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A home energy management system optimizes the electrical demand of household 

appliances according to price-based demand response programs. In this paper, we 

proposed a price-based demand response for a smart home with different types of 

appliances according to customer satisfaction, which also used electric and thermal 

storage systems. In the proposed method, various appliances were considered in the smart 

home modeled by the energy hub system. A multi-objective daily management is 

proposed which considered electricity costs and customer satisfaction simultaneously to 

provide comprehensive management for smart homes. This paper presents a multi-

objective optimization approach that not only minimizes operating costs and maximizes 

customer satisfaction but also reduces environmental impacts through emission 

reduction, creating a more sustainable energy management system. After solving the 

multi-objective problem, the technique for order preference by similarity to the ideal 

solution was used to brank the solutions considering the preference of the decision-

maker. The proposed model investigates the response of the smart home energy system 

in different conditions. Also, stochastic optimization was applied to model the 

probabilistic nature of demands, PV, and wind energy. The simulation results demonstrate 

that the proposed method reduces the consumer dissatisfaction by 79.9% and reduces the 

range from 199 to 40. 

 

NOMENCLATURE 𝐸𝑏𝑁𝑜𝑥
 No𝑥  gas emissions for the boiler. 

Indices  𝐸𝑏𝑐𝑜2
 co2  gas emissions for the boiler. 

t Index of time periods. 𝑁1 The maximum power that can be purchased from 

the grid. 

i Index of household appliances. 𝑁2 

 

The maximum power that can be sold to the grid. 

s Index of Scenarios. 𝐸𝑏𝑠𝑜2
 so2  gas emissions for the boiler. 

𝐶𝑖 similarity index. 𝐸𝑠𝑜2
 Amount of so2 purchased. 

Parameters  𝐶𝑁𝑜𝑥
 The cost of purchased No𝑥. 

    𝐴𝑛𝑜𝑛 Set of non-interruptible appliances. 𝐸𝑁𝑜𝑥
 Amount of No𝑥 purchased. 

𝑇𝐶,𝑖 The most comfortable temperature of the thermally 

controlled appliance i determined by the user. 
𝐿𝑎𝑛𝑁𝑆 Unsupplied energy costs. 

𝐴𝑖𝑛 Set of interruptible household appliances. 𝐶𝑠𝑜2
 The cost of purchased so2. 

  𝐴𝑡ℎ𝑒𝑟 Set of thermostatically controlled appliances. Variables  

𝑃𝑅,𝑖
𝐴𝑃𝑃 Rated power of the appliance i. 𝐽1 Operation cost of HEMS (cents/kWh). 

𝑇𝐿,𝑖 Time length of appliance i used from start to end. 

 
𝐽2 Objective function of the user’s dissatisfaction 

level. 

𝐿𝑖 Allowed the beginning time of the task for the 

appliance i. 

𝐽3 The cost of greenhouse gas emissions. 
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𝑈𝑖 Allowed the deadline of the task for the appliance 

i 

𝐽4 Unsupplied energy costs. 

𝑅𝐸𝑆𝑆
𝑐  Maximum charging rate of the ESUs. 𝑇𝑢,𝑖 Temperature (air, water, etc) determined by the 

schedule plan and directly perceived by the user 

for the appliance i ( ◦C). 

𝑅𝐸𝑆𝑆
𝑑  Maximum discharging rate of the ESUs. Pns Amount of energy not supplied. 

𝑆𝐸𝑆𝑆
𝑖𝑛𝑖  Initial state-of-energy of the ESUs (kWh). 𝐻𝑏𝑇𝐸𝑆 The heat that the boiler gives to the thermal 

storage. 

𝑆𝐸𝑆𝑆
𝑚𝑖𝑛 Minimum allowed state-of-energy of the ESUs 

(kWh). 
𝐻𝑏𝑊𝐻 The heat that the boiler consumes for heating 

water 

𝑆𝐸𝑆𝑆
𝑚𝑎𝑥  Maximum allowed state-of-energy of the ESUs 

(kWh). 
𝐻𝑏𝑇𝐿 The energy that the boiler provides for thermal 

loads. 

𝜛1 The weight corresponds to 𝐽1 𝐽3 𝐽4 . 𝑃𝑇𝐸𝑆
𝑊𝐻 WH power used to heat water for storage. 

𝜛2 The weight corresponds to 𝐽2. 𝑃𝑤ℎ
𝑊𝐻 WH power used to heat hot water. 

𝜀𝑖 Coefficient representing the importance of 

appliances. 
𝑃𝑇𝐿

𝑊𝐻 WH power used for thermal loads. 

𝐸𝑖
𝐴𝑃𝑃 The required total energy of the task of the 

appliance i. 
𝐻𝑇𝐸𝑆

𝑇𝐿  The heat that the storage gives for thermal loads. 

𝑊𝑜𝑢𝑡 

 

Outdoor temperature (◦C). 𝐻𝑇𝐸𝑆
𝑊𝐻 The stored energy is used for hot water 

consumption. 

𝑆𝑇𝐸𝑆
𝑖𝑛𝑖  Initial state-of-energy of the TES (kWh). 𝑃𝑇

𝑊𝐻 Thermal from WH, which is generally used for 

hot water. 

𝑆𝑇𝐸𝑆
𝑚𝑖𝑛 Minimum allowed state-of-energy of the TES 

(kWh). 
𝑋𝑖𝑗 Decision matrix. 

Ro Probability. 𝑅𝑖𝑗 Normalized decision matrix. 

λ Constant (1/3600000) for unit conversion. 𝑉𝑖𝑗 Weighted normal matrix. 

m The mass of water consumed. 𝑉𝑗
+ Positive ideal value. 

𝐶𝑤 Specific heat of water. 𝑉𝑗
− Negative ideal value. 

𝑃𝑃𝑉 Forecasted power generation from PV system 

(kW). 

𝑆𝑗
− The distance from the negative ideal value. 

𝑆𝑇𝐸𝑆
𝑚𝑎𝑥  Maximum allowed state-of-energy of the TES 

(kWh). 
𝑆𝑗

+ The distance from the positive ideal value. 

Nb Boiler efficiency. 𝑆𝐸𝑆𝑆 State-of-energy of the ESUs (kWh). 

𝑇𝑐𝑜𝑙𝑑 Temperature of inlet cold water (◦C). 𝑆𝑇𝐸𝑆 

 

State-of-energy of the TES (kWh). 

M Mass of water in full storage (kg). Gb The amount of gas purchased for the boiler. 

𝜃𝑖
𝑢𝑝

 Maximum desired temperature (◦C). Hb power generated by boiler. 

𝜃𝑖
𝑑𝑛 Minimum desired temperature (◦C). 𝜇𝑔𝑟𝑖𝑑 Binary variable: 1 if grid supplying power, 0 

else. 

T0 Initial water temperature in the water heater 

storage (◦C). 
𝜌𝑤ℎ Demand for hot water drawn (kg). 

𝛾,𝜂 Coefficient denoting the thermal condition 

surrounding the air conditioner. 
𝜁𝑖 Customer dissatisfaction associated with the 

appliance i. 

𝐶𝑐𝑜2
 The cost of purchased co2.     𝑢 𝑖

𝐴𝑃𝑃 Binary variable: 1 if the appliance is on, 0 else. 

𝐸𝑐𝑜2
 Amount of co2 purchased. 𝑃𝑖

𝐴𝑃𝑃 Power consumption of the appliance i. 

𝐿𝑎𝑛𝐺  gas price. 𝑊𝑘,𝑖 Continuous and positive numbers to calculate 

the temperature distance to the desired 

temperature. 

𝑃𝑚𝑢𝑠𝑡𝑟𝑢𝑛
 Power of the non-controllable household 

appliances must run (kW). 
𝑍𝑘,𝑖 Binary variable to determine the work area. 

Dh Thermal load. 𝜇𝐸𝑆𝑆 Binary variable: 1 if ESUs is charging, 0 else. 

 

I. Introduction 

 A. MOTIVATION AND BACKGROUND 

With the restructuring of power systems and the creation of 

modern communication infrastructures, more attention has 

been paid to the participation of consumers in energy 

management system. The demand side management program 

is able to reduce the costs of production, transmission and 

distribution by changing the load profile of the grid. With the 

implementation of the demand response (DR) program, the 

amount of consumption during peak hours has been reduced 

by consumers who are willing to reduce their consumption. 

As a result, it is avoided to spend extra money to create 

production capacity for a short period of time every year. The 

primary goal of a demand response program has always been 

to smooth the load profile. Creating incentive programs in 

order to increase the participation of consumers in demand-



247                                                                                                                                 Multi-objective Scheduling.../ M.Haghighi, et al 

 
side management is essential. In order to increase the 

efficiency of the system, the consumers should take a greater 

role. Today, people's desire to use smart homes is expanding, 

while the capabilities of smart homes in the market are more 

based on comfort and amenities for the user than relying on 

energy management. Therefore, one should look for solutions 

to identify the needs and desires of the consumer and obtain 

consumer satisfaction. Analyzing customer information is 

necessary to provide differentiated services. Smart home 

users face lower electricity bills in the short term and lower 

electricity tariffs in the long term. Experience has shown that 

consumers are generally not interested in reducing their 

consumption, especially during peak hours because they 

prioritize their comfort and convenience. With the 

development of smart homes, customers have the opportunity 

to manage their electricity consumption to reduce their 

electricity costs [1]. Smart meters and home energy 

management systems (HEMS) play an important role in 

managing demand response activities in residential areas [2]. 

The main motivation of the consumer in using HEMS is cost 

reduction, which requires changing or reducing electricity 

consumption, which is associated with the disruption of daily 

comfort [3]. HEMS can enable demand response programs 

for residential customers [4]. Consumers implement demand 

response programs in order to achieve economic benefits and 

prevent blackouts. In fact, although the main reason for 

consumers' participation can be attributed to financial and 

economic benefits, but indirectly, they also help to improve 

the reliability of the grid.In addition to economic benefits and 

comfort considerations, environmental sustainability has 

become a critical factor in smart home energy management. 

The utilization of smart homes can significantly reduce the 

emission of greenhouse gases because it facilitates the 

integration of renewable energy in the system. This 

environmental aspect adds another dimension to the value 

proposition of HEMS, making them essential tools not only 

for cost reduction and comfort enhancement but also for 

building a more sustainable and environmentally friendly 

residential sector. 

 

B. RELATED WORKS 

In recent years, several researches works had been focused 

on the design and discussion of demand response programs. 

Ref. [4] studied the impact of satisfaction factors, such as the 

level of satisfaction with the use of smart home appliances. 

However, the authors were not considered the uncertainty of 

demands and renewable generation. In [5], the joint 

evaluation of dynamic pricing and DR strategies had been 

studied based on peak limitation and the possibility of 

bidirectional operation of Electrical Vehicles (EVs) and 

Energy storage units (ESUs). In [6], risk- constrained bidding 

strategy was suggested for smart grid considering the plug-in 

EV and DR applications. A multi-objective decision making 

operation was suggested in [7] for the simultaneous 

optimization of water extraction and daily costs. However, the 

impact of demand- response programs was not studied. Also, 

the authors in [8] presented a method for predicting household 

loads. The proposed model investigated the effect of price-

based demand response programs on the load pattern of smart 

homes. In [9], an energy management system is proposed for 

energy management of distributed energy resources in order 

to reduce residential energy consumption and efficient use of 

batteries. The authors in [10] provided an optimal approach 

for home energy management in which the consumers 

responded to different drivers of the DR programs. The results 

showed that different levels of motivation affect consumers' 

comfort index differently. The authors in [11] proposed a 

stochastic programming model to optimize the performance 

of a smart microgrid in the short-term scheduling to minimize 

the operating costs and greenhouse gas emissions 

simultaneously. Ref. [12] developed a comprehensive 

optimization method for the use of different home appliances 

considering the preferences of customers. In addition, a 

separate system was designed for charging and discharging 

storage devices. In [2], the authors presented a smart home 

model that proposed a two-level algorithm for energy 

management of home appliances, which also considered 

reactive loads. [13] studied the role of artificial intelligence in 

smart homes. Ref [14] investigated a real-time energy 

scheduling framework for a smart home considering 

uncertainty. Authors in [15] developed an integrated home 

energy management system that participated in a demand-

side management program and implemented smart home 

computing with the help of a smart home operation platform. 

In [3], the authors considered both costs and satisfaction for 

energy management of households to maximize the user's 

comfort. However, energy storage and distributed energy 

sources were not considered. [16] used different energy 

sources to supply and control the operation of the appliances. 

Also, the authors investigated the direction of the power flow 

on the proposed model. The authors of [17] studied the impact 

of smart thermostat with a home energy management system. 

Ref. [18] minimized the total energy cost and thermal 

dissatisfaction of a sustainable smart home with heating, and 

air conditioning loads for a long period of time. In [19], a 

MILP model of energy management system based on 

reducing the cost of electricity consumption is presented. The 

considered loads were divided into two groups controlled by 

thermostat and non-thermostat. Battery storage systems and 

distributed generation systems were also integrated in the 

proposed model. Ref. [20] examined the use of second life 

battery energy storage systems (SL-BESSs) to support the 

home energy management system. In [21], the energy 

planning of a house that included solar heating, air 

conditioning and water heating system was investigated in 

real-time pricing. However, the correlation between 

electricity price and ambient temperature were not 

considered. In [22], smart thermostats were used to provide 
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flexibility in demand-side energy management aiming to 

combine the use of a smart thermostat with a home energy 

management system to bring more benefits. In [23], a 

comprehensive class of household appliances was presented. 

Nevertheless, energy storage devices and renewable energy 

sources were not used in the suggested model. A multi-

objective scheduling framework was developed in [24] to 

determine the optimal performance of the smart homes. The  

objectives of the suggested framework were to minimize 

the cost of electricity consumption, flatten the consumption 

profile, and increase the convenience of customers. An energy 

management system was proposed in [25] that integrated 

plug-in EV (PEV), solar PV panel, and battery electrical 

energy storage (BEES), and DR programs. The suggested 

model evaluated the efficiency of different DR programs on 

the performance of smart homes. In [26], an operation model 

of a single house with alternating DERs and comprehensive 

load types was studied. In order to model and correctly 

manage household appliances, an intelligent planning scheme 

based on model predictive control was presented. However, 

level consumer welfare was not considered. In [27], the 

authors tried to minimize the electricity cost and thermal 

discomfort of users through HEMS considering heating, 

ventilation, and air conditioning (HVAC). This was done 

through stochastic programming that took into account the 

uncertainty associated with electricity prices, outdoor 

temperatures, and the output of distributed energy sources. 

The authors in [28] presented a predictive home energy 

management system for a residential building by integrating 

a plug-in electric vehicle, a photovoltaic array, and a heat 

pump. In [29], the optimal production structure of a multi-

energy system with zero net emissions was investigated by 

separating the optimization problem into a two-stage 

investment problem and exploitation sub-problem. In [30], 

the performance of a home energy management system under 

the export rate was compared with a home energy 

management system under TOU tariff. In this paper, the 

energy hub model was not considered. In [31], an advanced 

satisfaction-based home energy management system using 

deep reinforcement learning for planning controllable and 

removable appliances was presented. In this reference, the 

proposed model was not transformed into an energy hub 

model and the uncertainty of renewable resources was not 

considered. A joint scheduling model of electric and natural 

gas utilities for HEMS was proposed in [32].In [33], the 

authors proposed a smart charging approach for off-range 

electric vehicle chargers in home energy hub (HEH) 

applications with direct current sources such as photovoltaics 

and battery storage systems. In [34], an integrated approach 

for optimal planning and operation of energy hubs 

considering the effects of wind energy resources was 

presented. The stable uncertainties of electricity demand, 

heating, cooling, and also wind power generation was 

considered in this study. In order to check the uncertainty 

parameters in the model, various scenarios were created by 

the Monte Carlo simulation method and then the scenarios 

was reduced using the K-means method. In the proposed 

model, the emission reduction was not considered. In [35], a 

stochastic home energy management system was proposed 

that integrates renewable energy sources with demand 

response programs using an improved  ABC algorithm, 

achieving significant cost reductions under various grid 

constraints. In [36], an energy hub optimization model was 

proposed using the  IPSO  algorithm that efficiently 

coordinates electricity, gas, and thermal grids, resulting in 

significant operational cost reductions. In [37], a method for 

power system stability analysis was proposed that identifies 

coherent generator groups and their oscillation patterns, 

which can be applied to optimize the integration of renewable 

energy sources and improve islanding detection in smart 

energy management systems with distributed generation. In 

[38], a risk-based decentralized model for peer-to-peer energy 

trading among smart homes was proposed, which integrates 

demand-side management, photovoltaic systems, and energy 

storage while addressing uncertainties in renewable 

generation and market prices through conditional value-at-

risk optimization. In [39], a flexibility-constrained energy 

management framework for smart energy hubs was 

developed that incorporates peer-to-peer transactive energy 

and demand response programs, integrating multiple energy 

carriers and storage systems to minimize operational and 

environmental costs while enhancing system flexibility. A 

number of related research works are compared in Table 1. 

 

C. CONTRIBUTIONS 

According to the best of our knowledge, the main 

contributions of the proposed model are listed as follows: 

• This study develops a demand response framework for 

smart homes featuring diverse categories of household 

appliances, incorporating an accurate pricing 

mechanism while accounting for customer 

satisfaction. Distinct from prior works such as [6], [7], 

[9], [10], [11], [15], [22], [26–30], and [33–34], the 

proposed model formulates a multi-objective 

optimization problem that simultaneously minimizes 

electricity costs and customer dissatisfaction. 

• In contrast to [2–4], [6], [10–15], [20], [22, 23], [25–

28], and [30–32], this study models smart homes as 

integrated energy systems that jointly manage 

electricity, heating, and cooling demands. This 

sectorial integration enhances the overall control 

efficiency, enabling more effective handling of 

renewable energy source (RES) uncertainties and 

reducing operational expenditures. Furthermore, the 

coupled system significantly improves the flexibility 

of smart homes in terms of both power and energy, 

thereby enhancing their ability to accommodate RES 

fluctuations. 
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TABLE 1. Taxonomy of the model used for designing DR-based 

HEMS. 

 

Fig. 1 Structure of the proposed smart home 

• In contrast to [2–4], [6, 7], [9–12], [14, 15], [20], [22, 

23], [25–28], and [30–34], this study proposes a 

hybrid environmental–techno-economic scheduling 

framework for smart homes. The proposed model 

aims to minimize greenhouse gas emissions alongside 

electricity costs and customer dissatisfaction, while 

ensuring compliance with all relevant technical 

operational constraints. 

This paper is organized as follows. Section II describes the 

methodology and mathematical formulation of the proposed 

model. Section III introduces the case studies and discussion. 

Finally, conclusion is presented in Section IV. 

 

II. METHODOLOGY 

According to Fig. 1, the home energy management system 

adjusts the performance of the smart home according to the 

signal prices and consumer satisfaction. In the proposed 

model, a smart home with various electrical, heating and 

cooling loads is considered. The structure of the optimization 

is presented in Fig. 2. First, loads and PV output are predicted 

according to weather forecast and historical data. Then, the 

DR problem is considered according to the forecasted PV 

output, loads, electricity price, along with the desired user 

input by the home owner. A home with different types of 

appliances connected to smart home is considered as case 

study. Before smart home scheduling, customers 

 

Fig. 2. The optimization framework of HEMS. 

 

record information about the occupants' comfort and lifestyle 

preferences. Here, the goal is that the consumers participate 

in the demand response program and manage their energy 

systems. In this proposed model, the consumer will pays the 

lowest costs and has the most satisfaction in using their smart 

devices at the same time. The output of this work is a software 

tool that optimally schedules appliance usage and local 

energy generation based on objectives like reducing 

electricity costs and enhancing user comfort. It considers real-

time pricing, user preferences, system limitations, and energy 

availability to create an efficient operation plan. This tool can 

be integrated into a home energy management system 

(HEMS) for smart and automated energy control. 
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[30],[26],[28], 

[22],[27] 

N Y N Y N Y Y 

[13] N N Y N Y N N 

[23] N Y N N N N N 

[4],[20] N Y Y N N Y Y 

[14] N Y Y Y N N Y 

[12] N Y Y Y N Y Y 

[32],[25],[31] N Y Y N N N Y 

[3] N Y Y Y N N N 

[9],[2] N Y N N N Y Y 

[33] Y Y N Y N N Y 

[6],[11] N N N Y N Y Y 

[7] Y N N N N Y N 

[29] Y N N Y Y Y Y 

[34] Y N N Y N Y Y 

[10],[15] N Y N N N N Y 

Proposed 

model 

Y Y Y Y Y Y Y 

Y/N denotes that the subject is/is not considered. 
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A. MULTI-OBJECTIVE FUNCTION 
The existing problem is a multi-objective problem where 

the first objective function is the house bill and the second 

objective function is the customer satisfaction level. Using the 

weighted sum approach, we convert different objective 

functions into one.  The objective function is as Eq. (1): 

(1) 
𝑀𝑖𝑛 𝜛1(𝐽1  + 𝐽3  + 𝐽4  ) + 𝜛2𝐽2                𝜛1 + 𝜛2

= 1    ,    𝜛1 & 𝜛2  ∈  [0 , 1]   

The objective function creates this opportunity for the 

consumer to decide about optimal performance of their smart 

appliances. 𝐽1, 𝐽2, 𝐽3, and  𝐽4 in the above equation are 

respectively expressed as follows. 

 𝜛1is the weight related to 𝐽1  , 𝐽3  , and 𝐽4  and also  𝜛2 is 

the weight related to 𝐽2 . Also, 𝐽1   refers operating cost of 

HEMS (cents) and 𝐽2  is the objective function of the 

participant's level of dissatisfaction. Also, 𝐽3 is the cost of 

pollution and 𝐽4  is load  shading. Eq. (2) represents the 

operating cost (J₁), which includes electricity purchase costs, 

revenue from selling excess electricity, and natural gas 

consumption costs. Eq. (3) quantifies customer dissatisfaction 

(J₂) by summing the dissatisfaction levels across all 

appliances, ensuring user comfort preferences are considered. 

The emission cost (J₃) in Eq. (4) calculates the environmental 

impact from grid electricity consumption and natural gas 

combustion, accounting for CO₂, SO₂, and NOₓ 

emissions[29]. Finally, Eq. (5) represents the cost of 

unsupplied energy (J₄), calculated as the product of 

unsupplied power and the penalty factor to ensure reliability . 

(2) 

𝐽1 = ∑ 𝑅𝑜(𝑠) ∗

𝑠∈𝑆

 ∑[𝜆𝑏𝑢𝑦(𝑡) ∗ 𝑃𝑏𝑢𝑦(𝑡,𝑠) ∗ 𝛥𝑡

𝑡∈𝑇

−  𝜆𝑠𝑒𝑙𝑙(𝑡) ∗ 𝑃𝑠𝑒𝑙𝑙(𝑡,𝑠) ∗ 𝛥𝑡]

+ ∑ 𝐿𝑎𝑛𝐺(𝑡) ∗

𝑡∈𝑇

 𝐺𝑏(𝑡)

∗ 𝛥𝑡             ∀𝑡 ∈ 𝑇 ,∀𝑠 ∈ 𝑆 

(3) 𝐽2  = ∑ 𝜁𝑖

𝑖∈𝐴

   

(4) 

𝐽3 = ∑ 𝑅𝑜(𝑠) ∗  ∑ [𝑃𝑏𝑢𝑦(𝑡,𝑠) ∗ (𝐶𝐶𝑂2
∗ 𝐸𝐶𝑂2

+𝑡∈𝑇𝑠∈𝑆

𝐶𝑆𝑂2
∗ 𝐸𝑆𝑂2

+ 𝐶𝑁𝑂𝑥
∗ 𝐸𝑁𝑂𝑥

)] + ∑ 𝐻𝑏(𝑡) ∗𝑡∈𝑇

(𝐶𝐶𝑂2
∗ 𝐸𝑏𝐶𝑂2

+ 𝐶𝑆𝑂2
∗ 𝐸𝑏𝑆𝑂2

+ 𝐶𝑁𝑂𝑥
∗ 𝐸𝑏𝑁𝑂𝑥

)           

∀𝑡 ∈ 𝑇 ,∀𝑠 ∈ 𝑆         

(5) 
𝐽4 = ∑ 𝑅𝑜(𝑠) ∗ ∑ 𝑃𝑛𝑠(𝑡,𝑠) ∗ 𝐿𝑎𝑛𝑁𝑆(𝑡)              ∀𝑡

𝑡∈𝑇𝑠∈𝑆

∈ 𝑇 ,∀𝑠 ∈ 𝑆     

B. CONSTRAINTS OF HOUSEHOLD APPLIANCES 
There are different types of devices that have several 

advantages and disadvantages in terms of HEMS-based 

operational strategy. According to the ability of control, 

household devices can be divided into controllable and 

uncontrollable appliances. Based on operational 

characteristics, controllable appliances are classified into: 

• Non-interruptible appliances (NIA) such as rice 

cooker (RC), dishwasher (DW), washing machine 

(WM). 

•  Interruptible appliances (IA) such as pool pump (PP) 

and electric vehicle (EV). 

• Thermostatically controlled appliances (TCA): such 

as water heaters (WH), air conditioners (AC). 

1) Non-interruptible appliances (NIA) modeling:  

In non-interruptible appliances, when a device is turned on, it 

must be operated for the same period of time as the device is 

supposed to work. Also, it should be turned off after finishing 

the work. The start time of the device is at the disposal of the 

user, but the user cannot turn off the device before the end of 

the working time. In NIA, the power is constant, which means 

that when the device is turned on, it works with that constant 

power for the number of hours specified by the user. In this 

paper, three NIAs are considered such as a washing machine 

and two dishwashers. The constraints related to NIA during 

the planning horizon are defined as Eq. (6) to (9): 

(6) 
𝑢𝑖

𝐴𝑃𝑃(𝑡) = 0   ∀𝑡 ∈ [1, 𝐿𝑖) ∪ (𝑈𝑖 ,𝑁𝑇]   , ∀ 𝑖 
∈  𝐴𝑛𝑜𝑛                                            

(7) 
𝑃𝑖

𝐴𝑃𝑃(𝑡) = 𝑢𝑖
𝐴𝑃𝑃(𝑡) ∗ 𝑃𝑅،𝑖

𝐴𝑃𝑃     ∀ 𝑡 ∈  [𝐿𝑖,𝑈𝑖] ,   ∀ 𝑖 
∈  𝐴𝑛𝑜𝑛 

(8) 

∑ 𝑢𝑖
𝐴𝑃𝑃(𝑡)  ≥  𝑇𝐿،𝑖 ∗ (𝑢𝑖

𝐴𝑃𝑃(𝑗)

𝑗+𝑇𝐿,𝑖−1

𝑡=𝑗

− 𝑢𝑖
𝐴𝑃𝑃(𝑗 − 1))   ∀𝑗

∈ ( 𝐿𝑖 ,𝑈𝑖 − 𝑇𝐿,𝑖 + 1)  ∀ 𝑖  

∈  𝐴𝑛𝑜𝑛 

(9) 
𝜁𝑖 =  ∑ (1 + 𝜀𝑖 ∗ 𝑡) ∗ 𝑢𝑖

𝐴𝑃𝑃(𝑡)      ∀ 𝑖 

𝑈𝑖

𝑡= 𝐿𝑖

∈  𝐴𝑛𝑜𝑛                                            

Equation (6) shows the time when the devices are off. 𝑢𝑖
𝐴𝑃𝑃 

is a binary variable for equipment, if it is 1, it means that the 

device is on, and if it is zero, it means that it is off. Equation 

(7) shows the power consumption of the device during 

operation. Equation (8) shows the minimum time the device 

stays on, while Eq. (9) shows the satisfaction level of 

consumers during interval 𝐿𝑖  to 𝑈𝑖  . This equation shows that 

the earlier the equipment is turned on, the smaller the level of 

consumer dissatisfaction is, and it is better for the user 

because he seeks to minimize the level of dissatisfaction and 

maximize his level of comfort in using the equipment. Index 

R refers to the rated (nominal) value of the corresponding 

parameter. For instance, 𝑃𝑅،𝑖
𝐴𝑃𝑃 denotes the rated power 

consumption of the appliance i. 

2) Interruptible appliances (IA) modeling:  

In interruptible appliances, when the equipment are turned 

on, they can be turned off during operation, or even their 

power can increase or decrease. The important thing about 

this type of appliances is that these appliances must consume 

a certain amount of energy during the day and need a certain 
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amount of energy. In this paper, A pool pump and two electric 

vehicles are considered. Constraints related to interruptible 

appliances are defined as Eq. (10) to (13): 

(10) 
𝑃𝑖

𝐴𝑃𝑃(𝑡) = 0   ∀𝑡 ∈ [1,𝐿𝑖 )
∪ (𝑈𝑖,𝑁𝑇]                     ∀𝑖 ∈ 𝐴𝑖𝑛 

(11) 
∑ 𝑃𝑖

𝐴𝑃𝑃(𝑡) ∗ 

𝑈𝑖

𝑡=𝐿𝑖 

𝛥𝑡 ≥  𝐸𝑖
𝐴𝑃𝑃                                 ∀𝑖

∈ 𝐴𝑖𝑛 ,∀𝑡 ∈ 𝑇 

(12) 
0 ≤ 𝑃𝑖

𝐴𝑃𝑃(𝑡) ≤ 𝑃𝑅,𝑖
𝐴𝑃𝑃                                             ∀𝑡

∈  𝑇 ,∀𝑖 ∈ 𝐴𝑖𝑛 

(13) 
𝜁𝑖 =  ∑ (1 + 𝜀𝑖 ∗ 𝑡) ∗ 𝑢𝑖

𝐴𝑃𝑃(𝑡)                        ∀ 𝑖 

𝑈𝑖

𝑡= 𝐿𝑖

∈  𝐴𝑖𝑛     

Equation (10) shows that if the interruptible appliances are 

outside of the operating range, the device must be turned off. 

Equation (11) states that the total power consumption of the 

interruptible appliances must be at least equal to the energy 

that the user specifies, in other words, the amount of energy 

required for the appliances. Eq. (12) specifies the power 

consumption limits. Eq. (13) shows the satisfaction level of 

consumers using interruptible appliances in the time interval 

𝐿𝑖 to 𝑈𝑖 . Similar, index R refers to the rated value of the 

corresponding parameter.  

3) Thermostatically controlled appliances (TCA) modeling: 

Thermostat-controlled appliances include air conditioners, 

electric water heaters, etc., where electrical energy is 

consumed to adjust the temperature. In this study, WH and 

AC, which are the most important thermostat-controlled 

appliances in a smart home, are used. These appliances adjust 

the temperature with the thermostat that is available in their 

system. For example, the electric water heater tries to keep 

the temperature of the heated tank constant or control it within 

the desired range of the user. These devices are turned on or 

off according to their rated power whenever needed to control 

the temperature. Constraints related to water heater is defined 

as Eqs. (14)- (18): 

Equation (14) shows the power consumption limits. It is clear 

from Eq. (15) that the power consumption of water heater 

from hour 1 to t must be at least equal to the power required 

to heat water from hour 1 to t time. Equation (16) shows the 

amount of required energy for heating. Equation (17) states 

(14) 0 ≤ 𝑃𝑖
𝐴𝑃𝑃(𝑡) ≤  𝑃𝑅,i

𝐴𝑃𝑃     ∀𝑡 ∈ 𝑇 , ∀𝑖 ∈ 𝑊𝐻 

(15) 

∑ 𝑃𝑇
𝑊𝐻  (𝑘,𝑠) ∗ 𝛥𝑡

𝑡

𝑘=1

≥ ∑ 𝜌𝑤ℎ(𝑡)             ∀𝑡 ∈ 𝑇 , ∀𝑖

𝑡

𝑘=1

∈ 𝑊𝐻 

(16) 
𝜌𝑤ℎ(𝑡) =  𝜆 ∗ 𝑚(𝑡) ∗ 𝐶𝑤 ∗ (𝑇𝑢,𝑖(𝑡) −

𝑇𝑐𝑜𝑙𝑑)          ∀𝑡 ∈ 𝑇 , ∀𝑖 ∈ 𝑊𝐻 

(17) 

∑ 𝑃𝑇
𝑊𝐻  (𝑘,𝑠) ∗ 𝛥𝑡 ≤

𝑡

𝑘=1

𝜆 ∗ 𝑀 ∗ 𝐶𝑤 ∗ (𝜃𝑖
𝑢𝑝

− 𝑇0)

+ ∑ 𝜌𝑤ℎ(𝑘)  ∀𝑡 ∈ 𝑇 , ∀𝑖

𝑡

𝑘=1

∈ 𝑊𝐻 

(18) 𝜃𝑖
𝑑𝑛 ≤ 𝑇𝑢,𝑖(𝑡) ≤ 𝜃𝑖

𝑢𝑝
               ∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝑊𝐻 

that the power consumption by the water heater from the first 

hour to t must be at most equal to the energy that remains in 

the water heater in addition to the energy needed to heat the 

water,  Also, it is clear from Eq. (18) that the temperature of 

hot water should always be between the range determined by 

the user. Constraints related to air conditioner is defined as 

Eqs. (19) to (21): 

(19) 0 ≤ 𝑃𝑖
𝐴𝑃𝑃(𝑡) ≤ 𝑃𝑅،𝑖

𝐴𝑃𝑃                ∀𝑡 ∈ 𝑇 , ∀𝑖 ∈ 𝐴𝐶 

(20) 

𝑇𝑢,𝑖(𝑡) = 𝑇𝑢,𝑖(𝑡 − 1) + 𝜂[𝑊𝑜𝑢𝑡(𝑡) − 𝑇𝑢,𝑖(𝑡 − 1)]

+ 𝛾 ∗ 𝑃𝑖
𝐴𝑃𝑃(𝑡) ∗ 𝛥𝑡     ∀𝑡

> 1, 𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝐴𝐶 

 

(21) 𝜃𝑖
𝑑𝑛 ≤ 𝑇𝑢,𝑖(𝑡) ≤ 𝜃𝑖

𝑢𝑝
             ∀𝑡 ∈ 𝑇 , ∀𝑖 ∈ 𝐴𝐶 

Equation (19) shows the power consumption limit of air 

conditioning. Equation (20) shows the relationship between 

indoor temperature and AC energy consumption. Equation 

(21) presents that the temperature inside the building should 

always remain within the range determined by the user. To 

measure users' satisfaction with TCA, the piecewise linear 

function shown in Fig. 3 is used. It can be seen that the 

deviation from 𝑇𝐶،𝑖  results in a penalty for the objective 

function. 

 

Fig. 3. Dissatisfaction function for thermostatically 

controlled appliances. 

 

Satisfaction coefficients for TCAs are defined that the 

operating temperature of these appliances must be between 

the minimum and maximum temperature set by the user. An 

optimal temperature for the appliances, which is 𝑇𝑐.𝑖 , is 

considered as the distance from this temperature and 𝑇𝑐.𝑖. 

Move to higher or lower temperature, the level of well-being 

of the residents will decrease. Now by linearizing this curve, 

Eqs. (22) to (24) are obtained: 

temperature

Dissatisfaction 

level
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(22) 

𝑊1,𝑖 ≤ 𝑍1,𝑖      , 𝑊2,𝑖 ≤ 𝑍1,𝑖   + 𝑍2,𝑖      ,  𝑊3,𝑖 ≤ 𝑍2,𝑖     

𝑊1,𝑖 + 𝑊2,𝑖 + 𝑊3,𝑖 = 1    , 𝑊𝑘,𝑖 ≥ 0      (𝑘

= 1,2,3) 

𝑍1,𝑖      + 𝑍2,𝑖      = 1 , 𝑍𝑘,𝑖      = 0  𝑂𝑅 1    (𝑘

= 1,2) 

Three coefficients𝑊1, 𝑊2, and 𝑊3 are continuous and positive 

numbers. These coefficients calculate the temperature 

distance from 𝑇𝑐.𝑖. Two binary variable 𝑍1 and 𝑍2  are also 

taken into account, which determines the working area of the 

device in the curve. Based on this, the temperature inside the 

building is modeled according to Eq. (23) based on 𝑊1, 𝑊2, 

and 𝑊3 which depends on the desired temperature and the 

minimum and maximum temperature. 

(23) 𝑇𝑢,𝑖(𝑡) = 𝜃𝑖
𝑑𝑛 ∗ 𝑊1,𝑖 + 𝑇𝑐,𝑖 ∗ 𝑊2,𝑖 + 𝜃𝑖

𝑢𝑝

∗ 𝑊3,𝑖           ∀𝑖 ∈ 𝐴𝑡ℎ𝑒𝑟 

According to Eq. (24), the temperature is equal to 𝑇𝑐.𝑖, the 

dissatisfaction is equal to zero. Accordingly, dissatisfaction is 

calculated only in terms of 𝑊1 and 𝑊3. 

(24) 𝜁𝑖 = 𝑊1,𝑖 ∗ 𝜀𝑖 + 𝑊3,𝑖 ∗ 𝜀𝑖           ∀𝑖 ∈ 𝐴𝑡ℎ𝑒𝑟 

All these three categories of mentioned appliances have a 

series of importance coefficients that are determined by the 

user, that is, when the well-being of the residents of the house 

is measured, the effect of using these appliances on the well-

being of the residents is not the same. 

 

C. CONSTRAINTS OF ENERGY STORAGE SYSTEM 

Here the storage system refers to a set of batteries that can 

store electrical energy and deliver it to other devices or even 

to the main grid when needed. Constraints related to the 

electric energy storage systems are as Eqs. (25)- (30): 

(25) 
𝑃𝐸𝑆𝑆

𝑢𝑠𝑒(𝑡,𝑠) + 𝑃𝐸𝑆𝑆
𝑠𝑜𝑙𝑑(𝑡,𝑠) =  𝜂𝐸𝑆𝑆

𝑑 ∗ 𝑃𝐸𝑆𝑆
𝑑 (𝑡,𝑠)         ∀𝑡

∈ 𝑇 ,∀𝑠 ∈ 𝑆 

(26) 0 ≤ 𝑃𝐸𝑆𝑆
𝑐 (𝑡,𝑠) ≤ 𝑅𝐸𝑆𝑆

𝑐 ∗ 𝜇𝐸𝑆𝑆(𝑡)         ∀𝑡 ∈ 𝑇 ,∀𝑠 ∈ 𝑆 

(27) 
0 ≤ 𝑃𝐸𝑆𝑆

𝑑 (𝑡,𝑠) ≤ 𝑅𝐸𝑆𝑆
𝑑 ∗ (1 − 𝜇𝐸𝑆𝑆(𝑡))        ∀𝑡
∈ 𝑇 ,∀𝑠 ∈ 𝑆 

(28) 

𝑆𝐸𝑆𝑆(𝑡,𝑠) = 𝑆𝐸𝑆𝑆(𝑡 − 1,𝑠) + 𝜂𝐸𝑆𝑆
𝑐 ∗ 𝑃𝐸𝑆𝑆

𝑐 (𝑡,𝑠) ∗ 𝛥𝑡

−
1

𝜂𝐸𝑆𝑆
𝑑 ∗ 𝑃𝐸𝑆𝑆

𝑑 (𝑡,𝑠) ∗  𝛥𝑡 
   ∀𝑡 > 1,

∈ 𝑇 ,∀𝑠 ∈ 𝑆 

(29) 

𝑆𝐸𝑆𝑆(𝑡,𝑠) = 𝑆𝐸𝑆𝑆
𝑖𝑛𝑖 + 𝜂𝐸𝑆𝑆

𝑐 ∗ 𝑃𝐸𝑆𝑆
𝑐 (𝑡,𝑠) ∗ 𝛥𝑡

−
1

𝜂𝐸𝑆𝑆
𝑑 ∗ 𝑃𝐸𝑆𝑆

𝑑 (𝑡,𝑠) ∗  𝛥𝑡 
∀𝑠

∈ 𝑆,𝑖𝑓 𝑡 = 1 

(30) 𝑆𝐸𝑆𝑆
𝑚𝑖𝑛 ≤ 𝑆𝐸𝑆𝑆(𝑡,𝑠) ≤ 𝑆𝐸𝑆𝑆

𝑚𝑎𝑥        ∀𝑡 ∈ 𝑇 ,∀𝑠 ∈ 𝑆 

It is clear from Eq. (25) that if the storage system is 

discharged, the total discharged power should either be used 

at home or sold to the grid. Equations (26) and (27) show the 

charging power and discharging power limits, respectively. 

Eq (28) shows the storage energy level in each hour and 

scenario. Eq (29) shows the energy level at each time. Finally, 

Eq. (30) presents the limit of stored energy in the storage 

system. 

 

D. CONSTRAINTS OF THERMAL ENERGY STORAGE  
A thermal energy storage can be used in a smart home. 

There is a tank in this home where hot water is stored and its 

loss can be reduced by isolating it. Constraints related to the 

thermal energy storage unit are in equations 31 to 33: 

(31) 𝑆𝑇𝐸𝑆(𝑡,𝑠) = 𝑆𝑇𝐸𝑆(𝑡 − 1,𝑠) + 𝜂𝑇𝐸𝑆
𝑐 ∗ 𝑃𝑇𝐸𝑆

𝑐 (𝑡,𝑠) ∗ 𝛥𝑡

−
1

𝜂𝑇𝐸𝑆
𝑑 ∗ 𝑃𝑇𝐸𝑆

𝑑 (𝑡,𝑠) ∗  𝛥𝑡 
∀𝑡

> 1, ∈ 𝑇,∀𝑠 ∈ 𝑆 

(32) 𝑆𝑇𝐸𝑆(𝑡,𝑠) = 𝑆𝑇𝐸𝑆
𝑖𝑛𝑖 + 𝜂𝑇𝐸𝑆

𝑐 ∗ 𝑃𝑇𝐸𝑆
𝑐 (𝑡,𝑠) ∗ 𝛥𝑡

−
1

𝜂𝑇𝐸𝑆
𝑑 ∗ 𝑃𝑇𝐸𝑆

𝑑 (𝑡,𝑠) ∗  𝛥𝑡 
    ∀𝑠

∈ 𝑆,𝑖𝑓 𝑡 = 1 

(33) 𝑆𝑇𝐸𝑆
𝑚𝑖𝑛 ≤ 𝑆𝑇𝐸𝑆(𝑡,𝑠) ≤ 𝑆𝑇𝐸𝑆

𝑚𝑎𝑥        ∀𝑡 ∈ 𝑇 ,∀𝑠 ∈ 𝑆 

Equation (31) shows the energy level of thermal storage in 

every hour and every scenario. It is clear that Eq. (32) presents 

the energy level of thermal storage in the first hour. Equation 

(33) limits the stored energy between minimum and 

maximum values. 

 

E. PV MODELLING 
A small Photovoltaic panel with a 1 kW capacity is also 

used in this smart home.  Equation (34) states that the 

generating power of PV unit can be used by indoor appliances 

or injected into the grid. 

(34) 𝑃𝑃𝑉
𝑢𝑠𝑒(𝑡,𝑠) + 𝑃𝑃𝑉

𝑠𝑒𝑙𝑙(𝑡. 𝑠) = 𝑃𝑃𝑉  (𝑡,𝑠)                ∀𝑡

∈ 𝑇 ,∀𝑠 ∈ S      

F. WIND MODELLING 
A small wind turbine with a 1 kW capacity is also used in 

this smart home. It is clear from Eq. (35) that the actual 

production power of the wind turbine can be used for two 

purposes. It can be injected into the grid or consumed by the 

appliances inside the home: 

(35) 

𝑃𝑤𝑖𝑛𝑑
𝑢𝑠𝑒 (𝑡,𝑠) + 𝑃𝑤𝑖𝑛𝑑

𝑠𝑒𝑙𝑙 (𝑡,𝑠)

= 𝑃𝑤𝑖𝑛𝑑  (𝑡,𝑠)                       ∀𝑡

∈ 𝑇 ,∀𝑠 ∈ 𝑆 

G. POWER BALANCE CONTRAINT 
Equation (36) expresses the power balance that ensures the 

generated energy must be equal to the consumption for each 

hour[7]. 

H. POWER EXCHANGED WITH THE GRID 

Equation (37) shows the total amount of power sold to the 

grid: 
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(36) 

 

𝑃𝑏𝑢𝑦(𝑡,𝑠) + 𝑃𝑃𝑉
𝑢𝑠𝑒(𝑡,𝑠) + 𝑃𝑤𝑖𝑛𝑑

𝑢𝑠𝑒 (𝑡,𝑠) + 𝑃𝐸𝑆𝑆
𝑢𝑠𝑒(𝑡,𝑠)

+ 𝑃𝑛𝑠(𝑡,𝑠)

= 𝑃𝐸𝑆𝑆
𝑐 (𝑡,𝑠)

+ ∑ 𝑃𝑖
𝐴𝑃𝑃(𝑡)

𝑖∈𝐴

+ 𝑃𝑚𝑢𝑠𝑡𝑟𝑢𝑛
(𝑡)                 ∀𝑡

∈ 𝑇 ,∀𝑠 ∈ 𝑆    

 

(37) 𝑃𝑠𝑒𝑙𝑙(𝑡,𝑠) = 𝑃𝑃𝑉
𝑠𝑒𝑙𝑙(𝑡,𝑠) + 𝑃𝐸𝑆𝑆

𝑠𝑒𝑙𝑙(𝑡,𝑠)  

+ 𝑃𝑤𝑖𝑛𝑑
𝑠𝑒𝑙𝑙 (𝑡,𝑠)                ∀𝑡

∈ 𝑇 ,∀𝑠 ∈ 𝑆 

Equations (38) and (39) ensure that power purchased from the 

grid and power injected into the grid cannot occur 

simultaneously: 

(38) 𝑃𝑏𝑢𝑦(𝑡,𝑠) ≤ 𝑁1 ∗ 𝜇𝑔𝑟𝑖𝑑  (𝑡)               ∀𝑡 ∈ 𝑇 ,∀𝑠 ∈ 𝑆 

(39) 𝑃𝑠𝑒𝑙𝑙(𝑡,𝑠) ≤ 𝑁2 ∗ (1 − 𝜇𝑔𝑟𝑖𝑑  (𝑡))      ∀𝑡 ∈ 𝑇 ,∀𝑠

∈ 𝑆 

𝑁1 and 𝑁2  are the maximum power that can be bought from 

the grid and the maximum power that can be sold to the grid, 

respectively. 

 

I. UNCERTAINTY MODELING 

In this paper, wind and solar production sources are used 

as renewable sources, whose output power is a function of 

wind speed and solar radiation, respectively. In this study, the 

uncertainties caused by these sources have been modeled 

using scenario generation and using the Weibull and Beta 

distribution functions. 

1) Uncertainty model of PV power:  

In this simulation, to check the uncertainty related to solar 

energy, Beta distribution function is used, which is defined by 

two parameters 𝛼 and 𝛽. For each solar power, these two 

parameters are adjusted based on the distribution of the series 

of numbers we have and produce a scenario. In this method, 

the predicted value of PV power is considered as the average 

value. In the Beta distribution, we need two parameters, the 

average predicted power per hour and its standard deviation. 

In this method, the probability of occurrence of each scenario 

should be calculated as follows. After calculating the 

probability of occurrence of the scenario, it should be 

normalized[11].  

(40) 

𝑓(𝑥; 𝛼,𝛽) = 𝑓𝑝𝑝𝑣

= {

𝛤(𝛼+𝛽)

𝛤(𝛼)×𝛤(𝛽)
 (𝑝𝑝𝑣) 𝛼−1  (1 − 𝑝𝑝𝑣) 𝛽−1     𝑖𝑓 𝑝𝑝𝑣 ∈ [0,𝑝𝑝𝑣(𝑠𝑖)]    

           0                                    𝑜𝑡ℎ𝑒𝑟 𝑤𝑖𝑠𝑒          

 

For the Beta distribution, in order to reduce the volatility of 

different scenarios, the value of the standard deviation should 

be reduced. 

2) Uncertainty model of wind power:  

It is essential to use a suitable model in predicting wind 

turbine production. The Weibull distribution function is 

defined by two parameters, which are the scale parameter and 

the shape parameter. For each wind power, these two 

parameters are set based on the distribution of the series of 

numbers and produce a scenario. In the Weibull distribution, 

the probability of occurrence is calculated as follows. After 

calculating the probability of the scenario, it must be 

normalized. If the random variable X has support with non-

negative and continuous values, so that its density function is 

written as follows, then this random variable has a Weibull 

distribution with parameters k and λ[11]: 

(41) 

𝑓(𝑥,𝜆, k) = 𝑅𝑂𝑊𝐼𝑁𝐷

= {
k

𝜆
(
𝑥

𝜆
)k-1𝑒−(𝑥

𝜆⁄ )k

              𝑥 ≥ 0

           0                                      𝑥 < 0          

 

In the above relation, λ is the scale parameter and k is the 

shape parameter. Also, x refers to 𝑝𝑤𝑖𝑛𝑑 . In this case, it is 

displayed as 𝑥~𝑤(𝜆, k) where x has a Weibull distribution 

with parameters λ and k. Both these parameters have positive 

values. If the dispersion of the scenarios is required to be 

further apart, the shape parameter or k should be reduced. 

 

J. HUB MODELING 
An energy hub represents an interface between different 

energy sub structures. In this paper, smart home appliances 

are considered such as dishwashers, washing machines, pool 

pumps, electric vehicles, uncontrollable loads, heat pumps, 

water heaters, boilers, thermal loads, electric storage, thermal 

storage, gas network, electricity grid, and renewable sources 

to model the smart home by an energy hub system. 

Constraints related to boiler and hub energy are in the form of 

Eqs. (42)-(49) [34]: 

(42) 𝑃𝑇𝐸𝑆
𝑐 (𝑡,𝑠) =  𝐻𝑏𝑇𝐸𝑆(𝑡,𝑠) + 𝑃𝑇𝐸𝑆

𝑊𝐻 (𝑡,𝑠)            ∀𝑡

∈ 𝑇 ,∀𝑠 ∈ 𝑆 

(43) 𝑃𝑇𝐸𝑆
𝑑 (𝑡,𝑠) =  𝐻𝑇𝐸𝑆

𝑇𝐿 (𝑡,𝑠) + 𝐻𝑇𝐸𝑆
𝑊𝐻 (𝑡,𝑠)            ∀𝑡

∈ 𝑇 ,∀𝑠 ∈ 𝑆    

(44) 𝐻𝑏(𝑡) =  𝐺𝑏(𝑡) ∗ 𝑁𝑏                  ∀𝑡 ∈ 𝑇    

(45) 0 ≤ 𝐻𝑏(𝑡) ≤ 𝐻𝑏𝑚𝑎𝑥                ∀𝑡 ∈ 𝑇                        

(46) 
𝐻𝑏(𝑡) = 𝐻𝑏𝑊𝐻(𝑡,𝑠) + 𝐻𝑏𝑇𝐿(𝑡,𝑠)

+ 𝐻𝑏𝑇𝐸𝑆(𝑡,𝑠)            ∀𝑡 ∈ 𝑇 ,∀𝑠

∈ 𝑆   

(47) 
𝑃𝑖

𝐴𝑃𝑃(𝑡) = 𝑃𝑇𝐸𝑆
𝑊𝐻 (𝑡,𝑠) + 𝑃𝑤ℎ

𝑊𝐻 (𝑡,𝑠)

+ 𝑃𝑇𝐿
𝑊𝐻 (𝑡,𝑠)             ∀𝑡 ∈ 𝑇 ,∀𝑠

∈ 𝑆, ∀𝑖 ∈ 𝑊𝐻 

(48) 
𝐷ℎ(𝑡) = 𝐻𝑇𝐸𝑆

𝑇𝐿 (𝑡,𝑠) + 𝐻𝑏𝑇𝐿(𝑡,𝑠)

+ 𝑃𝑇𝐿
𝑊𝐻 (𝑡,𝑠)            ∀𝑡 ∈ 𝑇 ,∀𝑠

∈ 𝑆    
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(49) 
𝑃𝑇

𝑊𝐻  (𝑡,𝑠) = 𝐻𝑇𝐸𝑆
𝑊𝐻  (𝑡,𝑠) + 𝐻𝑏𝑊𝐻(𝑡,𝑠)

+ 𝑃𝑤ℎ
𝑊𝐻 (𝑡,𝑠)         ∀𝑡 ∈ 𝑇 ,∀𝑠

∈ 𝑆 

It is clear from Eq. (42) that the charging power of the 

thermal storage must either be supplied by the boiler or WH. 

Equation (43) states that the power discharged by the thermal 

storage is consumed by the thermal loads or heats water. 

Equation (44) shows the production power of the boiler. 

Equation (45) presents the production limit of the boiler. It is 

clear from Eq. (46) that the generated heat of the boiler is used 

for heating water, thermal loads stored in the storage tank. 

From Eq. (47) it is understood that the power produced by 

WH can be stored in a storage tank, used for heat water or 

thermal loads. Also, Eq. (48) states that the thermal loads 

must either be supplied by the storage device, supplied by the 

boiler, or supplied by WH. Finally, Eq. (49) determines the 

total power consumption of heat water.  

 

K. TOPSIS METHOD 
After solving the multi-objective problem for the 

residential hub, a set of optimal Pareto solutions is 

recommended, which must be chosen from the user's point of 

view. TOPSIS (Technique for Order Preference by Similarity 

to Ideal Solution) is a widely used and practical multi-criteria 

decision-making (MCDM) method. This method provides 

different advantages. It ranks alternatives based on their 

proximity to the ideal and negative-ideal solutions, making it 

intuitive and easy to implement. TOPSIS can simultaneously 

handle both beneficial and non-beneficial criteria without 

requiring assumptions about data distribution or utility 

functions. It also allows for flexible weighting of criteria and 

produces interpretable results. In this study, TOPSIS is 

employed to select the optimal demand response strategy 

considering multiple conflicting technical, economic, and 

operational criteria. In this method, m options are evaluated 

by n indicators. It is assumed that the desirability of each 

index is uniformly increasing or decreasing, which is defined 

for positive ideal (𝐴+) and negative ideal (𝐴−) options. The 

value of the indicators is between 0 and 1 and is mostly based 

on mathematical calculations. The biggest value shows the 

higher priority, which means that it is a suitable option. The 

best option has the minimum distance from the positive ideal 

solution and the furthest distance from the negative ideal 

solution. This TOPSIS model is implemented in eight steps 

according to the following steps: 

1) Creating a decision matrix from the collected information 

and creating a data matrix based on n indicators and m options 

in Eq. (50) where i options and j represent indicators.   𝑋𝑖𝑗 is 

the i-th index value for the j-th option. 

2) The decision-making matrix must be normalized by Eq. 

(51) so that its data is descaled. Then, by standardizing the 

indices, the domain of 𝑋𝑖𝑗 values is converted into a standard 

domain and the standardized values of 𝑅𝑖𝑗  indices are 

obtained as the standard matrix of Eq. (52). 

 

(50) 𝑋𝑖𝑗 = [

𝑋11 𝑋12 … 𝑋1𝑛

𝑋21 𝑋22 ⋯ 𝑋2𝑛

⋮ ⋮ ⋱ ⋮
𝑋𝑚1 𝑋𝑚2 ⋯ 𝑋𝑚𝑛

]            (𝑖

= 1, … ,𝑛)  ,   (𝑗 = 1, … ,𝑛) 

 

(51) 
𝑟𝑖𝑗 =

𝑋𝑖𝑗

√∑ 𝑋𝑖𝑗
2𝑛

𝑖=1

 

(52) 𝑅𝑖𝑗 = [

𝑟11 𝑟12 … 𝑟1𝑛

𝑟21 𝑟22 ⋯ 𝑟2𝑛

⋮ ⋮ ⋱ ⋮
𝑟𝑚1 𝑟𝑚2 ⋯ 𝑟𝑚𝑛

] 

3) Determining the weight of each index based on Eq. (53).  

Indices with more weight are more important, and the sum of 

the weights must be equal to 1, where 𝑊𝑗  is the weight of the 

i-th index. It should be noted that the weights of the objectives 

are assigned according to the decision-maker’s priorities and 

can vary depending on the specific requirements and 

preferences of the system under study. 

(53) ∑ 𝑊𝑗 = 1

𝑛

𝑗=1

 

4) Converting the step 2 decision matrix into a weighted 

unscaled matrix. 𝑉𝑖𝑗  is the weighted normalized matrix 

elements which is created based on Eqs. (54) and (55): 

(54) 𝑣𝑖𝑗 = 𝑟𝑖𝑗 × 𝑤𝑗  

(55) 𝑉𝑖𝑗 = [

𝑣11 𝑣12 … 𝑣1𝑛

𝑣21 𝑣22 … 𝑣2𝑛

⋮ ⋮ ⋱ ⋮
𝑣𝑚1 𝑣𝑚2 ⋯ 𝑣𝑚𝑛

] 

5) Finding the positive ideal solution (𝐴+) by determining the 

maximum value based on equation (56) and the negative ideal 

solution (𝐴−) by determining the minimum value based on 

equation (57). Vj
+ is the positive ideal value for the jth index 

and Vj
− is the negative ideal value for the jth index. 

(56) 
𝐴+ = (𝑉1

+,𝑉2
+,𝑉3

+,…,𝑉𝑛
+)         {(𝑚𝑎𝑥𝑖 𝑣𝑖𝑗|𝑗

∈ 𝐽),(𝑚𝑖𝑛𝑖𝑣𝑖𝑗|𝑗 ∈ 𝐽′)} = 𝑣𝑗
+ 

(57) 
𝐴− = (𝑉1

−,𝑉2
−,𝑉3

−,…,𝑉𝑛
−)             {(𝑚𝑖𝑛𝑖 𝑣𝑖𝑗|𝑗

∈ 𝐽),(𝑚𝑎𝑥𝑖𝑣𝑖𝑗|𝑗 ∈ 𝐽′)} = 𝑣𝑗
− 

6) Calculation of the distance between the positive ideal and 

the negative ideal based on the Euclidean method. 𝑆𝑖
+ is the 

distance of the i-th option from the positive ideal that is 

calculated based on Eq. (58). 𝑆𝑖
− is the distance of the i-th 

option from the negative ideal that is calculated based on Eq. 

(59). 



255                                                                                                                                 Multi-objective Scheduling.../ M.Haghighi, et al 

 
7) Calculation of the relative closeness of the ideal solution based 

on the index   𝐶𝑖 based on Eq. (60) which is defined to combine 

the values of 𝑆𝑖
+ and 𝑆𝑖

− and compare the options: 

 

(58) 𝑆𝑖
+ = √∑(𝑣𝑖𝑗 − 𝑣𝑗

+)2

𝑛

𝑗=1

 

(59)  𝑆𝑖
− = √∑(𝑣𝑖𝑗 − 𝑣𝑗

−)2

𝑛

𝑗=1

 

 

(60) 𝐶𝑖 =
𝑆𝑖

−

𝑆𝑖
+ + 𝑆𝑖

− 

8) Ranking options based on their relative proximity to the 

ideal solution and the similarity index 𝐶𝑖  .This value varies 

between 0 and 1. The closer the similarity index value to one, 

the more superior the option is which means that the option is 

ranked better. 

 

III. CASE STUDY 

A. DESCRIPTION OF DESIGNED TEST SYSTEM 

A home with various appliances connected to HEMS is 

considered as a test system. The costumers register their 

information that reflects their preferences for comfort and 

desired lifestyle. Some of the registered information which 

makes the user comfortable and other information about the 

equipment are given in Table 2. Other specifications related 

to thermostat-controlled appliances, which include water 

heaters and air conditioners, are listed in Tables 3 and 4, 

respectively. The specifications related to the electrical 

storage are given in Table 5 and the specifications related to 

the thermal storage are given in Table 6.The price of energy 

exchanged with the grid is shown in figure (4). The outside 

temperature is shown in Fig.  5. The amount of hot water 

consumption of the smart home is demonstrated in Fig. 6. 

Also, there are uncontrollable loads in the smart home, such 

as lighting loads, as shown in Fig. 7.   

 

B. RESULT 

In order to evaluate the effect of the proposed method on 

the operation cost and customer's welfare, three case studies 

have been designed. The designed case studies are as follows: 

 

• Case Study 1: In this case, ϖ1 = 1 and ϖ2 = 0 are 

considered, which means that the objective function is 

to reduce the operation cost without considering 

customer satisfaction. In this case, the well-being of 

consumers is not important in using smart home 

devices, and the only goal is to optimize the cost of 

payment. This case is considered as a base case in this 

study. 

• Case study 2: In this case, ϖ1 = 0.5   and ϖ2 = 0.5 are 

considered. In this case, the proposed model 

simultaneously considers both cost payment and 

customer satisfaction. Also, both objectives have the 

same preferences from the smart home point of view.  

• Case Study 3: In this case, weight coefficients are 

changed from 0 to 1 and the best solution is selected 

by TOPSIS. Actually, this case study considers 

different preferences between objective functions. 

 

Table 3. Specifications related to the water heater model 

 

Table 4. Specifications related to the Air conditioning model 
𝑇0𝐴𝐶

(℃) Tc,i(℃) 𝜃𝑖
𝑑𝑛 

(℃) 

𝜃𝑖
𝑢𝑝

 (℃) 𝛾 𝜂 

23 27 23 29 -9.5 0.9 

 

Table 5. Specifications related to the electric storage model 
S𝐸𝑆𝑆

𝑚𝑎𝑥 

(kWh) 

S𝐸𝑆𝑆
𝑚𝑖𝑛 

(kWh) 

S𝐸𝑆𝑆
𝑖𝑛𝑖  

(kWh) 

SESS 

(kWh) 

𝑅𝐸𝑆𝑆
𝑐  

(kWh) 

𝑅𝐸𝑆𝑆
𝑑   

(kW) 

𝜂𝐸𝑆𝑆
𝑐  𝜂𝐸𝑆𝑆

𝑑  

7.20 0.80 2.80 8 1.80 1.80 0.95 0.95 

 

Table 6. Specifications related to the Thermal storage model 
S𝑇𝐸𝑆

𝑚𝑎𝑥 

(kWh) 

S𝑇𝐸𝑆
𝑚𝑖𝑛 

(kWh) 

S𝑇𝐸𝑆
𝑖𝑛𝑖  

(kWh) 

S𝑇𝐸𝑆 

(kWh) 

𝑅𝑇𝐸𝑆
𝑐  

(kWh) 

𝑅𝑇𝐸𝑆
𝑑   

(kWh) 

𝜂𝑇𝐸𝑆
𝑐  𝜂𝑇𝐸𝑆

𝑑  

10 0 2.50 11 1 1 0.95 0.95 

 

(1) Case study 1: 

The main goal of this case study is payment cost 

minimization. The simulation results show that the consumer 

payment cost is 79 cents and the dissatisfaction value is 199. 

Smaller dissatisfaction shows the higher the residents' welfare 

Table 2. User of desired comfort preferences. 
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NIA WM - 2 [8,23] 1.8 - 0.1 

DW1 - 1 [13,16] 1.2 - 0.2 

DW2 - 1 [17,23] 1.2 - 0.3 

IA PP - - [2,15] 0.8 1.6 0.1 

EV1 - - [6,24] 2.2 6.5 0.2 

EV2 - - [11,23] 1.7 5 0.3 

TCA AC 27 - - 2 - 1 

WH 55 - - 3 - 2 

HA Boiler - - - 2 - - 

Tc,i 

(℃) 

𝑇0𝑊𝐻
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M 

(kg) 
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𝐶𝑤 

(J/kg/C) 

𝜆 

(kWh/J) 

55 49 140 45 68 30 4200 1/3600000 
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level. For the proposed model, 10 scenarios have been 

considered due to uncertainty in power generation by 

renewable sources. The energy transactions with the grid, 

encompassing both import and export, are depicted in Fig. 8. 

It can be observe that the purchasing electricity from the grid 

during off-peak hours is more than other hours because the 

electricity prices are low. Therefore, the customers prefer to 

purchase electricity from the grid. However, they reduce the 

purchasing electricity from peak hours because of high 

electricity prices. The charge and discharge power diagram of 

the electric storage and the charging level of the storage for 

case study 1 is shown in Fig. 9. Figure 9 shows that the 

electric storage is charged during off-peak times because the 

electricity prices are low.  They discharged the stored energy 

during peak hours with high prices to reduce the total cost of 

the system. The charging and discharging capability of energy 

storage systems can effectively mitigate the uncertainty 

associated with renewable energy generation by balancing 

supply and demand in real time.The power consumption of 

home appliances is shown in Fig. 10 for case study 1. The 

types of equipment used in the smart home include washing 

machine, dishwasher 1 and 2, pool pump, electric vehicle 1 

and 2, air conditioner, water heater, and boiler. The amount of 

energy consumption of each device is given along with the 

preset hour of its use. It can be observed that the proposed 

model attempts to achieve the lowest electricity bill by buying 

electricity from the grid during low 

price periods and charging the ESUs. The household 

appliances keep the lowest level of comfort in advance. 

According to Fig. 10, it can be observed that during the early 

hours of the day, the boiler is actively utilized due to the 

relatively low gas prices at that time. This operational strategy 

reflects the cost-effective use of available energy resources, 

whereby the system prioritizes gas-based heating when it is 

economically favorable. By doing so, the model minimizes 

energy expenses while ensuring that the thermal demands of 

the household are adequately met. This also allows the 

thermal storage unit to be charged in preparation for later 

hours when gas prices are higher. According to Fig. 11, during 

the same early hours when gas prices are relatively low, the 

thermal storage system is simultaneously charged while 

fulfilling the immediate thermal load requirements. This 

operational strategy reflects an effective energy management 

approach, wherein the boiler is utilized to generate heat at a 

lower cost, and the surplus thermal energy is stored for later 

use. As gas prices increase during subsequent periods, the 

stored thermal energy is discharged to meet the heating 

demand, thereby avoiding the need for expensive fuel 

consumption during peak price hours. This illustrates the 

model’s capability to shift thermal energy usage from high-

cost to low-cost periods, enhancing both economic efficiency 

and system flexibility. Such proactive utilization of thermal 

storage not only reduces operational costs but also 

contributes to the resilience and sustainability of the smart 

home energy system. 

 

(2) Case study 2: 

In this case, both the consumer's welfare and payment costs 

are considered with the same importance. The simulation 

results show that the payment cost by the consumer is 93 

cents, and the amount of dissatisfaction is 38. Compared to 

case study 1, the level of consumer dissatisfaction has been 

significantly reduced. In this case study dissatisfaction as the 

objective function, the proposed model decreases it from 199 

cents to 93 cents. The energy trading to the electricity grid in 

case study 2 is shown by Fig. 12. During off-peak periods, 

characterized by lower electricity prices, consumers are more 

likely to increase their energy usage or shift flexible loads to 

these hours in order to minimize their overall electricity costs. 

In contrast, during peak periods with higher prices, 

consumption is reduced or deferred. The proposed model 

effectively captures this behavior by optimizing the load 

scheduling to align with dynamic pricing signals, thereby 

 

Fig 4. Information on the price of buying and selling electricity 

from the grid. 

 

Fig. 5. Outdoor temperature over a day. 

 

 

Fig. 6. Water demand over a day. 

 

Fig. 7. Must-run power over a day. 
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improving economic efficiency while maintaining user 

satisfaction. 

The consumed power of home appliances in case study 2 is 

shown in Fig. 13. Compared to case study 1, it is clear that 

some items such as DW2 and PP have been transferred to the 

previous times. The charging and discharging power diagram 

of the electric storage unit for case study 2 is shown in Fig. 

14. Energy storage units are charged during off-peak hours 

when electricity prices are low, and subsequently discharged 

during peak demand periods to support the household’s 

energy needs. This strategic operation not only enhances load 

flexibility but also contributes to cost reduction by leveraging 

the price differential between off-peak and peak hours. As 

shown in Fig. 15, the thermal storage unit is simultaneously 

charged when the boiler is in operation to meet the thermal 

loads. When the gas prices increase, the stored thermal energy 

is discharged to supply heating needs, thereby reducing the 

overall operational cost of the smart home. 

 

(3) Case study 3: 

In this case, we apply all of the available weight coefficients 

between zero and 1 and calculate 100 different solutions. This 

case shows the sensitivity of payment costs and 

dissatisfaction with the weight coefficients. Among these 

solutions, the best option is determined by the TOPSIS 

method. According to the TOPSIS ranking method, it can be 

seen that the optimal solution for ϖ1 is 0.87 − 0.94 and Also, 

for the weighting factorϖ2 is 0.13 − 0.06. In this case, the 

amount of consumer dissatisfaction is 40 and the payment 

cost is 80 cents. The TOPSIS method selected this solution 

because it offers an optimal balance between operation cost 

and consumer dissatisfaction. A slight increase in 

dissatisfaction can lead to substantial cost savings, making the 

trade-off efficient. Besides, system constraints tend to favor 

cost reduction without significantly compromising comfort. 

The chosen solution also ranks best by minimizing the 

distance to the ideal point and maximizing the distance from 

the worst, aligning with TOPSIS criteria.The amount of 

energy trading with the electricity grid in case study 3 is 

presented in Fig. 16. Due to the lower electricity prices during 

off-peak hours, consumers increase their energy transactions 

with the electricity grid. This increased activity is driven by 

the economic incentive to take advantage of cheaper 

electricity costs. Also, during peak hours 14-22, when 

electricity prices are substantially higher than at other times, 

substantially, the volume of energy transactions decreases to 

reduce the energy costs. The planning power of household 

appliances is shown in Fig. 17. 

Electric vehicles are charged during off-peak periods to 

prevent increased operational costs associated with high 

electricity prices. Besides, dishwashers are scheduled to 

operate during low-price off-peak hours, reflecting a 

deliberate strategy to minimize energy expenses. Also, Figs. 

18 and 19 demonstrate the charge and discharge power 

 

Fig. 8. Hourly purchase of energy from the grid or sale of energy to the  

grid for case 1. 

 

Fig. 9. Energy change of ESUs in one day for case 1. 

 

Fig. 10. Scheduling of household appliances for case 1. 

 

Fig. 11. Energy change of thermal storage in one day for case 1. 

 

Fig. 12. Hourly purchase of energy from the grid or sale of  

energy to the grid for case 2. 

 

Fig. 13. Operation of smart home appliances for case 2. 
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Fig. 14. Energy change of ESUs in one day for case 2. 

 

Fig. 15. Energy change of thermal storage in one day for case 2. 

diagram of the electric and thermal storage devices, 

respectively. The results of Figs. 18 and 19 show that the 

energy storage devices are charged during low electricity 

prices and discharged during peak hours when prices are high. 

These charging and discharging performances enable the 

cost-saving opportunity for customers to reduce total cost. 

 

Fig. 16. Hourly purchase of energy from the grid or sale of  

energy to the grid for case 3. 

 

Fig. 17. Schedule of household appliances for case 3. 

 

Fig. 18. Energy change of ESUs in one day for case 3. 

 

Fig. 19. Energy change of thermal storage in one day for  

case 3. 

V. CONCLUSION 

In this paper, a new price-based home energy management 

is proposed which tries to reduce costs and increase consumer 

satisfaction. In this model, several case studies have been 

discussed and all types of smart home appliances with various 

characteristics has been considered in the proposed 

framework. Also, with a developed satisfaction model, the 

proposed HEMS can provide several flexible solutions with 

different levels of user satisfaction for residents. Different 

case studies have been considered to evaluate the impact of 

weight coefficients on smart home performance. To use the 

model, a balance must be found between the cost and the 

welfare level, which is expressed as the optimal response. In 

optimal response Compared to case study 1, by paying one 

cent more, the customer's well-being increases significantly, 

and also compared to case study 2, by paying 13 cents less, 

he can get the appropriate amount of well-being. In future 

work, the peer-to-peer energy trading among several HEMS 

will be studied. 
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This paper introduces a novel optimal iterative learning control scheme for continuous-

time systems with multiple-inputs and multiple-outputs and linear time-varying 

dynamics. While iterative learning control has been extensively studied in the discrete-

time domain, the development of optimal iterative learning control for continuous-time 

systems remains limited due to the lack of lifted-formulations and associated 

mathematical challenges. The proposed method transforms the original optimal iterative 

learning control problem into a linear quadratic tracking-like problem, enabling the 

derivation of an explicit close-loop control law that ensures both tracking performance 

and control effort minimization. Unlike many existing approaches that rely on learning 

algorithms involving derivative terms, which are often sensitive to measurement noise, 

the proposed design avoids such terms and remains computationally efficient. Moreover, 

the monotonic convergence of the tracking error and the associated cost function are 

proved by rigorous mathematical analysis. Theoretical results are supported by four 

comprehensive simulation examples, including comparisons with several existing 

iterative learning control methods. Quantitative evaluations confirm that the proposed 

optimal scheme significantly outperforms previous techniques in terms of convergence 

speed and error reduction rate. This contribution offers a new framework for the optimal 

control of continuous-time systems with multiple inputs and outputs in repetitive tasks 

and provides a foundation for future extensions to constrained, nonlinear, or partially 

measurable systems. 

I. Introduction 

Iterative learning control (ILC) is an effective method for 

managing systems that perform repetitive tasks over a finite 

time interval [1, 2]. The key feature of ILC is the utilization 

of information from previous iterations to enhance the 

performance of the system in subsequent executions [3, 4]. 

This iterative process allows the system to progressively 

improve from iteration to iteration, which makes ILC 

particularly valuable in applications requiring high precision 

and repeatability, such as robotics, manufacturing, and 

biomedical fields. Since its introduction [5], ILC has seen a 

variety of design approaches and has been successfully 

applied across a wide range of practical scenarios [6, 7, 8]. 

Notably, various approaches to ILC have been proposed to 

address different challenges in control systems. For example, 

in [9], an adaptive repetitive controller is introduced to reject 

periodic disturbances with an unknown period. In [10], two 

ILC methods leveraging neural iterative learning identifiers 

are proposed for a class of unknown time-varying nonlinear 

systems. The design of ILC for continuous-time linear 

systems is reformulated as a two-dimensional stabilization 

problem in [11]. Subsequently, a dynamic output feedback 

control strategy is developed to effectively resolve this 

challenge. A data-driven ILC method, integrating predictive 

control and point-to-point ILC, is proposed in [12] for a class 

of unknown, repetitive, non-affine nonlinear single-input 

single-output (SISO) systems. The issue of quantized ILC, 

which utilizes encoding and decoding mechanisms for 

networked control systems (NCSs) with bandwidth-

constrained communication links, is addressed in [13]. 

Additionally, a piecewise-type ILC law is designed for linear, 

discrete, time-varying systems with different initial time 

points using segment compensation techniques in [14]. 

Lastly, an error-tracking-driven adaptive back-stepping ILC 
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is proposed in [15] for a type of nonlinear parametric strict-

feedback systems performing repetitive tasks over finite 

intervals. 

On the other hand, various optimization-based control 

strategies, such as genetic algorithms (GA) and particle 

swarm optimization (PSO), have been widely used to design 

optimal controllers for complex systems. For instance, a 

novel approach for the optimal control of robotic 

manipulators using PSO is presented in [16]. However, these 

methods fundamentally differ from ILC. While GA and PSO 

are global optimization techniques that explore the entire 

parameter space to find an optimal solution, ILC improves 

control performance through repetitive task execution, 

refining the control signal based on errors from previous 

iterations. This makes ILC particularly well-suited for 

systems performing repetitive tasks, where data from past 

executions can be utilized to enhance performance over time. 

This unique characteristic of ILC has given rise to a 

category that combines optimization techniques with ILC for 

controlling systems that perform repetitive tasks. Since an 

optimal ILC can significantly improve both convergence 

speed and overall system performance [17], there has been 

growing interest among researchers in developing 

optimization-based ILC methods. Below, some of the key 

studies in this area are outlined. 

For instance, in [18], a model-based ILC method is 

introduced, generalizing ILC using a quadratic performance 

criterion for time-varying linear constrained systems affected 

by both deterministic and stochastic disturbances. In [19], a 

parameter optimization-based ILC approach is presented as a 

new paradigm for solving the ILC problem in discrete-time 

linear time-invariant (LTI) systems. A recursive optimal 

algorithm minimizing the input error covariance matrix is 

proposed in [20] to determine the optimal forgetting and 

learning gain matrices for a P-type ILC in linear discrete-

time-varying systems with arbitrary relative degrees. 

In [21], a feed-forward parameter-optimal high-order ILC 

algorithm is proposed, noted for its ease of implementation. 

The extension of the classical proportional-integral-

derivative (PID) controller to linear repetitive discrete-time 

systems is addressed in [22], where an optimal design method 

is introduced for determining the PID learning gains. Mishra 

et al. [23] further developed optimization-based ILC schemes 

for constrained discrete-time LTI systems. In [24], two 

paradigms of norm-optimal ILC and parameter-optimal ILC 

are explored for multivariable LTI systems. 

Further studies include [25], which established an extended 

PID-type ILC with four independent learning gains, and [26], 

which proposed a non-lifted norm-optimal ILC method for 

linear time-varying (LTV) systems. In [27] and [28], rational 

basis functions and a novel optimal N-parametric ILC design 

for discrete-time LTI systems are presented to improve 

extrapolation properties and design flexibility. 

To enhance the convergence rate, [29] introduced an 

optimal approach for online tuning of PID-type ILC. A robust 

optimal ILC scheme for updating PID gains in linear systems 

affected by initial state errors and disturbances is proposed in 

[30]. The high-performance tracking problem for discrete-

time SISO and LTI systems with unknown dynamics is 

tackled in [31], where two parameter-optimal ILC approaches 

are introduced, one based on a data-driven algorithm and the 

other using reinforcement learning. 

Zhuang et al. [32] proposed an optimal ILC algorithm for 

LTI MIMO discrete-time systems with non-uniform trial 

lengths under input constraints. In [33] and [34], norm-

optimal ILC in integer-valued control and optimal ILC for 

constrained systems with bounded uncertainties are 

examined. Furthermore, in [35] and [36], an optimal 

feedforward ILC for discrete-time LTI, SISO systems is 

developed, combining performance cost and task flexibility. 

This method outperforms standard norm-optimal ILC in both 

flexibility and performance. 

Finally, in [37] and [38], gradient-like and alternating 

projection-based optimal ILC designs are presented for LTI 

continuous-time SISO and MIMO systems, respectively. 

Meanwhile, in [39] and [40], data-driven tracking control for 

LTI discrete-time ILC systems and computationally efficient 

iterative optimization frameworks for nonlinear batch 

processes are proposed, respectively. 

As observed in the aforementioned studies, the majority of 

optimization-based ILCs have been developed for discrete-

time systems. This is primarily due to the fact that, in discrete 

systems, time is represented as an integer-valued variable, and 

thus the number of time points per iteration is finite, denoted 

by M. This enables a compact formulation, known as the 

lifted-form [17, 24] (or super-vector form [41, 42]), which 

simplifies the system in the repetition domain by eliminating 

the time variable and utilizing the Markov parameters of the 

system. The lifted-form approach reduces the optimal ILC 

design for discrete-time systems to a parametric and static 

optimization problem [22, 28, 42], making it solvable. 

Despite these advances in discrete-time systems, designing 

optimal ILCs for continuous-time systems remains an under-

explored area. The key challenge stems from the absence of a 

compact lifted representation in continuous time. Since time 

is a continuous variable, the infinite-dimensional nature of the 

signal space makes it difficult to formulate the learning 

problem as a static optimization problem. As such, only a 

limited number of studies have addressed optimal ILC in 

continuous-time settings, and most of them are restricted to 

scalar systems or assume time-invariant dynamics. One 

possible approach to overcome this challenge could be to 

discretize the system and then apply the lifted-form method. 

However, to achieve sufficient accuracy in the discretization, 

a very small step size would be required. This would lead to 

significantly large dimensions for the vectors and matrices in 

the resulting lifted-form, thereby causing a substantial 

increase in the computational volume and complexity. 
 

This paper addresses this gap by proposing an optimal ILC 

framework for continuous-time systems, specifically for 

MIMO linear time-varying (LTV) systems. To the best of the 

authors' knowledge, this approach has not been explored in 

previous research. The closest results to those presented in 

this paper can be found in Chapter 9 of [42] for time-invariant 

systems. However, there are fundamental differences, which 
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are detailed in Section 3. In this work, we propose an 

alternative approach to prove convergence, avoiding the use 

of complex mathematical concepts such as the properties of 

self-adjoint operators in Hilbert spaces. 
 

To present our approach more clearly, we propose a novel 

optimal iterative learning control (OPILC) method for 

continuous-time systems with MIMO dynamics and time-

varying characteristics. This method reformulates the ILC 

problem into a linear quadratic tracking-like (LQT) problem, 

facilitating the derivation of an explicit closed-loop control 

law that guarantees both accurate tracking and minimized 

control effort. This approach is especially advantageous for 

applications where monotonic convergence of the tracking 

error is of paramount importance. In contrast to previously 

developed continuous-time ILC methods, which often rely on 

derivative-based learning algorithms [1], [2], [51], that may 

be susceptible to measurement noise, the proposed method 

eliminates these terms, thereby ensuring both computational 

efficiency and robustness. We provide theoretical guarantees 

for monotonic convergence through a rigorous mathematical 

analysis, which is validated by extensive simulation results. 

For a comprehensive comparison, the proposed method is 

analyzed in relation to existing ILC techniques, such as those 

presented in [14], [48], and [51], with key distinctions 

highlighted in terms of convergence speed and error reduction 

rate. 

The main contributions of the proposed optimal ILC in this 

paper are summarized as follows: 
 

A. Direct Addressing of Continuous-Time Dynamics:  

It works directly with continuous-time system dynamics, 

eliminating the need to discretize the system and apply the 

lifted-form method. As a result, the computational workload 

remains low and efficient. 
 

B. Penalizing Error and Input Variation:  

To ensure a fair and comprehensive evaluation, our method 

considers both tracking accuracy and control smoothness. 

Specifically, the weighting matrices in the cost function, 

which penalize error and input variation, are adjusted to 

balance the trade-off between aggressive learning and 

conservative input usage. This highlights the flexibility of the 

proposed optimal ILC in addressing performance 

specifications and physical constraints. 
 

C. Independence from Derivative-Based Learning:  

The proposed approach does not rely on derivative-based 

learning algorithms (D-type learning). While many 

previously presented continuous-time ILCs are based on D-

type learning, which involves differentiating tracking errors 

or system outputs, such algorithms are highly sensitive to 

noise. This sensitivity becomes a significant issue in real-

world applications, where measurements are inherently noisy. 
 

D. Applicability to Time-Varying Systems:  

Unlike the method in [42], which is limited to time-

invariant systems, our formulation is designed to handle 

general time-varying systems. 

 

E. Guaranteed Monotonic Convergence:  

We prove that the proposed optimal ILC ensures the 

monotonic convergence of both the tracking error and the cost 

function, utilizing only elementary mathematical tools, such 

as the concepts and properties of the transition matrix for 

homogeneous linear differential equations. In contrast, the 

method used in [42] to prove convergence, even for the time-

invariant case, involves many mathematical premises, 

including the theory of self-adjoint operators in Hilbert spaces 

and the properties of these operators. 
 

F.Computational Efficiency and Ease of Implementation:  

In the proposed method, two types of learning gains exist. 

The first type is a symmetric 𝑛 × 𝑛 matrix, where 𝑛 represents 

the order of the controlled system. This matrix is obtained 

prior to the first iteration by solving a Riccati matrix 

differential equation, using the system coefficient matrices 

and the cost function weighting matrices. This learning gain 

is then used throughout all iterations. The second type of 

learning gain is a vector with 𝑛 components, which needs to 

be determined by solving a linear vector differential equation, 

using the tracking error obtained from the previous iteration. 

This calculation is done before the start of each new iteration 

and when the system is being reset. Thus, all learning gains 

are determined either before the first iteration or during the 

intermediate phases between iterations. In other words, no 

algebraic or differential equations need to be solved during 

the iterations themselves. This characteristic significantly 

enhances computational efficiency and simplifies the 

practical implementation of the proposed method. 
 

G. Superior Performance:  

Extensive simulation results, including comparisons with 

the ILC methods in [14], [48], and [51], show that the 

proposed optimal ILC achieves faster convergence and higher 

tracking accuracy, while maintaining an acceptable 

computational cost. 
 

The rest of this paper is organized as follows. Section II 

formulates the OPILC problem for continuous-time LTV 

systems and defines the mathematical assumptions. Section 

III derives the optimal control input using LQT theory and 

presents the resulting OPILC structure. Section IV rigorously 

proves the monotonic convergence of the tracking error and 

cost function. Section V provides detailed simulation results 

and performance comparisons with existing ILC methods. 

Section VI concludes the paper and discusses future 

extensions such as incorporating input/state constraints, 

uncertainty, or nonlinear dynamics. 

 

II. Problem Setup 

Consider the continuous-time MIMO LTV system that 

performs a repetitive operation: 

{

𝑥̇𝑖(𝑡) = 𝐴(𝑡)𝑥𝑖(𝑡) + 𝐵(𝑡)𝑢𝑖(𝑡) + 𝜂𝑥(𝑡)

𝑦𝑖(𝑡) = 𝐶(𝑡)𝑥𝑖(𝑡) + 𝜂𝑦(𝑡)

0 ≤ 𝑡 ≤ 𝑡𝑓𝑖 = 0,1, . . .
,                     (1) 
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where 𝑡 denotes the time variable, 𝑖 is the operation or 

iteration index, 𝑥 ∈ ℝ𝑛, 𝑢 ∈ ℝ𝑝, and 𝑦 ∈ ℝ𝑞 are the system 

sate, input, and output vectors, respectively. 𝜂𝑥 ∈ ℝ𝑛 and 

𝜂𝑦 ∈ ℝ𝑞 are the unknown but bounded deterministic 

disturbances, or the effects of the un-modeled dynamics of the 

system, which impact the state and output vectors of the 

system, respectively. 𝑡𝑓 is a constant and specified, indicating 

the time duration of iterations. 𝐴(𝑡), 𝐵(𝑡), and 𝐶(𝑡) are the 

real-valued coefficients with appropriate dimensions. 

Moreover, the superimposed dot denotes the time derivative. 

 

Consider system (1) and make the following reasonable 

assumptions: 

 

A1) Every entry of 𝐵(𝑡) is a continuously differentiable 

function in the interval 𝑡 ∈ (0, 𝑡𝑓). 
 

A2) All entries of 𝐴(𝑡), 𝐵(𝑡), 𝐶(𝑡), and 𝐵̇(𝑡) are bounded 

and continuous functions in the interval 𝑡 ∈ [0, 𝑡𝑓]. 
 

A3) 𝐶(𝑡)𝐵(𝑡) has full row rank in the interval 𝑡 ∈ [0, 𝑡𝑓], 

that is: 

𝑟ank(𝐶(𝑡)𝐵(𝑡)) = 𝑞∀𝑡 ∈ [0, 𝑡𝑓].                          (2) 
 

A4) The initial condition 𝑥𝑖(0) remains constant in all 

iterations, i.e. 

𝑥𝑖(0) = 𝑥0𝑖 = 0,1, . ..                            (3) 

 

Remark 1. Assumptions A1 and A2 have been considered 

in order to guarantee the existence and uniqueness of the 

solution to the homogeneous differential equations that will 

be encountered later. 

 

Remark 2. Assumption A3 is a standard assumption in ILC 

design, which guarantees the existence of learning gains [14, 

29, 32, 34, 47]. It is clear that a necessary condition for 

assumption A3 to hold is that the number of system inputs 

must not be less than the number of outputs (𝑝 ≥ 𝑞). Since 

the goal is to independently control all system outputs through 

appropriate selection of the inputs, the number of inputs must 

be greater than or at least equal to the number of outputs. 

Remark 3. ILC systems usually have the same initial states 

𝑥0 for each working cycle [34, 42, 46, 47]. Thus, assumption 

A4 is not a restriction. This assumption is required for the 

perfect convergence of any type of ILC. Clearly, if the initial 

conditions of the system change randomly, it will be 

impossible to achieve perfect convergence because the 

controller encounters new conditions in each iteration, and 

therefore, learning and using past experiences to improve the 

performance becomes ineffective. 

Let us define the problem of optimal iterative learning 

control (OPILC) as follows: 
 

Consider system (1) and suppose that operates in a 

repetitive mode in the finite continuous time interval 𝑡 ∈

[0, 𝑡𝑓] and assumptions A1-A4 hold. A desired output 

trajectory 𝑦𝑑(𝑡) ∈ ℝ𝑞 is given. The error between the system 

output and 𝑦𝑑(𝑡) at iteration 𝑖 is defined as follows: 
 

𝑒𝑖(𝑡) = 𝑦𝑑(𝑡) − 𝑦𝑖(𝑡)𝑖 = 0,1,2,…       (4) 

 

Suppose that we are at the start of the current iteration 𝑖, 

and all the system signals in the previous iteration 𝑖 − 1, such 

as 𝑢𝑖−1(𝑡), 𝑥𝑖−1(𝑡) and 𝑒𝑖−1(𝑡), are known and stored in the 

controller memory. Determine the system input in the current 

iteration 𝑖, that is 𝑢𝑖(𝑡), so that the system output approaches 

𝑦𝑑(𝑡) by minimizing the following quadratic cost function: 

𝐽𝑖 =
1

2
{‖𝑒𝑖(. )‖𝑄

2 + ‖𝑣𝑖(. )‖𝑅
2 }𝑖 = 1,2,…        (5) 

where 

𝑣𝑖(𝑡) = 𝑢𝑖(𝑡) − 𝑢𝑖−1(𝑡),                    (6) 

and 

‖𝑒𝑖(. )‖𝑄 = [∫ 𝑒𝑖
𝑇(𝑡)𝑄(𝑡)𝑒𝑖(𝑡)𝑑𝑡

𝑡𝑓

0

]

1
2

, 

‖𝑣𝑖(. )‖𝑅 = [∫ 𝑣𝑖
𝑇(𝑡)𝑅(𝑡)𝑣𝑖(𝑡)𝑑𝑡

𝑡𝑓
0

]

1

2
,               (7) 

and 𝑇 denotes the transpose, 𝑄(𝑡) ∈ ℝ𝑞×𝑞 and 𝑅(𝑡) ∈

ℝ𝑝×𝑝 are the weight symmetric and positive definite matrices 

whose entries are the continuous functions of 𝑡 ∈ [0, 𝑡𝑓]. 

The physical interpretation of the given cost function (5) is 

that we want to bring the output of the system close to the 

desired output trajectory, and at the same time, the input of 

the system does not differ much from the previous iteration. 

The relative degrees of these two opposing goals is absorbed 

in matrices 𝑄(𝑡) and 𝑅(𝑡). 

 

III. Problem Solution 

Let us define the vectors 𝑧𝑖(𝑡) and 𝑤𝑖(𝑡) as follows: 
 

{

𝑧𝑖(𝑡) = 𝑥𝑖(𝑡) − 𝑥𝑖−1(𝑡)
𝑤𝑖(𝑡) = 𝑦𝑖(𝑡) − 𝑦𝑖−1(𝑡)
0 ≤ 𝑡 ≤ 𝑡𝑓𝑖 = 1,2,…

.                              (8) 

 

Differentiating 𝑧𝑖(𝑡) with respect to 𝑡 yields: 
 

{

𝑧̇𝑖(𝑡) = 𝑥̇𝑖(𝑡) − 𝑥̇𝑖−1(𝑡)
𝑤𝑖(𝑡) = 𝑦𝑖(𝑡) − 𝑦𝑖−1(𝑡)
0 ≤ 𝑡 ≤ 𝑡𝑓𝑖 = 1,2,…

. 

 

By substituting 𝑥̇𝑖−1(𝑡), 𝑥̇𝑖(𝑡), 𝑦𝑖−1(𝑡) and 𝑦𝑖(𝑡) from (1) 

into the above equations, one obtains: 
 

{
  
 

  
 
𝑧̇𝑖(𝑡) = 𝐴(𝑡)𝑥𝑖(𝑡) + 𝐵(𝑡)𝑢𝑖(𝑡) + 𝜂𝑥(𝑡) − 𝐴(𝑡)𝑥𝑖−1(𝑡)

−𝐵(𝑡)𝑢𝑖−1(𝑡) − 𝜂𝑥(𝑡)

= 𝐴(𝑡)(𝑥𝑖(𝑡) − 𝑥𝑖−1(𝑡)) + 𝐵(𝑡)(𝑢𝑖(𝑡) − 𝑢𝑖−1(𝑡))

𝑤𝑖(𝑡) = 𝑦𝑖(𝑡) − 𝑦𝑖−1(𝑡) = 𝐶(𝑡)𝑥𝑖(𝑡) + 𝜂𝑦(𝑡)

−𝐶(𝑡)𝑥𝑖−1(𝑡) − 𝜂𝑦(𝑡)

= 𝐶(𝑡)(𝑥𝑖(𝑡) − 𝑥𝑖−1(𝑡))

. 

 

Inserting 𝑥𝑖(𝑡) − 𝑥𝑖−1(𝑡) and 𝑢𝑖(𝑡) − 𝑢𝑖−1(𝑡) from (8) and 

(6), respectively, into the above equations, yields: 
 

{
𝑧̇𝑖(𝑡) = 𝐴(𝑡)𝑧𝑖(𝑡) + 𝐵(𝑡)𝑣𝑖(𝑡)
𝑤𝑖(𝑡) = 𝐶(𝑡)𝑧𝑖(𝑡)

. 

0 ≤ 𝑡 ≤ 𝑡𝑓, 𝑖 = 1,2, . ..               (9) 
 

On the other hand, substituting 𝑦𝑖(𝑡) from (8) into (4) 

gives: 
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𝑒𝑖(𝑡) = 𝑦𝑑(𝑡) − 𝑦𝑖−1(𝑡) − 𝑤𝑖(𝑡), 

that is: 

𝑒𝑖(𝑡) = 𝑟𝑖(𝑡) − 𝑤𝑖(𝑡)𝑖 = 1,2,…            (10) 

where 

𝑟𝑖(𝑡) = 𝑒𝑖−1(𝑡).                                     (11) 
 

Substituting 𝑒𝑖(𝑡) from (10) into (5) yields: 
 

𝐽𝑖 =
1

2
∫ {[𝑟𝑖(𝑡) − 𝑤𝑖(𝑡)]

𝑇𝑄(𝑡)[𝑟𝑖(𝑡) − 𝑤𝑖(𝑡)]
𝑡𝑓

0

+ 𝑣𝑖
𝑇(𝑡)𝑅(𝑡)𝑣𝑖(𝑡)} 𝑑𝑡. 

𝑖 = 1,2,…      (12) 
 

Now, let us consider relation (9). This relation represents a 

hypothetical linear time-varying system, where 𝑧𝑖(𝑡), 𝑣𝑖(𝑡), 

and 𝑤𝑖(𝑡) are its state, input, and output vectors, respectively. 

𝑟𝑖(𝑡) is the given desired output for this hypothetical system, 

and minimizing cost function (12) for this hypothetical 

system implies addressing a problem similar to the linear 

quadratic tracking (LQT) problem. 

A review of the LQT problem and its solution procedure is 

provided in the Appendix. Based on this solution, and 

utilizing equation (A-3), the proposed OPILC problem is 

solved as follows: 

𝑣𝑖(𝑡) = −𝑅
−1(𝑡)𝐵𝑇(𝑡)[𝐾(𝑡)𝑧𝑖(𝑡) − 𝑔𝑖(𝑡)]. 

0 ≤ 𝑡 ≤ 𝑡𝑓, 𝑖 = 1,2, . ..            (13) 
 

and the optimum value of cost function (12) is obtained as 

(see (A-8)): 
 

𝐽𝑖
∗ =

1

2
𝑧𝑖
𝑇(0)𝐾(0)𝑧𝑖(0) − 𝑧𝑖

𝑇(0)𝑔𝑖(0) + 𝜙𝑖(0). 

𝑖 = 1,2,…          (14) 
 

where 𝐾(𝑡) ∈ ℝ𝑛×𝑛 is a symmetric and positive definite 

matrix that is the solution of the following Riccati matrix 

differential equation (see (A-4)): 
 

𝐾̇(𝑡) = −𝐾(𝑡)𝐴(𝑡) − 𝐴𝑇(𝑡)𝐾(𝑡) 
+𝐾(𝑡)𝐵(𝑡)𝑅−1(𝑡)𝐵𝑇(𝑡)𝐾(𝑡) 
−𝐶𝑇(𝑡)𝑄(𝑡)𝐶(𝑡).               (15) 
 

and 𝑔𝑖(𝑡) ∈ ℝ𝑛 is a vector that is the solution of the 

following linear vector differential equation (see (A-6)): 
 

𝑔̇𝑖(𝑡) = −[𝐴(𝑡) − 𝐵(𝑡)𝑅
−1(𝑡)𝐵𝑇(𝑡)𝐾(𝑡)]𝑇𝑔𝑖(𝑡) 

−𝐶𝑇(𝑡)𝑄(𝑡)𝑒𝑖−1(𝑡). 

𝑖 = 1,2,…           (16) 
 

The third term in the right-hand side of (14), i.e., 𝜙𝑖(0), is 

obtained from the backward integration of the following 

scalar differential equation (see (A-9)): 
 

𝜙̇𝑖(𝑡) = −
1

2
𝑒𝑖−1
𝑇 (𝑡)𝑄(𝑡)𝑒𝑖−1(𝑡)

+
1

2
𝑔𝑖
𝑇(𝑡)𝐵(𝑡)𝑅−1(𝑡)𝐵𝑇(𝑡)𝑔𝑖(𝑡). 

𝑖 = 1,2,…      (17) 
 

By comparing (12) with (A-2), it is observed that the matrix 

𝐹 in the cost function (12) is zero. Therefore, from (A-5), (A-

7), and (A-10), it follows that the terminal conditions of the 

differential equations (15), (16), and (17) are all zero, that is 
 

𝐾(𝑡𝑓) = 0, 𝑔𝑖(𝑡𝑓) = 0, 𝜙𝑖(𝑡𝑓) = 0.            (18) 
 

Using (6) and (13), the input to system (1) at the 𝑖 -th 

iteration is expressed in terms of its input at the previous 

iteration and other available information as follows 
 

𝑢𝑖(𝑡) = 𝑢𝑖−1(𝑡) − 𝑅
−1(𝑡)𝐵𝑇(𝑡){𝐾(𝑡)[𝑥𝑖(𝑡) − 𝑥𝑖−1(𝑡)]

− 𝑔𝑖(𝑡)}. 

0 ≤ 𝑡 ≤ 𝑡𝑓, 𝑖 = 1,2, . ..     (19) 

Remark 4. Equation (15) is independent of the iterations. 

Therefore, it is solved only once prior to the first iteration, and 

the resulting gain 𝐾(𝑡) is used in all subsequent iterations. It 

should be noted that although matrix 𝐾(𝑡) has 𝑛2 

components, its symmetry implies that Riccati equation (15) 

represents a system of 
𝑛(𝑛+1)

2
 first-order differential equations 

instead of 𝑛2 equations. 

 

 
Fig. 1. The block diagram of the proposed OPILC. 
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Remark 5. The existence of 𝑒𝑖−1(𝑡) in equation (16) makes 

it an iteration-dependent equation. Therefore, it is necessary 

to re-compute 𝑔𝑖(𝑡) for each iteration. Given 𝑒𝑖−1(𝑡), one can 

compute 𝑔𝑖(𝑡) off-line in the time between iteration 𝑖 and 𝑖 −

1, when the system is being reset. After this time, 𝑒𝑖−1(𝑡) can 

be removed from the memory. 

Considering (19), the obtained OPILC can be illustrated as 

Fig. 1 

As mentioned in Section I, in [42] Algorithm 9.5, one can 

find results similar to those of (15), (16), and (19) for the time-

invariant case. The main differences between these two 

approaches can be summarized as follows: 

 

1) The results given in Algorithm 9.5 of [42] are based on 

time-invariant self-adjoint operators acting on a Hilbert 

space. These assumptions ensure the applicability of classical 

spectral theory and operator analysis. However, such results 

are not directly extendable to time-varying operators, whose 

domains, boundedness, or self-adjointness properties may 

evolve over time. Consequently, the results of Algorithm 9.5 

in [42] cannot be applied directly to time-varying systems. In 

contrast, our approach is fundamentally different from that of 

[42] and has been specifically developed from the outset to 

handle time-varying systems. 

 

2) The method of proving convergence in [42], even for the 

time-invariant case, involves many mathematical premises, 

including the theory of self-adjoint operators in Hilbert spaces 

and the properties of these operators (see Theorems 9.1, 9.2, 

and 9.3 in [42]). However, our scheme to prove convergence 

is completely different from the method used in [42] and only 

relations (14), (16), and (17) and the concept of the transition 

matrix of the homogeneous linear differential equation are 

used in it (see Theorems 1, 2, and 3 in Section IV). 

 

IV. Convergence Analysis 

One of the desired features in the ILC design is to achieve 

convergence, and particularly monotonic convergence. 

Convergence implies that the tracking error converges to zero 

as the number of iterations increases. That is: 
 
𝑙𝑖𝑚
𝑖→∞
𝑒𝑖(𝑡) = 0∀𝑡 ∈ (0, 𝑡𝑓],                               (20) 

 

where 𝑒𝑖(𝑡) is the tracking error defined in (4). 

The concept of monotonic convergence is that the norm of 

the tracking error in each iteration is smaller than the previous 

iteration. It means to have: 
 

{
‖𝑒𝑖(. )‖ < ‖𝑒𝑖−1(. )‖if‖𝑒𝑖−1(. )‖ ≠ 0
‖𝑒𝑖(. )‖ = ‖𝑒𝑖−1(. )‖ = 0if‖𝑒𝑖−1(. )‖ = 0

∀𝑖 = 1,2, . ..       (21) 

 

where ‖𝑒𝑖(. )‖ is a chosen norm for 𝑒𝑖(𝑡). 

Monotonic convergence is a stronger condition than 

general convergence, as the latter can be deduced from the 

former. However, the reverse does not hold in the general 

case. 

 

For the convergence analysis of the proposed OPILC, the 

following theorem is required. 

Theorem 1. For any 𝑖 = 1,2, . .. the following three 

statements are equivalent: 
 

𝑒𝑖−1(𝑡) = 0∀𝑡 ∈ (0, 𝑡𝑓].                   (22) 
 

𝐵𝑇(𝑡)𝑔𝑖(𝑡) = 0∀𝑡 ∈ [0, 𝑡𝑓].                  (23) 
 

𝑣𝑖(𝑡) = 0∀𝑡 ∈ [0, 𝑡𝑓].                    (24) 
 

Proof. (22)⇔ (23): Suppose (22) holds. Then, substituting 

𝑒𝑖−1(𝑡) = 0 into (16) yields: 
 

𝑔̇𝑖(𝑡) = 𝐹1(𝑡)𝑔𝑖(𝑡),                      (25) 

where 
 

𝐹1(𝑡) = −[𝐴(𝑡) − 𝐵(𝑡)𝑅
−1(𝑡)𝐵𝑇(𝑡)𝐾(𝑡)]𝑇 .       (26) 

 

Since all of the entries of 𝐹1(𝑡) are bounded and continuous 

functions in the interval 𝑡 ∈ [0, 𝑡𝑓], for any given terminal 

condition 𝑔𝑖(𝑡𝑓), homogenous equation (25) has a unique 

solution in the interval 𝑡 ∈ [0, 𝑡𝑓], and this solution is 

obtained as follows: 
 

𝑔𝑖(𝑡) = 𝛷1(𝑡, 𝑡𝑓)𝑔𝑖(𝑡𝑓)∀𝑡 ∈ [0, 𝑡𝑓],       (27) 
 

where 𝛷1(. , . )is the state transition matrix of equation (25). 

By applying the terminal condition 𝑔𝑖(𝑡𝑓) = 0, as given in 

(18), to (27), we obtain 
 

𝑔𝑖(𝑡) = 0∀𝑡 ∈ [0, 𝑡𝑓].               (28) 

 

Left-multiplying both sides of (28) by 𝐵𝑇(𝑡) yields relation 

(23). 

Conversely, assume that equation (23) holds. Then, using 

(16), we obtain the following: 
 

𝑔̇𝑖(𝑡) = −𝐴
𝑇(𝑡)𝑔𝑖(𝑡) − 𝐶

𝑇(𝑡)𝑄(𝑡)𝑒𝑖−1(𝑡).      (29) 
 

Left-multiplying both sides of (29) by 𝐵𝑇(𝑡) gives: 
 

𝐵𝑇(𝑡)𝑔̇𝑖(𝑡) = −𝐵
𝑇(𝑡)𝐴𝑇(𝑡)𝑔𝑖(𝑡) − 𝐵

𝑇(𝑡)𝐶𝑇(𝑡)𝑄(𝑡)𝑒𝑖−1(𝑡).     

(30) 
 

We have: 
 
𝑑

𝑑𝑡
[𝐵𝑇(𝑡)𝑔𝑖(𝑡)⏟      

0

] = 𝐵̇𝑇(𝑡)𝑔𝑖(𝑡) + 𝐵
𝑇(𝑡)𝑔̇𝑖(𝑡) = 0.   (31) 

Thus, 

𝐵𝑇(𝑡)𝑔̇𝑖(𝑡) = −𝐵̇
𝑇(𝑡)𝑔𝑖(𝑡).                 (32) 

 

Combining (32) with (30) yields the following result: 
 

[𝐶(𝑡)𝐵(𝑡)]𝑇𝑄(𝑡)𝑒𝑖−1(𝑡) = [𝐵̇
𝑇(𝑡) − 𝐵𝑇(𝑡)𝐴𝑇(𝑡)]𝑔𝑖(𝑡). (33) 

By left-multiplying both sides of the above equation by 

𝐶(𝑡)𝐵(𝑡), the following relation is obtained: 

𝐶(𝑡)𝐵(𝑡)[𝐶(𝑡)𝐵(𝑡)]𝑇𝑄(𝑡)𝑒𝑖−1(𝑡) = 

𝐶(𝑡)𝐵(𝑡)[𝐵̇𝑇(𝑡) − 𝐵𝑇(𝑡)𝐴𝑇(𝑡)]𝑔𝑖(𝑡).            (34) 
 

Since, according to Assumption A3, 𝐶(𝑡)𝐵(𝑡) has full row 

rank, it follows that 𝐶(𝑡)𝐵(𝑡)[𝐶(𝑡)𝐵(𝑡)]𝑇 is invertible. 
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Multiplying both sides of equation (34) from the left by 

𝑄−1(𝑡)(𝐶(𝑡)𝐵(𝑡)[𝐶(𝑡)𝐵(𝑡)]𝑇)−1 yields: 
 

𝑒𝑖−1(𝑡) = 𝑄
−1(𝑡)(𝐶(𝑡)𝐵(𝑡)[𝐶(𝑡)𝐵(𝑡)]𝑇)−1 

× 𝐶(𝑡)𝐵(𝑡)[𝐵̇𝑇(𝑡) − 𝐵𝑇(𝑡)𝐴𝑇(𝑡)]𝑔𝑖(𝑡).    (35) 
 

Substituting 𝑒𝑖−1(𝑡) from (35) into (29) yields: 
 

𝑔̇𝑖(𝑡) = 𝐹2(𝑡)𝑔𝑖(𝑡).                      (36) 

where 

𝐹2(𝑡) = −{𝐴(𝑡) + [𝐵̇(𝑡) − 𝐴(𝑡)𝐵(𝑡)](𝐶(𝑡)𝐵(𝑡))
𝑇 

× (𝐶(𝑡)𝐵(𝑡)[𝐶(𝑡)𝐵(𝑡)]𝑇)−1𝐶(𝑡)}𝑇 .       (37) 
 

According to Assumption A2, all entries of 

𝐴(𝑡), 𝐵(𝑡), 𝐶(𝑡) and 𝐵̇(𝑡) are continuous and bounded 

functions in the interval 𝑡 ∈ [0, 𝑡𝑓]. It then follows from (37) 

that all entries of 𝐹2(𝑡) are also continuous and bounded. As 

a result, for any given terminal condition 𝑔𝑖(𝑡𝑓), equation (36) 

has a unique solution in the interval 𝑡 ∈ [0, 𝑡𝑓], and this 

solution is obtained as follows: 
 

𝑔𝑖(𝑡) = 𝛷2(𝑡, 𝑡𝑓)𝑔𝑖(𝑡𝑓)∀𝑡 ∈ [0, 𝑡𝑓],        (38) 
 

where 𝛷2(. , . )is the state transition matrix of equation (36). 
 

Applying the terminal condition 𝑔𝑖(𝑡𝑓) = 0, as given in 

(18), to (38) gives (28). Then substituting 𝑔𝑖(𝑡) from (28) into 

(35) yields (22). 

(23)⇔ (24): Suppose (23) holds. Then, substituting 

𝐵𝑇(𝑡)𝑔𝑖(𝑡) = 0 into (13) yields: 
 

𝑣𝑖(𝑡) = −𝑅
−1(𝑡)𝐵𝑇(𝑡)𝐾(𝑡)𝑧𝑖(𝑡).           (39) 

 

By substituting 𝑣𝑖(𝑡) from (39) into (9), the following 

homogeneous equation is obtained: 
 

𝑧̇𝑖(𝑡) = 𝐹3(𝑡)𝑧𝑖(𝑡),                  (40) 

where 

𝐹3(𝑡) = 𝐴(𝑡) − 𝐵(𝑡)𝑅
−1(𝑡)𝐵𝑇(𝑡)𝐾(𝑡).          (41) 

 

All of the entries of 𝐹3(𝑡) are continuous and bounded 

functions in the interval 𝑡 ∈ [0, 𝑡𝑓]. Hence, for any given 

initial condition 𝑧𝑖(0), equation (40) has a unique solution in 

the interval 𝑡 ∈ [0, 𝑡𝑓], as follows: 
 

𝑧𝑖(𝑡) = 𝛷3(𝑡, 0)𝑧𝑖(0)∀𝑡 ∈ [0, 𝑡𝑓],           (42) 
 

where 𝛷3(. , . )is the state transition matrix of equation (40). 

From (3) together with the definition of 𝑧𝑖(𝑡) in (8), it 

follows that: 
 

𝑧𝑖(0) = 0𝑖 = 1,2, . ..                  (43) 
 

Substituting 𝑧𝑖(0) from (43) into (42) yields the following 

result: 

𝑧𝑖(𝑡) = 0∀𝑡 ∈ [0, 𝑡𝑓].                  (44) 
 

By substituting 𝑧𝑖(𝑡) from (44) into (39), one can obtain 

(24). 

Conversely, if (24) holds, then from (9) and (43), we can 

obtain (44). Finally, substituting 𝑣𝑖(𝑡) and 𝑧𝑖(𝑡) from (24) and 

(44), respectively, into (13) yields (23). 

Now, we are in a position that we can analyze the 

convergence properties of the proposed OPILC. 

Theorem 2. The proposed OPILC guarantees monotonic 

convergence in the sense of norm ‖𝑒𝑖(. )‖𝑄 defined in (7). 

Proof. Substituting 𝑧𝑖(0) from (43) into (14) yields that the 

optimum value of cost function (12) is as follows: 
 

𝐽𝑖
∗ = 𝜙𝑖(0)𝑖 = 1,2,…                (45) 

 

Integrating both sides of equation (17) over the interval 

[0, 𝑡𝑓] gives: 
 

𝜙𝑖(𝑡𝑓) − 𝜙𝑖(0) = −
1

2
‖𝑒𝑖−1(. )‖𝑄

2  

+
1

2
∫ 𝑔𝑖

𝑇(𝑡)𝐵(𝑡)𝑅−1(𝑡)𝐵𝑇(𝑡)𝑔𝑖(𝑡)𝑑𝑡
𝑡𝑓

0

. 

 

By inserting 𝜙𝑖(𝑡𝑓) and 𝜙𝑖(0) from (18) and (45), 

respectively, into the above equations, the following 

expression is obtained: 
 

𝐽𝑖
∗ =

1

2
‖𝑒𝑖−1(. )‖𝑄

2 −
1

2
∫ 𝑔𝑖

𝑇(𝑡)𝐵(𝑡)𝑅−1(𝑡)𝐵𝑇(𝑡)𝑔𝑖(𝑡)𝑑𝑡
𝑡𝑓
0

.  (46) 
 

On the other hand, based on (7), (10) and (12), 𝐽𝑖
∗ has the 

following form: 

𝐽𝑖
∗ =

1

2
{‖𝑒𝑖(. )‖𝑄

2 + ‖𝑣𝑖(. )‖𝑅
2 }.                    (47) 

 

From (46) and (47) one gets: 

1

2
‖𝑒𝑖(. )‖𝑄

2 =
1

2
‖𝑒𝑖−1(. )‖𝑄

2 −
1

2
∫ {𝑣𝑖

𝑇(𝑡)𝑅(𝑡)𝑣𝑖(𝑡)
𝑡𝑓

0

 

+𝑔𝑖
𝑇(𝑡)𝐵(𝑡)𝑅−1(𝑡)𝐵𝑇(𝑡)𝑔𝑖(𝑡)}𝑑𝑡.      (48) 

 

Since 𝑅(𝑡) and, consequently, 𝑅−1(𝑡) are symmetric 

positive definite matrices for all 𝑡 ∈ [0, 𝑡𝑓], equation (48) 

yields the following result: 
 

‖𝑒𝑖(. )‖𝑄 ≤ ‖𝑒𝑖−1(. )‖𝑄𝑖 = 1,2, . ..            (49) 

 

and (49) holds as an equality if and only if one has: 
 

𝑣𝑖(𝑡) = 0∀𝑡 ∈ [0, 𝑡𝑓],                (50) 

and: 

𝐵𝑇(𝑡)𝑔𝑖(𝑡) = 0∀𝑡 ∈ [0, 𝑡𝑓].              (51) 
 

Taking Theorem 1 into account, each of the relations (50) 

and (51) is equivalent to (22). 

Therefore, the proposed OPILC is convergent, and this 

convergence is monotonic in the sense of norm ‖𝑒𝑖(. )‖𝑄. 

Theorem 3. The proposed OPILC guarantees monotonic 

convergence in the sense of cost function (5). 

Proof. By adding and subtracting 
1

2
‖𝑣𝑖−1(. )‖𝑅

2  to the right-

hand side of (46), one obtains: 
 

𝐽𝑖
∗ = 𝐽𝑖−1

∗ −
1

2
∫ {𝑣𝑖−1

𝑇 (𝑡)𝑅(𝑡)𝑣𝑖−1(𝑡)
𝑡𝑓

0

 

+𝑔𝑖
𝑇(𝑡)𝐵(𝑡)𝑅−1(𝑡)𝐵𝑇(𝑡)𝑔𝑖(𝑡)}𝑑𝑡. 

𝑖 = 2,3, . ..         (52) 
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Since 𝑅(𝑡), and therefore, 𝑅−1(𝑡) are symmetric positive 

definite for all 𝑡 ∈ [0, 𝑡𝑓], (52) yields: 
 

𝐽𝑖
∗ ≤ 𝐽𝑖−1

∗ 𝑖 = 2,3, . ..              (53) 

 

and (53) holds as an equality if and only if we have: 
 

𝑣𝑖−1(𝑡) = 0, 𝐵
𝑇(𝑡)𝑔𝑖(𝑡) = 0. 

∀𝑡 ∈ [0, 𝑡𝑓], 𝑖 = 2,3, . ..              (54) 
 

According to Theorem 1, (54) is equivalent to: 
 

𝑒𝑖−2(𝑡) = 𝑒𝑖−1(𝑡) = 0∀𝑡 ∈ (0, 𝑡𝑓], 𝑖 = 2,3, . ..    (55) 
 

Consequently, the proposed OPILC is convergent, and this 

convergence is monotonic in the sense of cost function (5). 

 

V. Illustrative Examples and Comparison with 

Other ILCs 

In this section, four simulation examples are provided to 

demonstrate the applicability and performance of the 

proposed OPILC. 

All simulations were performed on a computer with a 12th 

Gen Intel® Core™ i3-12100 CPU @ 3.30 GHz, 16.0 GB of 

RAM, running Windows 10 Pro (version 22H2). MATLAB 

R2016b was used for implementation and numerical 

computations. 

Example 1. Consider a second-order repetitive system in 

the form of (1), where the coefficient matrices, time duration 

of iterations, and disturbances 𝜂𝑥(𝑡), 𝜂𝑦(𝑡) are given as 

follows: 
 

𝐴(𝑡) = [
−𝑡 1

2 𝑠𝑖𝑛( 𝜋𝑡) −Ln(𝑡 + 1)
] , 𝐵(𝑡) = [

𝑒𝑡

𝑠𝑖𝑛ℎ( 𝑡)
] , 

𝐶(𝑡) = [0.5 𝑡2], 𝑡𝑓 = 1, 

𝜂𝑥(𝑡) = [
𝑒𝑠𝑖𝑛(4𝜋𝑡)

𝑡 𝑐𝑜𝑠( 2𝜋𝑡)
] , 𝜂𝑦(𝑡) = 0.05(𝑡 − 0.5). 

 

To perform the simulation, the initial condition of the 

system and its input at the initial iteration 𝑖 = 0 are set to be 

zero. That is: 
 

𝑥𝑖(0) = [
0
0
] for𝑖 = 0,1, . . . , 𝑢0(𝑡) = 0for0 ≤ 𝑡 ≤ 1. 

 

The desired output trajectory 𝑦𝑑(𝑡) is chosen as: 
 

𝑦𝑑(𝑡) = 𝑠𝑖𝑛(60𝑡 − 92𝑡
2 + 48𝑡3 − 8𝑡4) for0 ≤ 𝑡 ≤ 1. 

 

In order to compare the performance of the method 

proposed in this paper with the approach presented in [48], 

the simulation of this example is conducted in two cases. In 

these cases, the method proposed in this paper and the 

approach presented in [48] are used, respectively. 

Case 1. Using the OPILC proposed in this paper 

The symmetric positive definite matrices 𝑄(𝑡) and 𝑅(𝑡) in 

cost function (5), are chosen as follows: 

𝑄(𝑡) = 104, 𝑅(𝑡) = 1. 

The time response of the system output, along with the 

desired output trajectory, is depicted in Fig. 2. This figure 

indicates that the system output successfully converges to the 

desired output trajectory by increasing the number of 

iterations. 

The values of 
1

2
‖𝑒𝑖(. )‖𝑄

2  and cost function 𝐽𝑖  versus the 

number of iterations are given in Fig. 3 (in the log scale). This 

figure demonstrates that the convergence is monotonic with 

respect to both ‖𝑒𝑖(. )‖𝑄 and 𝐽𝑖 , which are consistent with 

Theorems 2 and 3. 

A key aspect of iterative learning control is how the control 

input evolves over successive trials. Figure 4 illustrates the 

progression of the input profiles across iterations. It can be 

observed that the input converges to a particular signal that 

was not known a priori and only emerged as a result of the 

learning process. 

 

 
Fig. 2. The output trajectories 𝑦𝑑(𝑡) and 𝑦𝑖(𝑡)(𝑖 = 0,1,2,5) for 

Example 1 (Case 1). 

 

 
Fig. 3. The monotonic convergence of ‖𝑒𝑖(. )‖𝑄 and 𝐽𝑖 with 

respect to 𝑖 for Example 1 (Case 1). 

 

 
Fig. 4. The system input at iterations 𝑖 = 0,1,5,20 for Example 

1 (Case 1). 
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Case 2. Using the ILC presented in [48] 

First, we provide a brief review the method given in [48]. 

In [48], the system under control is discrete-time, MIMO, and 

LTV, which is represented by: 
 

{
𝑥𝑖(𝑘 + 1) = 𝐴𝐷(𝑘)𝑥𝑖(𝑘) + 𝐵𝐷(𝑘)𝑢𝑖(𝑘)

𝑦𝑖(𝑘) = 𝐶𝐷(𝑘)𝑥𝑖(𝑘)
𝑘 = 0,1, . . . , 𝑁𝑖 = 0,1, . . .

.         (56) 

 

and the ILC problem is defined as follows: 

Given System (56) with boundary conditions 𝑥𝑖(0) = 𝑥0 (𝑖 ≥

0) and 𝑢0(𝑘)(0 ≤ 𝑘 ≤ 𝑁 − 1), and reference output 

trajectory 𝑦𝑑(𝑘)(1 ≤ 𝑘 ≤ 𝑁), find an appropriate control 

input 𝑢𝑖(𝑘) (0 ≤ 𝑘 ≤ 𝑁 − 1 and 𝑖 ≥ 1) such that the system 

output follows the reference trajectory. 

To solve this problem, the following ILC is presented by 

[48]: 

𝑢𝑖+1(𝑘) = 𝑢𝑖(𝑘) + 𝐹(𝑘 + 1)𝑒𝑖(𝑘 + 1)
𝑘 = 0,1, . . . , 𝑁 − 1; 𝑖 = 0,1, . . .

.            (57) 

 

where 𝐹(𝑘 + 1) is a time-varying learning gain matrix with 

appropriate dimensions, and 𝑒𝑖(𝑘 + 1) shows the tracking 

error, which is: 

𝑒𝑖(𝑘 + 1) = 𝑦𝑑(𝑘 + 1) − 𝑦𝑖(𝑘 + 1). 
 

Using two-dimensional (2-D) system theory, it has been 

shown in [48] that if the gain matrix 𝐹(𝑘) is chosen such that 

the following relation holds: 
 

𝜌{𝐼 − 𝐶𝐷(𝑘)𝐵𝐷(𝑘 − 1)𝐹(𝑘)} < 1, 

𝑘 = 1,2, . . . , 𝑁.             (58) 
 

where 𝐼 is the identity matrix and 𝜌{. } represents the spectral 

radius of the matrix. 

Then ILC (57) guarantees: 
 

𝑙𝑖𝑚
𝑖→∞
𝑒𝑖(𝑘) = 0for𝑘 = 1,2, . . . , 𝑁.          (59) 

 

Moreover, it has been shown that there exists a gain matrix 

𝐹(𝑘) that yields (58) only if matrix 𝐶𝐷(𝑘)𝐵𝐷(𝑘 − 1) has full-

row rank, and in this case, condition (58) can be achieved by 

calculating 𝐹(𝑘) as follows [48]: 

 

𝐹(𝑘) = (𝐶𝐷(𝑘)𝐵𝐷(𝑘 − 1))
𝑇{𝐶𝐷(𝑘)𝐵𝐷(𝑘 − 1) 

× (𝐶𝐷(𝑘)𝐵𝐷(𝑘 − 1))
𝑇}−1(𝐼 − 𝛷(𝑘)), 

for𝑘 = 1,2, . . . , 𝑁.        (60) 

where 𝛷(𝑘) is an arbitrary matrix with appropriate 

dimensions that satisfies the condition 𝜌{𝛷(𝑘)} < 1 for 𝑘 =

1,2, . . . , 𝑁. 

When system (56) is SISO, then 𝐶𝐷(𝑘)𝐵𝐷(𝑘 − 1), 𝛷(𝑘), 

and 𝐹(𝑘) are scalars, and consequently, formula (60) 

simplifies to: 

𝐹(𝑘) =
1−𝛷(𝑘)

𝐶𝐷(𝑘)𝐵𝐷(𝑘−1)
for𝑘 = 1,2, . . . , 𝑁.     (61) 

and condition 𝜌{𝛷(𝑘)} < 1 is reduced to |𝛷(𝑘)| < 1 for 

𝑘 = 1,2, . . . , 𝑁. 

It should be noted that the above ILC is given for discrete-

time systems, whereas this study focuses on continuous-time 

system. For this reason, first, the system given in Example 1 

is discretized by choosing the sampling time 𝛥𝑡 = 0.001. 

Therefore, we have: 

𝑁 =
𝑡𝑓

𝛥𝑡
= 103. 

 

In addition, since the system is SISO, (61) is used to 

calculate the learning gain 𝐹(𝑘). To have the maximum 

possible convergence rate, 𝛷(𝑘) is chosen as 𝛷(𝑘) = 0.9975 

(for 𝑘 = 1,2, . . . ,103) through trial and error. 

The trajectories obtained for the system output from the 

simulation in some iterations are shown in Fig. 5. Although 

according to this figure, the output of the system is closer to 

the desired trajectory with the increase in the number of 

iterations, by comparing this figure with Fig. 2, it is clearly 

inferred that the convergence rate in Fig. 5 is much slower 

than in Fig. 2. To evaluate this more precisely, let us use the 

following total square error of tracking: 
 

𝐸𝐸(𝑖) = ∑ 𝑒𝑖
2(𝑘)𝑁

𝑘=0 = ∑ 𝑒𝑖
2(𝑘)1000

𝑘=0 .             (62) 
 

Figure 6 shows the total squared error of tracking (in the 

log scale) for both cases 1 and 2. It can be observed that the 

convergence rate of the OPILC proposed in this paper is much 

faster than that in the method presented in [48]. 

To enable a more comprehensive comparison of the 

performance of the OPILC proposed in this paper with other 

ILCs, we employ quantitative performance metrics including 

error reduction rate, convergence speed, and computational 

complexity. For this purpose, let 𝐼n% (for 𝑛 = 50,10,1) denote 

the minimum number of iterations required for the error to 

become less than or equal to 𝑛 percent of its initial value (i.e., 

the error at iteration zero), as a measure of the error reduction 

rate. Similarly, let 𝐼10−3 represent the minimum number of 

iterations required for the absolute value of error to reach or 

fall below 10−3, serving as a measure of convergence speed. 

To assess computational complexity, 𝑇1 is used to denote the 

time required to execute a single iteration on the hardware 

platform specified at the beginning of this section. 

The results obtained from the comparison of Cases 1 and 2 

for Example 1 are presented in Table I. It should be noted that 

the term "error" in this table refers to the total square error as 

defined in equation (62). According to this table, the error 

reduction rate and convergence speed of the proposed method 

are significantly higher than those of the ILC method 

presented in [48]. Specifically, the error is reduced by 90% 

after just one iteration using the proposed method, whereas 

the ILC in [48] requires 710 iterations to achieve the same 

reduction. Moreover, the convergence speed of the proposed 

method is over 75 times faster than that of the ILC in [48]. 

Although the proposed scheme requires approximately 

3.8225 times more computational time per iteration compared 

to the ILC method presented in [48], as will be clarified in 

Remark 6, this increase does not introduce any practical 

impediments. 
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Fig. 5. The output trajectories 𝑦𝑑(𝑡) and 𝑦𝑖(𝑡) (𝑖 =

0,10,500,1000) for Example 1 (Case 2). 

 

 
Fig. 6. The total square errors of tracking with respect to 𝑖 for 

Example 1 (comparison of Cases 1 and 2). 

 

TABLE I. Comparison of Cases 1 and 2 for Example 1 
Method ILC of 

[48] 

OPILC proposed 

in this paper 

Error Reduction 

Rate 

𝐼50% 285 1 

𝐼10% 710 1 

𝐼1% 1220 2 

Convergence Speed 𝐼10−3 4150 55 

Computational 

Complexity 

𝑇1 
(sec.) 

0.012535 0.047915 

 

Example 2. The rotation dynamics of a rigid body in space 

can be described by Euler equations in the principal 

coordinates as follows [49, 50]: 
 

{

𝐽𝑥𝜔̇𝑥 = (𝐽𝑦 − 𝐽𝑧)𝜔𝑦𝜔𝑧 + 𝑢𝑥
𝐽𝑦𝜔̇𝑦 = (𝐽𝑧 − 𝐽𝑥)𝜔𝑧𝜔𝑥 + 𝑢𝑦
𝐽𝑧𝜔̇𝑧 = (𝐽𝑥 − 𝐽𝑦)𝜔𝑥𝜔𝑦 + 𝑢𝑧

.              (63) 

 

where 𝜔𝑥 , 𝜔𝑦, and 𝜔𝑧 are the components of the angular 

velocity vector 𝜔 along the principal axes; 𝑢𝑥 , 𝑢𝑦, and 𝑢𝑧 are 

the torque inputs applied about the principal axes; and 𝐽𝑥 , 𝐽𝑦, 

and 𝐽𝑧 are the principal moments of inertia. 

Assuming that the body is axial-symmetric, i.e., 𝐽𝑥 = 𝐽𝑦 =

𝐽, rotational dynamics along the 𝑥 and 𝑦 axes are considered, 

under the assumption that 𝜔𝑧(𝑡) is a known function of time. 

This yields an LTV system of the form 

{
 
 

 
 𝑥̇ = [

0 𝛺(𝑡)

−𝛺(𝑡) 0
]

⏟          
𝐴(𝑡)

𝑥 + [
1 0
0 1

]
⏟  
𝐵(𝑡)

𝑢

𝑦 = [
1 0
0 1

]
⏟  
𝐶(𝑡)

𝑥

.           (64) 

where 

𝑥 = [
𝜔𝑥
𝜔𝑦
] , 𝑦 = [

𝜔𝑥
𝜔𝑦
] , 𝑢 =

1

𝐽
[
𝑢𝑥
𝑢𝑦
] , 𝛺(𝑡) =

(𝐽−𝐽𝑧)

𝐽
𝜔𝑧(𝑡).  (65) 

 

Let us consider model (64). This is a two input-two output 

(TITO) system. It is desired to control this system iteratively 

in a given time interval [0, 𝑡𝑓]. 

For simulations, we choose 𝑡𝑓 = 2 and 𝛺(𝑡) = 𝑡 𝑠𝑖𝑛( 2𝜋𝑡). 

Moreover, the desired output trajectories are selected as 

follows: 

 (1) 2

(2) 2

( ) tanh 20cos( ) sin( ),

( ) 10 cos( ).

d

t

d

y t t t

y t te t−

=

= 
              (66) 

 

The initial conditions and the initial input of the system (the 

input of the system in iteration 𝑖 = 0) are all chosen to be 

zero. 

In order to compare the performance of the OPILC 

proposed in this paper with the methods presented in [51] and 

[14], the simulation of this example is conducted in three 

cases. In these cases, the procedure proposed in this paper and 

the ILCs presented in [51] and [14] are used, respectively. 

Case 1. Using the OPILC proposed in this paper 

The symmetric positive definite matrices 𝑄(𝑡) and 𝑅(𝑡) in 

cost function (5) are chosen as follows: 

𝑄(𝑡) = 104𝐼, 𝑅(𝑡) = 𝐼. 

The trajectories obtained for the system outputs from the 

simulation at some iterations, along with the desired outputs 

trajectories, are shown in Figs. 7a and 7b. These figures 

indicate that by increasing the iteration number, the outputs 

quickly converge to the given desired outputs trajectories, 

such that at iteration 𝑖 = 1, the system outputs exactly follow 

the desired outputs trajectories. 

Furthermore, Fig. 8 shows 
1

2
‖𝑒𝑖(. )‖𝑄

2  and 𝐽𝑖  (in the log 

scale) versus the number of iterations. According to this 

figure, both ‖𝑒𝑖(. )‖𝑄 and 𝐽𝑖  converge to zero with a 

monotonic convergence rate, which confirms Theorems 2 and 

3. 

An essential feature of ILC lies in the evolution of the 

control input over repeated trials. As shown in Figs. 9a and 

9b, the system inputs profiles gradually adjust through 

iterations and eventually converge to two consistent patterns 

that are not predefined but arise from the learning dynamics. 

 

 
Fig. 7a. The output trajectories 𝑦𝑑

(1)
(𝑡) and 𝑦𝑖

(1)
(𝑡)(𝑖 = 0,1) for 

Example 2 (Case 1). 
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Fig. 7b. The output trajectories 𝑦𝑑

(2)
(𝑡) and 𝑦𝑖

(2)
(𝑡)(𝑖 = 0,1) for 

Example 2 (Case 1). 

 

 
Fig. 8. The monotonic convergence of ‖𝑒𝑖(. )‖𝑄 and 𝐽𝑖 with 

respect to 𝑖 for Example 2 (Case 1). 

 

 

Fig. 9a. The system input 𝑢𝑖
(1)
(𝑡) at iterations 𝑖 = 0,1,20 for 

Example 2 (Case 1). 

 

 

Fig. 9b. The system input 𝑢𝑖
(2)
(𝑡) at iterations 𝑖 = 0,1,20 for 

Example 2 (Case 1). 

 

Case 2. Using the ILC presented in [51] 

The iterative learning tracking control problem for a class 

of MIMO nonlinear continuous-time LTV systems is studied 

in [51]. The system at the i-th iteration is described as 

equation (67): 

{
 

 
𝑥̇𝑖(𝑡) = 𝑓(𝑡, 𝑥𝑖(𝑡)) + 𝐵(𝑡)𝑢𝑖(𝑡)

𝑦𝑖(𝑡) = 𝐶(𝑡)𝑥𝑖(𝑡)
𝑥𝑖(0) = 𝑥0

0 ≤ 𝑡 ≤ 𝑡𝑓𝑖 = 0,1, . . .

.          (67) 

 

where 𝐵(𝑡) ∈ ℝ𝑛×𝑝 and 𝐶(𝑡) ∈ ℝ𝑞×𝑛 are time-varying 

coefficients, and 𝑓(. , . ) is a nonlinear function that is 

piecewise continuous in 𝑡 ∈ [0, 𝑡𝑓] and globally Lipschitz in 

𝑥 ∈ ℝ𝑛, i.e., 
 

∃0 < 𝛾 < ∞: ‖𝑓(𝑡, 𝑥1) − 𝑓(𝑡, 𝑥2)‖ ≤ 𝛾‖𝑥1 − 𝑥2‖, 

∀𝑥1, 𝑥2 ∈ ℝ𝑛, ∀𝑡 ∈ [0, 𝑡𝑓].      (68) 
 

𝛾 is the Lipschitz constant. 

The ILC presented in [51] for system (67) is a PD-type one 

and has the following form: 
 

𝑢𝑖+1(𝑡) = 𝑢𝑖(𝑡) + 𝐾𝑃(𝑡)𝑒𝑖+1(𝑡) + 𝜆(𝑡)𝐾𝐷(𝑡)𝑒̇𝑖+1(𝑡).    (69) 
 

where 𝑒𝑖+1(𝑡) is the tracking error at iteration 𝑖 + 1, which is 

defined as (4); 𝐾𝑃(𝑡) and 𝐾𝐷(𝑡) are the proportional and 

derivative gains, respectively, with appropriate dimensions; 

and 𝜆(𝑡) ≥ 1 is an exponentially increasing function with 

respect to 𝑡 such as 𝑒𝑀𝑡 (𝑀 > 0). 

As proved in [51], if a unique control input 𝑢𝑑(𝑡) exists for 

system (67) such that it generates the desired output trajectory 

𝑦𝑑(𝑡), i.e., 𝑢𝑑(𝑡) and 𝑦𝑑(𝑡) satisfy the following equations: 

{
 

 
𝑥̇𝑑(𝑡) = 𝑓(𝑡, 𝑥𝑑(𝑡)) + 𝐵(𝑡)𝑢𝑑(𝑡)

𝑦𝑑(𝑡) = 𝐶(𝑡)𝑥𝑑(𝑡))
𝑥𝑑(0) = 𝑥0

0 ≤ 𝑡 ≤ 𝑡𝑓

.            (70) 

 

where 𝑥𝑑(𝑡) is the state corresponding to 𝑦𝑑(𝑡). 

Then for any initial input 𝑢0(𝑡)(0 ≤ 𝑡 ≤ 𝑡𝑓) and initial 

state 𝑥𝑖(0) = 𝑥0(𝑖 = 0,1, . . . ), we have: 

𝑙𝑖𝑚
𝑖→∞
𝑒𝑖(𝑡) = 0∀𝑡 ∈ [0, 𝑡𝑓]. 

If the following condition holds: 
 

𝜌{[𝐼 + 𝜆(𝑡)𝐾𝐷(𝑡)𝐶(𝑡)𝐵(𝑡)]
−1} < 1∀𝑡 ∈ [0, 𝑡𝑓].    (71) 

 

where 𝐼 denotes the identity matrix and 𝜌{. } is the spectral 

radius of the matrix. 

It is clear that if system (67) is linear similar to (1), that is 

if 𝑓(. , . ) is as follows: 
 

𝑓(𝑡, 𝑥𝑖(𝑡)) = 𝐴(𝑡)𝑥𝑖(𝑡), 𝐴(𝑡) ∈ ℝ𝑛×𝑛.           (72) 
 

and all entries of 𝐴(𝑡) are the piecewise continuous and 

bonded functions in the interval 𝑡 ∈ [0, 𝑡𝑓], then condition 

(68) is satisfied. Consequently, let us try to use ILC (69) for 

linear system (64). 

For any given differentiable desired output trajectory 

𝑦𝑑(𝑡) = [𝑦𝑑
(1)
(𝑡) 𝑦𝑑

(2)
(𝑡)]

𝑇
, such as the one given in (66), a 

unique control input 𝑢𝑑(𝑡) = 𝑦̇𝑑(𝑡) − 𝐴(𝑡)𝑦𝑑(𝑡) is obtained 
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for system (64) such that it generates 𝑦𝑑(𝑡). Hence, ILC (69) 

is applicable to system (64). 

For system (64), the following gains of ILC (69) satisfy the 

convergence condition (71): 

𝐾𝑃(𝑡) = [
2 0
0 2

] , 𝐾𝐷(𝑡) = [
0.1 0
0 0.1

] , 𝜆(𝑡) = 𝑒0.8𝑡 . 

The desired output trajectories and the obtained trajectories 

for the system outputs are given in Fig. 10a and 10b for some 

iterations. Although these figures show that as the number of 

iterations increases, the system outputs tend towards the 

desired output trajectories, comparing these figures with Figs. 

7a and 7b indicates that the convergence rate in Figs. 7a and 

7b is much faster than in Figs. 10a and 10b. For a more 

accurate comparison, the following performance index, i.e., 

the 2-norm of the tracking error, is considered: 

‖𝑒𝑖(. )‖2 = [∫ 𝑒𝑖
𝑇(𝑡)𝑒𝑖(𝑡)𝑑𝑡

𝑡𝑓

0
]
1

2.               (73) 
 

The obtained results for ‖𝑒𝑖(. )‖2 in both cases 1 and 2 are 

illustrated in Fig. 11. This figure clearly demonstrates that the 

tracking performance of the proposed OPILC is superior to 

that of the method in [51]. 

 

 
Fig. 10a. The output trajectories 𝑦𝑑

(1)
(𝑡) and 𝑦𝑖

(1)
(𝑡) (𝑖 =

0,1,2,5,10) for Example 2 (Case 2). 

 

 
Fig. 10b. The output trajectories 𝑦𝑑

(2)
(𝑡) and 𝑦𝑖

(2)
(𝑡) (𝑖 =

0,1,2,5,10) for Example 2 (Case 2). 

 

Quantitative performance metrics for comparing Cases 1 and 

2 in Example 2 are provided in Table II. In this table, the term 

"error" refers to the 2-norm of the tracking error as defined in 

equation (73). As observed, the proposed method exhibits a 

substantially higher error reduction rate and faster 

convergence speed compared to the ILC method introduced 

 
Fig. 11. The 2-norm of the tracking error 𝑒𝑖(𝑡) with respect to 𝑖 

for Example 2 (comparison of Cases 1 and 2). 
 

in [51]. Remarkably, a single iteration of the proposed 

method results in a 99% reduction in error, whereas the ILC 

approach in [51] requires 19 iterations to achieve a similar 

level of improvement. Furthermore, the convergence speed of 

the proposed scheme is approximately 19 times greater than 

that of the ILC in [51]. Despite the fact that the per-iteration 

execution time is nearly 4.1 times greater than that of the ILC 

approach in [51], as elaborated in Remark 6, such a rise in 

computational effort does not translate into any significant 

practical constraints. 

Case 3. Using the ILC presented in [14] 

Recently, an ILC approach has been presented in [14] for 

linear discrete-time, MIMO, and LTV systems described by 

(56), where the system has the same number of inputs and 

outputs and different initial time points. However, in this 

paper, we focus on systems that have fixed initial time points. 

For such systems, the structure of the ILC given in [14] is in 

the form of relation (57), but the method of determining the 

gain matrix 𝐹(𝑘) is different from equation (58). In [14], it 

has been shown that if 𝐹(𝑘) is chosen to make: 

 

TABLE II. Comparison of Cases 1 and 2 for Example 2 
Method ILC of 

[51] 

OPILC proposed 

in this paper 

Error Reduction 

Rate 

𝐼50% 2 1 

𝐼10% 7 1 

𝐼1% 19 1 

Convergence Speed 𝐼10−3 38 2 

Computational 

Complexity 

𝑇1 
(sec.) 

0.078188 0.319841 

 

𝑠𝑢𝑝
𝑘∈{1,2,...,𝑁}

‖𝐼 − 𝐹(𝑘)𝐶𝐷(𝑘)𝐵𝐷(𝑘 − 1)‖ < 1,        (74) 

then (59) holds. 

Let us apply the above ILC to the system explained in 

Example 2. Since this ILC is given for discrete-time systems 

and in Example 2, the system is continuous-time, the given 

system is first discretized by choosing the sampling time 𝛥𝑡 =

2 × 10−4. Therefore, we have: 

𝑁 =
𝑡𝑓

𝛥𝑡
= 104. 

The learning gain 𝐹(𝑘) is chosen as follows: 
 

𝐹(𝑘) = [
1 −0.5

−0.25 2
] for𝑘 = 1,2,..., 104. 
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It is easy to show that this learning gain satisfies convergent 

condition (74). 

As a result, Figs. 12a and 12b show the actual tracking 

performance of the system outputs 𝑦𝑖
(𝑘)
(𝑡) to the desired 

trajectories 𝑦𝑑
(𝑘)
(𝑡) at the iterations 𝑖 = 0,10,100,500 for 𝑘 =

1,2, respectively. As seen in these figures, with the increase 

of the iteration number, the system outputs converge to the 

desired trajectories. However, comparing these figures with 

Figs. 7a and 7b demonstrates that the convergence rate in 

Figs. 7a and 7b is much faster than in Figs. 12a and 12b. Let 

us use the following index to evaluate this fact more precisely: 

𝐸𝐸(𝑖) = ∑ 𝑒𝑖
𝑇(𝑘)𝑁

𝑘=0 𝑒𝑖(𝑘) = ∑ 𝑒𝑖
𝑇(𝑘)𝑒𝑖(𝑘)

104

𝑘=0 .       (75) 
 

This index is an extension of (62) to the MIMO case. 

Hence, it can be stated that it is the total square error of 

tracking. 

Figure 13 shows the profiles of 𝐸𝐸(𝑖) versus iterations for 

both cases 1 and 3. It is observed that the system with the 

OPILC proposed in this paper has a much better convergence 

performance in speed and precision than the one with the ILC 

presented in [14]. 

 

 
Fig. 12a. The output trajectories 𝑦𝑑

(1)
(𝑡) and 𝑦𝑖

(1)
(𝑡) (𝑖 =

0,10,100,500) for Example 2 (Case 3). 

 

 
Fig. 12b. The output trajectories 𝑦𝑑

(2)
(𝑡) and 𝑦𝑖

(2)
(𝑡) (𝑖 =

0,10,100,500) for Example 2 (Case 3). 

 

Table III reports the quantitative performance metrics for 

comparing Cases 1 and 3 in Example 2. In this table, the error 

is defined as the total square error of tracking, as formulated 

in equation (75). The results clearly demonstrate that the 

proposed method offers a dramatic improvement over the ILC 

approach introduced in [14], both in terms of error reduction 

 
Fig. 13. The total square errors of tracking with respect to 𝑖 for 

Example 2 (comparison of Cases 1 and 3) 

 

rate and convergence speed. Specifically, the proposed 

algorithm achieves a 99% reduction in tracking error after 

only a single iteration, while the ILC method in [14] requires 

390 iterations to reach a comparable level of accuracy. 

Moreover, the convergence speed of the proposed strategy is 

approximately 4062 times faster than that of the referenced 

ILC. Although the iterative execution time is approximately 

1.8 times longer relative to the ILC framework described in 

[14], as will be discussed in greater detail in Remark 6, this 

increased computational burden does not undermine the 

practicality or operational efficiency of the proposed method. 

Example 3. This example, which considers a practical 

MIMO process, is taken from [52]. The schematic diagram of 

a quadruple-tank process is shown in Fig. 14. In this process, 

the target is to control the level in the lower two tanks with 

two pumps. The process inputs are 𝜈in1 and 𝜈in2 (input 

voltages to the pumps) and the outputs are 𝜈out1 and 

𝜈out2 (voltages from lower two tanks level measurement 

devices). 

The voltage applied to Pump 𝑗 is 𝜈in𝑗 and the corresponding 

flow is 𝑘𝑗𝜈in𝑗  (𝑗 = 1,2). The parameters 𝛾1,  𝛾2 ∈ (0,1) are 

determined from how the valves are set prior to an 

experiment. The flow to Tank 1 is 𝛾1𝑘1𝜈in1 and the flow to 

Tank 4 is (1 − 𝛾1)𝑘1𝜈in1 and similarly for Tank 2 and Tank 3. 

The linearized model of this process around a stationary 

point is obtained as follows [52]: 
 

{
 
 
 
 
 

 
 
 
 
 

𝑥̇ =

[
 
 
 
 
 
 −

1

𝑇1
0

𝐴3

𝐴1𝑇3
0

0 −
1

𝑇2
0

𝐴4

𝐴2𝑇4

0 0 −
1

𝑇3
0

0 0 0 −
1

𝑇4]
 
 
 
 
 
 

⏟                
𝐴

𝑥 +

[
 
 
 
 
 
 

𝛾1𝑘1

𝐴1
0

0
𝛾2𝑘2

𝐴2

0
(1−𝛾2)𝑘2

𝐴3
(1−𝛾1)𝑘1

𝐴4
0 ]

 
 
 
 
 
 

⏟            
𝐵

𝑢

𝑦 = [
𝑘𝑐 0 0 0
0 𝑘𝑐 0 0

]
⏟          

𝐶

𝑥

. (76) 

 

and 𝐴𝑗 is the cross-section of Tank 𝑗; 𝑎𝑗is cross-section of 

the outlet hole and ℎ𝑗 is water level of Tank 𝑗(𝑗 = 1,2,3,4). 

The acceleration due to gravity is denoted by 𝑔, and the 

superscript 0 indicates the stationary point. 
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TABLE III. Comparison of Cases 1 and 3 for Example 2 
Method ILC of 

[14] 

OPILC proposed 

in this paper 

Error Reduction 

Rate 

𝐼50% 17 1 

𝐼10% 57 1 

𝐼1% 390 1 

Convergence Speed 𝐼10−3 16250 4 

Computational 

Complexity 

𝑇1 
(sec.) 

0.178568 0.319841 

 

 

Fig. 14. Schematic diagram of the quadruple-tank process. 

 

In the state-space model (76), the variables and parameters 

are defined as follows: 
 

   

   

   

0 0 0 0

1 2 3 4 1 2 3 4 1 2 3 4

i

0 0

in in in n

0 0

out o

1 2 1 2 1 2

1 2 1 2 1 2

0

ut out out

,

,

,

2
1,2,3,4.

 

 

TT T

TT T

TTT

j j

j

j

x x x x x h h h h h h h h

u u u

y y y

A h
T j

a g

   

 = = −  

  

 = = −  

 = = − 

=



=

 (77) 
 

The linear model (76) is a fourth-order system that has two 

inputs and two outputs. We wish to control this system 

iteratively in a finite time internal [0, 𝑡𝑓]. 

For simulation the parameters and stationary point of the 

process are chosen as [52], which are follows: 

 

𝐴1 = 𝐴3 = 28cm
2, 𝐴2 = 𝐴4 = 32cm

2, 
𝑎1 = 𝑎3 = 0.071cm

2, 𝑎2 = 𝑎4 = 0.057cm
2, 

𝑘𝑐 = 0.5
𝑉

cm
, 𝑘1 = 3.33

cm3

Vs
, 𝑘2 = 3.35

cm3

Vs
, 

𝛾1 = 0.7, 𝛾2 = 0.6, 𝑔 = 981
cm

𝑠2
, 

ℎ1
0 = 12.4cm, ℎ2

0 = 12.7cm, 

ℎ3
0 = 1.8cm, ℎ4

0 = 1.4cm, 
𝜈in1
0 = 𝜈in2

0 = 3𝑉. 
The time duration of iterations is selected ten seconds (𝑡𝑓 =

10𝑠𝑒𝑐). The desired output trajectories, and the state and 

output disturbances are chosen as follows: 

( )

1

6

1

1

6

2

0 3

( ) 0.5 3 7,

(10 ) 7 10

( ) 0.01sinh 5sin(0.2 ) .

d

d

t t

y t t

t t

y t t

 


=  
 −  

= 
 

 

𝜂𝑥(𝑡) = [

𝑐𝑜𝑠( 𝑡) 𝑡𝑎𝑛ℎ( 0.75𝑡)
0.5 𝑠𝑖𝑛( 𝑡)

0.25 𝑐𝑜𝑠( 𝜋𝑡)
−Ln(𝑡 + 1)

] , 𝜂𝑦(𝑡)

= [
0.01𝑡2

0.5(1 − 𝑒𝑠𝑖𝑛(0.25𝜋𝑡))
]. 

The system initial conditions and the initial input all 

selected to be zero. 

To compare the performance of the proposed method with 

the approach in [14], simulations of this example are 

conducted under two scenarios, applying the method 

proposed here and the approach of [14], respectively. 

Case 1. Using the OPILC proposed in this paper 

The symmetric positive definite matrices 𝑄(𝑡) and 𝑅(𝑡) in 

the cost function (5) are chosen as follows: 

𝑄(𝑡) = 104𝐼, 𝑅(𝑡) = 𝐼. 
The simulated output trajectories of the system at several 

iterations, along with the desired trajectories, are shown in 

Figs. 15a and 15b. These plots demonstrate that as the 

iteration index increases, the system outputs quickly converge 

to the desired trajectories. In fact, at iteration 𝑖 = 2, a perfect 

match is observed between the actual and desired outputs. 

Fig. 16 further illustrates the evolution of 
1

2
‖𝑒𝑖(. )‖𝑄

2  and 𝐽𝑖  

over iterations. Both measures are seen to decrease steadily 

and approach zero, which supports the theoretical findings 

established in Theorems 2 and 3. 

 

 
Fig. 15a. The output trajectories 𝑦𝑑

(1)
(𝑡) and 𝑦𝑖

(1)
(𝑡)(𝑖 = 0,1,2) 

for Example 3 (Case 1). 

 
Fig. 15b. The output trajectories 𝑦𝑑

(2)
(𝑡) and 𝑦𝑖

(2)
(𝑡)(𝑖 = 0,1,2) 

for Example 3 (Case 1). 
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Fig. 16. The monotonic convergence of ‖𝑒𝑖(. )‖𝑄 and 𝐽𝑖 with 

respect to 𝑖 for Example 3 (Case 1). 

 

The system input profiles, shown in Figs. 17a and 17b, 

change gradually with each iteration and ultimately settle into 

two consistent forms. These patterns are not predetermined, 

but instead result from the underlying learning mechanism. 

 

 
Fig. 17a. The system input 𝑢𝑖

(1)
(𝑡) at iterations 𝑖 =

0,1,2,10,100 for Example 3 (Case 1). 

 

 
Fig. 17b. The system input 𝑢𝑖

(2)
(𝑡) at iterations 𝑖 =

0,1,2,10,100 for Example 3 (Case 1). 

 

Case 2. Using the ILC presented in [14] 

The ILC proposed in [14], which is discussed in Case 3 of 

Example 2, is now applied to the system in Example 3. Since 

the method in [14] is designed for discrete-time systems, and 

the system in Example 3 is continuous-time, we first 

discretize the system using a sampling time of 𝛥𝑡 = 0.01. 

Then, we have: 

𝑁 =
𝑡𝑓

𝛥𝑡
= 103. 

The following learning gain is chosen: 
 

𝐹(𝑘) = [
10 −5
0.8 20

] for𝑘 = 1,2,..., 103. 

It can be readily shown that this learning gain satisfies the 

convergence condition (74). 

Figures 18a and 18b illustrate the tracking performance of 

the system outputs 𝑦𝑖
(𝑘)
(𝑡) relative to the desired trajectories 

𝑦𝑑
(𝑘)
(𝑡) at iterations 𝑖 = 0,50,100, for 𝑘 = 1,2, respectively. 

As evident from these figures, the tracking accuracy improves 

progressively with increasing iteration number, leading to 

convergence toward the reference signals. Nevertheless, a 

comparative analysis with Figs. 15a and 15b reveals that the 

convergence rate in Case 1 is considerably higher. To provide 

a more rigorous assessment, the total squared tracking error 

𝐸𝐸(𝑖), as defined in equation (75), is employed. Figure 19 

presents the evolution of 𝐸𝐸(𝑖) across iterations for both Case 

1 and Case 2. The results confirm that the OPILC scheme 

proposed in this study offers significantly enhanced 

convergence performance, both in terms of speed and 

accuracy, compared to the ILC approach reported in [14]. 

 

 
Fig. 18a. The output trajectories 𝑦𝑑

(1)
(𝑡) and 𝑦𝑖

(1)
(𝑡)(𝑖 =

0,50,100) for Example 3 (Case 2). 

 

 
Fig. 18b. The output trajectories 𝑦𝑑

(2)
(𝑡) and 𝑦𝑖

(2)
(𝑡)(𝑖 =

0,50,100) for Example 3 (Case 2). 
 

 
Fig. 19. The total square errors of tracking with respect to 𝑖 for 

Example 3 (comparison of Cases 1 and 2) 
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Table IV presents the quantitative performance measures 

comparing Cases 1 and 2 for Example 3. In this table, the error 

metric refers to the total square error of tracking, as defined 

in equation (75). As the data indicate, the proposed method 

also demonstrates substantially superior error reduction rate 

and convergence speed in Example 3 compared to the ILC 

method reported in [14]. Specifically, a single iteration of the 

proposed algorithm leads to a 99% reduction in tracking error, 

whereas the ILC approach in [14] requires 232 iterations to 

achieve a similar reduction. Additionally, the convergence 

speed of the proposed method in this example exceeds that of 

the referenced ILC by a factor of over 83. While the method 

requires a per-iteration runtime approximately 1.7 times that 

of the ILC technique referenced in [14], this elevated 

computational demand, as will be further addressed in 

Remark 6, does not pose any meaningful limitations in 

practical applications. 

 
TABLE IV. Comparison of Cases 1 and 2 for Example 3 

Method ILC of 

[14] 

OPILC proposed 

in this paper 

Error Reduction 

Rate 

𝐼50% 56 1 

𝐼10% 71 1 

𝐼1% 232 1 

Convergence Speed 𝐼10−3 1330 16 

Computational 

Complexity 

𝑇1 
(sec.) 

0.034856 0.058784 

 

Example 4. A relatively complex fifth-order fully time-

varying MIMO system is given in the form of (1) with the 

following coefficients: 

 

𝐴(𝑡) = 0.4

[
 
 
 
 
 

𝑐𝑜𝑠( 2𝜋𝑡) 𝑡

𝑠𝑖𝑛( 𝜋𝑡2) 𝑒−𝑡

(𝑡)𝑒
−0.5𝑡

𝑡 𝑐𝑜𝑠( 4𝜋𝑡)

−20 𝑡𝑎𝑛−1( 4𝑡) 𝑠𝑖𝑛( 𝑐𝑜𝑠ℎ( 𝑡))

25 − 𝑡 −Ln(1.1 + 𝑠𝑖𝑛( 20𝑡))

 

 
2𝑡 − 4 𝑒−2𝑡 0.01(𝑡2 − 1)

2 𝑠𝑖𝑛( 3𝜋𝑡) 0.1 𝑐𝑜𝑠ℎ( 𝑡) 0.2 𝑠𝑖𝑛( 0.5𝜋√𝑡)

Ln(𝑡 + 0.01) 0.1𝑡 −𝑡2

−
𝑡𝑒−0.1𝑡

𝑡 + 10
3 𝑐𝑜𝑠−1( 0.02𝑡) 4 𝑐𝑜𝑠( 2𝜋𝑡3)

(𝑡 + 1)𝑠𝑖𝑛
−1(0.01𝑡) 𝑒𝑐𝑜𝑠(8𝑡)

𝑡

𝑡 + 25 ]
 
 
 
 
 
 
 

, 

 

𝐵(𝑡) = 0.02

[
 
 
 
 
 
 
 
 
 2 + 𝑡𝑒

−𝑡 𝑡 − 𝑐𝑜𝑠( 𝑡) √𝑠𝑖𝑛( 𝜋𝑡)
3

𝑡2 Ln(0.1 + 𝑡) 𝑡𝑒−𝑡 𝑐𝑜𝑠( 𝜋√𝑡)

𝑠𝑖𝑛( 4𝑡)
3𝑡2

𝑡2 + 4
7𝑒𝑠𝑖𝑛ℎ

−1(0.25𝑡)

√
2

𝑡 + 1
𝑒2𝑡 𝑡𝑎𝑛ℎ[𝑠𝑖𝑛( 𝑡2)]

−𝑡 √10 − 𝑡
𝑒2𝑡

𝑡 + 3 ]
 
 
 
 
 
 
 
 
 

, 

 

𝐶(𝑡) = 0.1

[
 
 
 
 
 
 
 
 

1

1 + 𝑡25−𝑡
𝑡𝑡+1

(𝑠𝑖𝑛−1( 𝑒−0.02𝑡))3 𝑐𝑜𝑠( 𝑡2)

√𝑡
5 𝑠𝑖𝑛ℎ

−1(Ln(1 + 𝑡))

𝑒𝑡 + 7
𝑒𝑠𝑖𝑛(𝜋𝑡) 0.5𝑡 − 3

−
1

𝑡𝑎𝑛−1( 𝑡) + 0.1
|𝑡 − 2.5|

]
 
 
 
 
 
 
 
 
𝑇

. 

 

We aim to control this complex system iteratively in the 

time interval [0,5]. 

Let the desired trajectories be defined as: 

{
𝑦𝑑
(1)
(𝑡) = 1.25𝑡2 − 0.05𝑡4

𝑦𝑑
(2)
(𝑡) = 𝑡 𝑡𝑎𝑛−1( 2.5 − 𝑡)

0 ≤ 𝑡 ≤ 5. 

To perform the simulation, the initial conditions of the 

system and its input at the initial iteration 𝑖 = 0 are all 

assumed to be zero. The disturbances 𝜂𝑥(𝑡) and 𝜂𝑦(𝑡) are 

chosen as follows: 

𝜂𝑥(𝑡) = 0.1

[
 
 
 
 

𝑡𝑒−0.5𝑡

𝑐𝑜𝑠ℎ(𝑠𝑖𝑛( 𝑡))

𝑡(20 − 𝑡)

−5 𝑐𝑜𝑠( 0.5𝑡)

𝑡𝑎𝑛−1( 𝑡) ]
 
 
 
 

, 𝜂𝑦(𝑡) = 0.5 [
𝑠𝑖𝑛(Ln(𝑡 + 1))

Ln(𝑠𝑖𝑛( 𝑡) + 2)
]. 

This example presents a particularly challenging scenario, 

under which previously reported ILC methods do not achieve 

convergence, to the best of our knowledge. Let us now apply 

the proposed OPILC to this system. 

The symmetric positive definite matrices 𝑄(𝑡) and 𝑅(𝑡) as 

follows: 

𝑄(𝑡) = 10𝐼, 𝑅(𝑡) = 𝐼. 
 

Here, due to the limitation in the number of pages, only the 

results obtained for 
1

2
‖𝑒𝑖(. )‖𝑄

2  and cost function 𝐽𝑖  from the 

simulation are given in Fig. 20 (in the log scale on both axes). 

This figure proves that the learning convergence is monotonic 

from the point of view of both ‖𝑒𝑖(. )‖𝑄 and 𝐽𝑖 , consistent with 

Theorems 2 and 3. 

To study the effect of the weighing matrices 𝑄(𝑡) and 𝑅(𝑡) 

in cost function (5) on the performance of the proposed 

OPILC, the simulation of Example 4 is repeated using 𝑄(𝑡) =

𝜆𝐼 and 𝑅(𝑡) = 𝐼, for several different values of the positive 

scalar 𝜆. As a result, the obtained profiles for the 2-norm of 

the tracking error 𝑒𝑖(𝑡) and the input variation 𝑣𝑖(𝑡), which 

are defined as (73), are given in Figs. 21 and 22 in the log 

scales, respectively. These figures clearly demonstrate that 

with the increase of 𝜆, the convergence rate of 𝑒𝑖(𝑡) increases, 

while that of 𝑣𝑖(𝑡) decreases. To comprehend and explain this 

phenomenon, it can be stated that by choosing large or small 

weighing matrices 𝑄(𝑡) and 𝑅(𝑡) relative to each other, the 

desired importance can be assigned to each term ‖𝑒𝑖(. )‖𝑄
2  and 

‖𝑣𝑖(. )‖𝑅
2  in cost function (5). That is, if the minimization of 

the tracking error has a higher significance, then 𝑄(𝑡) must 

be chosen larger than 𝑅(𝑡). However, if the prevention of 
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sharp and fast variation of the system input is of interest, then 

𝑄(𝑡) must be chosen to be small relative to 𝑅(𝑡). 

 

 
Fig. 20. The monotonic convergence of ‖𝑒𝑖(. )‖𝑄 and 𝐽𝑖 with 

respect to 𝑖 for Example 4. 

 

 
Fig. 21. The profiles of the 2-norm of the tracking error 𝑒𝑖(𝑡) 

for several different values of 𝜆 for Example 4. 

 

 
Fig. 22. The profiles of the 2-norm of the input variation 𝑣𝑖(𝑡) 

for several different values of 𝜆 for Example 4. 

 
Remark 6. The proposed OPILC has been compared with 

several existing ILC approaches. Due to space limitations, 

only three of these comparisons are presented in Examples 1 

through 3. The results clearly demonstrate that the proposed 

OPILC achieves significantly higher error reduction rate and 

faster convergence speed than previous methods. 

Furthermore, the convergence behavior is monotonic, an 

important characteristic for any ILC algorithm, which has 

also been theoretically proven in Theorems 2 and 3. However, 

as shown in Tables I to IV, the proposed method exhibits 

higher computational complexity than some existing ILC 

approaches, leading to a longer computation time for 

generating the control input in each iteration. To identify the 

source of this increased computation time, let us analyze the 

structure of the proposed OPILC. As noted in Remark 4, the 

matrix Riccati differential equation (15) is solved only once, 

prior to the first iteration, and the resulting gain matrix 𝐾(𝑡) 

is used throughout all subsequent iterations. Therefore, the 

time required to solve equation (15) does not contribute to the 

per-iteration computational burden. The main source of 

increased computation lies in solving the linear vector 

differential equation (16) to compute 𝑔𝑖(𝑡), which must be 

carried out before each iteration, as discussed in Remark 5. 

Nevertheless, in practical industrial repetitive systems (such 

as robotic manipulators) a reset period typically exists 

between two successive iterations. This period is usually long 

enough to accommodate the solution of equation (16), making 

its computational burden practically negligible. Thus, the 

additional computational effort does not pose any serious 

challenge or limitation in real-world applications. 

 

VI. Conclusion 
This paper introduced a novel optimal ILC approach for 

MIMO continuous-time LTV systems. The proposed method 

transforms the ILC problem into a linear quadratic tracking-

like (LQT) problem. Subsequently, LQT theory is employed 

to derive an explicit closed-loop learning control law that 

guarantees both accurate tracking and minimized control 

effort. In contrast to many existing ILC methods for 

continuous-time systems that depend on derivative-based 

learning algorithms, which are sensitive to measurement 

noise, the proposed design avoids these terms, mitigating 

noise amplification. 

Through rigorous mathematical analysis, it has been 

proven that the proposed OPILC guarantees the monotonic 

convergence of both the tracking error and the associated cost 

function, a property that is essential for any high-performance 

ILC. The effectiveness of the method is demonstrated through 

four comprehensive simulation examples, which show that 

the proposed scheme achieves faster convergence and higher 

tracking accuracy compared to existing ILC methods. 

Additionally, the method demonstrates significant 

computational efficiency by determining certain learning 

gains prior to the first iteration and updating others during 

system reset periods. 

In summary, the proposed OPILC framework offers a 

powerful solution for iterative learning control in continuous-

time systems, providing a foundation for further 

advancements and extensions to more complex systems. 

Extending the approach to discrete-time LTV systems is 

straightforward. However, the formulation and solution of the 

problem for each of the following cases require further 

investigation: 

1. Output Measurement: The current approach assumes full 

access to the state vector. Extending this method to cases 

where only output measurements are available is an important 

future step. 
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2. System Constraints: Incorporating input and state 

constraints into the OPILC framework is crucial for practical 

applications where physical limitations must be considered. 

3. Iteration-Varying Disturbances: The method assumes 

iteration-invariant disturbances, but many real-world systems 

experience iteration-varying disturbances. Accounting for 

this in the optimization framework could improve robustness. 

4. System Uncertainties: Future work could explore 

handling system uncertainties and unknown parameters 

within the OPILC framework, enhancing its robustness in 

practical applications. 

5. Nonlinear Systems: The proposed method is tailored for 

linear systems. Extending it to nonlinear systems remains a 

valuable research direction, as many real-world systems 

exhibit nonlinear dynamics. 
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Appendix 
Let us consider a linear time-varying system whose state 

𝑥(𝑡) ∈ ℝ𝑛, input 𝑢(𝑡) ∈ ℝ𝑝, and output 𝑦(𝑡) ∈ ℝ𝑞 are related 

by the system of equations: 

{
𝑥̇(𝑡) = 𝐴(𝑡)𝑥(𝑡) + 𝐵(𝑡)𝑢(𝑡)
𝑦(𝑡) = 𝐶(𝑡)𝑥(𝑡)

.                             (A-1) 

For system (A-1), the linear quadratic tracking (LQT) 

problem is defined as follows [44, 45]: 

The desired output r(t) ∈ ℝq is given, while u(t) is 

unconstrained in magnitude. Determine u(t) such that the 

following quadratic cost function is minimized: 

 



International Journal of Industrial Electronics, Control and Optimization (IECO). 2026, 9(3)                                                                                      280 

 

𝐽 =
1

2
[𝑟(𝑡𝑓) − 𝑦(𝑡𝑓)]

𝑇
𝐹[𝑟(𝑡𝑓) − 𝑦(𝑡𝑓)] 

+
1

2
∫ {[𝑟(𝑡) − 𝑦(𝑡)]𝑇𝑄(𝑡)[𝑟(𝑡) − 𝑦(𝑡)] + 𝑢𝑇(𝑡)𝑅(𝑡)𝑢(𝑡)}
𝑡𝑓
0

𝑑𝑡.                
 

(A-2) 

where the terminal time tf is specified, Q(t) ∈ ℝq×q and 

R(t) ∈ ℝp×p are the positive definite matrices, and F ∈ ℝq×q 

is a constant positive semidefinite matrix. 

The calculus of variations has been employed to 

demonstrate that the above optimal control problem admits a 

unique solution, expressed analytically as follows (see 

Chapter 9 of [44] or Chapter 12 of [45]): 

𝑢(𝑡) = −𝑅−1(𝑡)𝐵𝑇(𝑡)[𝐾(𝑡)𝑥(𝑡) − 𝑔(𝑡)].       (A-3) 

where 𝐾(𝑡) ∈ ℝ𝑛×𝑛 is a symmetric and positive definite 

matrix, obtained from the solution of the following Riccati-

type matrix differential equation: 

𝐾̇(𝑡) = −𝐾(𝑡)𝐴(𝑡) − 𝐴𝑇(𝑡)𝐾(𝑡) 

+𝐾(𝑡)𝐵(𝑡)𝑅−1(𝑡)𝐵𝑇(𝑡)𝐾(𝑡) 

−𝐶𝑇(𝑡)𝑄(𝑡)𝐶(𝑡),    (A-4) 

with the terminal condition 

𝐾(𝑡𝑓) = 𝐶
𝑇(𝑡𝑓)𝐹𝐶(𝑡𝑓).                (A-5) 

The vector 𝑔(𝑡) ∈ ℝ𝑛 is the solution of the linear vector 

differential equation: 

 

𝑔̇(𝑡) = −[𝐴(𝑡) − 𝐵(𝑡)𝑅−1(𝑡)𝐵𝑇(𝑡)𝐾(𝑡)]𝑇𝑔(𝑡) 

−𝐶𝑇(𝑡)𝑄(𝑡)𝑟(𝑡),       (A-6) 

with the terminal condition 

𝑔(𝑡𝑓) = 𝐶
𝑇(𝑡𝑓)𝐹𝑟(𝑡𝑓).                  (A-7) 

It has also been shown that applying input (A-3) to system 

(A-1) yields the minimum of the cost function (A-2), as 

follows 

𝐽∗ =
1

2
𝑥𝑇(0)𝐾(0)𝑥(0) − 𝑥𝑇(0)𝑔(0) + 𝜙(0).       (A-8) 

where 𝜙(0) is obtained from the backward integration of the 

following scalar differential equation (see Chapter 9 of [44] 

or Chapter 12 of [45]): 

𝜙̇(𝑡) = −
1

2
𝑟𝑇(𝑡)𝑄(𝑡)𝑟(𝑡) +

1

2
𝑔𝑇(𝑡)𝐵(𝑡)𝑅−1(𝑡)𝐵𝑇(𝑡)𝑔(𝑡),  

 

(A-9) 

with the terminal condition: 

𝜙(𝑡𝑓) =
1

2
𝑟𝑇(𝑡𝑓)𝐹𝑟(𝑡𝑓).                (A-10) 
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High-speed rail systems, operating at speeds up to 350 km/h, face significant challenges 

in delivering reliable network connectivity due to frequent handovers, signal degradation, 

and network congestion. This paper proposes the 5G-R framework, an optimized solution 

integrating beamforming, network slicing, railway-specific LSTM algorithms, and MEC 

to enhance connectivity performance. The novelty lies in the railway-tuned LSTM’s 

integration with MEC and network slicing. This enables proactive handover prediction 

based on predictable rail trajectories and reduces latency by 70% while improving 

handover success by 8% over non-integrated systems. By leveraging real-time train data, 

such as speed and GPS location, the framework optimizes handover prediction and traffic 

management, achieving robust performance in diverse environments. Compared to 4G 

LTE and standard 5G-R, the 5G-R framework demonstrates significant improvements, 

including a 250 Mbps throughput, 15 ms latency, and 95% handover success rate. 

Network slicing optimizes resource allocation, reducing congestion by approximately 

30% (PRB utilization, validated in simulations with 50/300 UEs), while MEC enables 

low-latency control for train systems. Field trials along the Beijing-Zhangjiakou railway 

(174 km, urban/suburban) and simulations validate the framework’s adaptability across 

urban and rural routes. Designed for compatibility with FRMCS, the 5G-R framework 

lays a foundation for future advancements, including 6G and satellite communications. 

Future research should focus on optimizing performance in extreme environments and 

densely populated routes to support autonomous transport systems. This optimization-

driven approach establishes a scalable model for next-generation rail communication 

systems. 

I. Introduction 

Seamless internet connectivity in high-speed trains is 

critical for meeting passenger demands for communication, 

entertainment, and productivity, as well as enabling 

operational efficiencies like real-time train monitoring and 

safety systems [1]. However, delivering reliable internet at 

speeds up to 350 km/h poses significant challenges. 

Conventional technologies, such as Long-Term Evolution 

(LTE) and Wi-Fi, face frequent handovers, signal degradation 

due to Doppler effects, and network congestion from dense 

user populations (50–300 passengers per train) [1], [2]. 

Network slicing addresses this congestion by reducing PRB 

utilization by approximately 30% in high-density scenarios. 

LTE, limited to ~10 Mbps in rail settings due to handover 

failures and signal loss, cannot support streaming or real-time 

applications [3]. Wi-Fi suffers from signal attenuation and 

limited coverage in rural or tunnel-heavy routes [4]. 

Environmental interference, such as heavy rain reducing 

throughput by 10–15%, and sparse rural infrastructure further 

disrupt connectivity [3], [5]. 

5G for Railways (5G-R) , a specialized 5G variant, 

addresses these challenges by leveraging Ultra-Reliable Low-

Latency Communication (URLLC) for rapid handovers, 

Massive Machine-Type Communications (mMTC) for dense 

device support, and Enhanced Mobile Broadband (eMBB) for 

high data rates [6]. Despite its potential, 5G-R deployments 

face handover instability at extreme speeds and limited 

validation across diverse rail networks, such as mountainous 

or coastal routes [3], [7]. Prior studies, including the 

European Future Railway Mobile Communication System 
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(FRMCS) [7] and isolated approaches like handover 

protocols [3] or network slicing [8], lack a comprehensive 

railway-specific framework to simultaneously address 

handovers, congestion, and signal degradation. Recent 

advancements in AI-enabled mobility management for 

beyond 5G (B5G) networks further highlight the need for 

adaptive handover schemes in high-speed scenarios [39]. 

This study proposes a novel 5G-R optimization framework 

integrating beamforming (using Massive Multiple-Input 

Multiple-Output (MIMO) in sub-6 GHz bands [9]), network 

slicing, railway-tuned Long Short-Term Memory (LSTM)-

based artificial intelligence (AI) for predictive traffic and 

handover management, Multi-Access Edge Computing 

(MEC), multi-connectivity, and dynamic spectrum allocation. 

The novelty lies in the holistic, railway-specific integration of 

these six components, which is non-trivial due to the need for 

synchronized real-time data flow (train Global Positioning 

System (GPS) feeding into LSTM for handover prediction, 

then MEC for low-latency execution, and network slicing for 

prioritized allocation)—an approach underexplored in prior 

isolated studies [3], [15]. This integration creates synergistic 

impacts, such as reducing overall system latency by 70% 

compared to non-integrated baselines by enabling proactive 

resource adjustments tailored to fixed rail trajectories, unlike 

generic 5G setups that treat mobility as vehicular or urban 

without rail-specific predictability [16]. 

 The motivation for using LSTM lies in its superior 

capability to handle sequential, time-dependent data inherent 

to high-speed rail environments, where factors like train 

speed, GPS position, and user density evolve predictably over 

time but are subject to long-term dependencies (recurring 

patterns along fixed tracks). The railway-tuned LSTM 

improves over generic mobility prediction models (standard 

LSTM or Deep Q-Network (DQN) in non-rail contexts) by 

incorporating rail-specific features like predictable routes and 

speed profiles, achieving 8% higher handover accuracy (95% 

vs. 87%) through customized training on Beijing-

Zhangjiakou data, reducing false positives in handover 

triggers by 15% compared to untuned models [15], [17]. 

Unlike simpler models such as Multi-Layer Perceptrons 

(MLPs), which struggle with temporal correlations and 

vanishing gradients in extended sequences, LSTM's gated 

architecture (including forget, input, and output gates) 

preserves relevant historical information, enabling precise 

forecasting of handover zones and traffic loads with minimal 

error propagation [16], [17]. This is particularly advantageous 

in rail scenarios, as it leverages the deterministic nature of 

train trajectories to anticipate disruptions, outperforming non-

recurrent alternatives by 5-10% in prediction accuracy for 

mobility tasks [15]. Validated through Beijing-Zhangjiakou 

railway trials (174 km, urban/suburban) and MATLAB/NS-3 

simulations, the framework achieves 250 Mbps throughput, 

15 ms latency, and 95% handover success at 350 km/h in 

urban settings, outperforming LTE by 2400% and standard 

5G (100 Mbps) by 150% in throughput. The railway-tuned 

LSTM improves handover success by 8% over standard 5G-

R benchmarks (Standard 5G-R baseline derived from 

untuned/non-integrated systems [3], [15]). In rural scenarios, 

it maintains 220 Mbps and 92% success, ensuring scalability 

despite potential weather impacts [3]. A cost-benefit analysis 

projects 20–30% urban cost savings via phased deployments 

and premium services, enhancing feasibility for railway 

operators. 

Contributions: 

1. A holistic 5G-R framework tailored for high-speed 

rail connectivity. 

2. Empirical validation through trials and simulations, 

with significant performance gains (key performance 

indicators (KPIs) labeled as trial- or simulation-based 

in results). 

3. Sensitivity and cost-benefit analyses for robustness 

and deployment feasibility. 

4. A foundation for sixth generation network (6G) and 

satellite-based railway communications. 

This study targets railway operators and researchers 

exploring wireless solutions for high-mobility environments. 

By establishing 5G-R as a cornerstone for railway 

communications, it paves the way for innovations like 6G and 

satellite systems. The paper is organized as follows: Section 

II reviews related work, Section III details the methodology, 

Section IV presents performance results, Section V discusses 

implications, and Section VI concludes with future directions. 

II. Related Work 

A. Connectivity Challenges in High-Speed Trains 

High-speed trains face significant connectivity challenges 

due to rapid mobility, dense user populations, and diverse 

network conditions [1], [2]. At speeds up to 350 km/h, 

Doppler effects degrade signal quality, causing up to 20% 

signal loss in high-frequency bands [4]. Frequent handovers 

disrupt service, with handover failure rates reaching 10–15% 

in dense urban settings [3]. Dense passenger populations (50–

300 users per train) lead to network congestion, reducing 

throughput during peak hours [5]. Environmental factors, 

such as signal attenuation in tunnels or interference from 

heavy rain, further degrade performance, with rainfall 

potentially reducing throughput by 10–15% [3]. Sparse 

infrastructure in rural or mountainous regions creates 

coverage gaps, limiting connectivity for passengers and 

operational systems like train monitoring [5]. These 

challenges necessitate railway-specific wireless solutions 

capable of handling extreme mobility and dynamic conditions 

[3]. 

B. 5G for railway 

5G-R, a railway-specific 5G variant, leverages URLLC for 

rapid handovers, mMTC for dense device support, and eMBB 

for high data rates [6]. The Beijing-Zhangjiakou trial, 

spanning 174 km, achieved ~200 Mbps throughput, 20–30 ms 
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latency, and <1% packet loss at 350 km/h, significantly 

outperforming LTE’s ~10 Mbps and 5–10% packet loss [3]. 

The European FRMCS validates 5G-R for train control, 

passenger services, and safety applications, integrating with 

legacy systems to ensure interoperability [10]. Positioning 

techniques using 5G-R enhance train localization, achieving 

sub-meter accuracy critical for collision avoidance [11]. 

However, handover instability in high-interference scenarios, 

such as urban canyons, and high infrastructure costs 

(~$500,000/km in urban areas) remain barriers, requiring 

optimized deployment strategies [3], [12]. 

C. Optimization Techniques 

Several techniques enhance 5G-R performance in rail 

environments. Beamforming, using Massive MIMO (64x64 

antennas) and mmWave, mitigates signal loss and Doppler 

effects, achieving 20–40% throughput gains by directing 

signals toward moving trains [9]. Network slicing creates 

virtual sub-networks for passenger internet, train control, and 

multimedia, reducing congestion by 20–40% in crowded 

carriages (e.g., 300 users) per 3GPP standards [8], [13]. Edge 

computing processes data at base stations, reducing latency to 

10–20 ms for URLLC applications like real-time train control 

and predictive maintenance [14]. AI-driven methods optimize 

resource allocation and handover prediction [15], [16]. DQN 

achieves 90–92% handover success in generic 5G networks 

but overlooks railway-specific patterns like predictable train 

trajectories [15]. MLP models similarly achieve 90–92% 

success but lack rail-specific tuning [17]. Software-Defined 

Networking (SDN)-based approaches improve mobility 

management, with ~85% handover success in rail settings, 

though they struggle with real-time adaptability to train 

speeds [18]. Recent studies highlight antenna optimizations 

for 5G wireless communications. For instance, the authors 

[40] proposed a compact microstrip antenna with parasitic 

AMC for 4G/5G, achieving wide bandwidth (4.55–6.83 

GHz), 34% size reduction, 8 dBi gain, and 90% efficiency. 

Advantages include compactness and high efficiency, suitable 

for mobile applications; disadvantages are lack of testing in 

high-mobility environments like rail and limited to sub-6 

GHz bands, potentially restricting Doppler effect mitigation 

in high-speed trains. These techniques, while effective 

individually, lack comprehensive railway-specific 

integration. 

 

D. AI Techniques for Handover and Traffic 

Prediction in Rail Systems 

LSTM has been extensively used in rail communications 

for tasks requiring sequential data processing, such as 

handover prediction, traffic forecasting, and signal quality 

estimation, where it outperforms non-recurrent models due to 

its handling of temporal dependencies [16]. For example, in 

high-speed rail studies, LSTM has been applied to predict 

handover events using time-series inputs like train velocity 

and location, achieving accuracies of 92-95% in simulations 

and trials, as seen in Beijing-Shanghai rail analyses where it 

reduced handover failures by 10-15% compared to threshold-

based methods [1], [16].  

Specific similar works include LSTM-based proactive 

handover schemes for 5G high-speed railway networks, 

which predict handover events to reduce radio link failures, 

demonstrating superior performance in mobility 

management. Beyond rail, LSTM is widely adopted in 

broader mobility networks, such as vehicular 

communications for trajectory prediction and in 5G networks 

for resource allocation, with applications in over 50% of 

recent AI-driven handover papers due to its robustness to 

variable sequence lengths [15], [17]. Similar modules include 

Gated Recurrent Units (GRU), which streamline LSTM by 

combining forget and input gates into a single update gate, 

resulting in fewer parameters (typically 25-30% less) and 

faster training (20-30% quicker convergence) while 

maintaining comparable accuracy in rail scenarios—e.g., 

GRU has been used for traffic load prediction in FRMCS 

systems, offering 93% accuracy with lower computational 

overhead for edge devices [24], [25].  

Other Recurrent Neural Network (RNN) variants, like 

vanilla RNNs, are simpler but prone to vanishing/exploding 

gradients, making them less suitable for long rail sequences 

(e.g., >100 timesteps), where they underperform LSTM by 

15-20% in prediction tasks [26]. Bidirectional RNNs (Bi-

RNNs) extend standard RNNs by processing sequences 

forward and backward, improving context awareness for 

bidirectional rail data (e.g., upcoming and past track 

conditions) but at double the computational cost, with 

applications in signal anomaly detection achieving 96% 

accuracy [27]. Attention and Transformer-based modules, 

which use self-attention mechanisms for parallel processing 

of sequences, have been explored for mobility predictions, 

offering up to 10-15% better accuracy in long-sequence tasks 

like traffic forecasting in 5G networks compared to LSTM, 

though they require more computational resources (e.g., for 

training on large datasets) and are less common in real-time 

rail due to inference overhead [28].  

Temporal Convolutional Networks (TCN) employ causal 

convolutions for sequence modeling, providing faster 

inference (often 2-5x quicker than LSTM/GRU) and parallel 

training, suitable for real-time handover in 5G mobility, 

though they may underperform on irregular rail patterns 

requiring deep memory [29]. Convolutional LSTM 

(ConvLSTM) combines convolutions with LSTM for spatio-

temporal data, enhancing predictions in rail environments 

with spatial elements (e.g., track layouts and multi-train 

interactions), achieving 5-10% higher accuracy in hybrid 

scenarios but at increased complexity [30]. Overall, while 

LSTM remains prevalent in rail due to its balance of accuracy 

and interpretability, GRUs are favored for resource-limited 

deployments, Transformers for large-scale data, TCN for 



International Journal of Industrial Electronics, Control and Optimization (IECO). 2026, 9(3)     284 

 

speed, and ConvLSTM for spatial-temporal tasks; our 

framework uses LSTM for its proven efficacy in High-speed 

rail (HSR) handover, but future comparisons could integrate 

these alternatives. 

E. Research Gaps 

Significant gaps persist in 5G-R research for high-speed 

rail connectivity. Most studies rely on simulations or small-

scale trials, with limited real-world validation in rural or 

mountainous regions where coverage is sparse [11], [19]. 

Holistic integration of beamforming, network slicing, AI, and 

edge computing tailored for extreme speeds (up to 350 km/h) 

remains underexplored [3]. Prior approaches, such as FRMCS 

[10] and SDN-based mobility management [18], focus on 

interoperability or generic handover protocols, achieving 

~85% handover success but lack railway-specific 

optimizations. High infrastructure costs (~$500,000/km) and 

energy efficiency in dense deployments are rarely addressed, 

limiting scalability [12]. AI-based handover strategies, like 

DQN and MLP, achieve 90–92% success in generic contexts 

but fail to leverage railway-specific data [15], [17]. Our 

railway-tuned LSTM achieves 95% handover success, 

improving by 3-5% over these generic AI models and by 8% 

over standard 5G-R benchmarks (87%) [3], [15]. For 

example, by incorporating train speed and GPS data, our 

LSTM predicts handover zones with 8% higher accuracy than 

DQN. Multi-operator coordination for shared infrastructure is 

often overlooked [10]. Emerging technologies, such as 6G for 

sub-1 ms latency and Low Earth Orbit (LEO) satellites for 

rural coverage, are underexplored in rail contexts [20], [21]. 

This study addresses these gaps through a novel 5G-R 

framework, integrating railway-tuned LSTM, beamforming, 

network slicing, and MEC, validated via Beijing-Zhangjiakou 

trials (174 km) and simulations, offering a scalable, high-

performance solution for railway communications. 

 

III. Proposed Framework and Experimental 

Design 

A. Framework Overview 

This study proposes a novel 5G-R optimization framework 

to enhance internet service quality in high-speed trains at 

speeds up to 350 km/h. The framework integrates six railway-

specific components —beamforming, network slicing, 

railway-tuned LSTM-based AI, MEC, multi-connectivity, 

and dynamic spectrum allocation— to address handovers, 

congestion, and signal degradation holistically [6]. Unlike 

isolated approaches, such as DQN-based handovers achieving 

90–92% success [15], this framework leverages railway-

specific data, achieving 250 Mbps throughput, 15 ms latency, 

and 95% handover success in urban settings [3] (trial-based).  

It outperforms LTE by 2400% and standard 5G by 150% in 

throughput, with rural performance at 220 Mbps and 92% 

success [3], [11]. To isolate the effects of each component, 

controlled simulations in NS-3 were conducted by 

enabling/disabling individual features (ablation study): e.g., 

without network slicing, congestion increased by 25-35% in 

high-density scenarios (300 users); without multi-

connectivity, reliability dropped by 8-12% in interference-

heavy tunnels; without dynamic spectrum allocation, 

spectrum efficiency decreased by 18-22% in variable demand 

tests. These isolated contributions, detailed in Section IV, 

ensure reproducibility via open-source NS-3 scripts 

(available upon request) and parameter settings (e.g., user 

density=300, signal-to-noise ratio (SNR)=10-30 dB). 

A cost-benefit analysis, projecting 20–30% urban cost 

savings via phased deployments and 15–20% revenue from 

premium services, ensures scalability [12]. The system 

architecture (Figure 1) includes Railway Bureau Equipment 

(5G Core, Access and Mobility Management Function 

(AMF), Session Management Function (SMF), User Plane 

Function (UPF)) and Shared Equipment (5G Equipment 

Identity Register (5G-EIR), Network Repository Function 

(NRF)), enabling seamless connectivity. Table 1 summarizes 

the components and their contributions. 

Table 1. Framework Components and Contributions 
Component Description Contribution 

Beamforming Uses Massive MIMO 

(64x64 antennas) and 
mmWave to direct 

signals, countering 

Doppler effects. 

Increases throughput 

by 20–40% (180–250 

Mbps) [9]. 

Network 

Slicing 

Allocates virtual sub-

networks for passenger 

internet, train control, 

multimedia. 

Reduces congestion 

by 20–40% (75% to 

45%) in high-density 
scenarios [8], [13]. 

(PRB utilization; see 

Section IV for 50/300 

UE results). 

Railway-

Tuned 

LSTM 

Predicts handover 

zones and traffic using 

train speed, position, 

user density. 

Improves handover 

success by 8% (95% 

vs. 87% for standard 

5G-R) [3], [16]. 

MEC Processes data at base 

stations for low-
latency URLLC 

applications. 

Reduces latency by 

50–67% (30–90 ms to 

10–20 ms) [14]. 

Multi-

Connectivity 

Enables simultaneous 
links to multiple base 

stations for 

redundancy. 

Enhances reliability 
by 5–10% in high-

interference scenarios 

[6]. 

Dynamic 

Spectrum 

Allocation 

Assigns frequency 
bands based on 

demand, optimizing 

resource use. 

Improves spectrum 
efficiency by 15–20% 

in dense scenarios 

[13]. 

 

B. Data Collection 

Data were collected from a six-month Beijing-Zhangjiakou 

railway trial (174 km, urban/suburban) using onboard tools 

(Ookla Speedtest, Wireshark, iPerf) to measure KPIs: 

throughput, latency, packet loss, and handover success rate  

(Table 2) [3]. Measurements covered train speeds (150 
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Figure 1. 5G-R System Architecture, illustrating Railway 

Bureau Equipment (5G Core, AMF, SMF, UPF) and Shared 

Equipment (5G-EIR, NRF) for seamless connectivity across 

high-speed rail networks. 

–350 km/h), terrains (urban, suburban), and user densities 

(50–300 users). The sample size (n=50–100 per metric) was 

chosen based on statistical power analysis to achieve narrow 

95% CIs (±2–5% for rates) with α=0.05, considering trial 

constraints like route length and speed variability, aligned 

with prior HSR studies [3]. 

 Simulations (MATLAB R2024a with 5G Toolbox, NS-3 

v3.42) modeled network behavior under Doppler effects and 

interference (SNR: 10–30 dB), assuming clear weather [11]. 

Sensitivity analysis estimates a 10–15% throughput reduction 

and 2–3% handover success drops under heavy rain or snow, 

based on literature [3]. This dual approach ensures robust 

performance assessment aligned with 5G-R standards [6]. 

Table 2. Key Performance Indicators and Measurement Tools 
Metric Tool Description 

Throughput 

(Mbps) 

Ookla Speedtest 

(v4.8), iPerf 

(v3.16) 

Download/upload data 

rates. 

Latency (ms) Ping, Traceroute Time delay for packet 

travel. 

Packet Loss (%) Wireshark 
(v4.4.0), iPerf 

(v3.16) 

Percentage of lost data 

packets. 

Handover 

Success Rate (%) 

NS-3 Simulator 

(v3.42) 

Success rate of base 

station transitions. 

 

C. Optimization Techniques 

The framework employs six integrated techniques, detailed 

below, to optimize 5G-R performance: 

• Beamforming: Directs signals using Massive MIMO 

(64x64 antennas) in sub-6 GHz bands, modeled as: 

𝑆(𝜃) = ∑ 𝑤𝑛 ∙ 𝑒𝑗𝑘𝑑𝑛 cos(𝜃)𝑁
𝑛=1                       (1) 

where 𝑆(𝜃) is the signal strength in direction 𝜃, 𝑤𝑛 is the 

weight for the 𝑛 − 𝑡ℎ antenna, 𝑘 is the wave number 

(proportional to frequency 3.5 GHz), 𝑑𝑛 is the antenna 

spacing (~0.043 m at 3.5 GHz), and 𝑁 is the number of 

antennas (64). This mitigates Doppler effects, achieving 20–

40% throughput gains [9]. The beamforming vector 𝑤 is 

optimized as 𝑤 = arg 𝑚𝑎𝑥‖𝑤‖=1|ℎ𝐻𝑤|2, where 𝒉 is the 

channel vector (complex coefficients representing signal 

paths), and 𝒘 is the weight vector applied to antennas for 

directional transmission; this focuses energy toward the train, 

countering signal loss in high-mobility scenarios. 

• Network Slicing: Creates virtual sub-networks per 3GPP 

standards, reducing congestion by 20–40% in dense 

carriages (300 users) [8], [13]. Slice templates follow 

GSMA Generic Network Slice templates follow GSMA 

Generic Network Slice Template (NG.116) [37] and 

FRMCS guidelines [10], including: eMBB slice for 

passenger internet (high throughput, best-effort), 

URLLC slice for train control (low latency, guaranteed 

resources), and mMTC slice for sensors (high density, 

low data rate). Admission policies use priority-based 

Slice Admission Control (SAC), where URLLC slices 

reserve 20% PRBs, eMBB admits UEs dynamically if 

PRB utilization <80%, rejecting or throttling otherwise 

to maintain QoS [13], [38]. 

• Railway-Tuned LSTM: Background theory: LSTM is a 

specialized RNN architecture designed to mitigate the 

vanishing/exploding gradient problems in standard 

RNNs, making it ideal for modeling long-range 

dependencies in time-series data like railway 

trajectories. It operates through a chain of repeating 

modules (cells) that maintain a cell state (long-term 

memory) regulated by three gates: the forget gate 

(decides what information to discard), input gate 

(decides what new information to store), and output gate 

(decides what to output based on the cell state). The 

internal diagram of a single LSTM cell is illustrated in 

Figure 2, showing the flow of inputs 𝑥𝑡, previous hidden 

state ℎ𝑡−1, and cell state 𝐶𝑡−1 through the gates to 

produce ℎ𝑡 and 𝐶𝑡. 

The core formulas governing an LSTM cell are: 

• Forget gate: 𝑓𝑡 = 𝜎(𝑊𝑓 ∙ [ℎ𝑡−1, 𝑥𝑡] + 𝑏𝑓)  

• Input gate: 𝑖𝑡 = 𝜎(𝑊𝑖 ∙ [ℎ𝑡−1, 𝑥𝑡] + 𝑏𝑖)   

• Candidate cell state: 

𝐶̃𝑡 = 𝑡𝑎𝑛ℎ(𝑊𝐶 ∙ [ℎ𝑡−1, 𝑥𝑡] + 𝑏𝐶)  

• Updated cell state: 𝐶𝑡 = 𝑓𝑡  ⨀ 𝐶𝑡−1 + 𝑖𝑡  ⨀ 𝐶̃𝑡   

• Output gate: 𝑜𝑡 = 𝜎(𝑊𝑜 ∙ [ℎ𝑡−1, 𝑥𝑡] + 𝑏𝑜)   

• Hidden state: ℎ𝑡 = 𝑜𝑡  ⨀ tanh (𝐶𝑡) 

Where σ is the sigmoid activation function, tanh is the 

hyperbolic tangent, ⊙ denotes element-wise multiplication, 

and 𝑊∗, 𝑏∗ are learnable weights and biases. In our railway-

tuned implementation, the model architecture consists of an 

input layer that processes time-series sequences of 4 features 

(train speed, GPS latitude, GPS longitude, passenger density) 

over a 10-second window (T=10 timesteps, each timestep 

sampled at 1 Hz). Windowing uses a sliding approach with a 

1-second step to capture overlapping temporal patterns, 

ensuring dense coverage of handover zones.  

This is followed by two stacked LSTM layers, each 

with 128 hidden units (using tanh activation for the cell 
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state and sigmoid for the gates), with a dropout layer 

(rate=0.2) applied after each LSTM layer to mitigate 

overfitting. The output layer is a dense layer with 

sigmoid activation for binary handover probability 

(threshold >0.8 to trigger handover) and a linear 

activation for traffic load prediction (in Mbps).  

The model is implemented in Python using 

Keras/TensorFlow, with a total of approximately 200,000 

trainable parameters. The dataset comprises 10,000 

samples from Beijing-Zhangjiakou trials, split 80/20 for 

training/validation.  

• Dataset labeling protocol: Ground-truth handover 

decisions (binary: 1 for handover needed, 0 otherwise) 

were derived from actual network event logs during 

trials, where a handover was labeled as needed if the 

serving cell RSRP dropped below -110 dBm and the 

target cell exceeded the serving by a 3 dB offset (aligned 

with A3 event triggers [new ref 36]), ensuring labels 

reflect real-system behavior. Traffic load labels were 

measured in Mbps from iPerf logs.  

To prevent data leakage, a chronological split was 

used: training on the earliest 80% of time-series data (to 

capture historical patterns), validation on the latest 20% 

(to simulate future predictions), with no shuffling across 

time boundaries. Additionally, 5-fold cross-validation 

was applied within the training set for hyperparameter 

tuning. 

• Preprocessing: Normalization of speed (0–350 km/h to 

[0,1]), GPS coordinates (min-max scaling), and density 

(50–300 users to [0,1]). Hyperparameters: Adam 

optimizer (learning rate=0.001, beta_1=0.9, 

beta_2=0.999), batch size=32, 50 epochs, early stopping 

if validation loss does not improve for 5 epochs. Loss 

function: Binary cross-entropy for handover prediction + 

Mean Squared Error (MSE) for traffic load. Validation: 

80/20 train/validation split, 5-fold cross-validation, 

achieving 95% handover accuracy (Standard Deviation 

(SD) = 1.5%) [3], [16]. Handover accuracy is defined as 

binary classification accuracy (correct predictions of 

handover trigger vs. no trigger) on the validation set. 

Training was performed on an NVIDIA RTX 3080 GPU 

with 16 GB RAM, taking approximately 2–3 h per model 

(50 epochs, batch size=32). This surpasses DQN’s 90–

92% success by leveraging rail-specific patterns [15]. 

Inference time per prediction is ~5-10 ms, enabling real-

time deployment. See Subsection III.C for the railway-

tuned LSTM algorithm and pseudocode. 

• MEC: Processes data at base stations, reducing latency 

to 10–20 ms for URLLC applications (e.g., train control) 

[14]. MEC deployment involves edge servers co-located 

with every second next generation Node B (gNodeB) (8-

9 servers along 174 km), each equipped for accelerated 

AI inference. The software stack is based on European 

Telecommunications Standards Institute (ETSI) MEC 

standards, running on Kubernetes for orchestration, with 

Open Network Edge Services Software (OpenNESS) for 

service management.  

Integration occurs via the 5G Core (UPF reroutes 

traffic to local MEC via N6 interface), processing tasks 

like LSTM inference and real-time data analytics at the 

edge. This setup reduces round-trip latency by offloading 

computations from the central cloud. Deployment 

density was optimized for ~500 passengers per train at 

350 km/h, with failover mechanisms to adjacent servers 

in case of node failure. 

 

 

Figure 2. Internal Diagram of an LSTM Cell. 

• Multi-Connectivity: Enables simultaneous connections 

to multiple gNodeBs via dual connectivity protocols, 

improving reliability by 5–10% in high-interference 

scenarios (e.g., tunnels) [6].  

• Dynamic Spectrum Allocation: Assigns spectrum based 

on demand: 

𝑆𝑖 =
𝐷𝑖

∑ 𝐷𝑗
𝑛
𝑗=1

∙ 𝑆𝑡𝑜𝑡𝑎𝑙                                (2) 

where 𝑆𝑖  is the spectrum for user 𝑖, 𝐷𝑖 is user demand, 𝑆𝑡𝑜𝑡𝑎𝑙 

is total spectrum (100 MHz), and 𝑛 is the number of users. 

This improves efficiency by 15–20% [13]. 

Figure 3 illustrates the 5G-R system model, integrating AI-

driven traffic management, network slicing, and railway 

bureau/shared equipment for seamless connectivity. 

Railway-Tuned LSTM Algorithm 

The railway-tuned LSTM algorithm enhances handover 

prediction and traffic management in high-speed rail 

environments by leveraging sequential railway-specific data. 

Unlike generic AI models like DQN [15], it uses train speed, 

GPS position, and passenger density to predict handover 

zones and traffic load over a 10-second window. The 2-layer 

LSTM (128 units per layer, dropout 0.2) is trained on 10,000 

Beijing-Zhangjiakou trial samples, achieving 95% handover 

accuracy (SD = 1.5%) using Adam optimizer (learning rate 

0.001, batch size 32, 50 epochs). The pseudocode (Algorithm 

1) outlines the training and inference phases, where 

normalized inputs produce handover probabilities (threshold 

>0.8) and traffic load predictions, enabling proactive base  

 



287                                     5G-R for HSR Connectivity with LSTM-MEC/Rahmani, et al 

 

 
Figure 3. Conceptual Diagram of 5G-R System Model, 

highlighting Advanced Mobility Management, AI-driven 

Traffic Management, Network Slicing, and components 

(Railway Bureau and Shared Equipment) 
 

station coordination and 30% congestion reduction (Table 

5) [8], [13]. Deployed on MEC servers, the algorithm 

supports real-time applications like train control, with 

training requiring ~2 hours on a GPU-enabled server, 

improving reliability by 8% over standard 5G-R benchmarks 

[3]. 

Algorithm1: Railway-Tuned LSTM for Handover 

Prediction 

// Inputs: 

//   X: time-series data [speed, GPS_lat, GPS_lon, density] for 

T=10 seconds 

//   y: ground-truth handover decisions (0 or 1) and traffic load 

(Mbps) 

//   model: 2-layer LSTM (128 units/layer, dropout=0.2) 

//   params: learning_rate=0.001, batch_size=32, epochs=50 

 

// Output: 

//   p_handover: probability of handover (0–1) 

//   load_pred: predicted traffic load (Mbps) 

// Training Phase 

Function Train_Railway_LSTM(X, y, model, params) 

    Initialize model with 2-layer LSTM (128 units/layer) 

    Set params: learning_rate=0.001, batch_size=32, 

epochs=50, dropout=0.2 

    For each epoch: 

        For each batch in X, y: 

            Forward propagate X through model 

            Compute loss (cross-entropy for p_handover, MSE for 

load_pred) 

            Backward propagate and update model weights using Adam 

optimizer 

        EndFor 

    EndFor 

    Validate model using 5-fold cross-validation 

    Return trained model 

 

// Inference Phase 

Function Predict_Handover(X, model) 

    Preprocess X: normalize speed (0–350 km/h to [0,1]), GPS 

coordinates, density (50–300 users) 

    For t = 1 to T (time window = 10 seconds): 

        Feed X[t] into model 

        Compute p_handover[t], load_pred[t] 

    EndFor 

    If p_handover[t] > 0.8, trigger handover to target gNodeB  

    // Threshold ensures reliability 

    Return p_handover, load_pred 

EndFunction 

 

Figure 4 illustrates the railway-tuned LSTM architecture 

for handover prediction and traffic management. The input 

layer processes time-series data (train speed, GPS 

latitude/longitude, passenger density) over a 10-second 

window. Two LSTM layers, each with 128 units and 0.2 

dropout, capture temporal patterns in railway-specific data to 

prevent overfitting. The output layer produces a handover 

probability (threshold >0.8 for triggering handovers) and 

traffic load prediction (Mbps), enabling proactive base station 

coordination. This architecture achieves 95% handover 

accuracy (SD = 1.5%), improving reliability by 8% over 

standard 5G-R benchmarks [3]. 

 

D. Experimental Setup 

The framework was evaluated using MATLAB/NS-3 

simulations informed by the Beijing–Zhangjiakou high-speed 

rail trials [22] (174-km route) and recent 5G-R performance 

analyses [3]. For our simulations, we assumed sub-6 GHz (3.5 

GHz, 100 MHz bandwidth) gNodeBs with 64×64 antennas, 

antenna height 30 m, and three sectors per site with 6–8° 

downtilt. The effective along-track service radius was set to 

7.5 km, yielding inter-site spacing of ~10.5–12 km and 20–

30% overlap between adjacent cells, corresponding to 16–18 

gNodeBs covering the 174-km route.  

For hardware implementation, MEC servers were modeled at 

every second gNodeB (8–9 servers total). The LSTM model 

was trained offline on a dedicated server with an NVIDIA 

RTX 3080 GPU (10 GB VRAM), Intel Core i7-10700 CPU 

(8 cores, 2.9 GHz), and 32 GB RAM, taking ~2 hours for 50 

epochs in a supervised learning paradigm 
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Figure 4. Railway-Tuned LSTM Architecture for Handover 

Prediction and Traffic Management 

 (Keras/TensorFlow environment on Ubuntu 20.04). 

Inference was deployed on the MEC GPUs in a real-time 

paradigm (~5-10 ms per prediction), with model weights 

transferred via secure File Transfer Protocol (FTP) and inputs 

from onboard sensors (e.g., GPS at 1 Hz). This enabled low-

latency processing for ~500 passengers at 350 km/h [14].  

Simulations in MATLAB (for beamforming and LSTM 

algorithms) and NS-3 (for network dynamics) tested 

scenarios (Table 3), varying speed (150, 350 km/h), user 

density (50, 300 users), and interference, reflecting urban 

(dense gNodeBs) and rural (sparse coverage) conditions [11]. 

These simulations assume a uniform distribution of user 

equipment (UEs) across train carriages and consistent 

network load without bursty traffic patterns. Scenarios 

account for Doppler effects and interference but assume 

minimal weather impacts, addressed via sensitivity analysis 

[3].  

Future research could extend to bursty traffic models and 

extreme peak densities exceeding 300 UEs (e.g., 500+ 

passengers), as noted in the limitations. 

E. Performance Validation 

Performance was validated using trial and simulation data. In 

urban settings, the framework achieved 250 Mbps 

Table 3. Simulated Scenarios 
Scenario Speed 

(km/h) 

Users Parameters 

Low-Speed, 

Low-Density 

150 50 Low throughput, Minimal 

handovers 

High-Speed, 

Low-Density 

350 50 High handover frequency, 

Moderate load 

Low-Speed, 

High-Density 

150 300 Moderate throughput, High 

congestion 

High-Speed, 

High-Density 

350 300 High handover frequency, 

High congestion 

 

throughput, 15 ms latency, and 95% handover success 

(trial-based), outperforming LTE (10 Mbps) by 2400% and 

standard 5G (100 Mbps) by 150% in throughput [3], [22]. 

Compared to FRMCS (~200 Mbps, 20–30 ms latency [10]) 

and SDN-based approaches (~85% handover success [18]), it 

offers superior performance. Rural scenarios maintained 220 

Mbps and 92% success, robust despite potential 10–15% 

throughput reductions in heavy rain [3], [11].  

The cost-benefit analysis projects 20–30% urban cost 

savings through phased deployments and 15–20% revenue 

from premium services, aligning with industry trends [12]. 

Validation across diverse networks (e.g., mountainous, 

coastal) and higher densities (500+ passengers) is needed 

[11], with 6G and satellite integration as future directions 

[20], [21]. 

F. Ethical Considerations 

This study utilized anonymized data from public Beijing-

Zhangjiakou trials, with no personal identifiers or sensitive 

information collected. Simulations were purely 

computational and did not involve human subjects. All 

research complied with institutional ethics guidelines and 

data privacy standards equivalent to GDPR, ensuring no harm 

or privacy breaches. There are no conflicts of interest to 

declare. 
 

IV. Performance Evaluation 

A. Data Collection and Methodology 

Data were collected from a six-month Beijing-Zhangjiakou 

railway trial (174 km, urban/suburban using sub-6 GHz at 3.5 

GHz) using onboard tools: iPerf3 for throughput, ping for 

latency, signal analyzers for signal strength, and handover 

trackers for success rates [3], [22]. Measurements covered 

train speeds (150–350 km/h), user density (50–300 

passengers), and terrains (urban, suburban). Simulations 

(MATLAB for beamforming/LSTM, NS-3 for network) 

modeled network behavior under Doppler effects and 

interference (signal-to-noise ratio: 10–30 dB), assuming clear 

weather [11]; field trials used 3.5 GHz exclusively, while 

simulations tested both sub-6 (3.5 GHz) and mmWave (28 

GHz) for comparison, showing mmWave's higher throughput 

(up to 500 Mbps) but greater Doppler sensitivity in high-

speed scenarios. 

Sensitivity analysis quantified weather impacts, estimating 

a 10–15% throughput reduction and 2–3% handover success 

drop in heavy rain or snow [3]. Data preprocessing removed 

outliers (>3 SD from mean) and normalized KPIs (throughput 

to 0–300 Mbps). Data were stored in CSV (measurements), 

MAT (simulations), and SQL (large datasets) formats, 

visualized using MATLAB and Python (Matplotlib, Seaborn). 

Statistical reliability was ensured via equipment calibration, 

cross-verification, and measures (SD, 95% CI, n = 50–100) 

[3]. 
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B. Evaluation Metrics 

This subsection details the evaluation metrics used to 

assess the 5G-R framework's performance. These metrics 

were selected based on standard 5G-R benchmarks (3GPP 

and FRMCS guidelines) to quantify connectivity reliability, 

efficiency, and robustness in high-speed rail environments 

[6], [10]. Each metric is defined, along with its measurement 

method, rationale, and statistical considerations: 

• Throughput (Mbps): Measures the average data 

transfer rate (download/upload) under varying 

conditions. Measured using tools like Ookla Speedtest 

and iPerf during trials, and simulated in NS-3/MATLAB. 

Rationale: Critical for passenger applications like 

streaming; high throughput indicates effective 

beamforming and spectrum allocation. Reported with 

mean, SD, and 95% Confidence Interval (CI) (n=50-100 

samples). All reported throughput values are trial-based 

unless noted as simulation-based (e.g., for sensitivity 

analysis). 

• Latency (ms): Round-trip time for data packets, 

focusing on end-to-end delay. Measured via ping and 

traceroute in trials, simulated with packet timing in NS-

3. Rationale: Essential for URLLC in train control; low 

latency ensures real-time responsiveness. Includes SD 

and 95% CI. All reported latency values are trial-based 

unless noted as simulation-based. 

• Handover Success Rate (%): Defined as the percentage 

of handover attempts that result in interruption-free 

transitions (successful base station switches without 

service disruption, packet loss exceeding 1%, or 

interruption time >10 ms, per 3GPP/FRMCS standards 

for high-mobility environments [6], [10]; this is 

interruption-free rather than purely attempt-based, as it 

prioritizes seamless user experience over mere 

connection attempts). Tracked using handover trackers 

(e.g., network event logs from onboard 5G equipment) 

in trials and NS-3 simulation logs (e.g., handover event 

traces). Rationale: Addresses mobility challenges at 350 

km/h; high rates reduce dropouts. All reported handover 

success rates are trial-based, with simulations used for 

validation and sensitivity (weather impacts). For the 

underlying LSTM handover prediction, see Section D for 

detailed ML metrics including accuracy definition, 

confusion matrix, ROC AUC, and calibration. 

Percentage of successful base station transitions without 

service interruption. Tracked using NS-3 logs and 

handover trackers in trials. Rationale: Addresses 

mobility challenges at 350 km/h; high rates reduce 

dropouts. Statistical tests (Independent t-test, Cohen’s 

d=1.2) compare against baselines. LSTM outperformed 

DQN (90%, SD = 3%, 95% CI [89, 91], n = 50) by 5% 

through rail-specific patterns [15], [16]. 

• Congestion (%): Defined as Physical Resource Block 

(PRB) utilization percentage (proportion of allocated vs. 

available PRBs in the 100 MHz bandwidth), where 

values >70% indicate bottlenecks leading to increased 

queueing delays (>50 ms) and reduced throughput 

fairness (Jain's fairness index <0.8 among UEs) [6], [13]. 

Derived from user density simulations and Wireshark 

captures. Rationale: Evaluates network slicing efficiency 

in dense scenarios (300 users). Reported congestion 

values are simulation-based (NS-3) for controlled 

density tests, validated against trial data. 

• Signal Strength (dBm): Received signal power level, 

assessing coverage quality. Measured with signal 

analyzers in trials, modeled in MATLAB. Rationale: 

Quantifies Doppler and interference mitigation via 

Massive MIMO. All reported signal strength values are 

trial-based unless noted as simulation-based. 

• Packet Loss (%): Percentage of lost or corrupted 

packets. Captured via Wireshark and iPerf. Rationale: 

Indicates reliability; low loss supports eMBB and 

mMTC. All reported packet loss values are trial-based 

unless noted as simulation-based. 

These metrics were aggregated across urban/suburban 

trials and simulations, with sensitivity analysis for 

environmental factors (e.g., rain reducing throughput by 10-

15%). Outliers (>3 SD from mean) were removed using z-

score thresholding to ensure data reliability, affecting <5% of 

samples [3]. 

C. Key Performance Metrics 

KPIs were evaluated across field trials and simulations, as 

summarized in Table 4. 

• Throughput: At 350 km/h, 5G-R achieved 250 Mbps 

(SD = 15 Mbps, 95% CI [246, 254], n = 50), compared 

to 100 Mbps for standard 5G (SD = 10 Mbps, 95% CI 

[97, 103], n = 50) and 10 Mbps for 4G LTE (SD = 2 

Mbps, 95% CI [9.5, 10.5], n = 50) [3], [22]. At 150 km/h, 

5G-R reached 280 Mbps (SD = 12 Mbps, 95% CI [276, 

284], n = 50). Beamforming increased throughput by 

39% (180 Mbps to 250 Mbps, SD = 10 Mbps, 95% CI 

[247, 253], n = 100). See Figure 5 for this improvement 

[9]. Heavy rain reduced throughput by 10–15% (e.g., 250 

Mbps to 212–225 Mbps) [3]. (All values trial-based.) 

• Latency: 5G-R achieved 15 ms (SD = 2 ms, 95% CI [14, 

16], n = 50) at 350 km/h, versus 50 ms for 5G (SD = 5 

ms, 95% CI [48.5, 51.5], n = 50) and 100 ms for LTE 

(SD = 10 ms, 95% CI [97, 103], n = 50) [3]. At 150 km/h, 

latency was 12 ms (SD = 1 ms, 95% CI [11.75, 12.25], n 

= 50). MEC reduced latency by 50–67% (90 ms to 30 

ms, SD = 3 ms, 95% CI [29, 31], n = 50, in high-density 

scenarios). See Figure 6 for details [14]. (All values trial-

based.) 

• Handover Success: 5G-R achieved 95% success (SD = 

1.5%, 95% CI [94.5, 95.5], n = 50) at 350 km/h, 

compared to 85% for 5G (SD = 3%, 95% CI [84, 86], n  
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Table 4. Key Performance Metrics Comparison 
Metric 5G-R Standar-

d 5G-R 

4G LTE Notes / 

Source 

Throughp

ut (Mbps, 

350 km/h) 

250 (SD 
= 15, 

95% CI 

[246, 

254]) 

100 (SD 
= 10, 

95% CI 

[97, 

103]) 

10 (SD = 
2, 95% 

CI [9.5, 

10.5]) 

Beamforming
: +39% [9]; 

Rain: -10–

15% [3] / 

Trial-based 

Latency 

(ms, 350 

km/h) 

15 (SD = 

2, 95% 

CI [14, 

16]) 

50 (SD = 

5, 95% 

CI [48.5, 

51.5]) 

100 (SD 

= 10, 

95% CI 
[97, 

103]) 

MEC: -50–

67% [14] / 

Trial-based 

Handover 

Success 

(%, 350 

km/h) 

95 (SD = 
1.5, 95% 

CI [94.5, 

95.5]) 

87% (SD 
= 3%, 

95% CI 

[86, 88]) 

 

70 (SD = 
5, 95% 

CI [68.5, 

71.5]) 

LSTM vs. 
DQN: +10% 

[15], [16]; 

Rain: -2–3% 
[3] / Trial-

based 

Congestion 

(%, 300 

users) 

45 (SD = 

5, 95% 
CI [44, 

46]) 

75 (SD = 

6, 95% 
CI [73.5, 

76.5]) 

85 (SD = 

7, 95% 
CI [83.5, 

86.5]) 

Network 

Slicing: -30% 
[8], [13] / 

Simulation-

based 

Signal 

Strength 

(dBm) 

-60 (SD 

= 3, 95% 

CI [-61, -

59]) 

-80 (SD 

= 4, 95% 

CI [-81.5, 

-78.5]) 

-90 (SD 

= 5, 95% 

CI [-91.5, 

-88.5]) 

Massive 

MIMO vs. 

Traditional: 
+20 dBm [23] 

/ Trial-based 

Packet 

Loss (%, 

350 km/h) 

5 (SD = 
1, 95% 

CI [4.5, 

5.5]) 

15 (SD = 
2, 95% 

CI [14.5, 

15.5]) 

25 (SD = 
3, 95% 

CI [24, 

26]) 

Massive 
MIMO: -10% 

[23] / Trial-

based 

 

 
Figure 5. Throughput Improvement with Beamforming. At 

350 km/h, throughput increases from 180 Mbps (SD = 10 

Mbps, 95% CI [177, 183], n = 50) without beamforming to 

250 Mbps (SD = 10 Mbps, 95% CI [247, 253], n = 50), a 

39% improvement. 

 

• = 50) and 70% for LTE (SD = 5%, 95% CI [68.5, 

71.5], [3]. At 150 km/h, success was 98% (SD = 

1%, 95% CI [97.5, 98.5], n = 50). LSTM 

outperformed DQN (85%, SD = 3%, 95% CI [84, 

86], n = 50) by leveraging rail- 

 
Figure 6. Latency Reduction with MEC. Low Speed/Low 

Density: Cloud (40 ms, SD = 5 ms, 95% CI [38.5, 41.5], n 

= 50), MEC (18 ms, SD = 3 ms, 95% CI [17, 19], n = 50); 

High Speed/High Density: Cloud (90 ms, SD = 5 ms, 95% 

CI [88.5, 91.5], n = 50), MEC (30 ms, SD = 3 ms, 95% CI 

[29, 31], n = 50). 

• specific patterns [15], [16]. Rain reduced success by 2–

3% (e.g., 95% to 92–93%) [3]. (All values trial-based, 

with simulations confirming trends in controlled 

scenarios.) 

• Congestion: In NS-3 simulations (aligned with Table 3 

scenarios: 100 MHz bandwidth, 3.5 GHz band, 

urban/suburban topology), congestion (PRB utilization) 

was evaluated with and without network slicing for low-

density (50 UEs) and high-density (300 UEs) cases. Slice 

templates: eMBB (SST=1, high bandwidth for 

passengers), URLLC (SST=2, low latency for control), 

mMTC (SST=3, device density for monitoring) per 

GSMA NG.116 [37] and FRMCS [10]. Admission 

policies: Priority SAC reserves resources for URLLC 

(20% PRBs guaranteed), admits eMBB UEs if PRB 

<80%, with dynamic throttling for fairness [13], [38]. 

For 300 UEs (high-density), congestion was 75% (SD = 

6%, 95% CI [73.5, 76.5], n = 100) without slicing 

(uniform allocation, leading to queueing delays ~80 ms 

and fairness index ~0.7), reduced to 45% (SD = 5%, 95% 

CI [44, 46], n = 100) with slicing (30% absolute 

reduction, ~40% relative; delays ~30 ms, fairness ~0.9). 

For 50 UEs (low-density), congestion was 20% (SD = 

3%, 95% CI [19, 21], n = 100) without slicing, reduced 

to 15% (SD = 2%, 95% CI [14.5, 15.5], n = 100) with 

slicing (5% absolute reduction, as low density yields 

minimal gains) [8], [13]. Table 5 summarizes this. (All 

values simulation-based, validated against trial density 

observations.) 

• Signal Strength and Packet Loss: Massive MIMO 

improved signal strength to -60 dBm (SD = 3 dBm, 95% 

CI [-61, -59], n = 50) and packet loss to 5% (SD = 1%, 

95% CI [4.5, 5.5], n = 50), versus -80 
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Table 5. Impact of Network Slicing on Congestion 

Scenario Without Network 

Slicing 

With Network Slicing 

Low-Density 

(50 UEs) 

20 (SD = 3%, 95% CI 

[19%, 21%], n = 100) 

15 (SD = 2%, 95% CI 

[14.5%, 15.5%], n = 

100) 

High-Density 

(300 UEs) 

75 (SD = 6%, 95% CI 
[73.5%, 76.5%], n = 

100) 

45 (SD = 5%, 95% CI 
[44%, 46%], n = 100) 

 

• dBm and 15% for traditional MIMO (SD = 4 dBm, 

2%, 95% CI [-81.5, -78.5], [14.5, 15.5], n = 50). See 

Figure 7 for this comparison [23]. (All values trial-

based.) 

 
Figure 7. Impact of Massive MIMO. Traditional MIMO: -

80 dBm (SD = 4 dBm, 95% CI [-81.5, -78.5], n = 50), 15% 

packet loss (SD = 2%, 95% CI [14.5, 15.5], n = 50); 

Massive MIMO: -60 dBm (SD = 3 dBm, 95% CI [-61, -59], 

n = 50), 5% packet loss (SD = 1%, 95% CI [4.5, 5.5], n = 

50). 

D. Additional ML Metrics for LSTM Handover 

Prediction 

The railway-tuned LSTM's handover prediction 

performance was evaluated on the 20% validation set (2,000 

samples, balanced classes reflecting typical rail handover 

distribution). Handover accuracy is defined as binary 

classification accuracy: correctly predicting whether a 

handover trigger is needed (1) or not (0) in the next 10-second 

window, based on probability threshold >0.8. This contributes 

to the overall system handover success by enabling proactive 

triggers. Table 6 shows the confusion matrix for the validation 

set. 

Additional metrics: Precision = 0.95, Recall = 0.95, F1-score 

= 0.95. ROC AUC = 0.998, indicating excellent 

Table 6. Confusion Matrix for LSTM Handover Prediction 

(Validation Set, n=2,000)  
Predicted No 

Handover (0) 
Predicted  

Handover (1) 

Actual No Handover 

(0) 

952 (TN) 48 (FP) 

Actual Handover (1) 49 (FN) 951 (TP) 
 

discrimination. For calibration, the Brier score is 0.023, 

suggesting well-calibrated probabilities (lower scores 

indicate better calibration; a calibration curve would show 

predicted probabilities closely aligning with observed 

frequencies, with minimal over/under-confidence). 

MEC latency for LSTM inference is 5-10 ms per prediction 

(measured on edge GPUs during trials), enabling real-time 

execution without adding significant delay to the 15 ms 

system latency. 

E. Comparative Performance 

The 5G-R framework outperforms railway-specific and 

general wireless solutions. See Figure 8 for throughput 

comparisons. At 350 km/h, 5G-R achieves 250 Mbps (SD = 

15 Mbps, 95% CI [246, 254], n = 50), compared to FRMCS 

(~200 Mbps, SD = 12 Mbps, 95% CI [196, 204], n = 50 [10]), 

standard 5G (100 Mbps, SD = 10 Mbps, 95% CI [97, 103], n 

= 50), and 4G LTE (10 Mbps, SD = 2 Mbps, 95% CI [9.5, 

10.5], n = 50) [3], [22]. At 150 km/h, 5G-R reaches 280 Mbps 

(SD = 12 Mbps, 95% CI [276, 284], n = 50), versus FRMCS 

(~220 Mbps [10]), 5G (120 Mbps), and LTE (15 Mbps). 

 

Figure 8. Throughput vs. Speed. At 150 km/h: 4G LTE (15 

Mbps, SD = 2 Mbps, 95% CI [14.5, 15.5], n = 50), 5G (120 

Mbps, SD = 10 Mbps, 95% CI [117, 123], n = 50), FRMCS 

(~220 Mbps, SD = 12 Mbps, 95% CI [216, 224], n = 50 

[14]), 5G-R (280 Mbps, SD = 12 Mbps, 95% CI [276, 284], 

n = 50); at 350 km/h: 4G LTE (10 Mbps), 5G (100 Mbps), 

FRMCS (~200 Mbps), 5G-R (250 Mbps). 
 

Handover success (95%, SD = 1.5%, 95% CI [94.5, 95.5], 

n = 50) surpasses SDN-based approaches (~85%, SD = 3%, 

95% CI [84, 86], n = 50 [18]) and DQN (85%, SD = 3%, 95% 

CI [84, 86], n = 50; p < 0.01, Independent t-test,, Cohen’s d = 

1.2) [15], [16]. Compared to logistic regression for handover 

reduction in 5G [31], which achieves ~90% success by 

minimizing unnecessary triggers, the proposed LSTM offers 

5% higher accuracy through rail-specific temporal modeling, 

though logistic regression has lower computational 

complexity for edge deployment. Additionally, AMC-based 

antennas for 5G [40] provide 8 dBi gain but lack mobility 

testing; 5G-R integrates such optimizations with MEC for 

39% throughput gains in high-speed scenarios. 

 Table 7 compares handover prediction accuracy/success 

rates with additional baselines under identical conditions 

(Beijing-Zhangjiakou data, 350 km/h, urban/suburban).  
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Table 7. Comparison of Handover Prediction/Success Rates 

with Baselines (at 350 km/h, n=50) 
Method/Baseline Handover 

Success/Accuracy 

(%) 

Notes/Comparison to 

Proposed 

Proposed 

Railway-Tuned 

LSTM 

95 Binary prediction 
accuracy; outperforms 

baselines by 5-15%. 

(SD = 1.5, 95% CI 
[94.5, 95.5]) 

3GPP 

Conditional 

Handover (CHO) 

~92 Improves over A3 by 

~7%; reduces RLF but 
higher latency in HSR 

[33]. 

A3/A5 Events 

(Threshold-

based) 

~85 Standard events; higher 

HOF in high-speed 
(~10-15% failure) [35]. 

SDN-based 

Methods 

~85-90 Mobility management; 

60-90% robustness 
improvement over 

legacy but lower than 

ML in dense scenarios 
[18]. 

Non-ML 

Heuristics (e.g., 

RSRP 

Threshold) 

~80-85 Simple thresholds; 

prone to ping-pong and 

failures in HSR (up to 
20% HOF) [36]. 

Logistic 

Regression 

~90 Reduces unnecessary 

handovers; advantages: 
low complexity; 

disadvantages: less 

accurate in temporal 
rail data vs. LSTM (5% 

lower). [13] 

 

As summarized in Table 8, speed impacts handover delay 

and signal strength, with 5G-R maintaining -60 dBm at 350 

km/h versus -85 dBm for 5G [16]. 

Table 8. Impact of Train Speed on Handover Delay and Signal 

Strength 
Speed (km/h) Handover Delay (ms) Signal Strength (dBm) 

150 50 (SD = 5, 95% CI 

[48.5, 51.5], n = 50) 

-65 (SD = 3, 95% CI [-

66, -64], n = 50) 

250 80 (SD = 7, 95% CI 

[78, 82], n = 50) 

-75 (SD = 4, 95% CI [-

76, -74], n = 50) 

350 120 (SD = 10, 95% CI 

[117.5, 122.5], n = 50) 

-85 (SD = 5, 95% CI [-

86.5, -83.5], n = 50) 

 

To further contextualize the railway-tuned LSTM, Table 9 

compares it to similar AI models based on literature 

benchmarks for handover prediction and traffic forecasting in 

5G mobility and rail scenarios. Our LSTM achieves 95% 

accuracy with ~5-10 ms inference, outperforming GRU 

(93%, faster training but similar accuracy), Transformers (90-

95%, up to 10% higher in large datasets but 2-3x slower 

inference), TCN (90-93%, 2-5x faster inference but lower on 

complex sequences), and ConvLSTM (92-96%, 5-10% better 

on spatio-temporal data but higher complexity). Direct rail-

specific comparisons are limited, but our model leverages 

LSTM's strengths for temporal rail data [31]. 

Table 9. Comparison of AI Models for Handover Prediction and 

Traffic Forecasting 

M
o

d
el 

A
c
c
u

ra
cy

 (%
) 

In
fe

r
e
n

ce
 T

im
e
 (m

s) 

T
ra

in
in

g
 T

im
e 

S
u

ita
b

ility
 fo

r
 R

a
il 

K
ey

 T
ra

d
e
-o

ffs 

LSTM 

(Ours) 

95 5-10 ~2 

hour

s (50 
epoc

hs) 

High 

(tempor

al 
depend

encies 

in 
trajecto

ries) 

Balanced 

accuracy/c

ompute 

GRU 93 4-8 1.5 
hour

s 

High 
(efficie

nt for 

edge) 

Fewer 
params, 

similar to 

LSTM but 
less 

memory 

depth [31] 

Transformer

/Attention 
90-95 10-20 3-4 

hour

s 

Mediu
m 

(paralle

l but 
data-

hungry) 

Higher 
accuracy 

on long 

seq., but 
overhead 

[32] 

TCN 90-93 2-5 1 
hour 

High 
(fast 

real-

time) 

Faster, but 
weaker on 

irregular 

patterns 
[33] 

ConvLSTM 92-96 8-15 2.5 

hour

s 

High 

(spatio-

tempor
al) 

Better for 

spatial 

data, 
increased 

complexit

y [34] 
 

F. Model Efficiency 

To assess the computational efficiency of the railway-tuned 

LSTM model, inference time was measured as the average 

duration for a single forward pass on deployment hardware. 

On MEC servers, inference averaged 5-10 ms per prediction 

(SD = 1 ms, n=100 runs), processing 10-timestep sequences 

in real-time at 1 Hz sampling. This enables seamless 

integration into high-speed rail operations without delaying 

handovers (<15 ms total latency including network). 

Compared to baselines, this is competitive: DQN models 

require 10-15 ms [15], while simpler MLPs are faster (~3-5 

ms) but less accurate [17]. Factors influencing efficiency 

include model size (200,000 parameters) and batch size (1 for 

real-time); optimizations like quantization could reduce it to 

3-5 ms in future deployments. Measured using TensorFlow's 

timing utilities on edge hardware, ensuring <1% CPU 

overhead during inference [16]. 

G. Cost-Benefit and Scalability 

The framework reduces infrastructure costs 

(~$500,000/km in urban areas) through phased deployments 

(urban in 2 years, rural in 5 years) and premium services 
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($5/month for high-speed streaming), achieving 20–30% 

urban cost savings ($100,000–150,000/km) and 15–20% 

revenue growth ($75,000–100,000/km annually) within 3–5 

years [12]. Rural trials maintained 220 Mbps throughput and 

92% handover success, robust despite weather impacts [3], 

[11]. To assess scalability across different rail infrastructures, 

the framework was analyzed for adaptability to varied 

terrains: In urban dense networks (Beijing-style with gNodeB 

spacing ~10-15 km), it leverages high overlap (80-90%) for 

seamless handovers; in rural or mountainous setups 

(European alpine routes), sparser gNodeB placement (~20-30 

km) is compensated by integrating LEO satellites for gap-

filling, maintaining >90% coverage with hybrid handovers 

(terrestrial-satellite switching latency<50 ms).  

Coastal environments, prone to salt corrosion and high 

humidity, require ruggedized hardware (IP67-rated 

enclosures), with simulations showing only 5-10% 

performance degradation. For international standards 

compliance, the framework aligns with 3GPP Release 17 for 

5G-R, ETSI MEC for edge deployments, and GSMA FRMCS 

guidelines for interoperability, enabling cross-border 

operations (e.g., Eurostar routes) via standardized APIs for 

multi-operator roaming. This ensures plug-and-play 

integration with legacy systems like GSM-R in Europe or 

LTE-R in Asia, with backward compatibility tested in NS-3 

simulations (seamless fallback to LTE during 5G outages, 

<1% packet loss). Validation in diverse networks (e.g., 

mountainous, coastal) and higher density (500+ passengers) 

is needed, with 6G and LEO satellites as future scalability 

options [20], [21]. These outcomes address gaps in prior 

railway connectivity studies, offering a scalable solution [10], 

[18]. 

 

V. Discussion 

A. Operator Implications 

The 5G-R framework significantly enhances high-speed 

rail connectivity, delivering substantial benefits for operators 

and passengers. Field trials achieved an average throughput 

of 250 Mbps at 350 km/h (SD = 15 Mbps, 95% CI [246, 254], 

n = 50), as shown in Figure 8, enabling seamless video 

streaming, online communication, and real-time work [3]. 

This enhanced user experience can boost passenger 

satisfaction, potentially increasing ridership by 10–15% and 

generating additional revenue through premium services 

($5/month for high-speed internet), offsetting infrastructure 

costs of approximately $500,000/km in urban areas, as 

discussed in Section IV.D For operators, 5G-R’s low latency 

of 30 ms (SD = 3 ms, 95% CI [29, 31], n = 50) in high-density 

scenarios using MEC, as illustrated in Figure 6, supports real-

time train monitoring, predictive maintenance, and safety 

systems, enhancing operational reliability [14]. 

 Network slicing prioritizes critical operational data (train 

control) over passenger traffic, reducing congestion by 30% 

(SD = 5%, 95% CI [44, 46], n = 100) (PRB utilization in 300 

UE scenarios), as summarized in Table 5, thereby improving 

safety and efficiency [8], [13]. Compared to logistic 

regression handover methods [31], which reduce unnecessary 

triggers but achieve only ~90% success, the framework's 

LSTM provides 5% higher accuracy for rail-specific 

prediction, though at higher computational cost. AMC 

antennas [40] offer gain improvements but require integration 

testing in rail; 5G-R combines these for scalable deployments.  

Beamforming and railway-tuned LSTM algorithms further 

ensure reliable connectivity, increasing throughput by 39% 

(See Figure 5) and achieving a 95% handover success rate 

(SD = 1.5%, 95% CI [94.5, 95.5], n = 50) [9], [15], [16]. 

However, high deployment costs and technical challenges, 

such as rural rollouts and terrain variations, necessitate 

strategic phased deployments, as outlined in Section IV.D. In 

rural areas, sparse infrastructure and weather variability may 

increase costs by 20–30% and degrade performance, 

requiring hybrid satellite integration for coverage [21]. 

B. Future Trends 

Emerging technologies promise to extend the 5G-R 

framework’s capabilities. By 2030, 6G is expected to deliver 

sub-1 ms latency and terabit-per-second speeds, enhancing 

reliability in congested rail environments and supporting 

advanced applications like holographic communication [20]. 

LEO satellite systems, such as Starlink, can complement 5G-

R in rural or mountainous areas, maintaining connectivity 

where terrestrial infrastructure is limited. This builds on 

Section IV.D’s rural trial results, which achieved 220 Mbps 

throughput (SD = 12 Mbps, 95% CI [216, 224], n = 50) [11], 

[21]. Integrating 6G and LEO satellites could ensure seamless 

coverage across diverse rail networks, as discussed in Section 

IV.D. Advanced AI and machine learning (ML) will further 

optimize network performance, building on the 30% 

congestion reduction achieved through LSTM-based traffic 

management (See Table 5). Future AI/ML models could 

predict congestion, optimize handovers, and allocate 

resources in real-time by analyzing train schedules and 

passenger patterns, minimizing disruptions during peak 

demand [15], [16]. 

C. Study Limitations 

The study’s reliance on MATLAB and NS-3 simulations 

introduces limitations, as idealized assumptions (consistent 

network load, minimal weather interference) may not fully 

reflect real-world conditions. For instance, heavy rain or 

snow can reduce throughput by 10–15% (from 250 Mbps to 

212–225 Mbps) and handover success by 2–3% (from 95% to 

92–93%), as noted in Section IV.B’s sensitivity analysis [3]. 

The Beijing-Zhangjiakou trial, while robust, is 

geographically limited to urban and suburban settings, 

potentially skewing results for diverse rail networks, such as 

mountainous or coastal routes. Additionally, selection bias 

may arise from focusing on urban/suburban routes, 

underrepresenting rural sparsity, while user density  
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Table 10. Summary of 5G-R Advancements and Future 

Research Directions 
Aspect Current Achievement Future Research 

Direction 

Throughput 250 Mbps at 350 km/h 

(SD = 15 Mbps, 95% 

CI [246, 254], n = 50) 

Validate in diverse 

geographies (e.g., 
coastal, mountainous) 

under extreme weather 

Latency 15 ms at 350 km/h 

(SD = 2 ms, 95% CI 
[14, 16], n = 50); 30 

ms with MEC 

Optimize sub-1 ms 

latency with 6G 

integration 

Handover 

Success 

95% at 350 km/h (SD 
= 1.5%, 95% CI [94.5, 

95.5], n = 50) 

Develop predictive 
handover models using 

AI/ML 

Congestion 

Management 

30% reduction with 
network slicing (SD = 

5%, 95% CI [44, 46], 

n = 100) 

Enhance real-time 
resource allocation 

with AI/ML for peak 

demand 

Rural 

Coverage 

220 Mbps in rural 
trials (SD = 12 Mbps, 

95% CI [216, 224], n 

= 50) 

Conduct 200-km 
hybrid 5G-R/Starlink 

trial for latency in 

weather variations. 

Scalability Urban/rural phased 

deployments, 20–30% 

cost savings 

Test in higher-density 

scenarios (500+ 

passengers) and 6G 

networks 

 

assumptions (50–300) could introduce bias in higher-density 

scenarios (500+), overlooking variability in passenger 

behavior or peak-hour surges. These factors limit the 

framework’s immediate applicability without broader testing 

across varied conditions [11]. 

D. Future Research 

Future research should prioritize field trials across diverse 

geographies, including rural, coastal, and mountainous 

regions, to validate 5G-R performance under varied 

conditions, such as extreme weather, ensuring stable 

throughput and handover success. Hybrid terrestrial-satellite 

networks, combining 5G-R with LEO systems, warrant 

experimental evaluation to achieve seamless rural coverage, 

building on the 220 Mbps throughput observed in rural trials. 

This includes a concrete proposal for a 200-km field trial 

integrating Starlink with 5G-R for rural gaps, measuring 

handover latency under varying weather. 

Deeper AI/ML integration, beyond the current 30% 

congestion reduction, should explore real-time resource 

allocation and predictive handover models for complex 

scenarios, leveraging train schedules and passenger data. 

These advancements, summarized in Table 10, will 

strengthen the framework’s scalability and address gaps in 

existing railway connectivity literature. 

 

VI. Conclusion and Future Work 

A. Conclusion 

The 5G-R framework significantly enhances high-speed 

rail connectivity by addressing challenges of frequent 

handovers, signal degradation, and network congestion at 

speeds up to 350 km/h, with trial evidence showing 2400% 

throughput improvement over 4G LTE (10 Mbps to 250 

Mbps) and 150% over standard 5G (100 Mbps to 250 Mbps), 

alongside 30% congestion reduction via network slicing 

(PRB utilization, 75% to 45%). By integrating beamforming, 

network slicing, railway-tuned LSTM algorithms, and MEC, 

it achieves a throughput of 250 Mbps, latency of 15 ms, and 

handover success rate of 95% (all trial-based). Compared to 

4G LTE, 5G-R reduces latency by 85%; against standard 5G, 

it improves latency by 70%. Network slicing enables 

seamless passenger services like video streaming and real-

time communication, while MEC supports real-time train 

monitoring and safety systems, enhancing operational 

reliability. In urban areas, premium services offset 

infrastructure capital costs, yielding 20–30% savings 

($100,000–150,000/km), while rural trials sustain 220 Mbps 

throughput, demonstrating scalability. However, broader 

testing in diverse terrains is needed to ensure generalizability. 

These advancements establish 5G-R as a foundation for next-

generation railway communications, paving the way for 

integration with future 6G networks and satellite 

technologies. 
 

B. Future Work 

Future research should prioritize field trials across diverse 

rail networks, including coastal and mountainous routes, to 

validate performance under extreme weather (e.g., heavy rain 

or fog reducing signal strength by 20-30%) and high 

passenger loads (500+ users per train).  This could involve 

deploying additional gNodeBs with adaptive beamforming 

algorithms to test handover success rates in interference-

prone areas, using metrics like packet loss under simulated 

fog (via NS-3 with added noise models). For integration with 

emerging technologies, explore hybrid 6G architectures by 

incorporating terahertz (THz) bands for sub-1 ms latency in 

dense urban segments, starting with simulations in MATLAB 

to model THz propagation along rail tracks and validate 

against current 5G-R benchmarks. Similarly, integrate LEO 

satellite systems (e.g., via Starlink APIs) for rural coverage 

gaps, testing seamless handover between terrestrial 5G-R and 

satellite links in a 100-km rural trial, focusing on latency 

spikes during transitions and using dynamic spectrum 

allocation to minimize interference. 

 Refining AI-driven traffic management could include 

optimizing the LSTM model with quantization techniques 

(e.g., 8-bit weights) to reduce inference time by 50% on edge 

hardware, evaluated through power profiling on MEC 

servers. Developing energy-efficient designs might involve 

implementing sleep modes for underutilized gNodeBs, 

targeting a 20-30% reduction in power consumption via SDN 

controllers, with validation in lab setups mimicking rail 

power constraints. Finally, extending the framework to high-

mobility scenarios, such as autonomous vehicles, could adapt 

the LSTM for vehicle-to-infrastructure (V2I) 
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communications, testing in simulated highway environments 

at 120 km/h to assess scalability of handover predictions. 
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This work proposes an adaptive resilient control for uncertain nonlinear cyber-physical 

systems (CPSs) under deception attacks. It is assumed that attacker injects false data into 

the commands exchanged between the controller and actuator over the communication 

channels. The injected false data affects the control input in both additive and 

multiplicative forms. To deal with the uncertain dynamics of the system and additive 

term of cyber-attacks, the radial basis function-neural networks (RBF-NNs) are invoked. 

Also, to handle adverse effects of multiplicative term of cyber-attack, the Nussbaum-type 

gain function is employed. Then, by integrating the RBF-NN model and Nussbaum 

function into the command filtered backstepping (CFB) approach, the proposed resilient 

control scheme is designed. Compared with the existing works, the proposed control 

eliminates the “explosion of complexity” problem in the conventional backstepping 

approach, removes the trial and error in choosing time constant of the first order filters 

in the dynamics surface control (DSC) approach, compensates the filtering error and 

deals with both additive and multiplicative cyber-attacks in “controller to actuator” 

channel, simultaneously. Also, it mitigates the effects of the cyber-attack without 

requiring separate attack estimation unit, controller reconfiguration or readjustment 

algorithm. Simulation results on the robotic arm under different cyber-attacks verify 

effective resilient performance of the proposed control scheme. 

I. Introduction 

Cyber-physical systems integrate physical systems into the 

cyber space via network of communication channels [1, 2]. 

Such systems which typically include processing and 

computing units are able to monitor and control physical 

systems through communication networks and have found 

wide applications in different science and engineering fields 

like aerospace, smart grids, power systems, industrial 

processes, and etc. [3-6]. Most of the CPSs use open 

communication and computation platform and they are often 

vulnerable to various cyber-attacks. 

Daniel of service (DoS) attack and deception attack are 

common types of cyber-attacks that affect the CPSs and 

deteriorate the system performance [7, 8]. The DoS attack is 

a cyber-attack in which adversaries block the communication 

channels between different system layers and prevent signal 

transmission. Depending on the place of DoS attack 

occurrence, control layer may not receive sensor 

measurements or actuator may not receive control inputs. 

Therefore, control system fails due to the lack of real-time 

data. A typical form of the deception attack is a false data 

injection (FDI) attack in which attackers penetrate the 

communication network and directly, inject false signals to 

manipulate the actual control inputs or sensor measurements. 

Generally, FDI attacks may occur at the communication 

channels transmitting “sensor measurements to the control 

unit” or transmitting “control commands to the actuators”. As 

a result of FDI attack, control units or physical layers receive 

false data instead of the true one. Hence, to preserve the 

desired performance of the control system, it is necessary to 

deal with cyber-attacks carefully. 

Mostly, existing researches on security of the CPSs in the 

presence of cyber-attacks focus on two subjects: (1) attack 

detection, and (2) resilient control design [9-11].  

The first subject models cyber-attack as a conflict signal 

injecting to the network, then studies attack effects and 

concentrates on developing attack detection and identification 

schemes to detect system anomalies. Generally speaking, 
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attack detection schemes can be divided into model-based and 

data-based approaches. The model-based schemes use 

analytical model of the system for attack detection while the 

other ones infer system model by using historical data of the 

system and detect attack occurrence by analyzing the 

available data [12-14]. 

The second subject tries to develop resilient control 

schemes to mitigate attack effects. Generally, there are two 

perspectives to design resilient control schemes named as 

active and passive. The active approach extracts attack 

information by detecting, estimating or identifying it via 

separate attack identification unit, and then mitigates attack 

effects based on the attack characteristics [15-20]. In contrast, 

the passive approach assumes that adversary attack is a 

bounded signal and tries to compensate its adverse effects 

without identifying and readjusting or reconfiguring 

controller after attack occurrence [21-27]. In passive 

approach, controller is designed to be resilient against 

predefined attacks. As it is inferred from above discussion, 

designing active attack mitigation scheme is more 

complicated than the passive one because it requires attack 

detection, and estimation unit as well as controller 

readjustment algorithm.  

In [15], an active attack mitigation strategy based on the 

attack detection and reconstruction scheme was proposed for 

nonlinear CPSs under deception attack. It designs diagnostic 

observer for detecting and estimating occurred attack online 

and then mitigates attack effects by using the output of the 

attack diagnostic unit. In [16] attack mitigation scheme was 

proposed for nonlinear CPSs in the companion form under 

actuator deception attack based on the neural estimation of 

the occurred attack and sliding mode approach. In [17] 

resilient consensus scheme based on the attack detection and 

isolation approach was proposed for nonlinear second order 

multi-agent systems under FDI attack in communication 

channels between the follower agents. It first, detects the 

agent that receives false data, then by scanning all links ended 

to the detected agents, it identifies the under attack link. 

Finally, by eliminating the under attack link from the 

consensus algorithm, the attack mitigation is done. In [18] 

linear networked control systems under FDI attack and 

process noise were considered and then an active attack 

mitigation scheme was proposed. An attack mitigation 

scheme based on the adaptive sliding mode approach and 

attack estimation was proposed for linear CPSs in the 

presence of FDI actuator attack in [20]. 

In [6] consensus of cyber-physical power systems in 

presence of model uncertainties, disturbances and cyber-

attacks has been considered. The considered system in [20] is 

a fractional order linear time-invariant one, and the 

considered cyber-attack is a time-dependent bounded 

function. The passive resilient scheme proposed in [6] designs 

an adaptive chattering-free fractional order sliding mode 

controller to achieve consensus in presence of uncertainties, 

disturbances and cyber-attacks. An adaptive neural network-

based DSC scheme was proposed for uncertain nonlinear 

time-delay CPSs under sensor and actuator deception attack 

in [21]. In [22] passive resilient control of nonlinear CPSs in 

the canonical form under actuator attack and input saturation 

was investigated. The proposed scheme in [22] is based on the 

Nussbaum function, barrier Lyapunov function and extended 

state observer and it assumes that system model is exactly 

known. Adaptive backstepping-based resilient control of 

nonlinear CPSs in the presence of deception and injection 

attack was studied in [23, 24]. The considered CPSs in [23, 

24] has special form known as linearly parameterized strict-

feedback form with bounded control gains, also it assumes 

that attack signal satisfies special inequalities which limit 

applicability of the proposed schemes for handling general 

form of attacks. Two other passive resilient control schemes 

for nonlinear CPSs under FDI attack were proposed in [25, 

26]. In [27], a fixed-time adaptive resilient control framework 

based on the reinforcement learning, disturbance observer 

and nonsingular fast terminal sliding mode was proposed for 

nonlinear CPSs under FDI attack. In [28], a reinforcement 

learning-based optimal resilient control was proposed for 

large scale interconnected nonlinear systems in the presence 

of sensor attack and actuator hysteresis. Also, some model 

free resilient control schemes were proposed for nonlinear 

CPSs in [29-31]. In [32], a leader-follower formation control 

based on the neural networks, projection algorithm and DSC 

approach was proposed for an uncertain unmanned surface 

vehicle under stochastic disturbance. In [33], an adaptive 

backstepping sliding mode control was proposed to stabilize 

nonlinear multi-input multi-output epidemic systems under 

input saturation, modeling uncertainties and external 

disturbances.    

Inspired by the above discussion, this paper solves the 

control problem in nonlinear uncertain CPSs under FDI attack 

in “controller to actuator” communication channel. An 

adaptive resilient control scheme based on the RBF-NN, 

Nussbaum function and CFB approach is proposed to deal 

with the modeling uncertainty, and to mitigate the attack 

effects as well as unknown control direction problem arisen 

because of actuator multiplicative attack. The suggested 

scheme does not require any prior information about attack 

time, severity and characteristic. Also, it does not require 

attack detection and identification unit, and controller 

reconfiguration mechanism for mitigating attack effects 

online. In addition it is able to mitigate different kind of 

additive and multiplicative attacks as well as constant, time-

varying and stochastic ones. Stability analysis shows that the 

proposed resilient scheme ensures stability of the CPSs under 

input attack and guarantees that by proper selection of the 

design parameters, tracking error can be made small. 

Thorough comparison among the prior reviewed works and 

the proposed scheme has been provided in Table 1. In this 

Table, the reviewed references on passive resilient control of 
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nonlinear CPSs and the proposed work were compared with 

each other, from four different aspects including: (1) 

considered nonlinear CPS form, (2) attack location, (3) 

control approach, and (4) limitations of the schemes.  

Main contributions of the proposed work are: (1) 

Compared with the existing works [22-25], the proposed 

work considers a more general class of nonlinear CPSs, 

therefore, it is applicable to wide variety of practical systems 

like those described later in remark 2. (2) The proposed 

resilient control scheme-based on the CFB approach 

eliminates the “explosion of complexity” problem which is 

conventional in the backstepping-based approaches 

suggested in [23, 24, 26, 27, 33]. (3) The proposed scheme 

uses a compensation mechanism to eliminate the filtering 

error. Also, it uses a command filter to obtain derivatives of 

the virtual input and therefore, it eliminates sensitivity to the 

time-constant of the first order filters in the DSC-based 

approaches, unlike [21, 32]. (4) Compared with [21, 22, and 

25], the proposed scheme not only deals with additive attacks, 

but also can handle the multiplicative attacks that multiply the 

control gain by an unknown term, alter the magnitude and 

effectiveness of the control input and cause more significant 

changes than the additive attacks. However the proposed 

approach provides a simple controller with considerable  

 

advantages, it only deals with actuator attack and it is not 

applicable for CPSs with unsafe “sensor to controller” 

communication channel.    

Note: Throughout the paper, scalars are represented in 

italics; while the vectors are denoted in bold and italics.  

 

II. Problem Statement and Preliminaries  

This section first presents problem statement and then 

describes some preliminaries. 

 

A. Problem Statement  

The following class of uncertain nonlinear CPSs under 

deception attack represented in Fig. 1 is considered: 

(1) 

𝑥̇𝑖 = 𝑥𝑖+1 + 𝑓𝑖(𝑥𝑖), 1 ≤ 𝑖 ≤ 𝑛 − 1 

𝑥̇𝑛 = 𝑓𝑛(𝑥) + 𝑢, 

𝑦 = 𝑥1, 

where 𝑥𝑖 ∈ ℜ is the state variable, 𝒙 = [𝑥1 … 𝑥𝑛] ∈ ℜ
𝑛
 

and 𝑥𝑖 = [𝑥1 … 𝑥𝑖] ∈ ℜ
𝑖
 represent the state vectors, 𝑢 ∈

ℜ is the control input and 𝑦 ∈ ℜ is the output variable. 

Also, 𝑓𝑖(𝒙𝑖) for 𝑖 = 1,2, , . . . , 𝑛 represents the uncertain 

smooth functions in the system model. The model of 

deception attack affecting the control signal is described by 

(2) 𝑢 = 𝑏𝑣𝑛 + 𝑎(𝑥), 

where 𝑣𝑛 
is the controller output, 𝑏 describes multiplicative 

attack signal which is unknown constant, 𝑎(𝒙) represents the 

injected attack signal which is unknown bounded state-

dependent function, and 𝑢 denotes the under-attack signal that 

is send to the actuator through the network.  

Substituting the attack signal (2) in (1), results in  

(3) 

𝑥̇𝑖 = 𝑥𝑖+1 + 𝑓𝑖(𝑥𝑖), 1 ≤ 𝑖 ≤ 𝑛 − 1 

𝑥̇𝑛 = 𝑓𝑛(𝑥𝑛) + 𝑏𝑣𝑛 + 𝑎(𝑥), 

𝑦 = 𝑥1. 

Remark 1. It is worth to note that the occurrence time, 

severity, and characteristic of the attack signal is unknown for 

controller design. 

Remark 2. Wide variety of practical systems such as the 

jet engine compression system [34], the twin otter aircraft 

[35], the robot manipulator [36], and the piezoelectric-

positioning mechanism [37] can be described by the nonlinear 

system in the strict-feedback form. Therefore, it is of both 

theoretical and practical importance to study the control 

problem for strict-feedback nonlinear systems.  

TABALE I Comparison between the proposed scheme and related passive resilient methods 

Ref. No. Considered CPS Attack location Control approach Limitations 

[21] Time-delay nonlinear CPS 
Sensor and actuator 

deception attack 
Dynamic surface control 

approach 

(1) Existence of filtering error, and 

(2) sensitivity to time constant of 

the first order filters 

[22] nth order affine nonlinear CPS Actuator attack Adaptive control 

(1) Applicable to simple form of 
nonlinear CPSs, and (2) ability to 

deal with simple additive actuator 

attack 

[23, 24] 
linearly parameterized 

nonlinear CPS 

Sensor and actuator 

attack 
Backstepping approach 

(1) Explosion of complexity 

problem, and (2) applicable to 

linearly parameterized form of 
CPSs. 

[25] nth order affine nonlinear CPS 
Sensor and actuator 

attack 
Feedback linearization approach 

(1) Applicable to simple form of 

nonlinear CPSs, and (2) only deals 
with additive attack. 

[26] Nonlinear strict-feedback CPS Sensor attack Backstepping approach 

(1) Explosion of complexity 

problem, and (2) dealing with 

sensor attack. 

[27] Large scale nonlinear systems Sensor attack 
Reinforcement-based adaptive 

backstepping control 

(1) Explosion of complexity 

problem, and (2) dealing with 

sensor attack. 

Proposed 

Scheme 

Nonlinear CPS in the strict-

feedback form 
Actuator attack 

Command filtered backstepping 

approach 
(1) Dealing with actuator attack. 
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Assumption 1. The desired signal 𝑦𝑑 and its first 

derivative, i.e., 𝑦̇𝑑 are known, smooth and bounded. 

Remark 3. In assumption 1, 𝑦𝑑 is the desired input to the 

closed-loop system. Therefore, it is reasonable to assume that 

it is available and known. The backstepping approach 

requires the knowledge of 𝑦𝑑
(𝑖)

where 𝑖 = 0,1, . . . , 𝑛 − 1, or 

conventional DSC approach requires the knowledge of 𝑦𝑑, 𝑦̇𝑑 

and 𝑦̈𝑑. However, assumption 1 just needs the knowledge of 

𝑦𝑑 and its first derivative which is less restrictive. It signifies 

that the proposed scheme is more suitable for some important 

applications where higher order derivatives are unavailable. 

Before presenting the proposed resilient control approach, 

some preliminaries are reviewed briefly. 

B. Preliminary Concepts  

Because of using RBF-NN for modeling uncertain 

dynamics of the system and unknown additive FDI attack, at 

first, RBF-NN is described briefly. Figure (2) shows the RBF-

NN structure.  

As it is obtained from Fig. 2, RBF-NN consists of three 

layers: input layer, hidden layer and output layer. Activation 

function in the hidden layer of the RBF-NN has a radial basis 

function form as follows:  

(4) 𝜙𝑖(𝑥) = 𝑒𝑥𝑝 (−
‖𝑥 − 𝜒𝑖‖

2𝜂𝑖
2 ), 

where 𝒙 is the input vector, 𝜒𝑖  and 𝜂𝑖  denote the center and 

width of the activation functions, respectively. The center 

parameter can be placed on a random subset or all of the 

training examples, or chosen by using the clustering 

algorithms or determined by invoking heuristic algorithms or 

learning procedure. Also, the basis function widths can be 

either chosen to be the same for all of the units or can be 

chosen differently for each unit, depending on the part of the 

input space they represent. It is worth to note that the training 

process may adapt the width parameter for each of the basis 

functions, also. 

As it is obtained from Fig. 2, output of the RBF-NN can be 

written as  

(5) 𝑓(𝑥) =∑𝑤𝑖

𝑁

𝑖=1

𝜙(𝑥𝑖), 

where 𝑤𝑖  is the weight coefficient between the ith neuron and 

output, 𝑁 is the number of the network neurons, and 𝑥𝑖 is the 

input of the ith neuron. For simplicity, network output in (5) 

is rewritten in the following linear regression form  

(6) 𝑓(𝑥) = 𝑤𝑇𝜑(𝑥), 

where 𝑤 = [𝑤1 𝑤2 … 𝑤𝑁]𝑇 is the weight vector and 

𝜑(𝑥) = [𝜙1(𝑥1) 𝜙2(𝑥2) … 𝜙𝑁(𝑥𝑁)]
𝑇 is the activation 

function vector.  

According to the universal approximation property of the 

RBF-NN [38, 39], the RBF-NN with sufficiently large 

number of neurons (𝑁𝑖) can approximate any continuous real 

valued function 𝑓𝑖(𝑥𝑖):ℜ
𝑖 → ℜ over a compact set 𝛺 ⊂ ℜ

𝑖
 to 

any desired accuracy as:  

(7) 𝑓𝑖(𝑥𝑖) = 𝑤𝑖
∗𝑇𝜑𝑖(𝑥𝑖) + 𝜀𝑖(𝑥𝑖), 

where 𝑤𝑖
∗ ∈ 𝑅𝑁 represents an ideal weight vector satisfying 

(8), and 𝜀𝑖(𝑥𝑖) is the approximation error with an assumption 

of |𝜀𝑖(𝑥𝑖)| ≤ 𝜀𝑖̄, where the unknown constant 𝜀𝑖̄ > 0 for all 

𝑥𝑖 ∈ 𝛺,  

(8) 𝑤∗ = argmin
𝑤∈𝑅𝑁

{𝑠𝑢𝑝
𝑥𝑖∈𝛺

|𝑓𝑖(𝑥𝑖) − 𝑤𝑖
𝑇𝜑𝑖(𝑥𝑖)|}. 

Since 𝑤𝑖
∗ is ideal weight vector, it is unknown and it is 

necessary to estimate it online. In the following, 𝑤𝑖  denotes 

the estimation of 𝑤𝑖
∗.  

Now, some required lemmas for controller design are 

explained. 

Lemma 1 [40]. Consider the following command filter  

(9) 
𝑧̇1 = 𝜔𝑛𝑧2, 

𝑧̇2 = −2𝜉𝜔𝑛𝑧2 −𝜔𝑛(𝑧1 − 𝑣), 

where 𝑣 is the input signal. If the first and second derivatives 

of the input signal 𝑣 for all 𝑡 ≥ 0 are bounded, i.e., |𝑣̇| ≤ 𝑣̄ 

and |𝑣̈| ≤ 𝑣̄1, also 𝑧1(0) = 𝑣(0), 𝑧2(0) = 0, then for any 

𝑣∗ > 0, there exists filter design parameters 𝜔𝑛 > 0 and 𝜉 ∈

(0,1] such that |𝑧1 − 𝑣| ≤ 𝑣
∗, |𝑧̇1|, |𝑧̈1|, and |𝑧1| is bounded.  

Definition 1 [41]. Function 𝑁(𝜅):ℜ → ℜ is called Nussbaum 

function if it satisfies the following properties:  

(10) 

𝑙𝑖𝑚
𝑝→∞

𝑠𝑢𝑝
1

𝑝
∫ 𝑁(𝜅)
𝑝

0

𝑑𝑘 = +∞, 

𝑙𝑖𝑚
𝑝→−∞

𝑠𝑢𝑝
1

𝑝
∫ 𝑁(𝜅)
𝑝

0

𝑑𝑘 = −∞. 

Lemma 2 [42]. Consider smooth functions  and  

defined on interval (0, 𝑡𝑓), in which  for ∀𝑡 ∈ (0, 𝑡𝑓) 

and  is a Nussbaum function, if the following 

(.)V (.)

( ) 0V t 

( )N 

 

 
Fig. 1. Schematic of the under attack CPS. 

  
 

Fig. 2. Structure of the RBF-NN. 
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inequality holds then 𝜅, 𝑉, and ∫ (𝑏𝑁(𝜅) + 1)
𝑡

0
𝜅̇𝑒𝑎1𝜏𝑑𝜏 on 

the defined interval (0, 𝑡𝑓) will be bounded:  

(11) 0 ≤ 𝑉(𝑡) ≤ 𝑎0 + 𝑒
−𝑎1𝑡∫ (𝑏𝑁(𝜅) + 1)

𝑡

0

𝜅̇𝑒𝑎1𝜏𝑑𝜏, 

In the above inequality, 𝑎0, 𝑎1 > 0 are proper constant 

values and 𝑏 satisfies 𝑏: 𝑅 → [𝑙− 𝑙+] where 𝑙−𝑙+ > 0.  

 

III. Proposed Scheme 

In this section the proposed CFB-based resilient control 

scheme is explained for considered CPS (3) under FDI attack. 

In the proposed scheme to decrease number of learning 

parameters, and consequently to reduce the online 

computational burden, the minimal learning parameters 

(MLP) algorithm [43] has been used. In this algorithm, norm 

of the weight vector of the RBF-NN is considered as one 

adaptive parameter and it is updated online. This algorithm 

aims to achieve universal approximation property with fewest 

possible adjustable parameters and helps to improve 

computational efficiency. For having this, let us define 

adaptive parameter 𝜃𝑖  as 𝜃𝑖: = ‖𝑤𝑖‖ for 𝑖 = 1,2, . . . , 𝑛 and 

update it online based on the adaptive laws which will be 

derived later. By using this strategy, number of adaptive 

parameters is decreased from 𝑁𝑖  (number of RBF-NN 

neurons for modeling 𝑓𝑖(𝑥𝑖)) to 1.  

Let us define the proposed error surfaces as  

(12) 
𝑠1 = 𝑥1 − 𝑦𝑑 , 

𝑠𝑖 = 𝑥𝑖 − 𝑥𝑖,𝑐, 𝑓𝑜𝑟𝑖 = 2, . . . , 𝑛 

where 𝑥𝑖,𝑐

 

is obtained from the following command filter  

(13) 
𝑧̇𝑖,1 = 𝜔𝑛𝑧𝑖,2, 

𝑧̇𝑖,2 = −2𝜉𝜔𝑛𝑧𝑖,2 −𝜔𝑛(𝑧𝑖,1 − 𝑣𝑖). 

In (13), 𝑣𝑖 is the filter input, 𝑧𝑖,1 and 𝑧𝑖,2 are the filter 

outputs. Also, 𝜉 and 𝜔𝑛 are design parameters of the filter. In 

order to eliminate the filtering error, the compensated tracking 

error signal 𝑒𝑖 is defined as:  

(14) 𝑒𝑖 = 𝑠𝑖 − 𝜁𝑖𝑓𝑜𝑟𝑖 = 1, . . . , 𝑛, 

where 𝜉𝑖  is defined as:  

(15) 
𝜁𝑖̇ = −𝑐𝑖𝜁𝑖 + 𝑥𝑖+1,𝑐 − 𝛼𝑖 + 𝜁𝑖+1, 𝑖 = 1, . . . , 𝑛 − 1 

𝜁𝑛̇ = 0, 

and 𝜁(0) = 0. In (15), 𝑐𝑖 , 𝑖 = 1, . . . , 𝑛 − 1 are positive 

constants chosen by the designer.  As it was proved in detail 

in [44, Lemma 3, 45], 𝜁𝑖  is bounded and 𝑙𝑖𝑚
𝑡→∞

|𝜁𝑖| ≤
𝜈∗

2𝑐0
 where 

𝑐0 = (
1

2
)𝑚𝑖𝑛(𝑐𝑖).  

By considering RBF-NN model in (7), and adjusting norm 

of the weight coefficients as an adaptive parameter, the 

following inequality is obtained:  

(16) 𝑒𝑖𝑓𝑖 ≤
1

2
𝑒𝑖
2𝜃𝑖𝜑𝑖

𝑇𝜑𝑖 +
1

2
+
1

2
𝑒𝑖
2 +

1

2
𝜀𝑖
2. 

Also, the following inequalities hold:   

(17) 

𝑒𝑖𝑒𝑖+1 ≤
1

2
𝑒𝑖
2 +

1

2
𝑒𝑖+1
2 , 

𝜃𝑖𝜃𝑖 ≤
1

2
𝜃𝑖
2 +

1

2
𝜃𝑖
2. 

Now, design steps of the proposed scheme are presented.  

Step 1: At first, by considering the first error surface and 

differentiating it with respect to time, and substituting the first 

equation of (3) for 𝑖 = 1 in the result, dynamics of the first 

error surface is obtained as:    

(18) 𝑠̇1 = 𝑥2 + 𝑓1 − 𝑦̇𝑑 . 

Now the following virtual input for stabilizing (18) is 

proposed:    

(19) 𝛼1 = −𝑐1𝑠1 + 𝑦̇𝑑 −
1

2
𝜃1
∧

𝑒1𝜑1
𝑇𝜑1, 

where 𝑐1 is a design parameter and 𝜃1
∧

 is an adaptive 

parameter updated based on the following adaptive law:    

(20) 𝜃̇1 =
𝛾1

2
𝑒1
2𝜑1

𝑇𝜑1 − 𝛾1𝜎1𝜃1, 

where 𝜎1 is a design parameter and positive constant 𝛾1 

represents a learning rate. Considering (14) for 𝑖 = 1, 

differentiating it with respect to time and substituting (15), 

(18), and (19) in the result, gives:     

(21) 𝑒̇1 = 𝑒2 − 𝑐1𝑒1 + (𝑓1 −
1

2
𝜃1
∧

𝑒1𝜑1
𝑇𝜑1). 

Consider the following Lyapunov function for stability 

analysis  

(22) 𝑉1 =
1

2
𝑒1
2 +

1

2𝛾1
𝜃1
2, 

where 𝜃1 = 𝜃1 − 𝜃1 is the parameter estimation error. 

Differentiating (22) with respect to time and substituting (21) 

in the result gives  

(23) 

𝑉̇1 = 𝑒1𝑒2 − 𝑐1𝑒
2
1 + 𝑒1𝑓1 − (

1

2
𝜃
∧

1𝑒
2
1𝜑1

𝑇𝜑1)

−
1

𝛾1
𝜃1𝜃̇1. 

By applying inequalities (16) and (17) to (23) and 

considering (20), equation (23) can be expressed as  

(24) 𝑉̇1 ≤ (1 − 𝑐1)𝑒1
2 +

1

2
𝑒2
2 + 𝜎1𝜃1𝜃1 +

1

2
+
1

2
𝜀1
2. 

Substituting 𝜃1 = 𝜃1 − 𝜃1 in (24), gives  

(25) 

𝑉̇1 ≤ (1 − 𝑐1)𝑒1
2 +

1

2
𝑒2
2 + 𝜎1(𝜃1𝜃1 − 𝜃

2
1) +

1

2

+
1

2
𝜀1
2. 

Applying inequality (17) to (25) results in:   

(26) 

𝑉̇1 ≤ (1 − 𝑐1)𝑒1
2 +

1

2
𝑒2
2 +

𝜎1

2
𝜃1
2 −

𝜎1

2
𝜃1
2 +

1

2

+
1

2
𝜀1̄
2. 

Step i (i=2, …, n-1): Consider the ith error surface. By 

taking the time derivative of 𝑠𝑖  and substituting (3) in the 

results, we will have    

(27) 𝑠̇𝑖 = 𝑥𝑖+1 + 𝑓𝑖 − 𝑥̇𝑖+1,𝑐. 

To stabilize (27), the following virtual control input is 

proposed:    

(28) 𝛼𝑖 = −𝑐𝑖𝑠𝑖 + 𝑥̇𝑖,𝑐 −
1

2
𝜃𝑖
∧

𝑒𝑖𝜑𝑖
𝑇𝜑𝑖 − 𝑒𝑖−1, 

where 𝑐𝑖
 

is a design parameter, and 𝜃𝑖  is an adaptive 

parameter adjusted based on the following adaptive law    
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(29) 𝜃̇𝑖  =
𝛾𝑖

2
𝑒𝑖
2𝜑𝑖

𝑇𝜑𝑖 − 𝛾𝑖𝜎𝑖𝜃𝑖 , 

where 𝜎𝑖
 

is a design parameter and positive constant 𝛾𝑖 is the 

learning rate. Again, by doing the same procedures as those 

described in step 1, we will have    

(30) 𝑒̇𝑖 = 𝑒𝑖+1 − 𝑐𝑖𝑒𝑖 + 𝑓𝑖 −
1

2
𝜃𝑖
∧

𝑒𝑖𝜑𝑖
𝑇𝜑𝑖 − 𝑒𝑖−1. 

Again, the following Lyapunov function is considered for 

stability analysis  

(31) 𝑉𝑖 =
1

2
𝑒𝑖
2 +

1

2𝛾𝑖
𝜃𝑖
2, 

where 𝜃𝑖 = 𝜃𝑖 − 𝜃𝑖. Differentiating (31) with respect to time 

and substituting (30) in the result, gives   

(32) 

𝑉̇𝑖 = 𝑒𝑖𝑒𝑖+1 − 𝑐𝑖𝑒𝑖
2 + 𝑒𝑖𝑓𝑖 −

1

2
𝜃𝑖
∧

𝑒𝑖
2𝜑𝑖

𝑇𝜑𝑖 − 𝑒𝑖𝑒𝑖−1 

−
1

𝛾𝑖
𝜃𝑖𝜃̇𝑖 . 

Applying inequalities (16) and (17) to (32), gives:  

(33) 

𝑉̇𝑖 ≤ (
3

2
− 𝑐𝑖) 𝑒𝑖

2 +
1

2
𝑒𝑖+1
2 +

1

2
𝑒𝑖
2𝜃𝑖𝜑𝑖

𝑇𝜑𝑖

−
1

𝛾𝑖
𝜃𝑖𝜃̇𝑖 

+
1

2
+
1

2
𝜀𝑖
2 +

1

2
𝑒2𝑖−1. 

Substituting (29) in (33), and substituting 𝜃𝑖 = 𝜃𝑖 − 𝜃𝑖 in 

the result, gives   

(34) 

𝑉̇𝑖 ≤ (
3

2
− 𝑐𝑖) 𝑒𝑖

2 +
1

2
𝑒𝑖+1
2 +

𝜎𝑖

2
𝜃𝑖
2 −

𝜎𝑖

2
𝜃𝑖
2 

+
1

2
+
1

2
𝜀𝑖̄
2 +

1

2
𝑒2𝑖−1. 

Step n: Consider the nth error surface in (12). Taking the 

time derivative of (12) and substituting the last equation of 

(3) in 𝑠̇𝑛, results in  

(35) 𝑠̇𝑛 = 𝑓𝑛 + 𝑏𝑣𝑛 + 𝑎(𝑥𝑛) − 𝑥̇𝑛,𝑐 . 

To stabilize (35), the control input is proposed as    

(36) 
𝑣𝑛 = 𝑁(𝜅)𝜈, 

𝜅̇ = 𝑒𝑛𝜈, 

where 𝜈 has the following form    

(37) 𝑣 = 𝑐𝑛𝑒𝑛 − 𝑥̇𝑛,𝑐 +
1

2
𝜃𝑛𝑒𝑛𝜑𝑛

𝑇𝜑𝑛 + 𝑒𝑛−1. 

In (37), 𝑐𝑛 is a design parameter and 𝜃𝑛 is adjusted based 

on the following adaptive law:    

(38) 𝜃̇𝑛 =
𝛾𝑛

2
𝑒𝑛
2𝜑𝑛

𝑇𝜑𝑛 − 𝛾𝑛𝜎𝑛𝜃𝑛 , 

where 𝛾𝑛 > 0 is the learning rate and 𝜎𝑛 > 0

 

is a design 

parameter. Considering (35) and 𝜁𝑛 = 0, the following 

tracking error is obtained  

(39) 
𝑒̇𝑛 = 𝑓𝑛 + 𝑎 −

1

2
𝜃𝑛𝑒𝑛𝜑𝑛

𝑇𝜑𝑛 + (𝑏𝑁(𝜅) + 1)𝑣 

−𝑐𝑛𝑒𝑛 − 𝑒𝑛−1. 

Now for stability analysis, the following Lyapunov 

function is considered:    

(40) 𝑉𝑛 =
1

2
𝑒𝑛
2 +

1

2𝛾𝑛
𝜃𝑛
2. 

Taking time derivative of (40) and using (39) results in  

(41) 

𝑉̇𝑛 = 𝑒𝑛(𝑓𝑛 + 𝑎) −
1

2
𝜃𝑛𝑒𝑛

2 𝜑𝑛
𝑇𝜑𝑛

+ 𝑒𝑛(𝑏𝑁(𝜅) + 1)𝑣 

−𝑐𝑛𝑒𝑛
2 − 𝑒𝑛𝑒𝑛−1 −

1

𝛾𝑛
𝜃𝑛𝜃̇𝑛. 

Applying inequalities (16) and (17) to (41) and substituting 

(38) in the result, gives   

(42) 

𝑉̇𝑛 ≤ (1 − 𝑐𝑛)𝑒𝑛
2 +

1

2
+
1

2
𝜀𝑛̄
2 + 𝑒𝑛(𝑏𝑁(𝜅) + 1)𝑣 

+
1

2
𝑒𝑛−1
2 + 𝜎𝑛𝜃𝑛𝜃𝑛 

Substituting 𝜃𝑛 = 𝜃𝑛 − 𝜃𝑛 in (42) and applying inequality 

(17) to (42), results in   

(43) 

𝑉̇𝑛 ≤ (1 − 𝑐𝑛)𝑒𝑛
2 + 𝑒𝑛(𝑏𝑁(𝜅) + 1)𝑣 +

𝜎𝑛

2
𝜃𝑛
2 

−
𝜎𝑛

2
𝜃𝑛
2 +

1

2
+
1

2
𝜀𝑛
2 +

1

2
𝑒𝑛−1
2  

 

IV. Main Results 

This section presents main results and provides stability 

analysis of the closed-loop system. 

Theorem 1. Consider the nonlinear system (1) under FDI 

attack in “controller to actuator” channel which affects the 

CPS in the additive and multiplicative forms. It can be shown 

that the proposed RBF-NN-based CFB approach guarantees 

that the closed loop system is stable and all signals of the 

closed-loop system are uniformly ultimately bounded.   

Proof. Consider the following Lyapunov candidate 

function   

(44) 𝑉𝑇 =∑𝑉𝑖

𝑛

𝑖=1

. 

Taking the time derivative of (44) and substituting (26), 

(34), and (43) in the result, gives   

(45) 

𝑉̇𝑇 ≤ (
3

2
− 𝑐1) 𝑒1

2 + (
5

2
− 𝑐2) 𝑒2

2

+ (
5

2
− 𝑐3) 𝑒3

2+. . . 

+(
3

2
− 𝑐𝑛) 𝑒𝑛

2 + 𝑒𝑛(𝑏𝑁(𝜅) + 1)𝑣 

+∑(
1

2
+
1

2
𝜀𝑖
2 +

𝜎𝑖

2
𝜃𝑖
2 −

𝜎𝑖

2
𝜃𝑖
2)

𝑛

𝑖=1

, 

Comparing (45) with (44), it makes possible to rewrite (45) 

as  

(46) 𝑉̇𝑇 ≤ −𝜇𝑉𝑇 + 𝛽 + (𝑏𝑁(𝜅) + 1)𝜅̇ 

where 𝜇 and 𝛽 are obtained from substituting (44) and (45) in 

(46) as follows:  

(47) 

𝜇 ≜ 𝑚𝑖𝑛 {

2𝑐1 − 3
2𝑐𝑖 − 5,2 ≤ 𝑖 ≤ 𝑛 − 1

2𝑐𝑛 − 3
𝛾𝑖𝜎𝑖

} , 

𝛽 =∑(
1

2
+
1

2
𝜀𝑖
2 +

𝜎𝑖

2
𝜃𝑖
2)

𝑛

𝑖=1

. 
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Solving (47) with respect to time gives  

(48) 

𝑉𝑇 ≤ 𝑒
−𝜇𝑡𝑉(0) +

𝛽

𝜇
(1 − 𝑒−𝜇𝑡) 

+𝑒−𝜇𝑡∫ (𝑏𝑁(𝜅) + 1)
𝑡

0

𝜅̇𝑒𝜇𝜏𝑑𝜏. 

Applying Lemma 2 to (48) reveals that 𝜅, 𝑉, and 

∫ (𝑏𝑁(𝜅) + 1)
𝑡

0
𝜅̇𝑒𝜇𝜏𝑑𝜏

 

are bounded on interval (0, 𝑡). 

Therefore, 𝑒𝑖 and 𝜃𝑖  for 𝑖 = 1,2, . . . , 𝑛 are bounded. Because 

𝑠𝑖 = 𝑒𝑖 + 𝜁𝑖  and according to [44: Lemma 3, 45] |𝜁𝑖| is 

bounded, therefore signal 𝑠𝑖  is bounded. Let us denote the 

bound of ∫ (𝑏𝑁(𝜅) + 1)
𝑡

0
𝜅̇𝑒𝜇𝜏𝑑𝜏 by 𝛥̄, so the ultimate bound 

of the tracking error will be 𝑙𝑖𝑚
𝑡→∞

|𝑠1| ≤ √
2𝛽

𝜇
+ 2𝛥̄ +

𝜈∗

2𝑐0
.   

Remark 4. It can be seen from Lemma 1, and the definition 

of 𝛽, 𝜇, and 𝑐0 that the tracking error bound depends on the 

design parameters 𝑐𝑖 , 𝜎𝑖, and 𝛾𝑖 for 𝑖 = 1, . . . , 𝑛. Also, it 

depends on the command filter parameters (𝜔𝑛, 𝜉) and width 

and center of the basis functions in the RBF-NN. Increasing 

𝑐𝑖  can lead to smaller tracking error and faster convergence, 

but it might induce undesirable oscillations or require larger 

control effort, potentially leading to input saturation. Also, 

appropriately tuning of the adaptation parameters 𝛾𝑖 and 𝜎𝑖

 

ensures accurate estimation and effective compensation of 

uncertainties, thus minimizing tracking error. Also, a 

command filter with high natural frequency (𝜔𝑛) generally 

leads to smaller filtering errors and thus, potentially improves 

the tracking accuracy, as the filter can more closely track the 

desired signals. However, increasing the bandwidth too much 

can lead to increase the sensitivity to noise and oscillations. 

Also, the damping ratio of the command filter (𝜉) influences 

the transient response of the  

 

 
(a) 

 
(b) 

Fig. 3. Attack signal, (a) Additive term, and (b) Multiplicative 

term (case 1). 

filtered signals. An appropriate damping ratio helps 

preventing from oscillations and overshoots in the filtered 

commands, which can in turn, reduce fluctuations in the 

tracking error. Also, width and center of the basis functions in 

the RBF-NN structure are two other important design 

parameters. A basis function with narrow (small) width results 

in a more precise approximation of the unknown system 

dynamics in specific regions of the state space. In such case, 

if the system moves into regions that are not covered by the 

RBF centers well, or if the width is excessively small, the 

network's generalization capability might be compromised, 

leading to increased tracking error and larger control signal. 

While basis functions with large width cover a wider area of 

the input space and consequently, improve the network's 

generalization ability across a larger operating range, they 

potentially reduce the tracking error, control effort and 

chattering. A well-distributed set of centers, particularly in 

regions where the system dynamics exhibit significant 

variations, enhances the approximation capability, thereby 

reducing the tracking error. 

In summary, there are inherent trade-offs in the selection of 

these parameters. For instance, achieving a very small 

tracking error often requires higher controller gains, which 

can lead to increased control input amplitude and potential 

saturation issues. 

 

V. Simulation Results 

To investigate the performance of the proposed scheme, the 

following robotic arm described by (49) is considered [22]    

(49) 𝜃̈ = −𝑙−1(2𝜃̇ + 𝑚𝑔𝐿𝑐𝑜𝑠𝜃) + 𝑙−1𝜏. 

In (49), 𝜃, 𝜃̇, and 𝜃̈ denote the position, velocity and 

acceleration, and 𝜏 represents the applied control input to the 

joint. Other physical parameters and their numerical values 

for simulation have been given in Table II.  

The control objective is to design a control input such that the 

system output tracks the desired signal 𝑦𝑑 
in the presence of 

FDI attack in “controller to actuator” channel. For simulation, 

initial conditions were set to 𝒙0 = [0.2𝜋 0]𝑇, 𝜁0 = 0, and 

𝜃0 = [0 0]𝑇, and design parameters were chosen as 𝑐1 = 2, 

𝑐2 = 0.5, 𝜔𝑛 = 40, 𝜉 = 0.6, 𝛾1 = 𝛾2 = 0.5, and 𝜎1 = 𝜎2 =

0.03. Also, Nussbaum-type function was chosen as 

𝑁(𝜅) = 𝑒𝑥𝑝(𝜅2) 𝑐𝑜𝑠 ((
𝜅

2
)𝜋). The RBF-NN contains 25 

nodes with centers 𝜒𝑖 , 𝑖 = 1, . . . ,25 evenly spaced in the 

range [−2,2] × [−2,2], and the width of the basis function 

is set to 𝜂𝑖 = 2 for 𝑖 = 1, . . . ,25. Figure (3) shows the output 

response of the proposed controller for tracking 𝑦𝑑 = 𝑠𝑖𝑛 𝑡 +

𝑠𝑖𝑛 0 . 2𝑡 under no FDI attack. As it is obtained from the  
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TABLE II PHYSICAL PARAMETERS 

Physical 

Parameters 
Definition 

Numerical 

Value 

L (m) 
Distance between center and 

end of the joint 
1 

M (kg) Mass of the joint 1 

g (m/S2) Acceleration of gravity 9.8 

l (kg m2) Moment of inertia 4/3 
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(a) 

 
(b) 

Fig. 4. (a) Output response, and (b) Control input under no FDI 

attack. 

figure, the output variable tracks the desire output accurately 

and the control input is bounded. 

Now, performance of the proposed scheme against three 

different FDI attacks is simulated and discussed. 

Case 1: In this case, a simple attack defined in (50) is 

applied to the system. Figure 4 shows the considered 

unlimited duration attack in (50): 

(50) 𝑢 = {

𝑣𝑛
0.6𝑣𝑛 + 30

0.8𝑣𝑛 − 40𝑐𝑜𝑠 0 . 3𝜋𝑡

𝑡 < 10
10 ≤ 𝑡 ≤ 25
𝑡 ≥ 25

 

Figure 5 displays the angular position and velocity of the 

robotic arm under FDI attack in (50). Figure 6 shows the 

actual and under attack control inputs, and Fig. (7) depicts 

adaptive parameters. As it is obvious from the results, 

proposed resilient control scheme tolerates the cyber-attack 

and preserves tracking ability of the closed-loop system under 

FDI attack, properly. As it is seen from the results, all of the 

closed-loop signals are bounded. 

Case 2: In this case, a random stochastic attack with high 

switching frequency defined in (51) is injected into the 

“controller to actuator” communication channel. Figure 8 

represents the considered attack. As it is seen form Fig. 8, at 

time interval 20 22 only additive term is non-zero, at 

intervals 15 20 and 28 35, only multiplicative attack is 

nonzero and in other intervals, both of additive and 

multiplicative terms are non-zero. Figure 9 represents the 

output response and the tracking error in presence of 

stochastic attack given in (51).  It is clear from Fig. 9(a) that 

the output results can track the desired trajectory in presence 

of random attack. Also, results in Fig. 9(b) indicate that the 

norm of the tracking error is bounded. Obtained results verify 

that the proposed method is able to mitigate simultaneous  

 
(a) 

 
(b) 

Fig. 5. (a( Angular position, and (b) Angular velocity of the 

robotic arm under FDI attack (case 1). 

 
(a) 

 
(b) 

Fig. 6. (a) 𝜅, (b) Controller output and under attack input. 

(case1). 

 
Fig. 7. Adaptive parameters (case 1). 
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(a) 

 
(b) 

Fig. 8. Stochastic attack, (a) Additive term, and (b) 

Multiplicative term (case 2). 

 
(a) 

 
(b) 

Fig. 9. (a) Output response, and (b) Norm of the tracking error 

(case 2)  

additive and multiplicative attacks and it is not dependent 

on the attack function. This ability helps the system to defend 

against the total intrusion of an attacker regardless of the 

attack variations. The other advantage of the proposed 

approach is elimination of the need for attack reconstruction 

and control reconfiguration in presence of attacks. Therefore, 

the complexity and cost of control design will be decreased. 

Case 3: In this case the following time-dependent attack is 

considered. Figures 10 and 11 illustrate the considered attack, 

output response and norm of the tracking error. 

As it is seen from Fig. 11, the output signal tracks the 

desired trajectory and norm of the tracking error is bounded. 

Therefore, the proposed scheme is resilient against time-

varying attack.   

Simulation results in Figs. 4-11 verify that boundedness of 

the output variable and the tracking error is achieved 

regardless of the FDI attack type at “controller to actuator” 

channel.  

(51) 

𝑢

=

{
 
 
 
 
 

 
 
 
 
 

𝑣𝑛 𝑡 ≤ 8
10rand(. )𝑣𝑛 + 20randn(. ) 8 < 𝑡 ≤ 15

rand(. )𝑣𝑛 15 < 𝑡 ≤ 20

𝑣𝑛 + 40cos(30𝜋randn(. )) 20 < 𝑡 ≤ 22
0.5exp(-randn(. ))𝑣𝑛
+40cos(30𝜋𝑡)sin(𝑡)

22 < 𝑡 ≤ 28

0.8rand(. )𝑣𝑛 28 < 𝑡 ≤ 35
(1+randn(. ))𝑣𝑛
+ 20randn(. )

35 < 𝑡 ≤ 40

𝑣𝑛 40 < 𝑡

 

 

Obtained results show that the proposed approach could 

mitigate different kind of FDI attacks without using attack 

reconstruction or controller reconfiguration units.  

𝑢 =

{
 
 
 
 
 

 
 
 
 
 

𝑣𝑛 𝑡 ≤ 10

𝑠𝑖𝑛(𝑡)𝑐𝑜𝑠(30𝑥2)

+0.5𝑡𝑣𝑛
10 < 𝑡 ≤ 20

(2 + 𝑠𝑖𝑛𝑡)𝑣𝑛 20 < 𝑡 ≤ 25

𝑣𝑛 + 𝑠𝑖𝑛(10𝑡) 25 < 𝑡 ≤ 30

(2 − 1.5𝑐𝑜𝑠(10𝑡))𝑣𝑛
+𝑠𝑖𝑛(𝑥1)𝑐𝑜𝑠(2𝜋𝑡)

𝑡 > 30

              (52) 

 

 
(a) 

 
(b) 

Fig. 10. Time-varying attack, (a) additive term, and (b) 

multiplicative term (case 3). 
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(a) 

 
(b) 

Fig. 11. (a) Output response, and (b) norm of the tracking error 

(case 3). 

VI. Conclusion  

This paper proposes an adaptive resilient control scheme 

for uncertain nth order nonlinear CPSs under injection attack. 

The main findings are: (1) an adaptive command filtered 

backstepping-based control scheme is able to handle the 

injection attack, and also it guarantees that the tracking error 

can be made small by adjusting the design parameters; (2) the 

proposed scheme eliminates the “explosion of complexity” 

problem, removes challenges in choosing time-constant of 

filters and compensates the filtering error, simultaneously, (3) 

the proposed scheme is resilient against both additive and 

multiplicative forms of cyber-attacks without any prior 

knowledge about the attack time, severity and characteristics, 

(4) it does not require attack detection and estimation units 

separately, as well as controller readjustment or 

reconfiguration algorithm, and (5) it decreases the number of 

adjustable parameters and online computational burden by 

using MLP algorithm. Therefore, the proposed approach 

maintains system stability and performance despite deceptive 

attack without noticeably increasing the complexity or 

imposing computational burden to design and 

implementation of the control system.  However, the 

proposed passive resilient control offers a simpler and 

potentially more robust approach to mitigate attacks, but it 

may have limitations in terms of performance, adaptability in 

the face of some unforeseen disturbances or changes in the 

operating condition of the systems. Obtained simulation 

results verify the effectiveness and appropriate performance 

of the proposed resilient control scheme. 

Extending the proposed scheme to deal with nonlinear 

CPSs in the presence of sensor attack can be considered as a 

future work. 
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This paper presents the design and control of a novel cable-driven parallel robot intended 

for low back pain rehabilitation through controlled spinal traction therapy. Low back pain 

affects a significant portion of the global population, and traction-based interventions 

offer a non-invasive approach to spinal decompression. The proposed robotic system 

enables precise movement of the patient’s legs in both the frontal and sagittal planes—

up to 50° of extension and ±15° of side bending—while applying adjustable traction 

forces to the lumbar spine. A dynamic model of the system is derived using Lagrangian 

mechanics, assuming planar motion, massless cables, and a single rotational degree of 

freedom at the hip joint. To enhance tracking accuracy and robustness across repeated 

therapy sessions, a new Current Iterative Learning Control (CILC) law is developed for 

discrete-time nonlinear systems. The CILC integrates real-time feedback with iterative 

feedforward learning, ensuring convergence of system states and outputs to desired 

trajectories despite disturbances, measurement noise, and initial condition errors. 

Theoretical analysis confirms that the tracking error remains bounded and asymptotically 

decreases with successive iterations. Simulation studies validate the controller’s 

performance, demonstrating superior trajectory tracking compared to conventional PID 

control in terms of mean square error. The results highlight the CILC’s ability to adapt 

over trials, significantly improving precision in rehabilitation tasks. While the current 

work is simulation-based, future efforts will focus on prototyping, experimental 

validation with human subjects, and integration of real-time sensor feedback for adaptive 

therapy personalization. This research contributes to the advancement of intelligent, 

patient-specific rehabilitation robotics by combining biomechanically informed design 

with a robust, learning-based control framework tailored for cable-driven traction 

systems. 

I. Introduction 

Lumbar disc herniation, cervical spine disorders, and joint 

pain are some of the most common orthopedic diseases. It is 

estimated that 85% of people suffer from low back pain and 

other spinal pains at some point in their lives [1]. Like many 

other orthopedic diseases, treatment for these pains usually 

requires a combination of medicine and physical therapy. 

In physiotherapy, there are various therapeutic methods, 

including the usage of electrical and mechanical rehabilitation 

equipment as well as employing different therapeutic 

exercises that can reduce or eliminate the patients' pain. 

Traction therapy, or in other words, non-surgical spinal 

decompression therapy, is one of the most common non-

invasive methods for relieving low back pain and refers to any 

medical procedure that applies a force along the inferior-

superior axis of the spine to extend the cervical and lumbar 

spine vertebrae [2]. This extension leads to relieving pressure 

on the spine and its surrounding nerves. 

There is a wide range of investigations on different aspects 

of traction therapy. In [3] an experimental model of the spine 

is used to study the effects of intermittent traction therapy on 

vertebral interspaces. Moreover, the effects of a two-step 

traction therapy that includes global traction and a local 

decompression on lumbar spine biomechanics are reviewed in 

[4]. Most researches in this field show that traction therapy, 

especially when a motorized device is used as the 
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rehabilitation equipment for applying force to the spine and 

lower back of patients with chronic pain, leads to pain 

reduction. As an example, Apfel et al. have shown that the 

chronic low back pain attributed to disc herniation decreased 

from 6.2 ± 2.2 to 1.6 ± 2.3 in a verbal rating scale for 30 

patients who had used a spinal decompression device in 6 

weeks [5]. However, due to limited clinical trials and 

insufficient evidence from published papers, the U.S. Food 

and Drug Administration (FDA) does not confirm improved 

health outcomes for using these rehabilitation devices over 

other technologies [6]. To address this concern, our future 

work will focus on gathering empirical data through prototype 

implementation and pilot testing.  

There are several ways that a therapist can apply a traction 

force to the patient's spine. The first and the oldest one is 

manual traction where the physical therapists use their power 

and specific hands-on techniques. Positional traction, 

inversion traction, and self-traction techniques are some other 

methods that utilize patient power or body weight and gravity 

to apply traction force. [7] and [8] are such devices. On the 

other hand, there are mechanical traction methods that require 

special (electro) mechanical equipment to apply the traction 

force to the patient's spine. In such rehabilitation devices, 

traction force magnitude and its direction should be set by the 

therapist. A lumbar stretching machine is introduced in [9]. 

Furthermore, according to force duration, mechanical traction 

can be divided into three different classes: constant traction, 

intermittent traction, and harmonic traction. The last two ones 

need proper motorized equipment to be applied. Also, another 

important issue is controlling the applied force, so there 

should be a feedback signal from the traction force on the 

patient's spine. This structure is shown in Figure 1. 

 

 
Figure 1 Structure of an electromechanical rehabilitation traction 

device 

 

The structure shown in Figure 1 is implemented in [10] for 

a cervical spine traction device and in [11] for lumbar spine 

traction. Moreover, the Satisform company introduces a 

commercial device for relaxing the pelvis and effective 

stretching of the lower back [12]. 

Recent advances in intelligent rehabilitation robotics and 

biomechanical modeling have enabled more precise and 

adaptive traction control. Studies such as [33] on model 

predictive control for wearable rehabilitation devices, [34] on 

neural network-based estimation of spinal load, and [35] on 

real-time feedback mechanisms in robotic-assisted 

physiotherapy demonstrate the importance of integrating 

modern control techniques with biomechanics. We position 

our contribution within this context by proposing a novel 

CILC framework tailored specifically for cable-driven 

traction systems. 

 

II. Structure design 

Rehabilitation robots should be specifically designed for 

pain reduction and improvement of patients' various physical 

problems. Sometimes injuries are inordinate and the patient is 

unable to perform certain movements and activities so in these 

situations, the rehabilitation robot is an accessory that helps 

the patient to do those movements.  

Generally, robots that are used in the medical field and 

rehabilitation should be able to interact safely so they 

should be precise in position control and have a controlled 

and limited acceleration [13]. In addition, the rehabilitation 

robot should not be bulky so it can be placed in clinics, 

hospitals, and also in the patient's house.  For these 

purposes, a cable robot is proposed in this paper. 

In designing robots many elements should be considered to 

lead to a product. Some of these elements are mechanical 

structures, actuators, sensors, control systems, and so on. In 

this paper, we focused on mechanical design and control 

systems. In the end, we will have a parallel cable robot that 

performs the required movements. 

 

A.  Proposed structure 

The proposed structure assumes planar motion for 

kinematic simplification. However, we acknowledge that this 

is a limitation and may not fully capture three-dimensional 

anatomical movements. Future work will incorporate full 3D 

modeling and dynamic analysis based on realistic human body 

kinematics. Furthermore, the assumptions regarding massless 

cables and perfect actuation should be interpreted with 

caution. In practice, cable elasticity, backlash, and actuator 

dynamics will affect performance. These limitations are 

discussed in detail below and will be addressed in the 

experimental phase of this project. The parallel cable robot, 

which is presented in this section, can be used in designing 

tractive rehabilitation equipment. This device moves the 

patient's feet in a particular trajectory meanwhile pulling 

them. Moreover, it can control the traction force. Therapists 

should set the desired trajectory by considering each patient's 

injury. Ranges of the lumbar spine movement are studied in 

[14] for 100 healthy subjects aged 20 to 60+ years. Results 

show subjects can have approximately 30–40° extension and 

20–25° side bending. Since these boundaries are for healthy 

individuals, our proposed robot can have reduced limits due 

to patient conditions: we assume up to 50° extension and ±15° 
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side bending in this paper. Now, in the beginning, we should 

choose the number of cables that will be used in our design 

and their configuration. Here we have two cables that are 

separately connected to pulleys and motors at one end and an 

ankle brace at the other end. Also, we need a frame that is 

assembled to a bed where the patient lies and actuators can be 

placed on and connected to the ankle brace with cables. This 

frame rotates up to 50 degrees in the patient's frontal axis. The 

ankle brace tied the patient's foot together so when the 

actuators change the lengths of the cables, the patient's leg will 

be moved meanwhile the traction force is conveyed to the 

lumbar spine. This structure is shown in Figure 2. 

 

 
Figure 2 proposed rehabilitation traction structure. 

 

B. Kinematics and dynamics of the proposed 

structure 

Forward and inverse kinematics of the mechanism are 

calculated in this section so we can derive the dynamic model 

of the robot, which will be utilized to develop its control 

system.  

Although in the suggested structure the robot and 

consequently the patient's leg have a three-dimensional 

movement, we can analyze the kinematics and dynamics in a 

planar space. This assumption is valid when the actuated 

cables and the patient's foot are on the same plane. For this 

purpose, we can put a portable plate under the patient's foot, 

otherwise, it can be shown that actuators should generate a 

great traction force that is impossible to be applied to the foot 

and lumbar spine. The designed structure schematic which is 

employed for kinematics and dynamics analysis, is illustrated 

in Figure  3 and Figure 4  .In the designed structure schematic 

patient's legs are combined and it is supposed that the 

combination acts as a spherical joint and can be shown as a 

line segment. Also, we assume that the origin of the coordinate 

system is on the spherical joint center (where the legs and hip 

join the lumbar spine). The two actuators are placed 

symmetrically at points A1 and A2. The cables are connected 

between the actuators and the ankle brace at B. Now if we 

revolve the holder frame around the x-axis, the patient's leg 

and hip will be rotated 𝛼 degrees, which is equal to a 𝛼-degree 

extension. Now if one of the actuators generates more torque 

than the other one, the lengths of the cables will change and 

as a result, the leg position will be changed. This motion is 

identical to a 𝛾-degree side bending. 

In Figure 4, S1 and S2 are unit vectors along with the cables 

that connect the actuators' frames at A1 and A2 to the end 

effector at point B (ankle brace). So the magnitude of (𝐴𝑖𝐵)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ 

indicates each cable length(𝐿𝑖). 

A cable-driven robot is a closed kinematics chain 

mechanism and usually, the inverse kinematics of parallel 

robots can be calculated more simply versus its forward 

kinematics [15]. Inverse kinematics relates cables' length to 

the end-effector position. 

 
Figure  3 . Designed structure schematic perspective view 

 
Figure 4. Designed structure schematic top view 

 

Now assume we have the end-effector position (point B) by 

utilizing any position sensor so we can figure out inverse 

kinematics as below: 

AiB⃗⃗ ⃗⃗ ⃗⃗ +OAi⃗⃗ ⃗⃗ ⃗⃗  =OB ⃗⃗ ⃗⃗ ⃗⃗     (1) 

So: 

𝐿𝑖𝑆 𝑖 + 𝑅𝐴0
𝐴 𝐴0 = 𝑅𝐵0

𝐵  𝐵0   (2) 

Where 𝐴0 & 𝐵0 are the initial positions of the actuator's 

holder frame and the end effector. 𝑅𝐴0
𝐴  and 𝑅𝐵0

𝐵  are rotational 

matrixes. Duo to the designed mechanism we have: 

RB0
B = Rotx(α)Rotz(γ)

= {

cos (γ) −sin(γ) 0

cos (α)sin (γ) cos (α)cos (γ) −sin (α)
sin (α)sin (γ) sin (α)cos (γ) cos (α)

} 
  (3) 

RA0
A = Rotx(α) = {

1 0 0
0 cos (α) −sin (α)
0 sin (α) cos (α)

} 

So each cable length is: 

𝐿𝑖 = √(𝑅𝐵0
𝐵  𝐵0 − 𝑅𝐴0

𝐴 𝐴0)
𝑇
(𝑅𝐵0
𝐵  𝐵0 − 𝑅𝐴0

𝐴 𝐴0)   (3) 
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Additionally, in the kinematics chain unit vectors, S1 and 

S2 are unknown and calculated by: 

  𝑆 𝑖 =
𝐿𝑖𝑆𝑖

|𝐿𝑖𝑆𝑖|
=

𝑅𝐵0
𝐵  𝐵0−𝑅𝐴0

𝐴 𝐴0

|𝑅𝐵0
𝐵  𝐵0−𝑅𝐴0

𝐴 𝐴0|
 (4) 

In parallel robots, forward kinematics is a relation that 

expresses the end-effector position based on the cables' 

lengths. Against the serial robots, the forward kinematics of 

parallel robots are usually complicated and include nonlinear 

equations, but here due to the robot structure end effector and 

cables being in one plane, we can reach a closed analytic 

solution. 

Now to find the forward kinematic based on knowing one 

cable length and Figure 4 we can write:  

  {
𝑌 − 𝐿𝐿 cos(𝛾) = 𝐿𝑖cos (𝜃)

|𝑋 − 𝐿𝐿 sin(𝛾)| = 𝑙𝑖sin (𝜃)
 (5) 

Where 𝐿𝐿 is the patient's leg length. So we obtain: 

  √𝑋2 + 𝑌2 sin(𝛾 + 𝜙) =
𝐿𝑖
2−𝑌2−𝑋2−𝐿𝐿

2

−2𝐿𝐿
2  (6) 

And 𝜙 = arctan (
𝑌

𝑋
). 

Now we can derive the Jacobian matrix of the proposed 

rehabilitation robot. Jacobian matrix, J, relates the angular 

velocity of the end effector (patient leg rotation around the z-

axis), 𝜔 = [0 0 𝛾̇]𝑇, to the vector of actuated cables rates, 𝐿 =

[𝐿1,𝐿2]
𝑇 by: 

𝐿̇ = 𝐽𝜔 (7) 

According to   (2) by differentiating the kinematics vector 

loop closure concerning time: 

𝐿̇𝑖𝑆 𝑖 + 𝐿𝑖𝜔 × 𝑆 𝑖 = 𝜔 × 𝑅𝐵0
𝐵 𝐵0 (8) 

Dot multiply equation (8) by 𝑆 𝑖: 

𝐿̇𝑖 = (𝑅𝐵0
𝐵 𝐵0 × 𝑆 𝑖). 𝜔 = (𝑅𝐵0

𝐵 𝐵0 × 𝑆 𝑖)
𝑇
𝜔 (9) 

Writing the above equation two times for each actuated 

cable in a vector form results in the Jacobian matrix J: 

𝐽 = [
(𝑅𝐵0
𝐵 𝐵0 × 𝑆1⃗⃗  ⃗)

𝑇

(𝑅𝐵0
𝐵 𝐵0 × 𝑆2⃗⃗  ⃗)

𝑇] (10) 

Parallel rehabilitation traction robot has a non-square 

Jacobian matrix in which the number of rows indicates the 

total number of freedom degrees and system redundancy. Here 

the proposed structure has one rotational degree of freedom 

and one degree of freedom redundancy. In redundant parallel 

robots, singular value decomposition (SVD) of the Jacobian 

matrix is used for robot singularity analysis. Singularity 

occurs when the Jacobian matrix rank is less than the degrees 

of freedom number [16]. In the proposed structure Jacobian 

matrix rank is always one in all the desired trajectories so 

singularity never happens for it. 

Now for deriving the dynamic equations in terms of 

generalized coordinates and their time derivatives, the 

Lagrangian method is used. For the sake of simplicity, the 

elasticity of cables is neglected. Furthermore, the cables' mass 

can be ignored versus the patient leg mass so cables behave as 

massless rigid strings [17]. Based on these assumptions 

dynamics of the robot can be given as: 

𝑀(𝑥)𝑥̈ + 𝑁(𝑥,𝑥̇) = 𝐽𝑇𝜏 
𝑁(𝑥,𝑥̇) = 𝐶(𝑥,𝑥̇ )𝑥̇ + 𝐺(𝑥) + 𝑇𝑑  

(11) 

where 𝑥 = [𝛼,𝛽, 𝛾]𝑇 is the generalized coordinates' vector, 𝜏 

is the cables force vector, 𝑀(𝑥) is the mass matrix,  𝐶(𝑥,𝑥̇ ) 

represents Coriolis and centrifugal terms, 𝐺(𝑥) is gravity 

vector and 𝑇𝑑 stands for the disturbance which could represent 

any friction or uncertainty in the dynamic model. 

As we neglect cables' mass, the mass matrix 𝑀(𝑥) in (11) 

can be derived directly from the kinetic energy of the system. 

Also in the proposed rehabilitation robot, the patient's leg has 

only one rotational degree of freedom around the z-axis, so: 

𝑘 =
1

2
𝜔𝑇𝐼𝜔 → 𝑀(𝑥) = 𝐼 (12) 

where 𝐼 is the leg rotational inertia matrix and 𝑀(𝑥) is 

symmetric and positive definite so it is an invertible matrix.  

Generally, the determination of the Coriolis and centrifugal 

vector in the Lagrange equation (11) is complex and can be 

calculated by:  

𝑉(𝑥,𝑥̇) = 𝑐(𝑥,𝑥̇)𝑥̇ = 𝑀̇𝑥̇ −
𝜕

𝜕𝑥
𝑘 (13) 

Hence the leg mass matrix 𝑀(𝑥) is a constant diagonal 

matrix 𝑐(𝑥,𝑥̇) is equal to zero. The gravity term in (11) may 

be determined from the partial derivative of the moving leg 

potential energy concerning the generalized coordinate 𝑥. 

𝐺(𝑥) =
𝜕𝑝

𝜕𝑥
= [

0
0

−𝑚𝑔
𝐿𝑙
2
sin(𝛼) sin(𝛾)

] (14) 

where 𝑚 and 𝑔 are the leg mass and gravity constant, 

respectively. 

 

III. Control Design 

As said in the previous sections, rehabilitation of a patient 

usually includes performing prescribed exercises. Thus, 

passive control strategies have been proposed for 

rehabilitation equipment control. Passive control can employ 

different techniques to be achieved. PID control is one of the 

most common methods [18]. Khosravi [19]  developed a 

framework for robust PID control of parallel manipulators 

which are fully constrained. Implementation results on a 

planner cable robot show repeatable performance in different 

iterations, but there is no improvement versus the previous 

iteration. 

 

A. ILC 

If we define a control task as: perfect tracking in a finite 

time interval under a repeatable control environment [20], 

few control methods can fulfill this task. In fact, without a 

learning procedure controller performs only in the same way 

and there will be no improvement even if the task repeats 

consecutively. In these circumstances, Iterative Learning 

Control (ILC) can take the role perfectly.  

Although ILC uses a learning procedure, it is different from 

other learning-based control methods such as adaptive control 

and neural networks. Adaptive control sets the controller 
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while ILC regulates the control signal. In addition, adaptive 

control strategies usually do not use the informative data in 

the past trials' control signals. In the same way, neural 

networks modify the controller parameters. Also, they are 

usually large networks and need extensive training data [21].  

Many references including [22] and [23] have provided 

comprehensive coverage for convergence, robustness, and 

applications of ILC. It is possible that before achieving the 

desired convergence, tracking error increases and therefore 

convergence would be slow. Usually, this is because ILC is an 

open-loop controller and can have weak performances for 

stable systems and even be bad for unstable plants. In such 

situations, adopting a feedback controller is useful [24].  The 

incorporation of feedback controller with ILC leads to a new 

ILC class which is called: Current-iteration Iterative Learning 

Control (CILC). In 1992 Tae-Yong et al. [25] presented a 

CILC for continuous nonlinear systems which composed a 

linear feedback mechanism and a feedforward learning 

strategy, utilizing the gradient descent method. In [26] a multi-

period learning strategy is developed in conjunction with 

current cycle feedback for a continuous nonlinear dynamic 

system. Also, [27] designed a framework for PID-like ILC 

with a feedback structure for a class of nonlinear discrete-time 

NARMA systems. Additionally, [24] and [28] have developed 

CILC for nonlinear discrete-time systems (without and with 

initial condition error, consequently) based on an earlier work 

[29] which proposed an ILC learning law using one-step-

ahead tracking error of the last trial for off-line calculation. 

Also, [30] & [31] proposed a CILC algorithm for high-

precision trajectory tracking of a wheeled mobile robot with 

non-holonomic nonlinear dynamics. 

 

B. Proposed CILC 

Consider a class of discrete-time nonlinear dynamic 

systems that can be described by the following difference 

equations: 

𝑋𝑖(𝑘 + 1) = 𝑓(𝑋𝑖(𝑘),𝑘) + 𝐵(𝑋𝑖(𝑘),𝑘)𝑢𝑖(𝑘) + 𝜔𝑖(𝑘) 
𝑦𝑖(𝑘) = 𝐶𝑋𝑖(𝑘) + 𝑣𝑖(𝑘) 

(15) 

Where 𝑖 indicates the number of trials, 𝑘 is a discrete-time 

index running from 𝑘 = 0 to 𝑘 = 𝑛. Also, for all 𝑘 ∈ 𝑁, 

𝑋𝑖(𝑘) ∈ 𝑅
𝑝, 𝑢𝑖(𝑘) ∈ 𝑅

𝑟 , 𝑦𝑖(𝑘) ∈ 𝑅
𝑚, 𝑣𝑖(𝑘) ∈ 𝑅

𝑚 and 

𝜔𝑖(𝑘) ∈ 𝑅
𝑝 are states, inputs, outputs, output noise, and 

disturbance, respectively. Vector/Matrix functions 𝑓: 𝑅𝑝 ×

𝑁 → 𝑅𝑝 , 𝐵: 𝑅𝑝 × 𝑁 → 𝑅𝑝×𝑟, 𝐶 → 𝑅𝑚×𝑝 satisfy following 

assumptions: 

Assumption 1: Considering the discrete-time dynamic 

equations presented in (15), when 𝜔(𝑘) = 0 𝑎𝑛𝑑 𝑣(𝑘) = 0 

for all 𝑘 ∈ 𝑁, there exist bounded sequences of states 𝑋𝑑(𝑘) 

and inputs 𝑢𝑑(𝑘) which will satisfy the equations (15) for the 

desired bounded trajectory  𝑦𝑑(𝑘). 

Assumption 2: Vector function 𝑓(𝑋,𝑘) and matrix function 

𝐵(𝑋,𝑘) satisfy: 

||𝑓(𝑋1,𝑘) − 𝑓(𝑋2,𝑘)|| ≤ 𝑐𝑓||𝑋1 − 𝑋2|| 

||𝐵(𝑋1,𝑘) − 𝐵(𝑋2,𝑘)|| ≤ 𝑐𝐵||𝑋1 − 𝑋2|| 
(16) 

where 𝑐𝑓 and 𝑐𝐵 are positive constants. 

Assumption 3: Matrices 𝐵(𝑋,𝑘) and 𝐶 are bounded as 

||𝐵(𝑋,𝑘)|| ≤ 𝑏𝐵 and ||𝐶|| ≤ 𝑏𝐶  where 𝑏𝐵 and 𝑏𝐶  represent 

positive constants. Also, the product matrix 𝐶𝐵(𝑋,𝑘) yields a 

non-singular matrix.  

Assumption 4: Output noise and disturbance are bounded 

for all 𝑖 ≥ 0, 𝑘 ∈ 𝑁 as ||𝜔𝑖(𝑘)|| ≤ 𝑏𝜔 and ||𝑣𝑖(𝑘)|| ≤, where 

𝑏𝜔and 𝑏𝑣 are positive constants. 

Assumption 5: All trials start from a neighborhood of the 

desired initial condition 𝑋𝑑(0). where for all 𝑖 ≥ 0, 

||𝑋𝑑(0) − 𝑋𝑖(0)|| ≤ 𝑏𝑋0 and 𝑏𝑋0is a positive constant. This 

assumption is usually valid in operations where the robot 

(same as the proposed structure in the previous sections) 

performs a particular given task repeatedly. 

Now consider the iterative learning control law which is 

proposed as follows: 

𝑢𝑖(𝑘) = 𝑢𝑓𝑖(𝑘) + 𝑢𝑏𝑖(𝑘) 
𝑢𝑓𝑖(𝑘) = 𝑢𝑓𝑖−1(𝑘) + 𝐿(𝑘)𝑒𝑖−1(𝑘 + 1) 
+𝜆(𝑘)𝑢𝑏𝑖−1(𝑘) 

(17) 

where 𝑢𝑏𝑖(𝑘) is feedback control, 𝑢𝑓𝑖(𝑘) is the iterative 

learning term in feedforward, and 𝑢𝑖(𝑘) is the control signal 

for ith trial. Also, 𝑒𝑖(𝑘) = 𝑦𝑑(𝑘) − 𝑦𝑖(𝑘) and 𝐿(𝑘) 𝜆(𝑘) are 

learning gain matrices that satisfy ||𝐿(𝑘)|| ≤  ||𝜆(𝑘)|| ≤ 𝑏𝜆 

for all 𝑘 ∈ 𝑁. Where 𝑏𝐿 and 𝑏𝜆are positive constants. The 

proposed CILC algorithm is shown in Figure 5. 
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Figure 5 proposes the CILC algorithm. 

 

Feedback controller 𝑢𝑏𝑖(𝑘) can be designed as either static 

or dynamic feedback which stabilizes (15) and takes the 

following general form: 

𝑍𝑖(𝑘 + 1) = 𝑝(𝑍𝑖(𝑘)) + 𝑞(𝑍𝑖(𝑘))𝑒𝑖(𝑘) 

𝑢𝑏𝑖(𝑘) = 𝑟(𝑍𝑖(𝑘)) + 𝑠(𝑍𝑖(𝑘))𝑒𝑖(𝑘) 
(18) 

where 𝑍𝑖(𝑘) is a state vector. Vector or matrix functions 

𝑝,𝑞,𝑟,𝑠 are defined suitably Which satisfy ||𝑝(𝑍𝑖(𝑘))|| ≤

𝑏𝑝||𝑍𝑖(𝑘)||, ||𝑟(𝑍𝑖(𝑘))|| ≤ 𝑏𝑟||𝑍𝑖(𝑘)||, and ||𝑞(𝑍𝑖(𝑘))|| ≤ 𝑏𝑞, 

||𝑠(𝑍𝑖(𝑘))|| ≤ 𝑏𝑠 for 𝑏𝑝,𝑏𝑟,𝑏𝑞,𝑏𝑠 > 0.  

Theorem. Consider the discrete-time system (15) with the 

CILC proposed in (17). If assumptions 1-5 are satisfied and 

for (𝑋,𝑘) ∈ 𝑅𝑝 × 𝑁 we chose 𝐿(𝑘) as: 

||𝐼 − 𝐿(𝑘)𝐶𝐵(𝑋,𝑘)|| = 𝜌 < 1 (19) 

With increasing the trial number 𝑖, 𝑖 → ∞, it is guaranteed 

that the control signal 𝑢𝑖(𝑘) converges to the desired control 

signal 𝑢𝑑(𝑘). Consequently, states and system output, 

𝑋𝑖(𝑘) and 𝑦𝑖(𝑘), will get to a neighborhood of their desired 
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signals, lim
𝑖→∞
||𝑦𝑑(𝑘) − 𝑦𝑖(𝑘)|| ≤ 𝜎. This error boundary is a 

function of output noise bound 𝑏𝑣, disturbance bound 𝑏𝜔 and 

initial condition error band 𝑏𝑥0. 

Definition: The 𝛼-norm of a positive real function 𝑞(. ) 
is defined for 𝛼 ≥ 1 as: 

||𝑞( . )||
𝛼
= 𝑆𝑢𝑝𝑘∈𝑁𝑞(𝑘) (

1

𝛼
)
𝑘

      (20) 

The 𝛼-norm is equivalent to the  ∞-norm defined as 

||𝑞(. )||
∞
= sup

𝑘∈𝑁
𝑞(𝑘). Therefore, the claims in the proof of 

the proposed theorem are driven by using the 𝛼-norm. 

Proof of Theorem: 

If we define: 𝛿𝑍𝑖 = 𝑍𝑑 − 𝑍𝑖 for all 𝑍 ∈ [𝑋,𝑢]. Using 𝑢𝑑(𝑘) 

on both sides of  (17) and considering the system dynamics 

(15), we have: 

𝑢𝑑(𝑘) − 𝑢𝑓𝑖(𝑘) = 𝛿𝑢𝑓𝑖(𝑘) 
= 𝛿𝑢𝑓𝑖−1(𝑘) − 𝐿(𝑘)𝑒𝑖−1(𝑘 + 1) − 𝜆(𝑘)𝑢𝑏𝑖−1(𝑘) 
= 𝛿𝑢𝑓𝑖−1(𝑘) − 𝐿(𝑘)𝛿𝑦𝑖−1(𝑘 + 1) − 𝜆(𝑘)𝑢𝑏𝑖−1(𝑘) 
= 𝛿𝑢𝑓𝑖−1(𝑘) − 𝐿(𝑘)𝐶𝛿𝑋𝑖−1(𝑘 + 1) + 

𝐿(𝑘)𝑣𝑖−1(𝑘 + 1) − 𝜆(𝑘)𝑢𝑏𝑖−1(𝑘) = 𝛿𝑢𝑓𝑖−1(𝑘) −
𝐿(𝑘)𝐶[𝑓(𝑋𝑑,𝑘) + 𝐵(𝑋𝑑,𝑘)ud(k) − 𝑓(𝑋𝑖−1,𝑘) −
𝐵(𝑋𝑖−1,𝑘)ui−1(k) − 𝜔𝑖−1(𝑘)] + 𝐿(𝑘)𝑣𝑖−1(𝑘 + 1) −
𝜆(𝑘)𝑢𝑏𝑖−1(𝑘)  

(21) 

Adding and subtracting 𝐵(𝑋𝑖−1,𝑘)𝑢𝑑(𝑘), we can write: 

𝛿𝑢𝑓𝑖(𝑘) = 𝛿𝑢𝑓𝑖−1(𝑘) − 𝐿(𝑘)𝐶[𝑓(𝑋𝑑,𝑘) −
𝑓(𝑋𝑖−1,𝑘) + [𝐵(𝑋𝑑 ,𝑘) − 𝐵(𝑋𝑖−1,𝑘)]𝑢𝑑(𝑘) +
𝐵(𝑋𝑖−1,𝑘)𝛿𝑢𝑓𝑖−1(𝑘) + 𝐵(𝑋𝑖−1,𝑘)𝑢𝑏𝑖−1(𝑘) −
𝜔𝑖−1(𝑘)] + 𝐿(𝑘)𝑣𝑖−1(𝑘 + 1) − 𝜆(𝑘)𝑢𝑏𝑖−1(𝑘)  

 (22) 

 Taking the norm from both sides of  (22) yields:  

||𝛿𝑢𝑓𝑖(𝑘)|| ≤  𝜌||𝛿𝑢𝑓𝑖−1(𝑘)|| + 𝑎1||𝛿𝑋𝑖−1(𝑘)|| 

+𝑎2||𝑢𝑏𝑖−1(𝑘)|| + 𝑎3 
   (23) 

Whereby considering the defined boundaries and 

||𝑢𝑑(𝑘)|| ≤ 𝑏𝑢𝑑we will have: 

𝜌 = ||𝐼 − 𝐿(𝑘)𝐶𝐵(𝑋,𝑘)||, 

𝑎1 = 𝑏𝐿𝑏𝑐𝑐𝑓 + 𝑏𝐿𝑏𝑐𝑐𝐵𝑏𝑢𝑑  

𝑎2 = 𝑏𝐿𝑏𝑐𝑏𝐵 + 𝑏𝜆, 𝑎3 = 𝑏𝐿𝑏𝑐𝑏𝜔 + 𝑏𝐿𝑏𝑣 

(24) 

Now, based on (18) for feedback controller 

𝑢𝑏𝑖−1(𝑘) we can write: 

||𝑢𝑏𝑖−1(𝑘)|| ≤ ||𝑟𝑍𝑖−1(𝑘)|| +

||𝑠(𝑍𝑖−1(𝑘)||||𝑒𝑖−1(𝑘)|| ≤ 𝑏𝑟||𝑍𝑖−1(𝑘)|| +

𝑏𝑠||𝐶𝛿𝑋𝑖−1(𝑘) − 𝑣𝑖−1(𝑘)|| ≤ 𝑏𝑟||𝑍𝑖−1(𝑘)|| +

𝑏𝑠𝑏𝑐||𝛿𝑋𝑖−1(𝑘)|| + 𝑏𝑠𝑏𝑣  

(25) 

Substitution (25) in    (23), we can obtain:  

||𝛿𝑢𝑓𝑖(𝑘)|| ≤  𝜌||𝛿𝑢𝑓𝑖−1(𝑘)|| + (𝑎1 +

𝑎2𝑏𝑠𝑏𝑐)||𝛿𝑋𝑖−1(𝑘)|| + 𝑎2𝑏𝑟||𝑍𝑖−1(𝑘)|| + 𝑎2𝑏𝑠𝑏𝑣 +

𝑎3 ≤  𝜌||𝛿𝑢𝑓𝑖−1(𝑘)|| + ℎ(||𝛿𝑋𝑖−1(𝑘)|| +

||𝑍𝑖−1(𝑘)||) + 𝑎4  

(26) 

When considering norm operator properties, we have: 

ℎ = max [𝑎1 + 𝑎2𝑏𝑠𝑏𝑐, 𝑎2𝑏𝑟] 
𝑎4 = 𝑎2𝑏𝑠𝑏𝑣 + 𝑎3 

(27) 

Now, we should obtain properties of ||𝛿𝑋𝑖−1(𝑘)|| +

||𝑍𝑖−1(𝑘)||. Thus, according to (18) we can write: 

||𝑍𝑖−1(𝑘)|| ≤ ||𝑝𝑍𝑖−1(𝑘 − 1)|| +

||𝑞(𝑍𝑖−1(𝑘 − 1)||||𝑒𝑖−1(𝑘 − 1)|| ≤

𝑏𝑝||𝑍𝑖−1(𝑘 − 1)|| + 𝑏𝑞||𝐶𝛿𝑋𝑖−1(𝑘 − 1) −

𝑣𝑖−1(𝑘 − 1)|| ≤ 𝑏𝑞||𝑍𝑖−1(𝑘 − 1)|| +

𝑏𝑞𝑏𝑐||𝛿𝑋𝑖−1(𝑘)|| + 𝑏𝑞𝑏𝑣  

(28) 

Considering (15): 

 

 

𝛿𝑋𝑖−1(𝑘) = 

𝑓(𝑋𝑑,𝑘 − 1) − 𝑓(𝑋𝑖−1,𝑘 − 1) + [𝐵(𝑋𝑑,𝑘 − 1) −
𝐵(𝑋𝑖−1,𝑘 − 1)]𝑢𝑑(𝑘 − 1) + 𝐵(𝑋𝑖−1,𝑘 −
1)𝛿𝑢𝑓𝑖−1(𝑘 − 1) + 𝐵(𝑋𝑖−1,𝑘 − 1)𝑢𝑏𝑖−1(𝑘 − 1) −
𝜔𝑖−1(𝑘 − 1)  

(29) 

So: 

||𝛿𝑋𝑖−1(𝑘)|| ≤ ||𝑓(𝑋𝑑,𝑘 − 1) − 𝑓(𝑋𝑖−1,𝑘 −

1)|| + ||[𝐵(𝑋𝑑,𝑘 − 1) − 𝐵(𝑋𝑖−1,𝑘 − 1)]𝑢𝑑(𝑘 −

1)|| + ||𝐵(𝑋𝑖−1,𝑘 − 1)𝛿𝑢𝑓𝑖−1(𝑘 − 1)|| +

||𝐵(𝑋𝑖−1,𝑘 − 1)𝑢𝑏𝑖−1(𝑘 − 1)|| + ||𝜔𝑖−1(𝑘 −

1)||  

(30) 

And considering assumptions 1-5, we will have: 

||𝛿𝑋𝑖−1(𝑘)|| ≤ 𝑐𝑓||𝛿𝑋𝑖−1(𝑘 − 1)|| +

𝑐𝐵𝑏𝑢𝑑||𝛿𝑋𝑖−1(𝑘 − 1)|| + 𝑏𝐵||𝛿𝑢𝑓𝑖−1(𝑘 − 1)|| +

𝑏𝐵||𝑢𝑏𝑖−1(𝑘 − 1)|| + 𝑏𝜔  

(31) 

With substitution (25) into (31) we get: 

||𝛿𝑋𝑖−1(𝑘)|| ≤ 

(𝑐𝑓 + 𝑏𝐵𝑏𝑠𝑏𝑐 + 𝑐𝐵𝑏𝑢𝑑)||𝛿𝑋𝑖−1(𝑘 − 1)|| +

𝑏𝐵||𝛿𝑢𝑓𝑖−1(𝑘 − 1)|| + 𝑏𝐵𝑏𝑟||𝑍𝑖−1(𝑘 − 1)|| +

𝑏𝐵𝑏𝑠𝑏𝑣 + 𝑏𝜔  

(32) 

Adding (28) to (32) yields to: 

||𝛿𝑋𝑖−1(𝑘)|| + ||𝑍𝑖−1(𝑘)|| ≤ 

(𝑐𝑓 + 𝑏𝐵𝑏𝑠𝑏𝑐 + 𝑐𝐵𝑏𝑢𝑑 + 𝑏𝑞𝑏𝑐)||𝛿𝑋𝑖−1(𝑘 − 1)|| +

(𝑏𝐵𝑏𝑟 + 𝑏𝑞)||𝑍𝑖−1(𝑘 − 1)|| + 𝑏𝐵||𝛿𝑢𝑓𝑖−1(𝑘 −

1)|| + 𝑎5  

≤ 𝑚1(||𝛿𝑋𝑖−1(𝑘 − 1)|| + ||𝑍𝑖−1(𝑘 − 1)||)

+ 𝑚2||𝛿𝑢𝑓𝑖−1(𝑘 − 1)|| + 𝑎5 

(33) 

where we defined: 

𝑚1 = 

max [(𝑐𝑓 + 𝑏𝐵𝑏𝑠𝑏𝑐 + 𝑐𝐵𝑏𝑢𝑑 + 𝑏𝑞𝑏𝑐),(𝑏𝐵𝑏𝑟 + 𝑏𝑞)] 

𝑚2 = 𝑏𝐵 
𝑎5 = 𝑏𝐵𝑏𝑠𝑏𝑣 + 𝑏𝜔 + 𝑏𝑞𝑏𝑣 

   (34) 

Lemma. Given inequality: 𝑍(𝑘 + 1) ≤ 𝛽(𝑘) + ℎ𝑍(𝑘), 

where 𝛽(𝑘), 𝑍(𝑘) are scalar functions in all 𝑘 ≥ 0 and ℎ is a 

positive constant, for 𝑘 ≥ 1 we can write: 

𝑍(𝑘) ≤ ∑ℎ𝑘−1−𝑗
𝑘−1

𝑗=0

𝛽(𝑘) + ℎ𝑘𝑍(0)   (35) 

The proof is established by induction [29]. 

Now utilizing the given lemma and according to feedback 

controller initial condition 𝑍𝑖−1(0) = 0, equation (33) can be 

written in the form of: 

||𝛿𝑋𝑖−1(𝑘)|| + ||𝑍𝑖−1(𝑘)|| ≤

∑ 𝑚1
𝑘−1−𝑗𝑘−1

𝑗=0 (𝑚2||𝛿𝑢𝑓𝑖−1(𝑗)|| + 𝑎5) +

𝑚1
𝑘(||𝛿𝑋𝑖−1(0)|| + ||𝑍𝑖−1(0)||) ≤

    (36) 
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∑ 𝑚1
𝑘−1−𝑗𝑘−1

𝑗=0 (𝑚2||𝛿𝑢𝑓𝑖−1(𝑗)|| + 𝑎5) +

𝑚1
𝑘𝑏𝑥0   

Substitution     (36) by (25) leads to: 

||𝛿𝑢𝑓𝑖(𝑘)|| ≤  𝜌||𝛿𝑢𝑓𝑖−1(𝑘)|| +

ℎ (∑ 𝑚1
𝑘−1−𝑗𝑘−1

𝑗=0 (𝑚2||𝛿𝑢𝑓𝑖−1(𝑗)|| + 𝑎5)) +

ℎ𝑚1
𝑘𝑏𝑥0 + 𝑎4  

     (37) 

Now, by multiplying (
1

𝛼
)
𝑘

to both sides of      (37) and 

choosing 𝛼 > max [1,𝑚1], we will have: 

||𝛿𝑢𝑓𝑖(𝑘)|| (
1

𝛼
)
𝑘
≤  𝜌||𝛿𝑢𝑓𝑖−1(𝑘)|| (

1

𝛼
)
𝑘
+

ℎ

𝛼
(∑ (

𝑚1

𝛼
)
𝑘−1−𝑗

𝑘−1
𝑗=0 (𝑚2||𝛿𝑢𝑓𝑖−1(𝑗)|| (

1

𝛼
)
𝑗
+

𝑎5 (
1

𝛼
)
𝑗
)) + ℎ (

𝑚1

𝛼
)
𝑘
 𝑏𝑥0 + 𝑎4 (

1

𝛼
)
𝑘
  

       (38) 

 Considering the 𝛼-norm definition and noting that 𝛼-norm 

of a constant value is the constant itself: 

||𝛿𝑢𝑓𝑖(𝑘)||𝛼 ≤  𝜌|
|𝛿𝑢𝑓𝑖−1(𝑘)||𝛼 +

ℎ(𝑚2||𝛿𝑢𝑓𝑖−1(𝑘)||𝛼+𝑎5)

𝛼
(∑ (

𝑚1

𝛼
)
𝑘−1−𝑗

𝑘−1
𝑗=0 ) + ℎ 𝑏𝑥0 +

𝑎4  

(39) 

Knowing ∑ (𝑎)𝑗𝑛−1
𝑗=0 =

1−𝑎𝑛

1−𝑎
, we can obtain: 

||𝛿𝑢𝑓𝑖(𝑘)||𝛼 ≤  𝜌|
|𝛿𝑢𝑓𝑖−1(𝑘)||𝛼 +

ℎ(𝑚2||𝛿𝑢𝑓𝑖−1(𝑘)||𝛼+𝑎5)

𝛼
(
1−(

𝑚1
𝛼
)
𝑘

1−(
𝑚1
𝛼
)
) + ℎ 𝑏𝑥0 + 𝑎4 ≤

(𝜌 +
ℎ𝑚2(1−(

𝑚1
𝛼
)
𝑘
)

𝛼−𝑚1
)||𝛿𝑢𝑓𝑖−1(𝑘)||𝛼 +

ℎ𝑎5(1−(
𝑚1
𝛼
)
𝑘
)

𝛼−𝑚1
+

ℎ 𝑏𝑥0 + 𝑎4  

 (40) 

Or in a simpler notation: 

||𝛿𝑢𝑓𝑖(𝑘)||𝛼 ≤ 𝜌̂|
|𝛿𝑢𝑓𝑖−1(𝑘)||𝛼 + 𝜖   (41) 

where:  

𝜖 =
ℎ𝑎5 (1 − (

𝑚1
𝛼
)
𝑘
)

𝛼 − 𝑚1
+ ℎ 𝑏𝑥0 + 𝑎4 

  (42) 

And: 

𝜌̂ = 𝜌 +
ℎ𝑚2 (1 − (

𝑚1
𝛼
)
𝑘
)

𝛼 −𝑚1
< 1    (43) 

Thus, choosing large enough 𝛼 when trial number 𝑖 → ∞ 

leads to: 

||𝛿𝑢𝑓𝑖(𝑘)||𝛼 ≤ 𝜌̂|
|𝛿𝑢𝑓𝑖−1(𝑘)||𝛼 + 𝜖

𝑖→∞
→  lim

𝑖→∞
||𝛿𝑢𝑓𝑖(𝑘)||𝛼 ≤

𝜖

1−𝜌̂
  

(44) 

Equation (44) shows the proposed CILC leads the 

feedforward control signal to a neighborhood of the desired 

control signal. Also, by considering     (36), it can be written: 

lim
𝑖→∞
||𝛿𝑋𝑖−1(𝑘)||

≤ lim
𝑖→∞

(∑𝑚1
𝑘−1−𝑗

𝑘−1

𝑗=0

(𝑚2||𝛿𝑢𝑓𝑖−1(𝑗)|| + 𝑎5)

+ 𝑚1
𝑘𝑏𝑥0) ≤ 𝑎6

𝜖

1 − 𝜌̂
+ 𝑎7 

(45) 

where 𝑎6 and 𝑎7 are determined constants. In the end, it can 

be concluded that: 

lim
𝑖→∞
||𝑦𝑑(𝑘) − 𝑦𝑖(𝑘)|| ≤ lim

𝑖→∞
(𝑏𝑐||𝛿𝑋𝑖(𝑘)|| + 𝑏𝑣) ≤

𝑏𝑐(𝑎6
𝜖

1−𝜌̂
+ 𝑎7) + 𝑏𝑣 ≤ 𝜎  

(46) 

Which proves the proposed theorem.  While the 

convergence proof follows established ILC frameworks, the 

specific adaptation to a cable-driven rehabilitation traction 

system introduces unique constraints and challenges. Unlike 

standard industrial ILC applications, our system must account 

for variable patient biomechanics, safety considerations, and 

limited degrees of freedom. We highlight the following 

contributions: 

• Tailoring CILC for cable-driven systems with 

constrained mobility and tension limits. 

• Introducing a feedback term to enhance first-iteration 

performance, which improves applicability in real-world 

scenarios. 

• Analyzing the impact of nonlinear Jacobian behavior 

due to the parallel cable configuration, ensuring 

robustness against singularities and underactuation. 

 

IV. Applying the proposed CILC to the proposed 

structure 

Now we will implement the proposed CILC algorithm on 

the proposed cable-driven robot dynamics equations (11) to 

(14) which serves as a rehabilitation traction device. Assume 

𝛾(𝑡) = 𝑥1(𝑡), 𝛾̇(𝑡) = 𝑥2(𝑡) where 𝛾(𝑡) is the patient's leg side 

bending. State space equations can be written as: 

𝑋̇(𝑡) = [
𝑥2(𝑡)

−𝑀(𝑥)−1 (𝐶(𝑋,𝑋̇) + 𝐺(𝑋))
] +

[
0

𝑀(𝑥)−1
] (𝐽𝑇𝜏 − 𝑇𝑑)  

𝑦(𝑡) = [𝑥1(𝑡),𝑥2(𝑡)]
𝑇 

(47) 

As said in the previous sections, the mass matrix 𝑀(𝑥) is 

an asymmetric and positive definite matrix so it is invertible, 

and writing the above equations is possible.  

With the discrete-time interval dt=5ms, which leads to 

𝑁 = [0,1,…,6000] for operation time T=30s and using 

Euler's approximation method, (47) can be written in a 

discrete-time state-space format: 

𝑋(𝑘 + 1)

= [

𝑥1(𝑘) + 𝑑𝑡𝑥2(𝑘)

𝑥2(𝑘) + 𝑑𝑡 [−𝑀(𝑋(𝑘))
−1
(
𝐶(𝑋(𝑘),𝑋(𝑘 + 1))

+𝐺(𝑋(𝑘))
)]
]

+ [
0

𝑑𝑡(𝑀(𝑥(𝑘))−1)
] (𝐽𝑇𝜏(𝑘) − 𝑇𝑑(𝑘)) 

𝑦(𝑘) = [
1 0
0 1

]𝑋(𝑘) + 𝑣(𝑘) 

        (48) 

where 𝑇𝑑(𝑘) indicates disturbance, which can include model 

uncertainty and friction. Also, 𝑣(𝑘) includes measurement 

noise and error due to numerical differentiation.    

Now to find learning gain 𝐿(𝐾) = [𝑙1,𝑙2], according to 

the proposed CILC convergence rule (19) we have: 

|𝐼2×2 − 𝐿(𝑘) [
1 0
0 1

] [
0

𝑑𝑡(𝑀(𝑥(𝑘))−1)
]| < 1 

→ |1 −
𝑙2𝑑𝑡

𝐼
| < 1 

            (49) 
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where 𝐼 is the lower bound for the patient's leg rotational 

inertia in mass matrix 𝑀(𝑥). Inertial properties of the human 

body can be found in [32]. In our simulations, the patient's leg 

mass is 14 Kg and its length is 0.9 m. So learning gain 𝐿(𝑘) is 

selected as L(k)=(1-e-0.5kdt)[100,70].  

Furthermore, the feedback controller (18) is chosen to take 

the following form: 

𝑍𝑖(𝑘 + 1) = 𝐿3𝑒𝑖(𝑘) 
𝑢𝑏𝑖(𝑘) = 𝑍𝑖(𝑘) + 𝐿2𝑒𝑖(𝑘) 

      (50) 

where 𝐿2 = [300,120] and 𝐿3 = [60,24]. Additionally, to 

complete the proposed CILC structure we choose: 

λ(k)=0.4×(1-e-0.5kdt). These gains are easily obtained with 

the trial and error method. 

Simulation studies are presented to verify the proposed 

theorem. We have run three simulations. The desired 

trajectory is identical for all simulations and contains a ±15 

degree pendulum movement. Furthermore, for a better 

comparison, initial condition error and disturbance are the 

same in all simulations while a bounded random output noise 

is added in each trial. It should be noted that in a simulation, 

each trial has a random bounded initial condition error. In the 

first simulation, learning gains are as said before. Results are 

shown in Figure 6 and 7. In the first trial, only the feedback 

controller rolls in satisfaction with the control task. By 

increasing the trials and CILC roll-taking tracking, the error 

decreases magnificently and MSE converges.  

 

 
Figure 6 tracking error and MSE convergence of 𝑥1 for 10 

trials in first simulation 

 

In the second simulation, we compare different CILC signals 

which can be made by changing the learning gains so we can 

have a better understanding of the proposed CILC structure. 

For this purpose, once we select 𝐿1(𝑘) = 0 and 𝐿3 = 0 and 

the other gains are as before. Then 𝜆(𝑘) = 0 & 𝐿3 = 0 and in 

the third only 𝐿3 = 0 will be changed. For the comparison, 

each structure MSE is shown in Figure . As it 

 
Figure 7 Tracking error and MSE convergence of x2 for 10 

trials in the first simulation 

 

can be seen, minimum MSE appears where we used the 

proposed CILC with full learning gains selection. Also, when 

the previous time-index error is used in the feedback 

controller structure, it leads to a better tracking performance 

including the first trial.  In the third simulation, the effects of 

learning gain 𝐿(𝑘) are investigated in the proposed CILC. 

Therefore MSE result of the first simulation is compared with 

the ones when learning gain changes as L(k)=(1-

e-0.5kdt)[50,25] and L(k)=(1-e-0.5kdt)[200,140]. It is worth 

mentioning that the other gains and conditions are as same as 

the previous. Results are illustrated in Error! Reference 

source not found.  

 

 
Figure 8 comparison of different CILC signal structures in the 

second simulation 
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Figure 9 comparison of learning gain L(k) changes in the 

third simulation 

 

Finally, to compare the results of our proposed controller 

with a basic controller such as PID, this comparison is made 

for the mean square error, which is shown in Figure 10. The 

results clearly show the efficiency of the proposed controller. 

 

 
Figure 10 comparison of proposed controller and PID 

controller 

  

V. Conclusion 

In conclusion, this paper introduced a cable-driven 

rehabilitation traction device and proposed a new Current 

Iterative Learning Control (CILC) law to improve trajectory 

tracking performance. Although the theoretical analysis and 

simulation results show promising convergence and 

robustness, the absence of experimental validation remains a 

limitation. Future research will focus on building a functional 

prototype and conducting pilot experiments to assess the 

clinical potential of the system.  Future work will include: 

• Prototyping and hardware implementation of the 

proposed system. 

• Experimental validation with healthy subjects and 

eventually patients. 

• Integration of sensor feedback for real-time adaptive 

control. 

• Comparative studies with conventional PID and 

other control strategies. 

• Exploration of delay compensation and disturbance 

rejection techniques specific to biomechanical 

applications. 
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The pursuit of time-optimal performance is a fundamental objective for high-speed 

robotic and mechatronic systems, where minimizing settling-time directly enhances 

throughput and operational efficiency. Despite its importance, deriving exact solutions 

for practical systems remains a formidable challenge. Existing methodologies, which 

predominantly rely on numerical optimization or simplified plant models, often yield 

suboptimal results; they fail to provide guarantees of global optimality and frequently 

prove inadequate when confronting realistic system constraints such as actuator 

saturation. To address this critical gap, this paper introduces an analytical framework for 

synthesizing time-optimal control laws for a class of second-order systems. The proposed 

method is based on phase portrait analysis, a powerful geometric approach that facilitates 

the direct derivation of the exact switching curve. This curve is the critical element that 

defines the globally optimal, bang-bang controller. The final control law is presented in 

a closed-form expression, thereby enabling computationally efficient and straightforward 

implementation. Simulation results validate the theoretical framework, demonstrating 

that the proposed controller consistently achieves the theoretical performance by tracking 

the optimal trajectory perfectly.  

I. Introduction 

The pursuit of optimal performance is a fundamental 

objective in control engineering, particularly in applications 

where speed and precision are critical. Among various 

optimality criteria, the minimum-time control problem holds 

significant practical importance. In these problems, it is of 

interest to move the system’s states in the shortest possible 

time duration from an initial value to a desired point. This 

problem is especially relevant in various engineering fields 

such as robotics, aerospace, and manufacturing, where 

minimizing cycle time directly enhances productivity and 

efficiency [1-3]. 

However, a fundamental challenge in realizing time-

optimal control arises from the inherent physical limitations 

of actuators. All real-world systems, such as the motors in a 

robotic manipulator, are subject to constraints on their 

maximum achievable force, torque, or voltage. These 

saturation constraints preclude the use of controllers that 

demand infinite control effort and transform the control 

design problem into a complex, constrained optimization 

task. For second-order systems, which aptly model a vast 

array of mechanical systems, including simple robotic arms, 

mass-spring-damper systems, and galvanometers, the 

solution is known to be a bang-bang controller. This controller 

structure operates by applying either the maximum positive 

or negative control effort, switching between them at 

precisely calculated instants [4-6]. 

The time-optimal control problem has been a central topic 

in control theory since its modern inception, largely propelled 

by the pioneering work of Pontryagin and his colleagues on 

the maximum principle [7]. This principle provides a 

necessary condition for optimality, establishing that for a 

system with bounded controls, the optimal control must often 

maximize a certain Hamiltonian function, leading to a bang-

bang control structure [8]. For the specific case of double-

integrator (Newtonian system) and second-order linear 

systems, the analytical solution has been long-established in 

classical texts, where the optimal switching curve in the phase 

plane is derived [1, 9]. 

While the concept of bang-bang control is well-established 

[4], the analytical derivation of the exact switching law 

remains a topic of interest. The phase-plane analysis 

methodology offers a powerful and intuitive geometric 

https://orcid.org/0000-0002-8167-8125
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framework for tackling this problem [10]. By examining the 

trajectories of system’s states (position and velocity), the 

optimal switching curve that defines the control law can be 

visualized and derived exactly. This approach provides not 

only a control solution but also deep insight into the system's 

behavior under optimal control [11]. 

Recently, some works have discussed the minimum-time 

control solution in linear time-invariant (LTI) systems with 

constrained input. Using the state transition matrix, the 

minimum-time control solution is exactly computed in the 

LTI models with constrained control effort [12]. Then, an 

analytical framework is presented to find a discrete-time 

minimum-time controller in the LTI models with constrained 

control input [13].  

The application of these time-optimal principles to robotic 

systems, particularly for point-to-point motion, has been 

extensively explored. Considering torque constraints, to 

compute time-optimal trajectories, some foundational 

methods were presented for robotic manipulators along pre-

defined paths [14, 15]. This work, often referred to as the 

bang-bang switching principle, has been implemented in 

various motion planning algorithms. 

However, a significant portion of the literature focuses on 

numerical approaches to solve the resulting two-point 

boundary value problem for higher-order or nonlinear control 

systems [16, 17]. These control methods, while powerful, 

often rely on iterative optimization techniques that can be 

computationally intensive and may not provide the same level 

of intuitive insight as a closed-form analytical solution. 

Furthermore, many modern control strategies for 

constrained systems, such as model predictive control (MPC), 

handle constraints effectively but provide sub-optimal 

solutions for the minimum-time problem due to their discrete-

time nature and finite prediction horizons. The need for 

simple, exact, and intuitively precise control laws for 

fundamental system classes remains relevant for educational 

purposes, direct implementation on lightweight 

computational platforms, and as a performance benchmark 

for more complex algorithms. 

A significant trend in contemporary literature involves 

solving optimally the path tracking in complex, higher-degree 

of freedom robotic manipulators. Highlighting the 

computational challenges,  a control method is presented to 

approximate time-optimal control for the control systems 

with switching dynamics [18]. Similarly, a computationally 

efficient algorithm is suggested for time-optimal control of 

robotic systems with torque limitations, focusing on real-time 

implementability [19]. The work [16] reformulated the issue 

into a convex optimization, enabling efficient numerical 

solutions for robots following predefined paths. 

Another active branch of research integrates time-optimal 

principles with predictive control. To achieve near-optimal 

performance, the use of MPC is explored while explicitly 

handling state and input constraints, though acknowledging 

the sub-optimality introduced by discretization [20]. To 

address this, recent work on real-time MPC [21] seeks to 

bridge the gap between computational tractability and time-

optimal performance. 

The problem is also being revisited for systems with 

specific nonlinearities and uncertainties. The time-optimal 

control for nonlinear systems using a reinforcement learning 

framework is investigated in the work [22], learning near-

optimal policies where analytical solutions are intractable. 

For uncertain systems, a robust time-optimal control strategy 

is proposed that guarantees performance [23, 24]. 

Furthermore, the focus on performance has expanded beyond 

pure time minimization. For instance, a multi-objective 

optimization problem is addressed in the studies [25, 26], 

balancing time-optimality with energy consumption. Most 

recently, summarizing the current state of this nuanced field, 

a review of energy-time trade-offs in optimal control of the 

robotic manipulators was provided [2, 5, 27, 28]. 

This work distinguishes itself by returning to the analytical 

roots of the problem. Rather than presenting a new numerical 

algorithm, it provides a complete and self-contained 

derivation of the exact minimum-time control law for second-

order LTI systems using phase-plane analysis. This approach 

offers a geometric and highly intuitive interpretation of the 

optimal switching logic, from first principles to final control 

law. The primary contribution lies in its clarity and 

comprehensiveness, serving to bridge classical theory with 

practical application in robotic regulation, and providing a 

clear benchmark for optimal performance. 

Inspired by the minimum-time control of the Newtonian 

system [9], the key contribution of this research is the exact 

derivation of a minimum-time control law for a class of 

second-order LTI systems with bounded control efforts, 

utilizing a phase-plane idea. The issue is formulated in the 

context of a constrained robotic manipulator, initially 

modeled by its transfer function. The paper first addresses the 

stabilization problem, detailing how to move the system’s 

state to the origin under predefined actuator constraints. The 

exact solution to the stabilization issue is then conclusively 

employed to solve the output regulation in the minimum 

possible time. 

The remainder of this report is arranged as follows. Section 

2 introduces the model mathematics and formally states the 

minimum-time control in the robot arm. Section 3 presents 

the core phase-plane analysis and derives the exact structure 

of the time-optimal control law. Then, its application is 

discussed in the output regulation case. Section 4 provides a 

numerical example to check the applicability and the 

effectiveness of the designed control methodology in the 

robotic arm. Finally, some concluding points are summarized 

in Section 5. 
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II. Problem Formulation 

This section establishes the mathematical foundation for 

the minimum-time control problem. In numerous robotic and 

mechanical applications, ignoring the spring effects, a 

Cartesian robot manipulator with 𝑛-links can be imagined as 

follows [29]: 

𝑀𝑦̈ + 𝐵𝑦̇ = 𝑢, (1) 

where 𝑦 ∈ ℝ𝑛 and 𝑢 ∈ ℝ𝑛  are some vectors containing the 

robot positions and the input forces, respectively. In Eq. (1), 

𝑀 denotes the mass matrix and 𝐵 denotes the damping matrix. 

To specify exactly the minimum-time control solution, the 

above-mentioned matrices are assumed to be known. In a 

simplified form, in Fig. 1, a robotic manipulator with three 

perpendicular links is depicted.  

   

 
Fig. 1. A schematic of a 3-link manipulator 

 

Here, the specific control objective is to synthesize a law 

𝑢(𝑡) subjected to |𝑢(𝑡)| ≤ 𝑢max that drives the system output 

𝑦(𝑡), as well as its derivative (namely, the translational 

velocity 𝑦̇(𝑡)), from an primary state to a desired constant set-

point in the minimum possible time, while strictly adhering to 

the control constraint. 

In the condition which the terms 𝑀 and 𝐵 are some 

diagonal matrices, for instance like the model presented in 

[29], it can be decomposed as 𝑛 independent subsystems. 

Each one may be a second-order system like 

𝑦̈ − 𝑎𝑦̇ = 𝑏𝑢. (2) 

The control law is synthesized under the assumption that 

dynamic coupling between joints is negligible. This holds for 

operational scenarios such as slow movements or sequential 

joint control, where coupling effects are minimal. However, 

this assumption breaks down during high-speed, coordinated 

motions, where significant interaction forces arise and can 

lead to substantial tracking errors and performance loss. 

As a consequence, the corresponding transfer function 

would be obtained as  

𝐺(𝑠) =
𝑏

𝑠(𝑠−𝑎)
  (3) 

where 𝑦(𝑡) is the system’s output while the control effort 𝑢(𝑡) 

is constrained by 𝑢max. Moreover, the constants 𝑎 and 𝑏 are 

some known parameters for the designer. So, the control 

system (3) involves an integral term, while the coefficient 𝑎 

may be negative (stable) or positive (unstable). In the state 

space, the dynamic model (3) would be represented as 

{
𝑥̇1 = 𝑥2             
𝑥̇2 = 𝑎𝑥2 + 𝑏𝑢

  (4) 

where 𝑥1 = 𝑦 and 𝑥2 = 𝑦̇.  

Consequently, the specific control aim is to generate a 

constrained controller 𝑢(𝑡) = 𝜙(𝑥1, 𝑥2) with |𝑢(𝑡)| ≤ 𝑢max, 

that minimizes the time required to drive the system from any 

initial values (𝑥1(𝑡0), 𝑥2(𝑡0)) to the desired terminal state, 

satisfying the output regulation lim
𝑡→𝑡𝑓

𝑥1(𝑡) = 𝑦ref and 

lim
𝑡→𝑡𝑓

𝑥2(𝑡) = 0. This formally defines the time-optimal 

control problem that will be solved in the subsequent section 

through phase-plane analysis. Subsequently, the closed-loop 

stabilization in the minimum-time is presented for the system 

(4). Then the results are used in the regulation problem.   

 

III. Main Results 

Having formally stated the problem, this part discusses the 

geometric derivation of the exact time-optimal control law 

using the phase-plane methodology. The phase portrait offers 

a powerful tool for visualizing the system's dynamics and 

synthesizing controllers for nonlinear systems, such as those 

with bang-bang control structures. The analysis begins by 

transforming the second-order dynamics into a system of 

first-order equations in the state space, defining the phase 

variables 𝑥1 = 𝑦 (the system’s output) and 𝑥2 = 𝑦̇ (the 

derivative of the output). The core of this section will be 

dedicated to constructing the optimal switching curve, a 

critical locus in the phase plane that partitions the state space 

into zones where the optimal controller is either 𝑢 = 𝑢max or 

𝑢 = −𝑢max. The properties of system trajectories under these 

extreme control efforts are analyzed to prove that this 

switching curve indeed yields the minimum-time solution to 

the origin, which is then extended to the regulation problem. 

Stabilization Problem. It is desired to design a command 

signal 𝑢(𝑡) with |𝑢(𝑡)| ≤ 𝑢max so that the system’s states are 

moved in the minimum-time from 𝑥(𝑡0) = 𝑥0 to 𝑥(𝑡𝑓) = 0. 

Thus, the cost function is  

𝐽 = ∫ 1d𝑡
𝑡𝑓

𝑡0
. (5) 

Let us construct the Hamiltonian function in the following 

form: 

ℋ(𝑥, 𝜆, 𝑢) = 1 + 𝜆1𝑥2 + 𝜆2(𝑎𝑥2 + 𝑏𝑢). (6) 

The costate equations are found as follows: 

{
𝜆̇1 = −

𝜕ℋ

𝜕𝑥1
= 0                  

𝜆̇2 = −
𝜕ℋ

𝜕𝑥2
= −𝜆1 − 𝑎𝜆2

  (7) 

Employing the recognized Pontryagin principle with 

|𝑢(𝑡)| ≤ 𝑢max, we have: 

ℋ(𝑥∗(𝑡), 𝜆∗(𝑡), 𝑢∗(𝑡)) ≤ ℋ(𝑥∗(𝑡), 𝜆∗(𝑡), 𝑢(𝑡)). (8) 
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Consequently, the optimal control would have a solution if 

|𝑢∗(𝑡)| = 𝑢max holds. Then the switching curve would be 

obtained as follows: 

Case 1) If 𝑢 = +𝑢max holds, then the system’s solution is  

{
 
 

 
 𝑥1(𝑡) = 𝑥1(𝑡0) +

𝑥2(𝑡0)

𝑎
(𝑒𝑎𝑡 − 1)         

      +𝑢max
𝑏

𝑎2
(𝑒𝑎𝑡 − 1) − 𝑢max

𝑏

𝑎
𝑡

𝑥2(𝑡) = 𝑥2(𝑡0)𝑒
𝑎𝑡 + 𝑢max

𝑏

𝑎
(𝑒𝑎𝑡 − 1)

,   𝑡 ≥ 𝑡0 (9) 

The trajectory crossing the origin is  

{
𝑥1 = 𝑢max

𝑏

𝑎2
(𝑒𝑎𝓉 − 1) − 𝑢max

𝑏

𝑎
𝓉

𝑥2 = 𝑢max
𝑏

𝑎
(𝑒𝑎𝓉 − 1)                      

 , ∀𝓉 ∈ ℝ (10) 

In the phase-plane, the corresponding nonlinear curve is 

established as follows: 

𝑥1 =
1

𝑎
𝑥2 − 𝑢max

𝑏

𝑎2
Ln (1 +

𝑎

𝑏𝑢max
𝑥2). (11) 

Case 2) If 𝑢 = −𝑢max holds, then the system’s solutions are  

{
 
 

 
 𝑥1 = 𝑥1(𝑡0) +

𝑥2(𝑡0)

𝑎
(𝑒𝑎𝑡 − 1)             

+𝑢max
𝑏

𝑎2
(1 − 𝑒𝑎𝑡) + 𝑢max

𝑏

𝑎
𝑡

𝑥2 = 𝑥2(𝑡0)𝑒
𝑎𝑡 + 𝑢max

𝑏

𝑎
(−𝑒𝑎𝑡 + 1) 

, 𝑡 ≥ 𝑡0 (12) 

Similarly, the trajectory crossing the origin is  

{
𝑥1 = 𝑢max

𝑏

𝑎2
(1 − 𝑒𝑎𝓉) + 𝑢max

𝑏

𝑎
𝓉

𝑥2 = 𝑢max
𝑏

𝑎
(−𝑒𝑎𝓉 + 1)                   

, ∀𝓉 ∈ ℝ (13) 

Accordingly, the following switching curve would be 

obtained: 

𝑥1 =
1

𝑎
𝑥2 + 𝑢max

𝑏

𝑎2
Ln (1 −

𝑎

𝑏𝑢max
𝑥2). (14) 

For different selections of the value 𝑎 and 𝑏, the phase-

plane of the control system with 𝑢max = 1 are plotted in Fig. 

2. Then the corresponding stable switching curves are shown 

in Fig. 3.  

 

 
 

Fig. 2. The phase-planes for different signs of 𝑎 and 𝑏 

 

Fig. 3. Stable switching curves for different signs of 𝑎 and 𝑏 

According to Fig. 3, depending on 𝑎 and 𝑏, a stable 

switching curve could be found by the following formula:  

𝑥1 =
1

𝑎
𝑥2 + 𝑢max

|𝑏|

𝑎2
sgn(𝑥2)Ln (1 −

𝑎

𝑢max
|
𝑥2

𝑏
|). (15) 

Then, aided by the phase plane diagram, the control signal 

𝑢(𝑡) is optimally computed as follows: 

𝑢(𝑡) = {
−𝑢maxsgn(𝑏𝑠(𝑡))     𝑠(𝑡) ≠ 0

−𝑢maxsgn(𝑏𝑥2(𝑡))   𝑠(𝑡) = 0
  (16) 

where the switching curve 𝑠(𝑥1, 𝑥2) is 

𝑠 = 𝑥1 −
1

𝑎
𝑥2 − 𝑢max

|𝑏|

𝑎2
sgn(𝑥2)Ln (1 −

𝑎

𝑢max
|
𝑥2

𝑏
|).  

It states that the case 𝑠(𝑡) ≠ 0 drives the system towards 

the switching manifold, while the case 𝑠(𝑡) = 0 with 𝑥2(𝑡) ≠

0 maintains the system on the switching surface. The control 

aims (𝑥1(𝑡) = 𝑥2(𝑡) = 0) would be favorably accomplished 

when 𝑠(𝑡) = 0 and 𝑥2(𝑡) = 0 hold. 

In the phase plane, it can be checked that the set 𝑠(𝑥1, 𝑥2) =

0 or Eq. (15) constructs an invariant set. Thus the system’s 

solutions remain on Eq. (15) for the initial conditions that start 

from 𝑠(𝑥1, 𝑥2) = 0. 

Unstable Region. The argument of the logarithmic 

function would always be positive when 𝑎 < 0. However, for 

positive 𝑎, the minimum-time control problem would not 

have a solution when |𝑥2(𝑡0)| > 𝑢max
|𝑏|

𝑎
.  For example, as far 

as the coefficient 𝑎 is positive, either 𝑢(𝑡) = +𝑢max 

combined with 𝑥2(𝑡0) = −𝑢max
𝑏

𝑎
 or 𝑢(𝑡) = −𝑢max along 

with 𝑥2(𝑡0) = 𝑢max
𝑏

𝑎
  is taken, applying Eq. (9) and Eq. (12), 

the system’s solution is  

{
𝑥1(𝑡) = 𝑥1(𝑡0) + 𝑥2(𝑡0)𝑡

𝑥2(𝑡) = 𝑥2(𝑡0)                   
,   𝑡 ≥ 𝑡0 (17) 

As a consequence, the solutions would be unbounded if both 

control effort 𝑢(𝑡) and initial condition 𝑥2(𝑡0) remain on a 

specified boundary set. Utilizing Eq. (9) and Eq. (12), it can 

be observed that the system’s solutions would tend to infinity 

if the conditions |𝑥2(𝑡0)| > 𝑢max
|𝑏|

𝑎
 and 𝑎 > 0 hold. In other 

words, the control authority is insufficient to counteract the 

divergent dynamics, making the time-optimal problem 

infeasible from such initial states. 

Next, the results are discussed for the small 𝑎. To this aim, 

the logarithmic function Ln(1 + 𝑧) can be approximated as 

the following: 

Ln(1 + 𝑧) = 𝑧 −
1

2
𝑧2 +

1

3
𝑧3 −

1

4
𝑧4 +⋯, |𝑧| < 1. (18) 

Fig. 3 shows, for small 𝑎 (i.e., |𝑎| ≪ 1) and  𝑏 > 0, if 𝑢 =

+𝑢max, then 𝑥2 < 0 and the following condition would hold: 

𝑥1 =
1

𝑎
𝑥2 −

1

𝑎
𝑥2 +

1

2

𝑥2
2

𝑏𝑢max
−

1

3

𝑎𝑥2
3

𝑏2𝑢max
2 +⋯ =

1

2𝑏𝑢max
𝑥2
2. (19) 

Similarly, if 𝑢 = −𝑢max, then 𝑥2 > 0 and the subsequent 

approximation could be written: 

𝑥1 =
1

𝑎
𝑥2 −

1

𝑎
𝑥2 −

1

2

𝑥2
2

𝑏𝑢max
−

1

3

𝑎𝑥2
3

𝑏2𝑢max
2 +⋯ = −

1

2𝑏𝑢max
𝑥2
2. (20) 

Thus the final switching surface is reduced to the following 

second-order function: 

𝑥1 =
−1

2𝑏𝑢max
|𝑥2|𝑥2, |𝑎| ≪ 1, 𝑏 > 0 . (21) 
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Accordingly, the same results were obtained in the study 

[9] for 𝑎 = 0. The exact and approximated switching curves 

clearly illustrate the error introduced by the series truncation. 

This analysis provides the necessary context for practitioners 

to assess the trade-off between simplicity and optimality 

when deploying the simplified controller. In conclusion, the 

phase-plane analysis has yielded a complete solution to the 

minimum-time stabilization problem. The optimal switching 

curve has been rigorously derived, partitioning the phase 

plane into two distinct regions. The corresponding control 

law, defined by the bang-bang policy 𝑢 = +𝑢max for states 

below the switching curve and 𝑢 = −𝑢max for states above it, 

has been proven to move the initial states to the origin in the 

minimum achievable time while strictly adhering to the 

control constraint. Eq. (15) is a switching curve in the optimal 

control sense, guaranteeing that once the system trajectory 

reaches it, no further switching is needed. Thus, this law 

requires at most one switching event and provides the 

foundational result for addressing the output regulation in the 

following subsection.  

Regulation Problem. The output regulation would be 

achieved at an invariant set-point 𝑦ref with the equilibrium 

point 𝑥̅ = [𝑦ref 0]𝑇 and 𝑢̅ = 0. So, satisfying the constraint 

|𝑢(𝑡)| ≤ 𝑢max, it is desired to determine 𝑢(𝑡) so that the 

states are moved from 𝑥(𝑡0) = 𝑥0 to 𝑥(𝑡𝑓) = 𝑥̅ in the 

minimum-time. Defining 𝜉(𝑡) = 𝑥(𝑡) − 𝑥̅, we have: 

{
𝜉̇1 = 𝜉2             

𝜉̇2 = 𝑎𝜉2 + 𝑏𝑢
  (22) 

Without loss of generality, it is equivalent to moving the 

state from 𝜉0 = 𝑥0 − 𝑥̅ to the origin. Thus, substituting 𝑥1 =

𝜉1 + 𝑦ref and 𝑥2 = 𝜉2, a stable switching manifold is  

𝑥1 = 𝑦ref +
1

𝑎
𝑥2  

      +𝑢max
|𝑏|

𝑎2
sgn(𝑥2)Ln (1 −

𝑎

𝑢max
|
𝑥2

𝑏
|). 

(23) 

Then the optimal control signal 𝑢(𝑡) would be found as  

𝑢(𝑡) = {
−𝑢maxsgn(𝑏𝑠(𝑡))      𝑠(𝑡) ≠ 0

−𝑢maxsgn(𝑏𝑥2(𝑡))    𝑠(𝑡) = 0
  (24) 

where 

𝑠 = 𝑥1 − 𝑦ref −
1

𝑎
𝑥2 − 𝑢max

|𝑏|

𝑎2
sgn(𝑥2)Ln (1 −

𝑎

𝑢max
|
𝑥2

𝑏
|).  

Remark 1. The control signal contains instantaneous 

fluctuations around the equilibrium point. In the control law 

(24), to avoid chattering phenomena when 𝑠(𝑡) = 0, the sign 

function can be approximated with a smoothed one 

like sat(. ), tanh(. ), tan−1(. ) and the other ones. However, 

smoothing the sign function would fundamentally lead to sub-

optimality. 

Remark 2. The proposed bang-bang controller acts as a 

finite-time convergent control law, ensuring robustness to 

infinitesimal disturbances during the reaching phase. 

Accordingly, the system’s states are driven to the origin in a 

pre-computable finite settling-time. 

Remark 3. In the proposed control law, the computational 

burden associated with the real-time calculation of the 

logarithmic function may be a challenging issue. Although 

this imposes a greater load than a linear controller, it remains 

feasible for standard hardware, a fact demonstrated by its 

prevalence in other sophisticated control algorithms. To 

further mitigate this cost in resource-limited environments, 

the option of pre-computing the switching curve into a lookup 

table is presented, trading a marginal amount of memory for 

a deterministic and fast execution time. 

Remark 4. The proposed method develops a framework to 

design an optimal control law for the second-order LTI 

systems with no uncertain part and a hard limitation on the 

control input. The solving technique is the phase plane which 

is helpful for the second-order models. Thus, the problem 

formulation is dedicated to the second-order systems. 

However, it may be generalized to the high-order LTI control 

systems. Moreover, deriving an exact (closed form) solution 

would have some extra complexities in the nonlinear second-

order systems. 

The phase-plane analysis has yielded a complete and exact 

solution to the minimum-time control for the constrained 

second-order model. The optimal control law, defined by the 

switching curve, has been rigorously derived and proven to 

possess a bang-bang structure, requiring at most one 

switching event to direct the initial states to the origin in 

minimum time. Furthermore, by defining the error state, this 

stabilization law is directly applicable to the output regulation 

problem, enabling time-optimal set-point tracking. The 

following section will demonstrate the implementation and 

efficacy of this control law through a numerical simulation. 

 

IV. Numerical Simulation 

To confirm the theoretical derivations and demonstrate the 

practical performance of the designed time-optimal control 

law, this section presents a comprehensive numerical 

example. A specific second-order system, representative of a 

typical robotic joint, is simulated under the derived bang-bang 

control policy. The response of the system’s states in the 

phase portrait, the time evolution of the control effort, and the 

output regulation performance is analyzed in detail. The 

results serve to visually confirm the existence and properties 

of the optimal switching curve and, most importantly, to 

verify that the system achieves exact regulation in the 

minimum achievable time while strictly adhering to the 

control constraint. A robot manipulator with a single arm is 

discussed later. To this purpose, consider a robotic model 

described by Eq. (3) with 𝑢max = 3, 𝑎 = 1 and 𝑏 = 2. The 

initial conditions of the position and velocity are 𝑥1(0) = −3 

and 𝑥2(0) = 5.  

The integration time step is one millisecond, the solver is 

the Runge–Kutta method, and the duration of the simulation 

is 20 seconds. In this example, the reference is the following 

piece-wise constant signal: 
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𝑦ref(𝑡) = {
2            0 ≤ 𝑡 < 8
3          8 ≤ 𝑡 < 12
0       12 ≤ 𝑡 < 20

    (25) 

It is desired to track reference 𝑦ref(𝑡) as shown in Fig. 4. 

To avoid the chattering phenomena when 𝑠(𝑡) = 0, the 

function sign(𝑏𝑥2) is approximated by tanh(100𝑥2). 

Applying the suggested procedure, the optimal control law 

(24) is realized with smoothed ones as follows: 

𝑢(𝑡) = {
−𝑢maxsgn(𝑠(𝑡))               𝑠(𝑡) ≠ 0

−𝑢maxtanh(100𝑥2(𝑡))    𝑠(𝑡) = 0
  (26) 

where 𝑠 = 𝑥1 − 𝑦ref − 𝑥2 − 6sgn(𝑥2)Ln (1 −
|𝑥2|

6
).  

To show the effectiveness of the proposed technique, the 

system behavior is evaluated with the LQR method. Such a 

state feedback optimal controller would be realized as 

𝑢(𝑡) = −(𝑥1(𝑡) − 𝑦ref) − 1.5𝑥2(𝑡). (27) 

The system’s output is shown in Fig. 4, while the second 

state is illustrated in Fig. 5. It is verified that zero steady-state 

error is achieved via both controllers. Moreover, 

corresponding to 𝑦ref(𝑡) = 2, the minimum time is 2.5545 

seconds. The state trajectories of the robot in the phase-plane 

are seen in Fig. 6. The control effort 𝑢(𝑡) and the switching 

curve 𝑠(𝑡) are plotted in Fig. 7. Additionally, to show the 

effectiveness of the suggested control method, during interval 

0 < 𝑡 < 8, some quantitative metrics like settling-time, peak 

output and peak control efforts are calculated and provided in 

Table 1.  

 

Table 1. Comparison of some control indexes 
Index Proposed Method LQR 

Settling-Time [𝐬𝐞𝐜] 2.5545 5.6280 
Peak Output [𝐦] 2.7559 3.1055 

Peak Control 

Effort  

[𝐦/𝐬𝐞𝐜^𝟐] 

3 0.5019 

 

Applying the proposed minimum-time controller, the 

output 𝑦(𝑡) follows the set-point 𝑦ref(𝑡) during the start and 

the brake phases. Compared with similar control techniques, 

the simulation results conclusively validate the theoretical 

framework developed in Section 3. 

The state trajectory in the phase plane was observed to 

seamlessly follow the predicted optimal switching curve, 

switching control effort at the precise theoretical point to 

guide the system directly to the origin. The control input 

maintained its bang-bang structure, operating strictly within 

the defined saturation limits of ±𝑢max throughout the process. 

Most significantly, the system achieved perfect regulation at 

a time that aligns with the theoretical minimum, as no other 

admissible control signal could have completed the transition 

faster. This numerical example effectively demonstrates the 

practical applicability and optimal performance of the phase-

plane derived control law for the constrained second-order 

systems. 

 
Fig. 4. The system’s output and reference signal 

 

 

Fig. 5. The second state of the system  

 

 

Fig. 6. The state trajectory in the phase-plane 

 

 
Fig. 7. The control effort 𝑢(𝑡) and the switching curve 𝑠(𝑡) 

 

To analyze the robustness against perturbations, new 

simulations explicitly test the controller’s performance under 

both external disturbances and parametric model 

uncertainties. To this purpose, a torque disturbance with an 

amplitude of 2 is applied during 4 < 𝑡 < 5. Moreover, in the 

control law, +20% increment has been made in the 

parameters 𝑎 and 𝑏. The output and input of the system are 

presented in Figs. 8 and 9. Additionally, to check the 

controller’s robustness under external disturbance and model 
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uncertainty, some quantitative control metrics during time 

interval 0 < 𝑡 < 8 are numerically calculated and reported in 

Table 2.  

 

Table 2. Robustness of the proposed controller 
Index Nominal Case Uncertain Case 

Settling-Time [𝐬𝐞𝐜] 2.5545 2.8780 

Peak Output [𝐦] 2.7559 3.1111 

 

Compared with the nominal case, the quantitative and 

figurative results demonstrate the controller’s inherent 

robustness properties and quantify the resulting performance 

degradation such as the increase in settling-time. 

 

 
Fig. 8. The output and reference under uncertain terms  

 

 
Fig. 9. The control effort 𝑢(𝑡) under uncertain terms 

 

V. Conclusion 
This paper has successfully derived and demonstrated an 

exact minimum-time control law for a class of second-order 

LTI systems subjected to control effort constraints. By 

employing a phase-plane analysis approach, the time-optimal 

control was translated into a geometric problem of finding the 

optimal switching curve that drives the states of the system to 

the origin in the shortest time. The core of the strategy was 

first established by solving the stabilization problem, proving 

that the optimal control policy is a bang-bang control law that 

switches between the maximum allowed control efforts. This 

policy was then rigorously extended to solve the output 

regulation, guaranteeing that the system reaches its desired 

set-point in the theoretical minimum time. The practical 

applicability of the theoretical findings was conclusively 

validated through a numerical example. The simulation 

results clearly illustrated the controller’s performance, 

showcasing its ability to achieve precise regulation exactly as 

predicted by the phase-plane analysis, with no overshoot and 

in the fastest achievable time given the system’s constraints. 

In summary, this work provides an exact and practically 

verifiable solution to the classic minimum-time control 

problem. The clarity of the phase-plane method offers 

significant intuitive insight into the structure of the optimal 

control law. Future work will focus on extending this 

approach to higher-order systems and exploring its robustness 

in the presence of model uncertainties and external 

disturbances. 
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Today, power system operators face two major challenges: (1) determining the 

flexibility region for generators due to the increasing penetration of renewable 

generation in power systems, and (2) the rise in ambient temperature. Structural 

limitations in a power network and changes in its topology significantly affect the 

generator's flexibility region. In this paper, in addition to describing the structure of 

the flexibility region, the variability of these regions due to changes in the network 

topology is thoroughly demonstrated. For this purpose, the problem of determining 

the flexibility region of the generators (GFR) is integrated with the Optimal 

Transmission Switching (OTS) and Dynamic Line Rating (DLR) problems to 

develop the flexibility region and maximize the use of renewable power generation. 

To reduce the computational time and increase the effectiveness of the proposed 

method, an innovative method (referred to as Radar Scanning) is used to categorize 

the data related to the changes in the output power of renewable generation units. To 

evaluate the proposed method, the IEEE 30-bus and 118-bus power systems are 

employed, and the numerical results obtained from the simulation show that: first, 

OTS and DLR can enhance and improve the flexibility region of the generators in a 

power system; and second, by employing the proposed algorithm, the flexibility 

region of 30- and 118-bus power systems are determined by examining only a limited 

number of data (less than 30%), resulting in a 92% and 89% reduction in 

computational time, respectively. 

NOMENCLATURE   

DLR, 

DTR 
Dynamic Line/ Thermal Rating M , Ms positive number related to the Big M method 

DNE DO-Not-Exceed limit 𝑃𝑖 Base case output power of conventional unit i 

DR Dispatchable Region 𝑃𝐷𝑗 Demand load on bus j 

GFR Generator Flexibility Region 𝑅𝑖
+, 𝑅𝑖

− Ramp-up/down limit of conventional unit i 

LP Linear Program 𝜔𝑘
𝑒 , ∆𝜔𝑘  

Forecasted and Uncertain output of renewable 

power generation unit k 

MILP Mixed-Integer linear program 𝜋𝑘𝑙 Power Transfer Distribution Factors (PTDF)  

ODPs Observed Data Points 𝑃𝑖
𝑚𝑖𝑛, 𝑃𝑖

𝑚𝑎𝑛 The min/max generation of conventional unit i 

OPF Optimal Power Flow H , h matrix corresponding to the GFR 

OTS Optimal Transmission Switching 𝑁𝑠𝑤 Maximum number of lines for switching 

PABs Potentially Active Boundaries 𝜃𝑚𝑎𝑥  Maximum value of voltage angle in each bus 

SOPs soft open points method 𝑃𝑖
+, 𝑃𝑖

− 
A positive/negative change in the output of the 

conventional unit i 

STR Static Thermal Rating y value corresponding to 𝑃𝑖
+ and 𝑃𝑖

− 

A, B, C, 

b0 
Coefficient matrix of power system 𝑍𝑙 Binary variable for line state (1=closed,0=open) 

𝐹𝑙,𝐵𝑙 Capacity/Susceptance of transmission line L 𝑆+, 𝑆− Slack variables 
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I. Introduction 

With the beginning of the 21st century, due to the 

challenges caused by air pollution and the increasing cost of 

fossil fuels, the use of renewable resources such as wind and 

solar power has been increasing [1], [2], [3]. The increased 

use of renewable energy, due to its variability and high 

uncertainty (particularly wind power) along with rising 

ambient temperature, creates challenges for power systems 

and affects their flexibility, security and reliability. 

To carry out preventive and corrective measures in the 

presence of renewable power generation units and to adapt 

the power system to them, many studies have been conducted 

in recent years. To operate power systems reliably and 

economically with renewable power generation, proposed 

methods often focus on adapting the power system by limiting 

the amount of renewable power generation. One such method 

is the "Do-Not-Exceed" concept, which defines the maximum 

range of renewable power generation that the power system 

can accommodate while maintaining security and reliability 

with minimal operational challenge [4]. The concept of the 

admissible region for renewable power generation is another 

method used in [5], [6] to assess power system risk. Another 

related concept is the Dispatchable Region (DR) of renewable 

power generation, which refers to the amount of power that 

the power system can tolerate. In other words, the DR 

represents the wind or solar power output that the power 

system can adapt to under given operating conditions [7], [8]. 

According to the research presented in [9], instead of 

examining all possible dispatchable regions, only the output 

data from renewable power generation units needs to be 

evaluated. This approach significantly reduces the number of 

boundaries that must be defined for the dispatchable region, 

as some theoretical boundaries will never be activated by 

actual renewable power outputs, making their determination 

unnecessary. Therefore, the concept of potentially active 

boundaries (PABs) was introduced. 

In the research conducted in over recent years, most 

authors have focused on determining the flexibility and 

security regions of the power system in the presence of 

renewable sources. For example, [10] investigated problems 

in active distribution networks caused by the increased 

penetration of distributed generators (DGs) and proposed 

solutions to enhance network flexibility using control 

measures. Reference [11] explored improving flexibility and, 

consequently, the reliability and economy of power networks 

using the Soft Open Points (SOPs) method. Reference [12] 

examined the effect of transmission line switching on the 

flexibility of networks with wind power generation and 

showed that transmission switching can increase the 

network’s flexibility with respect to renewable sources. 

Reference [13] described the security region of the power 

system in response to increasing renewable resource 

injection. 

The flexibility region of generators is limited by network 

equipment, such as the thermal capacity of transmission lines 

and the reserve capacity of conventional generators. The 

injection of power from renewable energy sources into the 

power system buses can lead to overloading in the lines 

connected to those buses or elsewhere in network. 

According to past studies, power transmission limitations 

in power system lines can be improved through two methods: 

optimal transmission switching (OTS) and the dynamic line 

rating determination system (DLR), also known as dynamic 

thermal rating (DTR) [14], [15]. The concept of OTS was 

introduced by [16]. This approach combines the OTS problem 

with the optimal power flow (OPF) problem, enabling to the 

relief or reduction of power system congestion and overload 

while maintaining network reliability at a desirable level. Past 

works have utilized OTS for various purposes, including 

achieving economic benefits, reducing operating costs, 

relieving line congestion, mitigating overload, serving as a 

corrective mechanism for voltage violations, and improving 

power system reliability [17]. 

Typically, most studies related to load flow or economic 

dispatch use the static thermal rating (STR), a specified and 

fixed value determined by assuming the worst-case weather 

conditions along a transmission line route [18]. However, as 

noted in [19], [20], if the atmospheric and environmental 

conditions around each line or conductor are known, the 

instantaneous and subsequently the dynamic thermal capacity 

can be determined. Studies indicate that implementing DLR 

can increase transmission line capacity by 15-50% in many 

cases and up to 150% of its STR capacity in others [21]. 

Furthermore, utilizing DLR capacity can reduce network 

congestion [22], enhance power system reliability [23], and 

consequently, defer or prevent the construction of new lines 

[24]. Reference [25] simultaneously examines the impact of 

using the dynamic capacity of lines and transformers to 

increase renewable generation injection, showing that using 

transformer dynamic capacity requires greater care due to its 

impact on reducing their useful life. Reference [26] 

comprehensively examines power grid transmission capacity 

optimization using DLR, demonstrating that this solution can 

mitigate the challenges associated with increased renewable 

resource usage . 

A review of the literature reveals that prior research has 

predominantly focused on the mathematical determination 

and definition of power system flexibility or dispatchable 

regions. However, the impact of structural changes within the 

power system on these generator flexibility regions has been 

largely unexplored. Structural changes in a power system can 

include line exits, changes in the number of generation units, 

changes in the thermal capacity of lines, and similar factors, 

which can cause changes in the size of the flexibility region. 

Furthermore, existing methodologies lack an efficient 

algorithm for processing and classifying the output data from 
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renewable sources. This shortcoming increases 

computational complexity and computational time, rendering 

previous approaches less practical for large-scale network 

analysis. 

Motivated by the global imperative to integrate renewable 

resources and address challenges such as rising ambient 

temperature, this paper investigates a data-driven approach 

for determining flexibility regions. Specifically, it examines 

how these regions are affected by network topology changes 

via OTS and capacity adjustments via DLR.  A key 

contribution of this work is the introduction of an algorithm 

to identify the most impactful line for DLR deployment—a 

step that not been addressed in earlier works—to maximize 

the expansion of the system's flexibility region. 

In this paper, a new formulation using a data-driven method 

formulated as a linear programming (LP) problem with high 

computational efficiency for determining the generator 

flexibility region is introduced. Its main innovations are as 

follows: 

1- It reduces the complexity of determining the flexibility 

regions of power systems using a newly proposed model, 

transforming the problem from a MILP to an LP problem, and 

increases its efficiency for analyzing large-scale systems. 

2- A heuristic algorithm called “Radar Scanning” is 

introduced to classify and cluster the output data of renewable 

resources thereby increasing computational speed and 

reducing computation time. 

3- A heuristic algorithm is introduced to identify the most 

effective transmission line for installing the DLR system in 

order to achieve the greatest impact on the network flexibility 

region. 

 

II. Defining the Dispatch Problem and GFR 

A) Mathematical Formulation Related to Load Flow in a 

Power System 

Inspired by [9], the generator flexibility region (GFR) of a 

power system is defined as the set of all possible renewable 

power generation outputs under which the system can 

maintain secure and reliable operation within acceptable 

limits. The boundaries of the GFR are constrained by the 

physical limits of network equipment. Therefore, the aim of 

this section is to determine the maximum possible GFR 

subject to these operational conditions. If the power output of 

conventional units is denoted by 𝑃𝑖  and the power output of 

renewable generation is denoted by  𝜔𝑒, the equations 

describing variations in generation and transmission power 

are formulated as follows.  

∑(𝑃𝑖 + 𝑃𝑖
+ − 𝑃𝑖

−)

𝑖

+∑(𝜔𝑘
𝑒 + ∆𝜔𝑘) =∑𝑃𝐷𝑗

𝑗𝑘

 (1) 

−𝐹𝑙 ≤∑𝜋𝑖𝑙(𝑃𝑖 + 𝑃𝑖
+ − 𝑃𝑖

−)

𝑖

+∑𝜋𝑘𝑙(𝜔𝑘
𝑒 + ∆𝜔𝑘)

𝑘

−∑𝜋𝑗𝑙𝑃𝐷𝑗
𝑗

≤ 𝐹𝑙 ,   ∀𝑙 
(2) 

𝑃𝑖
𝑚𝑖𝑛 ≤ 𝑃𝑖 + 𝑃𝑖

+ − 𝑃𝑖
− ≤ 𝑃𝑖

𝑚𝑎𝑥  , ∀𝑖 (3) 

0 ≤ 𝑃𝑖
+−≤ 𝑅𝑖

+ , ∀𝑖 (4) 

0 ≤ 𝑃𝑖
−−≤ 𝑅𝑖

− , ∀𝑖 (5) 

where, equation (1) represents the power balance. Inequality 

(2) enforces the security limits on the maximum transmission 

power of the lines, which must remain within the range (𝐹𝑙  

and -𝐹𝑙) under all conditions. Constraint (3) is the maximum 

and minimum power generation capacity of the conventional 

units. Constraints (4) and (5) govern the upward and 

downward reserve capacity of each conventional unit. Due to 

changes in renewable energy generation, it is necessary to 

adjust the output of conventional units according to the 

corresponding reserve capacity. In equations (1) to (5), the 

variables 𝑃− and  𝑃+ represent changes in the power output of 

conventional generation units following a change 𝛥𝜔 in 

renewable power generation. 

 

B) Formulation of the Generator Flexibility Region 

In general, all equality and inequality constraints from (1) 

- (5) can be compactly expressed in the following form. 

   (6) 𝐴𝑃 + 𝐵 [𝑃
+

𝑃−
] + 𝐶(𝜔𝑒 + ∆𝜔) ≤ 𝑏0 

where, the coefficients from the power system constraints (1) 

- (5) are represented by matrices A, B, C, and the vector 𝑏0. 

In equation    (6), the variable [𝑃
+

𝑃−
] can be substituted with a 

new variable y. Furthermore, since  𝜔𝑒 is a constant, the 

corresponding terms in inequality    (6) can be moved to the 

right-hand side. Thus, the formulation can be rewritten as 

follows: 

   (7) 𝐴𝑃 + 𝐵𝑦 + 𝐶∆𝜔 ≤ 𝑏 

where,  𝑏 = 𝑏0 − 𝐶𝜔
𝑒. 

Finally, the generator flexibility region can be defined as 

follows [27]: 

 (8) 𝑊𝐺𝐹𝑅 = {∆𝜔|∃𝑦: 𝐵𝑦 + 𝐶∆𝜔 ≤ 𝑏 − 𝐴𝑃} 

The region 𝑊𝐺𝐹𝑅  defined in equation  (8) is formed by the 

boundary lines or planes arising from the power system 

constraints given in equations (1) - (5). Research in [9] 

indicated that ODPs activate only a limited subset of these 

GFR boundaries, termed Potentially Active Boundaries 

(PABs). A boundary of the GFR is activated mathematically 

whenever a set of ODPs violates inequality  (8). It was 

demonstrated in [27] that inequality  (8) can be reformulated 

as follows. 

    (9) 𝑊𝐺𝐹𝑅 = {
∆𝜔|𝑢𝑇(𝐶∆𝜔) ≥ 𝑢𝑇(𝑏 − 𝐴𝑃),
∀𝑢 ∈ 𝑣𝑒𝑟𝑡(𝑈)

} 

  (10) 𝑈 = {𝑢|𝐵𝑇 . 𝑢 = 0, −1 ≤ 𝑢 ≤ 0} 
 

where 𝑣𝑒𝑟𝑡 (𝑈) denotes the set of vertices of polyhedron U, 

and the superscript T represents the matrix transpose. The 

activation condition for a boundary I of the GFR is: 

  (11) 𝐼 = {∃∆𝜔 ∈ 𝛺, 𝑢𝑇(𝐶∆𝜔 − 𝑏 + 𝐴𝑃) < 0} 

where Ω denotes the total observed points related to the 

outputs of renewable power generation. 
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C) Process for Determining the GFR Boundaries 

The process for determining the boundaries of the GFR 

follows a methodology similar to  the one described in 

reference [9] for determining the dispatchable region. The key 

distinction, however, is that this paper formulates the final 

problem as a Linear Programming (LP) model, whereas the 

reference method uses a Mixed-Integer Linear Programming 

(MILP) problem. A further significant contribution of the 

proposed method is its use of an innovative data 

categorization and ranking technique to identify and evaluate 

the effective data points critical for defining the GFR 

boundaries. This technique will be detailed in the subsequent 

section. The objective is to determine the active boundaries, 

provided that the union of the regions outside the GFR, 

resulting from both the current boundary and all previously 

identified boundaries, is either an empty set or remains 

mutually exclusive with any existing region. Mathematically, 

the activation condition for a boundary is equivalent to: 

(12) 

𝑊1
′⋃∅ = 𝐷⟶ {

𝑖𝑓 𝐷 = ∅ → 𝑃𝐴𝐵1 𝑖𝑠 𝑑𝑒𝑎𝑐𝑡𝑖𝑣𝑒.

𝑖𝑓 𝐷 ≠ ∅ → 𝑃𝐴𝐵1 𝑖𝑠 𝑎𝑐𝑡𝑖𝑣𝑒.
 

𝑊𝑖
′ ∩ (⋃𝑊𝑗

′

𝑖

𝑗=1

) = 𝑘 

{
 
 

 
 𝑘 = ∅ → 𝑃𝐴𝐵𝑖  𝑖𝑠 𝑎𝑐𝑡𝑖𝑣𝑒.

𝑘 = 𝑊𝑗
′ → 𝑃𝐴𝐵𝑗  𝑖𝑠 𝑑𝑒𝑎𝑐𝑡𝑖𝑣𝑒 & 𝑃𝐴𝐵𝑖 𝑖𝑠 𝑎𝑐𝑡𝑖𝑣𝑒.

𝑘 = 𝑊𝑖
′ → 𝑃𝐴𝐵𝑖  𝑖𝑠 𝑑𝑒𝑎𝑐𝑡𝑖𝑣𝑒.

𝑘 = 𝑊",𝑊" ≠ 𝑊𝑖
′,  𝑊" ≠ 𝑊𝑗

′ → 𝑃𝐴𝐵𝑖  𝑖𝑠 𝑎𝑐𝑡𝑖𝑣𝑒

 

where 𝑊𝑖
′ and 𝑊𝑗

′ represent the regions outside the GFR, 

separated by boundaries i and j, respectively.  

The logic of Equations (12) follows that after evaluating 

each point of the ODPs set using the proposed algorithm, the 

conditions related to set D (the first two equations in (12)) are 

checked first. This step aims to activate effective boundaries 

while preventing the activation of ineffective or redundant 

ones. 

The procedure is as follows: 

a) For boundary number 1, the condition is compared with the 

empty set ϕ. If 𝑊1
′ has no members (i.e. D=ϕ), no boundary is 

activated. If it has members (i.e. D≠ ϕ), then boundary PAB1 

is activated. 

b) For any subsequent boundary i activated by the ODPs, the 

second part of Equation (12) (involving set k) must be 

examined. The set of points separated by the new boundary i 

(𝑊𝑖
′) is compared with the union of all points outside the final 

flexible from previously active boundaries: 

Criterion 1: If 𝑊𝑖
′ adds new points to the total excluded 

set, boundary i is accepted as a new boundary, otherwise no 

new boundary is created. 

Criterion 2: If all points excluded by a prior boundary j are 

entirely contained within 𝑊𝑖
′ (i. e. ,Wi

′ ∩ (⋃ Wj
′i

j=1 ) = Wj
′), 

then boundary j becomes ineffective and is removed and 

replaced by boundary i. 

 

The conditions specified in (12) are used to prevent the 

formation or activation of ineffective boundaries for the GFR. 

The proposed process for determining the 𝑊𝐺𝐹𝑅  space in this 

paper is as follows: 

Step 1) The initial operating point values of the system (𝑃𝑖  

and 𝜔𝑘
𝑒) are determined. 

Step 2) All ODPs are represented as Ω set. 

Step 3) The phase and magnitude values of all ODPs are 

determined in polar coordinates and sorted based on their 

phase value. 

Step 4) The data space is divided into 𝑁𝑠𝑐𝑎𝑛 segments, and all 

data points are allocated to these segments based on their 

phase values. Within each segment, the data points are sorted 

in descending order of magnitude. 

Step 5) The counter for the parts inside the space is set to 

𝑆𝐶𝑛=1. 

Step 6) The highest-ranked (largest magnitude) data point 

within segment 𝑆𝐶𝑛 is assigned to ∆𝜔𝑘, represented by the 

counter k=1. 

Step 7) The GFR (𝑊𝐺𝐹𝑅 ) is initially assumed to be 

sufficiently large to contain all ODPs. This can be formulated 

as 𝑊𝐺𝐹𝑅 = {∆𝜔|𝐻. ∆𝜔 ≥ ℎ}, where matrix H and vector h 

are updated iteratively during the boundary determination 

process. 

Step 8) If ∆𝜔𝑘 satisfies the condition in step 7, problem (13)-

(15) is considered solved for it. In this case, the segment 

counter k is incremented by one. If the condition is not 

satisfied, the next data point with the largest magnitude will 

be selected from the same segment (k = k + 1). To determine 

the boundary of the GFR, the following LP problem is solved 

for the output data 𝛥𝜔𝑘 . 

(13) max𝑢𝑇 (𝑏 − 𝐴𝑃 − 𝐶∆𝜔𝑘) 

(14) 𝑠. 𝑡. : 𝐵𝑇. 𝑢 = 0 

(15) −1 ≤ 𝑢 ≤ 0 
 

Step 9) If the constraint 𝑢∗𝑇(𝐶∆𝜔𝑘) ≥ 𝑢
∗𝑇(𝑏 − 𝐴𝑃𝑖) is 

satisfied for the optimal solution  𝑢∗obtained from the 

problem (13)-(15), then there is no need to establish a new 

boundary, and the algorithm returns to step 8. However, if the 

constraint 𝑢∗𝑇(𝐶∆𝜔𝑘) ≥ 𝑢∗𝑇(𝑏 − 𝐴𝑃𝑖) is not satisfied, the 

existing GFR (WGFR) is updated by adding a new boundary as 

𝑊𝐺𝐹𝑅 = 𝑊𝐺𝐹𝑅 ∩ {𝑢∗𝑇(𝐶∆𝜔 − 𝑏 + 𝐴𝑃) ≥ 0} and 

considering equations (13)-(15). The values of matrix H and 

vector h are updated by adding the values of 𝑢∗𝑇𝐶  and 

𝑢∗𝑇(𝑏 − 𝐴𝑃), respectively. The algorithm then proceeds to 

step 10. 

Step 10) The condition presented in equation (12) is applied 

to select the active boundary and then returned to step 6. 

Step 11) the value of counter k is incremented by one unit. 

Step 12) If 𝑆𝐶𝑛 
is less than the total number of segments, it 

adds one unit, and then the algorithm returns to step 6. 

Otherwise, the algorithm proceeds to step 13. 

Step 13) End. 
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By executing the above algorithm, if any ODPs from the 

set Ω within a segment violate the condition 𝑢∗𝑇(𝐶∆𝜔𝑘 − 𝑏 +

𝐴𝑃) ≥ 0 , the corresponding boundary line will be activated. 

 

III. Formulating the OTS in the Presence of 

Renewable Sources 

The GFR in a power system is not rigid or fixed, as it 

depends heavily on the network structure. Changes in the 

network structure, such as taking transmission lines out of 

service, can cause variations in these regions. Therefore, this 

variable characteristic of the GFR can be utilized and 

developed according to the needs of the power system 

operators. One available corrective measure is OTS. The 

concept of OTS involves temporarily taking one or more 

transmission lines out of service at specific times to allow the 

power system to operate more efficiently. OTS can be 

implemented based on either AC Optimal Power Flow 

(ACOPF) or DC Optimal Power Flow (DCOPF). However, 

due to its simplicity, reasonable accuracy, and computational 

speed, DCOPF is typically preferred for research studies. 

Consequently, this paper employs DCOPF to assess the 

impact of OTS on the GFR. According to [28], [29], 

integrating OTS and DCOPF can be expressed as problem 

(16)-(23), which is a MILP problem. 

(16) min∑𝐶𝑖𝑃𝑖
𝑖

 

(17) −𝑃𝑙 + 𝐵𝑙(𝜃𝑖 − 𝜃𝑗) +𝑀(1 − 𝑍𝑙) ≥ 0,   𝑙 ∈ 𝐿 

(18) −𝑃𝑙 + 𝐵𝑙(𝜃𝑖 − 𝜃𝑗) −𝑀(1 − 𝑍𝑙) ≤ 0,   𝑙 ∈ 𝐿 

(19) ∑𝑃𝑖 −∑𝑃𝐷𝑖 =∑𝑃𝑙
𝑙∈𝐿𝑖∈𝐷𝑖∈𝑔

 

(20) −𝜃𝑚𝑎𝑥 ≤ 𝜃𝑖 − 𝜃𝑗 ≤ 𝜃𝑚𝑎𝑥  

(21) 𝑃𝑖
𝑚𝑖𝑛 ≤ 𝑃𝑖 ≤ 𝑃𝑖

𝑚𝑎𝑥  

(22) −𝑍𝑙 . 𝐹𝑙 ≤ 𝑃𝑙 ≤ 𝑍𝑙 . 𝐹𝑙  

(23) ∑(1− 𝑍𝑙) ≤ 𝑁𝑠𝑤
𝑙∈𝐿

 

 

where, expression (16) denotes the objective function. 

Inequalities (17) and (18) define the power flow on each line 

and its relationship to the voltage angles at the terminal buses. 

In these constraints, the Big-M parameter is a sufficiently 

large positive constant and 𝑍𝑙 is a binary variable representing 

the on/off status of line l (where 𝑍𝑙 = 1 indicates the 

connected line and  𝑍𝑙 = 0 indicates a disconnected line). 

Equation (19) enforces the balance of generation, 

consumption and transmission power at each bus. Constraints 

(20) - (22) impose limits on bus voltage angle differences, the 

active power output of the conventional generators, and the 

line transmission capacities, respectively. Constraint (23) 

restricts the maximum number of permitted switching 

operations in the system. 

To adapt the OTS problem formulated in (16)-(23) for 

purpose of improving the GFR, several specific modifications 

are required. Accordingly, The proposed OTS formulation for 

improving the GFR in this paper is as follows. 

(24) 
min ∑ [𝑀𝑠 . (𝑆𝑖

+ + 𝑆𝑖
−)]

𝑖∈𝑏𝑢𝑠

 

s.t: (17), (18), (20), (22), (23) 

(25) 

∑(𝑃𝑖 + 𝑃𝑖
+ − 𝑃𝑖

−)

𝑖

+∑(𝑆𝑖
+ − 𝑆𝑖

−)

𝑖

+∑(𝜔𝑘
𝑒 + ∆𝜔𝑘)

𝑘

−∑𝑃𝐷𝑗
𝑗

= ∑ 𝑃𝑙
𝑙∈𝐿𝑏𝑢𝑠

 

(26) ∑(𝑃𝑖
+ − 𝑃𝑖

−)

𝑖

≤∑∆𝜔𝑘
𝑘

 

 

The objective function of the resulting MILP problem is 

given in equation (24). Its purpose is to minimize the costs 

associated with the increasing or decreasing the power output 

of conventional units. The variables 𝑆𝑖
+ and 𝑆𝑖

− are slack 

variables similar to 𝑃𝑖
+ and 𝑃𝑖

−, introduced to ensure the 

problem’s feasibility. The coefficient 𝑀𝑆, a large positive 

number, penalizes these slack variables to minimize their 

values under normal power system conditions. These slack 

variables measure the deviation in output of conventional 

units from their allowable reserve capacity limits. Equation 

(25) represents the DC power balance constraint at each bus, 

which now includes the power from renewable generators as 

well as the adjustments from conventional units. Inequality 

(26) is a new condition introduced in this paper. It states that 

the total adjustments (increase or decrease) in conventional 

generation must be less than or equal to the total change in 

renewable power output. 

It is important to note that a power system's operating state 

can change with variations in renewable generation output. 

Finding a single optimal switching solution for all possible 

operating points can be computationally prohibitive or 

infeasible. To address this and find an optimal solution for 

problem (24)-(26) given a specific change in renewable 

output ∆𝜔𝑘, the following procedure is adopted. 

1-The data points already identified during the determination 

of 𝑊𝐺𝐹𝑅  by solving problem (13)-(15) are not required to 

be re-evaluated in the OTS problem (24)-(26). Only points 

outside the current 𝑊𝐺𝐹𝑅  require assessment. The rationale 

is that if a feasible OTS solution exists for a point 

outside 𝑊𝐺𝐹𝑅 , the constraints (13)-(15) guarantee a 

solution for all points inside it. Conversely, if no feasible 

solution exists for points outside 𝑊𝐺𝐹𝑅 , the status of 

interior points becomes irrelevant for this specific ∆𝜔𝑘 . 

2- As stated above, since problem (24)-(26) is evaluated for 

all points outside 𝑊𝐺𝐹𝑅 , the resulting binary variable 𝑍𝑙 

(line status) are stored for every such ODP and for each step. 

3- The sorted 𝑍𝑙 values are then analyzed to determine the 

optimal line(s) to switch out for the given ∆𝜔𝑘. The line or 

set of lines with the highest frequency of 𝑍𝑙 = 0 across the  
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evaluated points is selected as the optimal switching action. 

4- After identifying the line(s) to be taken out of service, the 

system matrices A, B, C, and vector b in (1)-(5) are updated 

according to the new network topology. The proposed 

algorithm from section II is then repeated for points outside 

the initial 𝑊𝐺𝐹𝑅  to determine a new, enhanced flexibility 

region, denoted 𝑊𝐺𝐹𝑅−𝑆 . 

It is possible that the GFR may decrease if a transmission 

line is taken out of service for non-optimal reasons (e.g., 

maintenance or outage due to a fault). Such an outage can 

change the power flow on the lines, potentially causing 

congestion on other lines and reducing the system’s ability to 

adapt to changes in renewable power generation. 

Consequently, system operators must re-evaluate the GFR 

following any change in network topology. 

 

IV.  Effect of DLR on the GFR 

Transmission lines are affected by various atmospheric 

conditions and environmental factors, including ambient 

temperature, wind speed, altitude, time of day, and angle 

between wind and conductor. These factors cause the thermal 

capacity of transmission lines to be time-varying. In power 

system studies, a fixed Static Thermal Rating (STR) is often 

used to limit the line power flow. This rating (capacity) is 

determined based on the worst-case conditions for the line, 

which can be a conservative estimate for many hours of the 

day or even for most times of the year. In recent years, 

significant research has focused on using DLR systems [17]. 

Various systems are now employed to determine the real-time 

dynamic capacity of power lines, enabling the control of 

current flow at any given moment [30]. Conductor 

temperature depends on the current passing through it. If the 

current exceeds the permissible limit, the conductor 

temperature rises. This can reduce the required clearance to 

the objects below and, in more severe cases, cause the 

conductor temperature to exceed safe limits, reducing 

mechanical strength and potentially leading to line damage. 

The detailed calculations describing how line thermal 

capacity varies with environmental conditions are fully 

explained in references [19], [20]. This paper utilizes the 

results from a hypothetical DLR system installation for 

analytical purposes. 

To assess the effect of the DLR system on the GFR, the first 

step is to identify the transmission line that limits the GFR. 

For this purpose, the power flow through the lines is 

calculated using constraint (2) for the data points inside the 

GFR that are closest to its active boundary. The line(s) with 

power flow values near their static thermal capacity are then 

identified as the limiting line(s). Consequently, the GFR can 

be expanded or contracted by adjusting the power 

transmission capacity of these line(s). 

The algorithm for evaluating the effect of changing line 

thermal capacity on the GFR is as follows. 

Step 1) the limiting line is identified as described above. 

Step 2) the thermal capacity of the limiting line is adjusted by 

a percentage of its static thermal rating. This adjustment can 

be an increase or decrease. 

Step 3) Using Equations (1)-(5), the coefficients A, B, C and 

b are updated. 

Step 4) the algorithm proposed in Section II is repeated for 

all points outside the initial 𝑊𝐺𝐹𝑅  to determine a new region, 

denoted 𝑊𝐺𝐹𝑅−𝐿 . 

 

V.  Introducing the Innovative Algorithm for 

Classifying Renewable Power Output Data 

Reducing computation time in large-scale power systems 

is primary concern. For this purpose, an innovative 

classification method called the "Radar Scanning" algorithm 

is introduced to categorize the output data of renewable units, 

thereby decreasing the overall calculation time. 

 

A) Data Classification Based on Innovative Radar 

Scanning Algorithm 

If the number of buses with renewable power generation 

is 𝑛𝑤, the analytical space of the flexibility region is  𝑛𝑤-

dimensional. Analyzing and understanding an 𝑛𝑤-

dimensional space, where 𝑛𝑤>3, is extremely complex. To 

simplify the analysis of renewable generation output points, a 

two-dimensional space is utilized. The output data from 𝑛𝑤 

different network buses are examined pairwise within a two-

dimensional space to determine their positions. The two-

dimensional Radar Scanning algorithm is then applied to 

classify the data. In an 𝑛𝑤-dimensional space, the number of 

possible two-dimensional subspaces created is given by: 

(27) 𝑛2𝐷 =
𝑛𝑤!

(𝑛𝑤 − 2)! 2!
 

 

where n2D represents the total number of n2D subspaces 

established in an 𝑛𝑤-dimensional space. For all data points 

corresponding to the changes in renewable power output 

(∆𝜔𝑘), their phase and magnitude values in polar coordinates 

are determined as follows. 

(28) 

∆𝜔𝑘 = 𝑟𝑘∡𝜃𝑘   , 0 ≤ 𝜃 ≤ 2𝜋 

𝑟𝑘𝑖 = √∆𝜔𝑘𝑖,1
2 + ∆𝜔𝑘𝑖,2

2  

𝜃𝑘𝑖 = tan
−1(∆𝜔𝑘𝑖,2

2 ∆𝜔𝑘𝑖,1
2⁄ ) 

 

where r is the magnitude and θ represents the phase of the 

data in the two-dimensional subspace i. The polar 

representation of a renewable generation output point is 

illustrated in Fig. 1. To enhance the algorithm’s effectiveness, 

it is preferable to use the magnitude of the data point in the 

original 𝑛𝑤-dimensional space for the value of r in Equation 

(28). In general, increasing the number of segments improves 

the accuracy of the program at the cost of longer calculation 

time. The number of segments can be selected between 20 and 

72, resulting in a segment angle ranging from 18̊ to 5̊. 
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Fig. 1. Polar coordinate representation of a ODP. 

The data space division by the Radar Scanning method is 

shown in Fig. 2. The scanning process and division of the 

region proceeds counterclockwise, starting from the positive 

horizontal axis. To facilitate a clearer understanding of the 

proposed innovative Radar Scanning algorithm in two-

dimensional space, the steps for its application are presented 

sequentially as follows. 
 

 

 

 

 

 

 

 
Fig. 2. Data space segmentation via the Radar Scanning algorithm. 

 

Radar Scanning Algorithm 

1- For each data point, the dominant two-dimensional 

subspace is determined by identifying its two components 

with the largest magnitudes. 

2- Within each identified two-dimensional subspace i, the 

amplitude and phase of all points are calculated using 

Equation (28). It is recommended to use the point’s 

magnitude the original 𝑛𝑤-dimensional space rather than 

its magnitude in the two-dimensional subspace. 

3- All points in the subspace are sorted in ascending order 

based on their phase value. 

4- The two-dimensional subspace i is divided into 𝑆𝐶𝑛 

equal angular segments (see Fig. 2), and points are 

assigned to segments according to their phase. 

5- Within each segment, the points are sorted again, this 

time in descending order based on their overall 𝑛𝑤-

dimensional magnitude. 

 

B) Process of the Innovative Radar Scanning Algorithm 

Analytically, the GFR is continuous and lacks singular 

points. Consequently, it is not necessary to evaluate all 

renewable output data points. Instead, only the highest-ranked 

points by magnitude within each segment need to be assessed. 

For this purpose, the process begins with the first segment 

(lowest phase angle), selecting the top-ranked point (largest 

magnitude). If this point satisfies the condition in step 7 of the 

algorithm from section II-C (i.e., lies within the current GFR), 

the algorithm processes only this point and moves to the next 

segment. If the selected point does not satisfy the condition 

(i.e., lies outside the GFR), it is recorded as an external point, 

and the next highest-ranked point within the same segment is 

evaluated. This process repeats for all segments. The 

algorithm’ counter-clockwise traversal of the two-

dimensional subspace resembles the operation of a military 

radar system, hence the name “Radar Scanning”. 

This method ensures that all points near the GFR boundary 

are evaluated while avoiding unnecessary computation on 

low-ranking interior points that do not define the region's 

limits. This significantly reduces the overall computational 

time. 

 

VI.  Numerical Simulation Results 

This section, analyzes the proposed methods and 

algorithms for the developing and modifying the GFR 

through OTS and DLR. The simulation results are compared 

against a base case that applies neither corrective action. All 

simulations are performed on the IEEE 30-bus and IEEE 118-

bus test systems, with data from [31] and [9]. The parameter 

M is set to 20,000, and the reserve capacity of conventional 

units is set to 25% of their maximum output, following [27]. 

Simulations were executed on a PC with an Intel Dual Core 

E 5200 processor and 2.0 GB RAM. 

1) Case 1: IEEE 30-Bus System Test 

The IEEE 30-bus system comprises 30 buses and 41 

transmission lines, with a total load of 189.2 MW and a 

maximum conventional generation capacity of 335 MW. To 

study the GFR in this test system, as per [9], renewable 

generation units with base generation capacities of 10 MW 

and 20 MW are installed at buses #1 and #22, respectively, 

resulting in a renewable penetration rate of 15.86%. The line 

loading under these base conditions is shown in Fig. 3. Lines 

11, 28 and 32 exhibit the highest loading percentage and are 

most prone to congestion if the renewable power injection 

increases. 

A dataset of 500 ODPs is used for renewable output (data-

driven method). For this purpose, first, the GFR is determined 

for the base case without OTS or DLR. 

 

A) GFR Determination without OTS and DLR 

As outlined in section II, the GFR is determined by using 

the proposed method and innovative Radar Scanning 

algorithm applied to the ODP set. This is formulated as a LP 

problem ((13)-(15)), solved using the ODP data to establish a 

data-driven GFR. The base case GFR (i.e., without OTS and 

DLR) is shown in Fig. 6. The region is enclosed by a single 

active boundary. In this case, 72 ODPs lie outside the GFR 

(shown in red). The activated boundary is given 

by [0 −0.4864]. ∆𝜔 ≥ [−0.1455]. This boundary is 

r 

θ 

Δω1 

Δω2 

β 

β 

β 

sc1 

scn 
β 

Scanning 
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primarily activated by increased power injection from the 

renewable generator at bus #22. The π coefficients for this bus 

and all transmission lines are shown in Fig. 4. Lines 1, 2, 6, 

12, 16, 20, 32 and 33 have notably higher coefficients. As 

shown inFig. 5, a gradual increase in power injection at bus 

#22 causes line #32 (between buses 21-22) to congest first, 

limiting further power transfer. This activated boundary must 

be considered as a constraint in power flow solutions to 

ensure secure system operation when renewable generation 

changes. 

 

 
Fig. 3.  Line loading percentages under base case condition. 

 

 
Fig. 4. π coefficients for power injection at bus 22. 

It is important to note that the identification of the limiting 

line depends on several interconnected factors: the π 

coefficient, the initial line loading, and the line’s capacity. 

This combination explains why line #32 becomes congested 

earlier than others. Specifically, an initial load exceeding 

80%, a π coefficient of approximately 0.48, and a capacity of 

only 32 MVA, makes line #32 the most vulnerable to 

congestion. In contrast, although line #1 has the highest π 

coefficient (0.65), it does not congest due to its low initial 

loading (20%) and its significantly higher capacity (130 

MVA). 

 

B) Effect of OTS on the GFR 

This section analyzes the effect of OTS on the GFR using 

the algorithm proposed in Section III. The MILP problem 

formulation in (24)-(26) is applied to ODP points located 

outside the base GFR to identify the optimal transmission line 

that should be taken out of service. 

 
Fig. 5.  Line loading progression with increased power injection at 

bus 22 (base case). 

outside the base GFR to identify the optimal transmission 

line that should be taken out of service. 

 

 

Fig. 6. Baseline GFR without corrective actions (base case). 

In this system test, for the ODPs outside the GFR, line 20 

(10-21) is identified as the optimal line to switch out, as it has 

the highest frequency of selection among all lines. TABLE I 

shows the selection count for each line, line 20 (10-21) has 

the highest value. For this analysis, the maximum number of 

allowed switching operations,  𝑁𝑠𝑤, was set to 1. When  𝑁𝑠𝑤 

is increased to 2, the optimal pair of lines to switch out are 

lines 20 (10-21) and 1 (1-2), in that order, as shown in the 

second column of TABLE I. 

 

TABLE I Optimal Line Switching Frequencies for GFR 

Enhancement via OTS. 

NSW=1 NSW=2 
Line(No. of Selection) Line(No. of Selection) 

10-21(247) 10-21(190) 
6-9(69) 1-2(175) 
1-3(38) 22-24(53) 
6-10(24) 23-24(40) 

10-17(15) 6-8(38) 
 

Following the switching of the selected line (20 (10-21)) 

and the subsequent update of the system matrices A, B, C and 

vector b, the GFR is recalculated using the proposed 

algorithm from Section II. The resulting region is shown in 

Fig. 7. A significant expansion of the GFR is observed after 

the switching action, incorporating many more ODPs. 

Consequently, the number of points outside the new GFR is 

reduced to only 9, compared to 72 in the base case. This 
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development of the GFR through optimal switching enables 

the power system to accommodate a greater amount of power 

injection from renewable units without violating security 

constraints. The change in loading pattern of lines is shown in 

Fig. 8. As the figure indicates, line # 33 (22-24) becomes the 

new limiting constraint, congesting earlier than others. This 

outcome was predictable: switching out line 20 (10-21) fixed 

the power flow on the now-radial line 32 (21-22). Therefore, 

as renewable injection at bus #22 increases, the subsequent 

power flow — following the path indicated in Fig. 5— causes 

line 33 (22-24) to reach its thermal limit first. 

 

 
Fig. 7. Expansion of the GFR with OTS. 

c) Effect of DLR on GFR 

This section evaluates the impact of the Dynamic Line 

Rating (DLR) system on the GFR, assuming the DLR system 

has been optimally installed on a transmission line that limits 

power transfer. While the optimal placement methodology of 

the DLR system itself is beyond the scope of this paper, 

guidelines are provided in section IV. For this analysis, a DLR 

system is assumed to be installed on a suitable line. Its output 

is modeled as a percentage of the line nominal static thermal 

rating and incorporated into the algorithm from section IV. 

For the test system, the proposed algorithm identifies line 32 

(21-22) as the most suitable candidate for DLR installation. 

To analyze the sensitivity, the line’s dynamic capacity is set 

to 0.95 and 1.05 times its nominal static capacity, reflecting 

the environmental and atmospheric conditions. After 

updating the coefficients A, B, C and b with these adjusted 

capacities, the resulting GFR regions are shown in Fig. 9 and 

Fig. 10, respectively. The results clearly demonstrate that a 

reduction in transmission capacity of line 32 (21-22) contracts 

the GFR, whereas an increase in its capacity expands the 

region. Therefore, it can be concluded that at the time of 

connecting renewable power generations to the power 

system, it is necessary to carry out studies related to the 

thermal capacity of the lines at various times carefully so that 

the line does not get overloaded due to the injection of 

additional power in one bus of the network. 

   Considering the arrangement of ODPs shown in Fig. 6, if 

∆ω increases excessively, according to Equation (1), a 

reduction in the generated power of conventional generators 

 
Fig. 8. Post-switching line loading analysis for increased power 

injection at bus 22. 

is necessary to maintain power balance. If this required 

adjustment exceeds the reserve capacity of conventional 

generators defined by Equations (3) to (5), then Equation    (6) 

and its dual condition, 𝑢𝑇(𝑏 − 𝐴𝑃 − 𝐶∆𝜔) ≤ 0, are violated. 

In addition, based on Equation (2), which is related to the 

thermal capacity of the lines, a high value of ∆ω, considering 

the π coefficients (shown in Fig. 4) and line flow 

dependencies, can increase the power flow in one or more 

lines beyond their nominal capacity. Consequently, Equations 

(2) and    (6), along with the condition  𝑢𝑇(𝑏 − 𝐴𝑃 − 𝐶∆𝜔) ≤

0, are violated. 

 

 
Fig. 9.  GFR reduction under decreased line capacity with DLR. 

 
Fig. 10. GFR sensitivity to reduced line thermal limit. 

Based on Inequality (2), it is possible to determine the 

capacity of the line 32 (21-22) in such a way that the active 
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boundary that causes the most significant restriction for the 

GFR becomes inactive. As shown in Fig. 9 and Fig. 10, 

boundary 1 (when active) excludes 98 and 48 ODPs from the 

GFR under different capacity conditions. Applying Inequality 

(2) to the outermost excluded point yields an optimal capacity 

of 37.3 MVA for line 32 (21-22), which is 16.6% above its 

nominal static capacity. Applying this change in the problem 

deactivates the boundary 1, incorporates all ODP points into 

the GFR, and thereby expands the region. Fig. 11 shows the 

resulting GFR and confirms that the capacity adjustment on 

line 32 (21-22) has inactivated the boundary and developed 

the GFR. 

 

 

Fig. 11. GFR expansion via DLR enhancement (line 32(21-22)). 

2) Case 2: IEEE 118-Bus System Test 

To evaluate the proposed algorithm’s scalability, it is 

analyzed on the IEEE-118 bus system described in reference 

[9] using 500 ODPs. 

The IEEE 118-bus system comprises 118 buses and 185 

transmission lines, with a total load of 4242 MW and a 

maximum conventional generation capacity of 5859.2 MW. 

To study the GFR in this test system, renewable generation 

units with base capacities of 170MW and 120MW are 

installed at buses #49 and #72, respectively, resulting in a 

renewable penetration rate of 6.84%. 

The simulation results of the effect of OTS and DLR 

capacity utilization are shown in TABLE II. The limiting lines 

in this sample power system are 119 (69-77), 112 (65-68), 50 

(30-38), 123 (71-72) and 120 (70-71), with initial loading of 

93.28%, 27.8%, 89.54%, 37.44% and 37.7%, respectively. 

Optimal switching takes line 112 (65-68) out of service and, 

according to TABLE II, increases the GFR by about 10% 

compared to the base case. In this sample power system, using 

the algorithm proposed in Section IV, lines 120 (70-71) and 

123 (71-72) are selected as the optimal lines for installing the 

DLR system. According to TABLE II, if the output of the 

DLR system increases the capacity of the mentioned lines by 

15%, then the GFR increases by about 11.24%, and vice 

versa, if the capacity of the mentioned lines decreases by 

about 15%, the GFR also decreases by about 9.24% 

TABLE III demonstrates that the Radar Scanning heuristic 

algorithm significantly enhances computational efficiency. 

TABLE II Simulation results for the IEEE 118-bus test 

system. 
Case Number of 

ODPs inside 

the GFR 

Increase in GFR 
compared to the 

base case ( )%  
Base 249 0 
OTS 273 9.64 

DLR (+15%) (increase mode 

for Lines 120 and 123) 
277 11.24 

DLR (-15%) (decrease mode 

for Lines 120 and 123) 
226 -9.24 

 

To evaluate and compare the performance of the proposed 

algorithm, its results are benchmarked against existing 

methods in TABLE III. The table clearly demonstrates that 

the proposed algorithm is significantly faster than previous 

approaches in both small- and large-scale systems, making it 

particularly suitable for large-scale applications. 

 

TABLE III Performance comparison of the proposed 

algorithm with prior algorithms. 
System 

Test 
Number 

of  
ODPs 

 Computational time (s) 
Without 
using the 

algorithm 

With 
using the 

proposed 

algorithm 

The 
proposed-

nPrl 

algorithm in 
[9] 

IEEE-30 

Bus 

250 17.52 0.9425 1.6292 
500 36.44 3.0921 8.3078 

IEEE-

118 Bus 
250 44.628 6.7112 11.8062 
500 96.183 10.5783 29.378 

 

By classifying data based on phase and amplitude, it 

reduces the calculation time for determining the GFR by 

approximately 92% for the 30-bus system (from 36.44 to 3.09 

seconds) and 89% for the 118-bus system (from 96.183 to 

10.5783 seconds), compared to not using the algorithm. In 

addition, the calculation time for determining the GFR with 

the method proposed in this paper for both the 30-bus and 

118-bus test systems is much less than the method proposed 

in reference [9]. In the case of using 500 ODPs, the algorithm 

proposed in this paper reduces the computation time in the 

30-bus test system by about 63% compared to the 

computation time of the method proposed in reference [9] 

(3.0921 seconds versus 8.3078 seconds). This is also true for 

the larger system, i.e. 118 buses, and the proposed algorithm 

reduces the computation time by about 64% compared to the 

proposed method in the reference (10.5783 seconds versus 

29.378 seconds). These results, summarized in TABLE III, 

strongly indicate the superior performance of the proposed 

algorithm for determining power system flexibility regions 

and optimizing the utilization of installed renewable 

generation capacity, especially in large-scale applications. 

It is important to note that the time required to perform the 

GFR calculation and the accuracy of the result depend partly 

on the number of segments in the Radar Scanning (SCn). Fig. 

12 shows the computation time and solution accuracy, 

number of points outside the GFR), as a function of the 

segment angle (the inverse of the number of segments). As 
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can be seen from Fig. 12, the relationship between accuracy 

and time is inversely proportional. The greater the number of 

segments in the Radar Scanning method (i.e., the smaller the 

segment angle), the greater the solution accuracy, but the 

computation time also increases, and vice versa. Therefore, it 

is necessary to select a suitable trade-off between accuracy 

and speed by finding the optimal value for the number of 

segments in the Radar Scanning algorithm, as shown in Fig. 

12. 

 

Fig. 12. Computational performance of the Radar Scanning 

algorithm for the 30-bus system 

VII.  Conclusion 

This paper has focused on analyzing changes in the 

flexibility region of the generators (GFR) resulting from 

modifications to the network structure, specifically through 

optimal transmission line switching and thermal line capacity 

adjustments. The GFR was defined based on variations in 

renewable generation outputs, and two distinct methods were 

proposed to develop and expand this region: (1) Optimal 

Transmission Switching (OTS) and (2) utilization of 

Dynamic Line Rating (DLR). For each method, an iterative 

algorithm was introduced to efficiently solve associated 

MILP and LP problems. To reduce the computational time 

and enhance the effectiveness of the proposed method, an 

innovative Radar Scanning algorithm was introduced. This 

method classifies renewable generation output so that only 

the most critical points are evaluated, making the whole 

process much faster. The computational efficiency was 

further improved by restricting the OTS and DLR evaluations 

to data points lying outside the initial GFR region. The 

application of proposed algorithms demonstrated that OTS 

can expand the GFR, enabling greater permissible injection 

from renewable sources into the network. Similarly, by 

applying the DLR, which represents a percentage of its static 

capacity, the GFR also changes, so that with the increase of 

the limiting line thermal capacity, the GFR region expands, 

and with the decrease of this thermal capacity, the GFR 

contracts. 

Several important aspects remain for future work. These 

include integrating the cost coefficients of conventional 

generation units to economically optimize the 

adjustments 𝑃+ and 𝑃−, as well as incorporating full AC 

power flow constraints into the proposed algorithms. Such 

measures allow for a more comprehensive and practical 

assessment of the solutions resulting from the OTS and DLR 

implementation. Also, the integrated consideration of DLR 

and OTS within a unified framework offers a valuable avenue 

for future work to further enhance the flexibility region. 
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Appendix A  
Determination of the Dominant two-Dimensional 

Subspace 

This appendix formalizes the criterion for assigning a 

multi-dimensional ODP to its dominant two-dimensional 

subspace within the Radar Scanning algorithm framework. 

The dominant subspace for a given ODP is defined as the 

plane spanned by the two coordinate axes corresponding to its 

components with the largest absolute magnitudes. 

Formal Description: Let an ODP be represented by an n-

dimensional vector W= ( ω1, ω2, …,  ωn). The algorithm 

identifies the indices {i, j} of the two components with the 

largest magnitude values, such that |ωi| ≥ |ωj| ≥ |ωk| for 

all k ∉ {i, j}. The dominant subspace for this ODP is then 

defined by the orthogonal axes ωi and ωj. The ODP is 

subsequently projected onto this (ωi, ωj) plane for all 

subsequent analysis and clustering operations within the 

Radar Scanning method. 
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Illustrative Example: Consider a system analyzed in a 3-

dimensional parameter space with axes ( ω1, ω2, ω3). For an 

ODP W= (2.5, 2.7, 2.2), the magnitude values are |ω1| =

2.5, |ω2| = 2.7 and |ω3| = 2.2. The ranking of magnitudes 

yields |ω2| > |ω1| > |ω3|. Consequently, the dominant 

subspace for this point is defined by the axes ω2 and ω1. All 

geometric and clustering calculations for this ODP within the 

Radar Scanning algorithm are performed within this ( ω1, ω2) 

plane. This deterministic assignment is performed for every 

ODP in the dataset. The collective result is an efficient 

partition of the high-dimensional data across relevant 2D 

subspaces, which is fundamental to the computational 

efficiency of the proposed algorithm. A complete numerical 

demonstration for a sample dataset is provided in Table A-1. 

 

Table A-1: Example of Determining the Dominant 2D 

Subspace for ODPs. 

ODP First 

output 

amplitude 

value (ω1 

axis) 

Second 

output 

amplitude 

value (ω2 

axis) 

thirst 

output 

amplitude 

value (ω3 

axis) 

the dominant 

2-

dimensional 

space 

1 2.2 2.7 2.5 (ω2, ω3) 
2 5 9 10 (ω2, ω3) 
3 -5 0 3 (ω1, ω3) 
4 4 8 9 (ω2, ω3) 
5 4 4 2 (ω1, ω2) 

 

Once each ODP is assigned to its dominant 2D subspace 

(e.g., as detailed in Table A-1), the algorithm performs all data 

clustering and flexibility region determination within these 

subspaces. This approach reduces the problem's 

dimensionality, leading to a significant decrease in 

computational load and processing time while maintaining 

the solution precision. 
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This paper presents a comparative study on the application of artificial intelligence (AI) 

for optimizing External Lightning Protection Systems (ELPS) in photovoltaic power 

(PV) plants. The research addresses the critical need for advanced protection systems in 

solar installations, which are particularly vulnerable to lightning strikes due to their 

expansive outdoor configurations. Through a detailed comparative analysis, the study 

evaluates multiple AI approaches, including metaheuristic algorithms and machine 

learning models. The investigation reveals that metaheuristic algorithms often have 

lower accuracy compared to modern AI techniques. All comparisons are based on a 

multi-level optimization framework, systematically addressing air termination design, 

grounding system configuration, and overall system integration. The results show 

superiority in sensitivity analysis in the transformer model. Compared to other models, 

the random forest (RF) model, along with the artificial neural network (ANN) model, has 

a higher speed in data analysis. However, physics-informed neural networks (PINN) 

achieve remarkable improvements, delivering 93% protection coverage with only 3.2% 

grounding error while significantly reducing design convergence times. 

NOMENCLATURE    
𝐴𝑝 Protection area provided by termination rods 𝑟 Radius of the rolling sphere 

𝐴𝑝𝑣 Total area of the PV power plant 𝑟𝑝 Protection radius of an air termination pole 

𝑑𝑒  Diameter of a ground electrode 𝑅𝑒 Resistance of a single ground electrode 

𝐷 Distance between the electrodes 𝑅𝑒0  Ground resistance while the soil moisture is zero 

ℎ𝑝 Height of an air termination pole 𝑅𝑡 Total resistance of the entire grounding system 

𝐼𝑚𝑎𝑥 Maximum lightning current 𝑇𝑑 Number of thunderstorm days per year 

𝑘 Grounding electrode spacing factor 𝑉𝑚𝑎𝑥 Maximum lightning voltage 

𝐿𝑒 Length of a ground electrode 𝛼 Protection angle 

𝑁𝑒 Number of ground electrodes  𝜌 Soil resistivity 

𝑁𝑝 Number of air termination poles 𝜓 Protection Level 

𝑚 Moisture percentage 𝜎 Empirical constant depending on the soil conditions 

I. Introduction 

A. Motivation 

Lightning occurs when the imbalance in electrical charges 

between clouds or between clouds and the ground becomes 

too great, leading to a sudden discharge [1, 2]. The basic 

principle of lightning protection is to create controlled paths 

that can safely conduct the resulting high current to the 

ground. While arresters effectively control lightning currents 

in power systems [3], installations at risk require additional 

protection. This is why comprehensive external lightning 

protection systems (ELPS) are implemented. These types of 

protection systems can provide complete protection in 

addition to arresters [4, 5]. An adequately designed ELPS 

consists of three critical components that work together. 

Aerial terminals prevent lightning strikes, down conductors 

conduct the current downward, and an extensive grounding 

system safely dissipates the energy to the ground [6]. This 

rapid deflection serves two critical purposes: it prevents 
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equipment damage from surges while significantly reducing 

the risk of damaging electromagnetic induction in adjacent 

systems [7]. While these protection systems are essential for 

electrical infrastructure, they are equally critical for any 

structure vulnerable to lightning, including commercial 

buildings, industrial facilities, and especially solar power 

installations [8]. Solar farms present unique challenges in 

lightning protection due to their outdoor locations. Their 

vastness makes them prime targets for lightning. When 

lightning strikes an unprotected solar array, it affects all PV 

elements. PV panels can be destroyed, inverters can be 

damaged, and connection systems can melt. For these 

reasons, a thorough lightning risk assessment and properly 

engineered protection systems are not only recommended for 

solar installations but are critical for financial and operational 

sustainability [9]. 

 

B. Literature review 

Recent advances in ELPS modeling have shifted from 

traditional approaches to advanced AI-based techniques. 

Much research has been conducted on computational methods 

for optimizing lightning protection systems. For example, in 

[10, 11] used genetic algorithms (GA) to model ground 

electrode configurations, while another study [12] used 

random forest classification [13] to analyze weather patterns 

for lightning prediction. Simulation-based approaches have 

also been valuable, and mathematical algorithms have been 

applied to design efficient grounding systems [14]. This field 

has seen interesting advances in optimization algorithms. 

Studies [15-19] have compared particle swarm optimization 

(PSO), genetic algorithms, and hybrid HGA-PSO methods for 

grounding system design. Recently, neural network 

approaches have emerged as promising alternatives. In [20] 

introduced a multi-stage neural network model that proposed 

innovative ELPS configurations – using fewer but taller poles 

and shorter ground electrodes compared to traditional 

ATP/EMTP methods. Beyond electrical performance, 

contemporary research has begun to examine practical 

installation factors.  

The effects of protection poles’ shading on solar panels 

have become an important design consideration. A case study 

[21] of an 8 MW solar power plant demonstrated a successful 

balance of concerns related to shading, tower height, and 

current discharge capacity. Comprehensive analyses [22] 

have also confirmed that passive ELPS isolated with 

galvanized grounding provides optimal protection for 

photovoltaic installations. Comparison of algorithms has 

yielded valuable insights. When the NSGA and MOPSO 

methods [23] were tested for distribution system protection, 

the results showed that NSGA exhibited superior performance 

in both grounding optimization and overall system reliability 

enhancement. Parallel research [24, 25] specifically focused 

on minimizing the impact of lightning rod shading while 

maintaining protection effectiveness—a critical consideration 

for solar farm layouts. 

 

C. Contributions  

According to the literature review, ELPS design studies 

have moved towards the use of artificial intelligence (AI) 

models. Where traditional methods rely on empirical 

calculations and manual iterations, modern research 

increasingly employs both meta-heuristic optimization 

techniques and machine learning models to solve this 

complex engineering challenge. While meta-heuristic 

methods have dominated early applications, machine learning 

approaches are now demonstrating remarkable potential 

when supplied with comprehensive training datasets that 

capture real-world variability. Perhaps less than machine 

learning models are used for optimization, but with 

appropriate training data, a suitable system can be designed 

to optimize and estimate ELPS parameters. Therefore, 

considering the gap in optimization studies based on artificial 

intelligence, this article has reviewed and compared artificial 

intelligence models that can be used for optimization in ELPS 

design. It is worth mentioning that multi-level optimization 

models are used to estimate parameters in a step-by-step 

manner. This comparative investigation evaluates artificial 

intelligence models across the full spectrum of design 

conditions encountered in practice. The analysis considers 

how different models respond to variations in local weather 

patterns, including thunderstorm frequency, site-specific 

photovoltaic array characteristics, soil conductivity 

properties, and international protection standards. As a result, 

the best model can be selected for design considering all 

conditions. 

 

D. Paper organization  

The rest of this paper is structured as follows: Section 2 

details the External Lightning Protection System that would 

cover air termination parameters and grounding system 

design. Section 3 introduces the proposed multi-level 

optimization framework in ELPS. Section 4 presents the 

results and comparative analysis, and discussion. Finally, 

Section 5 summarizes the conclusions and discusses 

implications for future research. 

 

II.  External Lightning Protection System 

     ELPS provides power system protection at the desired 

level in an outdoor environment. ELPS consists of two parts: 

air terminal and ground connection. The parameters of the air 

terminal include the height of the poles (hp) and the number 

(Np). The coverage area is estimated based on the pole 

protection radius (Rp). In addition to these parameters, the 

parameters of the ground system include the number of 

electrodes (Ne), electrode length (Le), and electrode diameter 

(de). Electrical indices, including the resistance value of each 

electrode (Re) and the total resistance (Rt), are calculated 
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using these parameters. Considering the importance of using 

ELPS in outdoor solar power plants, it is valuable to design 

the optimal parameters according to the constraints of a PV 

power plant. 

A. Air Termination Parameters 

      The first component of an ELPS system that is usually 

struck by lightning is the aerial terminal. The installation 

height of this terminal (hp) plays a decisive role in the 

efficiency of the protection system, as it directly affects the 

size of the protection radius. Based on the accepted principle 

that lightning strikes the highest point in an area, as the 

installation height increases, the radius of the area covered by 

the protection increases, while the corresponding protection 

angle decreases. This relationship is shown in Equation 

(1)[7]: 

𝑟𝑝 = ℎ𝑝 × 𝑡𝑎𝑛𝛼                                                                                                                       (1) 

      In this regard, α represents the protection angle. As can be 

seen, although increasing the height increases the area 

covered by the protection, it also decreases the protection 

angle. For this reason, instead of increasing the height, a more 

efficient option is to increase the number of protection rods. 

Proper distribution and dispersion of the protection rods 

provides a better solution than increasing the height. Other 

factors also play a vital role in the design of this system, 

including the required protection level and the frequency of 

lightning days in the area. The average number of days with 

lightning in an area can be an effective indicator for 

determining the optimal number of protection rods required 

to achieve the desired protection level. An increase in this 

average means an increase in the probability of sudden 

lightning strikes, and as a result, increases the necessity of 

deploying the ELPS system in various areas. To calculate the 

radius of protection (rp) and measure the area covered, the 

standard “rolling sphere” method is used. The geometric 

performance of this method is illustrated in Figure 1. In 

accordance with the IEC standard and using the radius of the 

rolling sphere (r) whose values are given in Table I, the value 

of rp can be obtained through the following equation: [26, 

27]: 

𝑟𝑝 = √ℎ𝑝(2𝑟 − ℎ𝑝)                                                                                                                       (2) 

therefore, the protection area (Ap) can be calculated as 

follows: 

𝐴𝑝 = 𝜋𝑟𝑝
2                                                                                                                       (3) 

B. Grounding Parameters    

    The grounding system, as a vital component of the ELPS, 

plays a crucial role in transferring the fault current to the 

ground. The resistance value of the grounding electrode 

depends on factors such as the length of the rod and the 

distance between the electrodes. This resistance can be 

calculated using the following equation [28]: 

𝑅𝑒 =
𝜌

2𝜋𝐿𝑒
(𝐿𝑛 (

4𝐿𝑒

𝑑𝑒
) − 1)                                                                                                                       (4) 

where 𝜌 is the specific resistance of the soil. Considering the 

importance of the number of electrodes, the total resistance is 

calculated with the number of electrodes as follows [29]: 

𝑅𝑡 =
𝑅𝑒

𝑁𝑒
(1 +

𝑁𝑒−1

2
𝑘)                                                                                                                       (5) 

where 𝑘 is the space factor and can be calculated according to 

the following equation [28-30]: 

𝑘 =
1

ln⁡(
𝐷

𝑑𝑒
)
                                                                                                                       (6) 

 
Fig. 1. Schematic view of rolling sphere method geometry. 

TABLE I. IEC standard lightning protection level classification. 
Protection 

levels 

radius of rolling 

sphere (m) 

Description 

1 20 Highly critical structures 

2 30 Important infrastructure 

3 45 Standard commercial structures 

4 60 Low-risk structures 

     

where D is the distance between the electrodes. The 

parameters of the number of electrodes, their length, diameter, 

and distance between them play a significant role in 

eliminating the fault caused by lightning. The specific 

resistance of the soil based on [31] can have different values 

according to the humidity and climate of the region. However, 

from an electrical perspective, the maximum current during a 

fault should be reasonably correlated with the resistance value 

of the electrodes. Optimal resistance values ensure the 

effective conduction of electrical current in the soil 

environment, allowing for safe fault clearance. According to 

[32], the maximum current that the ELPS is able to protect, 

can be approximated through the following: 

𝐼𝑚𝑎𝑥 = √𝑟
0.75

                                                                                                                       (7) 

Based on the protection level, the value 𝐼𝑚𝑎𝑥⁡is calculated. 

According to [33], based on the maximum lightning voltage 

in an area, the grounding resistance relationship can be 

expanded as follows: 

𝑅𝑒 = 𝑅𝑒0𝑒
−𝜎𝑚                                                                                                                       (8) 
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where 𝑅𝑒0  is earth resistance while the soil moisture is zero, 

m is the moisture percentage, and 𝜎⁡is an empirical constant 

depending on the soil conditions. In order to simplify the 

calculation of the electrode resistance, the following equation 

can be proposed to estimate it based on electrical parameters: 

𝑅𝑒 =
𝑉𝑚𝑎𝑥

𝐼𝑚𝑎𝑥
× 𝑒−𝜎𝑚                                                                                                                       (9) 

Therefore, considering equations (7) and (9) and also the 

relationship with them, equations (4) and (5), the number of 

electrodes (Ne), their length (Le), and their diameter (de) can 

be calculated based on the maximum protective current [32, 

34, 35]. 

 

III. Multi-Level Optimization in the ELPS  

According to the different parts of ELPS that are explained 

in the previous section, its design includes several 

interconnected parameters. In the first stage, the goal is to 

design the optimal air termination parameters. Np and hp are 

calculated according to the input data based on Equations (1) 

and (2). The input data include the PV area and PV 

parameters, the protected area, and the number of 

thunderstorm days. According to [20], there is a relationship 

between Td and the optimal number of Np. This relationship 

is obtained according to the training data of the first stage 

neural network by the artificial intelligence model and is 

considered in the optimal design. Finally, the defined input 

variables are considered to produce the Np and hp outputs, 

and the following equation is defined: 

𝑁𝑝, ℎ𝑝 = 𝑓𝐴𝐼1(𝑇𝑑 , 𝐴𝑝, 𝛹)  

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜: 𝑟𝑝 = {
√ℎ𝑝(2𝑟−ℎ𝑝)→(𝐸𝑞.2)

ℎ𝑝⋅𝑡𝑎𝑛𝛼→(𝐸𝑞.1)
                                                                                                                  

(10) 

 

where 𝛹denotes the protection level (IEC standard), and r is 

the rolling sphere radius from Table I. In Equation (10), the 

model  fAI1 predicts the optimal number of air termination 

poles (Np) and their heights (hp) using inputs such as 

thunderstorm days (Td), protected PV area (Ap), soil 

resistivity (ρ), and the protection level (Ψ). The protection 

radius (rp) is derived via either the empirical tangent method 

or the rolling sphere method (IEC 62305), ensuring 

compatibility with site-specific requirements. This replaces 

traditional heuristic approaches with a data-driven model 

trained on historical lightning strike data and PV plant 

configurations. The objective of the first optimization level is 

to determine the optimal configuration of the air termination 

system. The primary goal is to minimize both the number and 

height of protection poles. The design variables for this level 

are formally defined as the vector X₁ = [Np, hp]. This 

optimization is subject to several critical constraints. First, the 

total area of the photovoltaic plant (Apv) must be completely 

contained within the total protected area, governed by the 

inequality Apv~ ≤ Np × π × rp². Second, the protection radius 

for each pole must be derived strictly in accordance with the 

IEC 62305 standard, based on the selected protection level 

(Ψ) and its corresponding rolling sphere radius, as specified 

in Table I. The governing equation for the protection 

radius, Equation 2, ensures the design adheres to the 

standardized rolling sphere method. The outputs of the first 

stage are considered as the input of the second stage. Also, 

according to the calculation of hp and Np and Table I, the 

ground resistance can be calculated using Equations (7) to (9). 

This resistance can be measured based on the outputs of the 

first stage, including hp and Np, using Table I to calculate Re 

and finally using the maximum lightning voltage and current. 

In this study, the maximum lightning voltage is assumed to be 

constant. The following formula is also designed for 

optimization in the second stage to calculate Re: 

𝑅𝑒 = 𝑓𝐴𝐼2(ℎ𝑝, 𝑁𝑝 , 𝑉𝑚𝑎𝑥 , 𝐼𝑚𝑎𝑥) 

𝑤𝑖𝑡ℎ: 𝐼𝑚𝑎𝑥 = √𝑟
1/4

(𝑓𝑟𝑜𝑚 𝐸𝑞.  7) 
(11) 

The second level focuses on defining the performance 

requirement for the grounding system. The key variable for 

this stage is X₂ = [Re]. It must be sufficiently low to ensure 

that the voltage rise during a maximum fault current does not 

exceed the system's insulation withstand capability. This fault 

current level (Imax) is naturally linked to the protection level. 

It is calculated via the governing Equation 7. The target 

resistance is therefore not a fixed value but a function of the 

outputs from first stage and the chosen protection level. 

In the third stage, the output of the second stage is 

considered as an input. Considering the soil resistivity (ρ), the 

desired total resistance (Rt), and the electrode spacing 

coefficient (k), the number of electrodes (Ne) and the length 

of the electrodes (Le) can be calculated based on equations 4 

to 6. In this case, the optimization equation of the third 

stage is defined as follows: 

𝑁𝑒 , 𝐿𝑒 , 𝐷 = 𝑓𝐴𝐼3(𝑅𝑒 , 𝜌, 𝑘), 

𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑒𝑑 : 𝑅𝑡 = (
𝑁𝑒

𝑅𝑒
)(1 +

(𝑁𝑒−1)

(2𝑙𝑛(𝐷/𝑑𝑒))
)                                                                                                                            

    (12) 

In the third stage, according to the output of the second 

stage, equation 4 is formed. This is the first optimization 

constraint in this stage. Then, equation 5 is developed 

according to the total resistance requirement, and the second 

constraint is also established. This constraint, along with 

Equation 6, is actually the basic constraint of this stage. 

Therefore, using this constraint, the optimization model can 

be run, and the best values for RE and LE can be calculated. 

Table II is a representation of some of the data used to train 

the neural network used in this study. The data in Table II is a 

hybrid dataset, combining simulated parameters in 

ATP/EMTP with relationships derived from the cited 

literature and standards. This data has been collected based on  

[35, 36] studies. The machine learning optimization process 

is a multi-level approach that separates the design of all 

parameters into three sections. First, various AI models are 

trained on an extensive historical dataset that matches site 

conditions—like the number of local storm days, the size of 

the solar farm, and soil type—to their optimal protection 
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system parameters. Once trained, this AI assistant is used in a 

practical, three-step design process. In the first step, it takes 

the new site's conditions and instantly predicts the best 

number and height for the lightning poles. The results from 

this step are then passed to a second AI model, which 

calculates exactly how low the electrical resistance of the 

grounding system must be to handle the energy from a strike 

safely. Finally, a third AI model uses that resistance target to 

design the physical grounding system itself, specifying the 

number, length, and diameter of the ground rods needed. 

 

TABLE II. Neural network training dataset specifications 

Td Apv Ap ρ Rs Rt k 

130 5369 6563 30 7.32 1.85 0.13 

102 20164 21737 300 46.79 12.70 0.18 

109 17984 22269 150 18.52 5.51 0.13 

124 10438 13769 400 88.70 48.02 0.17 

127 31533 34281 1000 139.74 75.15 0.15 

114 25262 25850 100 12.48 3.17 0.13 

115 14500 18000 50 9.45 2.50 0.14 

108 22000 24000 200 25.30 7.80 0.16 

121 8500 12000 250 65.20 32.10 0.19 

132 42000 45000 800 120.50 65.30 0.14 

105 18000 21000 120 15.75 4.20 0.12 

118 32000 35000 600 95.40 52.60 0.17 

126 12500 16000 350 72.80 40.50 0.18 

111 19500 23000 180 22.10 6.90 0.15 

129 38000 41000 900 130.20 70.80 0.16 

107 16500 19000 90 11.20 3.05 0.13 

 

In general, what distinguishes multi-level optimization 

based on artificial intelligence from traditional models is the 

unique ability to find optimal points concerning suitable 

training data. If the data is selected appropriately, this type of 

optimization can bridge the gap between heuristic and meta-

heuristic models such as genetic, PSO, and other such models. 

In this study, an attempt has been made to examine various 

artificial intelligence models for the purpose of multi-level 

optimization and to present a comprehensive comparative 

study. Each of these models has its strengths and weaknesses 

in the design of ELPS in a PV system. Finally, considering the 

different inputs, a suitable model can be designed for the 

design of an ELPS suitable for installation in a PV power 

plant.  

Figure 2 shows the proposed scheme for optimizing the 

design of a lightning protection system. The model breaks 

down a significant, complex problem into three smaller, 

easier-to-understand parts. The first step is to design the 

lightning rods. The AI uses information about the weather, the 

size of the solar farm, and safety standards to decide on the 

number of rods needed and their height. This solves the 

problem of protecting the area from lightning strikes. The 

second step uses the results of the first step to calculate the 

target of the grounding system. This step determines how low 

the electrical resistance should be to handle lightning energy 

safely. This step connects the design of the above-ground rods 

to the underground electrodes. The final step is to design the 

grounding system itself. Using the resistance target from the 

second step, the AI calculates how many ground rods are 

needed, how long they should be, and how wide they should 

be. This ensures that the lightning current can be safely 

absorbed into the ground. 

 

 
Fig. 2. Flowchart of multi-level optimization framework. 

 

IV. Results and Discussion 

In order to analyze the presented model, according to the 

flowchart of Figure 2, 400 test data samples based on Table II 

have been examined. The PINN, RF, Transformer [37, 38] , 

and artificial neural network (ANN) [39, 40] models have 

been implemented for AI purposes. The GA, PSO, and HGA-

PSO models have been changed to metaheuristic models [41, 

42]. 

 

A. Performance Analysis 

Optimization of ELPS for PV power plants requires a 

careful examination of computational efficiency and 

protection effectiveness. A comparative analysis between 

traditional metaheuristic approaches and modern AI-based 

methods is investigated in three criteria: convergence time, 

protection score, and ground fault. The results of these 

investigations are shown in Table III. 

In the first part, the convergence time is investigated based 

on the same data. Genetic algorithms (GA) show the slowest 

approach with 142 seconds, while particle swarm 
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optimization (PSO) shows a 31% improvement with 98 

seconds. The combined HGA-PSO method has a more 

suitable improvement with convergence in 76 seconds due to 

the integration of the effective points of both previous 

algorithms. However, AI models show superior efficiency, 

with RF providing the fastest results in only 18 seconds. The 

ANN model shows an average result of 22 seconds. Physics-

based neural networks require a slightly longer time of 28 

seconds due to their inherent physical limitations, while 

transformers come in at 34 seconds. This significant time 

reduction – up to 88% compared to GA – allows for rapid 

design iterations and real-time adjustments as environmental 

conditions change. 

 

TABLE III. Comparative performance metrics of 

optimization methods 

Method Convergence 

Time 

Protection 

Score 

Grounding 

Error 

GA 142 sec 82% 12.3% 

PSO 98 sec 85% 9.7% 

HGA-PSO 76 sec 88% 7.1% 

ANN 22 sec* 91% 5.9% 

PINN 28 sec 93% 3.2% 

Transformer 34 sec 90% 4.1% 

RF 18 sec* 89% 6.7% 

 

The Protection Score is a quantitative metric that evaluates 

the effectiveness of the air termination system design. It is 

calculated as the percentage of the total photovoltaic plant 

area (Apv) that is successfully covered by the protective zones 

of the lightning poles, as defined by the rolling sphere 

method. Protection effectiveness shows a steady 

improvement from traditional to modern methods. GA 

provides a baseline protection coverage of 82%, while PSO 

and HGA-PSO achieve 85% and 88%, respectively. AI 

methods outperform these results, with ANNs achieving 91% 

and PINNs providing the highest protection score of 93%. 

The 11% difference between GA and PINN represents a 

significant increase in system reliability, potentially 

preventing costly lightning damage to sensitive PV 

components. The transformer models perform slightly below 

PINNs at 90%, while the RF maintains a remarkable 

protection score of 89%. 

The Grounding Error measures the accuracy of the 

grounding system design predicted by the optimization 

algorithm. It is defined as the relative difference between the 

algorithm's predicted total grounding resistance (Rt predicted) 

and the target resistance (Rt target) calculated as necessary for 

safety in Level 2. Optimizing the grounding system is 

particularly challenging for traditional methods. GA exhibits 

an error rate of 12.3% in ground resistance calculations, while 

PSO reduces this to 9.7%. The combined HGA-PSO 

approach achieves an error rate of 7.1%, demonstrating the 

benefits of hybrid optimization strategies. AI methods show 

significant improvements in this critical parameter – ANN 

reduces errors to 5.9%, while PINN achieves an exceptional 

error rate of 3.2% through its physics-constrained 

architecture. This 74% error reduction compared to GA 

translates into more reliable fault current dissipation and 

improved system safety. The transformer models maintain 

their strong performance with an error of 4.1% and the RF 

with 6.7%. 

Figure 3 provides a representation of the performance 

characteristics of the different ELPS optimization methods. 

The scatterplot divides the solution space into two distinct 

regions: metaheuristic methods (GA, PSO, HGA-PSO) 

cluster in the lower right quadrant and show slower 

convergence times and moderate accuracy, while AI-based 

approaches (ANN, PINN, Transformer, RF) dominate the 

upper left quadrant and achieve faster computations and 

superior protection scores. Notably, the position of PINN 

emerges as the most balanced solution, offering near-optimal 

performance in both dimensions. This visualization 

effectively demonstrates how hybrid approaches such as 

HGA-PSO act as transitional methods between the two 

clusters. At the same time, pure AI implementations push the 

Pareto frontier toward the ideal starting point of instantaneous 

and perfect accuracy. 

 

 
Fig. 3. Scatterplot of method performance 

B. Comparative Analysis of AI 

The performance benefits of AI methods are particularly 

evident when examining the trade-off between computational 

speed and accuracy. While meta-heuristic approaches require 

transaction speed for accuracy, AI models achieve both faster 

results and superior conservation metrics. PINNs emerge as 

the most balanced solution, combining physical fidelity with 

computational efficiency. Their ability to directly encode the 

fundamental equations in the network architecture ensures 

compliance with international standards while maintaining a 

practical design timeline. 

Figure 4 shows the three-dimensional visualization critical 

for the performance trade-offs of different AI approaches. The 

Figure reveals that while RF offers the lowest computational 

complexity at 0.7 MFLOPs, making it suitable for edge 

devices and rapid prototyping, it achieves only 89% 
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protection with a relatively high 6.7% grounding error. At the 

other extreme, Transformer models demand 2.5 MFLOPs of 

computation but deliver only marginally better protection, 

about 90%, than simpler methods. The PINN method emerges 

as the most balanced solution, achieving the highest 

protection score with 93% and 1.8 MFLOPs computational 

requirements and a 3.2% grounding error.  This performance 

of PINN is better than others because it can add fundamental 

physical equations directly into its architecture. So, it can 

solve solutions that comply with IEC standards based on 

Table I while maintaining computational efficiency. The ANN 

represents a middle ground, offering 91% protection at 1.2 

MFLOPs, but with 5.9% grounding errors, it has a higher 

error than PINN. The results demonstrate that computational 

power (Transformers) does not guarantee optimal results, 

while PINN achieve better accuracy with reasonable 

computational demands. Therefore, for practical 

implementation, PINN should be the default choice. In 

comparison, RF remains applicable for quick assessments in 

resource-constrained environments. 

 
Fig. 4. 3D visualization of computational efficiency trade-off 

Figure 5 illustrates that the radar chart provides a 

multidimensional comparison of four AI approaches for 

optimizing ELPS. The visualization demonstrates that PINN 

offer the most balanced performance profile, excelling 

particularly in grounding accuracy and protection coverage 

while maintaining reasonable computational efficiency. Its 

uniform shape on the sides indicates better performance than 

other models. In contrast, the RF model shows a sharply 

spiked profile, highlighting its exceptional computational 

speed and FLOP efficiency but significantly poorer 

performance in grounding system design. The Transformer 

model presents an interesting middle ground, with decent 

protection capabilities but higher computational demands, 

while ANN demonstrates competent all-around performance 

without any standout weaknesses. The radial format 

effectively communicates how each approach makes distinct 

trade-offs between physical fidelity and computational 

efficiency, with PINNs emerging as the most robust solution 

for comprehensive lightning protection system design in PV 

applications. 

Figure 6 shows the performance of various models under 

the same data to estimate ELPS parameters. In this figure, the 

learning convergence of different AI approaches for ELPS 

design is presented. The logarithmic scale loss values show 

that PINN achieves the fastest convergence and the lowest 

final error. This demonstrates the effectiveness of 

incorporating physical constraints into the training process. 

While RF shows fast initial convergence, it reaches a steady 

state at a relatively high error level. The Transformer model 

shows slower initial progress but eventually outperforms the 

ANN in final accuracy, indicating that its attention 

mechanisms become increasingly effective with further 

training cycles. The ANN shows continuous improvement but 

cannot match the final accuracy of PINN, highlighting the 

value of physics-based regularization. 

 

 
Fig. 5. Radar chart of AI model capabilities 

The parameter sensitivity analysis in Figure 7 reveals 

fundamental differences in how each AI model prioritizes 

input variables for lightning protection system design. PINN 

demonstrates the most physically intuitive sensitivity profile, 

showing a strong dependence on soil resistivity with a value 

of 0.45. This contrasts sharply with RF, which overweight the 

PV area with a value of 0.35, while underweighting soil 

conditions with a value of 0.25, explaining its poorer 

grounding accuracy. The Transformer model shows balanced 

but somewhat diffuse sensitivity across parameters, while 

ANN's moderate sensitivity to protection level with a value of 

0.35 reflects its data-driven approach. Notably, PINN's low 

sensitivity to thunder days, with a value of 0.08, suggests 

robust performance across varying weather conditions. 

Generally, the patterns show the sensitivity analysis of each 

model and the effect of each parameter in models. PINN's 

physics-aware architecture naturally emphasizes the most 

physically significant parameters, while data-driven methods 

like RF and ANN tend to overemphasize more readily 

measurable but less critical inputs. This is while the 

transformer model is less sensitive to data and can be 

considered a good advantage of this model. Figure 8 shows 

the failure probability comparison. Based on the results, 

PINN has high reliability for lightning protection systems, 
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with its 5.41% failure rate representing an improvement over 

Transformer and ANN models. The Transformer's 

intermediate 9.95% failure rate suggests its attention 

mechanisms provide some robustness benefits over 

conventional ANN. Furthermore, PINNs have a remarkable 

reduction compared to RF. These field validation results 

directly reflect each method's underlying architecture. In fact, 

PINN's physics-constrained design prevents unphysical 

solutions that could lead to protection failures, while RF's 

data-driven approach proves particularly vulnerable to edge 

cases not represented in training data. 

 

 
Fig. 6. Learning convergence curves results 

 
Fig. 7. Parameter sensitivity analysis of AI models 

To strengthen the validation, new data are generated 

through simulation based on Table 2. A comparative study is 

conducted using the new data, and the results are analyzed 

and compared. The results are shown in Figures 9-11. Figure 

9(a) shows the lightning protection coverage of each AI 

model. The PINN model achieves the highest protection score 

of 93%. The 2-4% difference between PINN and the other 

models indicates an improvement in system reliability in this 

AI model. ANN is the closest model in terms of protection 

capability with 91%, while Transformer and RF show lower  

 
Fig. 8. Field failure probability comparison results 

protection effectiveness with 90% and 89%, respectively. 

Figure 9(b) shows the substantial differences in the accuracy 

of the ground system. In this case, PINN has a significant 

error rate of 3.2%. The Transformer model shows an 

acceptable performance with an error rate of 4.1%. In 

contrast, ANN and RF show higher error rates of 5.9% and 

6.7%, respectively, indicating limitations in the design of the 

ground system. These results confirm the results of the 

comparative study conducted in the previous section. 

Figure 10 presents both the protection score and grounding 

accuracy metrics. The results clearly demonstrate the dual 

superiority of PINN. The visual comparison emphasizes that 

the physics-based approach of PINN successfully bridges the 

gap between theoretical protection requirements and practical 

implementation constraints. These results also confirm 

previous results using new data. Figure 11 introduces a 

performance ratio metric (protection score divided by 

grounding fault) that quantifies the overall effectiveness of 

the system. PINN achieves the highest ratio of approximately 

29.1, significantly outperforming other models. This metric 

effectively captures the essential balance between protection 

coverage and implementation accuracy, providing a single 

comprehensive measure of design quality. 

Statistical analysis performed on several random samples 

conclusively shows that PINN achieves a strong and 

consistent performance advantage over other AI models. The 

results of this evaluation are shown in Table 4. The PINN 

model consistently achieved the highest average protection 

score and the lowest average ground fault across all 10 seeds. 

While models such as the standard ANN and Transformer 

showed greater sensitivity to initial conditions, the RF model 

also showed very low variance (±0.5% and ±0.4%) due to its 

ensemble nature, where the average is calculated over many 

decision trees. However, its average performance was lower 

than PINN. PINN consistently produced the highest 

protection score and the lowest ground fault with minimal 

deviation. 
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C. Recommended Implementation 

Based on the comprehensive performance analysis of 

various optimization methods for ELPS in PV installations, 

the PINN model is offered as the most robust solution. It 

should perform as the primary design approach for most 

applications. PINN demonstrates good performance across all 

critical metrics, achieving a 93% protection score with only 

3.2% grounding error while maintaining reasonable 

computational efficiency. Its physics-constrained architecture 

provides unmatched reliability and has a lower failure rate 

compared to conventional ANN approaches and RF methods. 

This performance advantage stems from PINN's unique 

ability to use fundamental physical equations directly into the 

model. Using equations alongside training data significantly 

helps to obtain better results but may increase sensitivity and 

reduce performance speed, as shown in the results.  

 

 
Fig. 9. Combined metrics of protection score and grounding 

accuracy 

 

 
Fig. 10. Comprehensive analysis of protection system effectiveness 

TABLE IV. Performance Metrics across 10 random seeds 

(Mean ± Standard Deviation) 

Model Protection 

Score (%) 

Grounding 

Error (%) 

Convergence 

Time (s) 

PINN 92.7 ± 0.4 3.4 ± 0.3 29.1 ± 2.1 

ANN 90.8 ± 0.7 6.1 ± 0.6 22.3 ± 1.8 

Transformer 89.5 ± 1.1 4.3 ± 0.5 35.2 ± 3.0 

RF 89.2 ± 0.5 6.9 ± 0.4 18.5 ± 1.2 

 

 
(a) 

 
(b) 

Fig. 11. Comparative validation of AI models for ELPS 

optimization based on new data. (a) Protection coverage score 

(b) Grounding system design error 

Despite its demonstrated advantages, the proposed PINN 

approach has limitations. Its training phase is computationally 

more intensive than that of standard ANNs or RF due to the 

evaluation of physical equations. Furthermore, its 

performance is inherently tied to the accuracy of the 

underlying physical model; incorrect or oversimplified 

governing equations would lead to biased predictions. While 

PINNs reduce the demand for vast empirical datasets, they 

still require high-quality data to calibrate the physics to real-

world conditions. Finally, the implementation complexity of 

PINNs is higher, requiring expertise in both machine learning 

and domain-specific physics. For large-scale PV installations, 

PINN should be implemented throughout the entire design 

workflow. It means from initial pole configuration using their 

multi-stage optimization framework to final grounding 

system design with their dual-path neural network approach. 

The RF method remains useful for rapid prototyping due to 

its computational efficiency, and Transformers offer value for 

complex spatial optimization in mega-scale farms. PINN 

provide the optimal balance of accuracy, reliability, and 
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practical implementation requirements in PV protection. The 

method's consistent performance across varying 

contamination levels and weather conditions makes it 

particularly valuable for real-world deployment where 

environmental factors fluctuate significantly. However, the 

ANN is an option for smaller-scale PV. The ELPS design is 

not complex, and the pole numbers and their location are 

constraints. 

 

V. Conclusions 

This study presents a comparison of several AI-based 

optimization methods for designing lightning protection 

systems. Physics-based neural networks emerge as the most 

effective solution, outperforming traditional optimization 

methods and conventional machine learning approaches. 

Field validation results confirm the superior reliability of 

physics-based AI models, with a significantly lower failure 

rate compared to alternative approaches. For practical 

implementation, the findings indicate that large-scale 

photovoltaic installations benefit most from comprehensive 

PINN-based design workflows, while smaller systems may 

benefit from simpler ANN configurations. The behaviour of 

the RF model is also very similar to that of the ANN model. 

However, a large scatter is observed in the transformer model 

analysis. PINN demonstrates superior protection 

effectiveness with a 93% coverage score, significantly 

outperforming genetic algorithms at 82% and particle swarm 

optimization at 85%. In terms of grounding system accuracy, 

PINN achieves a remarkable 3.2% error rate, representing a 

74% improvement over GA's 12.3% error rate. While random 

forest algorithms show the fastest convergence at 18 seconds, 

their 6.7% grounding error and 89% protection score prove 

less reliable than PINN's balanced performance at 28 seconds 

of computation time. The multi-level optimization framework 

successfully addresses critical interactions between air 

termination design and grounding parameters that single-

stage methods often neglect. Field validation data confirms 

PINN's practical reliability with a 5.41% failure rate, nearly 

half that of transformer models at 9.95%. 

Future research directions include the hybrid use of the 

proposed models at each of the optimization levels, which 

could yield even better results. Furthermore, adding more 

constraints, including optimal location, shadow size of the 

poles, and other limiting factors, can help design a more 

accurate and practical ELPS. Looking forward, this research 

opens several promising future directions. First, it can be 

investigated using hybrid modeling, where a PINN is used for 

the critical grounding system design, and a faster RF model is 

used for the air termination layout. Second, integrating 

additional practical constraints, such as dynamic shadow 

analysis, topological limitations, and detailed economic 

costing, into the optimization framework is a crucial next 

step. Finally, exploring transfer learning techniques for 

PINNs could drastically reduce their computational overhead 

for new, unseen site conditions, making this powerful 

approach more accessible. 
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Appendix A  

AI Artificial Intelligence 

ANN Artificial Neural Network 

ELPS External Lightning Protection System 

GA Genetic Algorithm 

HGA-PSO Hybrid Genetic Algorithm - Particle Swarm 

Optimization 

IEC International Electrotechnical Commission 

PINN Physics-Informed Neural Network 

PSO Particle Swarm Optimization 

PV Photovoltaic 

RF Random Forest 

Appendix B  

1. Neural Network Architectures & Hyperparameters 

All neural network models (ANN, PINN, Transformer, and RF) 

are implemented using TensorFlow v2.8 and Keras. The models 

for each of the three optimization levels shared similar base 

architectures but were tailored to their specific input-output 

dimensions. 

• ANN Architecture: 

o Structure: A feedforward network with 3 

hidden layers. 

o Layer Sizes: Input Layer → (128 neurons) 

→ (64 neurons) → (32 neurons) → Output 

Layer. 

o Activation Functions: ReLU for all hidden 

layers. Linear activation for the output layer 

(suitable for regression). 

o Initialization: He Normal initialization. 

o Regularization: L2 regularization (λ = 

0.001) was applied to the kernel weights of 

each layer to prevent overfitting. 

• PINN Architecture: 

o Structure: The PINN shared the same base 

architecture as the ANN (128-64-32) to 

ensure a fair comparison. 

o Physics-Informed Component: The physics 

loss was calculated based on the governing 

equations (Eqs. 4, 5, 6 for grounding; Eqs. 1, 

2, 3 for air termination) and added to the 

standard mean squared error (MSE) data 

loss. 

o Loss Function: Total_Loss = MSE (Data) + 

λ * MSE (Physics), where the physics 

constant λ was set to 0.5 after a sensitivity 

analysis. This enforced that the network's 

predictions adhered to physical laws. 

• Transformer Architecture: 

o Structure: 2 Transformer encoder blocks. 

o Key Parameters: Embedding dimension = 

64, Number of heads = 4, Feedforward 

dimension = 128. 

o Input Processing: The tabular data was first 

projected into a higher-dimensional space 

using a dense layer. A learnable positional 

encoding was added, as the order of the input 

parameters (e.g., Td, Apv, ρ) is not 

sequential. 

o Output: The [CLS] token output from the 

final encoder block was passed through a 3-

layer MLP (64 → 32 → output) to generate 

the prediction. 

• Random Forest (RF): 

o Number of Trees: 100 estimators. 

o Other Parameters: max_depth = 

None (nodes expanded until 

pure), min_samples_split = 

2, min_samples_leaf = 1. These parameters 

were chosen to allow the model to fully fit 
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the training data without excessive 

constraint. 

2. Training Parameters & Hyperparameter Tuning 

• Common Training Parameters: 

o Optimizer: Adam. 

o Learning Rate: A starting learning rate of 

0.001 was used for all models, with a 

reduction by a factor of 0.5 if the validation 

loss plateaued for 10 epochs. 

o Batch Size: 32. 

o Train/Validation/Test Split: 70%/15%/15%. 

The split was performed randomly but 

consistently across all models to ensure a fair 

comparison. 

o Epochs: Training was stopped early if the 

validation loss did not improve for 25 

consecutive epochs (Early Stopping 

callback), preventing overfitting. The 

maximum number of epochs was set to 500.

 

• Hyperparameter Tuning Process: 

o A Bayesian Optimization process was 

conducted using the Hyperopt library for the 

neural networks (ANN, PINN). 

o Search Space: 

▪ Number of hidden layers: [2, 3, 4] 

▪ Number of units per layer: [32, 64, 

128, 256] 

▪ Learning Rate: Log-uniform 

distribution between 1e-4 and 1e-2 

▪ L2 Regularization (λ): [1e-4, 1e-3, 

1e-2] 

o The objective was to minimize the Mean 

Absolute Error (MAE) on the validation set. 

o The final architectures and parameters 

reported above represent the best 

configuration found after 50 trials for each 

model type. 
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As the field of nanotechnology rapidly advances and the need for faster processing in 

smaller dimensions grows, so does the integration of Very Large-Scale Integration 

(VLSI) technology. These difficulties include things like large-scale area needs, high 

power consumption, and low operating speeds, which call for new approaches to lessen 

these constraints. Developed and implemented at the nano-based, Quantum-Dot Cellular 

Automata (QCA) technology presents itself as a viable way around these obstacles. The 

advent of QCA technology heralds our entry into the nano-scale realm, where the 

advantages of enhanced processing speeds, reduced dimensions, and minimal power 

consumption become manifest. This article focuses on the 7-input Majority Gate, a 

fundamental component in QCA technology, distinguished by its fault-tolerant 

characteristics. The primary objective is to present the design and simulation of this key 

gate within the context of QCA technology. Noteworthy among the merits of the 7-input 

Majority Gate is its capacity to implement logic gates with a greater number of inputs, 

consolidating multiple functionalities within a single gate. QCADesigner and QCAPro 

software have simulated the given gate, and the results demonstrate the exact and correct 

operation of the gate. This gate generates an output signal with a 0.25-clock-cycle delay 

and occupies an area of 0.03 µm² with 66 quantum cells. The simulation results 

demonstrate the precision of the circuit's operation. Additionally, basic fault-tolerant 

gates such as 4-input AND and 4-input OR using a 7-input fault-tolerant Majority Gate 

have been suggested to illustrate the proper operation of the new gate. 

I. Introduction 

Deep nanoscale technologies will bring current 

Complementary Metal-Oxide Semiconductor (CMOS) 

technology closer to its scaling limit [1]. The growing degrees 

of variance in each facet of a nanometer design provide 

certain challenges for CMOS technology at nanoscales [2]. 

Parallelism is a common technique used to improve the 

efficiency of logical systems. But new nanotechnologies need 

to be considered to improve the system's overall performance. 

One of the most exciting emerging technologies is Quantum-

dot Cellular Automata (QCA), which provides a novel 

approach to computation and information transformation in 

addition to providing a solution at the nanoscale [3]. Since the 

Majority Gates are the fundamental building element of QCA 

circuits, there has been a lot of interest in the effective 

construction of QCA circuits using Majority Gates; 

nevertheless, some of these are not extensible or feasible [4]. 

According to several research studies, QCA can be used to 

construct memory and general-purpose computing circuits [5-

8]. A key element in building QCA circuits is the majority, as 

each circuit can only be accomplished with the use of majority 

and inverter gates. Therefore, it is crucial to build a majority 

in QCA as effectively as possible [9]. 

On the other hand, by reducing the dimensions of the parts, 

the sensitivity of the circuit is increased, and quantum circuits 

are more vulnerable to the occurrence of defects and 

environmental radiation, and failures will be one of the 

important issues at the architectural level. It is a fact that 

https://orcid.org/0000-0002-4517-9169
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https://orcid.org/0000-0001-7101-6374
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nano-architectures must be able to tolerate defects. So far, a 

large number of 3-input and 5-input fault-tolerant gates have 

been introduced, and of course, circuits have been designed 

with these 3-input and 5-input fault-tolerant gates [10, 11]. 

But the fault-tolerant 7-input Majority Gate is less designed; 

therefore, the research in this particular field seems 

appropriate. In this article, we are going to design and 

implement a 7-input Majority Gate that can tolerate faults, 

which is considered one of the basic gates in QCA technology 

[12]. The construction of fault-tolerant 7-input Majority 

Gates in QCA is a relatively unexplored field when 

considering the existing state of affairs. This paper highlights 

the need to focus research efforts on this particular area of 

QCA technology, where there is still room to improve fault 

tolerance in critical components [13, 14].  

With the growing need for low-energy consumption and 

ultra-dense circuits, the fault-tolerant 7-input Majority Gate 

proposed here has large potential to be incorporated in QCA-

based large-scale systems. It can be applied to memory arrays 

where multi-input logic functionality is essential, arithmetic 

processing units in nano-ALUs, error-resilient control 

systems, radiation-hardened computing systems like those 

used in aerospace technology, medical implants, or military-

grade devices. 

Therefore, acknowledging its critical significance as one of 

the foundational gates within the QCA framework, this article 

aims to contribute to this emerging subject by providing a 

thorough design and implementation of a fault-tolerant 7-

input Majority Gate. Its purposeful focus on strengthening the 

fault tolerance of the 7-input Majority Gate (a crucial 

component of QCA technology) is what makes this research 

novel. The study aims to close a clear gap in the current state 

of research by addressing the shortcomings in existing 

designs and suggesting a fault-tolerant version. Given the 

growing applications of QCA technology and the critical need 

for reliable and fault-tolerant components in the rapidly 

changing field of nanoscale computing, this project is 

especially relevant and timely. In addition to trying to address 

current issues, the proposed 7-input Majority Gate also hopes 

to open the door for more dependable and robust QCA 

circuits. This research adds to the fundamental understanding 

of QCA technology by clarifying the fault-tolerant 

mechanisms and design complexities. It also provides useful 

information for the creation of fault-tolerant circuits within 

the larger framework of nanoscale computing. This paper's 

uniqueness is summarized as follows: 

• Created the first fault-tolerant 7-input Majority Gate  

• Examining the suggested fault-tolerant gate for 

faults such as cell omission, cell displacement, cell 

misalignment, and extra-cell deposition. 

• Using the QCAPro tool, compute and analyze the 

power consumption of the suggested structure. 

• Using the proposed fault-tolerant 7-input Majority 

Gate, propose fault-tolerant fundamental gates such as 4-

input AND and 4-input OR. 

This paper's structure will be as follows. Section 2 provides 

an overview of QCA technology, including QCA cells, QCA 

wires, fundamental QCA gates, clocking, different types of 

faults, and related operations. Section 3 proposes fault-

tolerant 7-input Majority Gates. The proposed structure in 

Section 4 suggests fault-tolerant versions of fundamental 

gates such as 4-input AND, and 4-input OR in QCA 

technology. Finally, the article is finished in Section 5. 

 

II. Background 

Introduction to QCA technology  

The cell is the main component in QCA technology. The 

QCA cell consists of four cavities placed next to each other in 

a square shape. The QCA cell has two extra electrons, which 

can move freely between holes [15]. In general, 6 different 

states are available for 2 electrons to be placed in 4 holes. All 

these 6 states are not stable because, due to the Coulomb 

 force between electrons, they are always in a state that has 

the greatest distance from each other, as shown in Figure 1. 

Therefore, the stable states are established when the holes are 

diagonally occupied, which creates two structures. These two 

structures display two poles, +1 and -1, which in calculations, 

we attribute logical values of 1 and 0 to them, respectively 

[13]. 

 

 
Fig. 1. QCA cell [16]. 

 

Another important issue in this technology is wiring. Not 

only is the Coulomb force established between the electrons 

inside a cell, but also each cell affects the adjacent cells. If 

two cells are located next to each other, they are always in a 

position where the Coulomb force is minimized. An array of 

contiguous cells can be used to transmit a logical value like a 

wire to transmit information [17, 18]. A linear array of 

standard cells can transmit binary data. In general, two wiring 

methods have been used in QCA, as shown in Figure 2. The 

first method, which is considered the wiring standard in QCA, 

is created by placing standard cells together; the input signal 

is applied from one side to the first cell, and due to electron 

repulsion, the polarization created in the first cell is 

transferred to the cells [19]. Adjacent ones are transmitted one 

after the other, and thus the signal is propagated in the first 

part of the wire. Finally, the incoming signal can be seen on 

the other side of the wire. The second method that is used in 

wiring is by using 45-degree cells [20, 21]. In this way, the 
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cells are placed together with a polarity between -1 and +1, 

so a wire is created using these cells, and the signal can be 

transmitted. Another benefit of this technology is its capacity 

to cross wires. Since the cables are arranged in separate layers 

in this instance, they don't negatively impact one another. 

Additionally, there is no signal loss when using the same wire 

for multiple outputs [17, 18, 22]. 

 

 
Fig. 2. Two types of QCA wire [23] 

 

In addition to the above, clocking is very important in this 

technology. A QCA circuit cannot function properly without 

a clock schedule. In QCA, we must use a schedule that allows 

each cell to maintain its current state and not react to the 

change of state of the neighboring cells. The clock is an 

electronic factor that controls the movement of electrons 

inside the cell [24]. What the clock does is keep one set of 

cells in a certain polarization to allow other cells to make the 

appropriate changes [25]. The way it is controlled is that if 

information reaches a part of the circuit that must be 

combined with several other inputs and produce the desired 

output, if other inputs arrive later in that part of the circuit, it 

prevents information from spreading in that part until other 

inputs arrive. The existence of a clock creates synchronization 

in different parts of the circuit. Each clock signal is divided 

into four phases: switch, hold, release, and rest. 

1. Switch Phase: During this phase, the opposing 

forces that hinder electron movement within each cell 

begin to intensify, making it increasingly difficult for 

electrons to move. 

2. Maintenance Phase: In this stage, the forces that 

obstruct electron flow within the cell have reached their 

peak, resulting in a stable position for the electrons. 

3. Release Phase: At this point, the blocking forces 

start to diminish, allowing electrons to be gradually 

released. 

4. Resting Phase: In this phase, the cell exhibits no 

polarity, enabling electrons to move freely throughout the 

cell. 

All cells in a clock domain have the same phase. This 

means that a clock phase occurs when the clock domain 

passes through four different phases, which is what the clock 

does [26]. The clocking in four phases in QCA is shown in 

Figure 3.   

In addition to the above, the two basic gates in the QCA 

technology are the inverter gate and the Majority Gate, which 

can be used to design any circuit that is possible in this 

technology. In the Majority Gate, the output always shows the 

majority of the inputs; that is why we call it the majority 

function, the output is the inverse function of the majority of 

the inputs [27]. The types of Majority Gates in this technology 

are 3-input, 5-input, and 7-input. Figure 4 shows 3, 5, and 7-

input Majority Gates and an inverter gate. 

 

Defects in QCA  

Also, one of the important things in this technology is the 

possibility of a fault. Defects in the placement stage can have 

a big impact on the system's functionality and dependability 

when it comes to QCA technology [28-30]. These flaws cover 

a wide range of anomalies or mistakes that could occur when 

arranging or placing quantum dots, which are the basic 

building blocks of QCA circuits. Potential flaws in the 

placement phase could include differences in the distance 

between quantum dots or misalignment of the dots 

themselves. These flaws could be the consequence of 

fabrication process restrictions, environmental variables, or 

manufacturing errors. It is imperative to address and mitigate 

these placement-related defects because they have the 

potential to affect both the accuracy of quantum computations 

and the overall performance of QCA-based devices. To 

increase the dependability and usefulness of QCA technology, 

scientists and engineers working in this area try to create 

strong methods for locating, stopping, and fixing these flaws 

[28-30]. The types of possible defects in the placement stage 

of this technology include: 

• Cell deletion: It is a defect where a cell is 

left out of the circuit (Figure 5 (a)) 

• Cell displacement: defects that quantum 

cells move in their original direction (Figure 5 (b)) 

• Cell rotated: It is a defect in which the cell 

rotates in proportion to the adjacent cells in such a 

way that the direction of the cell changes (Figure 5 

(c)) 

• Extra-cell: It is a defect in which one or a 

number of extra cells may be added to the circuit in 

the process of placing cells (Figure 5 (d)) [7]. 

 

 
Fig. 3. Clocking in QCA technology [26] 

 

Related works 

In reference [31], a new 7-input Majority Gate is designed 

in QCA. The gate proposed in this article is designed in one 

layer and with a 0.25 clock cycle. This gate is designed with 

19 quantum cells, and is shown in Figure 7 (a). Also, the 

power dissipation map of this gate is shown in Figure 7 (a).  
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                      (a)                                          (b) 

 
                (c)                                                (d) 

Fig. 4. QCA basic gates: (a) QCA inverter, (b) a three-input 

Majority Gate, (c) a five-input Majority Gate, and (d) a seven-

input Majority Gate [3] 

 

 
                 (a)                                                  (b) 

 
              (c)                                                    (d) 

Fig.5. Types of defects in QCA technology: (a) cell omission, 

(b) cell displacement, (c) cell rotation, and (d) extra-cell 

deposition [7] 

 

This gate's fault tolerance of less than 12% indicates that it 

is quite prone to malfunctions. When the fault tolerance level 

is below a critical threshold in real-world terms, it can be said 

that the gate is not fault-tolerant. In this case, the gate's low 

fault tolerance points to a significant susceptibility to errors 

or disruptions, highlighting the need for additional 

advancements or substitute approaches to raise its 

dependability in practical uses. 

In reference [32], a 7-input Majority Gate with a 

symmetrical structure is proposed. This research article 

presents a gate that is carefully constructed in a single layer 

and runs at 0.25 clock phase. According to the reference, this 

gate's architectural layout consists of 24 cells in total. But a 

critical observation reveals that this specific gate, as shown in 

Figure 7 (b), is not intrinsically fault-tolerant. The power 

dissipation map of this gate is shown in Figure 7 (b). One 

important thing to note about this gate is that it doesn't have 

fault tolerance, which means that errors or disruptions could 

compromise its dependability in real-world scenarios. Its 

intricate design, in particular its reliance on a single clock 

phase and single-layer structure, makes it more prone to 

malfunctions. 

 
(a) 

 
(b) 

 
(c) 

Fig.6. Power consumption analysis: (a) Power dissipation 

map of the in [31], (b) Power dissipation map of the in [32], and 

(c) Power dissipation map of the in [33] 

 

In the minority gate, the output is the inverse function of 

the majority of the inputs. The proposed 7-input minority gate 

in reference [33] is shown in Figure 7 (c). This research article 

introduces a novel construction, the 7-input minority gate, 

which is made up of 16 cells that are synchronized within a 

small 0.25 clock cycle. Figure 6 (c) displays this gate's power 

dissipation map. The structural design consists of seven input 

cells, one output cell, and a middle configuration of eight 

cells. Note that this gate has a fault tolerance level of less than 

13.75%, even with its intricate design and effective clock 

cycle. The gate is considered to have no substantial error 

tolerance in practice when the fault tolerance figure falls 

below a critical threshold. Put differently, this means that the 
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gate is more prone to errors than is reasonable, which 

highlights the need to strengthen its fault tolerance. 

 

 

(a) 

 
(b) 

 
(c) 

Fig.7.Three types of 7-input Majority Gate: (a) 7-input 

Majority Gate proposed in [31], (b) 7-input minority gate 

proposed in [32], and (c) 7-input Majority Gate in [33] 

 

III. The proposed fault-tolerant 7-input             

Majority Gate            

In QCA technology, a fault-tolerant 7-input Majority Gate 

is a state-of-the-art development in the realm of quantum 

computing. In comparison to classical computing systems, 

quantum computation at the quantum level (QCA) enables 

faster and more complex operations by applying the 

principles of quantum mechanics to computing. It is a 

revolutionary approach to computing. This particular part of 

a 7-input Majority Gate is made to process seven input signals 

and generate an output using the majority logic principle. In 

the field of QCA technology, this gate's fault-tolerant nature 

is essential because it shows how well it can tolerate and 

lessen the effects of any faults, mistakes, or disturbances that 

might occur while it is operating. Therefore, in this article, a 

fault-tolerant 7-input Majority Gate is presented. Figure 8 

represents the proposed fault‑tolerant 7-input Majority Gate 

with 66 quantum cells in an occupied space of 0.03 µm2. All 

input and output cells are designed and implemented in one 

layer, and no other layers are needed to access them. Proper 

arrangement of the input cells and the length of the wires 

structurally have led to the coordinated effects, and 

accordingly, the fault‑tolerant 7-input Majority Gate output. 

The correct output response is received after 0.25 clock 

cycles. 

 
Fig.8.The QCA layout of the proposed fault-tolerant 7-input 

Majority Gate 

 

Also, we have designed 4-input AND and 4-input OR gates 

with this gate as follows to show the efficiency of the 

presented gate. One of the main advantages of the 7-input 

Majority Gate is the ability to implement logic gates (4-input 

AND, 4-input OR, 4-input NAND, and 4-input NOR in QCA 

technology) with more inputs under the capability of one gate. 

The fault‑tolerant 4-input AND, 4-input OR can be designed 

within the fault‑tolerant 7-input Majority Gate by fixing three 

of the inputs to 0 and 1 as shown in Figure 9. When three 

inputs are set to 0, the output of the function is 1 only when 

the other four inputs are 1; otherwise, the output of the 

function is 0. Therefore, the system will behave like an 

"AND" operator. A gate "OR" with four inputs can be 

designed by fixing three of the inputs to +1 polarization. 

Functionality of these gates is presented in Eqs (1) and (2): 

 AND(A,B,C,D)=AB.CD=MV7(A,B,C,D,0,0,0)                (1) 

OR(A,B,C,D)=A+B+C+D=MV7(A,B,C,D,1,1,1)            (2) 
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To ensure fault tolerance, structural redundancy was 

introduced in the design by adding the overlapping logical 

paths and the placement of cells with the potential to furnish 

logical compensation for local failures. In contrast to 

duplication or voting methods, this design emphasizes spatial 

distribution and logical symmetry that ensures functionality 

even when some cells are deleted or displaced. This system 

maintains gate functionality without unnecessary area or 

complexity overhead. 

 

 IV. Simulation software, results, energy         

dissipation analysis, and defect analysis    

To thoroughly assess and validate the suggested circuit 

layouts and their associated functionality, we have utilized the 

sophisticated simulation tool QCADesigner version 2.0.3, 

which is designed especially for QCA circuits [8, 34]. With 

the aid of this simulation tool, we can evaluate the complex 

dynamics of QCA circuits and closely examine the proposed 

circuit's performance in a variety of scenarios. To guarantee 

the precision and dependability of the outcomes in the context 

of bistable approximation—a crucial component of QCA 

circuit simulations—a set of well-selected parameters has 

been provided. These specifications call for an 18 nm cell size 

and the use of 50,000 samples to provide a strong statistical  

 

 
(a) 

 
(b) 

Fig.9. (a) The QCA layout of proposed fault-tolerant 4-input 

AND gate, and (b) The QCA layout of proposed fault-tolerant 

4-input OR gate 

analysis. Notably, the precise value of 0.0000100 is chosen 

for the convergence tolerance, highlighting the level of 

accuracy needed to achieve convergence during the iterative 

simulation process. In addition, several parameters that 

control the simulation environment have been carefully 

defined. The parameters used include the radius of effect (65 

nm), relative permittivity (12.9), clock high (9.8e-22 J), clock 

low (3.8e-23 J), clock shift (0), clock amplitude factor (2.0), 

layer separation (11.5 nm), and maximum iterations per 

sample (100). Notably, most of these parameters are the 

QCADesigner defaults, guaranteeing uniformity and 

conforming to accepted practices in QCA simulations. 

Through the utilization of QCADesigner features and prudent 

parameter configuration, our goal is to perform a 

comprehensive analysis that examines the behavior of the 

suggested circuit in various scenarios [8, 34]. Ensuring the 

precision, dependability, and thorough comprehension of the 

suggested QCA circuit's performance attributes requires the 

careful selection and adjustment of these simulation 

parameters. 

 

 
Fig.10.The simulation results of the proposed fault-tolerant 7-

input Majority Gate 

 

The simulation results from the QCADesigner simulation 

motors indicate the proper operation of the proposed Majority 

Gate for all possible inputs. The test vectors were applied 

sequentially to the inputs, and the results were examined by 

each motor separately. The matching of the waveforms 

revealed the correct operation of the design. Figure 10 

represents the simulation result with the Coherence Vector 

simulation motor. Additionally, Figure 11 shows the 

simulation results for an OR and an AND gate with four inputs 

that are fault-tolerant. The figure makes it clear that all 
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potential inputs have been applied to the gates and that the 

gates have produced the expected and correct outputs, 

demonstrating the proper operation of the newly introduced 

gates. 

 

 
(a) 

 
(b) 

Fig.11. (a) The simulation results of the proposed fault-

tolerant 4-input AND gate, and (b) The simulation results of the 

proposed fault-tolerant 4-input OR gate 

 

Considering that the 7-input gate designed in this article is 

the first fault-tolerant 7-input Majority Gate, therefore, no 

comparison has been made to this gate; however, Table 1 

compares the 7-input minority and Majority Gates designed 

in previous articles with the gate proposed in this article. In 

this table, the proposed gate has been compared with the 

circuits designed in previous articles in terms of fault-

tolerance percentage. 

Also, to better confirm the accuracy of the presented fault-

tolerant 7-input Majority Gate, this gate has been tested in 

QCAPro software. To calculate polarization error and non-

adiabatic switching power loss in QCA circuits, a new 

modeling tool called QCAPro has been developed. When 

designing QCA circuits, the tool estimates highly erroneous 

cells using a quick approximation-based technique. In 

addition to providing an upper bound on power consumed, 

QCAPro estimates the power loss in a QCA circuit for clocks 

with sharp transitions, which lead to non-adiabatic operations. 

When an input switching operation is occurring in a QCA 

circuit, QCAPro can be used to estimate the maximum, 

minimum, and average power losses. The QCAPro software 

can measure the energy consumption of the fault-tolerant 7-

input Majority Gate at three levels of 0.5 EK, 1 EK, and 1.5 

EK at 2.0 K. The power dissipation map of the proposed 

Majority Gate with 0.5 EK is illustrated in Figure 12, and 

more energy dissipation details of the gate are listed in Table 

2. Also, in this table, a comprehensive comparison has been 

made between the presented design and the best previous 

designs. 

 

 
Fig.12.Power dissipation map of the proposed 7-input 

Majority Gate with 0.5 Ek 

 

TABLE I. A comparison of the fault-tolerant 7-input Majority 

Gate and other similar gates 
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TABLE II. A comparison of the 7-input Majority Gate's 

energy dissipation 
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The comparison results show more energy consumption in 

the presented plan than in the previous plans. This is due to 

the high number of cells provided in the design, which has 

high tolerance, but the previous designs are not fault-tolerant. 

 

Cell Deletion Analysis 

Table 3 shows the results of evaluating the proposed gate’s 

tolerance to cell deletion. By comparing the output 

waveforms of simulations with and without individual cell 

deletions (Figure 13), 22 of 58 cells could be deleted without 

affecting the output. This indicates a 38% tolerance to cell 

deletion ((22/58) × 100%). 

 

Cell Displacement Analysis 

Table 4 presents the results of the displacement fault 

analysis. Each of the 18 device cells was tested for 

displacement tolerance in four directions (North, South, East, 

West). Only cells 26 and 40 produced incorrect results. 

Therefore, the device cell fault tolerance is 89% ((16/18) × 

100%). 

 

Cell Rotation Analysis 

Cell rotation evaluation was also performed in 

QCADesigner by changing the cell type from 90 degrees to 

45. As shown in Table 5, all 58 cells were examined, and only 

22 exhibited sufficient tolerance to this fault. Therefore, the 

proposed gate demonstrates poor tolerance to rotated cells, 

with a tolerance percentage of 38%. 

 

 
Fig.13.The proposed fault-tolerant 7-input Majority Gate 

(numbered cells) 

 

TABLE III. The output of the proposed structure against the 

single-cell deletion defect. 
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1 MV7 29 Incorrect 

2 MV7 31 Incorrect 

3 Incorrect 32 Incorrect 

4 Incorrect 33 MV7 

5 MV7 34 MV7 

6 MV7 35 Incorrect 

7 Incorrect 36 Incorrect 

8 Incorrect 37 Incorrect 

9 Incorrect 38 Incorrect 

10 MV7 39 Incorrect 

11 MV7 40 Incorrect 

12 MV7 41 MV7 

13 Incorrect 42 Incorrect 

14 Incorrect 43 Incorrect 

15 Incorrect 44 Incorrect 

16 Incorrect 45 Incorrect 

17 MV7 47 MV7 

18 MV7 48 MV7 

19 MV7 49 Incorrect 

20 MV7 50 Incorrect 

21 Incorrect 51 Incorrect 

22 Incorrect 52 MV7 

23 Incorrect 53 MV7 

24 Incorrect 54 MV7 

25 Incorrect 55 Incorrect 

26 Incorrect 56 Incorrect 

27 Incorrect 57 MV7 

28 Incorrect 58 MV7 
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TABLE IV. Outcomes of the permitted cell displacement in 

the proposed design 

C
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E
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W
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1 ∞ - - ∞ 

A - - <=2 - 

2 ∞ - - ∞ 

C <=2 - - - 

5 ∞ - ∞ - 

6 - - - ∞ 

11 ∞ - ∞ - 

12 ∞ - - ∞ 

E <=4 - - - 

18 - - <=10 - 

19 - - - ∞ 

26 - - <=1 - 

G - - - <=6 

Maj - - <=1 - 

33 - - - ∞ 

40 - - <=1 - 

41 - ∞ - ∞ 

F - <=4 - - 

47 - - <=10 - 

48 - - - ∞ 

53 - ∞ ∞ - 

54 - ∞ - ∞ 

D - <=2 - - 

57 - ∞ ∞ - 

58 - ∞ - ∞ 

B - - <=2 - 

 

Extra-Cell Deposition Analysis 

In order to analyze the extra-cell fault, the process starts by 

adding cells all around the proposed Majority Gate, as shown 

in Figure 14. The resulting waveforms are compared to the 

fault-free ones. Represents the possible places, and Table 6 

lists the results of the process. Only in cells 5 and 28, incorrect 

results produced. Consequently, the fault tolerance 

percentage for extra-cell can be calculated as (28/30) × 100, 

resulting in 93%. 

 

Testing under Noisy and Thermal Environments 

To assess the stability of the proposed 7-input Majority 

Gate under real-world operation conditions, additional 

simulations were run using QCAPro for both thermal 

fluctuation (between 0 K and 350 K) and injected 

environmental noise regimes. The simulations revealed that 

the gate operates correctly with extremely low output errors 

in all 128 input combinations. This confirms the fault-tolerant 

character of the gate under actual nanoscale operating 

variations. 

 

Trade-off Analysis: Cell Count vs. Power vs. Fault 

Tolerance 

Though the design is more power hungry due to a 

higher number of quantum cells, the improvement in fault 

tolerance is considerable. In comparison with previous 

designs with smaller-sized power footprints, our design 

achieves a fault tolerance of up to 93% under circumstances 

of additional-cell faults and performs within tolerable 

margins under deletion and displacement faults. Such a 

compromise is justified in applications where fault resiliency 

is worth more than the lowest power, i.e., mission-critical or 

high-radiation environments. Table II has been accordingly 

adjusted to offer complete and comparative values. 

 

TABLE V. The results of the proposed structure against 

single-cell rotation defect. 
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7 Incorrect 36 Incorrect 

8 Incorrect 37 Incorrect 

9 Incorrect 38 Incorrect 

10 MV7 39 Incorrect 

11 MV7 40 Incorrect 

12 MV7 41 MV7 

16 Incorrect 42 Incorrect 

17 MV7 46 MV7 

18 MV7 47 MV7 

19 MV7 48 MV7 

20 MV7 49 Incorrect 

21 Incorrect 50 Incorrect 

22 Incorrect 51 Incorrect 

23 Incorrect 52 MV7 

24 Incorrect 53 MV7 

25 Incorrect 54 MV7 

26 Incorrect 55 Incorrect 

27 Incorrect 56 Incorrect 

28 Incorrect 57 MV7 

29 Incorrect 58 MV7 

 

 
Fig.14.All instances of extra-cell deposition around the 

proposed gate 
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TABLE VI. Analysis of additional cell defects. 
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1 MV7 11 MV7 21 MV7 

2 MV7 12 MV7 22 MV7 

3 MV7 13 MV7 23 MV7 

4 MV7 14 MV7 24 MV7 

5 Incorrect 15 MV7 25 MV7 

6 MV7 16 MV7 26 MV7 

7 MV7 17 MV7 27 MV7 

8 MV7 18 MV7 28 Incorrect 

9 MV7 19 MV7 29 MV7 

10 MV7 20 MV7 30 MV7 

 

V. Conclusion and future works 

Scientists have been actively searching for new approaches 

to address persistent issues in Very Large-Scale Integration 

(VLSI) systems as the field of nanotechnology develops 

quickly and the demand for faster processing in smaller 

dimensions rises. These challenges include things like high 

power consumption, low operating speeds, and large-scale 

area requirements, which necessitate new strategies to reduce 

these limitations. Quantum-Dot Cellular Automata (QCA) 

technology, developed and applied at the nanoscale, offers 

itself as a potential solution to these challenges. Its growing 

popularity can be attributed to its special features, which 

include eliminating electric current and the need for 

capacitive components, both of which make the design much 

simpler. With the introduction of QCA technology, we are 

moving closer to the nanoscale, where the benefits of faster 

processing, smaller size, and lower power consumption 

become apparent. According to the above scenarios and the 

relevance of Majority Gates, a novel fault-resistant 7-input 

Majority Gate has been assembled for the first time in QCA 

technology employing hardware redundancy. In addition to 

structural analysis, the study of gate tolerance was done using 

the four fault types: cell omission, cell displacement, cell 

rotation, and extra-cell deposition, and the accuracy of gate 

operation was assessed using the QCADesigner simulation 

tool. The proposed Majority Gate is composed of 66 cells, 

which occupy 0.03 µm2 with 0.25 clock cycle propagation 

delay. Instead of providing a single averaged fault tolerance 

measure, individual fault tolerance rates are provided for each 

fault type: cell deletion (38%), displacement (89%), rotation 

(38%), and extra-cell insertion (93%). This initial analysis 

provides a more accurate indication of fault behavior and 

avoids misleading statistical summaries. A fault is "tolerated" 

when the output is functionally correct for at least 90% of 

input combinations under that fault. Also, for the first time, 

various types of fault-tolerant basic gates, such as 4-input 

AND, 4-input OR, in QCA technology are implemented. 

Future research will expand on the current study's 

contributions by optimizing and expanding fault-tolerant 

basic gates in QCA technology. To increase the versatility and 

dependability of these gates in nanoscale circuit design, 

researchers will investigate a variety of types, including QCA 

basic gates. By addressing both theoretical and practical 

aspects of fault tolerance in QCA-based systems, the goal is 

to advance the field and lay the groundwork for future VLSI 

technologies that will be more reliable and efficient. 

In summary, the novel fault-tolerant 7-input majority gate 

is highly resilient to various types of faults without 

compromising sound logic functionality. Although it requires 

more quantum cells and thus marginally more power, the 

trade-off is worthwhile for high-reliability applications. 

Future work will focus on layout optimization to continue 

reducing power and area, including adding the fault-tolerant 

design to 9-input and hybrid majority gates and exploring 

fabrication-aware designs. This gate's performance and 

robustness make it especially well-suited for QCA-based 

systems in space, military, or biomedical applications where 

reliability is the top priority. 

 

REFERENCES  

[1] Ahmadpour, S.S., M. Mosleh, and S. Rasouli Heikalabad, 

Robust QCA full  adders using an efficient fault  tolerant 

five  input majority gate. International Journal of Circuit 

Theory and Applications, 2019. 47(7): p. 1037-1056. 

[2] Raj, M., L. Gopalakrishnan, and S.B. Ko, Reliable SRAM 

using NAND‐NOR gate in beyond  CMOS QCA 

technology. IET Computers & Digital Techniques, 2021. 

15(3): p. 202-213. 

[3] Safaiezadeh, B., et al., Design and simulation of efficient 

combinational circuits based on a new XOR structure in 

QCA technology. Optical and Quantum Electronics, 2021. 

53: p. 1-16. 

[4] Li, Z., S. Zhang, and B.O. Mohammed, An efficient three-

level nano-design for reversible gate using quantum dot-

cellular automata with cost analysis. Materials Science and 

Engineering: B, 2023. 294: p. 116526. 

[5] Chen, X., et al., Accurate reliability evaluation using 

quantum  dot cellular automata probabilistic transfer 

matrix. Micro & Nano Letters, 2014. 9(2): p. 77-82. 

[6] Norouzi, M., S.R. Heikalabad, and F. Salimzadeh, A 

reversible ALU using HNG and Ferdkin gates in QCA 

nanotechnology. International Journal of Circuit Theory 

and Applications, 2020. 48(8): p. 1291-1303. 

[7] Seyedi, S. and N.J. Navimipour, Design and evaluation of 

a new structure for fault-tolerance full-adder based on 

quantum-dot cellular automata. Nano communication 

networks, 2018. 16: p. 1-9. 

[8] Walus, K., et al., QCADesigner: A rapid design and 

simulation tool for quantum-dot cellular automata. IEEE 

transactions on nanotechnology, 2004. 3(1): p. 26-31. 

[9] Jain, V., et al., Comprehensive and Comparative Analysis 

of QCA based Circuit Designs for Next Generation 

Computation. ACM Computing Surveys, 2023. 

[10] Ahmadpour, S.-S., et al., An ultra-efficient design of fault-

tolerant 3-input majority gate (FTMG) with an error 

probability model based on quantum-dots. Computers and 

Electrical Engineering, 2023. 110: p. 108865. 



365                                            Quantum-Dot Cellular / F.  Jahanshahi Javaran, et al 

 
[11] Roohi, A., et al., A symmetric quantum-dot cellular 

automata design for 5-input majority gate. Journal of 

Computational Electronics, 2014. 13: p. 701-708. 

[12] Farazkish, R. and K. Navi, New efficient five-input 

majority gate for quantum-dot cellular automata. Journal of 

Nanoparticle Research, 2012. 14: p. 1-6. 

[13] Jafarali Jassbi, S., et al., Design and analysis of a fault 

tolerant 3-input majority gate in quantum-dot cellular 

automata. Journal of Advances in Computer Research, 

2019. 10(4): p. 27-36. 

[14] Majeed, A.H., et al., A new 5-input majority gate without 

adjacent inputs crosstalk effect in QCA technology. 

Indonesian Journal of Electrical Engineering and 

Computer Science, 2019. 14(3): p. 1159-1164. 

[15] Majeed, A.H., et al., Optimal design of RAM cell using 

novel 2: 1 multiplexer in QCA technology. Circuit world, 

2020. 46(2): p. 147-158. 

[16] Reis, D.A., et al. A methodology for standard cell design 

for QCA. in 2016 IEEE International Symposium on 

Circuits and Systems (ISCAS). 2016. IEEE. 

[17] Graziano, M., et al., Characterisation of a bis  ferrocene 

molecular QCA wire on a non ideal gold surface. Micro & 

Nano Letters, 2019. 14(1): p. 22-27. 

[18] Roohi, A., H. Thapliyal, and R. DeMara, Wire crossing 

constrained QCA circuit design using bilayer logic 

decomposition. Electronics Letters, 2015. 51(21): p. 1677-

1679. 

[19] Ahmadpour, S. and N. Jafari Navimipour, A New Nano-

Design of 16-bit Carry Look-Ahead Adder Based on 

Quantum Technology. Physica Scripta, 2023. 

[20] Jahanshahi Javaran, F., et al., Robust QCA Full Adders 

Using a Novel Fault Tolerant Five-Input Majority Gate. 

International Journal of Industrial Electronics Control and 

Optimization, 2024. 7(2): p. 99-108. 

[21] Motalebi, F. and S. Sayedsalehi, Design of Low Power 

Full-Adder Circuit Using Quantum-dot Cellular Automata. 

International Journal of Industrial Electronics Control and 

Optimization, 2022. 5(1): p. 99-108. 

[22] Rasmi, H., et al., Novel Efficient Scalable Design of Full-

Adder in Atomic Silicon Dangling Bonds (ASDB) 

Technology. Physica Scripta, 2023. 

[23] Seyedi, S. and N.J. Navimipour, An optimized design of 

full adder based on nanoscale quantum-dot cellular 

automata. Optik, 2018. 158: p. 243-256. 

[24] Vankamamidi, V., M. Ottavi, and F. Lombardi. Clocking 

and cell placement for QCA. in 2006 sixth IEEE 

conference on nanotechnology. 2006. IEEE. 

[25] Seyedi, S. and N.J. Navimipour, Designing a three-level 

full-adder based on nano-scale quantum dot cellular 

automata. Photonic Network Communications, 2021. 42: 

p. 184-193. 

[26] Seyedi, S. and N.J. Navimipour, An efficient structure for 

designing a nano-scale fault-tolerant 2: 1 multiplexer based 

on quantum-dot cellular automata. Optik, 2022. 251: p. 

168409. 

[27] Khan, A., et al., Behaviors of QCA inverter due to cell 

displacement and temperature variation. arXiv preprint 

arXiv:2310.09734, 2023. 

[28] Bahadori, G., M. Houshmand, and M. Zomorodi-

Moghadam, Design of a fault-tolerant reversible control 

unit in molecular quantum-dot cellular automata. 

International Journal of Quantum Information, 2018. 

16(01): p. 1850010. 

[29] Poorhosseini, M. and A.R. Hejazi, A fault-tolerant and 

efficient XOR structure for modular design of complex 

QCA circuits. journal of Circuits, Systems and Computers, 

2018. 27(07): p. 1850115. 

[30] Seyedi, S. and N.J. Navimipour, A fault-tolerance 

nanoscale design for binary-to-gray converter based on 

QCA. IETE Journal of Research, 2023. 69(5): p. 2991-

2998. 

[31] Jahanshahi Javaran, F., et al., Computational Circuit 

Design Using a New Seven-Input Majority Gate in 

Quantum-dot Cellular Automata. Journal of Intelligent 

Procedures in Electrical Technology, 2022: p. 21-34. 

[32] Navi, K., A.M. Chabi, and S. Sayedsalehi, A novel seven 

input majority gate in quantum-dot cellular automata. 

International Journal of Computer Science Issues (IJCSI), 

2012. 9(1): p. 84. 

[33] Mohammadi, H., K. Navi, and M. Hosseinzadeh, An 

efficient quantum-dot cellular automata full adder based on 

a new convertible 7-input majority-not gate. IETE Journal 

of Research, 2023. 69(1): p. 558-566. 

[34] Aralikatti, S. QCA Designer: A simulation and Design 

Layout Tool for QCA based Nano Domain Computing 

Architectures. in 2020 Second International Conference on 

Inventive Research in Computing Applications (ICIRCA). 

2020. IEEE. 

  

Farzaneh Jahanshahi Javaran was born in 

Kerman, Iran She a PhD student in Computer 

Systems Architecture from Islamic Azad 

University, Science and Research Department. 

University of Science and Research is a 

prestigious university in the field of computer 

systems architecture in Iran. Currently, her 

researching the design of fault-tolerant majority gates in quantum 

cellular automata. Her current research interests include quantum 

dot cellular automata, fault tolerance. 

 

Sommayeh Jafarali Jassbi was born in Tehran, 

Iran, in 1982. She received the MSc degree in 

computer architecture engineering in 2007, and 

the Ph.D. degree in computer architecture 

engineering in 2010 from the Islamic Azad 

University, Science and Research Branch. In 

2010, she joined the Department of computer 

engineering, Islamic Azad University Science 

and Research Branch. She became an associate professor in 2011. 

Her interests are cloud computing, internet of things, wireless 

sensor network and computer architecture and cryptography. She 

was head of computer department in 2012. Now she is selected as 

a head of computer department again. She was also an active 

member of young researcher club from 2004. She has written, 

translate and published several professional books and paper in her 

fields. 

 

 Hossein Khademolhosseini received B.Sc. 

degree in computer engineering in 2008 from 

Shiraz University, Shiraz, Iran. He also received 

his M.Sc. and Ph.D. degree in computer 

architecture at Department of Computer 

Engineering, Science and Research Branch of 

Islamic Azad University, Tehran, Iran, in 2011 

and 2016, respectively. He is currently an 

assistant professor with the Department of Computer Engineering, 

Islamic Azad University, Beyza Branch. His research interests are 

computer arithmetic, photonic NoC and electronics with emphasis 

on QCA and VLSI. 

 



International Journal of Industrial Electronics, Control and Optimization (IECO). 2026, 9(3)    366 

 

 Razieh Farazkish received the B.S. degree in 

computer engineering from the IAU, Central 

Tehran Branch (2007) and the M.S. (2009) and 

Ph.D. (2012) degrees in computer engineering 

from the IAU, Science and Research Branch. In 

2012, she joined the Department of Computer 

Engineering, IAU, South Tehran Branch, as a 

Professor. Her current research interests include quantum-dot 

cellular automata, fault tolerance, nanoelectronic circuits, nano 

computing, testing and design of digital systems. 

 



Copyright © Sh. Pourbahrami (s). 

Publisher: University of Sistan and Baluchestan 

 

 
 

Semi-Supervised Clustering with Improved Delaunay Graph Fusion 

and Pairwise Constraints 
 

Shahin Pourbahrami  
 

Department of Computer Engineering, Technical and Vocational University (TVU), Tehran, Iran. 

Corresponding author’s email: shpourbahrami@tvu.ac.ir 

 

Article Info  ABSTRACT 

Article type: 

Research Article 

 

Article history: 

Received: 17-July-2025 

Received in revised form:  

07-September-2025 

Accepted: 06-November-2025 

Published online: 23-Sep-2026 

 

 

Keywords:  

Delaunay graph,  

clustering,  

structural knowledge,  

pairwise constraints 

In many data mining problems, leveraging structural and local connectivity information 

can significantly improve clustering performance. This paper presents a novel semi-

supervised clustering framework that integrates weighted feature information, Delaunay-

based graph construction, and pairwise constraints. First, feature weights are computed 

based on within-class pairwise variability, emphasizing dimensions that contribute most 

to local cluster structure. Weighted distances between samples are then calculated, and a 

Delaunay graph is constructed and filtered using an influence radius, preserving 

meaningful local geometric relationships while removing redundant edges. To capture 

higher-order neighborhood information, a GraphSAGE-style embedding propagates 

feature information through the graph, generating enriched low-dimensional 

representations of the data. Pairwise constraints are incorporated into the similarity 

matrix to encode prior knowledge about sample relationships, guiding the clustering 

process. Finally, semi-supervised clustering is performed using constraint-based spectral 

clustering. Experiments on benchmark datasets demonstrate that the combination of 

structural graph information, feature weighting, and pairwise constraints substantially 

improves clustering accuracy. The proposed framework is flexible and can be effectively 

applied across diverse data domains. 

I. Introduction 

In many data mining and machine learning tasks, clustering 

algorithms serve as essential tools for uncovering hidden 

structures within heterogeneous datasets [1]. Recent advances 

in this field have led to domain-specialized approaches 

tailored to a wide range of scientific and industrial 

applications. For instance, multi-scale graph convolutional 

networks (MS-GCNs) have shown strong performance in 

image clustering by leveraging both local and global 

structural information to generate more accurate and 

semantically meaningful groups [2]. In bioinformatics, 

clustering of single-cell RNA-Seq data has enabled the 

discovery of rare cell populations and complex gene-

expression patterns, with modern methods combining deep 

autoencoders and graph convolutional architectures to 

preserve biological structure more effectively [3]. Clustering 

has also been applied to reduce data complexity and to more 

effectively model uncertainties in load and wind speed [4]. 

Similarly, contrastive learning–based clustering has improved 

image segmentation in medical and remote-sensing 

applications by creating more discriminative feature spaces 

[5]. Dynamic clustering of temporal networks has further 

enhanced the understanding of evolving communities and 

behavioral shifts in real-world social systems [6].  

Semi-supervised clustering approaches have emerged in 

recent years, attempting to integrate prior knowledge (such as 

pairwise constraints) with unsupervised learning methods [7, 

8]. On the other hand, using graph structures to model the 

geometric relationships of data has also proven to be an 

effective strategy for better representing data structure  [9]. 

Among these, the Delaunay graph [10], as a geometric 

structure that naturally forms a network of relationships 

between points, has high potential for analyzing 

multidimensional data. 

This study presents a novel framework for semi-supervised 

clustering that integrates a weighted Delaunay graph with 

structural knowledge (via feature weighting) and pairwise 

constraints. Using graph embedding techniques such as 

GraphSAGE-style embedding, the framework produces more 

meaningful numerical representations of the data. This 

method aims to improve clustering accuracy and robustness 
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in handling complex and imbalanced datasets, while offering 

strong generalizability across diverse data domains. 

 The structure of this paper is organized as follows: Section 

2 reviews graph-based and geometry-based clustering 

algorithms, highlighting their strengths and limitations. 

Section 3 introduces the proposed algorithm that utilizes 

semi-supervised clustering with a combination of Delaunay 

graph and pairwise constraints. Section 4 presents and 

discusses experimental results, demonstrating the enhanced 

capability of the proposed method in identifying complex and 

nonlinear structures compared to traditional and advanced 

clustering techniques. Finally, Section 5 concludes the paper. 

II. Related Work 

Semi-supervised clustering via pairwise-constrained 

optimal graphs incorporates must-link and cannot-link 

constraints to optimize the graph structure [7]. A similarity 

graph is first constructed based on data points and then refined 

using pairwise constraints to better reflect the underlying 

cluster structure. Laplacian constraints preserve local graph 

connectivity, while a label propagation algorithm spreads 

supervision across nodes so that similar points are more likely 

to share the same label. This process produces cluster 

assignments that balance the internal data structure with 

limited external supervision. 

Semi-supervised clustering via structural entropy 

introduces a method that integrates pairwise and label 

constraints into a structural entropy framework. The proposed 

algorithms support both flat and hierarchical clustering and 

have shown effectiveness in analyzing biological data such as 

single-cell RNA [8]. The approach constructs two graphs: a 

data graph based on similarity and a constraint graph 

encoding positive and negative relationships. A bi-

dimensional structural entropy objective function, 

incorporating constraint consistency, enables simultaneous 

flat and hierarchical clustering. 

Semi-supervised deep embedded clustering with pairwise 

constraints and subset allocation redefines the loss function 

based on sample similarity and introduces a subset 

assignment loss to improve performance on industrial textual 

data [11]. The method employs a similarity-based loss to 

better distinguish classes and a subset assignment loss to more 

effectively transfer knowledge from labeled data. 

Semi-supervised clustering using pairwise constraints and 

local density structures is based on local density peaks and 

graph cuts. Pairwise constraints are used to segment 

inconsistent local trees, while the similarity matrix is refined 

with the E2CP algorithm [12]. The method incorporates intra- 

and inter-cluster conflict resolution and prevents tree 

fragmentation through root-changing and noise filtering. 

Finally, spectral clustering combined with E2CP further 

improves clustering accuracy. 

"Some Methods for Classification and Analysis of 

Multivariate Observations" by J. MacQueen (1967) is a 

foundational work that introduced the K-Means algorithm. 

This iterative method partitions data into k clusters aiming to 

minimize the sum of squared distances from cluster centers. 

Though easy to implement and fast, it has drawbacks: 

sensitivity to initialization, inability to detect non-spherical 

clusters, poor noise handling, and requiring a pre-set number 

of clusters [13, 14].  

Density-Based Spatial Clustering for Noisy Applications: 

This method introduces DBSCAN, a density-based algorithm 

to discover clusters in large spatial databases with noise. 

DBSCAN can detect clusters of arbitrary shapes and identify 

outliers without needing the number of clusters. However, it 

depends heavily on proper selection of parameters (ε 

neighborhood radius, MinPts minimum points), which can 

cause incorrect clustering or merging if misconfigured. 

Performance also declines sharply with variable-density data 

[15, 16]. 

Rodriguez and Laio introduced the DPC (Density Peak 

Clustering) algorithm, which discovers data clusters based on 

identifying points with high density and large distances from 

other dense points [17]. This method does not require 

specifying the number of clusters and intuitively detects 

cluster centers. However, its accuracy declines when facing 

complex structures and data with varying density. The study 

in [18] improves DPC using geodesic distance to identify 

clusters with more complex boundaries and uneven 

distributions. Despite this improvement, the new method 

remains sensitive to proper parameter selection, and 

computing geodesic distances can be time-consuming and 

costly in very large datasets. 

A deep clustering approach extending k-means is proposed, 

where each cluster is represented by an auto encoder instead 

of a single centroid (K-DAE) [19]. Data points are assigned 

to the autoencoder with minimal reconstruction error, and 

clustering is optimized by minimizing the global 

reconstruction MSE across all auto encoders. 

However, the performance of these algorithms, particularly 

with complex, noisy, and high-dimensional data, heavily 

depends on how similarity between samples is defined and on 

the intrinsic structure of the data [13, 15, 16]. One common 

limitation of traditional clustering methods is their neglect of 

structural knowledge. Yet in many real-world problems, 

valuable information about the relative importance of features 

or relationships between samples is available, which can 

significantly enhance clustering quality. 

 

III. Methodology 

A. Feature Weighting  

In this stage, each feature in the dataset X (𝑋 ∈ ℝ𝑛×𝑑) is 

assigned a weight, which has n samples and d dimensions. 

These weights are determined by analyzing the distances 

within the data points 𝑑( 𝑥𝑖 − 𝑦𝑗). The feature weights in 

Formula 1 are calculated. 
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𝑤𝑘 = 1/∑ √∑ 𝑑( 𝑥𝑖𝑘 − 𝑦𝑗𝑘)
2𝑛

𝑖≠𝑗=1
𝑑
𝑘=1            (1) 

Where 𝑤𝑘 is the weight of dimension (feature) k. A weight 

vector (feature weights) is defined whose size is equal to the 

number of features, and each element represents the 

importance of that feature in the distance calculations. In 

particular, if a larger weight is chosen for a feature, changes 

in that feature will have a greater effect on the overall distance 

and thus play a stronger role in clustering.  This ensures that 

more significant features have greater influence on point 

connectivity and clustering. Finally, a feature receives a 

higher weight if the set of data points within that feature 

exhibits smaller within-class distances. 

B. Combining the Delaunay Graph with Structural 

Knowledge 

In the Delaunay graph, data points are connected to form 

triangles based on their geometric distribution, ensuring that 

no data point lies inside the circumcircle of any triangle [10]. 

This preserves the natural structure of the data. When certain 

features are known to be more important, this structural 

knowledge can be incorporated into the graph through feature 

weighting, thereby influencing distance calculations and the 

resulting embeddings to better reflect their importance. 

C. Calculating Influence Radius and Filtering Edges 

Based on Circle Overlaps  

For each data point, the influence radius defines how far its 

effect extends or, in other words, which neighboring points 

are within range. This process ensures only edges where both 

endpoints are meaningful neighbors are retained. Unlike a 

pure Delaunay graph that retains all triangle edges, this 

approach retains only structurally significant edges. For each 

point in the Delaunay graph set, the distance to the kth nearest 

neighbor is taken as the radius of influence for that point (𝑟𝑥𝑖). 

In this way, the radius of influence of each point is determined 

based on the distance to several of its nearest neighbors and 

provides a measure of the scope of influence or local 

connections of that point. In Formula 2, edges whose length 

is greater than the sum of the radii of the two connected points 

are removed. This leaves only edges that indicate the true 

proximity between the two points.  

𝑘𝑒𝑒𝑝𝑒𝑑𝑔𝑒(𝑥𝑖 , 𝑦𝑗)𝑖𝑓𝑑(𝑥𝑖 , 𝑦𝑗) < 𝑟𝑥𝑖 + 𝑟𝑥𝑗     (2) 

A similarity matrix is then constructed from the resulting 

graph connections (showing the relationship of each point to 

its neighbors in an adjacency matrix).  Our innovation is that 

we improve the Delaunay graph connection method to 

preserve meaningful neighborhoods with a new and simple 

definition of neighborhood radius. We also preserve 

meaningful relationships and eliminate unlikely 

neighborhoods by embedding the Delaunay graph structure 

with the GraphSAGE algorithm. 

 

 

D. Modifying the Similarity Matrix Using Pairwise 

Constraints [8] (Must-link and Cannot-link) 

Suppose there is an initial similarity matrix 𝑆 ∈ 𝑅𝑛×𝑛built 

from the Delaunay graph. This matrix is then adjusted using 

constraints: 

Must-link: For each pair (i, j) that must belong to the same 

cluster, their similarity is set to 1 (Formula 3). 

𝑆𝑖𝑗 = 𝑆𝑗𝑖 = 𝑚𝑎𝑥( 𝑆𝑖𝑗 , 𝛼)𝛼 = 1   (3) 

Must-link constraints ensure that certain points stay together, 

even if they appear far apart in feature space. 

Cannot-link: Prevents incorrect grouping by setting the 

similarity of such pairs to zero or a very low value (Formula 

4). 

𝑆𝑖𝑗 = 𝑆𝑗𝑖 = 0     (4) 

E. Creating the Embedded Delaunay Graph  

Instead of working directly on raw data, graph embedding 

algorithms such as Node2Vec and GraphSAGE are used to 

generate a numerical (embedded) representation that models 

the Delaunay graph structure more effectively. These 

embeddings are vectors that combine both the original 

features and the graph structure. 

Node2Vec and GraphSAGE are graph embedding 

algorithms that aim to transform a graph into a vector space, 

preserving the structural properties of the graph and the 

similarity between nodes in this vector space. Each node in 

the graph (e.g., a data instance) is mapped to a numerical 

vector in a multidimensional space. Nodes that have similar 

or close structures in the graph will have close vectors. This 

feature makes clustering on vectors more accurate and 

flexible. Combining a weighted Delaunay graph with 

GraphSAGE allows preserving the structural and 

neighborhood information of the graph. As a result, the 

clustering algorithm becomes more accurate and robust to 

noisy points. 

GraphSAGE is a representation learning method for graphs 

that, instead of looking at the entire graph, describes each 

node by looking at its neighbors. The basic idea is that for 

each node 𝑣, first the features of itself and its neighbors are 

collected, then they are summarized with an aggregation 

function (e.g., mean or max), and finally this summary is 

combined with the node’s own features to create a new vector. 

This process is repeated in multiple layers so that the node 

gets information not only from its immediate neighbors, but 

also from its more distant neighbors. In simple terms, 

GraphSAGE means “each node builds a  

summary of itself and its neighbors” to finally obtain a 

meaningful vector of its position in the entire graph. We used 

this method in the implementation of the proposed method 

due to its simplicity and locality to reduce execution time. 
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Fig.1. Pseudocode of the proposed method . 

F. Constraint-Guided Spectral Clustering 

Spectral clustering constructs a graph using the similarity 

matrix between samples, then uses eigenvalues and 

eigenvectors to embed the data into a new space where 

clustering is performed. 
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Overall, applying structural knowledge during clustering or 

data modeling offers significant advantages: First, assigning 

greater weights to key features can enhance clustering and 

classification accuracy while effectively reducing the 

influence of noise and irrelevant features. Second, the natural 

structure of the data is preserved, and more meaningful 

relationships between samples are identified, which is 

reflected in the quality of the similarity graph. Third, 

algorithms that leverage such knowledge show greater 

robustness when handling imbalanced and complex data 

structures. Additionally, this approach offers high flexibility, 

making it easily adaptable to various domains and data types. 

As a result, by incorporating feature importance into the 

graph structure, the overall clustering quality is significantly 

improved, especially in the presence of noise and high-

dimensional data. 

Figure 1 presents the pseudocode of the proposed 

clustering method. The algorithm begins by normalizing the 

input dataset and computing feature weights based on intra-

class pairwise differences, ensuring that more discriminative 

features contribute more to the clustering process. Next, an 

influence radius is calculated for each data point, and edges 

are constructed using Delaunay triangulation with filtering, 

with a fallback to k-nearest neighbors if necessary. The 

resulting graph is transformed into an adjacency structure, 

and node embeddings are iteratively refined through a 

simplified GraphSAGE aggregation scheme. Finally, spectral 

clustering is applied to the learned embeddings, and the 

results are evaluated using Adjusted Rand Index and 

clustering accuracy, providing a robust and interpretable 

assessment of clustering performance. 

 

IV. Results 

A.  Clustering Evaluation Metrics 

In evaluating the performance of clustering algorithms, 

three important metrics are used: ARI (Adjusted Rand Index), 

NMI (Normalized Mutual Information), and Accuracy. The 

ARI measures the degree of agreement between the predicted 

clusters and the actual labels, adjusting for the possibility of 

random agreement. It provides a score between -1 and 1, 

where 1 indicates perfect agreement. NMI measures the 

shared information between the predicted and true labels, 

normalized by entropy, and provides a score between 0 

(irrelevant) and 1 (perfect match) [19]. Accuracy (ACC) 

indicates the percentage of labels correctly matched by the 

clustering algorithm to the actual labels, assuming an optimal 

mapping between clusters and classes. The combination of 

these three metrics offers a comprehensive view of the quality 

of data partitioning. 

 

B.  Data Sets and the Hyperparameters 

Table I presents a mix of synthetic and real-world datasets 

used for evaluating clustering algorithms. The columns in this 

table represent, respectively: data type (TYPE), number of 

clusters (M), number of samples (N), number of features or 

dimensions (D), and dataset name. 

The synthetic datasets include six well-known examples: 

Blobs with 3 clusters and 300 samples in 2D space, Moons 

and Circles with 2 clusters and the same number of samples 

and dimensions, and three more complex sets—Three 

Densities, Anisotropic, and WingNut Horizontal—each with 

its own unique structure. 

The real datasets include: Iris (3 clusters, 150 samples, 4 

features), Wine (3 clusters, 178 samples, 13 features), Digits 

(10 clusters, 1797 samples, 64 features), Breast Cancer (2 

clusters, 569 samples, 30 features),  Diabetes (2 clusters, 768 

samples, 8 features), USPS (10 clusters, 9298 samples, 256 

features), Fashion-MNIST (10 clusters, 10000 samples, 784 

features), and Letter (10 clusters, 10000 samples, 784 

features). This diverse dataset design enables clustering 

algorithms to be evaluated under varying conditions—from 

simple 2D clusters to high-dimensional, real-world data—

enhancing the assessment of their generalizability. 

TABLE I Datasets 
DATASET  M N D TYPE 

Blobs  3 300 2 SYNTHETIC 

Moons  2 300 2 SYNTHETIC 

Circles  2 300 2 SYNTHETIC 

Three Densities  3 300 2 SYNTHETIC 

Anisotropic  3 300 2 SYNTHETIC 

WingNut 

Horizontal 

 2 300 2 SYNTHETIC 

Iris  3 150 4 REAL 

Wine  3 178 13 REAL 

Digits  10 1797 64 REAL 

Breast Cancer  2 569 30 REAL 

Diabetes  2 768 8 REAL 

USPS  10 9298 256 REAL 

Fashion-

MNIST 

 10 10000 784 REAL 

Letter  10 10000 784 REAL 

 

To ensure fair comparisons across methods, the 

hyperparameters of the baseline algorithms were 

systematically tuned for each dataset  in Table II. For K-

Means, the number of clusters was set equal to the ground-

truth number of classes. In DBSCAN, ε (the neighborhood 

radius) was determined using the k-distance graph heuristic, 

while minPts (minimum number of points) was selected 

according to common values in the literature, typically 

ranging from 4 to 10 depending on data dimensionality. For 

DPC, the cut-off distance and decision thresholds 



International Journal of Industrial Electronics, Control and Optimization (IECO). 2026, 9(3)    372 

 

Table II Hyperparameters used for baseline methods 

Dataset K-Means 

(Clusters) 

DBSCAN 

(ε) 

DBSCAN 

(minPts) 

DPC 

(Cut-off 

distance) 

Circles 2 0.15 4 Data-
driven 

Three 

Densities 

3 0.20 5 Data-
driven 

Blobs 3 0.25 5 Data-
driven 

Moons 2 0.18 4 Data-
driven 

Anisotropic 3 0.25 5 Data-
driven 

WingNut 

Horizontal 

2 – – Data-

driven 

IRIS 3 0.60 4 Data-
driven 

WINE 3 0.65 6 Data-
driven 

DIGITS 10 1.50 10 Data-
driven 

Breast 

Cancer 

2 0.70 5 Data-
driven 

Diabetes 2 0.50 5 Data-
driven 

were chosen in a data-driven manner following the guidelines 

of the original implementation [13-18]. This careful tuning 

ensured that each baseline method operated under its best 

configuration, allowing an unbiased evaluation of the 

proposed method. 

C.  Clustering Results on the Datasets 

Table III shows the ARI values for the synthetic datasets: 

the proposed method demonstrates flawless performance with 

ARI = 1.000. Meanwhile, DPC also provides near-perfect 

results, with most scores ranging between 0.990 and 1.000. 

K-Means performs very well on spherical clusters such as 

Blobs and Circles, but shows a noticeable decline in 

performance on non-spherical shapes like Moons and 

Anisotropic (for example, Moons: ARI = 0.800). The 

DBSCAN algorithm performs worse compared to other 

methods, especially on structures with varying numbers of 

clusters and density distributions such as Three Densities and 

Anisotropic, where its ARI drops as low as 0.600. 

In the WingNut Horizontal dataset, which has a unique 

geometric complexity, only the proposed method successfully 

achieved complete clustering, while other algorithms 

produced no valid results. 

These results demonstrate the superiority of the proposed 

method and the relative stability of DPC compared to K-

Means and DBSCAN in identifying nonlinear and complex 

clusters. 

Table III Ari on synthetic datasets  

Dataset Proposed 

METHOD 

DPC K-

Means 

DBSCAN 

Circles 1.000 1.000 0.990 0.800 

Three Densities 1.000 0.995 0.970 0.650 

Blobs 1.000 0.995 0.980 0.920 

Moons 1.000 1.000 0.800 0.700 

Anisotropic 1.000 0.990 0.860 0.600 

WingNut 

Horizontal 

1.000 — — — 

 

The results in Table IV show that the proposed algorithm 

performed extremely well on all synthetic datasets in terms of 

the NMI metric, achieving a value of 1.000 in all cases, 

indicating complete alignment of the clustering with the true 

data structure. In comparison, the DPC algorithm performed 

well on all datasets and, in most cases, was close to the 

proposed algorithm—e.g., 0.990 on Blobs and 0.980 on 

Circles—but did not reach the perfect score of 1.000. The K-

Means algorithm performed worse, especially on non-

spherical data such as Circles and Moons, which have more 

complex structures (with values of 0.000 for Circles and 

0.395 for Moons, respectively). The DBSCAN algorithm also 

performed excellently on some datasets such as Circles and 

Moons (NMI = 1.000), but showed weaker performance on 

others such as Blobs (0.424) and WingNut Horizontal (0.669). 

Overall, the proposed algorithm consistently achieved the 

best performance across all datasets 

Table IV Nmi on synthetic datasets 

    
Dataset 

Proposed 
METHOD 

DPC K-Means DBSCA
N 

Circles 1.000 1.000 0.990 0.800 

Three Densiti
es 

1.000 0.995 0.970 0.650 

Blobs 1.000 0.995 0.980 0.920 

Moons 1.000 1.000 0.800 0.700 

Anisotropic 1.000 0.990 0.860 0.600 

WingNut 
Horizontal 

1.000 — — — 

 

Table V shows that the proposed algorithm outperformed 

other algorithms on most real-world datasets. For the Iris 

dataset, the proposed algorithm achieved an accuracy of 

0.960, higher than those of DPC (0.889), K-Means (0.895), 
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and DBSCAN (0.660). In the Wine dataset, although DPC 

had a higher accuracy (0.786), the proposed algorithm 

outperformed DBSCAN (0.365) and K-Means (0.698). On 

the Digits dataset, the proposed algorithm achieved an 

accuracy of 0.605 compared to DBSCAN (0.102) and K-

Means (0.552), although the result for DPC was not reported. 

On the Breast Cancer dataset, the algorithm achieved 0.861, 

higher than DPC (0.589) and DBSCAN (0.620), and the 

accuracy for K-Means was not reported. Only in the Diabetes 

dataset did all algorithms perform poorly, with the proposed 

algorithm (0.405) scoring lower than DBSCAN (0.420) and 

lower than DPC (0.502). Overall, the proposed algorithm 

achieved the highest accuracy on most datasets, including 

challenging ones like Digits and Wine. 

Table VI presents a comparative analysis of clustering 

performance across four datasets—Digits, USPS, Fashion-

MNIST, and Letter—using the proposed method and baseline 

algorithms (K-DAE, K-MEANS, and DPC), measured by 

both NMI and ACC. 

From the table, it is evident that the proposed method 

consistently achieves strong performance across all datasets. 

For the Digits dataset, it attains the highest NMI (0.83) and 

competitive ACC (0.86), slightly lower than K-MEANS in 

ACC but significantly outperforming K-DAE and DPC in 

both metrics. On the USPS dataset, the proposed approach 

outperforms all baselines, demonstrating its ability to capture 

complex structures and preserve cluster consistency (NMI = 

0.77, ACC = 0.81). For Fashion-MNIST, although K-DAE 

achieves slightly higher NMI (0.65 vs. 0.63), the proposed 

method surpasses all others in ACC (0.67), indicating a better 

alignment of predicted clusters with true labels. In the Letter 

dataset, the proposed method shows clear advantages over 

DPC and K-MEANS in both metrics, and the absence of K-

DAE results highlights its limitation on this dataset. 

 

Table V Accuracy on real datasets 

Dataset Proposed 
METHOD 

DPC K-
MEANS 

DBSCAN  

Iris 0.960 0.889 0.895 0.660  

Wine 0.657 0.786 0.698 0.365  

Digits 0.605 – 0.552 0.102  

Breast 
Cancer 

0.861 0.589 – 0.620  

Diabetes 0.405 0.502 – 0.420  

 

Overall, Table VI demonstrates that the proposed semi-

supervised clustering framework achieves a balanced 

performance in terms of NMI and ACC, offering robustness 

across different types of data, and outperforming traditional 

methods in most cases. Its consistent superiority in capturing 

meaningful cluster structures, combined with adaptability to 

various dataset complexities, underscores its effectiveness as 

a flexible and reliable clustering approach. 

Table VI Nmi and accc on real datasets 

Dataset Proposed 
Method (NMI 

/ ACC) 

K-DAE 
(NMI / 
ACC) 

K-MEANS 
(NMI / 
ACC) 

DPC (NMI 
/ ACC) 

Digits 0.83 / 0.86 0.53 / 0.55 0.82 / 0.87 0.74 / 0.79 

USPS 0.77 / 0.81 0.72 / 0.74 0.75 / 0.79 0.50 / 0.55 

Fashio

n-

MNIS
T 

0.63 / 0.67 0.65 / 0.60 0.61 / 0.65 0.51 / 0.40 

Letter 0.72 / 0.75 - / - 0.70 / 0.74 0.53 / 0.44 

 

 
  

Fig 2: Comparison of the with three well-known 

clustering algorithms using metric: ARI 

 

Figures 2 and 3 illustrate the performance comparison of 

four clustering algorithms (the proposed method, DPC, K-

Means, and DBSCAN) on synthetic data using two metrics: 

ARI and NMI. The results show that the proposed method 

achieves values near 1.000 for both ARI and NMI across 

datasets, indicating very high clustering precision and 

consistency. The DPC algorithm also performs reasonably 

well but is slightly weaker than the proposed method in some 

cases, such as WingNut and Moons. In contrast, K-Means—

and especially DBSCAN—suffer significant performance 

drops on complex datasets such as Circles and Three 
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Fig 3: Comparison of the with three well-known 

clustering algorithms using metric: NMI 

 

Densities; DBSCAN, in particular, produces very low 

results on some datasets even falling below 0.5. Overall, the 

charts demonstrate that the proposed method outperforms the 

other algorithms in terms of stability and accuracy when 

handling various cluster structures. 

The fundamental differences between the proposed method 

and traditional algorithms (K-Means, DPC, DBSCAN) lie in 

cluster definition and data interpretation. K-Means is a 

centroid-based algorithm that assumes spherical clusters with 

similar variance, aiming to minimize the sum of distances 

from points to cluster centers. While simple and efficient, it 

struggles with non-spherical clusters, varying densities, or 

noisy data. DPC is a density-based approach that identifies 

cluster centers as points with high local density that are distant 

from other high-density points. Its performance depends 

heavily on parameters like cutoff distance and can be unstable 

in noisy datasets. DBSCAN also relies on density but focuses 

on connectivity, defining clusters as regions of densely 

connected points. Although it can handle arbitrarily shaped 

clusters and noise, it is sensitive to parameters such as 

neighborhood radius and MinPts, which may cause failures 

on datasets with variable densities. 

In contrast, the proposed method integrates semi-

supervised clustering with Delaunay-based graph fusion and 

graph embedding. This approach captures the underlying 

geometric and topological structure of the data. Feature 

weighting highlights meaningful dimensions, while influence 

radius filtering removes redundant edges to create a sparser, 

structurally significant graph. The GraphSAGE-style 

embedding propagates local neighborhood information, 

followed by spectral clustering to obtain globally consistent 

clusters. Unlike K-Means, it does not assume spherical 

clusters; unlike DPC and DBSCAN, it combines topological 

structure with semi-supervised guidance rather than relying 

solely on local density. This philosophy allows the proposed 

method to handle complex, non-linear cluster structures, 

improve robustness, and scale effectively to larger datasets, 

providing a more general and flexible framework for 

clustering compared to traditional methods. 

D. Paired t-test Analysis 

To assess the statistical significance of the proposed 

method’s performance compared to other algorithms, a paired 

t-test was conducted between the results of the proposed 

approach and those of DPC, K-Means, and DBSCAN.  

The results indicated that the comparison with DPC did not 

reveal any significant difference (t = 0.25, p ≈ 0.81, N = 9), 

suggesting that the two methods perform very similarly. In 

comparison with K-Means, a relative difference was observed 

(t = 1.91, p ≈ 0.098, N = 8), which, although not significant at 

the 95% confidence level, can be considered indicative of an 

advantage of the proposed method over K-Means at the 90% 

confidence level. By contrast, the comparison with DBSCAN 

showed a highly significant difference (t = 5.49, p < 0.001, N 

= 10), demonstrating the clear superiority of the proposed 

method in extracting more precise and stable data structures. 

These results confirm that the proposed method provides 

substantial improvements under diverse data conditions, 

particularly when compared with DBSCAN, and can serve as 

a powerful alternative in big data applications. 

E. Algorithm Complexity Analysis 

The computational complexity of the proposed algorithm 

can be summarized as follows. Data normalization scales 

each feature to [0,1] with complexity 𝑜(𝑛∗ 𝑑). Feature weight 

computation involves calculating mean squared pairwise 

differences within each class, resulting in 𝑜(𝑑 ∗ 𝑛^2) in the 

worst case. Influence radius computation requires a full n x n 

distance matrix and sorting to find the k-th nearest neighbor, 

with complexity 𝑜(𝑛^ 2 ∗ 𝑑). Edge filtering using Delaunay 

has complexity 𝑜(𝑛 𝑙𝑜𝑔 𝑛 + 𝑛⌈𝑑/2⌉), while the k-NN fallback 

is 𝑜(𝑛^ 2 ∗ 𝑑) for brute-force or 𝑜(𝑛 𝑙𝑜𝑔 𝑛 ∗ 𝑑) with KD-

Tree. Building the adjacency dictionary from edges has 

complexity 𝑜(𝐸), and the GraphSAGE aggregation over T 

iterations is 𝑜(𝑇 ∗ 𝑑 ∗ 𝐸). Finally, spectral clustering requires 

Eigen-decomposition, typically 𝑜(𝑛^ 3) but can be reduced 

to 𝑜(𝑛∗ 𝑘^ 2 + 𝑛^ 2) using k-NN affinity. Overall, the 

algorithm is dominated by feature weighting, distance 

computations, and spectral clustering, leading to approximate 

complexity 𝑜(d*n^2+T*d*E+n^3), which can be optimized 
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for large datasets using sparse graphs and approximate 

methods. 

F Contributions and Limitations of the Proposed 

Algorithm 

Contributions: The proposed algorithm provides a 

systematic framework for semi-supervised clustering by 

integrating feature weighting, influence-based graph 

construction, GraphSAGE-style aggregation. It accurately 

captures local connectivity and leverages weighted features to 

enhance clustering performance, particularly for datasets with 

complex structures. The use of influence radius filtering 

reduces redundant edges, resulting in sparser and more 

meaningful graphs. This sparsity improves efficiency and 

scalability. The GraphSAGE embedding allows information 

propagation across local neighborhoods, leading to more 

robust cluster representations. 

Limitations: Despite its advantages, the algorithm has 

limitations. The feature weighting step requires computing 

pairwise distances within each class, which has 𝑜(𝑑 ∗ 𝑛^2) 

complexity and may become computationally expensive for 

large datasets. The influence radius and Delaunay graph 

construction also scale poorly with the number of samples and 

dimensions, potentially limiting applicability to high-

dimensional or very large datasets without approximation or 

optimization. Finally, while the algorithm is robust for 

moderately sized and structured datasets, its performance on 

extremely sparse, noisy, or heterogeneous data may degrade 

without additional preprocessing or parameter adjustments. 

V. Conclusions 

This study presents an innovative semi-supervised 

clustering framework that integrates a structurally informed 

Delaunay graph, meaningful GraphSAGE-style embedding, 

and pairwise constraints to overcome the limitations of 

traditional methods in analyzing complex data. By weighting 

features according to their importance, the framework 

captures both local and global data structures. The embedding 

enables compact and learnable representations. Pairwise 

constraints guide the algorithm toward more logical cluster 

separation, especially in overlapping or imbalanced datasets, 

and spectral clustering on the modified similarity matrix 

maximizes the latent structure utilization. The approach 

improves accuracy, robustness to noise, and stability, while its 

design supports applications across diverse domains such as 

medical, biological, textual, and social network data. Despite 

computational challenges in feature weighting and graph 

construction for very large or high-dimensional datasets, as 

well as potential performance degradation on sparse or highly 

heterogeneous data, this method represents a significant step 

toward integrating domain knowledge and data structure to 

enhance semi-supervised clustering, providing a strong 

foundation for developing more intelligent models in the 

future. 
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