P ), @
x=1 y=1
1 S S
T, =7 22 PO y) PO y-1), ©)
x=1 y=1
1 S S
Tu = 22 [POGY) = Px-1y)], ®

x=1 y=1
where X denotes the complexity measure, V is the variance of
luminance pixels P(x, y) in one CTU of size s, Ty and Ty
denote the vertical and the horizontal texture measures on the

luminance pixels, respectively, V , T, , and T, are

average values of V, Ty, and Ty, on all CTUs in the frame,
respectively.

F. Relative Coding Complexity of Intra to Inter Frames
The intra frames usually consume more bits than the inter
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ones and they thus have a big impact on the video quality and
their RC is of high importance [25,28,29,30]. A higher
portion of the bit budget consumed by the intra frames means
a higher degree of importance for intra frame RC. To
compare the SC and CC videos from this point of view, the
relative coding complexity of intra to inter frames in the two
mentioned video types has been examined. Given a low-delay
GOP structure with periodic IDR (Instantaneous Decoder
Refresh) pictures, the average relative coding complexity is
defined as

1 N

1X” NIZ:I‘, P x By , 7)

1 M
Xej ﬁz Py X By,

j=1

-

P

Z‘I—‘ Z~

1
[N

J

where i and j denote the index of intra and inter frames,
respectively, N and M are the numbers of encoded intra and
inter frames, respectively, X;i and Xp; represent the coding
complexity of intra and inter frames, respectively, QP and
QPp;j are QP used for encoding intra and inter frames,
respectively, and By; and Bpj show the consumed bits by the
intra and inter frames, receptively. These metrics reveal the
importance of intra frames RC in SC videos.

I11. EXPERIMENTAL RESULTS

The HEVC-SCC test model in HM-16.16+SCM8.5
software has been used for all experiments. Six experiments
corresponding to the proposed methods and criteria in section
Il are executed, and the results of the experiments are
presented in the following subsections. For the first three
experiments, the All-INTRA coding structure has been used
for encoding, QP offset values have been set to zero, and the
intra period has been set to half of GOP.

A. Results of Consecutive Frame Changes

The consecutive frame changes in two test video sequences
including Basketball and Web Browsing sequences, as
samples of CC and SC videos, are computed in terms of
MAD, and the comparison results are displayed in Fig. 1. As
can be seen, the MAD of the CC sequence has gradual
changes with good continuity and a strong correlation
between the sequential frames. On the other hand, in the SC
sequence, most frames have a very low MAD over long
periods, and very sharp changes are observed in very short
periods. Assuming a correlation between the bit rate and
MAD, these results show that the rate control task is very
difficult in SC videos, especially for low-delay applications.
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Fig. 1. A comparison of the complexity of consecutive frames in
the Web Browsing and Basketball Sequences.

B. Results of Peak-to-Average Bit Ratio Criterion

Four videos of each type have been selected and coded
with different QPs and their corresponding peak-to-average
(P/A) curves have been plotted in Fig. 2. As shown in this
figure, all the CC videos (Park, Kimono, Basket, and 4People)
are at the bottom (low P/A), and all SC ones (Map, PCB,
Web, and Word) are at the top (high P/A). Table | presents
the numerical results and the average values obtained via
these experiments. The average values have been obtained as
39.55 and 4.37 for the SC and CC videos, respectively, which
indicates a significant difference. So, the controllability of the
bit rate of SC videos is more difficult than those of CC videos,
especially for high bit rates or low QP values.
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Fig. 2. Variations in the peak-to-average ratios for the CC and
SC videos.
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Table |
The Numerical Values Of The Peak-To-Average Ratios Associated With The Cc And Sc Videos.
Peak to Average ratio
Video type Sequence name | Qp=10 [Qp=15 |Qp=20 |[Qp=25 |Qp=30 |[Qp=35 |Qp=40 |Average
ParkScene 1.309 |[1.519 2.304 3.978 5.139 6.181 6.957 3.912
cC Kimono 1.187 |1.355 2.404 3.880 4.192 4.267 4.262 3.078
Basketball 1.060 [1.082 1.231 1.407 1.753 1.958 2.199 1.527
4People 1.213 |1.570 3.024 7.971 13.390 |16.598 |18.878 [8.949
Total Average 4.367
Map 30.4959 | 36.5519 |42.1037 |44.7242 |41.3380 |36.8037 |36.3917 |38.344
sC PCB 41.9714142.2193 |41.5911 [41.4042 |40.6735 |39.9720 |39.1007 |40.990
Web 71.2969|67.9695 |63.3051 |57.1676 |49.471 |42.9627 |37.9547 |55.732
WordEditing 24.4814|23.8815 |22.7150 |22.0587 |22.3924 |24.8658 |21.6759 |23.153
Total Average 39.55

C. Results of Proposed Multi-Pass Rate Control

To check the bit rate controllability with the proposed
multi-pass RC algorithm, four CC and four SC videos have
been selected and encoded with a fixed QP of 20, as the first
step of the algorithm. Then, the next steps of the algorithm
were executed and repeated for 20 passes for each test
sequence. After each pass, the Peak-to-Average criterion is
computed for the resulting bitstream. The results of
implementing the proposed algorithm for eight videos are
shown in Fig. 3. As shown in the figure, all four CC videos at
the bottom of the chart approached 1 very quickly, indicating
that the bit rate has moved toward a fixed value and has been
well controlled. On the other hand, the behavior is different
for the four SC videos at the top of the chart. The P/A values
of the above three videos approach about 4 or 5 after eleven
passes, but in the next passes, they meet an increase in the
P/A criterion, and next, they show some fluctuations. In the
best cases, their P/A values are about 4 and 5, which are far
from 1. Thus, more control over their bit rate is impossible. It
can be seen that the fourth SC video from above has a
behavior between these two types of videos. The content of
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Fig. 3. Video comparison using the proposed multi-pass rate
control.

this video (Web Conference) includes a combination of CC
and SC videos, so it shows such intermediate behavior.

D. Results of Standard Model RC Algorithms

For this purpose, four videos from each type (CC and SC)
have been concatenated to make long test sequences with
different scenes. The concatenated videos are coded in three
different modes: (intra period =32 and GOP = 4),

1) With a constant QP (CQP) of 25

2) RC of HM software for CC and that of HM-SCM
for SC videos without any buffer.

3) Similar to mode 2 with enabling HRD
(Hypothetical Reference Decoder) constraint.

The variations in the buffer status versus the number of
frames are plotted in Figs. 4 and 5 for the CC and SC videos,
respectively.

The results indicate that in comparison with the constant
QP mode, the bit rate of CC videos is controlled with the RC
algorithms to some extent. On the other hand, the RC
algorithms fail to control the SC video both with and without
buffer. In these scenarios, the RC algorithm should prevent
buffer overflow and underflow. The buffer size is shown by
the orange color lines in the figures. The graphical results
show that the encoded SC videos are far from the buffer
constraint and have a low degree of controllability.

E. Results of Content-Based RD Modelling

Using the simple RD model in formula (1) and complexity
measure in formula (3), the content complexity diagram has
been plotted versus the number of coding tree unit (CTU) bits
for four CC and SC videos in Figs. 6 and 7, respectively. As
can be seen in Fig. 6, the results are very close to each other
and almost in the bisector direction, and the relationship is
relatively linear. The closer the results are to the straight line,
the more accurate the RD model will be. On the other hand,
the results are scattered for the SC videos in Fig. 7 and there
is no specific correlation between the complexity measure
and bits. The results show a low capability of content-based
RD modeling for SC videos.
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Fig. 5. The buffer status variation with the number of frames in
the SC videos.

F. Results of Relative Coding Complexity of Intra to Inter
Frames

Three CC (4People, Kristen, and Vidyo) and three SC
(Map, Web, and Video Conference) test video sequences with
the size of 1280x720 and the chroma format 4:2:0 have been
used for this experiment. The test sequences are encoded with
low-delay coding structure, IntraPeriod = 8, GOP = 4, QP =
10, 15, ..., 40, and default QP offset values. The average
relative coding complexity values for all sequences are
presented in Table Il for different QPs. An average on all QPs
is also presented for each sequence. According to this table,
the relative coding complexity in SC videos is much higher
than that in the CC ones, especially for the QPs smaller than
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25. A value larger than 100 for the Video Conference
sequence demonstrates that, on average, an intra frame
consumes a hundred times more bits than an inter frame.
Therefore, a larger portion of the bit budget is consumed by
the intra frames in SC than in CC videos. As a result, the intra
frame rate control in SC videos is more important than in CC
videos. Therefore, the bit rate of intra frames in SC must be
controlled with a high degree of accuracy, and a proper
accurate intra RD model is required.

5000 10000



International Journal of Industrial Electronics, Control and Optimization [GRA02x R | =(e{®Rcil]
Table 11
Average relative coding complexity of the intra to inter frames.
QP SC Video Sequences CC Video Sequences
Map Web Video Conf. 4People Kirsten Vidyo
10 15.27 63.81 24.67 3.17 3.17 3.19
20 20.23 64.62 49.31 11.47 9.42 9.30
30 27.21 62.43 107.95 26.29 25.03 21.21
40 33.61 59.44 107.55 35.81 34.08 27.25
Average 24.08 62.57 72.37 19.18 17.92 15.24

IV. CONCLUSIONS

In this paper, methods and criteria are proposed to examine
the controllability of the bit rate of SC videos for the low
delay applications and to study the requirements of SC video
RC algorithms. The results of experiments showed that the bit
rate controllability of this type of video is low and it is very
difficult to achieve a fixed bit rate, especially for low-delay
applications in which all video frames should consume a near
fixed bit budget. It was also found that the used RD model
and the RC algorithm in the standard model software are not
suitable for this type of video and a more appropriate RD
model should be found and a proper RC algorithm should be
designed. This model must support new SC coding tools. On
the other hand, since the relative coding complexity of intra
to inter frames in this type of content is too high, the accuracy
of intra RD modeling and RC is very important while the
intra RD model must be content-based.
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. INTRODUCTION

The smartness of distribution grids has significantly grown
in recent years. This smart view will improve the operation of
the grids in cases like reducing the level of blackouts at the
distribution level, developing the use of renewable energy,
random loads, and presenting solutions for the control and
management of electrical energy consumption. Incorporating
smartness into distribution grids makes them flexible to use
renewable energy resources in low or medium voltage levels.
One of the most effective techniques in smart power systems
is a reconfiguration strategy [1]. With this respect, the
open/close operation of breakers will be done by using
operational improvements. It is clear, in this case, that
configuration and reconfiguration will be changed. In
distribution networks, reconfiguration changes the grid
topology to improve the network operation, which will
maintain the radial structure of the grid [2]. The resulting
topology depends on different input parameters, where
reconfiguration is based on changes in the operating
conditions of the system in an hour, day, or season.

f Corresponding Author : namdari.f@lu.ac.ir
Tel/Fax: +98-6633120005, Department of Electrical Power Engineering,
Engineering Faculty, Lorestan University, Khorram Abad, Iran.

Reconfiguration of distribution grids to reduce losses is
reorganizing it; somewhere by reduction of losses, the grid
radial structure is maintained, done by proper changes in the
status of the breakers [3].

Reconfiguration is a combined nonlinear optimization
problem with integer numbers [4], which is solved
considering grid operation constraints to reach various
purposes such as reducing losses [5], load balances [6], etc.

The reconfiguration of distribution grids to reduce losses
was firstly introduced by Marilyn and Beck [7] in 1975, where
after closing all the breakers, the breakers with the least
current were opened one after the other, which was obtained
from a DC load flow to reduce losses under various load
conditions. Gosuami and Basu [8] presented a heuristic
algorithm for reconfiguration by using a load flow program.
Talesky and Rajisik [9] presented an optimization technique
to determine the structure of a distribution system with
minimum energy losses for a given period. Applied aspects of
the optimal reconfiguration of the distribution systems were
introduced by Brazen and Rajkovich [10]. Indeed, the
reconfiguration is similar to the problem of optimal load flow.
Various methods have been used to solve the reconfiguration
problem, which can be divided into four general categories:
1. Heuristic methods [11]

2. Mathematical optimization methods [12]
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3. Metaheuristic or smart optimization methods [1], [13]
4. Combined methods [14], [15]

Load flow and short circuit calculations show that by
changing grid configuration, the load currents and short
circuit levels are changed, which may cause problems with
the coordination of protection elements [6]. Thus, it is
possible that by reconfiguring the grid topology, the designed
protection system loses its efficiency, and the distribution grid
is exploited in an unprotected state or the normal performance
of the grid is disrupted [16].

To maintain the coordination between the protective
elements and their correct functioning, the system can be
classified into two categories [12]:

* A fully automatic distribution system that allows online
changes in the relay settings after reconfiguration. In this case,
using the design of the new protection system in the modified
configuration, protection system settings are adopted in the
new configuration [13].

* The distribution system has a semi-automatic control so that
only the operator can change the relay settings.

The smart grid brings the ability to use different
technologies for energy production and storage easily.
Research studies on the reconfiguration of distribution
systems have pursued various purposes, but most of them
have not considered grid protection. In these studies, the
researchers have mostly focused on whether the studied
distribution system is equipped with a fully automatic system,
so they have considered that the protection system will adapt
itself to the new configuration [6]. An algorithm has been
presented in [6] and [17] for designing a protection system for
several different configurations. In this algorithm, besides
coordinating the relays in the feed bus and determining the
nominal value of the re-closers and fuses, the proper location
of their installation is specified as well. After designing the
protection system with these features, the authorized
switching area of the automation system is defined and the
protection system will function properly and desirably. The
same approach was considered in [18]. The technique is
referred to as the virtual microgrid system. Several factors are
considered in the study, including the maximum load demand,
the available power supply, and the operation cost. The
restoration problem is posed as a MILP problem [19].

In [20], the genetic algorithm is used with a slight change
in composition and mutation operators using a competition
mechanism to solve the reconfiguration problem. The MILP
problem is the problem of optimizing the value of a linear
objective function of some integer/real-valued variables,
which satisfy some linear (in) equality constraints. MILP
solvers can contribute to finding the best differential
characteristic of a cipher if the problem of finding the optimal
differential characteristic of a cipher can be translated into a
(not too large) MILP problem. To that end, the objective
function should be set to an adequate strictly monotonic
function of the characteristic probability, and the linear
constraints should be configured to express the propagation
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of the differing values in the cipher. Therefore, to the modeled
cryptosystem, the optimum differential characteristic
probability would be returned by solving the model with an
adequate MILP solver [21]. The linearization method is
introduced to model the day-ahead scheduling of ADN as a
MILP problem, in which the electricity purchasing cost, line
switch operation cost, and responsive load subsidy cost of the
power systems with wind power integrated are
simultaneously optimized. The results under different
uncertainties of loads and DGs, which are handled by the
combined scenario and Monte-Carlo method, further verify
the feasibility of the MILP model [22].

The necessity of this paper is modeled in randomized
optimization problems, non-deterministic and random
variables with a suitable distribution function so that the
behavioral pattern of these variables can be expressed with
different probabilities. It is necessary to increase the
installation of these types of resources on grids to use the
environmental benefits and low cost of distributed renewable
energy resources. The thermal rating of the lines, voltage
increase, and protection difficulties could be mentioned as
some of the most important barriers to installing distributed
generations (DGs) in grids. DG placement and installation
methods are generally used to get the best location and the
maximum active power to be installed in a particular
configuration in the worst scenario. The solution to this
problem has recently been discussed in [22].

In Table I, a comparison is made between this work and the
previous research, and the comprehensiveness of the design
of the reconfiguration distribution system protection (RDSP)
proposed in this paper is demonstrated. Accordingly, the
effect of reconfiguration on the network protection plan has
not been studied in previous research. Neglecting the
receptacle impact of network reconfiguration and protection
may lead to missing the operation of protective devices.
Therefore, to cover this research gap, the effects of
distribution network reconfiguration on its protective
coordination are considered in the proposed model. Also, the
uncertainties and variations in the output power of the DG,
photovoltaic (PV), and wind turbine (WT) are considered in
this study. Moreover, an MILP formulation is presented to
solve the proposed model. According to the contents of this
paper, a two-step algorithm is proposed to establish
coordination between the protection system and the network
configuration. The first step is to determine the optimal
reconfiguration to reduce system-wide losses. This is
achieved by shortening the flow through the optimal feeders
and exploiting the existing distributed renewable generation.
In the second stage, the obtained makeup is examined from a
protective point of view. At this stage, by determining the
possibility of resetting all or several protection relays, the
protective function of the network is feasible. Otherwise, if it
is infeasible, the fault signal is sent to the first stage and
another optimal reconfiguration is determined, which
certainly has a higher loss rate. The details of the iteration



loop are fully explained in the simulation section.

In this paper, a new RDSP scheme is presented based on

mathematical formulations. The contributions of the paper are
highlighted below.
- Determining optimal reconfiguration of the distribution
network considering fault occurrences so that the maximum
possible value is retrieved and the new network
reconfiguration has a minimum of active power losses.
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- Coordinating the problem of overcurrent relays, and proper
network switching.

- Linearization of the models, and comparison of the proposed
model MILP with the nonlinear heuristic methods.

- Coordination modeling of protective elements taking into
account the uncertainty of uncertainties of DG, PV, and WT
in the reconfiguration distribution system.

TABLEI
CoMPARISON OF THE PROPOSED MODEL WITH RECENT RESEARCHES.

Reference Uncertainty Reconfiguration  Protection Solving Strategy Optimized Linearization of
Resource the model
Wwind PV DG CSA GA ICA MILP

[14] v v v

[15] v v v

[23] v v v

[24] v v v

[27] v v

[19] v v v

[22] v v v v
This Paper v v v v v v v

The structure of the papers is as follows. Section Il
discusses  the  reconfiguration and  protection
characteristics of the distribution grid. The constraints
related to the operation and relay coordination are then
formulated. The 33-bus test grid has been used to develop
reconfiguration, design, and adjustment of the protection
system according to the proposed concepts. Finally, the
effects of protective constraints and considering the
presented uncertainty for studying networks will be
presented.

I1. RECONFIGURATION OF DISTRIBUTION GRIDS

Reconfiguration in distribution grids to find the best
switching using smart techniques is one of the vital issues in
power distribution companies. Due to the appropriate
protection coordination, limiting the grid's short circuit, and
the problems of interconnected grids, operation of distribution
grids is done in radial form. Moreover, there are several
disconnecting switches in the grid with significant roles in
managing the grid structure to reach the optimal form [2], [3],
[23].

I11. PROTECTION OF DISTRIBUTION SYSTEM

Protection is one of the most important needs for the
acceptable operation of distribution grids. Security concepts
of power system protection depend on parameters like
sensitivity, selectivity, speed, and reliability. The protection
system detects specific faults and limits any damage to power
equipment. Each protection device installed in the distribution
grid shall only detect faults on its downstream due to the
radial property of the grid. A widespread protection
philosophy is used to protect distribution grids, without any
specific standard for overall protection [6], [13], [17], [18],
[22].

IV. FORMULATION OF THE PROBLEM

The purpose of the optimization is the reconfiguration of
the grid by reducing losses and enhancing the voltage profile
while the security system works properly. In this paper, the
objective function is optimized using the meta-heuristic
optimization method.

F:'j:Lr:S+ZjEVYI‘Fpenalty—R (1)
Where Fioss is the loss objective function, Fn is the total
network loss in the initial settings, and Penalty-R is a
permitted function of the problem constraint, including the
usual constraints of the reconfiguration problem and the
security constraints.
A. Loss of Objective Function

The main objective of the proposed model is to find the
optimal configuration of the distribution network through the
minimization of total system losses. Total system losses
include total losses of all system branches that can be
formulated as follows:

N
Mind =342 nm e QH f vs Nt Irnm(pﬁm,t, st qﬁm,t, ) @)
s=1

Equation (2) is subjected to the following constraints. The
¥ ¢ index in the relationship indicates the probability of
each scenario.
B. Power Flow Constraint

Constraints (3) and (4) present the active and reactive nodal
power balance, respectively. Equations (5) and (6) describe
the net nodal demand and line flow formulations, respectively.
Constraints (7) and (8) present maximum active and reactive
transmitted powers of connected lines, respectively.
Equations (9) and (10) define the active and reactive power
transferred through the substation, respectively.
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1) Voltage limits: For each configuration operation of the grid,
the value of the voltages in all the buses should remain in their
pre-specified values:

Vmin§|\/i| <V max

Where Vmin and Vimax are the minimum and maximum bus
voltages, respectively. To function, the permitted voltage
ranges of the grid bus interface (18) are used as follows:

(11)

penalty -V =W x (Zi'\itl)us max(Vj —V max. 0) (12)
+zi’\itl)us max(Vj =V min, 0))
Where W is the penalty coefficient assigned to the
constraint in the distribution grid.
2) Lines capacity constraint: Given the thermal limit of line
currents, overloading of any of the grid lines is not allowed:
(13)
"i‘ < Imax,i
where ., ; is related to the current of the lines. The
penalty functions presented in Equation (20) are used for the
proper functioning of the constraint of the current passing
through the lines:

(14)

penalty — 1 =W x (Zi’\|=blmax(|| i| 0)

= I'max, i
3) Topology constraints: Reconfiguration of the distribution
grid is a change in the grid topology, done by maintaining the
radial structure of the grid to improve the system operation.
This means that there is no loop in a distribution grid, and all
buses must be connected to one of the main feeder buses.
Regarding this, to remain in the radial direction of the grid,
any restoration of the configuration should have the following
equations:

Zomy =0 (15)
Zoob T Zonp = Yom vb,VnmeQ,, (16)
2 mea, Zmn =1 (17)
2 by, Yom = Yom)* < Ny, (18)
Zompr Yom € 10,1} (19)

4) Constraints of protecting the distribution grid: At the
beginning of each branch, there must be an overcurrent relay
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whose pickup current is greater than the maximum through-
load current, considering the overload, and should be able to
cut off the short-circuit current of the desired branch:
l o = OLF x I o, (20)
Where OLF is the overload factor, lnom is the nominal
current passing through the relay location, and OLF has
different values for different protected types of equipment.
5) Protective constraints: The coordination of the protective
equipment that should be considered in the formulation of
constraints after reconfiguration. Warrington model relates to
the time of the relay operation with the parameters TDS and
I, as follows:

(1)

t=c+ xTDS

n

Where TDS represents the timing dial setting, | represents
the current passing through the relay, Iy is the relay regulating
current, k is the constant coefficient depending on the type of
relay, n is a constant number depending on the type of relay
reduction characteristic and ¢ is a constant coefficient to
consider the effect of friction and hysteresis. Various types of
relays can be modeled using this equation.

6) Functional constraints and fuse coordination: The
constraints related to fuse function and coordination are
considered as follows:

Penalty - F =W,, x 3" max(L25x |, -, 0) +W,, (22)

x> " max(MCT, , —0.75x MMT, ,,0)

According to [26], to achieve the fuse-fuse coordination
for the same short-circuit connection, the maximum cut time
(MCT) of the fuse must not exceed 75% of the time required
for melting the fusing element. One can examine the
coordination of two or more fuses by plotting time-current
characteristic of them in the logarithmic diagram.

The constraints related to the grid fuses are composed of
two parts: the first part is intended to prevent the operation of
the fuse under load, where a maximum of 25% of the overload
is predicted for the grid in the new reconfiguration. The
second part intended for reconfiguration of the
primary/backup fuses is in coordination with the new
conditions and the property of selectivity is observed.

The features of the conventional protection system in
distribution grids show that the coordination constraints and
the functionality of the equipment are formulated in the
normal way and added to the reconfiguration problem. In this
study, as the studied grid is balanced, three-phase, short-
circuit and the three-phase fault are symmetric, it should be
noted that the load current is ignored in the state of the fault.

A. Linearized Model

In the proposed model, equations have a nonlinear structure.
This causes the nonlinear problem, so using conventional
nonlinear programming (NLP) solver engines with the
general algebraic modeling system (GAMS) software
produces two major faults that are [24]:



Due to the nonlinear constraints of the area, the probability
is non-convex, so it is possible to stop the solution after
finding the local optimum with the NLP solution engine.

- Given the numerical solution methods for repetition for
nonlinear problems, the problem-solving process is long
considering time; therefore, the problem implementation
speed is low.

- In this paper, the use of linear equations corresponding to
nonlinear equations is proposed as an alternative to nonlinear
equations to have an optimal global response and high
implementation speed. Thus, the problem presented in

Section I is rewritten as a linear problem with integer numbers.

The second-order function of Equation (2) can be compared
with the piecewise-linear function of the first-order loss
function. In doing so, assume that we put linear sections | for
the powerful currents p,, ¢ s,@nme s, and lets them as follows:

Ng N | | |
J = ZthmeQH Zs:lqjsh[rnm (lellanm,t,s pnm,l,s +ﬂnm‘l‘sqnm,t,s

23
If: @3
pnmts Z| lpnmts Vt'nmEQH

(24)
qnmts Zl 1qnmts Vt’nmeng (25)
OS pll'lm,t,sS péaaxs VI'nmEQH’IZl'“"NI

(26)
0<hpys <0 vt,nmeQ,,,1=1..,N,

@7)

Equation (23) shows the objective function of the problem,
which corresponds to the objective function of the nonlinear
problem. The losses are shown by the piecewise-linear
method in Figure 1, and Equations (24) and (25) included
linear-piecewise load-distribution equations. Thus, with the
coefficients of the line slope o, ;¢ andﬂlnm’t's, we express
the piecewise-linear 1. The remaining constraints of the
proposed model are linear and the flowchart of the proposed
model is presented in Figure 2.

According to the above description and the mathematical
modeling of various programming sections, this section
presents the steps of implementing the proposed algorithm as
follows:

Initially, basic information, including the basic structure of
the network, is determined by using the data of the primary
lines, specifications of system equipment, and load curves.

Then, reconfiguration is performed according to the
objective function in GAMS software and a set of new
structures are provided. The first solution has the least loss.
The second, pay attention to the network's new structure,
including the original and the reconfigured structures,
programming is performed in MATLAB to minimize the loss
with protection coordination optimal.

The flowchart of the proposed algorithm is illustrated in
Figure 2 to indicate the implementation.
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Fig. 2. The flowchart of the suggested method.

V. SIMULATION RESULTS

In this paper, two MATLAB and GAMS software packages
were used together for simulation, where GAMS was used to
perform optimization and protection requirements of the load
flow. The proposed problem is implemented in a 33-bus radial
distribution grid displayed in Figure 3. The active and reactive
loads of peak momentum are presented in [25]. The base
power and voltage are 1 MW and 12.66 kV, respectively. The
base curve for the predicted daily charge demand in Figure 4
and the prediction of wind turbine and photovoltaic power is
evaluated. In this grid, there are 33 closed normal keys and 5
normal open keys that should be controlled during
optimization. The proposed grid includes both active and
reactive loads [26]. According to the grid’s basic information,
there are 3 or 4 distribution lines connected to some of the



buses that could be switched. Also, the total number of
switchings is limited. Therefore, the best times and lines that
should happen are selected. As the number of switchings is
limited and only allows the power to be received at any point
on one side, the lines are disconnected in the studied intervals.
Moreover, by providing the load distribution equations for the
linearization and definition of the switching of the grid similar
to the other methods stated, the optimal overall point is
obtained. In the proposed model, the parameters with
uncertainty are quantified according to the probability
distribution functions. The Weibull distribution function is
used for the wind turbine, and the normal distribution function
is used for the photovoltaic. All load, photovoltaic, and wind
speed input information, as shown in Figure 4 for 24 hours a
day, is also examined in a few stochastic samples in demand
Figure (a-5), photovoltaic Figure (b-5), and wind turbine
Figure (c-5). Finally, by reviewing the grid reconfiguration
and considering the uncertainty scenarios of the active
distribution grid, the best mode for interconnecting the
branches in 1-hour and load the current diagram is shown in
the figure6; for the rated current line is selected and is
designated as I_n.

Demand
g

%
Load Factor

Fig. 4. Estimated grid demand and produced power [27].

In the present paper, a relay is considered in the main
supply bus as the primary protection of the entire grid,
dispersed products in bus 22 and 30, two wind turbines in
buses 10 and 14, and a solar cell in bus 19. The relays are used
as main protection and backup in switching buses. A genetic
algorithm (GA) is used as an optimization tool, and the
objective functions are to satisfy formulated constraints.
Generally, depending on the position of the connection point
and the primary switch, the switching and protection settings
are specified based on the primary and backup protection for
all lines. Two approaches are defined by linear and nonlinear
optimization methods based on artificial intelligence to show
the performance of the proposed model. In the first case, the
formulated reconfiguration is solved without any protective
restrictions. In the second case, the reconfiguration problem
is solved considering protective constraints.
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Fig. 6. The load current diagram at hour 1.
1) The first case

In this section, the reconfiguration problem of reducing
losses and improving the voltage profile of the 33-bus grid is
solved regardless of the protective constraints. Table Il shows
the keys obtained from the solution of the nonlinear
optimization problem, according to the meta-heuristic
algorithms, compared with the results obtained in the
scientific references [28]. This algorithm has the necessary
efficiency in solving the problem of reconfiguration in the
grid. Figure 7 shows the process of minimizing the voltage
profile by the algorithms, without the presence of protection
utilizing backward-forward sweep load flow for this case.
Comparing the voltage profiles in the three samples of the
studied algorithm shows that in the first iterations, the value
of the objective function is not less than one; in subsequent



iterations, the value of the objective function decreases
dramatically. The minimization process continues until it is
repeated until the objective function reaches its optimal value.
In repetitive numerical solution methods for nonlinear
problems, the problem-solving process is time-consuming
[24], so the speed of execution of the problem decreases. In
this research, to have the optimal global solution and high
execution speed, it is suggested to use linear equations instead
of nonlinear equations. Hence, the proposed problem is
rewritten as a linear problem mixed with integers.

TABLE 11
RESULTS OF NONLINEAR AND LINEAR OPTIMAL
RECONFIGURATION FOR REDUCING LOSSES, REGARDLESS OF
PROTECTIVE CONSTRAINTS.

Real
Problem Solving Maneuvered Poj\fler Vo)
Method Switched min(P-t:
loss(kW)
Genetic Algorithm 6-13-17-35-37 158.3641 0.9312
Imperialist
Competitive 7-9-13-28-32 143.5327 0.9404
Algorithm
C Search
row Searc 7-9-142832 1399814 09413
Algorithm
Th d
® propose 14-28-33-35-35 1305384  0.9240
Model

As can be seen, each of these objective functions has been
able to have positive effects on improving the state of the
network from a unique perspective. However, the problem
here is that each of these objective functions, after single-
objective optimization, reaches a different and optimal keying
pattern. In other words, if it certainly does not happen for all
objective functions, the optimal switching patterns found in
this objective function will likely be different. However, it is
ultimately required to provide an optimal switching pattern
for the entire network so that all the objective functions of the
problem are performed to a large extent. One way to respond
to this need is to provide a multi-objective optimization
framework.

2) Second case

In this case, the optimal reconfiguration problem for a 33-
bus grid has been solved for optimizing the total losses of this
grid and considers the protection constraints.

The proposed model considers grid configuration
protective problems online with the presence of any
distributed products for using a reactive-active distribution
network. By solving optimization problems in the studied
system, there is a series of switching operations. This
switching is done due to a change in the graph and a change
in the power of the short-circuit connections. Changes in the
short circuit power due to load discharges cause key switching.
It is impossible to change the settings of all the relays in a
microgrid or distribution network. Our study period is a short-
term system operation and a limited number of keys have this
feature. Measurements are made to protect at the maneuvering
points, and then the protection relays are placed at the same
points to indicate the configuration. Other protection
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architecture is based on using fuses.

After calculating the nominal current, we dealt with the
grid fault, which is the first step in applying the fault on the
grid. To apply faults on the grid in a bus, for example, in bus
4, faults are generated, and according to the loop and node
rules, the currents passing through the branches are obtained.

Now, with the current lines in the event of a fault in the grid
and having the nominal current obtained in the previous step,
one can express protection based on the Warrington equation
(16). This equation expresses the fuses coordination in the
event of a fault so that when a fault occurs on a line or a
student bus, the closest fuses act to the fault location at a
specific time if these fuses have a functional disruption. In the
next few moments, the fuses of the higher lines are involved.

Finally, the result of the nominal flow fault can be seen in
Table 111 and Figure 8. As expected, the value of the objective
function is increased by considering the new constraints.
Then, considering the protection constraints causes a
reduction in grid losses that leads to more constraints on the
optimization problem. However, in this configuration, the
network losses are reduced by about 30 kW compared to the
initial case of the network. The use of protective and
coordination devices should be examined to confirm the
proper functioning of the protective system in this case.

As there is the necessary time interval (margin = 0.3 s)
between their performance, one can conclude that the
coordination of its protected elements is low.

TABLE 111
COMPARING RECONFIGURATION RESULTS To REDUCE THE
Losses WITH OTHER REFERENCES, CONSIDERING THE
PROTECTIVE CONSTRAINT.

Problem Solving Maneuvered PRo:flelr Vo pas)
Method Switched loss(KW)
Crow Search o 10015037 1650138  0.9218
Algorithm
Genetic Algorithm ~ 7-13-17-21-28  158.8401 0.9327
Imperialist
Competitive 6-11-34-36-37  145.4154 0.9373
Algorithm
Fault in the fourth
bus OF the 3-14-28-33-36 139.98 0.9413

proposed model

Table IV shows the backup relays of each relay and Table
V shows the settings of each relay.
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Fig. 7. Comparing the voltage profile with multi-objective
reconfiguration regardless of protective constraints.
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Setting the Priority and Short Circuit Level: To determine
the path of current flow to energize the network busses, the
radial diagram of the existing structure is first plotted and the
corresponding graph is drafted. Table IV shows optimal

Control and Optimization (ORI e{ekyi

structures.

Considering the radial structure of the DN, the obtained
graph is a tree graph, based on which the current flow.
Path to supply electricity to each bus can be determined.

Given the existence of a protection relay on all lines, the short
circuit in each line is calculated and the binary priority of the
relays is determined relative to each other. According to the
structure shown in Figure 3, the short circuit level at the
installation site of the protection relays is shown in Table 1V,
which introduces the line numbers, the beginning and end
buses, the short circuit current level, and the line number in
which the backup relay of each line is contracted. As it turns
out, except for the line 1 relay, the backup relay number of
each line is determined by the current path.

TABLE IV
SHORT CIRCUIT CURRENT AND BACKUP RELAYS IN BASIC.
. L Line . L Line
Line Bus Bus Short Circuit ) Line Bus Bus Short Circuit .
. Number With . Number With
Number  Send Receiver Current Number  Send Receiver Current
Backup Relay Backup Relay
1 1 2 4140.855 NaN 17 17 18 3920.999 16
2 2 3 4134.487 1 18 2 19 4138.065 1
3 3 4 4125.173 2 19 19 20 4119.985 18
4 4 5 4117.107 3 20 20 21 4099.439 19
5 5 6 4104.216 4 21 21 22 4087.526 20
6 6 7 4093.47 5 22 3 23 4124.252 2
7 7 8 4083.921 6 23 23 24 4109.715 22
8 8 9 4065.541 7 24 24 25 4090.543 23
9 9 10 4043.866 8 25 6 26 4093.302 5
10 10 11 4031.01 9 26 26 27 4088.119 25
11 11 12 4025.121 10 27 27 28 4073.899 26
12 12 13 4006.235 11 28 28 29 4054.336 27
13 13 14 3985.836 12 29 29 30 4040.676 28
14 14 15 3974.43 13 30 30 31 4025.354 29
15 15 16 3961.047 14 31 31 32 4012.162 30
16 16 17 3940.851 15 32 32 33 4005.506 31

Itis clear in Table IV that both structures have 32 lines and
the difference in the short circuit current level is reduced by
moving away from the transformer. According to Table IV,
the maximum short circuit level in the above network is
4140.855 A. This value can be calculated according to the
transformer specifications and main voltage. The amount of
system losses, in this case, is equal to 207.759 kW. In this
case, how to coordinate protection relays, according to the
second objective function, is shown in Table V. According to
Table V, it is clear that the maximum operating time in the
main line relay is equal to 4.2 seconds. It should be noted that
the minimum operating time for the relay is 0.9 seconds. The
duration of operation of the whole protection system, in this
case, is equal to 66.6.

In this case, planning has been done according to the
possibility of resetting all protection relays. Due to the above
conditions, in this case, there is no more performance error
among the relays due to the change in structure. The reason
for this is the reprogramming of all relays according to the

new structure. The results obtained in this case are presented
in Table VI. The system loss is equal to 139.98 kW in this
case. The table presents the optimization results for the
second case. By comparing the two tables, it is revealed that
the operating time of the main relay, in this case, is equal to
3, implying a decrease of 28.57% versus the first case. The
reason for this is a reduction in the strength of the network
tree branches so that all branches have almost the same
resistance. In this case, the total operating time of the system
is 53. Overall, at each stage after the coordination of the
protection devices, the graph corresponding to the new grid
configuration is checked. If the previous configuration
loading is declared infeasible in the grid, it will be done with
feedback to the reconfiguration of the linear optimization that
is the link between MATLAB and GAMS. According to the
objective function and the problem constraints, a new
topology is suggested at each step of the reconfiguration
according to the observations.
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TABLEV
COORDINATE PROTECTION RELAYS IN THE BASE STRUCTURE.
Line Relay Line Relay
Number  Operation Time DS PS CTR Number Operation Time DS PS CTR
1 4.2 0.786 1.815 626.419 17 1 0.277 1.191 491.262
2 4 0.865 1.366 681.885 18 16 0.754 18 94.201
3 3.8 0.759 1.657 626.679 19 14 0.755 0.5 216.925
4 3.6 0.566 1.961 707.351 20 1.2 0.287 1.19 663.032
5 34 0.84 1.701 441.119 21 1 0.303 1.265 405.568
6 3.2 0.593 1.588 715.556 22 14 0.235 1.962 657.492
7 3 0.382 1.689 1000 23 1.2 0.354 1.158 470.24
8 2.8 0.613 1.526 588.678 24 1 0.247 1.503 498.168
9 2.6 0.565 1.155 781.96 25 24 0.486 1.784 567.813
10 24 0.601 1.951 369.373 26 2.2 0.602 1.357 460.237
11 2.2 0.615 1.581 373.665 27 2 0.313 1.882 732.259
12 2 0.498 1.949 370.346 28 18 0.752 1.363 173.173
13 1.8 0.565 0.626 740.865 29 16 0.6 1.424 219.323
14 1.6 0.543 1.252 312.454 30 14 0.517 0.687 470.774
15 14 0.406 1.326 408.215 31 1.2 0.566 1.581 103.796
16 12 0.256 1.464 616.525 32 1 0.256 1.126 611.838
TABLE VI
COORDINATE PROTECTION RELAYS IN THE OPTIMAL STRUCTURE.
Line Relay — 1ps PS CTR Line Relay DS PS CTR
Number Operation Time Number Operation Time
1 3 0.696 1.693 494.69 20 2.459 0.669 0.991 611.2
24 0.478 1.728 605.16 21 1.591 0.557 0.753 503.225
3 2 0.471 1.774 459.577 22 2.206 0.469 1.554 611.088
4 1.8 0.309 2.496 503.696 23 2.001 0.624 0.997 485.658
5 1.6 0.607 1.491 206.918 24 18 0.496 1.948 316.715
6 1 0.404 1.692 154.607 25 1.395 0.44 0.805 590.828
8 1.989 0.593 1.138 464.608 26 1.198 0.328 1.157 541.405
10 0.995 0.213 1.613 575.984 27 0.997 0.255 1.613 438.261
11 12 0.321 1.03 623.814 29 1.394 0.364 1.734 391.982
12 1.198 0.487 1.573 160.602 30 1.194 0.401 0.948 434.428
13 0.995 0.167 2.115 594.246 31 0.997 0.341 1.385 284.506
15 1.598 0.651 0.762 327.788 33 2.202 0.559 2.192 322.19
16 1.396 0.506 1.28 262.097 34 1.789 0.494 1.279 473.377
17 1.197 0.535 1534 124.286 35 1.403 0.589 0.949 244231
18 2.906 0.507 1.653 716.845 36 0.989 0.287 1.106 496.125
19 2.673 0.619 1.665 480.295 37 1614 0.472 1.143 472.016

The results of the surveys conducted in the sample
distribution network are as follows:
= The main problem that occurs in reconfiguring without
considering the protective restrictions and in most cases is
related to the operation of the fuses. In solving the
reconfiguration  without considering the  protection
constraints, we can pay attention to several scenarios in
which, in all cases, several network fuses operate under load
and cut off the load. Discrepancies are not shown.
= Although studies have shown that the displacement of
short circuit levels depends on different reconfigurations and
also depends on the protection system in the network, there is
a possibility of disruption in the coordination of this
equipment, but by examining the simulation results of the
proposed model in different scenarios of relay, inconsistency
or recloser was not observed with fuses.
= Therefore, by using the proposed method, it is possible to

ensure the correct operation of the protection system by
performing reconfiguration in addition to using the
advantages of this method in the operation of distribution
networks.

= The proposed method is a method that will allow changing
the makeup without prior planning. Also, if the network
layout is changed with prior planning, the network can be
used more efficiently and economically than the proposed
method.

= Other features of the MILP method with the above
problems include (1) very low solution execution time, (2)
having an absolute optimum solution, (3) ability to run on a
large network, and (4) providing a solid model with simple
equations and methods.

= In the studied systems, the operating time is improved
compared to another reference [11-15], which indicates the
efficiency of the linear programming method developed in the
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=  GAMS environment because of applying a more accurate
approach to solving coordination of overcurrent relays
problem by exact mathematical methods developed in the
GAMS environment.

VI. CONCLUSIONS

This paper analyzed the coordination of network structure
with two approaches to minimizing losses and reducing the
operating time of protection relays. A new method is proposed
according to the branch switch optimization algorithms and
sequential branch opening to solve reconfiguration. Using
advanced technologies for data collection, the implementation
of decision-making algorithms, and dynamic load distribution
control, power outages in smart grids are minimized. By
comparing the simulation results, one can understand that the
mentioned linearization method has a good efficiency in
solving the reconfiguration problem. Protective constraints
include equipment performance and coordination of protective
tools and formulation added to the reconfiguration problem.
By examining the simulation results in the study of the sample
grid and different scenarios, there was no lack of coordination
among the elements. Studies show that despite short-circuit
surface displacement that depends on different configurations
and grid protection, there is a potential disruption in the
coordination of the equipment. By presenting the optimal
settings of the sample testing system, this paper accurately
performs minimum active power loss and optimal voltage
characteristics with protective devices and renewable energies.

According to research carried out in this paper, it is
suggested to study the effect of unbalanced loads and the
associated uncertainties and to include reliability evaluation in
the proposed model in future research.
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Abbreviations:
W,, : Fine factor related to fuse performance under normal

conditions.
N A total number of grid fuses.

I, . The nominal current of the i-th fuse and ), the passing

current from the same fuse.
W, The penalty factor is related to the lack of coordination

between fuses in tandem.
N The number of pairs of tandem fuses.

MCT, - Maximum time needed for a downstream fuse or main

protection.
MMT,, : Minimum time required for melting the fuse element of

the upstream or the backup fuse.
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tmargin : The security margin of time.

Variables: Variables based on pre-unit (p.u).
NP, . Quce- The active and reactive power passing through the

rinmts?

line at the two ends of the bus.
P Active and reactive power linear approximation.

: The active and reactive power of the reference bus.
Psn,t,s’an,t,s

: Injection of active and reactive power.
pn,it’ “gn,t
y .z : The binary variable in the feeder connection status: 1 if
nm’ “nm

connected and zero if disconnected.
Parameters: Parameters are based on pre-unit
h, - Number of hours of time period.

b

r - Resistance of each branch.
nm

N Number of switching operations.
Sw

PD,QD: Active and reactive power consumed.

V .\ Theminimum and maximum voltage range.
min’ * max

Collections and indices:

¢n'¢ ’¢I ’¢k : Bus set, time, line, and linearization.

nm- Bas counter.

t : Time.

| k- Line, Number of Linearization
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Lyapunov's theorem is the basic criteria to establish the stability properties of the nonlinear dynamical systems. In this
method, it is a necessity to find the positive definite functions with negative definite or negative semi-definite derivative. These
functions that named Lyapunov functions, form the core of this criterion. The existence of the Lyapunov functions for
asymptotically stable equilibrium points is guaranteed by converse Lyapunov theorems. On the other hand, for the cases
where the equilibrium point is stable in the sense of Lyapunov, converse Lyapunov theorems only ensure non-smooth
Lyapunov functions. In this paper, it is proved that there exist some autonomous nonlinear systems with stable equilibrium
points that despite stability don’t admit convex Lyapunov functions. In addition, it is also shown that there exist some
nonlinear systems that despite the fact that they are stable at the origin, but do not admit smooth Lyapunov functions in the
form of V(x) or V(t,x) even locally. Finally, a class of non-autonomous dynamical systems with uniform stable
equilibrium points, is introduced. It is also proven that this class do not admit any continuous Lyapunov functions in the form
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I. INTRODUCTION

In this paper, we focus on two main classes of continuous time
nonlinear dynamical systems (NDSs). The first class is

described by [1]

x=f(x)

x(0) = %, @
where Dc R", and f:D — R™ is a locally Lipschitz
function with origin being the equilibrium point (i.e,. f(0) =
0).

The second class is described by
x = f(t,x)

2
x(to) = xo @)
where DcR™ , and f:[0,00] XD - R™ is locally
Lipschitzin x on [0,00] X D and piecewise continuous in t.

T Corresponding Author: n-pariz@um.ac.ir, Faculty of Electrical
Engineering, Ferdowsi University of Mashhad, Mashhad, Iran

Again, the origin is the equilibrium point of (2) (i.e., f(t,0) =
0).

Nonlinear dynamical systems appear in many practical
applications including control engineering [2], biological
systems [3] and population dynamics [1]. Therefore, the study
of stability properties of equilibrium points has always been a
crucial issue for mathematicians and control scientists. Among
all of this application, stability analysis has attached more
attention due to its essential role in real world application
including controller design [4], estimation domain of attraction
[5] and hybrid systems [6].

It is well known that the origin of (1) is stable in the sense of
Lyapunov if

for all £ >0, thereexist § = 6(¢) > 0, @3)
s.t. lxoll <6 = x| < €

In addition, for the nonlinear system in (2), the equilibrium
point (x = 0), is stable if

for all e >0, thereexist § = §(ty,€) >0,
s.it. Il <=2 lx(®ll <e t=t,

4)
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and it is uniformly stable when

for all £ >0, thereexist § =8(¢) >0, (5)
s.t. lxpll <86 =2 lIx(@®)ll <e t=¢t,

In fact, if the nonlinear system is uniformly stable, then § does
not explicitly depend on t,.

It should be mentioned that the nonlinear system (2) in its
domain D < R™ including origin

x = 0, is stable in the sense of Lyapunov if there exist a
continuously differentiable function V(¢t,x):[0,0] X D - R
that satisfies the following conditions for all ¢ > ¢, and for all
x€D

V(t,0)=0, V(tx)=n(x) (6)
av av
5[ +5-<0 @

where, n,(x) is a continuous positive definite function. Also,
if V(t,x) satisfies the following inequality

V(t,x) < 1,(x) ®)
Then, x = 0 is a uniformly stable equilibrium point [7].

It is well known that finding these scalar positive definite
functions forms the core of Lyapunov's method. Introducing
and computing such suitable Lyapunov functions for NDSs has
been one of the main challenges in the literature of NDSs [8-
10] and has attracted much attention [11]. In addition,
Lyapunov functions are applied in various controller designs
[12],[13].

For stable nonlinear systems, it is natural to search for
Lyapunov functions to infer stability properties. In fact, the
existence of Lyapunov functions are guaranteed by converse
Lyapunov theorems (CLT) [14, 15]. The study of Lyapunov
functions and their properties has become widely popular for
researchers in the fields of dynamical systems. For example,
for the nonlinear system (1) it is proved in [16] that if the origin
is stable in the sense of Lyapunov, and f(x) admits the
assumptions in [16] then it is possible to construct some semi-
continuous weak Lyapunov functions. The necessary and
sufficient conditions for the existence continuous Lyapunov
functions can be found in [17].

Recently, special attention has been given to prove the
existence of Lyapunov functions for the conditions that the
nonlinear system is globally asymptotically stable. For
instance, Ahmadi and Kristic in [18] proposed a globally
asymptotically stable polynomial vector field with no
polynomial Lyapunov functions. Also, Ahmadi and Khadir in
[19] investigated a  two-dimensional polynomial vector field
with no analytic Lyapunov functions. Although in [20], it is
proved for the homogeneous vector field of a nonlinear
dynamical system that asymptotic stability ensures the
existence of a rational Lyapunov function.

Due to the great importance of finding Lyapunov functions
with proper analytic properties, this paper has been dedicated
to the investigation of stable systems that do not admit smooth
Lyapunov functions.
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To the best of the author's knowledge, no further results have
been available in the context of stable systems. The main
contributions of this paper are as follows:

e Asafirstresult, it is proved that if the equilibrium point of
(1) is stable, then application of convex Lyapunov
functions may fail to satisfy Lyapunov's theorem.

e Itis also proved that using smooth Lyapunov functions for
the equilibrium point of (1) fails to infer stability
properties.

o Finally, it is shown that there exist no smooth Lyapunov
functions to establish stability properties of (2).

The continuation of this paper is organized as follows. In
Section 11, the existence of smooth Lyapunov functions for
autonomous stable systems is investigated. Section 1l is
dedicated to some examples of non-autonomous systems that
do not admit smooth Lyapunov functions. Simulation results
are given in section IV, and section VI concludes the paper.

I1. EXISTENCE OF SMOOTH LYAPUNOV
FUNCTIONS FOR AUTONOMOUS STABLE
SYSTEMS
In this section, we propose some examples of autonomous
nonlinear dynamical systems and prove that despite stability,
they do not admit smooth Lyapunov functions.
Lemma 1. Suppose V(t, x) is a convex Lyapunov function
candidate. Then, in the neighborhood of origin, VV (¢,x)7x is
positive definite.
Proof. Obviously, for any convex function it holds that

Vit Ax+ (1 =Dy) <AV + A =D(y)  9)
Rewriting above equation as A — 0 and y = 0, implies that
VVT(t,x) x is positive definite.

Theorem 1. There exist some nonlinear autonomous systems
that despite stability do not admit any convex Lyapunov
functions.

Proof . Let the function f(x) in (1) be defined by

1
f(x) =Ax + xIIxIIstinzm“(m (10)
where  x = [x; x,]T and all the eigenvalues lie on the

imaginary axis (+jw,).

This system is stable; however, there are no convex Lyapunov
functions in the form V(x) or V(t,x) in order to infer
stability.

Due to the fact that all of the eigenvalues of A lie on the
imaginary axis, according to linear systems theory, the linear
system x = Ax is stable in the sense of Lyapunov. Therefore,
there exist the positive definite matrix P such thatATP +



PA = 0. In order to prove stability of (10), consider V(x) =
xTPx , the time derivative of this function along the
trajectories of system implies that

. 1
V= 2xTPx||x||2ksin2m+1(m) (11)

It is clear that the origin is surrounded by a countable set of
limit cycles. To satisfy the condition |l x || < e, itis sufficient

tochoose 4§ < % with large enough values of n.

Now, suppose for the sake of contradiction that there exist a
convex Lyapunov function in the form of V(t,x) that
satisfies the condition of Lyapunov's theorem.

According to Lyapunov's theorem,

J = — —<
V=¥t =0 (12)

On the other hand, for any square matrix A, there exist a

similarity transformation T such that T~'AT is diagonal.
Substitution of x = Tz, in (10) leads to

1
7z =T ATz + z||Tz||**sin(-——)?™*!

ITz]| (13)

Now, equation (12) can be written as follows
avaoz oV oV av ov . av
“ozox ot oz a0z T a4
<0
Since (14) is held in the region D

-1

including origin, it is easy

U={rl =<

nm+ 2

(n = 2k)} issituatedin D. Also, due to the fact

to choose n large enough such that

1

ITz]| <

nm+
that V is negative definite, fU V must be negative in this
region.

Integrating V implies that

fr=, ()
U B U azl"’lzz azzw121

T T 2k o; 2m+1 15
+fu VT (t, 2)z||Tz|| sm(”TZ“) (15)
av
, ot
Let
av av
11 = fU <a_Zl w1Zy — a_Zzw121) ds
1
I, = fu VVT(t,Z)ZIITZIIZ"sin(”TZ”)2er1 (16)
v
37, ot

According to Lemma 1, VV7T(¢,z)z is positive; as a result,
I,>0
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Application of divergence theorem implies that

(Vw a(=V
11=j ( ( 1ZZ)+ (—Vwyz,) ds =
U

0z, 0z,
z

( =2 (17)
f WVw,z, —Vw,z,]. I ’ ZlZZ+ ZZZI
U %

k e

as =
,/Zl + z5

J,V<0ad I,>0 in the
region U, there exist aregion S; € U such that

Because of the fact that

W (L, Dzl sin( o) + L<oins, (18)

On the other hand, according to Lemma 1, VVT(t,z)z is
positive-definite. Without loss of generality, assume that
VWI(t,2)z =V, (2) (19)

Where V;(z) is positive definite. Substitution of (19) in
equation (18) infers that

V(@)ITzl*sin()?™ + 2 < 0 in 5,

Iz (20)
This implies that
1 2m+1
V(t,2) < -V, @ITzIPsin (=) ¢ +V(0,2)
in S;
Since S: is bounded and the  functions
1 2m+1 ) .
V1 (2)||Tz||?* sin (m) and V(0,z) are continuous in
Sy, let
infV. T 2K s 1 2m+1
er=inf V3 () IT2]| sin (177) 22
SZZS;]p V(0,2) (23)
1
Then the inequality in (21) can be written follows
V(t,z) < —gt+eforall t >0 24)

Now, to prove that there are no convex Lyapunov functions in
the form of V(t,z), choose t>i—z . This implies that
1

V(t,z) < 0, which is a contradiction because V(t,z) > 0 for
all z # 0. With a similar reasoning, it is easy to show that there
are no convex Lyapunov functions in the form V(z) to
establish stability.

Theorem 2 There exist some nonlinear autonomous systems

that despite stability do not admit smooth Lyapunov functions.

Proof. Let f(.), insystem (1) be defined by
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1

x, + %, (x? + x2)? sin?(

2 2)
X1 +x2

—x; + x5 (x? + x2)? sin? (;)
x3+x2

fx) = (25)

This system is stable in the sense of Lyapunov; however,
smooth Lyapunov functions fail to establish stability.

In order to prove stability, consider  V(x) = x? + x2, the
time derivative of this function along the trajectories yields

1
)
VX2 + x2 (26)
It is clear that the origin is surrounded by a countable set of
limit cycles and all of the limit cycles are semi-stable. To

V =2(x? + x2)3sin?(

ensure that |l x || < &, it is sufficient to choose & < i
with large enough values of n.

For the sake of contradiction, suppose that there exists a
smooth Lyapunov function in the form of V(t,x) which

satisfies the Lyapunov's theorem. According to (7),

V(t,x(t)) < V(to xo) (27)

In order to complete the proof, it is sufficient to determine and
compare the values of Lyapunov function on the limit cycles.
It is noticeable that all trajectories starting from the inside of a
limit cycle return to the same cycle whereas the outer
trajectories approach to the next one. In fact, if the system
starts from the outside of r = /x? + xZ = i it eventually

1
(n-m

converges to r = , thereby causing the value of

1
(n-1)m
equal to the value of Lyapunov function on the surface r = é

Lyapunov function on the surface r = to be less or

This follows from the fact that by starting (25) from the outside
of nin the system remains bounded. Since V(t, x(t)) is a

decreasing continuous function, it has a limitcas t — oo. In
other words, the value of V(t,x(t)) on the surface of limit
cycles is constant and  V(t, x,(t)) < V(ty, xn_1(to))

where n, = ||x,|| = nz—lnz and
Tnoq = |1l Consider a,, as a sequence

defined by

a,=V (t,1,) where 7, = —— (28)

= (n-1)2m2 "’

In other words, a, is a sequence for which its value is
computed on the surface of limit cycles.

Let y; =supV(t, x) < supV,(x), it is clear that the regions
described by r, < é are bounded and V,(x) is continuous;

consequently, y; must be bounded. This implies that a,
is a bounded sequence.
Due to the fact that the value of Lyapunov function on the

surface 1,_, = must be less or equal to the value of

(n-)m
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Lyapunov function on the surface 1, = i , ap is an
increasing sequence. This means that
a, <ay...<a,_; <ay, (29)

Because of the fact that a, is a bounded and increasing
sequence, lim a,exists. Assuming
n—-oo

n — oo implies that a,, - 0 because x, — 0.
According to (29), a; < a,...<a,_,; <0 and this yields
that a; < 0, which contradicts the fact that V(t,x,) = a,
must be positive for all x # 0. This shows that there are no
smooth Lyapunov functions in the form of V(t,x) to infer
stability of (25) .

It is worth noting that for the system (25) , the results of
Theorem 2 do not contradict with CLT, because they guarantee
non-smooth Lyapunov functions in general. For more
explanations, please see [21],[22]. Although there are no
smooth Lyapunov functions in the form of V(x) or V(¢ x)
for (25), there might exist some lower semi-continuous
Lyapunov

functions according to [23]. In addition, Theorem 2 confirms
the results in [24] through presenting some examples to show
that the existence of a continuous Lyapunov function for (1)
does not infer the existence of a locally Lipschitz Lyapunov
function. Also, it shows that the existence of a Lipschitz
Lyapunov function does not infer the existence of a
continuously differentiable Lyapunov function in general.
The results of Theorem 2 can be extended to another class of
nonlinear systems. Theorem 3 is devoted to this topic.

Theorem 3 There exist some n dimensional nonlinear
autonomous systems that despite stability do not admit smooth
Lyapunov functions.

Proof. For proving this theorem, consider the following
nonlinear system which is described by:

1
)
x3+x3

1

X, = —x1 + x,(x? + x2)? sin? , 30
2 1 2 1 2 (\/m) ( )

X = x5 + %, (2 + x2)? sin?(

y=f)

Where the nonlinear system y = f(y) is stable in the sense
of Lyapunov.

The trajectories of this systemi.e., n = [x; x, yT]Tare stable
in the sense of Lyapunov; however, the task of establishing
stability through smooth Lyapunov function fails.

Suppose for the sake of contradiction that there exist a smooth
Lyapunov function in the form of V(t,x,y) for which it
satisfies the condition of Lyapunov's theorem. Application of
Lyapunov's theorem, infers that



V(t'x(t)! y(t)) < V(tO!xO' yO) (31)
The relation (31) must hold forall 7 # 0. Suppose y =0 ,
then (31) turns to

V (¢t x(t),0) < V(to, %o, 0) (32)
This implies that for the nonlinear system discussed in
Theorem 2, there exist a smooth Lyapunov function in the form
of V(t,x) which satisfies the conditions of Lyapunov's
theorem and this is a contradiction because it is shown that
there are no smooth Lyapunov functions to establish the
stability of this system.

During the next theorem it is shown that Theorem 2 could be
generalized for proving the existence of the smooth functions,
used in LaSalle's invariance principle [25].

Theorem 4 There exist some nonlinear autonomous systems
that despite having an infinite number of limit cycles, do not
admit continuous functions in the form V(x) to establish
LaSalle's invariance principle.

Proof. In the proof of Theorem 2, it is illustrated that there
exist numerous limit cycles for (25).

Consider a continuous function V(x) with aminimumat x,,,
that satisfies LaSalle's invariance principle [25]. Then, V' must
be decreasing in the region i described by V(x) < c. Since ¢
is compact, consider a, as follows:

a, = mlgn V(x) (33)

Suppose that the function V(x) has a global minimum point
at x,, let a; =V (x,), and define

W) = V() —a (34)
It is clear that W (x) = 0. In addition, W (x) and V(x) have
the same trend of monotonicity. This means that for the
nonlinear system (25) there exist a decreasing continuous
positive function W (x) which is not essentially positive
definite. The remainder of proof could be followed from the
proof of Theorem 2.

In the continuation of this paper, it is proved that there exist

a similar criterion for non-autonomous dynamical systems.

I1l. EXISTENCE OF SMOOTH LYAPUNOV
FUNCTIONS FOR NONAUTONOMOUS STABLE
SYSTEMS

The motivation of this section is to show that the results of
Theorem 2 can be generalized for non-autonomous systems.
Theorem 5 There exist some two dimensional nonlinear non-
autonomous systems that despite stability do not admit smooth
Lyapunov functions in the form of V(x).

Proof. Let the nonlinear system (2) be defined by
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f)x,
1+x,2
COES I (35)
14 x,2

Where f(t) > 0 and f;of(‘[)dr = M, < oo. This system is
stable but there are no continuous Lyapunov functions in the
form of V(x) in order to prove its stability.

Rewriting (35) implies that

dx _ foadt f"l(t)ﬂ=ffM<

x| 14xg? %1(0) %, ty T4 =
ftt)f('[)d‘[ = M, = In(x, ) - In(lx, () < ©6)
M; =

NG < My = sup(x 0D < @l @)

With a similar reasoning, it is easy to see that sup(|x,(t)|) <
|x,(0)|e™. Application of (36) and (37) leads to

Ixl12 < x,(0)2€21 + x,(0)2es = ||x,|2e:  (38)
For any given ¢, in order to satisfy (4) , it is sufficient to
choose & < ee ™1 |, because

sup([lx(O)ID) < llxoll ™ = sup([lx () (39)
<ece™MeMi =g ||x(t)]| <€

Equation (39) infers that, the system (35) is stable in the sense
of Lyapunov. Due to the fact that § does not depend on ¢,
explicitly, (35) is uniformly stable (please see equation (5)).

To prove that there are no continuous Lyapunov functions to

establish stability, it is sufficient to rewrite (35) in the form
of
(5 +x) dz = f(©)dt = In(x O - 0
2 2
In(lx, (0)]) + 22 - 200 = f* f(z)dr.
If x,(0) > 0, (40) can be written as follows
x1(8)? x1(0)? [t
ez =x(0)e 2 el @ (41)
Suppose }im x,(t) = y,, this ensures that
12 x1(0)?
ne't =x0)e 2 et (42)

Equation (42) implies that y,is a function of x;,(0). In
addition, since y; is an invertible function; for any final state
y1 there exist an initial condition x;(0) that satisfies (42) .
In general, for any final state y,(n — 1) there exist the initial
condition y;(n) such that it satisfies (42). Similar reasoning
could be applied to derive (42) for x,.

For the sake of contradiction, suppose that there exist a smooth
Lyapunov function which satisfies the condition of Lyapunov's
theorem, then a ,mccording to Lyapunov's theorem, there must
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exist a decreasing positive definite function in the region D.
Consider x = [x; x,]7eD where x; >0 . According to
3’1(1))
y2(1)
which satisfies (42). In general, for any final state y,_, there
exists an initial condition 1y, that satisfies (42). Due to the fact
that V(x) is a decreasing function

V(Yn-1) < V(y,) . This relation says that

previous explanations, there exist the final state y, = (

V) SVG2) o S VOar) < V) (43)
Let lim y,(n) = L,, according to (42),

n—-oo
Led = e em (44)
Equation (44) infers that L, = 0 . Due to the fact that V' (x)
is continuous,

limV (y,) =V (lim y,) = V(0) = 0 (45)
n—-oo n—oo
Rewriting (43) implies that

V1) SV,) o S V(per) SO (46)
According to (46), V(y;) < 0, and this is a contradiction

because V(x) must be positive for all x # 0.

IV. SIMULATION RESULTS

In this section, we present some results to demonstrate the
effectiveness of the proposed theorems. In fact, some nonlinear
systems are investigated, all of them being stable in the sense
of Lyapunov, that do not admit smooth Lyapunov functions.
Example 1 Consider the nonlinear system (10), with A =
(—4 17
-1 4

/1 -4 c e o B ) .
P = (_4 17) satisfies A"P + PA = 0. The trajectories of

this system for the initial value (0.03,0) are illustrated in
Figure 1.

). It is easy to see that the positive definite matrix

0.04

X2
0.03

0.02
0.01

ok

1 : : : : :
-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15

X1
Fig. 1: The trajectories of ~ (10) for initial value (0.03,0).

Fig. 1 shows that the system is stable, although in Theorem 1
it was proved t
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hat it does not admit convex Lyapunov functions.
Example 2. Consider the nonlinear system (25) with the initial

condition (0,_71+ 0.1) .

X2 0.3F

0.2

0.1~

0.2

03F : : : . : : ]
04 03 02 -0 ) . ) 0.4

Fig.2: The trajectories of (25) for initial value(o,_?1 + 0.1).

The simulation results confirm that all of the limit cycles for
the system are semi-stable. As shown in Figure 2, the

innermost curve is a limit cycle described by i and the

outermost curve is a limit cycle described by i

Example 3. The purpose of this example is to show the

simulation results for the case of non-autonomous dynamical
1
t4+1

systems. Consider the nonlinear system (35) for (t) =

To satisfy (3) with & =0.01, choosing § < 0.01e 2z =
0.003 confirms that ||x|| < e. The results are depicted in
Figure 3.

001+ | | | | =%
0005+
States o
2005 e
0014
0 2 4 6 B 10

Fig. 3: The trajectories of (35) for the initial condition (0.0021,-
0.0021)

V. CONCLUSIONS

This paper studies the stable NDSs that do not admit smooth
Lyapunov functions. It is proved that the existence of smooth
Lyapunov functions is not necessary for the case that NDSs are
stable in the sense of Lyapunov. In fact, the stability analysis
of two different classes of nonlinear dynamical systems is
discussed and it is shown that their stability cannot be



established by any convex differentiable Lyapunov functions
or smooth Lyapunov functions.

As a first result, we discussed a NDS which is stable; however,

investigating the stability of this system through convex
Lyapunov functions is impossible. Subsequently, we
introduced a class of NDS and proved that there are no smooth
Lyapunov functions to establish the stability through classical
Lyapunov method. In addition, a general class of NDSs were
investigated and it is shown that they not admit continuous
Lyapunov functions in the form V(x) or V(tx) .
Furthermore, it is proved that LaSalle's invariance principle is
unable to infer the convergence of trajectories towards the
invariant sets. Finally, we present a stable non-autonomous
dynamical system and prove that there are no smooth
Lyapunov functions in the form of V(x) to establish stability.
From the second part of this paper, it can be inferred that
existence of smooth Lyapunov function in the form of V(x)
or V(t,x) is not necessary for stable equilibrium points and
third part states that there exist some non-autonomous systems
with uniformly stable equilibrium point that don’t admit
continuous Lyapunov function in the form of V (x).
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This paper presents an enhancement of the dynamic stability of a power system equipped with both a unified power
flow controller (UPFC) and a doubly-fed induction generator (DFIG) by using the LMI technique. We use all UPFC
main basic PI controllers and its power oscillation damping (POD) supplementary controller. A more complete model
of DFIG and both rotor-side converter (RSC) and grid-side converter (GSC) dynamics with their controllers are
considered, too. These two devices controllers are simultaneously coordinated and optimized with compromising
between their control variables parameters. The particle swarm optimization (PSO) algorithm is used to optimize the
objective function based on eigenvalues and damping ratio to reach the best parameters and variables of controllers
of both UPFC and DFIG. Linear matrix inequality (LMI) is applied to the whole system linearized model to reach
optimally modified eigenvalues. Within the steady state and dynamic study, we consider practical line thermal
capacity and UPFC power rating, too. Simulation results in 39-bus 10-machine New-England power systems illustrate
the capability of the applied method. The results demonstrate that coordinated control of these two devices besides
using LMI results in more damping of system modes oscillations and more stability in the power system.
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l. INTRODUCTION

The unified power flow controller (UPFC) is an
effective flexible alternating current transmission system
(FACTS) device that helps overcome some of existing power
system operation limitations. It is the most important and
comprehensive device that helps stability improvement in
power systems. UPFC is equipped with a power oscillation
damping (POD), and the damping effect of this POD is better
than the power system stabilizer (PSS).

On the other hand, wind energy conversion systems

fCorresponding Author: abazari-s@eng.sku.ac.ir
Tel: +98-9133144539, Faculty of Electrical Engineering, Shahrekord
University, Shahrekord, Iran.

(WECS) are growing fast due to environmental issues and the
limitations of natural resources. The application of wind
energy to produce electrical energy using doubly-fed
induction generators (DFIGs) is growing in power systems
because DFIGs allow a larger portion of the wind energy to
be absorbed. The interaction of DFIG controllers will occur
with both electrical and mechanical system modes leading to
electrical and mechanical oscillations [1]. Then, the effect of
these devices on power system oscillations and stability is an
important issue.

The stability enhancement of a three-machine system by
using the coordinated application of the UPFC and the PSS
designed employing the Firefly algorithm was already
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compared with the genetic search algorithm approach [2]. To
UPFC POD controller design in MMPS, in three-machine
system, with selecting damping ratio based objective function
LQR (Linear Quadratic Regulation) have used under different
loading condition and better result demonstrated [3]. The
improved grey wolf optimizer (IGWO) was compared with

differential  evolution (DE) and particle swarm
optimization(PSO) to optimize UPFC POD controller with
integral of time-weighted absolute error (ITAE) criteria too
and the results demonstrated the stability enhancement of
MMPS in the three-machine system while comparing using
either my or &; [4].

On the other hand, the effect of DFIG controllers and

system parameters in linear modal analysis of DFIG torsional
interaction was investigated and the results showed that the
DFIG controllers should be adjusted, otherwise, an
interaction may occur and the system oscillations may
increase, which may even make the system unstable. The
damping mechanisms of power systems were analytically
compared with induction generator-based wind power
generation by Bu in a multi-machine power system in which
a model with rotor-side converter (RSC) dynamics and a
model without RSC dynamics with fixed rotor speed and with
offset rotor voltage only and with constant rotor voltage were
investigated [5].
Today, power systems may consist of both of these two
important devices because of their operational, economic, and
environmental advantages. Beside these advantages, they
have interactions and influence the stability of power
systems. So, many studies have recently focused on the
effects of each of these two devices on the other device or the
overall power system.

UPFC can be used to improve the overall performance
of WECS through the development of an appropriate control
algorithm. The application of a UPFC control algorithm is
also investigated in one research to overcome some problems
associated with the internal faults associated with WECS [6].
Based on power control and speed error minimization
objectives, wind turbines were utilized in a research
study,and to improve reactive and real power, IEEE-9 and 14
bus systems were investigated by installing UPFC in the
transmission line. [7]. The simulation results show that UPFC
can improve the low voltage ride-through (LVRT) of
DFIG-based WECS, reduce machine oscillations, and finally
maintain wind turbine connection to the grid during certain
levels of voltage fluctuations on the grid side and fault
conditions [8]-[10]. UPFC can noticeably improve the fault
ride-through (FRT) capability of WECS, so it can support the
grid during fault conditions [11]. UPFC has been used in a
DFIG-based wind turbine system to provide dynamic reactive
power support at the PCC in the occurrence of three-phase
fault conditions [12]. In a transient stability study, a control
proposed for the admittance model of the UPFC was

IECO 342

validated in a DFIG wind farm penetrated power system. The
power output of the DFIG was stabilized, which helped
recover rotor angular deviation of the respective generators,
which significantly stabilized the network [13]. Performance
of wind power and UPFC to increase the fault critical
clearing time of power system using MATLAB/SIMULINK
software simulated the IEEE 3 machines 9 buses verified and
showed that the better result will be obtained while these two
devices are in the optimum location [14].

Linear matrix inequality (LMI)-based techniques have
already been used for the stability of power systems that are
equipped with UPFC to have optimal control while the LMI
approach is used for optimal pole placement [15]. This
approach has been used in the robust adaptive model
predictive control of DFIG [16]. But, it has not been
employed in multi- machine power systems consisting of
both of these two devices. Then, we applied LMI in order to
optimize pole placement more optimally and improve the
robustness of this large power system linear system model.

Then, it is important to study and improve this stability
in the systems in which both UPFC and DFIG are installed.
Here, we have studied more complete small signal models of
UPFC and DFIG to investigate the damping effects of UPFC
and DFIG in multi-machine power systems considering all
dynamic states of both of them in comparison with previous
studies. We have considered practical constraints too while
using PSO (its detail algorithm can be found in [17]). To
optimize the control parameters of each of them, LMI was
applied to the system to have optimal eigenvalues, too.

The main contributions of the study are the application
of all classic controllers of UPFC together, the application of
practical constraints of line and UPFC capacities, the use of
DFIG complete electrical model and all of its converters
controllers, the use of PSO to optimize simultaneously and
coordinated UPFC and DFIG controllers, the use of LMI
approach to more optimization in eigenvalues of the whole
system, and increasing the whole control system robustness.
The following sections introduce UPFC and its small signal
model and control aspects. Then, DFIG small signal
modeling and control are reviewed. Then, the combined
power system model with UPFC installed and DFIG
connected models are presented. PSO algorithm and LMI
technique, which have been used, are briefly described too. In
the last section, the simulation results of these two devices
that are applied to dynamic stability individually and together
are demonstrated and compared.

Il. UNIFIED POWER FLOW CONTROLLER
As is seen in Figure 1, UPFC consists of two converters
coupled through a common DC link. Eq. (1) expresses the
UPFC terminals voltages.

mgVdc mpgVdc

Vg ==L =l Uy = 2B =i @)
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Where

mg is the pulse width modulation index of the
series(boosting) inverter, mg is the pulse width modulation
index of the shunt (exciting) inverter, &g is the phase angle
of the series injected voltage, and & is the voltage phase
angle of the shunt inverter.

The series branch of the UPFC injects an AC voltage with
controllable magnitude and phase angle at the power
frequency. Then, it can exchange real and reactive power
with the installed line. The shunt converter is primarily used
to provide active power demand of the series converter
through a common DC link and can exchange reactive power
to adjust the voltage of the bus, which is connected. So, due
to these capabilities, UPFC is an excellent choice for
damping power system oscillations. This damping can be
obtained by regulating the abovementioned controllable
parameters by controlling the decoupled variables of the
UPFC by the following four controllers:

(—) (43 +22) (e - @
(1+TmBs) ( Qp KQL) (QRf?f Q) 3)
(1+T Es) (KVP i) (VRfff - V) 4)
(1+T555) (K KD l) (VDC Ref — VDC) ®)

Where

Ty is delay time constants, and K,, and K, are PI
controllers proportional and integral gains, respectively,
P,Q,Vand Vp are active and reactive power flow through
line and bus voltage to which UPFC is connected and UPFC
dc link voltage, respectively.

Comprehensive models of UPFC for steady-state, transient
stability and dynamic stability studies and also a dynamic
model of the system installed with UPFC are presented in
[18] and [19]. A unified model of a multi-machine power
system and developed UPFC models is proposed that has
been linearized and incorporated into the Heffron-Phillips
model [19]. The conflict between UPFC multiple control
functions and their interactions was investigated and it was
shown that the application of all four control functions may
sometimes decrease the accuracy of the results [20]. We used
all of these four controllers simultaneously and made a
compromise between four control variables. Due to technical
and economical restrictions, the rating of the UPFC power is
limited and this leads to applying limits of its real and
reactive power by additional limiter blocks and then
modifying the UPFC related parameters in each of iteration.
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Fig. 1. The UPFC power and control flow diagram

A supplementary controller, known as POD, is designed in
UPFC to enhance the transient stability of the entire electric
power system. Inverse interaction between PSS and series
part control is compensated by providing a UPFC-based
damping controller [21]. As shown in Figure 1, POD
controllers have a lead-lag controller structure transfer
function consisting of gain, a washout function, and two
lead-lag blocks, which should be adjusted. Fixed parameter
classical controller is not suitable for the UPFC damping
control design. Then, a flexible controller should be
developed. Several approaches have been proposed for it,
such as root locus and sensitivity analysis, pole placement,
and robust control. The conventional techniques require
heavy computation and have slow convergence. The search
methods may also be trapped in a local minimum and the
solution obtained may not be the finest. In addition, it is
necessary that the designed controller provide some
robustness to the variations of parameters, conditions, and
configurations. Also, the controller parameters, which have
stabilized the system in a certain operating condition, may no
longer have acceptable results in case of large disturbances
[22].

To improve its dynamic performance, its parameters can be
optimized by using an optimization problem. Based on
eigenvalues, a multi-objective function related to the damping
factor and damping ratio is considered as:

]=Z Z(ao—a,-]-)2+azz (Co

Jj=10;20, j=1 4}2{0
f(x) = minj
(6)
Kmin <K< Kmax
Tlmin STI STlmax
sziﬂ STZ Sszax
T3min S-I-3 S-|-3ma\><
Tmin <-|- <Tmax
Where o;;is the real parts of system eigenvalues, o, is
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desired real part of eigenvalue, g is the damping ratios of
system variables, and ¢ is the desired damping ratio. This

optimization problem can use a numerical technique, such as
PSO.

I11. AN INTRODUCTION TO DFIG STUDY

In DFIG, two converters are included in the rotor circuit. The
power electronic converters ratio is a fraction of the total
power. Therefore, the losses in the power electronic converter
can be reduced compared to a system where the converter has
to handle the entire power, and the system cost is lower due
to the partially rated power electronics. DFIG operates in
both sub-synchronous and super-synchronous modes with a
rotor speed range around the synchronous speed. For
variable-speed systems, DFIG offers adequate performance
[23]. Figure 2 shows a DFIG-based wind farm connected to a
power system.

DFIG
A multi- P, +jO, PF+jo,

machine I «— o @
power I «—
G y L T ’

w

| GSC (zrid side : | RSC (rotor side |
| converter) control | : converter) control |
L__ostm 1| __sytm |

Fig. 2. DFIG connected to a multi-machine power system

In [24], different state space models of DFIG for power
system study have been compared. The modeling details of
the turbine, drive train, pitch controller, induction machine,
and the controllers of both RSC and the grid-side converter
(GSC) of DFIG have been introduced.

DFIG state equations in dynamic stability studies are
mentioned below.

Eq. (7)-(10) are related to two-mass model turbine drive
dynamic, Eq. (11)-(13) are for the three-degree model of the
machine, Eq. (14)-(17) are related to for GSC controller, and
Eq. (18)-(21) are for RSC controller as follows:

2H, Gt = T = Ton ™
2H, 28 = T, T, ®
wibdz% = W~ Wy )
Tep =D—= 'w“” + K6, (10)
TS = —<qu> + (X = XDlas) + T (0532 Var — (05 -
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©)Egp) (11)
! dE ! ! ! Xm
Ty d{:D = _(EdD + (X5 — Xs)lqs) + T, (wsX_erIr - (ws —
)Ep) (12)
Hp dwy ’ ’
o ae = T = Eaplas = Eqplgs (13)
While:
Vtvzs = _Rqus = Xilgs + E¢,1D
Vais = —Rglys + Xsllqs +Ejp
E/ Xm E/ X,
qD _ dD m
Idr Xm +X_r1ds ’ Iqr__E-FX_r qs
" X; =X, — X
* T wR, X
X,
E’ = —m(p B E' = ——m(p
qD Xr qr ab Xr qr

Considering RSC and GSC dynamic via defining auxiliary
variables, x; to xg, which are displayed in Figure 3, are as
follows:

dx, = m Loy —o,) (14)

=% (g = (% + Ky (0 —,)))) (15
dx, == Q. — Q) (16)
A, = (g = (=% + Ky (Quer = Q) an
A =2V oo Voe) (18)
dXs =5 (igg — (%5 + Kps (Vopcrer =Voe)))) (19)

%H (Vs _Vsref) (20)
dX8 = K%B (idg - (_X7 + KP7 ((Vs _Vsref )))) (21)

a 14
= —2_ Wind speed
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Fig. 3. DFIG RSC and GCS PI controllers
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The equation, which represents DC link capacitor between
two converters dynamic, is as follows:

d , . . .
CoVoe 5ot = (Varlar + Variqr) = (Vaglag + Vaglag)
(22)

IV. MODELING POWER SYSTEM WITH UPFC
INSTALLED

The performance analysis of UPFC requires its steady-state

and dynamic models. Figure 4 shows UPFC in a
multi-machine power system:
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M 18z Mg |6 MMPS & UPFC Data
Controller

Fig. 4. UPFC in the multi-machine power system

With reducing the bus admittance matrices to generator
internal buses and UPFC terminal buses, the following
equation can be written:

UG YUU

While Y is the reduced admittance matrices connecting the
generator current injection to the internal generator voltages.
Ygu is the admittance matric component, which gives the
generator currents due to the voltages at UPFC buses, Yyg
is the admittance matrices component, which gives UPFC
currents in terms of the generator internal voltages, Yyy is
the admittance matrices connecting UPFC currents to the
voltages at UPFC buses, Eg is the vector of generator
internal bus voltages, Vy is the vector of UPFC ac bus
voltages, I is the vector of generators’ currents injection,
Iy is the vector of UPFC currents injected to the power
network. Then these parameters values will incorporate in
deriving matrices equation of multi machine power system
with UPFC installed which is essential in dynamic stability
analysis.

For the small signal stability studies of the power system, the
linear model of Heffron-Phillips is used, which provides

YE=T,Y= [YGG YG”] ,E= [EG] = EG] (23)
Vy Iy
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reliable and enough accurate results [25]. The nonlinear
dynamic model of the system installed with the UPFC
equations is as follows:

§=wy(w-1) (24)
&=MYT,, —T,-D(w-1)) (25)
Ey = Tio(Epa — Eq + (Xg — X3)1a) (26)
Efd = (KA(VRef - Vt) - Efd)/TA (27
Vpe = —£ (smEEIEd + cos8glg,) + (51n5313d + cosbply,  (28)

These equatlons can be re-wrltten and after linearization in
following matrix format and detail value calculation of K
coefficients firstly introduced in [18]:

[ AS ] [ 0 wol 0 0 0 Ir A8
A -M~'K; -M7ID -M™1K, 0 -M™'Kpq Aw
| A, I=| . P -TilKs T -TitKga |AE%|
|AE}4| |-T7'KsKy 0 -Ti'KeKn  —Til  -Ti'KeKyq ||AEra
lAVDCJ [ K, 0 Kg 0 — Ko L Vch
0 0 0 0
MK MK MUK -M K, ir;E (29)
+ ’Tdo K ’Tc’I;qude ’Téaqub ’Tuylaqudb AmE
7TA K K5 7TA1KAdee 7T;1KAKVD 7T;1KAdeb Aé‘B
Kce che ch chb ®

As we can see, the above equation is the standard form of the
linear system as below:

AX, = AgAX, + By,AU (30)
This matrix equation is suitable for classical linear control
and numerical solving of the system equations as well as
analysis such as eigenvalues-related techniques.

V. MODELLING OF DFIG CONNECTED TO
POWER SYSTEM

Recently researchers have shown that in a modal study if
wind farm is replaced by an equal dynamic DFIG, it will have
acceptable result [26]. A comprehensive model of DFIG
connected to a power system is similar to Wang’ [19] idea
that was conducted before FACTS devices were developed
[27]. Multi-machine power system linearized model
considering DFIG connections (e.g., Figure 2) may be
extracted as follows:

AS [ 0 Wol ] AS
Aw]_I—MlK -M7D M11<2 I[Aw]_l_
dtl AE‘? |~ | —TiocKs O ~Tao Kz Tao | I AEq |
Bl | prikk, 0 —17Kek, — it 10E]
0 0
—MYkpp [ lkPQ]
do ™“EP

1k
|
T Kykyp Ty "Kakyq
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The state vector of the whole grid, X, in the matrix format
while DFIG is connected is as follows:

d
Xy = AgAX; + bpAR, + boAQ, (32)

Where 1V, is the bus by which DFIG is connected to power
system voltage amplitude that can be represented as below:

AVy = CoAX, + dg1 APy + d g AQy, (33)
DFIG linearized model can be used in the following format:

d

EAwwsd = Kya1A%¥vwsa + qulAstq + -+ Kyl (34)

d
EAlpwsq = KwdzAlesd + quzAlpwsq + KZVVW (35)

For any other selected state variable of DFIG:

d
Eij = KyajAPwsa + KwqjA¥wsqg + -+ Ky (36)
In matrix format:

d
EAXW = Aw (p)AXW + bw(p)AVw (37)
Output power of DFIG in linear form can be shown as:

AP,1 _ [chw Cpv

AQW] = [CSW BX,y + [cov] A%, (38)

We can replace them in Heffron-Philips equations to form
matrix format equations containing both power system and
DFIG variables:

Here, we have used a more complete model of DFIG so that
the state variable vector of DFIG is:

AX,, = [APysq APysq APywra APrg Awpy Awyy ABy, Axy,
DXy Dxyyz Ay Alyeq Alycq AViyacDxys Axye Axyr]"

(39)

Where w index refers to wind (DFIG) parameters, s
represents the stator, r is the rotor, d to d axis, g to g axis and
dc to dc link. Ax,, to Ax,, are linearized auxiliary
variables to consider RSC and GSC dynamics.

Combining Eq. (32), (33), and (38) will form a dynamic
equation for both systems as follows:

AX, AX,
Ak, | =Alax, (40)
AX, AX,

Where X, is the state variables related to Pls of DFIG
control system.

For the dynamic stability study of the whole system, we
should combine Eq. (30) and (40) to reach Eq. (41), which
explains multi-machine power system simultaneously
contains UPFC and DFIG and we can use it to investigate
small signal issues of the whole system.

AX = AAX + BAU (41)
While:
AX,
_ | AXy
AX = AX. (42)
AVpc

Dimension of this state vector is 4n+1+17. n is the number of
synchronous generators, 1 state for UPFC and 17 state for
DFIG while 7 of them are auxiliary to express PI controllers.
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We use Eqg. (41) to design control system and, if required, we
can do compromising, co-ordination, and optimization using
this last overall matrix linear equation.

V1. PARTICLE SWARM OPTIMIZATION
ALGORITHM

PSO is a population-based optimization technique to solve
optimization problems with constraints. In the PSO system,
multiple  solutions are candidate and  cooperate
simultaneously. Each candidate, named a particle, flies in the
problem search space looking to land on the optimal position.
During the generations, particles adjust their own positions
according to their own experience and the experience of
particles located in the neighborhood. This algorithm
attempts to balance exploitation and exploration by
combining global and local search methods, and new velocity
and position of each particle will be updated according to the
following equations [17]:

Vilk + 1] = wV;[k] + cyry (pbest;[k] — X;[k]) +

c,ry(gbestlk] — X;[k]) ,i=12,.., 42)
X[k + 1] = X;[k] + V;[k + 1] (43)
where N is the number of particles, k is the current
iteration, w is an inertia weight, ~, and r, are random
variables between 0 and 1, ¢; and c, are acceleration
coefficients, V; and X; are the velocity and position of the
particle i, respectively, pbest; are the local best position
of particle i, And gbest; is the global- best position of all
particles.

In this study, PSO was used three times; (a) Optimizing J
function mentioned above with PSO, the lead-lag controller
parameters, T, to T,, and wash-out gain K are adjusted
while only UPFC have used in power system. (b); To
optimize similar J function (based on Eigen values) to
optimize the values of 7 PIs of RSC and GSC of DFIG while
only DFIG is connected to the power system. (c) To optimize
the same function for the whole system in order to optimize
UPFC POD parameters and DFIG PIs parameters
simultaneously.

VIl. AN INTRODUCTION TO LMI

TECHNIQUE APPLICATION

LMIs are matrix inequalities that are linear or affine in a
set of matrix variables. They are basically convex constraints,
so many optimization problems with convex objective
functions and LMI constraints can easily be solved efficiently.
Many control problems can be formulated as LMI problems.
An LMI has the following form:
F(x)=Fy+ XL xF; >0 (44)
where x € R™ is the vector of decision variables and
F,, Fy, ..., F, are the constant symmetric real matrices, i.e.,
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F,=F' ,i =0,..m . The inequality symbol in the equation
means that F(x) is positive definite, i.e., u"F(x)u > 0 for
all nonzero u € R™ . This matrix inequality is linear in the
variables x;.

In the analysis of the state feedback controller, the objective
is to determine a matrix F € R™" such that all the
eigenvalues of the matrix A + BF € R™" lie in the open
left-half of the complex plane. Using Lyapunov theory, it can
be shown that this is equivalent to finding a matrix F and a
positive definite matrix P € R™™ such that the following
inequality holds:

(A+BF)"P+P(A+BF) <0 (45)
or
ATP + PA+ FTBTP 4+ PBF <0 (46)

Note that the terms with products of F and P are nonlinear
or bilinear. Let us multiply either side of the above equation
by Q = P — 1. This gives:

QAT + AQ + QFTBT + BFQ < 0 (47)
This is a new matrix inequality in the variables Q > 0 . But
it is nonlinear too. By defining a second new variable= FQ,
we have:

QAT+ AQ +L"BT +BL <0 (48)
This gives an LMI feasibility problem in the new variables
Q >0 and L € R™ ™. After solving this LMI, the feedback
matrices F and Lyapunov variable P can be recovered
from F=LQ—1 and P=Q —1. This shows that by
making a change in the variables, we can obtain an LMI from
a nonlinear matrix inequality [28]. While LMI solvers are
concerned to resolve stability issues, we used LMI to achieve
a more acceptable result [29].

VIII. SYSTEM SIMULATION

A. Implementation algorithm

We applied this simulation method to several power systems
and we report the results of one of them here. Figure 5 shows
the studied power system, which is a 10-machine 39-bus New
England network whose data can be found in [30]. For small
signal analysis, the sampling time was selected as 0.1 msec,
thus the frequency of the two UPFC and DFIG inverters’
parameters updating is 10 kHz, which is consistent with the
existing switches’ speeds. In this study, a PSS was used only
for the generator that is installed on the slack bus. We
simulated four scenarios: power system without UPFC and
without DFIG, power system using UPFC controller only,
power system while connected DFIG (wind farm) controller
acts, power system while both UPFC and DFIG controllers
are simultaneously designed and used.
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Fig. 5. The New England power system network schematic
single line

B. Power system simulation results

In this study, MATLAB program was used to simulate the
model. Within the load flow solution, the thermal limits of
lines capacity are considered. A 3-phase earth fault is applied
to the line between bus 3 and 4 and its duration to clear is 0.1
sec which is short enough for small signal analysis.
Oscillations are demonstrated by extracting A6 and Aw of
all machines.

Figure 6 depicts the results while DFIG is not connected and
UPFC is not installed. As we can see, the system states are
oscillating or have weak damping while UPFC is not installed.
(We see in next section that after using UPFC, the system
will be more stable after fault clearing.). The results of load
flow implementation are used to find UPFC placement to
improve voltage profile.
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C. power system using UPFC controller

The results of load flow implementation are used to find
UPFC placement to improve voltage profile and load flow of
the power system. Within load flow solution, the thermal
limits of lines capacity are considered. After UPFC insertion
in the power network, the load flow is executed again. When
UPFC is installed between 6 and 7 buses in the system, the
active and reactive power loses are reduced. It is also verified
that not only the power losses are reduced, the voltage profile
of the buses is improved after incorporating UPFC. This
simulation is carried out according to flowchart in Figure 7.
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Fig. 7. The flowchart of the simulation of the power system with
UPFC installed

For small signal and dynamic stability study, we used UPFC
dynamic model and interfacing with power system as
described in Section IV. All four basic controllers of UPFC
are considered. Eigenvalues and damping ratios of the
linearized system are derived and, based on these values, the
PSO algorithm is used to optimize damping oscillations
controller. Figure 8 demonstrate the eigenvalues of the
system with and without UPFC in a complex plane. As we
can see, some of eigenvalues have a little more negative real
part. Some of critical eigenvalues are shown in Table I.
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Table I
SOME CRITICAL EIGENVALUES BEFORE AND AFTER
USING UPFC
Related state Without UPFC With UPFC
Machine no. 1 load angle  0.638 +7.701i -0.849 - 6.908i
deviation
Machine no. 3 load angle 0.292 + 7.707i -0.871 - 5.203i
deviation
Machine no. 1 angular speed  0.286 + 4.887i -0.948 - 3.181i
deviation
Machine no. 3 angular speed  0.478 +4.702i -1.287 - 1.866i
deviation

To investigate the enhancement of the power system stability
by a UPFC, we studied the results and responses of
three-phase earth fault scenarios, too. Figures 9(a)-(d) show
four UPFC parameters, faulted bus voltage, the variation of
all machines load angle variations, and all machines speed

variations with three-phase earth fault applied, respectively.
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Fig.9 Continued
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Fig.9. Damping performance and effect of UPFC in three-phase
earth fault

D. Power system using connected DFIG controller

While DFIG (connected to bus 19 with a short line) controller
is used to damp oscillations, we can see that its effect is less
than when we used UPFC. But, we found that when we
increased the capacity of the wind farm (equal DFIG), its
effect on oscillation damping increased too. This simulation
was carried out according to the flowchart in Figure 10.
Figures 11(a)-(c) depict the variations of all machines load
angle, all machines speed variations, and DFIG states as
assigned in (39), respectively.
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Fig.11 Continued
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Fig.11. Damping effect of DFIG in three phase earth fault

E. Power system using both UPFC and DFIG controller
According to the flowchart in Figure 12, the whole system
linearized equation, shown in (42), is used to optimize
parameters of both UPFC and DFIG and solve and extract the
deviation of the variables. While there are both UPFC and
DFIG in power system, and we simultaneously and
coordinately designed them in one state matrix, damping
effect of them is better than when we used their controller
with individual design of them. Figures 13(a)-(c) display the
variations of all machines load angle, all machines speed
variations, and DFIG states as assigned in equation (39),
respectively.
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Fig. 12. The flowchart of the simulation and power system with
DFIG connected and UPFC installed
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F. Power system using both UPFC and DFIG controller
while LMI has used

The system and all situations, described in Section E, were
used again to simulate and solve whole system linearized
state space model using state feedback control and
application of LMI technique, described in Section VI.
Figures 14(a)-(c) depict the variation of all machines load
angle, all machines speed variations, and DFIG states as
assigned in Eq. (39), respectively. While comparing them
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with Figure 13, faster damping and lower overshoots and then
more acceptable result is clear. The results of this more
complete models’ simulation with both UPFC and DFIG
controllers by using LMI has more acceptable damping
effects versus [1],[2] and [3] which have used only UPFC
with classic controller, only DFIG with classic controller, and
using LQR, respectively.
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IX. CONCLUSIONS

In this study, the power system with UPFC and its main and
damping controls and its POD here modeled based on the
Heffron-Philips model. DFIG small signal modeling was

s
]
7
]
o

X, (o0
=
—

e >

\‘ ;

-0.016
]

IECO 351

carried out considering its 17 non-mechanical and control
state variables. The individual effect of UPFC and DFIG on
dynamic stability was also studied. Then, their linearized
model was added to the power system model and the modal
analysis and dynamic stability of the power system was
studied in a 10-machine 39-bus New England multi-machine
power system. The results show that UPFC can noticeably
improve dynamic stability of the whole power system. The
control of DFIG in power system helps the system to improve
the dynamic stability of DFIG and the power system. While
there are both of these two devices in the multi-machine
power system, by coordinating and making some
optimization in UPFC parameters and controllers and
optimized adjustment in DFIG controllers, the dynamic
stability of DFIG and the power system can be improved. The
result is better when LMI is used versus when only classic
described controllers are used. When using LMI, after 4
seconds oscillations are acceptably damped while before
using LMI, near 9 seconds was required to damp oscillations
acceptably.

APPENDIX

A: UPFC used Data:

In 39-bus New England network: UPFC Rating=190
MW=1.9 pu, xE= 0.0725 pu, xB=0.0725 pu, C=1 pu,
Sb=100MW.

B: DFIG used Data:

Mw=3.4, Dwm=0, Rwr=0.0007, Kwm=3.95,

Jwrl1=8, Jwr2=8, Dwr1=0.0, Dwr2=0.0,

Xws=0.0878, Xwr=0.0373, Xwm=1.3246, Xwr3=0.05,
Xwf=0.05, sw0=-0.01, Cw=13.29, Rws=0, DFIG rating
power=56MW=0.56 pu
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Chaos Synchronization in Josephson Junction

Using a Nonlinear Model Predictive Controller

Based on Particle Filter: Processor in the Loop
Implementation
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In this paper, a model predictive control approach based on a generic particle filter is proposed to synchronize two
Josephson junction models with different parameters. For this purpose, an appropriate objective function is defined to assess
the particles within the state space. This objective function minimizes simultaneously the tracking error, control effort, and
control smoothness. The dynamic optimization problem is solved using a generic particle filter. Here, Josephson junction is
described with Resistive Capacitive Inductive Shunted Josephson model, and the synchronization is obtained using the slave—
master technique. Moreover, to verify the implementation capability of the proposed algorithm, a processor in loop
experiment is performed. The results show that the open-loop system, without the controller, has a chaotic behavior.
Numerical simulations are conducted to assess the performance of the proposed algorithm. The results show that the
proposed approach can be implemented in a real-time application. Also, the performance of the suggested controller is
compared with the proportional integral derivative controller and sliding mode controller.
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junction such as Josephson parametric amplifiers [8],

| INTRODUCTION voltage standard [9], high-frequency oscillators [10],

The Josephson junction is a device consisting of two
superconducting electrodes connected by a weak junction
such as a thin insulation coating. If the intermediate
insulation coating is sufficiently thin, the pair of electrons
will tunnel from one superconducting electrode to
another; This phenomenon is called the Josephson effect
[1]. Like many mechanical and electronic systems, the
Josephson junction can exhibit chaotic behavior.
Researchers have studied chaos in different structures of
the Josephson junction [2-4]. Since chaos is an
unpredictable phenomenon and may lead to unwanted
behavior in the system, it must be suppressed in many
cases [5-7]. For example, in the application of Josephson
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Tel: +98-02122945141, Fax: +98-02122959233,

Faculty of Electrical and Computer Engineering, Malek-Ashtar

University of Technology, Iran.

squid magnetometer [11], soliton transistors [12], pulse
generators [13], and the biophysical function of neural
the circuit [14,15], it is necessary to prevent chaos, and
therefore, the chaos will be controlled in Josephson
junction. Several studies are conducted to control and
synchronize the chaotic behavior of the junction, which
will be discussed below.

In [16], an active control method has been used to
control and synchronize two coupled Josephson junction
models such that the frequency of oscillation of the slave
system has been following the master system; here, a
linear model has been used to design the controller. In
[17], a nonlinear backstepping controller has been
considered to control bifurcation as well as chaos in the
RCLSJ Josephson junction. A Lyapunov function has
been proposed to analyze the stability of the close loop
system. In [18], backstepping control theory has been



used to control and synchronization of chaotic dynamics
in RCLSJ. The recursive approach has been employed to
eliminate the chaotic behavior of the RCLSJ as well as to
attain global asymptotic synchronization. In [19], an
active backstepping method has been used to control
chaos in  RCLSJ model. In the proposed approach the
number of control functions has been reduced from three
to one that was reduced controller complexity. In [20], a
nonlinear recursive method has been used to control the
bifurcation as well as chaotic behavior of the Josephson
junction. Here, a control signal based on the master and
slave concept has been designed. In [21], a nonlinear
sliding mode controller has been used to control and
synchronize the chaos of the Josephson junctions
considering the uncertainty of the model. Also, the
Lyapunov stability theory has been used to analyze the
stability of the system. In [22,23], an iterative learning
control has been used for the linearized model of the error
dynamics between two Josephson junctions. A real-time
feed -forward procedure that uses iterative learning, to
modify the trajectory error between systems for tracking
two non-identical systems, has been used. In [24], a
nonlinear controller based on sliding mode and neural
fuzzy has been used for control and synchronization of
the error dynamics. The neural fuzzy controller is used to
provide a feedback linearization and sliding mode is used
to deal with uncertainty in the model. In [25] a
backstepping controller is used to achieve a hybrid
combination synchronization of three Josephson
junctions. One chaotic Josephson junction as the master
and two Josephson junctions as the slaves.

Model Predictive Control (MPC) is an interesting
subject in control engineering. The benefit of MPC
methods is their capability to handle dynamics with
nonlinear elements and constraints [26]. MPC
approaches have been employed in several practical
examples, such as DC-DC Boost Converter [27], a six
pulse rectifier [28], a Boost Converter [29], a quadrotor
helicopter [30], and large-scale systems [31]. MPCs are
classified into nonlinear and linear ones. Nonlinear
Model Predictive Control (NMPC) typically involves
non-convex optimization problems. An MPC problem
can be expressed as an estimation problem. Likewise, an
estimation problem can be expressed as a dynamic
optimization problem. The combination of MPC and
particle-based algorithms provides a tool for the
calculation of the control signal in control [32]. In
references [32-36], particle-based heuristic methods are
used to compute the control signal. Also, the above-
mentioned references have not used particle-based
heuristic methods to synchronize two Josephson junction
models with slightly different parameters.

The contribution of the current study is summarized

International Journal of Industrial Electronics, Control and Optimization [GRA02xR | =(e{® Rkl

as follows: a nonlinear model predictive control approach
based on a generic particle filter is proposed to
synchronize two Josephson junction models with
different parameters. For this purpose, an appropriate
objective function is defined to assess the particles within
the state space. This objective function minimizes
simultaneously the tracking error, control effort, and
control smoothness. This nonlinear model predictive
control problem, which is the dynamic optimization
problem is solved using a generic particle filter. To the
author’s knowledge, the use of a generic particle filter to
synchronize two Josephson junction models with
different parameters has not been proposed yet. The
performance of the suggested approach is achieved in
simulations using the Resistive Capacitive Inductive
Shunted Josephson model. Numerical simulations are
made to confirm the validity of the suggested controller.
Moreover, to verify the implementation capability of the
proposed algorithm, a processor in the loop experiment is
performed.

In this paper, the nonlinear Josephson junction
equations are described in section 2. Section 3 explains
the controller design. In Section 4, the results of nonlinear
simulation and controller performance are presented.
Finally, the conclusion is presented.

Il. STATEMENT OF THE PROBLEM

The Josephson junction can be described with various
electrical models such as Resistive Shunted Josephson
(RCJ), Resistive Capacitive Shunted Josephson (RCSJ),
and Resistive Capacitive Inductive Shunted Josephson
(RCLSJ) [1,2]. Fig. 1 shows the RCSJ model; here, 8 is
the phase difference between the two superconductors in
the junction, R is the junction resistance, and C is the

junction capacitor.

Fig. 1 RCSJ Model

When the external current |, containing a direct current and

alternating current is applied to the junction, the voltage of the
two ends of the junction decreases. According to the I-V curve
of the junction shown in Fig. 2, the hysteresis behavior is
observable in the current-voltage characteristic of the junction.


http://ieco.usb.ac.ir/article_4832_689.html
https://ieco.usb.ac.ir/article_5565_0.html
https://ieco.usb.ac.ir/article_5565_0.html
https://ieco.usb.ac.ir/article_4130.html
https://ieco.usb.ac.ir/article_5726_0.html
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Fig. 2 Current-voltage diagram of Josephson junction

Where R, is the normal junction resistance, R is the sub-

gap junction resistance, and | is the critical current of the

junction. The differential equations governing the model
presented in Fig. 1 are as follows [17,20]:

dv v . ..
c—+—+1sinf=1 = sin(awt 1
dt+R+°| . =, +i;sin(awt) )
h . deo

2 _y 2
(Zﬂe)dt )

Where V is the voltage of the two ends of the junction, h is
the Planck constant, € is the electric charge. Dynamic
equations show that applying external direct current, (I, =1,),

results in chaotic behavior. The following equation has been
achieved by inserting equation 2 in equation 1 and normalizing
it [17]:

d’e ao ., . .
pre +,BE+Qosm6— A, + A sin(at) 3)
Where B=1/RC , Q, = (2zel . /hC)**, A, =(2zei,/hC) ,

and A = (27ei,/hC). When the external alternating current

is applied to the Josephson junction, the chaotic behavior is
visible at a critical value of the current which is due to the
hysteresis behavior of the junction curve [37]. Another model
is presented regarding hysteresis behavior, in which the linear
resistance in the RCSJ model is replaced with the nonlinear
model, R(V), and is defined as follows:
R ifV[>V
RY) :{Rn if |\I\//||<vg
-9

sg

4)

Where V, is the junction gap voltage, R(V) is the step
and R

synchronized well with the practical behavior of the junction.
Such parallel resistors are required in high-frequency
applications such as Josephson resonators. These parallel
resistors and associated wiring result in series resistor inductor
effects. Numerical studies conducted on this inductive effect
confirm the practical characterization results of the junction at
different temperature conditions. Then, the revised RCLSJ
model including parallel self-induction is proposed. The
RCLSJ model of the Josephson junction is shown in Fig. 3.

function of the two resistors R which is

n
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Tc R(V) Rs
TesinXy)

Fig. 3 RCLSJ model

Here, R, and L are respectively the parallel resistance and

parallel self- induction. Also, I, is the current passing the

parallel self- induction. The dynamic equations of this junction
are as follows [17,20]:

dv v . ..
C—+—+1 sind+1 =1 =i +Ii sin(wt 5
dt+R+C +S e 0+1 (a)) ()
h  do
R PRy 6
(Zﬂe)dt (6)
dl
L—+RIl =v 7
e °° )

The normalized mathematical model of the equations is as
follows [17]:

BO+g(V)0+sind+1, =i, +isin((w/w,)7) ®)
6=V ©)
ﬂLI.S+IS :V (10)

Where 7=t and V =(v/I,R)) .
junction shows chaotic behavior by choosing values of
B.=0707, B, =26, i,=1.20, and initial values of
(0.8,0.58,0.4) for states of the system [18]. The purpose of

this paper is to synchronize Josephson junction involving
chaotic behavior with Josephson junction that does not show
chaotic behavior by appropriate initial values and fixed
parameters. Assuming & = x,,V =X,, and |, = x,, the state

Here, the Josephson

space equations are rewritten as follows:
X, =X, +U, (11)
. 1. .. o
X, =— (i, +i,8In(—7) — g(X,)X,
Be @y (12)
—-sin(x,) —X;) +Uu,

o1
Xy =— (X, —X;) + U, (13)
L
0.366 if V|>2.9
)=10.061 i 1)
061 if V|<2.9

Now, the nonlinear model predictive control based on Particle
Filter (PF) will be expressed for chaotic system
synchronization. For this purpose, the slave system will be
considered with the following equations:
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X, =F(x)+u (15)

In equation (15), X, is the state variable, U is the input, and

F, is the function with appropriate dimensions. Also, the
master system equations are considered as follows:

X, =F_(X,) (16)
Here, the purpose is to design the control law in a way that the
slave state variables follow the master system state variables.
To do this, the synchronization error is defined as:

e(t)=x, —X,,. The system error equations can be written as
follows using equations (15) and (16):
e=F(x,)-F,(x,)+u (17)

Algorithm. 1 Pseudo-Code of the proposed control
algorithm
Set the number of particles, prediction horizon, and
weighting factors.
Initialize randomly the vector of future control sequence,
u,(0), for jeL,N].
While (until the end of simulation) do

Generate the control signals by Eq.  (18)

for j=1 to N do

Predict the future states by Eq.(19).
Calculate the cost function and weights by
Equations (20)-(21).
Normalize the weights by Eq. (22).
Resample the particles
Calculate the control signals by Eq.(24).
end for
end while

Master system of
Josephson
Junction

- J
SRR

Slave system of -

Initial Parameters

X

Model Predictive
Controller Based

Input , !
on Particle Filter

junction

—

(1+3)2

Fig. 4. Block diagram of nonlinear model predictive controller
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Initialization

A
Generation of the Control Signals

!

Prediction of States in a finite horizon

{

Computation of Costs and Weights

!

Normalization of Weights

i

Resampling

!

Estimation of Control Signals

End Simulation is
Reached?

Fig. 5 Flowchart of nonlinear model predictive controller

I11. NONLINEAR MODEL PREDICTIVE CONTROL
BASED ON PARTICLE FILTER

The current study utilizes a single generic particle filter to
estimate the finite horizon optimal controls in order to
synchronize the chaos in the Josephson junction. The block
diagram and flowchart of the proposed control algorithm are
illustrated in Fig. 4 and Fig. 5, respectively. The proposed
control algorithm has a main loop; it iterates until the end time
of the simulation. At first, the initial control signals are
generated, randomly. Then, the future control signals are
calculated in a finite horizon, using u(k) =u(k =1 +v(k -1),
as proposed in [34]. Next, the future states are predicted using
the control signals and, the defined cost function is calculated
for each particle. A weight is assigned to each particle based
on its cost. Weights are normalized. Resampling is performed.
Finally, the control signals are estimated based on the current
distribution of resampled particles. In addition, the pseudo-
code of the PSO-DGG is shown in the algorithm. 1. In the next
subsections, these steps are explained in detail.



A. Initialization
The proposed control algorithm has some parameters, set at the
beginning. Moreover, for the j -th particle (j=1,...,N), the

initial value of future control sequence (U, ) is sampled. A

uniform random generator is used to generate u; within an

adequate range of control.

B. Generation of the Future Control Signals

The future control signals are generated for particle j as
u;k+i-)=u;(k+i-2)+v,(k+i-2), (18)
(i=1...,T)

Where, v is a Gaussian random variable; also, k and T,

are the time step and the prediction horizon, respectively. It

should be noted thatu; (k —=1) =G (k -1).

C. Prediction of the Future States
Using the model presented in equation (17), the future of
particles are predicted as:

e;(k+i)=F(x, (k+i-1)-

FolXp (K+i=D)+u;(k+i-1) (i=1...T) (19)

D. Computation and Normalization of Weights
A weight is assigned to each particle based on its cost. The cost
of the particle j at time step k , denoted by J;(k) , is

computed as
k+Tp

3,00 =wre 3. (e, ()¢, 0)) feu )¢, ()
k+T,-1

+Wee YUy (i)"u; (i) (20)
i=k
k+Tp-1

+We Y AU (i) Au (i)
i=k

where w,,, w. , and W, are weighting factors that

control the importance of Control Smoothness (CS), Control
Effort (CE), and Tracking Error (TE), respectively. After

calculation of the cost, the weight of particle | at time step
K , denoted by W, (K), is evaluated using the following

normal function, proposed in [38]:

w, (k) =exp(-0.53,(k)) 1)
Finally, the weights are normalized as follows:
w; (K
SN 1)
J N (22)

Where W, (k) is the normalized weight of particle j at

time step k . Therefore, the summation of normalized particles’
weight is one.
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E. Resampling

After a few iterations, most particles will have negligible
weights. Therefore, a large computational effort is spent to
update particles whose contribution to the estimation of states
is negligible. In other words, the number of effective particles
is decreased. This phenomenon is called degeneracy. This
phenomenon is an unwanted effect in particle filters. A suitable
measure of degeneracy is the effective sample size, defined as
[39]:

1

off = i(V_VJ K)? (23)

Considering extreme cases of the problem, it can easily be
shown that 1< Neﬁ <N .

N

Small effective sample size

indicates significant degeneracy, i.e., when I\Aleff falls below
some threshold N, [39]. Whenever a significant degeneracy

is observed, resampling can be used to reduce the effect of
degeneracy [39]. Resampling is performed in different ways.
In this paper, systematic resampling [40] is utilized and
performed in every iteration. In this method, z ~U[0,1) and

u;=(u+(j-1))/N are defined. Then, g,

select the new j-th particle as described in [40]. Resampling is
performed based on the normalized particles’ weight. The
particles’ weight depends on their control smoothness,
tracking error, and control effort.

In systematic resampling, a particle may be selected more than
one time (replication) and a particle may never be selected. In
other words, high-performance particles have more chance to
be selected or replicated and low performance particles have
less chance to be survived. A selected particle has an
estimation of the future control sequence, u(k +i—-1) ,

is used to

(i=1,...,T,). The estimation of control is performed using the
estimated control of resampled particles.

F. Estimation of Control Signal

After resampling, the control signal vector of particle | at
time step k is estimated as:

iv—v u, (k o

Where the normalized weights W, (k) are calculated using

equation (22). The estimated vector consists of the estimated
control sequences. Therefore, the estimated control signals for

time step K (elements 1, T,, 2T, of G) are calculated

using the estimated control signals of N resampled particles
(elementl, T,, 2T, of ij,j =1..,N).
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1VV. SIMULATION RESULTS

In this section, the results of the simulations, in Matlab
software, are presented. The purpose of the simulation is to
synchronize the slave with the master system. So that, the error
between master and slave variables converges to zero. The
constant parameter values of the dynamic equations of the
Josephson junction are given in TABLE I. To solve the
differential equations, the Matlab Ordinary Differential
Equation function solver (ODEA45) is used. Also, the values of

the control parameters are as follows: w.. =20, w =1,
W, =05, T,=10, N=300, and o,=0.1. The
relative importance of the corresponding performance indices
determines the value of weighting factors. The value of the
prediction horizon affects the overshoot of the system [41].
Also, The lower and upper bounds of the control signal
determine the maximum value of o, [34]. The performance

and the computational outlay of the proposed algorithm
depend on the number of particles.

TABLE |
Parameters of RCLSJ Problem
Parameter Master Model Slave Model
Be -0.05 0.707
B, 2.6 2.6
i 0.9 1.20

0

The slave system phase portrait has been shown in Fig. 6 (a)
for the initial conditions (0.8,0.5,0.4). As can be seen, the slave
system has chaotic behavior for these parameters and initial
conditions. Fig. 6 (b)-(d) show the phase difference between
the two superconductors at the junction, voltage, and current,
respectively. The results of these initial conditions show that
the value of phase difference has an unstable and incremental
behavior over time, while the values of voltage and current
show an oscillatory behavior. This oscillatory behavior in the
Josephson junction characteristic curve will be unfavorable in
the form of a high-frequency system, and controlling this
chaotic behavior is required in order to use this segment in the
middle class of a system.
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Fig. 6 The slave system: (a) the phase portrait; (b) the phase
difference; (c) the voltage; (d) the current versus time.

Moreover, the master system phase portrait has been shown in
Fig. 7 (a) for the initial conditions (0,0,0). The master system
has stable behavior for these parameters and initial conditions.
Fig. 6 (b)-(d) show the phase difference, voltage, and current,
respectively. It is clear that the two systems are definitely
unsynchronized for different initial conditions. As can be seen
in Fig. 7, if the current through the junction is varying with
time then the phase difference across it must also be changing
with time, and it can be shown, Eq. (9), that a voltage V is
developed across it, related to the rate of the phase difference.
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Fig. 9 shows the slave system phase plane when the controller
is applied. It is clear that the slave systems are now well
synchronized and have a stable response. Fig. 10 (a)-(c)
illustrates the tracking error of the state variables. As can be
seen in Fig. 10, the error dynamics of state variables have been
reached zero. Furthermore, the simulation results show how
these control signals are able to make the two systems
synchronized. For additional investigation, Fig. 11 shows the
time history of the control signals. As can be seen, the control
signals become stable after a while. Also, the performance of
the suggested controller is compared with the Proportional
Integral Derivative (PID) controller and sliding mode
controller [21]. For assessment, certain criteria, including
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Integral of Time multiplied Absolute Error (ITAE), Integral of
Absolute Error (IAE), Integral of Time multiplied Square
Error (ITSE), and Integral of Square Error (ISE) are calculated
for the three system state variables. Control effort is also
calculated to show energy consumption and their values are
shown in TABLE II. For this purpose, the mean square integral
of the control signals is calculated. Parameters of the PID
controller are as: P=6.7, 1=0.6, and D=2.1. These
parameters are achieved using the Ant Colony optimization
algorithm to minimize the IAE. As shown in Table 2, results
demonstrate the benefit of the suggested method in comparison
with the PID and [21]. Fig. 12 compares the performance of
the proposed algorithm with [21]. As presented in Fig. 12, the
overshoot and the settling time of the proposed controller are
less than those of [21]. Also, a Monte Carlo [42] simulation is
achieved to compute the statistical performance and
convergence of the suggested control algorithm. For this
purpose, the ISE is calculated for the tracking error of the
voltage. The average of the ISE versus the number of runs is
shown in Fig. 13 for 50, 100, 200, and 500 runs. According to
Fig. 13, performing 100 runs seems to be enough for
convergence of the statistical properties.
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Fig. 12. Comparison with reference [21]: (a) Phase difference
tracking error; (b) voltage tracking error; (c) current tracking
error
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TABLE Il
Comparison of the Proposed Controller with PID and Ref [21]
Controller <Ol Stle e sE IAE  ITSE  ITAE
effort variable
1] 2.54 4.75 0.46 4.79
Proposed
control  245x105 20 oe6 656 125 4075
algorithm
I 1046 1394 736 1451
2] 2.83 4.98 0.52 5.01
PID 2.84x105 V 20 0.74 6.85 151 42.34
I 1101 1421 779 1486
1] 0.09 1.33 0.02 0.83
Proposed
control 3.34x10° \Y 30 012 159 002 076
algorithm
I 0.06 119 011 258
0 1.29 5.82 297 1418
Ref [21]  3.79x10° \ 30 1.02 5.12 123 8.33

0.19 2.44 0.15 4.66

To achieve the effect of some parameters in the proposed
control algorithm based on PF, a sensitivity evaluation is done
on the error signal. The effect of the number of particles has
been illustrated in Fig.14 (a). As can be seen, reducing the
value of particles increases the error. Fig.14 (b) illustrate the
effect of the prediction horizon. Increasing the value of the
prediction horizon reduces overshoot. Moreover, reducing the
weight of the tracking error to 10 causes the divergence of the
error. The authors have implemented proposed controller in
MATLAB, and a computer with a Core 5 Duo 2.9 GHz CPU
and 4 GByte RAM is used for simulation. The computing time
for one step of the problem, is approximately 0.0089 sec, while
the sampling time of this problem is 0.01 sec.

IECO 363

= = =N=200 ]
— N=300
N=400

10 15 20 25 30
Time (Sec)

(a) effect of particle numbers

= = =Tp=5 [
—Tp=10
- Tp=20
-2
0 5 10 15 20 25 30
Time (Sec)
(b) prediction horizon
S
\
2F
.
.
= i - N
£ 4 . L’ ~\~\_’,,-\\\ /,- -
q)’f' S
o}
- - =W, =10
-8 F —WTE:20 4
- W,‘ b:40
-10
0 5 10 15 20 25 30

Time (Sec)
(c) the weight of tracking error
Fig. 14 Sensitivity evaluation of the offered control algorithm:
(a) effect of particle numbers; (b) prediction horizon; (c) the
weight of tracking error

A. Processor in the Loop Experiment

In this section, the proposed control algorithm is evaluated
through a PIL experiment. PIL is used to show the
implementation capability of the algorithm [43]. Schematic of
the experiment is illustrated in Fig. 15. To perform the PIL
experiment, "Simulink Real-Time" is utilized. Simulink Real-
Time [44] enables real-time execution of the pursuer-target
simulation model. Moreover, the "run on hardware" tool
compiles C code generating from the proposed algorithm and
programs the hardware device (Arduino Due) using the
Simulink Coder. A serial link is used to send the outputs of the
pursuer-target simulation to the hardware. The hardware
device calculates the pursuer acceleration command and sends
it back to the computer to simulate the pursuer-target
engagement in the next time step. Results of the PIL
experiment are shown in Fig. 16. Comparison of the
implementation results and the numerical simulation are
provided in Fig. 16 (a) and (b) for the Phase difference tracking
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error and the control signal, respectively. These results
demonstrate that the proposed algorithm has been successfully
implemented on the processor. Ideally, the PIL test and
simulation results should be the same. There are small
differences between the experimental results obtained using
the PIL test and the simulation results. These differences are
usually caused by practical problems such as the delay of
received packets and the stochastic nature of the noise from
one experiment to another. By using the User Datagram
Protocol (UDP) protocol, instead of serial connection, send
and receive data is done without any connection delay and
reliable packets.

YW

The proposed algorithm Simulation model of the RCS] model

Fig. 15. Schematic of the PIL experiment used to verify the
proposed algorithm
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(b) the control signal versus time.
Fig. 16. Comparison of the PIL experiment with numerical

simulation: (a) the voltage versus time; (b) the control signal
versus time.

V. CONCLUSION

In this paper, a control approach based on the generic particle
filter was proposed to synchronize two Josephson junction
models with different parameters. For this purpose, an
appropriate cost function was defined to calculate the particles
within the state space. The synchronization was obtained using
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the slave—master technique. Here, Josephson junction is
described with Resistive Capacitive Inductive Shunted
Josephson model. Moreover, the implementation of the
proposed algorithm on a target platform was conducted
successfully through the PIL experiment. A Monte Carlo
simulation was done to calculate the statistical performance of
the offered algorithm. The performance of the suggested
method was compared with the PID and sliding mode
controller. Also, a sensitivity evaluation was done on the error
signal to achieve the effect of the controller parameters. The
results show that the offered approach can effectively
synchronize two Josephson junction models with different
parameters. Clearly, there are some weaknesses. First,
calculating the analytical stability of the proposed algorithm is
hard. Secondly, in some cases, one cannot say anything about
the number of particles needed for calculating the control
signals. For future work, it is recommended to work on these
two weaknesses. That is, to prove the stability analytically and
to present a systematic method for the optimal determination
of the number of particles.
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NOMENCLATURE

S; Rotor angle of generator i

5J- Rotor angle of generator j

Xi ith particle

pbesti the best former position of x;

gbest is the best particle between the whole population
t initials the time of simulation starting in transient

stability studies

t final the time of simulation ending in transient
stability studies
1 Threshold value for coherency determination

tCorresponding Author: mjoorabian@scu.ac.ir
Tel: +98-9161183017, Department of Electrical Engineering, Faculty of
Engineering, Shahid Chamran University of Ahvaz, Ahvaz, Iran

The present study introduces a new extensive-area ANFIS (Adaptive Neuro-Fuzzy Interface System)-based method to
detect wide area instability and control the time of controlled islanding execution within power systems. The ANFIS
parameters are optimized by the PSO method to increase the method’s accuracy at various disturbances and loading
circumstances. In addition, to take various stability margins within the areas into account, a novel parallel ANFIS network
(P-ANFIS) is implemented in which a distinct ANFIS is allocated for every nearby area. Extended off-line studies are
performed to train ANFIS to respond in real-time accurately based on the selected wide area input signals. These
parameters are monitored continuously through a wide area measurement system (WAMS) and the proposed P-ANFIS
starts to assess the stability between related areas in real-time in the case of potentially unstable oscillations. Once an
unstable oscillation is detected, the islanding command is transmitted to perform the controlled islanding scheme. The
suggested technique is used in an IEEE 39 bus power system and its performance is demonstrated at different disturbances
in terms of both speed and accuracy. It is found that the suggested ANFIS-based technique can determine islanding
requirement and its time of execution properly at different disturbances.

between generators

u Aij (X)  Membership function for the ith input variable

Agcm difference of the center-of-inertia (COI) of rotor
m,n

angles of two preliminary areas

Nt number of units in area m

[\ number of units in area n

M total inertia of tth group based on N; generators
A@m’n Difference of the average voltage angles between
two areas m and n

Qi Buses’ voltage angles in group m

0 j Buses’ voltage angles in group n

Ay, Average frequency difference between two areas



International Journal of Industrial Electronics, Control and Optimization. (Gl

l. INTRODUCTION

Wide-area asynchronous oscillations and local distance
operations relay in response to these oscillations is the main
reason for some recent blackouts [1-2]. These oscillations are
propagated in the power system from the initial happening
location and could result in the initiation of a cascade outage
and considerable power outages [3-4]. The controlled
islanding application is the last resort protective scheme in
power systems to stop disturbance propagation and avoid
wide-area blackouts [5]. One of the main parts of controlled
islanding is its necessity and execution time [6]. The
controlled islanding should be performed correctly to avoid
unnecessary disconnection of lines between areas. In addition,
the islanding command should be sent fast once unstable
oscillations between areas are detected [7]. The conventional
way to this action is the installation of local R-Rdot relays in
predetermined interconnected lines to act once unstable
oscillations are detected. But, the performance of these local
relays at different scenarios and network structures is not
satisfactory because of the offline setting and anticipated
oscillations in power systems.

A decision tree (DT) is introduced in [8] to detect
wide-area instability and send arming signals to the installed
local relays. By this method, the unwanted operation of these
local relays is avoided and islanding execution can be
performed at proper locations. The coherent areas of the
network are determined offline and different DTs are
assigned to each of them for stability assessment. In this
method, the confidence level of different DTs is investigated
and a final decision is made based on the outputs of different
DTs.

In [9], a neural network technique is used to detect
islanding requirements. The recurrent neural network is
trained offline to detect and send the islanding command in
the case of unstable oscillations. The Lyapunov Maximal
Exponent (LME) method is another wide area-based method
for real-time stability assessment and the determination of
asynchronous oscillations based on WAMS data [10]. The
positive LME value represents the loss of generators’
synchronism within the network. However, as mentioned in
[11], the performance of this method is highly dependent on
the selected input data time interval and the algorithm applied
for LME computation. It should be indicated that the
islanding detection technique could distinguish between
inter-area and local oscillations and respond only to the latter
[12-13].

In [14], controlled islanding time is determined by using
new indices. In this method, by applying the concept of
inertia for coherent generators and modeling two oscillating
areas with a Generalized Single Machine Infinite Bus System
(GSMIB) model, an equivalent power-angle curve is derived
from which equivalent Unstable Equilibrium Point (UEP)
point associated with the inter-area oscillation is evaluated.
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The curve is, then, used to derive new instability indices
associated with inter-area oscillation. In [15], a splitting
strategy is developed as an MILP problem considering
coherency and frequency stability constraints. A switching
constraint and a frequency stability

constraint are proposed to limit the number of line
switchings and assure the stability of the resulted islands,
respectively. The switching constraint proposed in this paper
reduces the searching space of splitting strategies and the
Benders Decomposition (BD)-based algorithm shortens the
calculation time.

In [16], a straightforward multi-solution approach is
proposed in which a hierarchical spectral clustering algorithm
is used. Its power system islanding algorithm is based on the
minimum active power flow disruption approach. The most
convenient islanding scenario can be selected by a desired
secondary objective function to satisfy the operational
requirements. The proposed algorithm is based on an
improved hierarchical clustering theory to have the ability to
accompany the generator coherency constraint in the
clustering process. In [17], by analyzing the voltage
frequency characteristics of an electrical center and a
non-electrical center at different voltage amplitude ratios for
the out-of-step condition of the power grid, an out-of-step
splitting criterion based on bus voltage frequency is
presented.

In this study, a novel extensive-area intelligent scheme is
constructed based on the ANFIS algorithm for detecting
controlled islanding necessity and its execution time fast and
accurately. The power system is split into different initial
coherent areas based on offline stability works at various
loading conditions and disturbances. Any of these initial
areas could be separated and form inherent stable islands
based on the location of disturbances or could be aggregated
together and form larger stable islands. The network
oscillations are monitored continuously after disturbance
occurrence and final coherency is determined in real-time on
the basis of WAMS data. The distinct ANFIS is allocated to
each nearby initial area for stability investigation optimized
by the PSO method. As an unstable inter-area oscillation is
found by the proposed technique and the islanding command
is sent, the related areas are separated as soon as possible. A
comparison is also made for the proposed intelligent
method’s performance and the ANN method [9] in an IEEE
39-bus power system at two various cases.

l. CONTROLLED ISLANDING TIMING

The islanding execution time is a key element to obtain a
reliable and effective controlled islanding structure within
large interconnected power systems [7]. As a result of
asynchronous inter-area oscillations, the network needs to be
divided into stable islands prior to the uncontrolled separation
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of the network. Figure 1 presents the proposed algorithm’s
flowchart for determining the real islanding execution time.
In this algorithm, WAMS measurement plays a critical role in
providing wide-area information to the algorithm. Like [9], to
have an adaptive and fast scheme in real-time, many actions
should be performed in offline and online steps. These
actions are explained in the following sections.

System Modeling

I Determine initial coherent group |

¥
I Design of P-ANFIS structure I

¥

I P-NN data base creation and training |

SNV M

Send tripping command

Fig. 1. The flowchart of the proposed scheme

Il. OFFLINE ACTIONS

The main procedures in the offline part tend to increase the
speed and accuracy of islanding detection. As shown in the
following sections, these steps include system modeling, the
determination of initial areas, and ANFIS training.

A. System modeling

System modeling consists of two steps, i.e., static and
dynamic modeling. In addition to static data such as the
nominal voltages of buses, the length of lines, the capacity of
transformers, impedances, and load values, the dynamic data
of the studied power system such as the parameters of
generators, AVRs, and governors are modeled.

B. Determination of initial areas

The coherency of generators is altered based on the
disturbance location and network structure. In this step,
the initial areas consisting of coherent generators at
different conditions are determined based on offline
studies. The coherency of the generators in these initial
areas is kept at different loading conditions and
disturbances in interconnected lines. The final coherent
areas following different disturbances are determined in
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real time based on the COIl of rotor angle between
adjacent initial areas.

To determine the initial coherency, the criteria are used

as shown in (1). The parameters §; and &, indicate the
rotor angle of generators i and k, respectively. The value
of 120 degrees is applied for p and the total time of
simulation is selected to be 10 seconds.
RICEEAGIEY?
1:initial <t<t final
This study is performed at three different loading conditions
including the outage of network elements following different
disturbance locations.
The output of this step is potential islands whose generators
are stable and could be merged with stable adjacent areas to
form larger islands with respect to disturbances and network
configuration.

1)

I1l. THE PROPOSED P-ANFIS STRUCTURE

As mentioned in [12] and is derived by offline stability, the
stability margins between adjacent areas are different based
on the loading circumstances and their connections before
and after disturbances. The stability margins are higher for
highly meshed areas than for weaker interconnected areas.
These differences could not be accounted for by the single
ANFIS structure with inputs from all of the areas. Therefore,
the new parallel ANFIS (P-ANFIS) is constructed (Fig. 2). At
this scheme, a distinct ANFIS is allocated for each of the two
nearby primary groups that are responsible for investigating
the stability between them in real-time. Each ANFIS of
P-ANFIS is trained separately with proper related wide-area
inputs.

P-ANFIS

WAMS Data Areal |—»

Area 1 ez ]| AN Output 1
il o

Output 2
=) -

Output M

=[]

Fig. 2. The planned P-ANFIS structure
A. Individual ANFIS structure

The ANFIS structure used here is a 3-structure type with
five different layers as shown in Fig. 3 [18]. Considering a
first-order Sugeno fuzzy model possessing one output and
two inputs, the rules are organized as follows:

First rule: If x is Ay and y is By, then fy = pix + qay + 1y
Second rule: If x is A;and y is By, then fo = pox + qzy + 12

The Gaussian membership functions are utilized for input
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and output variables. Therefore, the jth membership function
for the ith input variable is [19]:

i Xi — Cij 2
Haj () = exp(= (=7 2

where ai and ci denote the width and center of the associated

membership function, respectively.
Layer 1: Here, every node i represents a square node with a
node function of:

1
Oi = up (X) ®)
in which x denotes the input to node i and A represents the

linguistic label (small and large) connected to this node
function.

layer 1
l layer 2 layer 3 l

layer 4

layer 5

Fig. 3. The ANFIS 3-structure type

Second layer: The output is the product of all arriving
signals. Here, every output node provides a rule’s firing
strength.

OF =ar = up (0.5, (y) i =12 @

Layer 3: Here, the outputs, termed the normalized firing
strengths, are determined as follows:

OP=ig=—2 =12 5)
o+ Wy
Layer 4: This layer’s node function is:
4 — _
O = fi =a3 (Pix+ 0y +1) ©)

The elements of the parameter set are determined as the
consequent parameters, {pi o ¢ }

Fifth layer: The general output is determined as the sum
of all incoming signals through the following equation.

D i fi

0F - X fy - g

, @

As mentioned in [19], these two parameters are much
effective in  ANFIS performance and there is no
straightforward procedure for their determination. Therefore,
the PSO is used in this paper to optimally determine these
two parameters.

B. Particle swarm optimization

Particle Swarm Optimization (PSO) is a population-based
search algorithm that was first presented by Eberhart and
Kennedy and is extensively used to solve numerous
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optimization problems [20]. As shown in [21], the
optimization procedure can be classified into 6 steps from the
initialization step to the output result, which gives the best
solution within the optimization procedure. The updating
rules for the PSO algorithm are as follows:

e xf) +

vt = wovk + ¢ - rand; (Xppesii —

(9 randz (xgbest - xlk) (7)
Xik+1 = Xik +Vik (8)

in which c¢; and c; denote the positive constants (as
acceleration coefficients), w represents inertia weight factor,
rand; and rand, denote random functions ranging in [0,1],
denotes the ith particle, pbest; is the best former position of x;,
and gbest represents the best particle between the whole
population. The parameter v; is the velocity of particle xi.

C. Hybrid learning by PSO and GD

The conventional way for ANFIS training including the
backward and forward passes is the combination of both the
backpropagation gradient descent algorithm and least-squares
estimator. However, in this paper, the PSO and gradient
descent are applied in ANFIS parameters updating in ANFIS
training. The antecedent part with Gaussian membership

function parameters including {ai,ci} is updated through
PSO while the gradient descent is used for updating
conclusion parameters such as {pi i T } [22].

D. P-ANFIS inputs -outputs
The following three parameters are selected as the P-
ANFIS inputs that are measured by WAMS. The first
parameter is shown in (8).

= 1 Nt 1 Nk
Adcory, n = (M—t i§l|\/|i5i ——kElMi5i)
" ©
j
M=% M
i—1

in which Agcmm , represents the differences in the COI

(center-of-inertia) of the rotor angles between two adjacent
determined initial areas, N; and Ny denote the number of
generators in two areas m and n, and M; represents the total
inertia of the tth group. In addition to the signal presented in
(8), another input signal is:

N
iz@i—ihz/lej) (10)
N i=1 M j=1

In (8), the voltage angles between two areas m and n are

Agm,n = (

averaged and their difference is used as the input. ‘9i and

0 j denote the buses’ voltage angles at two areas m and n
with N and M PMUs. The average frequency difference (
Ay ) is:
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dAOy,

dt

The ANN inputs are the chosen signals in (8) to (10) and
their five delayed values. The ANN’s output is supposed as 0
for stable cases and 1 for unstable cases.

ABry = (1)

E. P-ANFIS Database
A systematic approach is designed to create a proper database
for ANFIS training based on comprehensive offline stability
studies. To do this, the following operating conditions are
investigated:
1-Three different loading conditions of the network
2-Considering the outage of elements in three different
loading conditions
After constructing the above-mentioned operating conditions,
the following systematic method is used at various network
structures and loading circumstances:
Step 1: Three-phase and single-phase fault is used at various
positions of the network with normal fault clearing time
corresponding to the main protection relays.
Step 2: The fault clearing is increased to the corresponding
time of back-up relays to consider the failure of the main

[T P
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the COl-referred angle of each area is computed and fed
continuously to the algorithm. By investigation Ongcoh‘k ,
the possible angle separation between areas is predicted. If
the Agcou,k value between any of the areas becomes larger

than 100 degrees, the alarm signal is sent to the P-ANFIS to
assess the network stability in real-time based on the input
data from WAMS.

V. REAL-TIME ACTIONS

The P-ANFIS assessed the stability between every nearby
area that has a distinct ANFIS trained offline with proper
inter-area-based signals that are measured through WAMS.
As unstable inter-area  oscillations are  detected,
(Output=0=1), the tripping signal is sent through WAMS to
the P-ANFIS. To detect the asynchronous oscillations
(output=Y=1) by every individual NNs, the tripping signal is
sent via WAMPAC to separate the associated areas from each

other. While the Agcoq i values between areas become less

than 100 degrees and remain for 5 seconds less than 100, the
P-ANFIS analysis is stopped and wait for the next possible
alarm to start stability assessment.

Fig. 4. The New England 39-bus and defined primary groups

protection systems.

Step 3: The second disturbance at different locations is
applied following the first disturbance prior to the operations
of the present corrective actions.

The generated data set containing input-output pairs is used
to train every ANFIS in the proposed P-ANFIS.

IV. ON-LINE ACTIONS

Two main actions are performed online including (i)
disturbance detection and (ii) continuous monitoring of

Agcow after disturbance detection. The method proposed

in [23-25] is used for disturbance occurrence in a power
system based on monitoring both voltage magnitude and its
rate of changes of generator buses with time. As the
disturbance is detected, the signal introduced in (8) based on

VI. SIMULATION RESULTS

The behavior of the suggested P-ANFIS algorithm is assessed
on a New England 39-bus power system.

A. The New England 39-bus system

Figure 4 presents the single line chart of the New England
39-bus power system [26]. The initial areas determined
offline are shown in Fig. 4 and agree with the FC-Mdd
method applied in [9]. Here, two various cases are taken into
account to represent the efficiency of the designed P-ANFIS
structure. The performance of the proposed method is
investigated with the proposed ANN technique [9].

B. Case study 1
The faults applied in this case are as follows:



A three-phase fault is applied in lines 9-39 at 0.1s and is
cleared 0.3s later by the outage of the line. Moreover, another
fault occurs in 0.5s in lines 4-5 and is removed 0.2s later by
line breakers. The rotor angle oscillation of generators is
shown in Fig. 5. As can be seen, the network stability is lost
following these disturbances. Three different coherent groups
are identified and it is necessary to apply network islanding to
avoid the wide-area blackout. The voltage magnitude of
generator buses as a disturbance indicator is shown in Fig. 6.
After the detection of disturbance occurrence, monitoring of

Aé_co“‘k between initially determined areas is started by the

proposed algorithm. As the M_CO& i Value between each of

the areas exceeds the threshold value (100 degrees), the P-
ANFIS starts stability assessment based on wide-area input
signals.

Fig. 7 represents the Aé_COh . Values between some of the

initial areas. The Aé_CO,lk values between IG1 and two of

its adjacent areas (IG2 and IG6) in Fig. 4 are increased
continuously after the first disturbance. Therefore, 1G1
swings separately and should be split from the network. By
investigating Fig. 7, the network should be split into three
following islands that are in agreement with Fig. 5:

Area 1 (islandl), Area2-Area3 (island2) and Area4-Area8
(island3)

The outputs of the proposed P-ANFIS method optimized
with PSO should be analyzed to investigate the performance
of the suggested technique in correct islanding detection. The
outputs of some ANFISs are shown in Fig. 8.

According to this figure, the output of ANFIS 1, which is
responsible for stability assessment between areas 1 and 6,
becomes unity earlier than other output indicating that area 1
should be separated from area 6, which is a correct decision

20000 | — - ———
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0.00

=100.00
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Fig. 5. rotor angle oscillation of generators in case
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Fig .7. 48.q,, between some initial areas in the 39-bus network at
casel

In addition, the output of ANFIS 5 becomes near to unity
(0.999) in 1.4 s, indicating that area 3 should be separated
from area 4 that is a correct decision according to Fig. 7. As
shown in Fig. 8, the outputs of assigned ANFISs between
stable areas are too low and therefore the islanding command
is not sent between these areas. The outputs of ANFIS 11
(area 8-aread) and ANFIS 7 (area 2-area3) are low as shown
in this figure, indicating that these areas are coherent groups.

As shown in Table I, the islanding command is sent earlier
by the proposed optimized P-ANFIS method than actual
angle separation with enough margins to apply proper
corrective actions. The time of islanding command to
separate area 1 from area 6 is sent in 0.66 s, which is actually
0.38s before actual instability.

The outputs of some proposed ANFISs are provided in
Tables Il and Il and are demonstrated with the ANN [9] and
proposed ANFIS method in [12] where, there is no PSO
application. According to these results, the stability/instability
between areas is predicted with high accuracy before their
actual uncontrolled separation that gives the proper time to
perform a controlled islanding scheme. In addition, in
comparison with both of the ANN and ANFIS method, the
islanding necessity is predicted earlier between areas by
proposed optimized ANFIS with PSO as shown in Tables Il
and Ill. This early detection gives more time to avoid
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instability in coherent areas.

12 A.\'FIS\I.(I vs 6)

@

308 ANFIS 5 (4 v§ 3)

Eos N /7 ANFIS 72 vs3)
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=" . CANFIS UBvsd) |

< ) 05 1 15 Time (s)

Fig.8. outputs of some optimized ANFISs with PSO in the
P-ANFIS structure
C. Case study 2
The following faults are applied in this case:
A three-phase fault is applied in 0.1s in line 1-39 and is
cleared in 0.3s by line breakers. The second fault is occurred
in 0.5s and is cleared in 0.7s by opening the faulted line.

A5(2OI‘ X

look at Fig. 9 indicates that the network should be split into
three following coherent islands in that the areas belonged to
each island are different from those in case 1:

Area 1 (islandl), Area2-Area3 and Area6-Area8 (island2),
Aread-Areab (island 3)

100 | .

IG4-IGS

between areas in this case are presented in Fig. 9. A

2Time (s)

IGS-IGY
-150

-250 -

Angle Differenee in degree
—
=3
=3

IG2-IG4
IG1-IG4

1G4-1G7

Fig. 9. Aé_co“’k between some areas in case 2 at the

39-bus network

The outputs of some ANFISs are shown in Fig. 10. The
early and correct detection of islanding necessity by P-ANFIS
outputs are evident with the comparison of Figs. 9 and 10.
According to Fig. 10, the islanding command is sent to
separate area 2 from area 4 as a correct decision. The
islanding command is sent in 1.42s, and the actual angle
separation between these two IGs happens in 1.83s. The
outputs of the proposed P-ANFISs are given in Tables IV and
V and are demonstrated with other two methods including

ANN and ANFIS without PSO application.
1.2 -
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Fig. 10. The outputs of some optimized ANFISs with PSO in
the P-ANFIS structure

By comparing the proposed method with the ANN results
(Table 1V), the P-ANFIS shows a more accurate and faster
response than the ANN method. Like previous case, as shown
in Table V, the performance of the proposed optimized
ANFIS parameters with PSO is faster than applied ANFIS
method in [12].

Therefore, there is enough time to conduct islanding and
split the network into coherent stable islands.

VII.

In this study, a novel extensive-area intelligent technique
is introduced to accurately and fast detect islanding necessity
in power systems. The PSO algorithm is used in ANFIS
training to determine the optimum membership function
parameters and improve the speed and accuracy of islanding
detection necessity. The proper inter-area-based extensive
area signals are chosen and extensive stability studies are
performed to create a proper training database.

After disturbance detection by the proposed method, the
wide-area input signals are monitored by an algorithm and in
the case of possible asynchronous oscillations, investigating
the stability between areas in real-time is initiated by the P-
ANFIS algorithm. As the oscillations are detected to be
unstable, the islanding command is sent to split related areas
from each other to construct stable islands.

The proposed technique is employed for New England
39-bus and demonstrated with the ANN method indicating
that the islanding necessity and the time of islanding
execution are determined with high accuracy and speed in all
disturbances.

CONCLUSION

APPENDIX

TABLE |
The time of islanding detection by P-ANFIS method and actual
angle separation

Areas Time of detection by Time of angle
P-ANFIS (s) separation (S)
lvs2 1.43 1.81
1vs6 0.66 1.04
2vs7 1.43 1.84
3vs4 1.43 1.81

TABLE 11
The outputs of some ANFISs optimized with PSO in New England 39-bus network at casel

ANFIS 2(1 vs 2)
o 17 N
] . ~
Z 0.8 - ANFIS 6 (2 vs 4) L —~ANFIS 9 (4vs 7)
= N /
5 0.6
2 04 ANFIS 7(2 vs 3)
Z 02 1 /" ANFIS 12(4 vs 5)
0 ‘ . ; .
0 0.5 1 15 Time(s) 2
P-ANFIS-PSO method
ANFIS No. | Allocated Areas = Output = Time of detection (s)

ANN method [9]

ANN No. = Assigned Areas = Output = Time of detection (s)
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1 1vs6 0.999 0.75 1 1vs6 0.998 0.79
2 1vs?2 0.989 0.72 2 1vs?2 0.986 0.77
3 7vs8 0.015 stable 3 7vs8 0.032 stable
4 2vs8 0.999 1.48 4 2vs8 0.998 1.495
5 3vs 4 0.998 142 5 3vs 4 0.999 1.435
7 2vs3 0.012 stable 7 2vs3 0.0048 stable
8 2Vvs6 0.999 1.43 8 2Vvs6 0.997 1.444
10 3vs5 0.996 1.46 10 3vs5 0.997 1471
11 8vs4 0.021 stable 11 8vs4 0.032 stable
12 4vs5 0.032 stable 12 4vs5 0.037 stable
TABLE 111
The outputs of some ANFISs optimized with PSO in New England 39-bus network at casel
P-ANFIS-PSO method P-ANFIS method [12]

ANFIS No. = Allocated Areas | Output = Time of detection (s) = ANFIS No. = Assigned Areas = Output = Time of detection (s)
1 1vs6 0.999 0.75 1 1vs6 0.997 0.77
2 1vs2 0.989 0.72 2 1vs?2 0.984 0.75
3 7vs8 0.015 stable 3 7vs8 0.024 stable
4 2vs 8 0.999 1.48 4 2vs 8 0.967 1.612
5 3vs 4 0.998 1.42 5 3vs 4 0.989 1.402
7 2vs3 0.012 stable 7 2vs3 0.012 stable
8 2vs 6 0.999 1.43 8 2vs 6 0.965 1.487

10 3vs5 0.996 1.46 10 3vs5 0.999 1.468
11 8vs4 0.021 stable 11 8vs4 0.036 stable
12 4vs5 0.032 stable 12 4vs5 0.042 stable
TABLE IV
The outputs of some ANFISs optimized with PSO in New England 39-bus network at case2
P-ANFIS method ANN method [9]

ANFIS No. | Allocated Areas | Output = Time of detection (s) = ANFIS No. = Assigned Areas = Output | Time of detection (s)
1 1vs6 0.998 0.546 1 1vs6 0.998 0.576
2 1vs2 0.999 0.54 2 1vs?2 0.999 0.565
3 7vs8 0.998 stable 3 7vs8 0.998 stable
5 3vs 4 0.997 1.42 5 3vs 4 0.997 1.47
7 2vs3 0.017 stable 7 2vs3 0.017 stable
8 2vs6 0.988 stable 8 2vs6 0.988 stable
9 4vs6 0.996 1.52 9 4vs 6 0.996 1.59
10 3vs5 0.998 1.44 10 3vs5 0.998 1.52
11 8vs4 0.997 1.47 11 8vs4 0.997 1.54
12 4vs5 0.043 stable 12 4vs5 0.043 stable

TABLE V
The outputs of some ANFISs optimized with PSO in New England 39-bus network at case2
P-ANFIS-PSO method P-ANFIS method [12]

ANFIS No. = Allocated Areas | Output = Time of detection (s) = ANFIS No. = Assigned Areas = Output = Time of detection (s)
1 1vs6 0.998 0.546 1 1vs6 0.998 0.582
2 lvs2 0.999 0.54 2 1vs?2 0.999 0.556
3 7vs8 0.998 stable 3 7vs8 0.998 stable
5 3vs 4 0.997 1.42 5 3vs 4 0.997 1.52
7 2vs3 0.017 stable 7 2vs3 0.017 stable
8 2vs 6 0.988 stable 8 2vs6 0.988 stable
9 4vs6 0.996 1.52 9 4vs6 0.996 1.55
10 3vs5 0.998 1.44 10 3vs5 0.998 157
11 8vs 4 0.997 1.47 11 8vs 4 0.997 1.62
12 4vs5 0.043 stable 12 4vs5 0.043 stable

Mishra,"Investigation on July 2012 Indian blackout.",
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