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In this paper, a single-phase boost AC-AC converter with inherent commutation and step-

changed frequency operation is proposed. Distinct from conventional AC-AC converters, 

the proposed design achieves output voltage regulation utilizing one high-frequency 

switch. The inherent commutation feature of the converter negates the necessity for 

additional snubber circuits or complex commutation strategies, thereby simplifying the 

control method for adjusting the output voltage amplitude and frequency. The continuous 

input current of the proposed converter eliminates the requirement for a bulky LC filter. 

A straightforward and adaptable switching strategy is implemented to produce output 

frequency variations. The approach of preventing the conduction of the body diode in 

power MOSFETs mitigates issues associated with poor reverse recovery, enabling high-

speed switching. The operating principles of the converter are elucidated across various 

modes of operation, with key equations derived and analyzed. To substantiate the validity 

of the proposed design, simulation results obtained using PSCAD/EMTDC software at 

frequencies of 25Hz, 50Hz, and 100Hz are presented. 

 
 

I. Introduction 

In various power applications, the demand for reliable and 

efficient AC-AC power converters is paramount. These 

converters can be classified into two main categories: indirect 

and direct AC-AC converters. Indirect AC-AC converters [1, 

2], commonly referred to as AC-DC-AC converters, operate 

through two conversion stages to produce an output waveform 

with the desired voltage amplitude and frequency. Nonetheless, 

the process of converting the AC input voltage to a DC voltage, 

followed by inversion, inevitably introduces harmonic 

distortion into the power grid. On the other hand, direct AC-AC 

converters encompass matrix converters [3, 4] and AC-AC 

pulse width modulation (PWM) converters [5, 6]. Matrix 

converters are capable of varying both the voltage amplitude 

and frequency at the output without the need for energy storage 

components; however, they necessitate the integration of input 

and output filters and are limited to operating as voltage buck 

converters. In contemporary power electronic applications, 

there is an increasing requirement for output voltage boosting. 

Furthermore, these converters must navigate challenges related 

to commutation, with a safe commutation strategy proposed in 

[7] to mitigate such issues. Direct PWM AC-AC converters are 

often viewed as more suitable for applications where only 

adjustments to output voltage amplitude are necessary. These 

converters offer the advantages of single-stage conversion, 

enhanced efficiency and reliability, and reduced costs [8]. 

Nevertheless, they are unable to facilitate frequency changes, 

which have become essential for a wide range of industrial 

applications. Z-source AC-AC converters are categorized under 

direct PWM AC-AC converters. Following the introduction of 

the traditional Z-source inverter (ZSI) in [9], extensive research 

has been conducted to explore the application of the Z-source 

network across various power conversion types, including DC-

AC [10, 11], AC-DC [12], DC-DC [13, 14], and AC-AC [15], 

owing to its distinctive features such as boost capability and 

enhanced reliability compared to voltage source inverters. The 

initial Z-source AC-AC converter was presented in [15], 

exhibiting both boost capabilities in-phase and buck/boost 

functionalities out-of-phase. However, this design was less 

mailto:e-babaei@tabrizu.ac.ir
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reliable than the conventional ZSI, primarily due to the non-

ideal characteristics of the complementary bidirectional 

switches and the inherent delays in their gate drivers. These 

issues led to unintended overlap or dead times between the 

switches, resulting in current and voltage spikes, as 

documented in [16]. Furthermore, the input current in [15] is 

discontinuous, necessitating the incorporation of an LC filter. 

A potential solution to the commutation challenges faced by 

AC-AC converters involves the application of an RC snubber 

circuit, albeit with significant losses. While the authors of [19, 

20] advocate for a complex safe commutation strategy as an 

alternative to the snubber circuit, this approach is not devoid of 

shortcomings, as it entails higher costs and increased control 

complexity. A concept known as "switching cells" was 

introduced in [17]. This approach involves partitioning the 

circuit architecture into two identical cells, allowing for the 

substitution of bidirectional switches with unidirectional 

switches combined with diodes. To effectively address the 

commutation challenges posed by the converter using 

switching cells, precise sensing of the input voltage-particularly 

in the vicinity of zero-is essential. The modulation of pulse-

width modulation (PWM) is dependent on the polarity of the 

input voltage. Within a switching cell circuit framework, only 

one high-frequency switch is activated during each half-cycle, 

with the other remaining inactive until the following half-cycle. 

If the input voltage polarity is inaccurately sensed, it may result 

in improper operation of the switches. Therefore, accurate 

sensing of the input voltage polarity is crucial for the 

converter's proper functionality. A direct AC-AC converter 

utilizing four bidirectional power switches was innovated in 

[18]. This converter features a π-shaped circuit design formed 

by the power switches and other components, allowing for 

simultaneous regulation of the output voltage's phase and 

magnitude. However, it encounters challenges such as 

commutation difficulties, limited voltage gain, and pulsating 

input current. Conversely, high-gain Z-source boost AC-AC 

converters [19, 20] mitigate these issues by implementing a 

reliable commutation strategy that eliminates the necessity for 

snubber circuits; however, they do not facilitate inverting 

operations and involve complex control techniques. 

Furthermore, a boost AC-AC converter with variable frequency 

was presented in [21], though it suffers from drawbacks such as 

the requirement for a bulky input LC filter and low voltage gain. 

In [22], an asymmetric bipolar output voltage is provided at 

output. By preventing body diode conduction in MOSFETs, the 

issues associated with poor reverse recovery are addressed, 

enabling the implementation of high-speed power MOSFETs. 

However, the presence of series diodes with all switches 

increases the total number of semiconductor devices, leading to 

higher conduction losses and reduced efficiency. In non-

inverting operation, the converter can function in boost mode; 

however, in inverting operation, it is limited to buck-boost 

mode. This buck-boost operation results in greater voltage and 

current stresses on the switches compared to boost converters, 

consequently increasing both switching and conduction losses. 

While the boost AC-AC converter discussed in [23] facilitates 

step-changed frequency operation with continuous input 

current, it is characterized by a low voltage gain. Additionally, 

this configuration necessitates precise input voltage sensing, 

which may lead to interface complications in the switches, 

particularly when the input voltage approaches zero and is not 

accurately detected. The topology presented in [24] offers both 

step-changed frequency and bipolar step-up amplitude 

operations; however, it is hindered by commutation issues and 

requires dead times between complementary power switches. 

Furthermore, the inherent connections of the body diodes in the 

switches contribute to operational challenges. The effective 

functioning of high-frequency switches in this converter 

demands exact input voltage sensing, which adds to the 

complexity of control, increases costs, and contributes to 

additional losses. In contrast, the converter presented in [25] 

proposes a single-phase AC-AC configuration that addresses 

commutation challenges while also ensuring continuous input 

current. Nevertheless, this design involves a considerable 

number of high-frequency switches and energy storage 

components, thereby enhancing its overall complexity. A 

family of single-phase boost AC-AC converters utilizing 

impedance network cells with symmetric bipolar operation is 

introduced in [26]. In this study, output voltage regulation and 

frequency variation are achieved with the use of only four 

switches. However, the increased number of diodes results in 

higher conduction losses, and the input current is quasi-

continuous, necessitating the incorporation of a compact input 

LC filter. The converter outlined in [27] employs switched 

capacitor cells to achieve high voltage gain; however, it also 

suffers from commutation challenges, lacks the capability for 

frequency adjustment, and entails a high number of power 

switches, ultimately leading to increased implementation costs. 

To address the aforementioned challenges, this article 

proposes a single-phase boost AC-AC converter with inherent 

commutation and step-changed frequency operation. The 

proposed converter employs only five switches, which is a 

reduced count in comparison to other existing converters. In 

this design, a single high-frequency switch is modulated using 

a high-frequency PWM signal throughout both half-cycles of 

the input voltage. This approach obviates the need for precise 

sensing of input voltage polarity and facilitates the 

implementation of a straightforward switching strategy. The 

output frequency can be varied as a multiple or fraction of the 

input frequency, rendering this converter particularly suitable 

for applications such as high-gain AC-DC rectifiers, inductive 

power transmission systems, and traction systems. Unlike 

indirect AC-DC-AC converters [1, 2], the proposed converter 

facilitates a single-stage direct AC-AC power conversion and 

requires only a minimal capacitance of a few microfarads 

(greater than 1µF). This requirement represents a significant 
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reduction from the substantially larger dc-link capacitors 

(greater than 1mF) typically employed in indirect AC-DC-AC 

converters. As a result, the proposed converter enables the use 

of a dependable (long lifespan), efficient (characterized by low 

equivalent series resistance losses), and compact film capacitor. 

Moreover, the converter achieves inherent commutation 

without necessitating the division of the circuit into positive and 

negative switching cells, thereby enhancing the simplicity of its 

switching strategy. The input current maintains continuity 

without the need for a substantial filter on the input side. The 

prevention of body diode conduction in power MOSFETs 

mitigates issues related to poor reverse recovery, allowing the 

use of MOSFETs and enabling selection of a high switching 

frequency. Consequently, this reduces the size of passive 

components. The proposed converter has been thoroughly 

analyzed across various operational modes. To validate the 

theoretical equations and assess the precision of its 

performance, simulation results obtained using 

PSCAD/EMTDC software are presented. 

 

II. Proposed Single-phase AC-AC Converter 

The configuration of the proposed AC-AC converter is 

illustrated in Fig. 1. This converter comprises one high-

frequency switch (S), four low-frequency switches (S1, S2, S3, 

S4), one inductor (L), seven diodes (Dp1, Dp2, Dn1, Dn2, D1, D2, 

D3), and three capacitors (C1, C2, C3). The low-frequency 

switches determine the output voltage polarity in relation to the 

input voltage source (vi), allowing operations in both non-

inverted and inverted modes. Capacitors are integrated into the 

design to store energy and provide a freewheeling path for the 

current flowing through the inductor, thereby enabling the 

proposed AC-AC converter to utilize an inherent commutation 

strategy. Consequently, there is no requirement for an 

additional safe commutation strategy or snubber circuit. 

 

 
Fig. 1. The configuration of the proposed converter. 

 

A. Switching Strategies of proposed converter 

Fig. 2 illustrates the switching strategy employed by the 

proposed AC-AC converter to generate three distinct output 

frequencies: fi/2, fi, and 2fi. As depicted, the colored waveforms 

of the output voltage enhance the interpretation of states 1, 2, 3, 

and 4 across the various frequencies. These states (1-4) are 

determined by the conditions of the positive and negative input 

voltage sources during each half-cycle and the activation of the 

positive switch pairs (S1, S3) and negative switch pairs (S2, S4). 

State 1 is realized when the input voltage source is within its 

positive half-cycle and is conveyed to the output via the 

positive switch pairs, resulting in an in-phase output, referred 

to as non-inverting. In contrast, state 2 is achieved when the 

input voltage remains in its positive half-cycle and the negative 

switch pairs are engaged, leading to an out-of-phase output, 

thus termed inverting. States 3 and 4 occur during the negative 

half-cycle of the input voltage, depending on whether S1 and S3 

or S2 and S4 are activated, resulting in inverting and non-

inverting configurations with respect to the output, 

respectively. These four states facilitate the generation of 

varying output frequencies. The proposed converter is capable 

of producing frequencies fo=kfi and fo=fi/k where k=1,2, 3, … 

at the output. 

 

 

Fig. 2. The switching strategy of the proposed converter. 
 

B. Analysis of proposed converter 

The proposed AC-AC converter is examined in two 

operational states: state 1, characterized by a positive input and 

a corresponding positive output, and state 4, marked by a 

negative input producing a negative output, for the purpose of 

generating an output frequency of fo=fi. Similarly, an analysis 

of the converter in states 2 and 3 can be conducted to yield 

frequencies of fo=fi/2 and fo=2fi. The converter has been studied 

in two distinct operational modes: DTs and (1-D)Ts intervals. 

Key equations have been established concerning the voltage 

stress experienced by components, the current flowing through 

them, and the voltage gain of the converter. Prior to the 

analysis, the following assumptions are made: 1) The converter 

operates under continuous conduction mode; 2) The switching 
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frequency (fs) is significantly greater than the input source 

frequency (fi); and 3) All components are treated as ideal. 

State 1: In state 1, the positive switch pairs S1 and S3 are 

activated, while switches S2 and S4 remain in the off position, 

resulting in non-inverting operation. During the positive half-

cycle of the input voltage, diodes Dp1 and Dp2 are conducting, 

whereas diodes Dn1 and Dn2 are non-conductive in this state. 

The switch S operates during the intervals defined by DTs and 

(1-D)Ts; as previously mentioned, switch S remains active 

throughout both half-cycles of the input voltage. 

DTs interval: Fig. 3(a) illustrates the equivalent circuit for this 

operational mode. The switch S is activated during the DTs 

interval. The diodes D1 and D3 remain non-conductive due to 

the negative voltage present across them, resulting in the 

creation of a parallel configuration involving capacitors C1, D2, 

C2, and S. Initially, the inductor L is charged through a loop that 

comprises the input voltage source, Dp1, Dp2 and S, leading to 

an increase in the energy stored in the inductor. Subsequently, 

capacitor C2 is charged via the established parallel loop, causing 

its voltage to rise. Ultimately, the voltage across capacitors C1 

and C3 provides power to the load. The application of KVL in 

this operational mode can be expressed as follows: 

𝑣𝐿 = 𝑣𝑖                                         (1) 

𝑣𝐶1 = 𝑣𝐶2                                       (2) 

𝑣𝑜 = 𝑣𝐶3 + 𝑣𝐶1                                   (3) 

(1-D)Ts interval: Referring to the equivalent circuit depicted in 

Fig. 3(b), the S is turned off, resulting in D2 not conducting 

during the interval of (1-D)Ts. C1 is charged by the input voltage 

and L through the loop formed by D1, Dp1 and Dp2, leading to 

an increase in the energy stored within the C1. Additionally, C3 

is charged by capacitor C2. By applying KVL in this operational 

mode, the equation can be derived as follows: 

𝑣𝐿 = 𝑣𝑖 − 𝑣𝐶1                                    (4) 

𝑣𝐶2 = 𝑣𝐶3                                       (5) 

By employing the voltage-second balance principle for inductor 

L, the voltage across the capacitors can be expressed as follows: 

𝑣𝐶1−𝐶3 = +
𝑣𝑖

1−𝐷
                                   (6) 

By substituting equation (6) into equation (3), the voltage gain 

(G) of the proposed converter in state 1 is derived as follows: 

𝐺 =
𝑣𝑜

𝑣𝑖
= +

2

1−𝐷
                                   (7) 

State 4: In state 4, the negative switch pairs S2 and S4, along 

with Dn1 and Dn2, are activated during the negative half-cycle 

of the input voltage source, facilitating non-inverting operation. 

DTs interval: The equivalent circuit for this operational mode 

is presented in Fig. 3(c). During this mode, the S is activated. 

Diodes D1 and D3 are reverse biased and do not conduct. The 

energy stored in the inductor L is increased through a loop that 

comprises the input voltage source, Dn1, Dn2 and S. The energy 

stored in capacitor C1 also serves to charge capacitor C2, while 

the load is supplied by capacitors C1 and C3. The application of 

KVL in this operational mode can be expressed as follows: 

𝑣𝐿 = 𝑣𝑖                                         (8) 

𝑣𝐶1 = 𝑣𝐶2                                       (9) 

𝑣𝑜 = 𝑣𝐶3 + 𝑣𝐶1                                  (10) 

(1-D)Ts interval: The equivalent circuit for this mode is 

illustrated in Fig. 3(d). The S is deactivated during in (1-D)Ts 

interval. C1 is charged via the loop formed by the input voltage 

source vi, L, Dn1, Dn2, and D1. With a positive voltage applied 

across D1, and D3, these diodes become conductive, providing 

a pathway for the energy stored in the inductor L to discharge 

into C1, C3, and the load. The application of KVL in this 

operational mode can be articulated as follows: 

𝑣𝐿 = 𝑣𝑖 − 𝑣𝐶1                                   (11) 

𝑣𝐶2 = 𝑣𝐶3                                      (12) 

By employing the voltage-second balance principle for inductor 

L, the voltage across the capacitors in state 4 can be expressed 

as follows: 

𝑣𝐶1−𝐶3 = +
𝑣𝑖

1−𝐷
                                  (13) 

By substituting equation (13) into equation (10), the voltage  
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Fig. 3. Equivalent circuits of the proposed converter (a) DTs 

interval of state 1. (b) (1-D)Ts interval of state 1. (c) DTs interval 

of state 4. (d) (1-D)Ts interval of state 4. 
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gain of the proposed converter in state 4 is derived as follows: 

𝐺 =
𝑣𝑜

𝑣𝑖
= +

2

1−𝐷
                                  (14) 

Based on the equations presented in equation (7) and equation 

(14), when the signs of the input voltage and output voltage are 

identical (either both positive or both negative) during a half-

cycle, the voltage gain is positive (as seen in states 1 and 4). 

This indicates a non-inverting output relative to the input 

voltage. Conversely, when the input voltage is positive while 

the output voltage is negative, or vice versa (as observed in 

states 2 and 3), the voltage gain exhibits a negative sign, 

indicating that the output is inverted in relation to the input 

voltage. 

 

III. Parameter Design 

A. Active Components Selection 

Semiconductor devices must be selected to withstand the 

maximum peak voltage and current values without sustaining 

damage. Therefore, it is imperative to ascertain the maximum 

voltage and current specifications for the switches and diodes. 

The peak voltage stresses experienced by the switches and 

diodes can be calculated using the following equations: 

{
 
 

 
 𝑉𝑆(𝑝𝑒𝑎𝑘)

𝐷1−𝐷3(𝑝𝑒𝑎𝑘)
𝐷1𝑝,𝑛(𝑝𝑒𝑎𝑘)
𝐷2𝑝,𝑛(𝑝𝑒𝑎𝑘)

= √2
1

(1−𝐷)
𝑉𝑖(𝑟𝑚𝑠)

𝑉𝑆1−𝑆4(𝑝𝑒𝑎𝑘) = √2
2

(1−𝐷)
𝑉𝑖(𝑟𝑚𝑠)

                    (15) 

The peak current flowing through the switches, diodes, and 

inductor, as well as the root mean square (RMS) currents of the 

switches, inductor, and capacitors, and the average currents of 

the switches and diodes over a complete line cycle are 

calculated and presented in Table 1. 

 

 

TABLE 1: THE CURRENT EQUATIONS OF COMPONENTS 
Switches/Io(rms) 

Peak RMS Average 

𝑰𝑺 =
√𝟐(𝟏 +𝑫)

𝑫(𝟏 −𝑫)
 

𝑰𝑺𝟑−𝑺𝟔 = √𝟐 

𝐼𝑆 =
1+ 𝐷

(1 − 𝐷)√𝐷
 

𝐼𝑆1−𝑆4 =
1

√2
 

𝐼𝑆 =
2√2(1 + 𝐷)

𝜋(1 − 𝐷)
 

𝐼𝑆1−𝑆4 =
√2

𝜋
 

Diodes/Io(rms) 

Peak Average 

𝑰𝑫𝟏𝒑,𝒏
𝑫𝟐𝒑,𝒏

=
𝟐√𝟐

(𝟏−𝑫)
, 𝑰𝑫𝟏,𝑫𝟑 =

√𝟐

(𝟏−𝑫)
 

𝑰𝑫𝟐 =
√𝟐

𝑫
 

𝐼𝐷1𝑝,𝑛
𝐷2𝑝,𝑛

=
2√2

𝜋(1−𝐷)
, 𝐼𝐷1−𝐷3 =

2√2

𝜋
 

Inductor/Io(rms) 

Peak RMS 

𝑰𝑳 =
𝟐√𝟐

(𝟏 − 𝑫)
 𝐼𝐿 =

2

(1 − 𝐷)
 

Capacitors/Io(rms) 

RMS 

𝒊𝑪𝟏 =
(𝟏+𝑫)

√𝑫(𝟏−𝑫)
, 𝒊𝑪𝟐 = √

𝟏

𝑫(𝟏−𝑫)
, 𝒊𝑪𝟑 = √

𝑫

𝟏−𝑫
 

B. Passive Components Design 

The required inductance value can be determined using the 

following equation: 

𝐿 =
|𝑉𝐿|𝐷𝑇𝑆

|𝛥𝐼𝐿|
                                      (16) 

In the previous equation, the voltage applied across the inductor 

during 𝛥𝑇 = 𝐷𝑇𝑆  is represented by |𝑉𝐿| . The maximum 

permissible current ripple, denoted as 𝛥𝐼𝐿, has been established 

as 𝛥𝐼𝐿 = 𝑥%𝐼𝐿(𝑝𝑒𝑎𝑘), where IL(peak) represents the peak current 

stress experienced by the inductor, as indicated in Table 1. 

Consequently, the necessary inductance value for the proposed 

converter can be derived using the following equation: 

𝐿 =
𝐷𝑉𝑖(𝑟𝑚𝑠)

2

𝑥%𝑓𝑠𝑃𝑜
                                     (17) 

The required capacitance value is determined through a 

methodology analogous to that used for calculating inductance 

values. Consequently, the necessary capacitance can be 

expressed as follows: 

𝐶 =
|𝐼𝐶|𝐷𝑇𝑆

|𝛥𝑉𝐶|
                                      (18) 

In this context, |𝐼𝐶|  represents the current flowing the 

capacitor during the DTs interval, 𝛥𝑉𝐶 = 𝑦%𝑉𝐶(𝑝𝑒𝑎𝑘) denotes 

the maximum permissible voltage ripple, and VC(peak) signifies 

the peak voltage across the capacitor. Therefore, the necessary 

capacitance value for the proposed converter can be computed 

as follows: 

{
 
 

 
 𝐶1 =

(1+𝐷)(1−𝐷)2𝑃𝑜

2𝑦%𝑓𝑠𝑉𝑖(𝑟𝑚𝑠)
2

𝐶2 =
(1−𝐷)2𝑃𝑜

2𝑦%𝑓𝑠𝑉𝑖(𝑟𝑚𝑠)
2

𝐶3 =
𝐷(1−𝐷)2𝑃𝑜

2𝑦%𝑓𝑠𝑉𝑖(𝑟𝑚𝑠)
2

                              (19) 

 

IV. Control Block Diagram for Output Voltage 

Regulation 

The control block diagram for the proposed converter is 

shown in Fig. 4. In order to regulate the operation of the 

switch pairs S1,S3 and S2,S4, which operate at line frequency, 

a comparator is employed to assess the polarity of the input 

voltage. The peak output voltage is calculated using the 

methodology outlined in [29], as illustrated in the block 

diagram in Fig. 5, and is acquired as follows: 

√[𝑣𝑜 𝑠𝑖𝑛(𝜔𝑡)]
2 + [𝑣𝑜 𝑐𝑜𝑠(𝜔𝑡)]

2 = 𝑉𝑜(𝑝𝑒𝑎𝑘)          (20) 

The incorporation of low-pass filters (LPFs) at both inputs 

of the peak voltage detector is intended to attenuate high-

frequency noise, thereby decreasing the potential for 

erroneous switch activations. The detected peak output 

voltage (Vo(peak)) is then compared to the reference voltage 

(Vo(ref)), resulting in the generation of an error signal (ve(t)). 

This error signal is processed by a proportional-integral (PI) 

controller, which computes the duty cycle (D(t)) necessary 

to adjust the output voltage to the desired reference level. 

The operation of the PI controller is characterized by the 
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proportional gain (kp) and the integral gain (ki), as depicted 

in Fig. 4. Ultimately, the control signals consist of a high-

frequency PWM pulse for switch S, in addition to four low-

frequency PWM pulses (operating at line frequency) for 

switches S1-S4, which are subsequently sent to the converter. 

 

 
Fig. 4. The control block diagram of the proposed converter. 
 

 
Fig. 5. The block diagram of the peak voltage detector. 

 

V. Comparative Analysis 
 

Table 2 presents a comparative analysis between the proposed 

converter and various other single-phase boost AC-AC 

converters. The voltage gain relative to the duty cycle for the 

proposed converter, alongside the gains of other converters, is 

illustrated in Fig. 6(a). The voltage gain of the proposed 

converter is found to be comparable to that of the converter 

presented in [27], while exceeding the gains of most other 

converters. As shown in Table 2, the proposed topology 

features the fewest switches in its design, second only to the 

converter in [26], which utilizes four active switches but 

additionally requires nine external diodes and exhibits a 

discontinuous input current. Moreover, converters [20, 24, 27] 

face commutation issues that necessitate dead or overlap times 

to avoid short circuits in capacitors and open circuits in 

inductors, negatively impacting the quality of the output 

voltage waveform. Although the converter discussed in [25] 

addresses commutation challenges, it does so at the cost of 

employing a significant number of active and passive 

components while yielding a low voltage gain. The proposed 

converter, along with those in [23-26], provides symmetrical 

voltage gain and enables step-changed frequency operation, 

making them particularly suitable for high-gain AC-DC 

rectifiers and traction systems. The converters detailed in [20] 

and [22-27] depend on precise input voltage polarity sensing, 

as the operation of their high-frequency switches is contingent 

upon accurate detection of this polarity. Such dependence can 

lead to interface complications, especially when the input 

voltage is close to zero and its polarity cannot be precisely 

identified. In contrast, the proposed converter mitigates this 

issue by employing a single high-frequency switch that 

operates across both half-cycles of the input voltage, 

independent of voltage polarity sensing. Furthermore, 

converters [20, 24, 27] experience challenges due to high-

frequency conduction of the body diode in the switching 

devices, along with associated reverse recovery problems. 

Fig. 6(b) and 6(c) illustrate a reduction in both the total voltage 

stress across the switches and the current that flows through 

them in the proposed converter. While converters [20, 22, 26, 

and 27] also exhibit reductions in voltage stress for various 

voltage gains (G) when compared to the proposed converter, 

they are associated with significant issues, including 

commutation challenges, increased complexity in control and 

switching patterns, a higher number of high-frequency switches, 

and conduction through the body diode of the switching devices. 

The switching device peak power (SDPpeak), which is directly 

correlated to the overall power rating and cost of the switching 

devices, as well as the average power (SDPave), which is related 

to losses and the thermal requirements of the devices [28], are 

defined for the proposed converter as follows: 

𝑆𝐷𝑃𝑝𝑒𝑎𝑘 = ∑ 𝑉𝑛(𝑝𝑒𝑎𝑘)𝐼𝑛(𝑝𝑒𝑎𝑘)
𝑁
𝑛=1 =

2+18𝐷−8𝐷2

𝐷(1−𝐷)
𝑃𝑜       (21) 

𝑆𝐷𝑃𝑎𝑣𝑒 = ∑ 𝑉𝑛(𝑝𝑒𝑎𝑘)𝐼𝑛(𝑎𝑣𝑒)
𝑁
𝑛=1 =

24−12𝐷

𝜋(1−𝐷)
𝑃𝑜            (22) 

In equations (21) and (22), Vn(peak), In(peak), and In(ave) represent 

the peak voltage, peak current, and average current of the nth 

device, respectively. The normalized values for peak power 

(SDPpeak) and average power (SDPave) of both the proposed 

converter and its counterparts are presented in Fig. 7 as a 

function of voltage gain. It is evident that the proposed 

converter demonstrates the lowest peak and average power 

ratings for the switching devices when compared to converters 

[20, 22, 23, 25, 26]. This suggests that the proposed converter 

requires a reduced total power rating, lower cost, diminished 

losses, and minimized heatsink requirements. 

 

VI. Simulation Results and Loss Analysis 
 

A. Simulation Results 

To validate the effectiveness and ensure the reliability of the 

proposed converter, simulation results are presented using 

PSCAD/EMTDC software. The parameters employed in the 

simulation are outlined in Table 3. To demonstrate the 

capability of the proposed converter regarding step-changed 

frequency operation, performance evaluations have been 

conducted at three specific frequencies: 25Hz (stepped down), 

50Hz (identical to the input voltage source), and 100Hz 

(stepped up), with a duty cycle (D) of 0.5. Fig. 8(a) illustrates 

the input voltage waveform (Vi), which exhibits a peak value of 

 

TABLE 3: PARAMETERS USED IN THE SIMULATION 
Parameters and Values 

𝑽𝒊(𝒑𝒆𝒂𝒌) 𝑓𝑆 𝐷 𝑓𝑖 𝐶1 − 𝐶3 𝐿 load  

50V 100KHZ 0.5 50HZ 4𝜇𝐹 400𝜇𝐻 80Ω 

Paek Voltage Detector

90 Phase Shifter

LPFLPF

-

Proposed

Boost AC AC

Converter

iv

+

−

Paek

Detector

Polarity

Detector

( )o refv

( )o peakv
( )ev t

. ( )p ek v t

0

. ( )i ek v





PI Controller

( )D t

1 4,S S S−

.2

Modulation

Fig

L

ov

+

−

o
a
d
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TABLE 2: COMPARISON OF THE PROPOSED CONVERTER WITH OTHER AC-AC CONVERTERS 
Parameters [20] [22] [23] [24] [25] [26] [27] Proposed 

Voltage gain 1 + (𝑁 − 1)𝐷

1 − 𝐷
 

1

1 − 𝐷
 

1

1 − 𝐷
 

1

1 − 𝐷
 1

1 D−
 

1 + 𝐷

1 − 𝐷
 

2

1 − 𝐷
 

2

1 − 𝐷
 

No. of switches 4 6 6 8 8 4 8 5 

No. of diodes - 6 8 - 8 9 - 7 

No. of inductors 1 1 1 2 6 2 1 1 

No. of capacitors 2 2 2 3 3 1 3 3 

Symmetrical voltage gain No No Yes Yes Yes Yes No Yes 

Continuous input current Yes Yes Yes Yes Yes No Yes Yes 

Step-changed frequency 

operation 

No No Yes Yes Yes Yes No Yes 

Control complexity High Moderate Moderate Moderate Moderate Moderate High Low 

Inherent commutation No Yes Yes No Yes Yes No Yes 

Need dead or overlap time Yes  No No Yes No No Yes  No 

Body diodes conduction Yes No No Yes No No Yes No 

 

 
(a)                                     (b)                                 (c) 

Fig. 6. Comparison plots, (a) Voltage gain, (b) Total switches voltage stress, (c) Total switches current stress. 
 

 
(a) 

 
(b) 

Fig. 7. Total switching devices power of the proposed converter 

and other converters, (a) SDPpeak. (b) SDPave. 
 

50V. Fig. 8(b) presents the output voltage waveform (Vo) of the 

proposed converter at 25Hz, revealing four distinct states 

corresponding to the signs of the input voltage source. The 

output voltage waveform (Vo) for the frequency of 50Hz is 

depicted in Fig. 8(c), where it can be observed that the output 

voltage is increased and remains entirely in phase with Vi. 

Based on equation (7), the maximum output voltage is 

calculated to be 200V, which aligns well with the simulation 

results obtained. Subsequently, Fig. 8(d) shows the output 

voltage waveform of the proposed converter at fo=100Hz, 

which also exhibits four states. As illustrated in Fig. 8(d), each 

half-cycle of the input voltage contains two states, which are 

either inverted or non-inverted based on the sign of the input 

voltage. The voltage stress on the capacitors, switches, and 

diodes with their zoomed-in waveforms is depicted in Figs. 9(a) 

to 10(d). The calculated voltage stress values on the capacitors, 

derived from (6), and those on the switches and diodes, 

calculated using (15), closely correlate with the simulation 

outcomes presented in Figs. 9(a) to 10(d). The zoomed-in 

waveforms illustrating the voltage stress across the 

semiconductors indicate the absence of short circuits or voltage 

spikes during the operation of the proposed converter, which is 

consistent with the analytical results obtained. Fig 11(a) and Fig. 

11(b) presents the simulation results for the input and output 

voltage and current waveforms, along with their zoomed-in 

views, under an R-L load characterized by a resistance of 

R=80Ω and inductance L=50mH, operating at an output of 

50Hz. 

35
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(a)                            (b)                              (c)                            (d) 

Fig. 8. Simulation results of input and output waveforms for step-changed frequency operation. (a) Input voltage. (b) Output voltage for 

25Hz. (c) Output voltage for 50Hz. (d) Output voltage for 100Hz. 

 

    
(a)                            (b)                              (c)                            (d) 

Fig. 9. Simulation results of voltage stress waveforms. (a) Across capacitors. (b) Across Dp1, Dp2. (c) Across Dn1, Dn2. (d) Across D3, D5. 

 

    
(a)                            (b)                              (c)                            (d) 

Fig. 10. Simulation results of voltage stress waveforms. (a) Across D4. (b) Across S. (c) Across S1, S3. (d) Across S2, S4. 

 

    
(a)                            (b)                              (c)                            (d) 

Fig. 11. Simulation results, (a) Input waveforms under RL load, (b) Output waveforms under RL load, (c) Input waveforms under 

transient load, (d) Output waveforms under transient load. 
 

This demonstrates the proposed converter's capability to 

manage non-unity load conditions. Additionally, the input and 

output waveforms of the proposed converter are depicted in 

Figs. 11(c) and 11(d), showcasing its performance as the load 

resistance varies from 60Ω to 90Ω. The waveform analysis 

reveals the converter's proficiency in sustaining inherent 

commutation while exhibiting the absence of voltage spikes 

during load transitions. 

 

B. Loss Analysis 

In non-ideal operating conditions, each component of the 

converter contributes to the overall power losses. These losses 

are primarily categorized into two types: conduction loss 

(Pcond) and switching loss (Pswitching), which together constitute 

the total power loss of the converter (PLoss). To obtain an 

accurate assessment of the total losses, it is essential to 

consider several key parameters, including the on-state 

resistance of the switches (rS), the equivalent series resistance 

associated with the capacitors (rC), the resistance of the 

inductor (rL), the forward voltage drops across the diodes (VF), 

the switching frequency (fs), as well as the turn-on (tr) and turn-

off (tf) times of the switches. The formulations for Pcond, 

Pswitching, and PLoss can be expressed as follows: 

{
  
 

  
 
𝑃𝑐𝑜𝑛𝑑 = 𝑟𝑆(𝐼𝑆(𝑟𝑚𝑠)

2 + 𝐼𝑆1−𝑆4(𝑟𝑚𝑠)
2 ) + 𝑟𝐿(𝐼𝐿(𝑟𝑚𝑠)

2 ) +

𝑉𝐹(𝐼𝐷1𝑝,𝑛(𝑎𝑣𝑒)
𝐷2𝑝,𝑛(𝑎𝑣𝑒)

+ 𝐼𝐷3−𝐷5(𝑎𝑣𝑒)) +

𝑟𝐶(𝐼𝐶1(𝑟𝑚𝑠)
2 + 𝐼𝐶2(𝑟𝑚𝑠)

2 + 𝐼𝐶3(𝑟𝑚𝑠)
2 )

𝑃𝑠𝑤𝑖𝑡𝑐ℎ𝑖𝑛𝑔 =
1

6
𝑉𝑆(𝑟𝑚𝑠)𝐼𝑆(𝑟𝑚𝑠)𝑓𝑠(𝑡𝑟 + 𝑡𝑓)

𝑃𝐿𝑜𝑠𝑠 = 𝑃𝑐𝑜𝑛𝑑 + 𝑃𝑠𝑤𝑖𝑡𝑐ℎ𝑖𝑛𝑔

    (23) 

It is presumed that the voltage and current fluctuations in the 

inductors and capacitors are insignificant. The switching losses 

are primarily associated with the high-frequency switch S. The 
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root mean square (RMS) values of the currents flowing 

through the capacitors, inductors, and switches, along with the 

average current values for the diodes, are computed over one 

line period and presented in Table 2. This can be formally 

expressed as follows: 

{
 
 
 

 
 
 𝑃𝐿𝑜𝑠𝑠 = 𝑟𝑆 [(

1+𝐷

(1−𝐷)√𝐷
)
2

+ (√2)
2
] 𝐼𝑜(𝑟𝑚𝑠)

2 +

1

6
𝑉𝑆(𝑟𝑚𝑠)𝐼𝑆(𝑟𝑚𝑠)𝑓𝑆(𝑡𝑟 + 𝑡𝑓) +

𝑉𝐹 (
8√2

𝜋(1−𝐷)
+

6√2

𝜋
) 𝐼𝑜(𝑟𝑚𝑠) + 𝑟𝐿 (

2

1−𝐷
)
2

𝐼𝑜(𝑟𝑚𝑠)
2 +

𝑟𝐶 [(
1+𝐷

√𝐷(1−𝐷)
)
2

+ (√
1

𝐷(1−𝐷)
)
2

+ (√
𝐷

1−𝐷
)

2

] 𝐼𝑜(𝑟𝑚𝑠)
2

     (24) 

Ultimately, the efficiency of the proposed converter can be 

evaluated as follows: 

𝜂 =
𝑃𝑜

𝑃𝑜+𝑃𝐿𝑜𝑠𝑠
                                    (25) 

The non-ideal voltage gain (𝐺 ′) of the proposed converter can 

be expressed using the following equation: 

𝐺 ′ =
𝐺

1+(𝑃𝐿𝑜𝑠𝑠/𝑃𝑜)
                                 (26) 

Fig. 12 presents the characteristics of conversion efficiency 

and voltage gain as a function of duty cycle (D) under the 

specified conditions: vi(rms)=50V, VF=0.7V, rS=0.04Ω, 

tr+tf=100ns, fs=100kHz, and R=80Ω. The analysis in Fig. 12 

indicates that at high duty cycles, an increase in inductor 

resistance (rL) and capacitors resistance (𝑟𝐶1 = 𝑟𝐶2 = 𝑟𝐶3 ≈ 𝑟𝐶) 

can significantly impair both the voltage gain and efficiency of 

the converter. 

Fig. 13 presents a comparison of the efficiency curves for the 

proposed converter alongside those of other converters [20, 22, 

23, 26] under matched operating conditions, specifically at an 

output voltage of 140Vrms and a gain of 4, over a broad 

spectrum of output powers ranging from 50W to 450W. As 

depicted in Fig. 13, the proposed converter exhibits superior 

efficiency compared to the other converters throughout the 

entire output power range. The impressive efficiency attained 

by the proposed converter can be attributed to several factors, 

including the optimized use of a reduced number of switches 

 

 
Fig. 12. The efficiency and non-ideal voltage gain curves. 

 

 
Fig. 13. The efficiency of the proposed converter. 

and the effective mitigation of commutation issues, achieved 

without any overlap or dead time. 

 

VII. Conclusion 
 

This paper presents a single-phase boost AC-AC converter 

with inherent commutation and step-changed frequency 

operation. When compared to existing boost AC-AC 

converters, the proposed design exhibits a higher voltage gain 

and eliminates the necessity for bidirectional switches. 

Moreover, the commutation issue is addressed inherently, 

negating the need for division into two sub-circuits, which 

effectively reduces the number of components, overall costs, 

and size of the converter. As illustrated in Fig. 2, the proposed 

converter features a straightforward control method that 

involves turning a single high-frequency switch on and off 

during both half-cycles of the input voltage. This configuration 

helps minimize conduction losses and enhance overall 

efficiency. The simulation results validate these assertions 

across three frequencies: 25Hz, 50Hz, and 100Hz. 
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This paper proposes a novel non-isolated DC-DC converter topology combining a super-

lift Luo converter with inductor-capacitor voltage multipliers (VMCs) to achieve high 

voltage gain without extreme duty cycles. The proposed design offers seven key 

advantages. These are a continuous input current that reduces input capacitor stress, a 

common ground between source and load that mitigates EMI, enhanced voltage-lift 

effect via hybrid Luo-VMC stages, a semiconductor voltage stress that is significantly 

lower when compared to output voltage, a semiconductor current stress below input 

current, minimized current stress for most switches and a scalable voltage gain suitable 

for high-output applications. The converter is analyzed in both ideal and non-ideal modes 

with derived equations for continuous and discontinuous conduction modes 

(CCM/DCM). A 100W prototype (12 V input, 312 V output, 50% duty cycle) validated 

the design showing its efficacy for high-intensity discharge (HID) lamps and other high-

gain applications. 

Abbreviations    

𝑉𝑖𝑛 Input voltage source 𝑉𝐶1 − 𝑉𝐶7 capacitor voltage 1st to 7th 

𝑉𝐶𝑂 Output capacitor voltage 𝐼𝐿1 − 𝐼𝐿3 inductor average current 1st to 3rd 

𝐼2 − 𝐼8 capacitor inrush current 2nd to 8th 𝑉𝑠1 Voltage stress of the switch 

𝑉𝐷1 − 𝑉𝐷10 Voltage stress of the 1st diode to 10th 𝐼𝐷1 − 𝐼𝐷10 Current stress of the 1st diode to 10th 

𝐼𝑆1 Current stress of the 1st switch 𝑓𝑠 Switching frequency 

𝑃𝐿 Conduction loss of the inductors 𝑃𝑆𝐶 Conduction loss of the switch 

𝑃𝐷 Conduction loss of the diodes 𝑟𝐿 The equivalent resistance of the inductors 

𝑟𝑆𝐶  The equivalent resistance of the switch 𝑉𝐷𝐹 Threshold voltage of the diodes 

η Efficiency R Load 

D Duty cycle 𝐼𝑂 Output current 

δ The ratio of the activation time of the last diode over the switching period 

 

I. Introduction 

Isolated and non-isolated topologies are the two main 

groups of DC-DC converters [1]. The isolated DC-DC 

converters use a high-frequency transformer to provide a high 

voltage gain [2]. Also, the provided isolation between load and 

input source protects the sensitive loads from the faults of the 

input side [3]. All these advantages are accompanied by some 

disadvantages. Using the transformers increases the volume 

and mass and decreases the power density of the converter [4]. 

Additionally, the leakage inductance of the coils leads to the 

existence of residual currents, which increases the voltage 

stress of the switch and requires the use of snubber circuits, 

which increases the complexity of the converter [5]. 

Consequently, non-isolated topologies can be used in 

applications that do not require the isolation of the load and 

input source [6]. Among the classic non-isolated step-up DC-

DC converters, the boost and super lift Luo converters are the 

most popular ones [7]. These converters have a step-up 

behavior in all duty cycles. However, providing a ten times 

voltage gain requires using a high value of the duty cycle, 
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which is close to unity. Such a high value of the duty cycle 

leads to a poor efficiency, dramatic high semiconductor 

voltage stress and a reverse recovery time problem of the 

diodes [8]. Consequently, new and improved topologies are 

required. 

[9]-[22] include recently proposed improved topologies. 

The presented topology in [9] uses a boost and buck-boost 

topology to provide a higher voltage gain than the classic 

converters. Additionally, the continuity of the input current is 

present. However, the output polarity is reversed. Additionally, 

the switch number becomes two and a voltage higher than the 

output voltage is applied to the last switch and diode. Notably, 

the voltage gain can cause high values as the duty cycle 

percentage approaches unity. The presented topologies in [10] 

and [11] use the same idea. Both topologies use a boost and a 

super lift Luo converter in their structure. Notably, the 

proposed topology in [10] is a single-switch form of [11]. The 

voltage gain provided by these topologies is higher than that of 

the cascaded boost converter while all the semiconductors’ 

voltage stresses are less than the output voltage. Moreover, the 

continuity of the input current is maintained. Besides all these 

advantages, the voltage gain increase is not bold, and the 

difference between the output voltage and the highest voltage 

stress is not very significant. The proposed topology in [12] 

combines two boost topologies providing a higher voltage gain 

than the cascaded boost topology. Although the continuity of 

the input current is present, it has one more switch and last 

diode, and the switch in this topology experiences a voltage 

stress more than the output voltage compared with the 

cascaded boost topology. The presented topology in [13] is 

another two-switch topology, which uses a boost and super lift 

Luo converter. The voltage gain is more than the provided 

voltage gain by the cascaded connection of the boost and super 

lift Luo converter. However, this voltage gain is not 

significantly high and cannot be more than 10 times, while the 

duty cycle percentage is at low values. [14] presents a topology 

whose voltage gain is twice that of the cascaded boost topology. 

All the bold points and the drawbacks of the boost topology 

are present in this topology. The voltage gain provided in [15] 

is the same as that provided in [14], with a smaller number of 

inductors and all the advantages of the boost converter are 

present in this topology. However, similar to the boost 

converter, the highest voltage stress of the semiconductors is 

the same as the output voltage. The presented topologies in 

[17], [18] employ boost, super lift Luo, and inductor-based 

circuits to provide a high voltage gain. Both topologies provide 

a 10 times voltage gain as the duty cycle reaches 50%. All the 

positive characteristics of the sub topologies are present in the 

main topologies and all the semiconductors’ voltage stress are 

less than the output voltage. However, the difference is not 

much significant. These advantages and disadvantages are 

repeated in [19]. The provided voltage gain by [19] is 

particularly higher than in [17], [18]. The presented topologies 

in [20], [21] are improved from of the presented topology in 

[12]. These converters can provide a voltage gain of more than 

10 times while the duty cycle has low values. All the expressed 

bold points in [12] are present in [20], [21]. Additionally, the 

challenge of the semiconductors' voltage stress has been solved 

in [20], [21]. However, employing two switches in the power 

circuit is still a challenge. The presented topology in [22] is an 

improved form of the cascaded boost and Cuk converters. The 

voltage gain is well-increased while utilizing a single-switch 

structure. However, two problems arise in this topology, the 

first is the reversed output polarity of the converter and the 

second is the maximum voltage stress of the semiconductors, 

which becomes twice the output voltage. 

This study presents a new topology of high gain, non-

isolated DC-DC converters. The merits of this topology are: (Ⅰ) 

the continuity of the input current is provided to reduce the 

current stress of the input filter capacitor; (Ⅱ) the common 

ground of the load and the input source is present to reduce the 

electromagnetic interference (EMI) problems; (Ⅲ) super lift 

Luo converter is used beside the inductor-based and capacitor-

based voltage multiplier cells (VMC) to improve the voltage-

lift technique; (Ⅳ) the voltage stress of the semiconductors is 

less than the output voltage with a bold difference; (Ⅴ) the 

current stress of the semiconductors is less than the input 

current; (Ⅵ) most of the semiconductors experience the lowest 

current of the converter as their current stress; (Ⅶ) the voltage 

gain of the converter has increased appropriately that can 

easily provide the higher voltage gains without the high 

percentage of the duty cycle. The former characteristics makes 

this topology demanding for high-intensity discharge (HID) 

lamps and water electrolysis.  

In the rest of this article, the proposed topology will be given 

in Section II. Section III represents operating modes’ analysis. 

Section Ⅳ discuses non-ideal voltage gain and section Ⅴ 

considers efficiency. Section Ⅵ includes comparative analysis 

and Section Ⅶ demonstrated the proposed topology 

application. Section Ⅷ deals with small signal analysis and 

section Ⅸ experimental results. Finally, the conclusion is 

drawn in Section Ⅹ. 

 

II. Proposed Topology  

A. Circuit Description & Operation Overview 

In this section, the operation of the converter and its 

theoretical relations to the various parameters are discussed in 

the ideal and continuous conduction modes. As illustrated in 

Fig. 1, the positive output super lift Luo converter (POSLLC) 

represents an enhanced version of boost topology. This figure 

depicts the voltage lift process occurring between the input 

source and the initial capacitor. Essentially, the input source 

and the first capacitor are connected in parallel during the first 

operating phase. In the second phase, they are connected in 

series with the inductor, which increases the voltage gain. 

Although the voltage gain from this topology surpasses that of 
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a traditional boost converter, the enhancement is modest. 

Therefore, it is essential to amplify the impact of the voltage 

lift method. One effective approach to achieving this is through 

VMC. Figure 2 illustrates the integration of a VMC with 

POSLLC, where the VMC replaces the inductor in the 

POSLLC setup. Utilizing a VMC enhances the voltage gain of 

the sub-converter. Furthermore, employing inductor-based 

VMCs reduces the conduction losses by splitting a defined 

current across two inductors rather than a single one. 

Additionally, another VMC can be incorporated to achieve a 

higher voltage gain. As shown in Fig. 3, a diode-capacitor 

VMC can complement the configuration presented in Fig. 2. 

This type of VMC not only boosts voltage gain but also 

increases the separation between the switch and the output 

terminal, thereby reducing voltage stress on the 

semiconductors. The configuration in Fig. 3 offers the final 

iteration of the enhanced POSLLC, featuring two additional 

voltage-lift processes compared to the conventional POSLLC. 

However, this new configuration also raises the input current 

ripple. To address this issue, a boost topology is integrated into 

the design shown in Fig. 3. Figure 4 illustrates the proposed 

topology of this study. The inclusion of the boost converter at 

the start of the proposed configuration ensures continuous 

input current with minimal ripple. Additionally, the overall 

voltage gain of the topology takes a quadratic form, further 

supporting the voltage lift method. It is important to highlight 

that the entire design is centered around a switch with a 

straightforward drive structure. In the steady state, the system 

operates in two modes. During the first mode, as depicted in 

Fig. 5(a), the switch, diodes two through five, the seventh 

diode, and the ninth diode are engaged, resulting in a positive 

voltage being applied to the inductors. Consequently, the 

inductors become magnetized and store energy within their 

field. 

In the second operating mode, the semiconductors that were 

active in the first mode turn off, while the remaining 

semiconductors are activated. Figure 5(b) illustrates the 

equivalent circuit for this mode. A negative voltage is applied 

to the inductors to cause demagnetization. It’s important to 

highlight that in the first operating mode, the first through third 

capacitors are in parallel, along with the series connection of 

the third and fifth capacitors to the fourth capacitor and the 

series connection of the fourth, sixth and seventh capacitors to 

the output capacitor. In the second mode, the sixth capacitor 

becomes parallel with the seventh and the fourth through sixth 

capacitors are in series with the output capacitor. Based on the 

discussed concepts and the shown equivalent circuits, the 

equations for the inductors’ voltage and the capacitors' current 

are as follows: 

 

( ) ( )( )

( ) ( )( )

( ) ( )( )

1 1

2 1 1 2

3 1 3 4

1

1 '

1 '

L in in C

L C C C

L C C C

V D V D V V

V D V D V V V

V D V D V V V

= + − −


= + − + −


= + − + −  

(1)    

1 2 3C C CV V V= =  (2)  

3 5 4C C CV V V+ =  (3)  

6 7C CV V=  (4)  

4 6 7o C C CV V V V= + +  (5)  

4 5 7o C C CV V V V= + +  (6)  

( ) ( )( )

( ) ( )( )

( ) ( )( )

( ) ( )( )

( ) ( )( )

( ) ( )( )

( ) ( )( )

( ) ( )( )

1 2 3 2 3 1 2

2 2 2

3 3 4 8 2

4 4 2 5

5 4 8 5

6 8 7 5

7 8 7

8 5

1

1

1

1

1

1

1

1

C L L L L

C L

C L

C L

C

C

C

Co o o

i D i i i i D i i

i D i D i

i D i i i D i

i D i D i i

i D i i D i

i D i D i i

i D i D i

i D i I D i I

= − − − − + − −


= + − −


= + + + − −

 = − + − −


= + + − −
 = + − −

 = + − −


= − − + − −

 

(7)            

 

Notably, the second and third inductors become series with 

each other in the second operating point. Consequently, their 

average current gets a relation as follows: 

 

(8)  2 3L Li i=  

 

It is important to note that i2, i3, i4, i5, i7, and i8 are the 

capacitors' created inrush currents during their parallel 

connection. 

Utilizing the voltage second balance in the inductors’ voltage 

equation yields the average voltage of the capacitors as 

follows: 

 

( )

( ) ( )

1 2 3 2

4 5 6 72 2

2
, '

1 1

3 2
,

1 1

in
C C C in

C in C C C in

V D
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D D

D
V V V V V V

D D

−
= = = = − −


− = = = =

 − −

 

(9)  

 

According to the expressed relations in (5), (6), and (9) the 

resulting voltage gain is as follows: 

( )
2

7

1
o in

D
V V

D

−
=

−
 

(10)  

the extracted voltage gain results from both the quadratic and 

voltage-lift methods. Furthermore, the voltage-lift The 

extracted voltage gain results from both the quadratic and 

voltage-lift methods. Furthermore, the voltage-lift technique is 

shown to have a threefold impact compared to the traditional 

POSLLC. Figure 6 illustrates a comparison between the 

voltage gain of the proposed topology and that of the classic 

boost converter. It is evident that the proposed topology 

achieves a higher voltage gain at lower duty cycle percentages 

than the boost topology does at higher duty cycle percentages. 

In other words, it is not required to use the higher percentages 

of the duty cycle to provide a significant value of the voltage 

gain. Notably, this point becomes bold, when the reverse 

recovery time of the semiconductors is an issue. This 
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achievement is the first one compared with the classic boost 

converter. 

Using the current second balance in the capacitors’ current 

equation results in the average current for the inductors and 

inrush currents as detailed below: 

 
Fig. 1. Classic POSLLC. 

 

 
Fig. 2. Improving a classic POSLLC with an inductor-based 

VMC. 

 

 
Fig. 3. Improving the modified POSLLC with a diode-capacitor 

VMC. 

 

 
Fig. 4. Building procedure of the proposed topology. 
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(11)  

 

Calculating the average current of inrush currents in 

inductors and capacitors helps define the current stresses in 

semiconductors. 

( ) ( )
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(12)  

  According to the expressed equations, 60% of the 

semiconductors experience the lowest current value as their 

current stress. Moreover, 80% of the semiconductors have a 

negligible current stress, which keeps the semiconductors' 

conduction loss at a desired low value. Notably, employing the 

diode-capacitor circuit at the end of the proposed topology 

leads to the equality of the current stress of 6 diodes to the 

output power. Such a feature is independent of the diodes’ type. 

Calculating the average voltage across the capacitors is 

essential for assessing the voltage stress on the semiconductors, 

as outlined below: 

( ) ( )

( ) ( )
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3 4 2 12 2

2 2
,

1 1

1
, ,

11 1

D D D D D D in S in

in in
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D D

V VD
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− −
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 −− −

 

(13)   

The analyzed values indicate that semiconductors do not 

face a voltage exceeding the output voltage. Notably, the use 

of the diode-capacitor circuit at the end of the converter leads 

to a voltage stress, which is one-third of the output voltage on 

the switch and the last 5 diodes. Such a feature is independent 

of the diode types and based of the structure of the diode-

capacitor circuit. Additionally, their current does not surpass 

the input current. Based on this, Figure 7 presents the 

semiconductors' normalized voltage/current stress. The figure 

indicates that the maximum normalized voltage stress for the 

semiconductors is 0.33. Furthermore, the maximum current 

stress is associated with the switch, which has a normalized 

voltage stress below one. Moreover, most diodes show a 

voltage stress of less than 0.1. These values illustrate that the 

semiconductors operate within acceptable limits in the 

proposed topology. Figure 8 presents the same analysis for the 

boost converter. According to this figure, the maximum of the 

normalized voltage stress of the semiconductors is the same as 

the unity. This result is not desired and has been solved in the 

proposed topology. Notably, 70 % of the semiconductors in the 

proposed topology has a normalized current stress less than 

40% in all duty cycle percentages. However, such a bold point 

is absent in the classic boost converter. 

The simplified form of the inductors’ current ripple 

according to the inductors’ voltage equation and capacitors’  

 

 
Fig. 5. Equivalent circuit of the proposed topology:  

(a) first mode, (b) second mode. 

=+

=+

=+

Vin

L1

L2

L3

C1

D1
D2

D3

D4

D5

C2 C3

C4

C5 C6

C7

Co R

D6 D7 D8

D9

D10

S1

Vin

L1

L2

L3

C1

D1
D2

D3

D4

D5

C2 C3

C4

C5 C6

C7

Co R

D6 D7 D8

D9

D10

S1

(a)

(b)



17                                                                                 Improved Boost Topology/ R. Hazratian, et al 

 
Fig. 6. Voltage gain comparison of the proposed topology and 

classic boost converter. 

 

 
Fig. 7. Proposed converter’s semiconductors normalized: 

(a) current stress, (b) voltage stress 

 

(a) (b)  
Fig. 8. Boost converter’s semiconductors normalized:  

(a) current stress, (b) voltage stress 

 
Fig. 9. The operational region of the converter between CCM 

and DCM is determined according to the output current and duty 

cycle, while (a) the output voltage is constant and (b) the input 

voltage is constant. 

 

voltage ripple according to the capacitors’ current equation are 

as follows: 
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(14) 

 

 
Fig. 10. Voltage gain comparison of the proposed topology in the 

ideal and non-ideal mode. 

 

 
Fig. 11. Voltage gain of the proposed converter in the non-ideal 

mode according to the change of: (a) output power, (b) 

inductors’ core type, (c) switch type, and (d) diodes’ type. 

 

III. Operating-Mode Analysis  

  The operation of the converter in the continuous and 

discontinuous conduction modes is not the same. 

Consequently, the effective factors in changing the continuous 

conduction mode to the discontinuous conduction mode are 

discussed. To maintain continuous conduction mode (CCM), 

the current ripple in the inductors must remain under twice the 

average current of each inductor. The value of the inductors 

directly influences their current ripple. Based on this criterion, 

the minimum inductor value necessary for sustaining CCM is 

as follows: 

( )
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(15)  

 

Although the value of the inductors remains constant, their 

average current plays a crucial role in the converters’ 

performance in CCM. To maintain CCM, the average current 

through the inductors needs to exceed half of their current 

ripple. This average current is determined by both the duty 

cycle and the average output current. Therefore, the converter's 

operational region between CCM and Discontinuous 

Conduction Mode (DCM), given constant input and output 
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voltages, can be represented as shown in Fig. 8, based on the 

equations provided below: 

( )
2

3 3

1

7 6 6

o in
o

s s

D D V V
I D

D L f L f

−
= =

−
 (16)  

                  

All points above the presented curves are part of the CCM, 

while those below the curves refer to the DCM. The points on 

the curves represent the boundary condition.   

The extracted voltage gain and average voltage of the 

capacitors in the DCM is as follows: 

( )( )

( )( )

1 2 3

4 2

2

5 6 7

2

2 3

2

6 7

C C C in

C in

C C C in

o

in

D
V V V V

D D
V V

D
V V V V

D DV

V





 







 



+
= = =


+ +

=



+  = = =  
  


+ + =


 

(17)  

 

In this equation, D refers to the ratio of the activation time 

of the switch over the whole period of switching and   

refers to the ratio of the activation time of the last diode over 

the whole switching time period. 

 

IV. Small Signal Analysis 

In this section, the state space equations are discussed to 

extract a suitable compensator for the proposed topology in the 

closed-loop system. In order to analyze the stability of the 

proposed converter, the space state matrices have been 

presented in this section. It is good to note that the independent 

inductors are two as well as the independent capacitors. 

According to this concept, the space state matrices are as 

follows: 
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According to these equations and using MATLAB, the 

bode diagram of the proposed topology have been extracted 

and presented in Fig. 12(a). It can be understood that the 

phase and gain margins are negative which stands from the 

non-minimum phase behavior of the proposed topology. 

Also, their multiplication is positive which shows the 

stability. In order to solve the non-minimum phase behavior, 

a suitable compensator must be designed. Using 

SISOTOOL of MATLAB leads to a compensator as 

follows: 

( )
0.194

CG s
s

=  

Applying this compensator to the plant leads to the positive 

phase/gain margins of the proposed topology according to 

Fig. 12(b). 

 

Fig. 12. Bode Diagram of the proposed topology:  

(a) before compensating (b) after compensating. 

 

V. Performance Evaluation 

A. Non-Ideal Voltage Gain 

This sub-section considers the non-ideal analysis of the 

converter. The voltage gain extracted in the previous section 

corresponds to an ideal scenario where components are free 

from parasitic elements. However, this relationship cannot 

accurately forecast voltage gain behavior under varying 

conditions and differing component qualities. The parasitic 

elements of the inductors, switch, and diodes (rL, rS, and rD) 

were considered to derive a more precise expression for non-

ideal voltage gain. The simplified voltage gain relationship for 

the converter in non-ideal mode is as follows:  
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The extracted relation reveals additional components that 

are missing in the ideal mode's corresponding relation. These 

components contribute to the variations in voltage gains 

between the ideal and non-ideal modes. Figure 10 illustrates  

 
Fig. 13. Efficiency of the proposed converter in the non-ideal 

mode according to the change of: (a) output power, (b) 

inductors’ core type, (c) switch type, and (d) diodes’ type. 

the voltage gain of the proposed topology in both the ideal and 

non-ideal component modes. Notably, the voltage gain of the 

converter peaks in the non-ideal mode, a feature absenting in 

its ideal model counterpart. The equation derived for the ideal 

mode indicates that higher duty cycle percentages correlate 

with increased voltage gain values. Conversely, the equation 

for the non-ideal mode does not support this expectation. 

Another significant observation from the figure is that both 

curves align at low duty cycle percentages, suggesting that 

higher voltage gains occur at lower duty cycles in both ideal 

and non-ideal conditions. Thus, the converter should be 

designed to deliver higher voltage gains at low-duty cycle 

percentages. Importantly, voltage gain characteristics vary 

under different conditions. Figure 11 demonstrates how 

voltage gain behaves based on output power and component 

quality variations. Figure 11(a) shows that lower output 

powers allow for a broader range of alignment between ideal 

and non-ideal voltage gains. Figures 11(b)-(d) illustrate that 

the sensitivity of voltage gain in the non-ideal mode remains 

consistent regardless of changes in inductor and switch types. 

Additionally, the sensitivity of voltage gain regarding diode-

type changes is lower than the others.  

B. Efficiency 

Based on the analyzed relationships between the average 

current of inductors and the average voltage of capacitors, the 

input and output powers are equal, assuming ideal conditions 

for circuit components. However, in practical scenarios, the 

components are imperfect, resulting in lower output power 

than input power due to associated losses. This study accounts 

for the conduction losses of inductors (PL), switches (PSC), and 

diodes (PD), while disregarding frequency losses related to low 

switching frequencies. The following is a summary of these 

simplified losses: 
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(19) 

The equations indicate that efficiency behavior is influenced 

by output power, component quality and duty cycle percentage. 

Figure 13 illustrates efficiency changes based on variations in 

the output power and the types of components. The most 

significant impact arises from changes in the output power. In 

the second stage, the type of switch holds the most essential 

effect. Following this, the third stage involves changes in diode 

types, while the least influence comes from changes in the 

inductor core type. Significantly, altering the diode type 

strongly affects the various component changes, even at low 

duty cycle percentages. 

C. Comparative Analysis  

In this sub-section, the bold features and achievements of 

the proposed topology are compared with the recently 

suggested converters. One of the outstanding features of the 

proposed topology is the high gain of voltage. As outlined in 

previous sections, this gain is achieved by integrating 

quadratic converters and voltage lift circuits. As a result, 

there's no need to utilize high-duty cycle to attain a substantial 

voltage gain. Figure 14 compares voltage gains among the 

proposed topology and the converters introduced in references 

[5]-[47] which indicates that the voltage gain from the 

proposed topology exceeds that of [5]-[47] across all duty 

cycle percentages including lower and higher duty cycles. This 

comparison highlights the considerable superiority of the 

proposed topology over currently suggested converters. 

Increasing the component number is achieved by providing a 

high value of the voltage gain. Therefore, the concept of the 

voltage gain density must be defined to see the voltage gain 

and the components number increase simultaneously. Figure 

15(a) illustrates the voltage gain density over the whole 

number of components. According to this figure, the proposed 

topology in this study has the highest voltage gain density in 

all duty cycle percentages. Notably, such superiority is 

repeated in the voltage gain density over the inductor number 

(Fig. 15(b)), capacitor number (Fig15(c)), and switch number 

(Fig. 15(d)). In the case of voltage gain density over the diodes’ 

number, the proposed topology is the second top converter 

among the recently proposed converters. Table 1 compares the 

number of components, voltage gain and the maximum value 

of the switch and diode voltage stress of the proposed topology 

with presented converters in [9]– [22]. According to this table, 

the proposed topology has the highest value of voltage gain. 

Additionally, the maximum voltage stress of the switch and 

diodes are much less than the output voltage. Notably, the 

(a) (b)

(c) (d)
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expressed data in column 1 to column 6 of this table, have been 

used in Fig. 15. To have a better view from the advantage of 

the proposed topology, the expressed voltage stresses in the 

seventh and eighth columns have been normalized by the 

expressed output voltages in the sixth column and relevant 

results have been presented in Fig. 16. According to Fig. 16 the 

proposed topology has the lowest normalized voltage stress. In 

other words, beside the high voltage gain of the proposed 

topology, the highest voltage stress of the semiconductors in 

this converter, is less than the output voltage with the highest 

difference. Such an advantage makes this converter suitable for 

high DC voltage applications. 
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Fig. 14. Voltage gain comparing of the proposed topology with 

the presented topologies in [9]-[22]. 

 

TABLE 1 THE COMPARISON OF PROPOSED 

CONVERTER WITH THE STATE-OF-THE-ART 

CONVERTERS 
 L C S D A

L

L 

Voltage 

gain 

Max 

(VS) 

Max 

(VD) 

[9] 2 3 2 3 10 2𝐷

(1 − 𝐷)2
𝑉𝑖𝑛 

1 + 𝐷

(1 − 𝐷)2
𝑉𝑖𝑛 

1 + 𝐷

(1 − 𝐷)2
𝑉𝑖𝑛 

[10] 2 3 1 4 10 2 − 𝐷

(1 − 𝐷)2
𝑉𝑖𝑛 

𝑉𝑖𝑛
(1 − 𝐷)2

 
𝑉𝑖𝑛

(1 − 𝐷)2
 

[11] 2 3 2 3 10 2 − 𝐷

(1 − 𝐷)2
𝑉𝑖𝑛 

2 − 𝐷

(1 − 𝐷)2
𝑉𝑖𝑛 

2 − 𝐷

(1 − 𝐷)2
𝑉𝑖𝑛 

[12] 2 3 2 3 10 1 + 𝐷

(1 − 𝐷)2
𝑉𝑖𝑛 

1 + 𝐷

(1 − 𝐷)2
𝑉𝑖𝑛 

2

(1 − 𝐷)2
𝑉𝑖𝑛 

[13] 2 3 2 3 10 3 − 3𝐷 + 𝐷2

(1 − 𝐷)2
𝑉𝑖𝑛 

𝑉𝑖𝑛
(1 − 𝐷)2

 
2 − 𝐷

(1 − 𝐷)2
𝑉𝑖𝑛 

[14] 3 5 1 5 14 2

(1 − 𝐷)2
𝑉𝑖𝑛 

𝑉𝑖𝑛
(1 − 𝐷)2

 
𝑉𝑖𝑛

(1 − 𝐷)2
 

[15] 2 4 1 5 12 2

(1 − 𝐷)2
𝑉𝑖𝑛 

𝑉𝑖𝑛
(1 − 𝐷)2

 
𝑉𝑖𝑛

(1 − 𝐷)2
 

[16] 2 4 2 4 12 4

(1 − 𝐷)2
𝑉𝑖𝑛 

2

(1 − 𝐷)2
𝑉𝑖𝑛 

2

(1 − 𝐷)2
𝑉𝑖𝑛 

[17] 3 6 1 6 16 3 − 𝐷

(1 − 𝐷)2
𝑉𝑖𝑛 

𝑉𝑖𝑛
(1 − 𝐷)2

 
𝑉𝑖𝑛

(1 − 𝐷)2
 

[18] 3 4 1 6 14 3 − 𝐷

(1 − 𝐷)2
𝑉𝑖𝑛 

2

(1 − 𝐷)2
𝑉𝑖𝑛 

2

(1 − 𝐷)2
𝑉𝑖𝑛 

[19] 3 4 1 6 14 2(2 − 𝐷)

(1 − 𝐷)2
𝑉𝑖𝑛 

2

(1 − 𝐷)2
𝑉𝑖𝑛 

2

(1 − 𝐷)2
𝑉𝑖𝑛 

[20] 2 5 2 5 14 3 + 𝐷

(1 − 𝐷)2
𝑉𝑖𝑛 

1 + 𝐷

(1 − 𝐷)2
𝑉𝑖𝑛 

2

(1 − 𝐷)2
𝑉𝑖𝑛 

[21] 2 5 2 5 14 3 + 𝐷

(1 − 𝐷)2
𝑉𝑖𝑛 

1 + 𝐷

(1 − 𝐷)2
𝑉𝑖𝑛 

2

(1 − 𝐷)2
𝑉𝑖𝑛 

[22] 4 6 2 7 19 4𝐷

(1 − 𝐷)2
𝑉𝑖𝑛 

4

(1 − 𝐷)2
𝑉𝑖𝑛 

4

(1 − 𝐷)2
𝑉𝑖𝑛 

Prop

osed 

3 8 1 1

0 

22 7 − 𝐷

(1 − 𝐷)2
𝑉𝑖𝑛 

2

(1 − 𝐷)2
𝑉𝑖𝑛 

2

(1 − 𝐷)2
𝑉𝑖𝑛 
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Fig. 15. Voltage gain density over:  

(a) whole components, (b) inductors’ number, (c) capacitors’ 

number, (d) switches’ number and (e) diodes’ number. 

(a) (b)
 

Fig. 16. Comparing the maximum normalized voltage 

stress of: (a) switches, (b) diodes. 

 

VI. Application Case Studies 

This section explains the suitable applications in which the 

proposed topology can be employed. 

A. HID Lamps 

According to the extracted voltage gain in the second 

section, providing a high voltage gain by the low duty cycle 

percentage is one of the bold achievements of the proposed 

topology. Such a high voltage gain can be used in applications 

such as HID lamps and Hydrogen extraction. HID lamps 

require a high voltage at their input side with a negligible input 

current. However, the accessible batteries in cars can provide 

a low voltage (12V) and high current. Consequently, a high-

gain DC-DC converter (same as the proposed topology) can be 
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used according to Fig. 17 to provide the required input voltage 

of the HID lamps.  

B. Hydrogen Extraction  

It is good to note that the proposed topology can be used to 

electrolyze the water to extract the hydrogen as a clean fuel. 

Such a high voltage gain DC-DC converter can 
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Fig. 17. Application of the proposed topology in HID lamps. 
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Fig. 18. Application of the proposed topology in hydrogen 

extraction from water electrolyzer. 
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Fig. 19. Application of the proposed topology in medical 

procedures. 

 
Fig. 20. The prototype of the proposed converter. 

 

 

 
Fig. 21. Experimental outcomes. 

 

increase the output voltage of the battery or photovoltaic 

panels to make it suitable for the input side of the pulsed power 

converter. At the next step, the provided pulsed waveform can 

be applied to the electrodes, which are surrounded by water 

and hydrogen and next oxygen can be produced and collected 

by membranes. Figure 18 presents the symbolic presentation 

of the mentioned procedure in water refinery applications.  

C.  Medical Procedures 

With the aforementioned capability of this converter, beside 

the pulsed power converter, it can be used in medical 

procedures technologies. Same as the mentioned application, 

the same procedure can be employed in the medical 

applications in the same procedure as Fig. 19. 

 

VII. Experimental Results (Prototype 

Measurement vs. Simulation) 

This section discusses the validity of the extracted relations 

based on the experimental results. The results are obtained 
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using the prototype. To create the prototype, it is essential to 

identify the circuit components. The identification of these 

components involves defining their current and voltage 

characteristics. To establish the voltage and current 

characteristics of the components, one must specify the input 

voltage, output current and duty cycle. In this study, the 

parameters are defined in Table 2. 

  The input voltage value is the same as the car batteries' 

voltage. The converter's output current is determined 

according to the input current of the HID lamps. Considering 

these values and the current/voltage stress of the 

semiconductors is obtained as Table 3. 

 

TABLE 2 DEFINED PARAMETERS 
ITEM PARAMETER VALUE 

1 𝑉in 12V 

2 I𝑜  0.01A 

3 D 0.5 

 

TABLE 3 THE AVERAGE VALUES FOR INDUCTORS, 

CAPACITORS AND SEMI-CONDUCTORS 

ITEM  VALUE ITEM VALUE ITEM VALUE 

𝑰L1 260mA V𝑜 312V 𝑉D1 24V 

IL2 60mA 𝑉C1 24V VD2 72V 

IL3 60mA VC2 24V VD3 48V 

𝑰S1 250mA VC3 24V VD4 48V 

ID1 130mA VC4 120V VD5…VD10 96V 

ID2 130mA VC5 96V V𝑆 96V 

ID3 60mA VC6 96V   

ID4 60mA VC7 96V   

ID5...ID10 10 mA     

 

TABLE 4 MINIMUM VALUES FOR CAPACITORS 

AND INDUCTORS 
ITEM  VALUE ITEM VALUE 

𝑳𝟏 1.5mH C3 500nF 

L𝟐 13.3mH C4 33.3nF 

L𝟑 13.3mH 𝐶5 83.3nF 

C𝒐 19.2nF C6 41.6nF 

𝑪𝟏 1600nF C7 41.6nF 

C𝟐 500nF   

 

  Based on the voltage-current stress of the semiconductors, 

IRF640 may replace the switch, while FES8GT can be utilized 

for the diodes. Taking into account 30 percent current ripple 

for the inductors and 5 percent voltage ripple for the capacitors, 

the minimum values for the inductors and capacitors are 

determined as Table 4. 

EC-type inductor cores are ideal for this project as they 

readily provide the required inductances. Additionally, MKT 

capacitors are perfect for high-frequency applications due to 

their negligible Equivalent Series Resistance (ESR) and 

excellent performance. 

 According to the expressed concepts, the prototype of the 

proposed topology has been displayed in Fig. 20. The extracted 

experimental results have been presented in Figs. 21-23. The 

presented waveforms in Fig. 21 are capacitors and input source 

voltage waveforms. The current waveform of the inductors, 

semiconductors and the load have been presented in Fig. 22. 

The voltage waveforms of the semiconductors have been 

presented in Fig. 23. Comparing the corresponding waveforms 

with the expressed values in Table 3, shows their compatibility 

and also validates the design criteria. Moreover, comparing the 

highest voltage stress of the semiconductors with the output 

voltage, demonstrates that the semiconductors' highest voltage 

stress is one-third of the output voltage. although in the boost 

converter, using the expressed relations in the second section, 

the average voltage of the capacitors, the average current of the 

inductors the highest voltage stress is the same as the output 

voltage.  

Fig. 24 presents the prototype of the boost converter and Fig. 

25 demonstrates the voltage waveforms of the capacitor and 

semiconductors in the boost converter.  

 

 
Fig. 22. Experimental outcomes. 

 

Fig. 26 presents the extracted voltage gain of the converter 

according to the experimental results and the theoretical 

relation of the voltage gain. According to this figure, while the 

duty cycle is less than 70%, both curves are compatible with 

each other and their differences are negligible. While the duty 

cycle becomes more than 70%, the difference of the curves 

increases. The reason behind this is due to the employed 

approximations during the non-ideal voltage gain relation 

calculations. Notably, this region is not suggested due to the  
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Fig. 23. Experimental outcomes. 

 

low value of efficiency in this region. Fig. 27 presents the 

efficiency of the converter in a constant duty cycle (50%) and 

the input/output voltages. In this procedure the load value is 

changing and causes the power to change. According to this 

figure, the extracted efficiency is more than 90% at the 

reported output powers. It is notable that the extracted curve 

corresponds to high output voltage and low output current 

conditions. The reason upon the selection of such a condition 

lies in the application of this converter, which requires high 

voltage and low current. Moreover, the extracted results can be 

improved by utilization of high-quality and expensive 

components.  

Fig. 28 presents the behavior of the output voltage according 

to the change in the load during a constant input voltage. 

According to this figure, during the load changing, the output 

voltage keeps its value and does not see any change. Such a 

result shows the accuracy of the designed controller in the 

small signal analysis. Consequently, the output voltage is 

robust according to the change in the load. 

 

VIII. Conclusion 

In this study, a non-isolated DC-DC converter was introduced. 

This topology provided a 26 times voltage gain with a 50 

percent duty cycle by employing only one switch. This 

achievement showed the capability of the proposed topology 

in providing high voltage gain. Additionally, the benefits of 

traditional step-up converters were maintained while 

addressing their shortcomings. The high voltage gain and 

minimizing the voltage stress on the semiconductors, with the 

maximum voltage stress being one-third of the output voltage, 

were achieved. The experimental results were gathered and 

compared against design parameters, confirming the 

compatibility of all theoretical models and principles. The 

extracted compatibility between results and theoretical 

relations showed that the proposed topology can be employed 

with the mentioned application and achieves acceptable 

outcomes. 

In order to reduce the EMI and electromagnetic compatibility 

(EMC), zero voltage switching (ZVS) and zero current 

switching (ZCS) techniques can be done. In the future study, 

the restructuring of the proposed topology with ZVC and ZCS 

will be considered. Moreover, the prototyping considerations 

such as Minimizing High di/dt Loops, Ground Plane 

Designing, putting noisy components (MOSFETs, diodes) 

away from sensitive analog circuits and placing ceramic 

capacitors close to switching devices to suppress high-

frequency noise can be done. Furthermore, filtering techniques 

and shielding and grounding methods must be done with a 

detailed attention. 

  

 
Fig. 24. Conventional boost converter. 

 

 
Fig. 25. Experimental results of the boost converter:  

(a) output voltage and input voltage, (b) Voltage waveforms of 

the semiconductors. 

 

 
Fig. 26. Voltage gain of the converter according to the 

experimental results. 
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Fig. 27. Efficiency of the converter according to the 

experimental results. 

 

 
Fig. 28. Dynamic behavior of the proposed topology. 
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The present paper proposes a novel numerical approach for approximating solutions to 

optimal control problems with parabolic constraints. Utilizing Laguerre polynomials as 

a novel basis set, a method was developed to address a class of this problem. The 

employment of these basis functions in conjunction with the collocation method 

facilitates the transformation of optimal control problems governed by parabolic 

constraints into a system of nonlinear algebraic equations. The present study proposes an 

efficient discretization and transformation of complex optimal control problems 

governed by parabolic equations into lower-dimensional algebraic systems by leveraging 

the unique properties of Laguerre polynomials. Convergence analysis has been 

demonstrated to ascertain the optimal value approximations of the proposed method. In 

order to provide a comprehensive illustration of the reliability and applicability of the 

proposed method, two illustrative examples are presented. The findings underscore the 

efficacy and precision of the implemented methodology. This work makes a significant 

contribution to the field by offering a robust framework for solving complex parabolic 

control problems, thereby demonstrating the potential of spectral methods in the context 

of optimal control theory. 

I. Introduction 

   Recent advances in the theory and numerical analysis of 

optimal control problems governed by parabolic partial 

differential equations have significantly enhanced the 

capacity to model and solve complex systems in science and 

engineering. Parabolic partial differential equations, 

including the heat equation, are instrumental in the 

simulation of dynamic processes, such as the distribution of 

temperature, diffusion phenomena, and energy transport. 

The utilization of these equations is pervasive, encompassing 

diverse disciplines such as physics, biology, and engineering. 

Their application lies in the comprehension of imprecise 

dynamics, chaotic systems, and tangible phenomena in the 

real world, including fluid flow and chemical reactions [1, 

8]. The optimal control of such systems entails the 

formulation of strategies that enhance performance while 

adhering to the constraints imposed by the governing 

equations and boundary conditions.  

   The study of optimal control problems for parabolic 

equations has introduced innovative approaches to 

addressing challenges related to the minimization or 

maximization of cost functionals. For instance, Casas [1] 

investigated semilinear parabolic equations with memory 

effects, deriving first and second order necessary optimality 

conditions and analyzing associated inverse systems. 

Similarly, Na [8] examined degenerate parabolic equations, 

highlighting their applications in economics and physical 

modeling. These studies emphasize theoretical 

advancements in understanding the behavior of parabolic 

systems within the framework of optimal control. Führer 

proposed a space-time least-squares finite element method 

for distributed optimal control problems [2]. In addition, in 

[12] employed algorithms based on the Pontryagin 

maximum principle for semilinear parabolic equations and 

demonstrated their convergence and efficiency in solving 

such problems. Other approaches, such as the Ritz method 

combined with Legendre polynomial bases, were presented 
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https://orcid.org/0000-0003-0514-3433
https://orcid.org/0000-0003-0431-3955
https://orcid.org/0009-0003-2879-7023


International Journal of Industrial Electronics, Control and Optimization (IECO). 2026, 9(1)      28 

 

by Mamehrashi et al. in [6]. Similarly, Hosseini and co-

authors utilized block-pulse Legendre functions to solve 

optimal control problems subject to parabolic differential 

equation constraints [4]. Latifi [5] applied the Jacobi-Gauss-

Radau Lagrangian method, discretizing variables to create a 

parametric framework for solving parThe paucityabolic 

optimal control problems. In [9] modified variational 

iteration method (MVIM) to solve nonlinear optimal control 

problems more efficiently than the standard VIM by 

eliminating extra computations. The approach first 

transforms the optimal control problem into a two-point 

boundary value problem using Pontryagin’s maximum 

principle and then applies MVIM with a Taylor series 

expansion for nonlinear terms. For additional numerical 

approaches see [10, 11].   

   The paucity of analytical solutions for optimal control 

problems with parabolic constraints (OCPPC) necessitates 

the development of robust numerical and approximate 

methods. This paper introduces a novel approach utilizing 

Laguerre polynomials, which represents a significant 

advancement in addressing these complex challenges. By 

leveraging a spectral method based on collocation points, 

this technique reduces computational complexity and 

enhances the accuracy of approximating solutions. 

Moreover, it has been demonstrated to expand analytical and 

practical capabilities, providing a comprehensive framework 

for tackling optimal control problems. The innovative 

application of Laguerre polynomials in this context signifies 

a pioneering effort within the field, addressing a critical gap 

in the extant literature and proposing novel avenues for 

research and application in optimal control theory. The 

objective of this work is to make a substantial contribution 

to the advancement of knowledge in the domain of parabolic 

optimal control problems, thereby laying the foundation for 

future progress in this field 

   The present study proposes an efficient discretization and 

transformation of complex optimal control problems 

governed by parabolic equations into lower-dimensional 

algebraic systems by leveraging the unique properties of 

Laguerre polynomials. This approach not only enhances the 

performance and accuracy of existing numerical methods but 

also opens promising avenues for future research in optimal 

control. The present study focuses on minimizing a cost 

functional that is dependent on the state variable 𝑧(𝑥, 𝑡), and 

the control input 𝑢(𝑥, 𝑡). These variables are governed by a 

partial differential equation (PDE) involving second-order 

spatial derivatives, as well as the direct influence of the 

control input. The cost functional, which has been defined, 

serves as a critical component in formulating the optimal 

control problem. This ensures that the proposed method 

effectively addresses the challenges posed by parabolic 

constraints. The following structure has been employed in 

the composition of the present manuscript: In Section II, the 

mathematical formulation and problem setup are presented. 

The  Section III of this text is devoted to a discussion of the 

Laguerre polynomial approximation method and its 

application to optimal control. The convergence analysis is 

substantiated in Section IV. In Section V, the numerical 

implementation and experimental results are described, and 

a discussion of the results is provided. Finally, the conclusion 

is stated in Section VI. 

 

II. Methodology 

  A. Problem Statement 

   We consider a class of optimal control problems governed 

by parabolic partial differential equations. The aim is to 

determine the state and control functions 𝑧(𝑥, 𝑡) and 𝑢(𝑥, 𝑡), 

respectively, that minimize the following quadratic cost 

functional [6]:  

𝐽(𝑧, 𝑢) =
1

2
∫

1

0
∫

𝑅

0
𝑥𝑘[𝐴𝑧2(𝑥, 𝑡) + 𝐵𝑢2(𝑥, 𝑡)]𝑑𝑥 𝑑𝑡; (1) 

  subject to the following dynamic constraints:   

 
𝜕𝑧(𝑥,𝑡)

𝜕𝑡
= 𝛽 (

𝜕2𝑧(𝑥,𝑡)

𝜕𝑥2 +
𝑘

𝑥

𝜕𝑧(𝑥,𝑡)

𝜕𝑥
) + 𝑢(𝑥, 𝑡); (2) 

  and the initial and boundary condition:   

 𝑧(𝑥, 0) = 𝑧0(𝑥),    0 < 𝑥 < 𝑅,    𝑧(𝑅, 𝑡) = 0,    𝑡 > 0. (3) 

  That 𝐴 and 𝐵 are defined as two arbitrary functions, 𝛽 is a 

positive constant representing the diffusivity coefficient, 𝑅 is 

characterized as a positive real number, and 𝑘 may assume 

the values of 1 or 2. Also the functions 𝑧(𝑥, 𝑡) and 𝑢(𝑥, 𝑡) 

are differentiable and exhibit smooth characteristics. The 

aim is to solve the above problem with the Laguerre 

polynomials, which is defined below. 

 B.Definition and Properties of 2D Laguerre Polynomials 

   The two-dimensional Laguerre polynomials 𝐿𝑚,𝑛(𝑧, 𝑧′), 

defined for two (generally independent) complex variables 𝑧 

and 𝑧′, constitute a powerful basis for representing 

multivariate functions. These polynomials are employed for 

approximate solutions to a wide range of problems across 

various domains. The 2D Laguerre polynomials, are defined 

as follows [13, 14, 15, 16, 17]:  

 𝐿𝑚,𝑛(𝑧, 𝑧′) ≡ exp (−
𝜕2

𝜕𝑧𝜕𝑧′
) 𝑧𝑚𝑧′𝑛 . (4) 

   Expanding the exponential operator yields the explicit 

polynomial form:  

 𝐿𝑚,𝑛(𝑧, 𝑧′) = ∑min{𝑚,𝑛}
𝑗=0

(−1)𝑗𝑚!𝑛!

𝑗!(𝑚−𝑗)!(𝑛−𝑗)!
𝑧𝑚−𝑗𝑧′𝑛−𝑗 . (5) 

 The inverse of relation (4) is computed as follow  

 𝑧𝑚𝑧′𝑛 = exp (
𝜕2

𝜕𝑧𝜕𝑧′
) 𝐿𝑚,𝑛(𝑧, 𝑧′) 

 = ∑min{𝑚,𝑛}
𝑗=0

𝑚!𝑛!

𝑗!(𝑚−𝑗)!(𝑛−𝑗)!
𝐿𝑚−𝑗,𝑛−𝑗(𝑧, 𝑧′). (6) 



29                                                Approximate Optimal Control / Y. Mohamadi  , et al 

 
   Remark 1. The following Laguerre polynomials are 

directly related to the inversion (6) [17].  

 

𝐿𝑚,𝑛(𝑧, 0) =
(−1)𝑛𝑚!

(𝑚−𝑛)!
𝑧𝑚−𝑛;    

𝐿𝑚,𝑛(0, 𝑧′) =
(−1)𝑚𝑛!

(𝑛−𝑚)!
𝑧′𝑛−𝑚;

𝐿𝑚,𝑛(0,0) = (−1)𝑛𝑛! 𝛿𝑚,𝑛;

𝐿𝑚,0(𝑧, 𝑧′) = 𝑧𝑚,    𝐿0,𝑛(𝑧, 𝑧′) = 𝑧′𝑛 ,    𝐿0,0(𝑧, 𝑧′) = 1.

 

   Remark 2. We have the following relations for the partial 

derivatives of the Laguerre polynomials [17].  

𝜕

𝜕𝑧
𝐿𝑚,𝑛(𝑧, 𝑧′) = 𝑚𝐿𝑚−1,𝑛(𝑧, 𝑧′);    

𝜕

𝜕𝑧′
𝐿𝑚,𝑛(𝑧, 𝑧′) = 𝑛𝐿𝑚,𝑛−1(𝑧, 𝑧′).

 

  These relations are instrumental in deriving system 

dynamics and adjoint equations in the Laguerre spectral 

domain.   They also satisfy the following recurrence 

identities [17]:  

𝐿𝑚+1,𝑛(𝑧, 𝑧′) = 𝑧𝐿𝑚,𝑛(𝑧, 𝑧′) − 𝑛𝐿𝑚,𝑛−1(𝑧, 𝑧′); 

 𝐿𝑚,𝑛+1(𝑧, 𝑧′) = 𝑧′𝐿𝑚,𝑛(𝑧, 𝑧′) − 𝑚𝐿𝑚−1,𝑛(𝑧, 𝑧′). (7) 

  Since the problems considered in this manuscript are based 

on the real values 𝑥 and 𝑡, all the relations stated in section 3 

hold accordingly. In particular, the recurrence relation (7) 

takes the following form:  

 𝐿𝑚+1,𝑛(𝑥, 𝑡) = 𝑥𝐿𝑚,𝑛(𝑥, 𝑡) − 𝑛𝐿𝑚,𝑛−1(𝑥, 𝑡); 

 𝐿𝑚,𝑛+1(𝑥, 𝑡) = 𝑡𝐿𝑚,𝑛(𝑥, 𝑡) − 𝑚𝐿𝑚−1,𝑛(𝑥, 𝑡). (8) 

 

III. Numerical solution method 

   In this section, we provide an approximate solution for 

problem (1)–(3). For this  

 {

𝑧(𝑥, 𝑡) ≅ 𝑧𝑀,𝑁(𝑥, 𝑡) = ∑𝑀
𝑖=0 ∑𝑁

𝑗=0 𝑐𝑖𝑗𝐿𝑖𝑗(𝑥, 𝑡);

𝑢(𝑥, 𝑡) ≅ 𝑢𝑀,𝑁(𝑥, 𝑡) = ∑𝑀
𝑖=0 ∑𝑁

𝑗=0 𝑑𝑖𝑗𝐿𝑖𝑗(𝑥, 𝑡);

0 ≤ 𝑥 ≤ 𝑥𝑓 ,    0 ≤ 𝑡 ≤ 𝑡𝑓 .

   (9) 

 We can rewrite the solution function (9) in the following 

matrix form  

 𝑧𝑀,𝑁(𝑥, 𝑡) = ∑𝑀
𝑖=0 ∑𝑁

𝑗=0 𝑐𝑖𝑗𝐿𝑖𝑗(𝑥, 𝑡) = C𝑇L(𝑥, 𝑡); (10) 

that C is an (𝑀 + 1) × (𝑁 + 1) matrix whose entries are 

real-valued coefficients 𝑐𝑖𝑗, where 𝑖 = 0,1,… ,𝑀 and 𝑗 =

0,1,… ,𝑁 and the matrix form are defined as follows:  

 C = [

𝑐0,0 𝑐0,1 … 𝑐0,𝑁

𝑐1,0 𝑐1,1 … 𝑐1,𝑁

⋮ ⋮ ⋱ ⋮
𝑐𝑀,0 𝑐𝑀,1 … 𝑐𝑀,𝑁

], 

  𝑐𝑖𝑗 denotes the unknown coefficients and will be determined 

during the solving process. L(x,t)  represents a (𝑀 +

1) × (𝑁 + 1) matrix, whose elements are Laguerre 

polynomials 𝐿𝑖𝑗(𝑥, 𝑡), where 𝑖 = 0,1, … ,𝑀 and 𝑗 =

0,1,… ,𝑁.  

 L(𝑥, 𝑡) =

[
 
 
 
𝐿0,0(𝑥, 𝑡) 𝐿0,1(𝑥, 𝑡) … 𝐿0,𝑁(𝑥, 𝑡)

𝐿1,0(𝑥, 𝑡) 𝐿1,1(𝑥, 𝑡) … 𝐿1,𝑁(𝑥, 𝑡)

⋮ ⋮ ⋱ ⋮
𝐿𝑀,0(𝑥, 𝑡) 𝐿𝑀,1(𝑥, 𝑡) … 𝐿𝑀,𝑁(𝑥, 𝑡)]

 
 
 
. 

The aforementioned 3 × 3 matrix form is as follows:  

 L(𝑥, 𝑡) = [
1 𝑡 𝑡2

𝑥 −1 + 𝑡𝑥 −2𝑡 + 𝑡2𝑥
𝑥2 −2𝑥 + 𝑡𝑥2 2 − 4𝑡𝑥 + 𝑡2𝑥2

]  

    A. Partial derivative with respect to 𝒕 and 𝒙(First-Order) 

  The first-order partial derivative with respect to 𝑡 is given 

by:  

 
𝜕𝑧(𝑥,𝑡)

𝜕𝑡
= C𝑇 𝜕𝐋(𝑥,𝑡)

𝜕𝑡
.                                                          (11) 

Here  

 
𝜕L(𝑥,𝑡)

𝜕𝑡
=

[
 
 
 
 
 
𝜕𝐿0,0(𝑥,𝑡)

𝜕𝑡

𝜕𝐿0,1(𝑥,𝑡)

𝜕𝑡
…

𝜕𝐿0,𝑁(𝑥,𝑡)

𝜕𝑡
𝜕𝐿1,0(𝑥,𝑡)

𝜕𝑡

𝜕𝐿1,1(𝑥,𝑡)

𝜕𝑡
…

𝜕𝐿1,𝑁(𝑥,𝑡)

𝜕𝑡

⋮ ⋮ ⋱ ⋮
𝜕𝐿𝑀,0(𝑥,𝑡)

𝜕𝑡

𝜕𝐿𝑀,1(𝑥,𝑡)

𝜕𝑡
…

𝜕𝐿𝑀,𝑁(𝑥,𝑡)

𝜕𝑡 ]
 
 
 
 
 

. 

where 
𝜕L(𝑥,𝑡)

𝜕𝑡
 denotes a (𝑀 + 1) × (𝑁 + 1)  matrix, whose 

elements are given by 
𝜕𝐿𝑖𝑗(𝑥,𝑡)

𝜕𝑡
, where 𝑖 =

0,1,… ,𝑀 and  𝑗 = 0,1,… ,𝑁.  Using the properties of two-

dimensional Laguerre polynomials  

 
𝜕

𝜕𝑡
𝐿𝑚,𝑛(𝑥, 𝑡) = 𝑛𝐿𝑚,𝑛−1(𝑥, 𝑡). 

Thus  

 
𝜕𝑧(𝑥,𝑡)

𝜕𝑡
= C𝑇L𝑡(𝑥, 𝑡), 

where  

 L𝑡(𝑥, 𝑡) = [𝑛𝐿𝑚,𝑛−1(𝑥, 𝑡)]
𝑚=0,…,𝑀,𝑛=1,…,𝑁

. 

The first-order partial derivative with respect to 𝑥 is given 

by,  

𝜕𝑧(𝑥,𝑡)

𝜕𝑥
= C𝑇 𝜕L(𝑥,𝑡)

𝜕𝑥
.                                                            (12) 

Here  

 
𝜕L(𝑥,𝑡)

𝜕𝑥
=

[
 
 
 
 
 
𝜕𝐿0,0(𝑥,𝑡)

𝜕𝑥

𝜕𝐿0,1(𝑥,𝑡)

𝜕𝑥
…

𝜕𝐿0,𝑁(𝑥,𝑡)

𝜕𝑥
𝜕𝐿1,0(𝑥,𝑡)

𝜕𝑥

𝜕𝐿1,1(𝑥,𝑡)

𝜕𝑥
…

𝜕𝐿1,𝑁(𝑥,𝑡)

𝜕𝑥

⋮ ⋮ ⋱ ⋮
𝜕𝐿𝑀,0(𝑥,𝑡)

𝜕𝑥

𝜕𝐿𝑀,1(𝑥,𝑡)

𝜕𝑥
…

𝜕𝐿𝑀,𝑁(𝑥,𝑡)

𝜕𝑥 ]
 
 
 
 
 

. 

where 
𝜕L(𝑥,𝑡)

𝜕𝑥
 denotes a (𝑀 + 1) × (𝑁 + 1)  matrix, whose 

elements are given by 
𝜕𝐿𝑖𝑗(𝑥,𝑡)

𝜕𝑥
, where 𝑖 = 0,1, … ,𝑀 and 𝑗 =

0,1,… ,𝑁.  Using the properties of two-dimensional Laguerre 

polynomials  



International Journal of Industrial Electronics, Control and Optimization (IECO). 2026, 9(1)      30 

 
𝜕

𝜕𝑥
𝐿𝑚,𝑛(𝑥, 𝑡) = 𝑚𝐿𝑚−1,𝑛(𝑥, 𝑡). 

Thus  

 
𝜕𝑧(𝑥,𝑡)

𝜕𝑥
= C𝑇L𝑥(𝑥, 𝑡); 

where:  

L𝑥(𝑥, 𝑡) = [𝑚𝐿𝑚−1,𝑛(𝑥, 𝑡)]
𝑚=1,…,𝑀,𝑛=0,…,𝑁

. 

    B. Partial derivative with respect to 𝒙 (Second-Order) 

  The second-order partial derivative with respect to 𝑥 is 

given by  

 
𝜕2𝑧(𝑥,𝑡)

𝜕𝑥2
= C𝑇 𝜕2L(𝑥,𝑡)

𝜕𝑥2
. 

Here  

 
𝜕2L(𝑥,𝑡)

𝜕𝑥2 =

[
 
 
 
 
 
𝜕2𝐿0,0(𝑥,𝑡)

𝜕𝑥2

𝜕2𝐿0,1(𝑥,𝑡)

𝜕𝑥2 …
𝜕2𝐿0,𝑁(𝑥,𝑡)

𝜕𝑥2

𝜕2𝐿1,0(𝑥,𝑡)

𝜕𝑥2

𝜕2𝐿1,1(𝑥,𝑡)

𝜕𝑥2 …
𝜕2𝐿1,𝑁(𝑥,𝑡)

𝜕𝑥2

⋮ ⋮ ⋱ ⋮
𝜕2𝐿𝑀,0(𝑥,𝑡)

𝜕𝑥2

𝜕2𝐿𝑀,1(𝑥,𝑡)

𝜕𝑥2 …
𝜕2𝐿𝑀,𝑁(𝑥,𝑡)

𝜕𝑥2 ]
 
 
 
 
 

. 

where 
𝜕2𝐋(𝑥,𝑡)

𝜕𝑥2  denotes a (𝑀 + 1) × (𝑁 + 1)  matrix, whose 

elements are given by 
𝜕2𝐿𝑖𝑗(𝑥,𝑡)

𝜕𝑥2 , where 𝑖 = 0,1,… ,𝑀 and𝑗 =

0,1,… ,𝑁. Using the properties of two-dimensional Laguerre 

polynomials  

 L𝑥𝑥(𝑥, 𝑡) =
𝜕2

𝜕𝑥2 𝐿𝑚,𝑛(𝑥, 𝑡) = 𝑚(𝑚 − 1)𝐿𝑚−2,𝑛(𝑥, 𝑡);  

 if    𝑚 ≥ 2,     𝑛 ≥ 0.  

Thus  

 
𝜕2𝑧(𝑥,𝑡)

𝜕𝑥2 = C𝑇L𝑥𝑥(𝑥, 𝑡). 

   Let us now assume that    

 𝑢𝑀,𝑁(𝑥, 𝑡) = ∑𝑀
𝑖=0 ∑𝑁

𝑗=0 𝑑𝑖𝑗𝐿𝑖𝑗(𝑥, 𝑡) = D𝑇L(𝑥, 𝑡); (13) 

that D is an (𝑀 + 1) × (𝑁 + 1) matrix whose entries are 

real-valued coefficients 𝑑𝑖𝑗, where 𝑖 = 0,1, … ,𝑀 and 𝑗 =

0,1,… ,𝑁 and the matrix form are defined as follows: 

D =

[
 
 
 
𝑑0,0 𝑑0,1 … 𝑑0,𝑁

𝑑1,0 𝑑1,1 … 𝑑1,𝑁

⋮ ⋮ ⋱ ⋮
𝑑𝑀,0 𝑑𝑀,1 … 𝑑𝑀,𝑁]

 
 
 
. 

 𝑑𝑖𝑗 denotes the unknown coefficients and will be determined 

during the solving process. Taking into account for the 

dynamical system (2), we have  

 C𝑇L𝑡(𝑥, 𝑡) − 𝛽(C𝑇L𝑥𝑥(𝑥, 𝑡) +
𝑘

𝑥
C𝑇L𝑥(𝑥, 𝑡)) − 

 D𝑇L(𝑥, 𝑡) ≃ 𝐺(𝑥, 𝑡) ≃ 0.  (14) 

    C. Selection of Collocation Points 

  This discretization transforms the differential equations 

into a system of algebraic equations. Furthermore, by taking 

the collocation points as  

 𝑥𝑖 = 𝑥0 +
𝑥𝑓−𝑥0

2(𝑀+1)(𝑁+1)−2
𝑖;     𝑖 = 1,… ,𝑀, 

 𝑡𝑗 = 𝑡0 +
𝑡𝑓−𝑡0

2(𝑀+1)(𝑁+1)−2
𝑗;     𝑗 = 1,… ,𝑁, 

and substituting them into Eq. (14), it leads to the following 

system of algebraic equations  

 Λ𝑖𝑗 ≅ 𝐺(𝑥𝑖 , 𝑡𝑗) = 0;     𝑖 = 1, … ,𝑀,    𝑗 = 1,… ,𝑁. (15) 

The initial condition from Eq. (3) can be rewritten as:  

 Λ0,0 ≅ 𝐶𝑇L(𝑥0, 0) − 𝑧0(𝑥) = 0. (16) 

The cost function, as defined in Eq. (1), can be approximated 

as follows: 

 𝐽(Z, U) =
1

2
∫

1

0
∫

𝑅

0
𝑥𝑘[𝐴(C𝑇L(𝑥, 𝑡))2 +

𝐵(D𝑇L(𝑥, 𝑡))2] 𝑑𝑥 𝑑𝑡. 

To enforce the constraints and optimize the performance 

index, the Lagrange multipliers method is employed. The 

augmented functional is defined as 

 𝐽∗(Z, U, 𝜆) = 𝐽(Z, U) + ∑𝑀
𝑖=0 ∑𝑁

𝑗=0 𝜆𝑖𝑗Λ𝑖𝑗; 

where 𝜆𝑖𝑗 are the Lagrange multipliers corresponding to the 

residuals. The necessary conditions for optimality are 

 
𝜕𝐽∗

𝜕Z
= 0;     

𝜕𝐽∗

𝜕U
= 0;     

𝜕𝐽∗

𝜕𝜆
= 0.                                        (17) 

 To solve (17), various techniques have been developed for 

addressing nonlinear optimization problems. In this study, 

we have opted to utilize the techniques provided by the 

available software tools.   

 

IV. Convergence Analysis 

 In this section, the convergence of the method presented in 

Section 4 is examined. 

Theorem   1.  For each Ω ∈ 𝐶2([0, 𝑥𝑓] × [0, 𝑡𝑓]), there exists 

a sequence of polynomials 𝐿𝑖𝑗(𝑥, 𝑡)} ∈ Ω that converges 

uniformly to 𝑧̂(𝑥, 𝑡).  

Proof. Refer to [3] for the proof. 

   Lemma 1. Let  Ω ⊂ 𝐶2([0, 𝑅] × [0, 1]) denote the set of 

admissible pairs (𝑧, u)  satisfying the following parabolic 

partial 

𝜕𝑧(𝑥,𝑡)

𝜕𝑡
= 𝛽 (

𝜕2𝑧

𝜕𝑥2 +
𝑘

𝑥

𝜕𝑧

𝜕𝑥
) + 𝑢(𝑥, 𝑡);  

with the initial and boundary conditions:  

𝑧(𝑥, 0) = 𝑧0(𝑥),    0 < 𝑥 < 𝑅, 

𝑧(𝑅, 𝑡) = 0,    0 < 𝑡 < 1. (18) 

The associated cost functional is defined by  

 𝐽(𝑧, 𝑢) =
1

2
∫

1

0
∫

𝑅

0
𝑥𝑘[𝐴𝑧2(𝑥, 𝑡) + 𝐵𝑢2(𝑥, 𝑡)]𝑑𝑥 𝑑𝑡. 
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Let {Ω𝑀𝑁}𝑀,𝑁=0

∞  as a sequence of subspaces spanned by 

Laguerre polynomials of degree at most 𝑀𝑁. Define the 

infimum of the cost functional 𝐽 over each subspace as  

 𝛾𝑀𝑁 = inf
(𝑧,𝑢)∈Ω𝑀𝑁

𝐽(𝑧, 𝑢); 

then,  

 lim
𝑀,𝑁→∞

𝛾𝑀𝑁 = inf
(𝑧,𝑢)∈Ω

𝐽(𝑧, 𝑢). 

Proof.  Consider the cost functional 𝐽: Ω → ℝ defined by  

𝐽(𝑧, 𝑢) =
1

2
∫

1

0
∫

𝑅

0
𝑥𝑘[𝐴𝑧2(𝑥, 𝑡) + 𝐵𝑢2(𝑥, 𝑡)]𝑑𝑥 𝑑𝑡. (19) 

 where (𝑧, 𝑢) ∈ Ω satisfy in (18) and (19). Let {𝐿𝑖𝑗(𝑥, 𝑡)}𝑖,𝑗=0
∞  

denote the Laguerre basis on [0, 𝑅] × [0,1]. Define Ω𝑀𝑁 as 

the finite-dimensional subspace consisting of pairs 

(𝑧𝑀𝑁, 𝑢𝑀𝑁) expressed as  

 𝑧𝑀𝑁(𝑥, 𝑡) = ∑𝑀
𝑖=0 ∑𝑁

𝑗=0 𝑐𝑖𝑗𝐿𝑖𝑗(𝑥, 𝑡); (20) 

 𝑢𝑀𝑁(𝑥, 𝑡) = ∑𝑀
𝑖=0 ∑𝑁

𝑗=0 𝑑𝑖𝑗𝐿𝑖𝑗(𝑥, 𝑡). (21) 

 where the coeffcients {𝑐𝑖𝑗 , 𝑑𝑖𝑗} are unknown and will be 

determined during the solving process. 

  Define the infimum of the cost functional over each 

subspace Ω𝑀𝑁 as  

 𝛾𝑀𝑁 = inf
(𝑧,𝑢)∈Ω𝑀𝑁

𝐽(𝑧, 𝑢). 

  That the set Ω𝑀𝑁 is finite-dimensional and consists of 

continuous functions that meet theinitial and boundary 

conditions. Since 𝐽 is continuous on Ω, we conclude that 𝛾𝑀𝑁 

is well-defined. Since every subspace of Laguerre 

polynomials of degree up to 𝑀𝑁 is contained within the 

subspace of Laguerre polynomials of degree up to (𝑀 +

1)(𝑁 + 1), it follows that Ω𝑀𝑁 ⊂ Ω(𝑀+1)(𝑁+1). 

Since 𝐽 is defined as an infimum over each subspace Ω𝑀𝑁, 

we have  

 𝛾(𝑀+1)(𝑁+1) = inf
(𝑧,𝑢)∈Ω(𝑀+1)(𝑁+1)

𝐽(𝑧, 𝑢) ≤ 

inf
(𝑧,𝑢)∈Ω𝑀𝑁

𝐽(𝑧, 𝑢) = 𝛾𝑀𝑁. 

Consequently,  

𝛾(𝑀+1)(𝑁+1) ≤ 𝛾𝑀𝑁.  

Thus the sequence {𝛾𝑀𝑁} is monotonically decreasing  

 𝛾𝑀𝑁 ≤ 𝛾(𝑀−1)(𝑁−1) ≤ ⋯ ≤ 𝛾11.  

Each subspace Ω𝑀𝑁 ⊂ Ω consists of functions (𝑧, 𝑢) that 

satisfy the same initial and boundary conditions as those in 

Ω. Consequently, the restriction of 𝐽 to Ω𝑁,𝑀 is also bounded 

below by infΩ𝐽. Specifically, we have  

 𝛾𝑀𝑁 ≥ inf
Ω

.  

By the monotone convergence theorem, since {𝛾𝑀𝑁} is 

monotonically decreasing and bounded below, the limit 

exists. Define this limit as  

 lim
𝑀,𝑁→∞

𝛾𝑀𝑁 = 𝐿;  

where 𝐿 ≥ 𝑖𝑛𝑓 𝐽
𝛺

. To show that 𝐿 = 𝑖𝑛𝑓 𝐽
𝛺

, let 𝜖 > 0 be 

arbitrary. By the definition of infΩ𝐽, there exists a function 

(𝑧, 𝑢) ∈ Ω such that  

 𝐽(𝑧, 𝑢) < 𝑖𝑛𝑓 𝐽
𝛺

+ 𝜖.  

Since Laguerre polynomials are dense in 𝐶2([0, 𝑥𝑓] ×

[0, 𝑡𝑓]), we can approximate (𝑧, 𝑢) by a sequence 

(𝑧𝑀𝑁, 𝑢𝑀𝑁) ∈ Ω𝑀𝑁 that converges uniformly to (𝑧, 𝑢). By 

continuity of 𝐽, we find  

 lim
𝑀,𝑁→∞

𝐽(𝑧𝑀𝑁 , 𝑢𝑀𝑁) = 𝐽(𝑧∗, 𝑢∗);  

implying that  

 𝐿 < 𝑖𝑛𝑓 𝐽
𝛺

+ 𝜖.  

 Since 𝜖 is arbitrary, it follows that 𝐿 = 𝑖𝑛𝑓 𝐽
𝛺

. 

Thus, we conclude that  

 lim
𝑀,𝑁→∞

𝛾𝑀𝑁 = 𝑖𝑛𝑓 𝐽
𝛺

. 

 

V. Numerical Implementation and Results 

 This section includes two numerical examples to 

demonstrate the effectiveness and computational efficiency 

of the proposed method. The findings substantiate the 

dependability and efficacy of the Laguerre-based 

methodology.  The simulated results have been carried out 

using Mathematica 11 on a 2.53 MHz Alpha Machin with 

8GB RAM.   

Example 1. Consider the following OCPPC:  

 min𝐽(𝑧, 𝑢) =
1

2
∫

1

0
∫

1

0
𝑥[𝑧2(𝑥, 𝑡) + 𝑢2(𝑥, 𝑡)] 𝑑𝑥 𝑑𝑡; 

subject to the constraint 

 
𝜕𝑧(𝑥,𝑡)

𝜕𝑡
=

𝜕2𝑧(𝑥,𝑡)

𝜕𝑥2 +
1

𝑥

𝜕𝑧(𝑥,𝑡)

𝜕𝑥
+ 𝑢(𝑥, 𝑡); 

with the following initial and boundary conditions:  

 𝑧(𝑥, 0) = 1 − 𝑥2,    0 < 𝑥 < 1,    𝑧(1, 𝑡) = 0;     𝑡 > 0. (22) 

   This example is numerically solved by the proposed 

method for kind of iteration; 𝑀 = 2,𝑁 = 2; 𝑀 = 2,𝑁 = 4; 

𝑀 = 3,𝑁 = 7 and 𝑀 = 4,𝑁 = 4. A comparison of the cost 

function values across different iterations for the proposed 

method and the methods presented in [4] and [6] is provided 

in Table 1.  As shown in Table 1, for example, in iterations 

𝑀 = 3,𝑁 = 7, the cost functional value obtained by our 

method is 0.00292532, while for the method proposed in 

[6] is 0.013027. This demonstrates that our approach yields 

better results in comparable iterations. Furthermore, when 

examining the cost function values overall, our method 

provides superior results even in iterations 𝑀 = 2,𝑁 = 2, 
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outperforming the methods proposed in [4] and [6].  Figure 1 

shows the state function 𝑧(𝑥, 𝑡) over the space-time domain 

[0,1] × [0,1] for 𝑀 = 2,𝑁 = 2. The plotted surface is 

smooth and continuous, clearly reflecting the system 

dynamics under the influence of optimal control. This 

observation indicates that the proposed method yields 

qualitatively accurate results even at a low order of 

approximation with 𝑀 = 2 and 𝑁 = 2.    The corresponding 

optimal control function 𝑢(𝑥, 𝑡) is presented in Figure 2. The 

control surface is smooth and well-behaved, exhibiting no 

signs of numerical irregularities such as oscillations or 

instability. The relatively small magnitude of the control 

values suggests that the obtained solution is not only stable 

but also effective in minimizing the control effort, which is 

a fundamental goal in optimal control problems. The 

behavior of the state function 𝑧(𝑡) at a fixed spatial point 𝑥 =

0.2 for three different iterations designed in Figure 3 for 𝑀 =

3,𝑁 = 7, 𝑀 = 3,𝑁 = 3, and 𝑀 = 4, 𝑁 = 6. As depicted in 

the figure, the solution becomes progressively smoother and 

more accurate with increasing values of the approximation 

parameters 𝑀 and 𝑁, demonstrating the convergence and 

improved performance of the proposed numerical method. 

Figure 4 shows the behavior of the control function 𝑢(𝑡) 

evaluated at 𝑥 = 0.2. As can be seen, the control profile 

𝑢46(𝑡) captures more precise variations compared to 𝑢33(𝑡) 

and 𝑢24(𝑡), indicating that higher-order approximations 

provide a more accurate representation of the control 

dynamics.  

 

TABLE  1: 𝐽∗(𝑧, 𝑢) FOR EXAMPLE 1 

Methods 𝐉 

Mamehrashi and Yousefi (2016) 

𝑚 = 1, 𝑛 = 4 0.081044 

𝑚 = 2, 𝑛 = 4 0.028790 

𝑚 = 2, 𝑛 = 7 0.016484 

𝑚 = 3, 𝑛 = 7 0.013027 

Hosseini (2022) 

𝑚 = 3, 𝑛 = 2 0.029328 

𝑚 = 3, 𝑛 = 3 0.016930 

𝑚 = 3, 𝑛 = 5 0.0720 

𝑚 = 4, 𝑛 = 5 0.0665 

Presented Method 

𝑀 = 2,𝑁 = 2 0.0104436 

𝑀 = 2,𝑁 = 4 0.00359086 

𝑀 = 3,𝑁 = 7 0.00292532 

𝑀 = 4,𝑁 = 4 0.00190655 

  

 

Figure  1: State function z(x,t) with N=2,M=2. 

 

Example 2. Consider the following OCPPC: 

   min𝐽 =
1

2
∫

1

0

∫
1

0

𝑥2[𝑧2(𝑥, 𝑡) + 𝑢2(𝑥, 𝑡)], 𝑑𝑥, 𝑑𝑡.  

The dynamic constraint of the system is given by  

 

 

Figure  2: Control function 𝑢(𝑥, 𝑡) with 𝑁 = 2,𝑀 = 2. 

  

 

Figure  3: State function 𝑧(𝑡) with varying 𝑀 and 𝑁. 

  

 
𝜕𝑧(𝑥,𝑡)

𝜕𝑡
=

𝜕2𝑧(𝑥,𝑡)

𝜕𝑥2 +
2

𝑥

𝜕𝑧(𝑥,𝑡)

𝜕𝑥
+ 𝑢(𝑥, 𝑡),  (19.4) 

 𝑧(𝑥, 0) = sin(2𝜋𝑥);     0 < 𝑥 < 1; 

and the boundary condition 
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 𝑧(1, 𝑡) = 0;     𝑡 > 0. 

Numericall results obtained by applying the proposed 

method for 𝐽∗(𝑧, 𝑢) are reported in the table 2. This table 

includes the computed values of 𝐽(𝑧, 𝑢) reported by 

Mamehrashi et al. [6] and Mohammadi et al. [7], as well as 

the results calculated in this study. As observed, the values 

of 𝐽∗(𝑧, 𝑢) obtained in this study demonstrate superior 

performance compared to those reported.   For example, 

Table 2, in iterations 𝑀 = 2,𝑁 = 6, the cost function value 

obtained by our method is 1.14694 × 10−9, while for the 

method proposed in [6] is 0.018283. This shows that our 

approach yields better results in comparable iterations. 

Furthermore, when examining the cost function values 

overall, our method provides superior results in every 

iteration, outperforming the methods proposed in [6] and 

[7].    Figures 5 and 6 show the calculated state function 

𝑧(𝑥, 𝑡) and control function 𝑢(𝑥, 𝑡) for the spectral 

approximation case with 𝑁 = 3 and 𝑀 = 3. In Figure 5, the 

surface plot of 𝑧(𝑥, 𝑡) demonstrates a smooth and continuous 

structure characterized by slight fluctuations on the order of 

10−27. The curvature of the surface indicates the nature of 

the dynamic response under the given approximation 

parameters. The nearly flat profile with minimal deviation 

suggests a system with negligible dynamics under the 

imposed control or a highly accurate balancing of the state 

trajectory within the constraints of the spectral method. In 

contrast, Figure 6 presents the control function 𝑢(𝑧, 𝑡), 

which exhibits more pronounced variations. Such  

 

TABLE  2: 𝐽∗(𝑧, 𝑢) FOR EXAMPLE 2 

Methods 𝐉 

Mamehrashi and Yousefi (2016) 

𝑚 = 2, 𝑛 = 4 0.028790 

𝑚 = 2, 𝑛 = 6 0.018283 

𝑚 = 3, 𝑛 = 7 0.013027 

𝑚 = 3, 𝑛 = 9 0.010405 

Mohammadi and Hassani (2018) 

 𝑚1 = 𝑚2 = 𝑛1 = 𝑛2 = 2 6.29 × 10−8 

 𝑚1 = 2,𝑚2 = 3, 𝑛1 = 𝑛2 = 3 2.91 × 10−9 

 𝑚1 = 𝑚2 = 𝑛1 = 𝑛2 = 3 6.43 × 10−10 

 𝑚1 = 𝑚2 = 𝑛1 = 𝑛2 = 7 1.57 × 10−12 

Presented Method 

𝑀 = 2,𝑁 = 6 1.14694 × 10−9 

𝑀 = 2,𝑁 = 7 3.80595 × 10−15 

𝑀 = 3,𝑁 = 5 2.77562 × 10−14 

𝑀 = 3,𝑁 = 7 1.68474 × 10−18 

  

 

 

Figure  4: Control function 𝑢(𝑡) with varying 𝑀 and 𝑁. 

 

 

Figure  5: State function 𝑥(𝑡) with 𝑁 = 3,𝑀 = 3. 

 

behavior is indicative of low-order spectral 

approximations attempting to capture sharp control 

transitions or discontinuities in optimal solutions. 

 

VI. Conclusion 
   This paper presented a novel approach to solving a class 

of parabolic optimal control problems. The proposed method 

utilizes a spectral collocation technique, underpinned by 

Laguerre polynomials, to facilitate the solution process. The 

proposed method involves expanding the state and control 

variables in terms of Laguerre basis functions. This 

transformation of the original optimal control problem into a 

finite-dimensional nonlinear system can be efficiently 

solved. The convergence of the proposed scheme was 

mathematically established, ensuring its theoretical validity. 

The efficacy of the method was confirmed through a series 

of numerical experiments, which demonstrated its accuracy, 

stability, and efficiency. The findings indicated that, even at 

low approximation orders, the method produces smooth and 
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physically meaningful solutions for both the state and control 

functions. Furthermore, a comparative analysis with 

previously published methods in [4] and [6] confirmed the 

superiority of the proposed approach. As demonstrated by 

the numerical results, the cost functional value obtained with 

iteration parameters 𝑀 = 3,𝑁 = 7 was significantly lower 

than those reported in earlier works. The behavior of the state 

and control functions within their respective domains has 

been shown to exhibit improved accuracy and convergence 

with increasing approximation order. The findings indicate 

the robustness of the proposed technique and underscore its 

potential for broader applications, including future 

extensions to multidimensional or fractional-order optimal 

control problems.  
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Insulator pollution levels are critical for ensuring the operational stability and safety of 

power transmission systems. Traditional methods for detecting pollution are often 

invasive, inaccurate, and time-consuming. To address these issues, this study investigates 

the application of Artificial Intelligence (AI), specifically Gradient Boosting Machines 

(GBM), to classify insulator pollution levels based on Partial Discharge (PD) 

characteristics. We utilize a combination of time-domain and frequency-domain features 

extracted from PD signals to train a predictive model. The results indicate that the 

proposed model achieves a high classification accuracy, averaging between 92% and 

95% across various contamination levels. Furthermore, the study analyzes the model's 

sensitivity to environmental factors, including humidity and Hydrophobicity Class (HC), 

revealing important insights that could influence classification performance. By 

employing this AI-driven approach, we aim to significantly enhance the efficiency of 

power grid maintenance, ultimately contributing to the long-term stability and reliability 

of transmission systems. The findings from this research underscore the potential of AI 

in revolutionizing pollution assessment methods and optimizing maintenance practices 

in power infrastructure. 

I. Introduction 

Pollution is one of the factors affecting the failure of 

insulators in the power system. Insulators in power system 

equipment lose their insulating properties as they are 

exposed to pollution. The accumulation of pollution, along 

with the addition of moisture, causes the formation of a 

conductive layer on the insulator and causes leakage current 

(LC) to flow on its surface. These signals gradually cause the 

appearance of small discharges on the surface [1]. These 

discharges are not detectable at first and cause the insulator's 

ageing, the insulating surface's loss, and premature failure. 

Partial discharges (PDs) generally occur on the surface of all 

insulators. In polymer insulators, more attention has been 

paid to dry band discharges and flashover discharges, and 

less attention has been paid to the analysis of PDs.  

The performance of insulators is susceptible to the level 

of contamination. For this reason, analyzing and examining 

the level of contamination can help prevent flashovers. Many 

studies have been conducted to introduce methods for 

analyzing the level of contamination on insulators. The LC 

value is an important signal for determining the 

contamination level. In [2], it is shown that with increasing 

contamination levels, the LC value of the insulator increases, 

and the insulation performance is impaired. However, the LC 

value may not increase much at low humidity levels. As a 

result, the system has difficulty predicting the level of 

contamination. As a result, the idea of frequency analysis of 

LC was expanded instead of analyzing its value. This 

analysis began with the Fast Fourier Transform (FFT) and 

was expanded with the Wavelet Transform (WT). Initially, it 

was shown that the FFT analysis was also effective in low 

humidity [3]. In [4], the odd harmonics of LC were 

considered an example of frequency analysis, and a simple 

technique without the need for complex calculations was 

presented. In [5], frequency analysis was performed in dry 

conditions of the insulator with a humidity of 5%, and the 

ratio of the fundamental to the fifth and third harmonics was 

mailto:hasanzadeh@qut.ac.ir
https://orcid.org/0000-0003-2272-9970
https://orcid.org/0000-0002-7756-7350


International Journal of Industrial Electronics, Control and Optimization (IECO). 2026, 9(1)        38 

 

investigated. In this case, it was shown that the ratio of the 

fundamental to the fifth harmonic is very effective in dry 

conditions and to the third harmonic in wet conditions. In 

[6], soluble and insoluble contaminations are investigated 

using FFT analysis. The main idea was that the voltage 

distortion increases proportionally to the contamination level 

due to the dry band arc. Therefore, this distortion is 

considered as an indicator of the contamination level. In [7], 

it is shown that the third and fifth harmonics of the insulation 

voltage play a fundamental role in determining the 

contamination level. In [8], the' energy value of individual 

harmonics is discussed to analyses and investigate the 

contamination level of composite insulators. 

With the development of frequency analysis studies, 

models gradually moved towards using WT analysis. Both 

low and high frequencies were investigated over time in 

these investigations. In [9], discrete WT on insulators was 

started to estimate the contamination level, and in [10], 

frequency analysis was extended to index the contamination 

level. In [11], the WT was investigated in insulators with salt 

fog conditions, and in [12], this topic was expanded to 

ceramic insulator. Along with WT, Artificial Intelligence 

(AI) has also been significantly developed in estimating 

pollution levels in recent studies. Recent advancements in AI 

provide opportunities to improve the accuracy and efficiency 

of insulator pollution level assessments.  For example, 

Artificial Neural Networks (ANN) have been used in the 

analysis and investigation of insulator pollution conditions 

[13, 14], Support Vector Machines (SVM) [15, 16] in the 

assessment of pollution levels, and other methods related to 

AI to estimate pollution level density [17, 18] and fault 

diagnostic in transformers [19]  have been significantly 

developed. 

However, the most important gap in studies of pollution 

level determination is the lack of use of physics-based 

analyses of the problem. The physics of pollution on the 

insulator surface causes PD on the surface [20, 21], and 

therefore, this idea can be a starting point for determining the 

pollution level. In [22], it is mentioned that the intensity and 

power of PD can depend on the pollution level. Also, in [23, 

24], it is shown that PD signals have significant changes in 

high frequencies with changing weather conditions. PDs, 

mainly in insulators, are the initiators of flashover and are 

often invisible and can only be calculated from the LC 

signal. Therefore, a suitable relationship between the physics 

at the contamination level and the initiation of PDs can be 

obtained. 

This study explores the application of Gradient Boosting 

Machines (GBM), a powerful machine learning technique, 

to classify insulator pollution levels based on PD 

characteristics. These characteristics are extracted from both 

the time-domain and frequency-domain features of PD 

signals. The primary objective is to develop an AI model 

capable of assessing insulator pollution levels in a fast, non-

invasive, and reliably. This AI model aims to bridge the gap 

between physics-based analysis and machine learning 

approaches by integrating the underlying physical principles 

governing PD and pollution effects on insulators. It has been 

shown that PDs have features in the range of 5 to 15 kHz that 

relate to pollution levels. By leveraging the characteristics of 

PD signals, the GBM will classify pollution levels more 

accurately, accounting for variations in environmental 

conditions, such as humidity and contamination types. 

Integrating GBM with physical insights into PD behavior 

significantly advances the assessment of insulator pollution 

levels. Furthermore, this study will incorporate a 

comprehensive dataset that includes various insulator types 

and environmental scenarios to ensure robust model training 

and validation. The findings are expected to provide a novel 

framework for real-time monitoring of insulator health, 

enhancing predictive maintenance strategies in power 

systems, and ultimately improving their reliability and 

performance. 

 

II.  Laboratory setup 

     The experiments were conducted in a cubic climate 

chamber measuring 2 meters. The power supply included a 

step-up transformer rated at 100 kV and a protective circuit. 

A capacitive voltage divider with a voltage ratio 10,000:1 

was used to measure the applied voltage. The LC was also 

recorded through the voltage across a shunt resistor 

connected in series with the insulators. PD signals were 

gathered using LC peak detection and filtered to ensure 

accurate readings. Figure 1 illustrates the schematic of the 

testing circuit and the climate chamber.  

Fig. 1. Schematic view of the test setup. 
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     All tests utilized 20 kV composite insulators from the 

same silicone rubber (SiR) material. The two types of 

pollution evaluated were equivalent salt deposit density 

(ESDD) and non-soluble deposit density (NSDD). The 

NSDD consisted of standard kaolin material. The ranges for 

ESDD and NSDD examined in this study were 

approximately 0 mg/cm² to 0.5 mg/cm² and from 0 mm to 5 

mm in thickness, respectively, covering all levels of 

pollution classified as low, medium, high, and very high 

according to IEC 60815. The samples were contaminated by 

immersing them in a pre-prepared solution of distilled water 

mixed with kaolin to simulate NSDD. An average pollution 

ratio from top to bottom was calculated to be 0.96, indicating 

a relatively uniform distribution of the pollution layer. The 

specifications for the test insulator construction are detailed 

in Table 1 [25]. 

     The input voltage was incrementally increased at a 1 

kV/min rate throughout the testing phase, following IEC 

60243-1, until dry-band arcing was noted. This protocol is 

used to achieve the PD signals because the PD signal 

typically appears before dry band arcing. During the 

experimentation, contaminants were sprayed into the 

chamber, maintaining a constant equivalent salt deposit 

density (ESDD) using a solution made of distilled water and 

sodium chloride (NaCl). During the test, PD activities were 

continuously monitored, and the signals were recorded to 

assess the insulation performance and detect any insulation 

degradation.  

III. Methodology 

A. PD Characteristics 
The results in Figure 2 represent the four contamination 

levels according to the conditions described in section 2. The 

results are obtained based on low humidity and medium-

class hydrophobicity. As Figure 2(b) shows, with increasing 

contamination levels, insulator LC, including peak signals, 

appears on the surface. Despite the difficulty of detecting 

PD, considering the changes in insulator LC with increasing 

contamination level in the insulator, signs of PD detection 

can be found. These changes can be a starting point for PD 

analysis and evaluating the insulator contamination level. 

 For a more detailed analysis, Figure 3a shows the 

relationship between the LC signal and its frequency 

analysis. The results of the Fourier transform analysis show 

that the frequency amplitude of the PD signal increases with 

the increase in the contamination level. However, a 

significant difference is observed in the 5 to 15 kHz range in 

figure 3b. With increasing contamination levels, the 

amplitude of the Fourier tidal signal in this range increases. 

This point is very valuable because it can be a relationship to 

evaluate the insulator contamination level based on the 

changes in the PD signal on the insulator surface. Further, 

based on the analysis of the frequency-time behavior in the 

stated range, features can be obtained to correctly assess the 

pollution level. 

 

 
(a) 

 

 
(b) 

Fig. 2. (a) LC signals and (b) PD appearing, based on the four 

contamination levels. 
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(a) 

 
(b) 

Fig. 3. a) Frequency analysis of LC signal. b) Amplitude of 

frequency analysis in 5000 to 15000 Hz 

B. Feature Extractions  

The current study employed Wavelet Packet Transform 

(WPT) for feature extraction, which serves as a broader 

representation of the wavelet transform. In each iteration, 

WPT executes a new decomposition based on coefficients 

obtained from its prior iterations. This implies that the final 

number of coefficients is contingent upon the number of 

decompositions conducted [26]. When applying a wavelet 

decomposition at the wavelet packet node level (WP), the 

segmentation of approximation coefficients results in a tree 

structure composed of two vectors: one representing the 

approximation coefficient vector and the other designated as 

the detailed vector. Information lost during the 

approximation process is encapsulated in the previously 

mentioned coefficients, forming a new vector. In this 

context, successive details are not reanalyzed [27]. 

The WP function can be expressed as: 

(1) 𝑊𝑗,𝑘
𝑛 (𝑡) = 2

𝑗
2(2𝑗𝑡 − 𝑘) 

where j is a scaling parameter, k denotes the translation 

operator, and n represents the oscillation parameter. The 

initial two WP functions for n=0, 1 are defined as follows: 

(2) 𝑊0,0
0 (𝑡) = ∅(𝑡) 

(3) 𝑊0,0
1 (𝑡) = 𝜓(𝑡) 

The first function in Equation (2) is the scale function, 

while the second is the wavelet function [28]. Subsequent 

functions for n = 2, 3,…,N can be specified using these 

relationships: 

(4) 𝑊0,0
2𝑛(𝑡) = √2 ∑ 𝛿(𝑘)𝑊1,𝑘

𝑛 (2𝑡 − 𝑘)

𝑘

 

(5) 𝑊0,0
2𝑛+1(𝑡) = √2 ∑ 𝜉(𝑘)𝑊1,𝑘

𝑛 (2𝑡 − 𝑘)

𝑘

 

where 𝛿(𝑘) refers to a low-pass filter and 𝜉(𝑘) denotes a 

high-pass filter, both associated with a predefined scaling 

function and the mother wavelet function. The 

coefficients Ω𝑗
𝑛(𝑡) can be derived by considering the product 

of the functions 𝑥(𝑡) and 𝑊𝑗,𝑘
𝑛 (𝑡): 

(6) Ω𝑗
𝑛(𝑡) = ∫ 𝑥(𝑡)

+∞

−∞

𝑊𝑗,𝑘
𝑛 (𝑡)𝑑𝑡 

Each coefficient WP corresponds to a specific frequency 

level. While the wavelet transform focuses on low-frequency 

components, WPT encompasses all elements. This results in 

low and high-frequency components, known as low and high 

approximations. In applying WPT, factors such as entropy, 

energy, and variation must be accounted for during the WP 

calculation process. Energy serves to characterize distinct 

classes and, in the proposed methodology, encapsulates 

failure indicators related to the condition of the insulator. 

Fluctuations in energy correspond to specific failure types 

similar to those outlined in [29]. The signal undergoes 

decomposition into j levels, which establishes orthogonal 

subspaces from where frequency components can be 

calculated using the following: 

(7) E𝑗
𝑛 = ∑|Ω𝑗

𝑛(𝑘)|
2

𝑘

 

For energy normalization within each frequency band, the 

distribution percentage for the energy component is 

expressed as: 

(8) e𝑗
𝑛 =

E𝑗
𝑛

∑ E𝑗
𝑛2𝑗

𝑛=1

 

The relative energy of the vector illustrates temporal 

development considering low and high-frequency 

subspaces. Changes in this distribution pattern reflect energy 

flow and can reveal identifiable patterns. A binary optimal 
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value can be determined by the previously discussed tree 

structure formed by the segmentation of approximation 

coefficients. This creates new subdivisions (sub-trees) based 

on the entropy criterion. Depending on the application, these 

resulting sub-trees may be significantly smaller than the 

original. This method seeks to identify a minimum criterion 

to facilitate an efficient algorithm [28]. 

Figure 4 shows the energy results at four pollution levels 

at j=3, 4, 5, and 6 based on the presented wavelet model. 

According to the stated points, these four levels correspond 

to the energy received from the signal in the frequency range 

of 5 to 15 kHz. This interval is the same interval that was 

determined in the frequency analysis and can be effective in 

evaluating different pollution levels. However, considering 

the closeness of the results, a more appropriate model can be 

proposed. Entropy analysis is used considering the PD 

signal's random nature. 

Considering the variability of PD based on the pollution 

level, the frequency-time analysis can be performed in the 5 

to 15 kHz range. This analysis can be performed based on 

the wavelet transform model. According to [29], the wavelet 

packet is divided into low and high-frequency bands. In 

order to achieve a frequency of 5 to 15 kHz, the signal 

decomposition should be at levels 3, 4, 5, and 6, Considering 

that the LC signal acts sinusoidal, the mother function can be 

used based on the three-layer decomposition. In this 

situation, the uncertainty framework is adopted for 

probabilistic treatment and is defined as a logarithmic 

function 𝐻(𝑝1, … , 𝑝𝑛), given by: 

(9) 𝐻(𝑝1, … , 𝑝𝑛) = − ∑ 𝑝𝑖𝑙𝑜𝑔𝑝𝑖

𝑛

𝑖=1

 

where 𝑝𝑖denotes the probability of occurrence in an event i, 

the entropy reflects the probabilistic uncertainty in a 

probability distribution [30]. Figure 5 shows the entropy 

results based on the change in the pollution level. The results 

of the figure clearly show the change in the entropy level 

based on the change in the pollution level. This indicates the 

appropriate performance of the model in the analysis of PD 

based on the pollution level. 

 
Fig. 4. Energy results at four pollution levels  

 
Fig. 5. Entropy results based on the change in the pollution level. 

 

C. Gradient Boosting Machine Model 
GBM is an advanced ensemble learning method that 

constructs a series of weak learners, typically decision trees, 

to create a strong predictive model. Rather than building a 

single complex model, GBM works by sequentially training 

multiple models, where each new model focuses on 

correcting the errors made by the previous ones. In each 

iteration, the model adjusts the weights assigned to the 

training samples; misclassified samples gain higher weights, 

while correctly classified samples are given lower weights. 

This iterative adjustment continues until a specified number 

of models have been trained or until the model's error 

minimizes to an acceptable level [31]. 

For this study, XGBoost, which stands for Extreme 

Gradient Boosting, is implemented. XGBoost is a highly 

optimized and efficient version of the traditional GBM, 

recognized for its exceptional speed and accuracy in making 

predictions. It includes numerous enhancements, such as 

parallel processing, tree pruning, and regularization 

techniques, contributing to its superior performance over 

standard GBM implementations. The model was trained 

using the extracted features derived from PD signals, where 

each feature vector encompasses specific signal 

characteristics, allowing the model to learn patterns 

indicative of varying pollution levels. 

To ensure the best results, hyperparameters for XGBoost 

were meticulously tuned, focusing on critical parameters 

such as the learning rate, which controls the step size at each 

iteration; maximum depth, which dictates the complexity of 

the trees; and the number of estimators, which determines 

how many trees to build. This tuning process was conducted 

using cross-validation techniques, allowing us to evaluate 

the model’s performance on unseen data and mitigate the risk 

of overfitting. By optimizing these hyperparameters, it is 

aimed to achieve a balance between model complexity and 

generalization, ultimately enhancing the model’s predictive 

capability for assessing pollution levels in composite 

insulators through PD signal analysis. The neural network 

model employed in this study is a feedforward neural 
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network with five hidden layers containing 1000 neurons. 

The hidden layer uses ReLU activation, and the output layer 

employs a softmax activation for classification. The network 

was trained using a learning rate of 0.001 and the Adam 

optimiser, with early stopping to prevent overfitting. In 

comparison, the XGBoost model was implemented with 

hyperparameters optimised through grid search and cross-

validation. The selected hyperparameters are: 100 

estimators, maximum tree depth of 6, learning rate of 0.05, 

subsample ratio of 0.8, column sample by tree of 0.8, gamma 

of 0.1, and minimum child weight of 4. In gradient boosting, 

the key idea is to minimize the loss function L(y,F(x)) using 

weak learners, each represented by a function F(x). The 

updated model at iteration m can be expressed as: [31]. 

(10) 𝐹𝑚(𝑥) = 𝐹𝑚−1(𝑥) + 𝜈ℎ𝑚(𝑥) 

where 𝐹𝑚(𝑥) is the prediction from the model at the mth 

iteration. 𝐹𝑚−1(𝑥) is the prediction from the previous 

iteration. 𝜈 is the learning rate, and ℎ𝑚(𝑥) is the new a 

decision tree. The objective of gradient boosting is to 

minimize the loss function, which could be the mean squared 

error for regression tasks or log loss for binary classification 

tasks. For a regression problem, the loss function can be 

defined as:[31] 

(11) 𝐿(𝑦, 𝑦̂) =
1

𝑁
∑(𝑦𝑖 − 𝑦̂𝑖)

2

𝑁

𝑖=1

 

which 𝑦𝑖 is the actual target value. 𝑦̂𝑖 is the predicted value 

from the model. 

The final prediction of the XGBoost model can be 

calculated as: 

(12) 𝑦̂ = 𝐹(𝑥) = ∑ ℎ𝑚(𝑥)

𝑀

𝑚=1

 

where M is the total number of trees. In the context of 

decision trees (which are the weak learners in GBM and 

XGBoost), entropy is used to measure the impurity of a node 

in the tree. The idea is to split the data based on features such 

that the entropy is minimized, leading to more homogeneous 

subsets. In XGBoost, while the primary objective function 

often utilizes squared loss for regression or log loss for 

classification, it can be uses entropy for classification tasks. 

The loss function can be expressed in terms of log loss and 

simulated using cross-entropy. For classification, the cross-

entropy loss 𝐿(𝑦, 𝑦̂) can be defined as: 

(13) 𝐿(𝑦, 𝑦̂) = −[𝑦𝑙𝑜𝑔(𝑦̂) + (1 − 𝑦)log (1 − 𝑦̂)] 

 𝑦 is the true label (0 or 1) and 𝑦̂ is the predicted probability. 

When combining the proposed model with the previous 

concepts, calculating gradients for XGBoost will involve the 

derivatives of the cross-entropy loss, effectively using 

entropy principles. The flowchart in Figure 6 is a 

representation of the proposed model.  

Given the utilized XGBoost, it has leveraged the inherent 

feature importance scores provided by the algorithm. 

XGBoost computes feature importance based on how 

frequently a feature contributes to reducing the loss function 

across all trees (Tree-based Feature Importance). It selects 

features with high-importance scores as candidates for the 

optimal input set. Cross-validation techniques have been 

utilized to ensure the robustness of the feature selection. 

Training the model on different subsets of the data and 

validating it on complementary subsets has verified that the 

selected features consistently provided good predictive 

performance. 

 

IV. Results and Discussion 

In order to analyze the presented model, according to the 

flowchart of Figure 6, 400 test data samples from various 

contamination levels have been examined. One hundred data 

samples were examined at each contamination level. While 

The training dataset is derived from multiple tests, covering 

pollution levels ranging from 0 mg/cm² to 0.5 mg/cm² for 

ESDD and from 0 mm to 5 mm in thickness for NSDD, 

simulating low, medium, high, and very high pollution states 

as classified by IEC 60815. The signal data collected 

included Partial Discharge (PD) characteristics, which are 

processed to extract features. The testing dataset comprised 

additional measurements taken under the same experimental 

conditions but utilized different insulator samples to ensure 

the generalizability of the proposed model. Testing was 

conducted after training to evaluate the model’s performance 

accurately. The training and testing data are 70% and 30% of 

all data, respectively. 

 
Fig. 6. Flowchart of the presented method  
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Figure 7 shows the trend of the loss function in the 

proposed method. The heat map matrix has been drawn as 

shown in Figure 8. The results of the figure show that the 

results match 93%, 95%, 92%, and 94% on average for low, 

medium, high, and very high contamination levels, 

respectively. The slight deviations from 95% accuracy can 

be attributed to inherent variability within the test data 

samples. Each contamination level may exhibit variations in 

characteristics that are less pronounced, making it 

challenging for the model to achieve uniform accuracy 

across all levels. The nature of insulator pollution can result 

in complex interactions that affect the partial discharge 

characteristics, which in turn impact the model's 

classification capabilities. These complexities are 

particularly evident at higher contamination levels where 

nuanced differences in the PD signals may influence the 

model's predictions. The model is trained to generalize 

across various contamination scenarios. While it performed 

well (as indicated by the accuracies), the less-than-perfect 

scores suggest room for improvement. This is typical in real-

world scenarios where a model may not fully capture all the 

variations in the data. In order to comprehensively analysis 

the model, the precision ratio (Pr) has been examined as a 

suitable data evaluation model. The accuracy ratio is 

between the number of samples evaluated at each 

contamination level and the total number of data. Also, the 

ratios in Figure 8 are considered the recall rate (Rr). In order 

to obtain accurate information, the F-score index has been 

used. The formula of this index is as follows: 

 

(14) 𝐹 − 𝑆𝑐𝑜𝑟𝑒 = 2 ×
𝑃𝑟 × 𝑅𝑟

𝑃𝑟 + 𝑅𝑟

 

 

 
Fig. 7. The trend of the loss function in the proposed method in 

training and testing data 

 

Fig. 8. The heat map matrix of the proposed method’s results 

A. Sensitivity analysis of pollution level  
Table II presents the classification results of the predictive 

model used to assess pollution levels, revealing a strong 

overall performance characterized by high accuracy rates 

ranging from 92% to 95% across different pollution 

classifications (I to IV). The model demonstrates particularly 

robust performance for Pollution Level II with an accuracy 

of 95%. In comparison, high-level pollution (Pollution Level 

III) shows a slightly lower accuracy of 92%, indicating 

potential challenges in distinguishing this category. The 

average accuracy across all levels remains high, with values 

of 96%, 90%, 95%, and 93%, respectively, demonstrating 

the model’s reliability. Furthermore, the F-scores, which 

range from 0.924 to 0.945 for the different pollution levels, 

emphasize a well-balanced approach in achieving both 

precision and recall rates, indicating that the model 

effectively minimizes false positives. Despite these 

commendable results, the assessment matrix reveals areas 

for improvement, particularly for high and very high-level 

(III and IV), where misclassifications occurred. Addressing 

these inaccuracies through model refinement and additional 

training data could enhance the model’s effectiveness, 

ultimately leading to better classification of pollution levels 

and contributing to more informed environmental 

management strategies.  

 

TABLE II ASSESSMENT RESULTS OF POLLUTION 

CLASS 

Pollution 

Level 

Assessment Levels Total Rr 

I II III IV 

Actual I 93 4 1 2 100 93% 

II 1 95 1 3 100 95% 

III 3 3 92 2 100 92% 

IV 0 3 3 94 100 94% 

Total 97 105 97 101 - - 

Pr 96% 90% 95% 93% - - 

F-Score 0.945 0.924 0.935 0.936 - - 
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B. Sensitivity analysis of humidity  
In order to verify the results, a humidity analysis was 

performed on the test insulator, revealing noteworthy 

insights into the model's sensitivity to varying humidity 

levels. As shown in Table III, the F-scores for pollution 

levels I to IV demonstrate a general trend of decreasing 

performance with increasing humidity; however, all F-score 

values remain above 90%, indicating robust model 

reliability. Specifically, for Pollution Level I, F-scores 

decreased from 94.5% at 60% humidity to 90.8% at 90% 

humidity, suggesting that higher humidity may complicate 

the classification of low pollution levels due to increased 

electrical discharges. Conversely, Pollution Level III 

exhibited a peak F-score of 95.3% at 70% humidity before 

declining at higher levels, indicating the model's adeptness 

at classifying moderate pollution under optimal conditions. 

The important point is the uniform trend in pollution levels 

III and IV in all humidity levels, which shows the model's 

reliability in high and very high pollution levels in different 

humidity. Despite the increased misclassifications at higher 

humidity, the model's ability to maintain strong performance 

metrics underscores its resilience.  

 

C.  Sensitivity analysis of HC level  
In order to evaluate the model's performance concerning 

the age of the insulators, an HC analysis is conducted, as 

detailed in Table IV. The results demonstrate that the 

proposed model effectively detects older insulators, 

evidenced by consistently high F-scores across all pollution 

levels. Specifically, for Pollution Level I, the F-scores range 

from 90.1% for HC level 1 to 96.4% for HC levels 4 and 6, 

indicating that older insulators are more susceptible to partial 

discharges and, therefore, can be detected more readily by 

the model. In contrast, new insulators exhibit reduced F-

scores, with the highest value at 95.7% for Pollution Level II 

at HC level 6, indicating their lower susceptibility to partial 

discharges and flashover events. While newer insulators tend 

to produce fewer misclassifications, which leads to lower F-

scores, the model remains remarkably reliable when 

assessing older insulators. These findings underscore the 

model's potential for practical applications across varying 

contamination levels, conditions, and insulator ages. 

 

TABLE III ASSESSMENT RESULTS OF HUMIDITY 

SENSITIVITY ANALYSIS  

F-Score % Humidity 

60% 70% 80% 90% 

Pollution 

Level 

I 94.5 93.5 91.2 90.8 

II 92.4 92.7 91.1 90.2 

III 93.5 95.3 94.2 93.1 

IV 93.6 95.1 93.8 92.3 

 

 

 

 

TABLE IV ASSESSMENT RESULTS OF HC 

SENSITIVITY ANALYSIS 

F-Score % HC 

1 3 4 6 

Pollution 

Level 

I 90.1 94.5 96.4 96.4 

II 88.3 92.4 95.4 95.7 

III 89.2 93.5 94.3 94.8 

IV 85.4 93.6 93.2 94.4 

 

D. Validation model  
The comparative analysis of the proposed model, Support 

Vector Machine (SVM) [32], and Neural Network (NN) [33] 

reveals the strengths and weaknesses of each approach in 

classifying pollution levels based on synthetic data. The 

results indicate that the proposed model achieved the highest 

accuracy among the evaluated models, with performance 

reaching approximately 94.45%. The out-of-bag (OOB) 

error estimates provided during training further reinforce the 

model's reliability, indicating how well the model is likely to 

perform on unseen data. 

In contrast, while generally regarded as a robust 

classification tool, the SVM model has a lower accuracy of 

around 91.13%. In addition, the use of the SVM method also 

has limitations. For example, there is complex, multi-

dimensional data without carefully tuning hyperparameters 

and kernel functions. The ability of SVM to create decision 

boundaries is highly reliant on selecting these parameters, 

which may not always reflect the optimal separation for non-

linear datasets. The Neural Network model, trained with a 

feedforward architecture containing ten hidden neurons, 

displayed comparable results to the SVM, achieving around 

88.73% accuracy. However, its performance illustrates 

common challenges associated with neural networks, 

including the necessity for proper initialization, training 

time, and the risk of overfitting when working with synthetic 

data. While neural networks excel in capturing intricate 

relationships in larger datasets, their reliance on extensive 

tuning and the quality of training data can sometimes impede 

their efficiency in more straightforward tasks compared to 

ensemble methods. 

 

 
Fig. 9. The comparative analysis of the proposed model, Support 

Vector Machine, and Neural Network   



45 Artificial Intelligence for Assessing Composite Insulator / H.R.Sezavar, et al 

 
     The overall performance of the proposed model suggests 

its suitability for classification tasks in diverse contexts, 

including pollution monitoring, where adaptability to 

different conditions is vital. The model's resilience against 

overfitting and its ability to handle noisy data make it a 

powerful option for real-world applications. Given the nature 

of pollution data, which can be influenced by various 

environmental factors, a model that balances accuracy, 

interpretability, and computational efficiency is essential for 

effective management. While the Gradient Boosting Model 

stands out in this comparison, it is essential to recognize that 

no single model is universally superior. The choice of model 

ultimately depends on specific application requirements, 

computational resources, and the characteristics of the 

dataset being analyzed. Future work should explore 

enhancements to each model, such as fine-tuning 

hyperparameters for the SVM and NN or investigating more 

advanced ensemble methods to improve classification 

results even further. 

The proposed model demonstrates robust performance in 

scenarios where multiple insulators operate in parallel, even 

in the presence of signal coupling and interactions. 

Advanced signal processing techniques have been integrated 

to enhance the model's capability for operating in coupled 

environments, allowing it to analyze mixed signals and 

identify individual partial discharge signatures effectively. 

Techniques such as time-frequency analysis aid in discerning 

the frequency components of PD signals over time, enabling 

the separation of signals from multiple insulators. 

Additionally, the model employs feature extraction methods 

to analyze key characteristics of PD signals—such as peak 

amplitudes, rise times, and energy levels—all of which 

support accurate pollution level classification even amidst 

coupling interference. Furthermore, using Gradient Boosting 

Machines (GBM) enhances the model's proficiency in 

managing complex datasets and interactions between input 

variables. This strategic design ensures that the proposed 

model maintains high classification accuracy and reliability 

across diverse operational conditions, effectively addressing 

the challenges of parallel insulator networks. 

 

V. Conclusions 

This study introduces a novel AI-driven approach for 

assessing insulator pollution levels using Gradient Boosting 

Machine (GBM) and Partial Discharge (PD) characteristics, 

demonstrating high accuracy across diverse pollution 

scenarios. The developed model offers a rapid, non-invasive, 

and reliable alternative to traditional inspection methods, 

which are often hindered by environmental conditions and 

physical contact limitations. Importantly, the computational 

efficiency and robustness of the model suggest strong 

potential for real-time, online condition monitoring in 

operational power systems. Implementing such an AI-based 

system could enable continuous health assessment of 

insulators, facilitating early detection of pollution-related 

issues and enabling proactive maintenance, ultimately 

reducing the risk of outages and enhancing system reliability. 

In order to prevent flashover in contaminated insulators, the 

proposed method, based on the detection of LC and PD 

characteristics, is capable of detecting the contamination 

level. In this case, the online monitoring system can predict 

a fault's occurrence before it occurs. Future advancements, 

including dataset expansion under various environmental 

conditions and the integration of the model into existing 

monitoring infrastructure, are essential steps toward 

realizing practical, real-time deployment in field conditions. 
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An earthquake is a sudden and destructive natural disaster that often results in 

unpredictable damage to human life and property. Investigating the effects of 

earthquakes on buildings and enhancing the seismic performance of structures is a 

crucial approach to mitigating severe damage during such events. One effective tool in 

testing the resistance of structures against earthquakes is the use of shaking tables. In 

this paper, the stabilization and control of an earthquake simulator using a fuzzy sliding 

mode controller (FSMC), an adaptive unscented Kalman filter (AUKF), and an adaptive 

extended Kalman filter (AEKF) are presented. These filters employ a recursive 

technique to effectively adjust the noise covariance by utilizing an adaptation method 

known as the steepest descent. In the proposed approach, the shaking table states are 

estimated using an accelerometer, encoder, and camera. These estimated states are then 

utilized by the AEKF/AUKF to stabilize and control the closed-loop system. A fuzzy 

sliding mode controller is designed to track the reference input and eliminate external 

disturbances and noise. In sliding mode control, the occurrence of chattering in the 

control input is unavoidable. To mitigate this undesired chattering phenomenon, a fuzzy 

inference mechanism has been employed. The image processing approach has been 

utilized to measure the displacement online using the camera. The advantages of using 

the camera include not requiring direct contact with the table, as well as offering a low 

cost and good accuracy. The performance of the proposed method has been examined 

using the shaking table at the Research Center of Arak University. The obtained results 

indicate that the suggested method exhibits a high level of efficiency. 

  

NOMENCLATURE  β Viscous damping coefficient 

F Linear force Te Electromagnetic torque 
p  Number of pole pairs ueq Equivalent control input 

d
i , qi  Currents on the d and q axes usw  

 

Switching control input 

d
v  , qv  Voltages on the d and q axes Tl Load torque 

T  Torque of motor  λ Flux amplitude 

Ld,Lq Inductances on d- and q-axes η Ball-screw efficiency 

R Motor winding resistance h Lead of the ball screw 

Ω Angular velocity of the rotor M Total mass of the stage 

Θ Angular displacement of the motor shaft φ Boundary layer thickness in FSMC 

J Moment of inertia s Sliding surface variable 

  Ball-screw efficiency des
  Desired acceleration signal 

x
 

Tracking error  I
 

Image matrix 
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I. Introduction 

Seismic shake tables serve as indispensable tools for 

studying the dynamic response of structures subjected to 

earthquake-like excitations [1–2]. Depending on the 

application scale and power requirements, these systems 

typically employ hydraulic or electric actuation[3-4]. 

Hydraulic mechanisms, characterized by high power density 

and large stroke capability, are favored for large-scale 

shaking tables, while electric actuation is generally restricted 

to smaller laboratory setups [5-6]. 

Despite substantial advancements in actuation technology 

and control system design, accurately reproducing complex 

seismic excitations, particularly acceleration profiles, 

remains a formidable challenge [7–9]. Small displacement 

tracking errors can magnify through differentiation, leading 

to significant inaccuracies in acceleration reproduction. 

Furthermore, factors such as mechanical backlash, 

environmental disturbances, system nonlinearities, and 

sensor imperfections exacerbate this difficulty [10-12]. 

Previous studies have attempted to improve shaking table 

performance through various control strategies, including 

feedforward compensation [13], iterative learning control 

(ILC) [14], and adaptive control techniques such as minimal 

control synthesis and model reference adaptive control [15–

18]. Additionally, robust controllers like sliding mode 

control (SMC) have been explored to address system 

uncertainties and disturbances [19–20]. Despite the success 

of these methods, they often face limitations: conventional 

Kalman filtering approaches assume fixed noise statistics, 

making them vulnerable to model mismatches and variations 

in measurement noise. While SMC approaches offer 

robustness, they suffer from undesirable chattering 

phenomena, which can compromise actuator lifespan and 

energy efficiency [21-23]. Furthermore, traditional sensor 

setups that rely heavily on encoders are prone to mechanical 

degradation, high costs, and installation complexity. Thus, a 

critical research gap exists: the lack of an integrated 

approach that simultaneously addresses sensor noise, 

dynamic system uncertainties, and controller chattering in a 

practical, cost-effective manner. This study proposes a novel 

solution by combining adaptive sensor fusion techniques 

with an intelligent robust control strategy to achieve superior 

tracking performance [24-26].   

   In recent years, artificial intelligence (AI)-based control 

strategies—such as fuzzy logic, neural networks, and 

adaptive neuro-fuzzy inference systems   have attracted 

considerable interest in the field of seismic control of 

shaking tables due to their ability to manage nonlinear 

dynamics and model uncertainties effectively [27, 28]. These 

methods provide adaptive learning mechanisms that can 

enhance robustness and suppress undesirable chattering 

phenomena typically observed in classical sliding mode 

controllers [29].  Despite these advantages, AI-based control 

approaches are not without limitations. They often require 

large datasets for training, exhibit sensitivity to sensor noise, 

and can encounter challenges in real-time applications due 

to their computational demands. Moreover, their 

performance is highly dependent on appropriate design 

choices, such as the tuning of membership functions in fuzzy 

systems or the architecture of neural networks. Additionally, 

unlike conventional model-based techniques, providing 

formal stability guarantees for AI-based controllers remains 

an ongoing challenge [30].  Recent advancements, 

particularly in deep learning, have further expanded the 

potential of AI in control applications. Methods such as deep 

reinforcement learning and neural adaptive controllers have 

demonstrated superior performance in managing highly 

nonlinear and time-varying systems, particularly in high-

uncertainty environments [31–33]. Nevertheless, the 

application of these advanced techniques to shake table 

control is still in its early stages and presents a promising 

direction for future research [34].  

    Motivated by the aforementioned challenges, This 

paper presents the design and implementation of a fuzzy 

sliding mode controller integrated with adaptive estimation 

filters—namely the AEKF and AUKF—for a laboratory-

scale seismic shake table system. The primary objective is to 

develop an efficient control strategy capable of accurately 

tracking scaled earthquake excitations, even in the presence 

of parameter uncertainties and unmodeled dynamics. 

Particular emphasis is placed on acceleration tracking 

performance throughout the study.  The proposed control 

framework integrates measurements from encoder sensors, a 

vision-based camera system, and an accelerometer using the 

AEKF/AUKF to estimate the system states. These estimated 

states are then used within the FSMC to ensure precise 

trajectory tracking. The authors believe that the full 

integration of the AEKF/AUKF measurement fusion filter 

and FSMC, along with the corresponding hardware and 

software implementation, constitutes an innovative and cost-

effective solution. This framework holds significant 

potential for future deployment in commercial shake tables 

used in earthquake engineering applications.  The main 

contributions of this paper are summarized as follows: 

Adaptive Sensor Fusion: Development of a multi-sensor 

fusion system combining MEMS accelerometers, encoders, 

and vision-based displacement measurements, with online 

adaptation of Kalman filter noise covariances for improved 

state estimation under nonlinear and noisy conditions. 

Chattering-Reduced Robust Control: Design of a fuzzy 

sliding mode control strategy that dynamically regulates the 

switching surface boundary, reducing chattering effects 

without compromising robustness. 

Practical Implementation: Realization and experimental 

validation of the proposed approach on a power screw-driven 
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seismic simulator, demonstrating superior tracking accuracy, 

disturbance rejection, and robustness compared to 

conventional control techniques. 

The remainder of the paper is organized as follows: 

Section 2 describes the system modeling and problem 

formulation. Section 3 presents the sensor fusion design 

using adaptive Kalman filters. Section 4 details the proposed 

fuzzy sliding mode controller. Section 5 discusses 

experimental validation and performance analysis. Finally, 

Section 6 concludes the paper and outlines directions for 

future research. 

 

II. Dynamic Model of the System  

To derive the system dynamics and facilitate the 

subsequent control design, the following assumptions are 

adopted. Sensor noise and drift are bounded and mitigated 

using adaptive Kalman filtering. Actuator dynamics are 

considered sufficiently fast relative to the system dynamics, 

allowing actuator lag to be neglected. External disturbances 

and modeling uncertainties are assumed to be bounded and 

modeled as additive terms. The shake table operates within 

its linear elastic range, and the initial system states are 

assumed to be measurable or reasonably estimable through 

multi-sensor fusion. These assumptions are standard and 

ensure the robustness and practical applicability of the 

proposed method.  The d and q coordinate systems serve as 

mathematical converters for analysing and modelling three-

phase circuits[27]. 

𝑑𝑖𝑑

𝑑𝑡
=

𝑣𝑑

𝐿𝑑

−
𝑅𝑖𝑑

𝐿𝑑

+
𝐿𝑞

𝐿𝑑

𝑝𝜔𝑖𝑞 

𝑑𝑖𝑞

𝑑𝑡
=

𝑣𝑞

𝐿𝑞

−
𝑅𝑖𝑞

𝐿𝑞

+
𝐿𝑑

𝐿𝑞

𝑝𝜔𝑖𝑑 −
𝜆𝑝𝜔

𝐿𝑑

 

𝑇𝑒 =
3

2
((𝐿𝑑 − 𝐿𝑞)𝑖𝑞𝑖𝑑 + 𝜆𝑖𝑞)𝑝 

(1) 

where 
d
i  and qi  are the currents on the d and q axes, 

espectively. Similarly, for the inductances on these axes, we 

use the symbols 
d

L  and qL . The voltages on the d and q 

axes, we denote them as 
d

v  and qv  respectively. The 

symbol   represents the angular velocity of the rotor.   

Signifies the flux amplitude. Furthermore, we introduce two 

more variables: p  denotes the number of pole pairs, while 

eT  represents the electromagnetic torque. The dynamic 

equations that describe the motion of a motor shaft can be 

stated as follows: 

𝑑

𝑑𝑡
𝜔 =

1

𝐽
(𝑇𝑒 − 𝛽𝜔 − 𝑇𝑙) (2) 

𝑑𝜃

𝑑𝑡
= 𝜔     (3) 

where    denotes the viscous damping coefficient 

associated with the motor bearings,  is the angular 

displacement of the shaft, and 
l

T  signifies the load torque 

acting on the motor shaft[3]. Then, the mechanism of the ball 

screw is also represented in the following manner. 

𝑇 =
𝐹𝐿

𝜉
   (4)  

where T is the torque generated by the motor, F is linear 

force,    is ball-screw efficiency, and L stands for the lead 

of the ball screw. For a normal screw wing, the efficiency is 

approximately 90% [27]. Equation (5) establishes a 

relationship between the driving force and the rotational 

acceleration of the ball-screw. By substituting Equation (6) 

into Equation (2), the fundamental dynamic equation 

governing the motion of the electric motor shaft can be 

reformulated, resulting in Equation (7). 

𝐹 = 𝑀𝐿𝜃̈   (5) 

𝑇𝑙 =
𝑀𝐿2𝜃̈

𝜉
   (6) 

𝑗
𝑑𝜔

𝑑𝑡
= 𝑇𝑒 − 𝛽𝜔 −

𝑀𝐿2𝜃̈

𝜉
 (7) 

The term  denotes the rotational acceleration of the 

motor shaft. Additionally, M signifies the combined mass of 

the stage. This relationship is expressed in (8),  

𝑀 = 𝑚 + 𝑚1 (8) 

By rearranging equations (7) and (8): 

(𝑗 +
𝑀𝐿2

𝜉
)

𝑑𝜔

𝑑𝑡
= 𝑇𝑒 − 𝛽𝜔  (9) 

𝑑𝜔

𝑑𝑡
=

1

𝐽
(𝑇𝑒 − 𝛽𝜔)  (10) 

𝐽 = 𝑗 +
𝑚𝐿2

𝜉
  (11) 

FSMC for trajectory tracking of shake table with adaptive 

filtering 

Figure 1 shows the schematic diagram of the 

PMSM/Shake Table system. Data fusion is essential for 

accurately estimating the system's displacement, velocity, 

and acceleration by integrating measurements from a MEMS 

accelerometer, encoder, and camera. Image processing 

provides advantages over traditional encoders and cameras 

in displacement measurement for shaking tables, such as 

non-contact operation, high spatial resolution, adaptability, 

robustness, and the ability to capture contextual information. 

Accelerometers perform well at higher frequencies but 

lose accuracy at lower frequencies due to sensitivity to low-

frequency noise and reduced signal resolution. These low-

frequency errors can significantly impact the stability of 

closed-loop systems, as they are amplified when 

differentiated to calculate velocity and displacement. This 

leads to challenges in tracking low-frequency seismic 

components, causing potential instability or performance 

degradation. 
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Accelerometers perform well at higher frequencies but 

lose accuracy at lower frequencies due to sensitivity to low-

frequency noise and reduced signal resolution. These low-

frequency errors can significantly impact the stability of 

closed-loop systems, as they are amplified when 

differentiated to calculate velocity and displacement. This 

leads to challenges in tracking low-frequency seismic 

components, causing potential instability or performance 

degradation. 

      To address these issues, adaptive filtering and multi-

sensor fusion with systems like encoders and cameras are 

crucial for improving control system reliability and stability. 

The data fusion process in AEKF and AUKF follows a 

recursive procedure. Initially, sensor data—displacement 

from the encoder, acceleration from the accelerometer, and 

visual data from the camera—are inputs. In the prediction 

step, AEKF and AUKF algorithms forecast the next system 

state using a dynamic model. The update step incorporates 

actual sensor measurements to refine the predicted states. 

     In AEKF, the correction is based on a linearized model 

using Jacobian matrices to approximate the system’s 

nonlinear dynamics. Conversely, AUKF uses the unscented 

transformation to directly propagate the mean and 

covariance through nonlinear functions, avoiding 

linearization. This enables AUKF to better handle 

nonlinearities in sensor data. Both AEKF and AUKF 

adaptively update noise covariance matrices, a critical 

feature given the variability in measurement noise caused by 

environmental conditions or sensor performance. A 

recursive adaptation rule adjusts the noise covariance 

matrices dynamically, ensuring filter robustness and 

enhancing state estimation accuracy over time. 
 

A.  Fuzzy-Sliding-Mode Supervisory Controller 

Developing an effective controller to accurately follow the 

desired acceleration trajectory of a shake table involves 

numerous challenges, mainly due to system nonlinearities 

and environmental uncertainties. The presence of friction, 

actuator saturation, and nonlinear electrical or hydraulic 

dynamics complicates modeling and control design. 

Remark 1 :Nonlinearities such as actuator saturation and 

friction introduce unpredictable behavior that cannot be fully 

captured by linear models, necessitating adaptive and robust 

control approaches like FSMC. 

Moreover, acceleration, being the second derivative of 

displacement, amplifies any noise or error present in 

displacement or velocity measurements. Low-frequency 

noise and sensor limitations further degrade feedback 

quality, making precise trajectory tracking difficult. External 

disturbances such as temperature variations and varying 

payloads also affect system dynamics. 

Remark 2.  Errors in displacement or velocity are 

magnified in acceleration, particularly at low frequencies—

making noise rejection and real-time adaptability essential 

for accurate tracking. 

To overcome these challenges, this study integratesFSMC 

with AUKF. The combined scheme aims to achieve robust 

tracking of earthquake-like signals under two key 

uncertainties: 

Model uncertainties, arising from unaccounted system 

dynamics. 

Payload inconsistencies, caused by the installation of 

various structures on the shake table during experiments. 

The shake table control system consists of two loops. The 

first loop uses a proportional-integral (PI) controller to track 

the control input. The second loop is a supervisory controller 

that monitors the overall system performance. Since the 

motor controller operates with a PI configuration, the 

supervisory FSMC ensures robust system behavior. By 

integrating AEKF/AUKF techniques into closed-loop 

velocity control, the system achieves precise control over 

velocity and acceleration. 

The FSMC is specifically designed to regulate the shake 

table's velocity, with the sliding surface defined as detailed 

in [29]. This approach effectively handles dynamic system 

behavior and ensures accurate trajectory tracking, even 

under varying experimental conditions. The sliding surface s 

is selected based on the system's states, as defined below: 

𝑠(𝑥, 𝑡) = (
𝑑

𝑑𝑡
+ 𝛼)

𝑛−1

𝑥̃ (12) 

Fig.1 . Communication diagram of components and supervisor controller 
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Here, x  is the tracking error between the reference 

trajectory and the actual state of the system, the parameter n 

represents the order of the governing dynamic equations,   

denotes a constant that is strictly positive.The choice of the 

sliding surface (S) is determined by the system states, with 

( )s x,t x=  [30]. Employing equation (1), the time 

derivative for s  is as: 

𝑠̇(𝑡) =
1

𝐽
(𝑇𝑒 − 𝛽𝜔 − 𝑇𝑙) − 𝜔̇𝑑𝑒𝑠  (13) 

The desired acceleration signal, denoted as 
des

 , is 

bounded, meaning there exists a positive constant L such 

that:
 

|𝜔̇𝑑𝑒𝑠(𝑡)| ≤ 𝐿  , ∀ t ≥ 0.The control input is also 

defined as (14) where 
eq

u  is the equivalent control and is 

obtained from (15). 

𝑢 = 𝑢𝑒𝑞 − 𝑢𝑟𝑒𝑎𝑐ℎ  (14) 

To obtain the equivalent control law necessary for the 

electric torque here, we derive the following relationship by 

setting equation (13) equal to zero. 

𝑢𝑒𝑞 = 𝛽̂𝜔 + 𝑇𝑙 + 𝐽𝜔̇𝑑𝑒𝑠 (15) 

where ̂ , and Ĵ  are estimated values of β, and J parameters, 

respectively.  To ensure the stability of the sliding surface 

using the Lyapunov stability theory, we initially consider the 

selected Lyapunov function as follows: 

𝑉(𝑠) =
1

2
𝑆2 (16) 

which is a positive definite function.  

𝑉̇(𝑠) =
1𝑑

2𝑑𝑡
𝑆2 ≤ −𝜂|𝑆|, 𝜂 ≥ 0 (17) 

where   is a positive non-Fer constant, when inequality 

(17) is achieved, it indicates that the system is both stable 

and well-regulated. 
reach

u  is also calculated as (18) satisfying 

the sliding condition. 

𝑢𝑟𝑒𝑎𝑐ℎ = 𝑘𝑠𝑔𝑛(𝑆) (18) 

To achieve the intended sliding behaviour, it is necessary 

to select the controller output is as: 

𝑢 = 𝛽̂𝜔 + 𝑇𝑙 + 𝐽𝜔̇𝑑𝑒𝑠 − 𝑘𝑠𝑔𝑛(𝑆) (19) 

To reduce the chattering caused by control command, we 

propose the implementation of a boundary layer with a 

thickness  . Consequently, Equation (19) is reformulated  as 

follows: 

𝑢 = 𝛽̂𝜔 + 𝑇𝑙 + 𝐽𝜔̇𝑑𝑒𝑠 − 𝑘𝑠𝑎𝑡 (
𝑠

𝜑
) (20) 

The sgn(⋅) function represents the standard sign function, 

while the sat(⋅) function refers to the standard saturation 

function, which limits the output within the range [−1,1]. 

discontinuous switching of the control input as the system 

state approaches the sliding surface. This high-frequency 

oscillation can lead to actuator wear, system instability, and 

degraded control performance. In precision applications like 

shake tables, where accurate tracking of displacement, 

velocity, and acceleration is critical, chattering can 

significantly reduce control accuracy and system lifespan. 

To address this problem, a fuzzy inference mechanism 

was incorporated into the sliding mode control design, 

resulting in FSMC. FSMC mitigates chattering by 

dynamically adjusting the boundary layer thickness through 

fuzzy logic. In traditional SMC, discontinuous control 

actions produce high-frequency oscillations that adversely 

affect performance. In contrast, the fuzzy system adaptively 

fine-tunes the boundary layer thickness based on real-time 

system states, such as velocity and acceleration errors. 

 
TABLE 1 FUZZY RULES RELATED TO FUZZY SLIDING 

MODE CONTROLLER WITH SPEED AND 

ACCELERATION ERRORS 

Acceleration Error  

pb pe Ze nm nb 

ze nm Nm nb nb nb 

V
el

o
ci

ty
   
E

rr
o

r 

pm ze Nm nm nb nm 

pm pm Ze nm nm ze 

pb pm Pm ze nm pm 

pb pb Pm pm ze pb 

    

This adaptive adjustment ensures a smoother transition 

between control states, minimizing abrupt changes in the 

control signal. Fuzzy rules dynamically modify the 

saturation function within the control law, preserving robust 

performance while effectively reducing chattering. 

Consequently, FSMC enhances both control precision and 

system stability, even under varying conditions and external 

disturbances, as validated through experimental results. 

 

TABLE 2  THE VALUES OF THE DESIGNED 

CONTROLLER 
Value Parameter 

18 
min
 

22 
max
 

19.9 
̂ 

0.000577
2kgm   min

J 

0.001421
2kgm  max

J 

.00090596
2kgm  Ĵ 

0.88 k 

0.01  

 

Table 1 presents the fuzzy controller's rule base, where 

each input variable is divided into five membership 

functions: negative big (nb), negative medium (nm), zero 

(ze), positive medium (pm), and positive big (pb). A 

schematic diagram of the proposed supervisory controller 

based on the fuzzy sliding mode methodology is shown in 
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Fig.1.To ensure the reproducibility of our results, detailed 

information regarding the tuning of FSMC  is provided. The 

membership functions were designed as triangular shapes 

with 50% overlap, and the fuzzy rule base was determined 

through expert knowledge and iterative optimization based 

on minimizing the root mean square error (RMSE) of the 

control output. The sliding surface parameters λ and η were 

initially selected based on system dynamics and then fine-

tuned through grid search within predefined stability 

margins. The gains of the equivalent control law and 

switching control components were adjusted using trial-and-

error guided by Lyapunov stability criteria. Table 2 

summarizes all final parameter values used in the 

experiments, providing a complete reference for replicating 

the controller design and validation process. Design of 

adaptive filters (AEKF and AUKF) 

The integration of the MEMS accelerometer, encoder, and 

camera sensor is performed through a data fusion process, 

where each sensor contributes complementary information 

to estimate the shake table’s displacement, velocity, and 

acceleration. To optimally combine these measurements, 

Extended Kalman Filter (EKF) and Unscented Kalman Filter 

(UKF) techniques are employed. 

The Kalman filter is a recursive algorithm that estimates 

the state of a dynamic system by processing noisy 

measurements in real-time, without the need to store 

previous data. It achieves this by fusing model-based 

predictions with actual observations [31]. However, due to 

the high nonlinearity of the system analyzed in this study, the 

conventional Kalman filter is inadequate. Therefore, the 

EKF and UKF are adopted to address the nonlinearities. The 

UKF, leveraging the unscented transformation, directly 

propagates the mean and covariance through nonlinear 

dynamics, offering a more accurate state estimation 

compared to linearization-based approaches. Although 

slightly more computationally demanding than the EKF, the 

UKF's enhanced capability in handling nonlinear systems 

makes it particularly suitable for high-precision applications 

such as seismic tracking in shake tables. 

Remark 3: Compared to the linearization-based EKF, the 

UKF improves estimation accuracy in highly nonlinear 

systems by eliminating the need for Jacobians and instead 

applying the unscented transformation on sigma points. 

    Adaptive filtering techniques dynamically adjust the 

process and measurement noise covariance matrices, Q and 

R, which are critical to filter performance. This study focuses 

on the adaptive estimation of these covariances. Two primary 

objectives are pursued: (1) implementing AEKF and AUKF 

algorithms to accurately estimate the table’s state variables, 

and (2) analyzing and comparing the performance of AEKF 

and AUKF to highlight their respective strengths and 

limitations. 

Since the shake table dynamics are modeled in continuous 

time, while the adaptive filters are formulated in discrete 

time, the fourth-order Runge-Kutta method is employed to 

discretize the system. This method numerically 

approximates the solutions of the ordinary differential 

equations governing the shake table, enabling the application 

of the discrete-time filtering algorithms. 

EncoderEncoder

camerak camera

AccelerationAcceleration

y r

y y r

y r

 +
 

= + 
 

+  

 (21) 

where ( ), ,
Encoder camera Accelerationr r r  are measurement 

noises. The measurement and process noise covariance terms 

are uncorrelated, possessing white noise characteristics and 

following a Gaussian distribution with a mean of zero. These 

noise terms have known covariance matrices R and Q, 

respectively.   

    How to measure displacement using image processing 

technique is explained. The purpose of image processing in 

this research is to measure the displacement response of the 

moving plate of the shaking table. For this purpose, a screen 

with a white background, in the middle of which a 

rectangular sign in black colour with specific dimensions is 

installed on the table as the desired target for tracking. A 30-

frame camera is also placed at a certain distance from the 

target screen. The image matrix is formed by the following 

relation: 

𝐼(𝑥, 𝑦) = 𝐼(𝑥 + 𝑢, 𝑦 + 𝑣) (22) 

where I is the image matrix, u and v are the pixel 

displacement descriptors. The image processing algorithm 

looks for pixels in each column that have values lower than 

the threshold value. The threshold value is the value that 

separates the black rectangle from the image background. 

Any column in which the number of pixels with a value less 

than the threshold is close to the number of pixels of the 

width of the black rectangle is averaged from the spatial 

coordinates of those pixels, and vertical calculations end in 

that column. The number obtained from this average is the 

coordinate of the center of the black mark in the vertical 

direction. The same method is used to obtain the horizontal 

center of the mark. Hence, by procuring the precise 

coordinates of the mark's center within each frame, one can 

ascertain the displacement of the table. Equation (23) shows 

this process.  

[ ( , ) ][0, ]

1[ ( , ) ][0, ]

i I i yn Ti R
y

I i yn Ti R


=


 (23) 

where y is the coordinate of the center of the target in the 

vertical direction. R is the number of pixels in a column and 

T is the threshold value and yn  is the columns to be 

processed and is obtained from equation (24). The center of 

the target in the horizontal direction is obtained in the same 

way. 
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𝑦𝑛 = ∑
𝑐 × 𝑗

𝑛

𝑛

𝑗=1

 (24) 

Here, according to the dimensions of the image and the 

black rectangle, the image is divided into 8 parts. In equation 

(24), n is equal to 8. C is the number of pixels in a row or the 

same number of columns. By having the coordinates of the 

center of the mark in each frame of the image, the 

displacement of the table is obtained in terms of the number 

of pixels, but the goal is to calculate the displacement of the 

meter in millimeters. Therefore, the dimensions of each pixel 

should be obtained in millimeters. For this, first, according 

to the dimensions of the black mark and the number of pixels 

it occupies in the image, the dimensions of each pixel can be 

obtained in millimeters.  A simple camera is used in this 

research. In summary, the discrete nonlinear system  is as: 

𝑥𝑘 = 𝑓(𝑥𝑘−1) + 𝑢𝑘−1 + 𝑤𝑘−1 

𝑦𝑘 = ℎ(𝑥𝑘) + 𝑣𝑘 
(25) 

 Is the process noise, the function f represents a dynamic 

model, which may be nonlinear. Similarly, the function h 

represents a measurement model, which may also be 

nonlinear[31]. Furthermore, the covariance  of process noise 

𝑄𝑘 = 𝐸[𝑤𝑘𝑤𝑘
𝑇]is as: 

𝑄𝑘 = 𝑑𝑖𝑎𝑔[𝑞𝑘
1 𝑞𝑘

2 𝑞𝑘
3 𝑞𝑘

4 𝑞𝑘
5], 𝑞𝑘

𝑛⟩0 (26) 

Ultimately, the 𝑣𝑘 ∼ 𝑁(0, 𝑅𝑘) represents a measurement 

noise characterized by a Gaussian distribution with a mean 

of zero. This noise is referred to as white noise due to its 

constant power across all frequencies. The covariance of this 

noise, denoted by 𝑅𝑘 = 𝐸[𝑣𝑘𝑣𝑘
𝑇], can be represented in the 

following mathematical expression. 

𝑅𝑘 = 𝑑𝑖𝑎𝑔[𝑟𝑘
1 𝑟𝑘

2 𝑟𝑘
3]    𝑟𝑘

𝑚⟩0,    𝑚 = 1,2,3  (27) 

3-2-1-Estimation of Table Parameters using EKF 

The Extended Kalman filter algorithm has two steps of 

prediction and updating as below [32]. 

• Prediction  

𝑥𝑘|𝑘−1 = 𝐹𝑘𝑥𝑘−1 + 𝑢𝑘−1  (28) 

𝑃𝑘|𝑘−1 = 𝐹𝑘𝑃𝑘−1𝐹𝑘
𝑇 + 𝑄𝑘−1  (29) 

• Update 

𝑆𝑘|𝑘−1 = 𝐻𝑘𝑃𝑘|𝑘−1𝐻𝑘
𝑇 + 𝑅𝑘  (30) 

𝐾𝑘 = 𝐹𝑘𝑃𝑘|𝑘−1𝐻𝑘(𝑆𝑘|𝑘−1)
−1

  (31) 

𝑍̂𝑘|𝑘−1 = ℎ(𝑥̂𝑘|𝑘−1)  (32) 

𝑥𝑘 = 𝑥𝑘|𝑘−1 + 𝐾𝑘(𝑦𝑘 − 𝑦̂𝑘|𝑘−1)  (33) 

𝑃𝑘−1 = (𝐼 − 𝐾𝑘𝐻𝑘)𝑃𝑘|𝑘−1  (34) 

𝐹𝑘 =
∂𝑓

∂𝑥
|𝑥 = 𝑥𝑘−1  (35) 

𝐻𝑘 =
∂ℎ

∂𝑥
|𝑥 = 𝑥𝑘−1  (36) 

Estimation of Table Parameters using UKF 

The EKF is widely utilized for estimating the states of 

nonlinear continuous-time systems by combining model-

based predictions with real-time measurements. However, 

EKF requires linearization of the nonlinear system dynamics 

around the current estimated state at each time step. In 

complex systems such as the PMSM, this linearization 

process must be repeated continuously and can result in 

substantial computational complexity. Furthermore, the 

resulting linearized equations may become increasingly 

intricate, thereby adding to the processing burden. 

   In contrast, the UKF serves as a highly effective 

alternative to the EKF. Rather than linearizing the 

differential equations, the UKF utilizes the unscented 

transformation (UT) to directly propagate the mean and 

covariance of the state distribution through the nonlinear 

functions [33]. The UT provides a more accurate 

representation of the nonlinear transformations by capturing 

higher-order moments, which leads to improved estimation 

performance, especially in systems characterized by 

significant nonlinearities and model uncertainties. 

    This advantage is clearly reflected in the shake table 

experiments conducted in this study, where the UKF 

demonstrated superior accuracy and robustness compared to 

the EKF. The estimation process using UKF is described as 

follows: 

• Initialization: 

𝑥0 = 𝐸(𝑥0) 

𝑃0 = 𝐸((𝑥0 − 𝑥0)(𝑥0 − 𝑥0)𝑇) 

𝑊0
𝑚 =

𝜆

𝐿 + 𝜆
 

𝑊0
𝑐 =

𝜆

𝐿 + 𝜆
+ (𝑛 − 𝛼2 + 𝛽) 

𝑊𝑖
𝑚 = 𝑊𝑖

𝑐 =
1

2(𝜆 + 𝐿)
 , 𝑖 = 1, . . . ,2𝐿 

𝜆 = 𝛼2(𝐿 + 𝜅) − 𝐿 

 

(37) 

where   represents a scaling parameter, which is determined 

by the constant parameters 0 1   and   [34]. L  

denotes the dimensions of the state vector. Additionally,   

is a non-negative parameter . When dealing with a Gaussian 

prior, the optimal value for   is considered to be 2 [34].  

• Sigma Points Calculation and Time Update: 

A set of weighted sigma points 1k
x

−  is generated by 

𝑥𝑘−1 = 

[𝑥𝑘−1 𝑥𝑘−1 + √𝐿 + 𝜆(√𝑃𝑘−1)𝑖 𝑥𝑘−1 − √𝐿 + 𝜆(√𝑃𝑘−1)𝑖] 

𝑖 = 1, . . . , 𝑛 

 (38) 

Cholesky decomposition is used to calculate√𝑃𝑘−1, and 

the subscript i represents the column of the matrix. 

𝑃𝑘|𝑘−1 = ∑ 𝑊𝑖
𝑐

2𝐿

𝑖=0

(𝑥𝑖,𝑘|𝑘−1 − 𝑥𝑘|𝑘−1)(𝑥𝑖,𝑘|𝑘−1 − 𝑥𝑘|𝑘−1)𝑇

+ 𝑄𝑘  

𝑦𝑖,𝑘|𝑘−1 = ℎ(𝑥𝑖,𝑘|𝑘−1) 

𝑦̂𝑘|𝑘−1 = ∑ 𝑊𝑖
𝑚𝑦𝑖,𝑘|𝑘−1

2𝐿
𝑖=0                                            (39) 

During the forecasting stage, the model information serves 

as a vital factor, whereas the measurement data is 

incorporated into the estimates in the data assimilation stage. 
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• Measurement Update: 

𝑃𝑘
𝑦̂𝑦̂

= ∑ 𝑊𝑖
𝑚

2𝐿

𝑖=0

[𝑦𝑖,𝑘|𝑘−1 − 𝑦̂𝑘|𝑘−1][𝑦𝑖,𝑘|𝑘−1

− 𝑦̂𝑘|𝑘−1]𝑇 + 𝑅𝑘  

𝑃𝑘
𝑥𝑦̂

= ∑ 𝑊𝑖
𝑐

2𝐿

𝑖=0

[𝑥𝑖,𝑘|𝑘−1 − 𝑥𝑘|𝑘−1][𝑦𝑖,𝑘|𝑘−1

− 𝑦̂𝑘|𝑘−1]𝑇 

𝐾𝑘 = 𝑃𝑘
𝑥𝑦̂

𝑃𝑘
𝑦̂𝑦̂  

𝑥𝑘 = 𝑥𝑘|𝑘−1 + 𝐾𝑘[𝑦𝑘 − 𝑦̂𝑘|𝑘−1] 

𝑃𝑘 = 𝑃𝑘|𝑘−1 − 𝐾𝑘𝑃𝑘
𝑦̂𝑦̂

𝐾𝑘
𝑇 

(40) 

Innovative Adaptive Algorithm Utilizing the Steepest 

Descent Method 

In adaptive filtering algorithms, the process and 

measurement noise covariance matrices, denoted as Q 

and R respectively, serve as critical parameters that 

directly influence the performance and robustness of the 

estimator [35], [36]. In traditional Kalman filtering 

frameworks, these matrices are typically assumed to be 

known a priori and remain fixed throughout the 

estimation process. However, in many real-world 

applications, particularly in dynamic and uncertain 

environments, the statistical properties of noise may 

evolve over time due to changing operational conditions, 

sensor degradation, or environmental disturbances. As a 

consequence, maintaining static covariance assumptions 

can severely impair filter performance, leading to biased 

estimates and loss of optimality.  To overcome these 

limitations, this study introduces a recursive covariance 

adaptation mechanism based on the steepest descent 

method. The steepest descent technique is a classical yet 

powerful optimization approach widely employed in 

adaptive filtering, offering an efficient means of 

iteratively minimizing cost functions associated with 

estimation errors. By leveraging the steepest descent 

principle, the proposed adaptation algorithm updates Q 

and R in real time, thereby enabling the filter to remain 

responsive to nonstationary noise characteristics. 

       The core idea behind the proposed adaptation 

strategy is to minimize the discrepancy between the 

empirical innovation covariance, derived from actual 

measurement residuals, and the theoretical innovation 

covariance predicted by the Kalman filter. Specifically, a 

cost function is formulated based on the norm of the 

difference between these two covariance matrices. The 

steepest descent method is then applied to adjust Q and R 

iteratively in the direction that reduces this cost, thereby 

ensuring that the filter maintains consistency and 

optimality even under time-varying noise conditions. 

This dynamic adjustment mechanism not only enhances 

the adaptability of the Kalman filter but also improves its 

robustness against modeling inaccuracies and external 

perturbations, making it particularly suitable for practical 

applications where noise environments are unpredictable 

and rapidly changing. In order to accomplish this 

objective, the initial step involves defining the disparity 

between the measurements in the following manner: 

𝑒𝑘 = 𝑦𝑘 − 𝑦̂𝑘|𝑘−1 (41) 

Here,
k

Z and 
| 1

ˆ
k k

Z
−

are the real measurement and its 

estimated value, respectively. The remaining actual 

covariance of the above relationship is estimated by 

averaging this sequence according to the following 

relationship. 

𝐶̂𝑒𝑘 =
1

𝑀
∑ 𝑒𝑗

𝑘

𝑗=𝑘−𝑀+1

𝑒𝑗
𝑇        (42) 

The size of the estimation window is denoted by M. 

Deterministic and stochastic methods are employed to select 

the optimal size of the moving window. In the realm of 

deterministic techniques, an optimization problem is 

typically characterized by the deliberate selection of a 

suitable objective function, while taking into account the 

constraints imposed by limited memory[37]. Now, having 

the actual covariance Ĉ
ek  and the theoretical covariance 

| 1k k
S

−
of the system, the cost function is defined as follows 

[38]: 

𝐽𝑘 =
1

2
𝑡𝑟{(𝑆𝑘|𝑘−1 − 𝐶̂𝑒𝑘) (𝑆𝑘|𝑘−1 − 𝐶̂𝑒𝑘)

𝑇
}  (43) 

The objective of employing sequence-based strategies for 

innovation is to minimize | 1
ˆ

k k ek
CS − − by altering  R and Q. 

Hence, to minimize the cost function, it is crucial to ensure 

that the actual and theoretical covariance are identical. If 

there is a difference between the process and measurement 

noise covariance's from their actual values, it leads to a 

difference between these two covariance. The adaptive 

algorithm for process and measurement noise covariances is 

as follows: 

𝑞𝑘
𝑛 = |𝜆𝑞,𝑘

𝑛 𝑞𝑘−1
𝑛 + 𝜇𝑞,𝑘

𝑛 | 𝑛 = 1,2,3,4,5 (44) 

 

𝑟𝑘+1
𝑚 = |𝜆𝑟,𝑘+1

𝑚 𝑟𝑘
𝑚 + 𝜇𝑟,𝑘+1

𝑚 | 𝑚 = 1,2,3 (45) 

where 
n

k
q  and 

1

m

k
r

+
, representing the 

kQ  and 
kR  matrices 

respectively. The primary objective is to refine the values of 

, 1

m

r k


+
, 

, 1

m

r k


+
, 

,

n

q k
  and 

,

n

q k
 using the steepest descent 

technique. This technique aims to minimize the value of 
k

J  

as much as possible.   

𝜆𝑟,𝑘+1
𝑚 = 𝜆𝑟,𝑘

𝑚 − 𝜂𝑘
𝑅

∂𝐽𝑘

∂𝜆𝑟,𝑘
𝑚 = 𝜆𝑟,𝑘

𝑚 − 𝜂𝑘
𝑅

∂𝐽𝑘

∂𝑟𝑘
𝑚

∂𝑟𝑘
𝑚

∂𝜆𝑟,𝑘
𝑚  (46) 

𝜇𝑟,𝑘+1
𝑚 = 𝜇𝑟,𝑘

𝑚 − 𝜂𝑘
𝑅

∂𝐽𝑘

∂𝜇𝑟,𝑘
𝑚 = 𝜇𝑟,𝑘

𝑚 − 𝜂𝑘
𝑅

∂𝐽𝑘

∂𝑟𝑘
𝑚

∂𝑟𝑘
𝑚

∂𝜇𝑟,𝑘
𝑚  

                                                                          

(47) 
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𝜆𝑞,𝑘
𝑛 = 𝜆𝑞,𝑘−1

𝑛 − 𝜂𝑘
𝑄 ∂𝐽𝑘

∂𝜆𝑞,𝑘−1
𝑛

= 𝜆𝑞,𝑘−1
𝑛 − 𝜂𝑘

𝑅
∂𝐽𝑘

∂𝑞𝑘−1
𝑚

∂𝑞𝑘−1
𝑚

∂𝜆𝑞,𝑘−1
𝑛  

 

(48) 

𝜇𝑞,𝑘
𝑛 = 𝜇𝑞,𝑘−1

𝑛 − 𝜂𝑘
𝑄 ∂𝐽𝑘

∂𝑞𝑞,𝑘−1
𝑛

= 𝜇𝑞,𝑘−1
𝑛 − 𝜂𝑘

𝑄 ∂𝐽𝑘

∂𝑞𝑘−1
𝑛

∂𝑞𝑘−1
𝑛

∂𝑞𝑞,𝑘−1
𝑛  

 

(49) 

The training parameters 
R

k
  and 

Q

k
  are selected based 

on empirical evidence. For relations (46), (47), (48) and (49), 

the following equalities hold:  

∂𝑟𝑘
𝑚

∂𝜆𝑟,𝑘
𝑚 = 𝑟𝑘−1

𝑚 . 𝑠𝑔𝑛(𝜆𝑟,𝑘
𝑚 𝑟𝑘−1

𝑚 + 𝜇𝑟,𝑘
𝑚 ) (50) 

∂𝑟𝑘
𝑚

∂𝜇𝑟,𝑘
𝑚 = 𝑠𝑔𝑛(𝜆𝑟,𝑘

𝑚 𝑟𝑘−1
𝑚 + 𝜇𝑟,𝑘

𝑚 ) (51) 

∂𝑞𝑘−1
𝑚

∂𝜆𝑞,𝑘−1
𝑛 = 𝑞𝑘−2

𝑛 . 𝑠𝑔𝑛(𝜆𝑞,𝑘−1
𝑛 𝑞𝑘−2

𝑛 + 𝜇𝑞,𝑘−1
𝑛 ) (52) 

∂𝑞𝑘−1
𝑛

∂𝑞𝑞,𝑘−1
𝑛 = 𝑠𝑔𝑛(𝜆𝑞,𝑘−1

𝑛 𝑞𝑘−2
𝑛 + 𝜇𝑞,𝑘−1

𝑛 ) (53) 

The provided equations employ the notation sgn  to 

represent the sign function. Furthermore, to calculate k

m

k

J

r




 

and 
1

k

m

k

J

q −




, the following relationship is used. 

∂𝐽𝑘

∂𝑟𝑘
𝑚 =

1

2
𝑡𝑟 (

∂(𝑆𝑘|𝑘−1 − 𝐶̂𝑒𝑘)2

∂𝑟𝑘
𝑚 ) = 

𝑡𝑟 ((
∂𝑆𝑘|𝑘−1

∂𝑟𝑘
𝑚 −

∂𝐶̂𝑒𝑘

∂𝑟𝑘
𝑚 )(𝑆𝑘|𝑘−1 − 𝐶̂𝑒𝑘)) 

(54) 

By utilizing Equations (28) and (40), we can derive the 

following result. 

∂𝐶̂𝑒𝑘

∂𝑟𝑘
𝑚 = 0 (55) 

∂𝑆𝑘|𝑘−1

∂𝑟𝑘
𝑚 =

∂𝑅𝑘

∂𝑟𝑘
𝑚 (56) 

where 
k

m

k

R

r





 is a square matrix with dimension m. Similarly, 

1

k

n

k

J

q −




 for 

1

n

k
q

−
 is expressed as 

∂𝐽𝑘

∂𝑞𝑘−1
𝑛 =

1

2
𝑡𝑟 (

∂(𝑆𝑘|𝑘−1 − 𝐶̂𝑒𝑘)2

∂𝑞𝑘−1
𝑛 ) = 

𝑡𝑟 ((
∂𝑆𝑘|𝑘−1

∂𝑞𝑘−1
𝑛 −

∂𝐶̂𝑒𝑘

∂𝑞𝑘−1
𝑛 )(𝑆𝑘|𝑘−1 − 𝐶̂𝑒𝑘)) 

 (57) 

∂𝐶̂𝑒𝑘

∂𝑞𝑘−1
𝑛 = 0  (58) 

∂𝑆𝑘|𝑘−1

∂𝑞𝑘−1
𝑛 = 𝐻𝑘

∂𝑄𝑘

∂𝑞𝑘−1
𝑛 𝐻𝑘

𝑇  (59) 

where 

1

k

n

k

Q

q
−





 is a square matrix with dimension n. Finally, we 

can express the laws for adapting coefficients as follows:  

𝜆𝑟,𝑘+1
𝑚 = 𝜆𝑟,𝑘

𝑚 − 𝜂𝑘
𝑅 . 𝑟𝑘−1

𝑚 . 𝑠𝑔𝑛(𝜆𝑟,𝑘
𝑚 𝑟𝑘−1

𝑚 + 𝜇𝑟,𝑘
𝑚 ) 

𝑡𝑟 ((
∂𝑅𝑘

∂𝑟𝑘
𝑚) (𝑆𝑘|𝑘−1 − 𝐶̂𝑒𝑘)) 

(60) 

𝜇𝑟,𝑘+1
𝑚 = 𝜇𝑟,𝑘

𝑚 − 𝜂𝑘
𝑅 . 𝑠𝑔𝑛(𝜆𝑟,𝑘

𝑚 𝑟𝑘−1
𝑚 + 𝜇𝑟,𝑘

𝑚 ) 

𝑡𝑟 ((
∂𝑅𝑘

∂𝑟𝑘
𝑚) (𝑆𝑘|𝑘−1 − 𝐶̂𝑒𝑘)) 

 (61) 

𝜆𝑞,𝑘
𝑛 = 𝜆𝑞,𝑘−1

𝑛 − 𝜂𝑘
𝑄

. 𝑞𝑘−2
𝑛 . 𝑠𝑔𝑛(𝜆𝑞,𝑘−1

𝑛 𝑞𝑘−2
𝑛

+ 𝜇𝑞,𝑘−1
𝑛 ) 

𝑡𝑟 ((𝐻𝑘

∂𝑄𝑘−1

∂𝑞𝑘−1
𝑛 𝐻𝑘

𝑇) (𝑆𝑘|𝑘−1 − 𝐶̂𝑒𝑘)) 

 (62) 

𝜇𝑞,𝑘
𝑛 = 𝜇𝑞,𝑘−1

𝑛 − 𝜂𝑘
𝑄

. 𝑠𝑔𝑛(𝜆𝑞,𝑘−1
𝑛 𝑞𝑘−2

𝑛 + 𝜇𝑞,𝑘−1
𝑛 ) 

𝑡𝑟 ((𝐻𝑘

∂𝑄𝑘−1

∂𝑞𝑘−1
𝑛 𝐻𝑘

𝑇) (𝑆𝑘|𝑘−1 − 𝐶̂𝑒𝑘)) 

 

 (63) 

TABLE 3  PARAMETERS OF THE BALL-SCREW-DRIVEN 

SERVOMECHANISM 
Units Value Parameter 

H 0.00525 dL 

H 0.00525 qL 

Ohm 0.9585 R 

_ 8 p 

Nm/rad/s 0.0003035 β 

v/rad/s 0.1827 λ 

_ %90 η 

Kgm2 0.00805512 j 

Mm 20 h 

Kg 16.75 m 

Kg 10 1m 

 

Figure 2 illustrates the block diagram of the proposed 

adaptive filter. As shown, measurements from three linear 

encoders, a camera, and an accelerometer are fed into the 

AEKF/AUKF to estimate all relevant system states.  The 

estimated linear velocity is processed by the feedback filter, 

which subtracts it from the reference input representing the 

desired earthquake ground motion. The resulting velocity 

error is then passed to the FSMC to generate appropriate 

control signals. The proposed method, combining FSMC 

with AEKF/AUKF for shake table control, significantly 

enhances the accuracy and robustness of seismic 

simulations. Its ability to handle system nonlinearities, 

sensor noise, and payload variations improves the reliability 

of shake table tests, thereby contributing to the development 

of safer and more resilient structures.  

 

III. Results of Experimental Setup Testing 

To evaluate the proposed control strategy for regulating 

displacement, velocity, and acceleration, an experimental 

study was conducted at Arak University [26] using a uniaxial 
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earthquake simulator, as shown in Fig. 2. The shake table is 

driven by a PMSM coupled to a ball-screw mechanism, 

capable of achieving a maximum velocity of 100 mm/s and 

an acceleration of 2g, suitable for replicating moderate 

seismic events. The control system includes a servo drive, a 

Windows-based host PC, an ATMega32 microcontroller, an 

Advantech PCI-1716 DAQ card, a SCXI-1000 signal 

conditioner, and analog input modules. A linear encoder with 

5 μm resolution measures the stage displacement, while a 

shaft encoder operating at 2500 pulses per revolution 

monitors the motor shaft angle. An ADXL203 analog 

accelerometer captures horizontal acceleration, and a camera 

operating at 30 fps provides additional displacement 

measurements. The sampling period for model discretization 

and controller implementation is set to 1 ms. Sensor data 

from the linear encoder are transmitted to the microcontroller 

for real-time processing. The parameters of the ball-screw-

driven servomechanism are summarized in Table 3. 

 

 

 The microcontroller calculates the position of the shake 

table and sends it to the DAQ card as a 16-bit word. The 

camera also sends data to the computer via the USB port. 

Acceleration data are also acquired by the DAQ card 

connected to the PC where the control program is 

implemented in MATLAB software. Furthermore, for safety 

reasons two infrared CNY70 limit switches are used to shut 

down the system in case the stage travel exceeds the 

predefined ±90-mm stroke range.  

As calibration is a critical step in ensuring the accuracy 

and reliability of the measurement system. The linear 

encoder, MEMS accelerometer, and camera system is all 

calibrated prior to the experiments. The linear encoder was 

calibrated by comparing its displacement measurements to a 

high-precision micrometer. The MEMS accelerometer was 

calibrated using a vibration table with known acceleration 

profiles. For the camera system, calibration involved 

determining the pixel-to-millimeter conversion factor by 

measuring a target of known dimensions at various 

distances. This process was crucial for minimizing 

 
(a) 

 
(b) 

 
(c) 

 

profiles. For the camera system, calibration involved 

determining the pixel-to-millimeter conversion factor by 

measuring a target of known dimensions at various 

distances. This process was crucial for minimizing 

measurement errors and ensuring the data fusion algorithms 

provided accurate state estimates, enhancing the overall 

methodology. Environmental disturbances such as EMI, 

vibrations, temperature variations, and dust significantly 

affect the performance of measurement sensors within 

control systems. While these challenges cannot be entirely 

eliminated, the integration of noise filtering, sensor 

shielding, and multi-sensor fusion techniques effectively 

mitigates their impact. This study highlights the importance 

of designing resilient control systems to address these issues, 

ensuring reliable operation and high precision in dynamic 

testing environments.  The proposed control framework has 

been successfully implemented on the shake table using 

MATLAB. For evaluation, scaled versions of two significant 

seismic events—namely the Kobe and Chalfant 

4 6 8 10 12 14 16
-50

-40

-30

-20

-10

0

10

20

30

Time (s)

D
is

p
la

c
e
m

e
n
t 

(m
m

)

Kobe (scale=0.5)

 

 

Reference Displacement

 FSMC- AUKF

FSMC- AEKF

6 8 10 12 14 16

-10

-5

0

5

10

Kobe(scale=0.5)

Time(s)

V
e
lo

c
it
y
(c

m
/s

)

 

 

Reference Velocity

FSMC- AUKF

FSMC- AEKF

4 6 8 10 12 14 16

-0.1

-0.05

0

0.05

0.1

0.15

Time(s)

A
c
c
e
le

ra
tio

n
(g

)

Kobe (scale=0.5)

 

 

Raference Acceleration

FSMC- AUKF

FSMC- AEKF

 
Fig.2.The uniaxial earthquake simulator at Arak University 

Fig.3. a Comparison between Reference Displacement (a), 

Velocity (b), and Acceleration (c), for Kobe Earthquake and 

Laboratory Test Results without structure installed on the 

shake table 
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earthquakes—were employed as reference inputs for 

displacement tracking and dynamic response analysis. 

 
(a) 

 
(b) 

 
(c) 

 

 Figures 3(a)–(c) present a comparative assessment of 

tracking performance for different controller configurations, 

particularly the supervisory control scheme that integrates 

AEKF/AUKF-based sensor fusion with FSMC. As shown in 

Figure 3(A), the control system incorporating AEKF fails to 

track the displacement trajectory with sufficient precision. In 

contrast, the control system based on AUKF in conjunction 

with FSMC achieves a significant reduction in displacement 

tracking error.  Similar performance enhancements are 

evident in velocity and acceleration tracking, as depicted in 

Figures 3(B) and 3(C), respectively. These outcomes 

highlight the superior estimation and control capabilities of 

the proposed AUKF-based FSMC framework, 

demonstrating its effectiveness in accurately reproducing 

complex earthquake motion profiles.   When executing the 

adaptive algorithm, the initial values for the parameters 1,r , 

1,r , 0,q , and 0,q  are established. These parameters 

should not be chosen too small, because of the effect of these 

parameters on R and Q. At the beginning of the process, R 

should not be smaller than its real value and Q should not be 

bigger than its real value. Based on the effect that R
k  and 

Q
k  have on R and Q respectively, R

k  is chosen around 0.1 

and Q
k  can be chosen larger or smaller than this value.  

 

 
(a) 

 
(b) 

 
(c) 

 

 Figures 4 (a)–(c) illustrate the trajectory tracking 

performance of the proposed control framework during the 

Chalfant earthquake scenario. The evaluation focuses on 

displacement, velocity, and acceleration responses over a 

representative short time window. Experimental results were 

obtained using real seismic data to assess the method’s 

effectiveness in capturing acceleration dynamics. The 

figures compare the system’s response under AUKF- and 

AEKF-based control strategies against the reference 

Chalfant earthquake records. In all three cases, the AUKF-

based approach consistently outperforms its AEKF 

counterpart, achieving more accurate tracking of the target 
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Fig .4.  A Comparison between Reference Displacement (a), Velocity 

(b), and Acceleration (c), for Chalfant Earthquake and Laboratory Test 

Results without structure installed on the shake table 

Fig.5. (a), Comparison between Reference Displacement, Velocity (b), 

and Acceleration (c) for Kobe Earthquake and Laboratory Test Results 

with structure installed on the shake table 
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trajectories. These comprehensive experimental findings 

reinforce the effectiveness of integrating AUKF with FSMC, 

confirming its superior capability in accurately tracking 

displacement, velocity, and acceleration under realistic 

earthquake conditions. 

According to the findings provided, the incorporation of 

the FSMC and the AUKF-based technique on the shake table 

yielded a notable decrease in errors related to the tracking of 

displacement, velocity, and acceleration. To evaluate the 

resilience of the proposed controller, supplementary shake 

table experiments were performed using a mounted structure 

weighing 11.9 kilograms. Figure 2 depicts the shake table 

along with the structure securely mounted on its surface. 

Tables 4 and 5 provide the root mean square error (RMSE) 

values. These results pertain to designs utilizing both AUKF 

and AEKF in conjunction with FSMC strategy, analyzed 

within the time domain.  The tracking errors presented as 

follows: 

𝐸𝑟𝑟𝑅𝑀𝑆 = [
1

𝑁
∑(𝑥[𝑖] − 𝑥𝑟𝑒𝑓[𝑖])

𝑁

𝑖=0

2

]

1
2

 
 

(64) 

The variable refx  is utilized to represent the signal of 

interest that is to be tracked, which may include parameters 

such as displacement, velocity, or acceleration. Additionally, 

we generate a simulated signal that corresponds to the 

reference signal. The variable N indicates the quantity of 

data points measured in each experiment.  

 

TABLE 4 RMSE WITHOUT STRUCTURE INSTALLED ON 

THE SHAKE TABLE FOR THE KOBE AND 

CHALFANT SAMPLE EARTHQUAKE 

Tracking Error Controller 

and 

Estimator 

Earthqua

ke Acceleratio

n 

Velocity Displaceme
nt 

1.235 1.122 9.12 PID Kobe 

0.932 0.831 0.598 FSMC+EKF 

0.673 0.567 0.471 FSMC+UKF 

0.892 0.499 0.417 FSMC+AEK
F 

0.434 0.311 0.294 FSMC+AUK

F 

1.198 1.108 9.198 PID Chalfant 

0.787 0.606 0.489 FSMC+EKF 

0.690 0501 0.301 FSMC+UKF 

0.553 0.475 0.312 FSMC+AEK

F 

0.484 0.399 0.0923 FSMC+AUK
F 

 

Figures 5(a)–(c) display the system’s performance in 

tracking displacement, velocity, and acceleration under 

conditions involving parametric uncertainty. The 

combination of FSMC and the AUKF-based estimation 

approach exhibited a strong degree of robustness, 

successfully tracking the reference trajectories across all 

dynamic variables. 

 

TABLE 5  RMSE WITH THE STRUCTURE INSTALLED 

ON THE SHAKE TABLE FOR THE KOBE AND 

CHALFANT SAMPLE EARTHQUAKE 
Tracking Error Controller and 

Estimator 

Earthqua

ke 

Accelerati

on 

Veloc
ity 

Displacemen
t 

  

1.465 1.245 9.122 PID Kobe 

1.003 0.912 0.632 FSMC+EKF 

0.765 0.611 0.512 FSMC+UKF 

0962 0.832 0.499 FSMC+AEKF 

0.603 0.457 0.386 FSMC+AUKF 

1.532 1.199 9.987 PID Chalfant 

0.991 0.901 0.622 FSMC+EKF 

0.821 0.609 0.403 FSMC+UKF 

0.9154 0.801
3 

0.5199 FSMC+AEKF 

0.7021 0.514
2 

0.296 FSMC+AUKF 

 

 
(a) 

 
 (b) 

 
(c) 

 

 In contrast, the AEKF-based control strategy failed to 

maintain acceptable tracking accuracy, particularly in the 

presence of model uncertainties. Further insights are 
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Fig.6. (a), Comparison between Reference Displacement, Velocity (b), 

and Acceleration (c), for Chalfant Earthquake and Laboratory Test 

Results with structure 
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provided in Figures 6(a)–(c), which compare the tracking 

performance of the supervisory controllers—specifically the 

integration of FSMC with either AEKF or AUKF—during 

the Chalfant earthquake scenario under uncertainty. The 

results clearly indicate that the FSMC+AUKF configuration 

achieves significantly lower errors across displacement, 

velocity, and acceleration trajectories. This underscores the 

advantage of the proposed adaptive filtering and control 

scheme in uncertain and nonlinear dynamic environments. 

The AUKF-based control consistently outperforms the 

AEKF-based control in trajectory tracking across all 

scenarios, as evidenced by the RMSE in the time domain. 

Extensive experimental results clearly demonstrate that 

combining the AUKF and FSMC techniques with reference 

velocity records yields superior control performance for 

tracking displacement, velocity, and acceleration 

trajectories. In summary, the integration of AEKF/AUKF 

with FSMC significantly enhances the controller's 

adaptability, accuracy, and overall controllability, offering a 

robust control strategy well-suited for earthquake simulator 

applications. Furthermore, the experimental findings 

highlight the AUKF’s notable superiority over the AEKF in 

trajectory tracking, achieving consistently lower RMSE 

values for displacement, velocity, and acceleration. 

Specifically, during the tracking of seismic profiles such as 

the Kobe and Chalfant earthquakes, the AUKF-based system 

demonstrated superior accuracy and stability, even under 

varying conditions and in the presence of parameter 

uncertainties.   

 

TABLE 6  COMPARISON OF CONTROL INPUT 

CHATTERING 

Control Method RMS Voltage(V) Relative Reduction 

Standard SMS 12.45 20% 

Proposed FSMC 4.08 67% 

 

To rigorously validate the proposed FSMC-AUKF 

framework, its performance was compared against PID and 

FSMC-EKF/UKF based controllers under identical 

experimental conditions. As shown in Table 4 and 5, the 

proposed method reduced displacement, velocity, and 

acceleration RMSE by 45–60% compared to PID and 32–

52% compared to FSMC-EKF/UKF. The adaptive noise 

covariance in AUKF outperformed conventional EKF/UKF 

by 18–28%, particularly under payload uncertainties. These 

results confirm that the synergy of fuzzy boundary layer 

adaptation and adaptive filtering uniquely addresses the 

limitations of existing methods in high-precision seismic 

tracking.  Also, to quantify the chattering suppression, the 

RMS values of the control input voltage were computed for 

both the standard SMC and FSMC during the high-frequency 

phase of the Kobe earthquake simulation (10–15 seconds). 

As demonstrated in Table 6, the FSMC reduces the RMS 

voltage from 12.45 V (SMC) to 4.08 V, achieving a 67% 

reduction in chattering. 

     Table 7 presents a comparative analysis of the 

computational cost associated with the implemented 

algorithms (PID, FSMC+EKF, FSMC+UKF, FSMC-AEKF, 

and FSMC-AUKF). All methods were executed on identical 

hardware specifications (Intel Core i7-9700K CPU, 16 GB 

RAM) to ensure a fair comparison. Among the evaluated 

approaches, FSMC-AUKF exhibits a higher computational 

burden compared to the conventional PID controller, 

primarily due to the incorporation of adaptive filtering 

mechanisms and fuzzy inference systems. Nonetheless, this 

increased computational demand is justified by the 

significantly enhanced tracking performance offered by the 

FSMC-AUKF method. 

 

TABLE 7  COMPARISONS OF COMPUTATIONAL COST 

Computational Cost Controller and Estimator 

0.12 PID 

0.15 FSMC+EKF 

0.17 FSMC+UKF 

0.165 FSMC+AEKF 

0.19 FSMC+AUKF 

 

IV. Conclusion 

This paper presented the development and application of 

a novel supervisory controller combining FSMC with AEKF 

and AUKF techniques for precise motion control of a 

laboratory-scale shake table. A structure was employed to 

mitigate chattering in the sliding mode control input, thereby 

improving the operational lifespan of the electric motors.  An 

adaptive recursive method for noise covariance estimation 

was proposed, offering low computational complexity while 

ensuring the non-negativity of covariance matrix elements. 

Optimal state estimation was achieved through sensor 

fusion, integrating encoder, accelerometer, and camera data 

using Kalman filtering techniques. This fusion effectively 

compensated for sensor faults, maintaining system 

performance even under partial sensor failure. The image 

processing approach also demonstrated strong performance 

at a low cost.  Through the proposed methodology, accurate 

estimation of the table velocity, previously unmeasurable, 

was accomplished using AEKF and AUKF. Two 

experimental setups were designed: one integrating FSMC 

with AUKF, and the other with AEKF. Results demonstrated 

that the proposed controller successfully suppressed 

excessive vibrations caused by the system’s inherent 

flexibility. Furthermore, AUKF consistently achieved higher 

estimation accuracy compared to AEKF, despite similar 

computational complexity. Experimental validation using 

the Chalfant and Kobe earthquake records confirmed the 

controller’s robustness in both stability and performance.  

While the experimental results are promising, several 

limitations must be acknowledged. The experiments were 

conducted on a laboratory-scale shake table with specific 

configurations. Broader validation across diverse payloads, 

actuator types, and environmental conditions is necessary for 
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generalization. Moreover, challenges such as latency, 

hardware constraints, and unmodeled dynamics, typical in 

industrial applications, were not fully addressed.  Future 

work will focus on extending validation to large-scale shake 

tables, integrating deep learning-based adaptive control 

methods, and optimizing computational efficiency for real-

time embedded system implementation. These efforts aim to 

bridge the gap between laboratory research and industrial 

application. 
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As power systems rapidly expand and the demand for uninterrupted power supply to 

network loads increases, ensuring the safe and stable operation of these systems has 

become crucially important. However, conducting dynamic stability assessments with 

detailed dynamic models is nearly impossible in today’s complex power networks. The 

introduction of Phasor Measurement Units (PMUs) has paved the way for new stability 

evaluation techniques that rely on real-time measurement data. A common limitation of 

most measurement-based techniques is their vulnerability to noise in the data. While 

some newer methods offer improved noise resistance, they are often hindered by high 

computational demands and slow processing times, limiting their practical use. This 

paper developed a measurement-based method that uses power spectral density (PSD) 

and cross-spectral density (CSD) to achieve a more precise estimation of low-frequency 

oscillations in power systems. Simulation results on the IEEE 14-bus and 39-bus test 

systems, tested under both noisy and noise-free conditions, show that the proposed 

method yields more accurate frequency and oscillation shape estimates, even when 

measurement noise is present. Additionally, the Prony algorithm, a well-known 

measurement-based method, is also implemented, and its high sensitivity to noisy data 

is demonstrated. 

 

NOMENCLATURE    

𝐻 Inertia constant of the generator-turbine system 𝐾𝑆 Synchronizing coefficient 

ω Rotor speed 𝐾𝐷 Damping coefficient 

ω𝑜 Synchronous electrical speed 𝐴 State matrix 

Δω𝑟 Rotor speed deviation (per unit) 𝐵 Input matrix 

δ Rotor angle 𝑥(𝑡) State vector 

Δδ Rotor angle deviation 𝑢(𝑡) Input vector 

𝑃𝑚𝑒𝑐ℎ Mechanical power input 𝑧𝑖(𝑡) Modal state of the i-th mode 

𝑃𝑒 Electrical power output λ𝑖 Eigenvalue of the i-th mode 

𝑇𝐷 Damping torque 𝑅𝑖 , 𝐿𝑖 Right and left eigenvectors corresponding to λᵢ 

𝑃𝐷 Damping power 𝑆𝑘𝑘(𝜔) Power Spectral Density (PSD) of signal 𝑦𝑘 

𝑋𝑇 Total reactance (machine + line) 𝑆𝑘𝑙(𝜔) Cross Spectral Density (CSD) between signals 𝑦𝑘 and 𝑦𝑙 

𝑋𝐷́ Transient reactance of the generator 𝑌𝑘(𝜔) Fourier transform of signal 𝑦𝑘(𝑡) 

𝑋𝐸 Line reactance 𝑍𝑖(𝜔) Frequency domain representation of modal response 

𝐸́ Internal transient voltage 𝑆𝑥
𝜔(𝜔𝑘) Welch’s averaged periodogram estimate 

𝐸𝐵 Infinite bus voltage   

 

I. Introduction 

Recent operational experience with multi-machine power 

systems has revealed that power oscillations, especially 

during heavy loading of transmission lines, are common 

occurrences. When these oscillations persist or intensify, 

they pose a significant risk to the overall stability of the 

system [1–8]. Under such conditions, the rotors of 

synchronous generators begin to oscillate, which in the worst 

case can lead to a total loss of synchronism within the whole 
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network [9]. The large-scale blackout in the Western 

Electricity Coordinating Council (WECC) region in 1996 

highlighted to operators and power system engineers the 

vital need for effective monitoring and control of low-

frequency oscillations [10]. 

Consequently, precise and real-time detection of low-

frequency oscillations within today’s complex multi-

machine power networks is crucial for preserving system 

synchronism and averting large-scale blackouts. Current 

research on identifying these oscillatory modes generally 

falls into two primary approaches: 

• Model-based analytical methods that utilize 

dynamic system representations,  

• Measurement-based techniques grounded in signal 

processing. 

Traditional model-based approaches, such as modal 

analysis, require linearizing the system around a stable 

operating point, and the identification of oscillatory modes 

depends heavily on having detailed knowledge of the 

system’s dynamic model [11]. However, obtaining accurate 

models of large-scale, interconnected power networks is 

highly challenging and frequently unreliable. Moreover, 

even assuming full model availability, developing a real-time 

control system capable of rapidly and precisely responding 

to system oscillations remains practically unfeasible. 

Conversely, the advent of Phasor Measurement Units 

(PMUs) and the implementation of Wide Area Measurement 

Systems (WAMS) have facilitated the provision of high-

resolution, time-synchronized data to control centers [12]. 

This technological progress has enabled the application of a 

variety of signal processing techniques for oscillation 

analysis, such as Fast Fourier Transform (FFT) [13], wavelet 

transform [14], Prony analysis [15], Stochastic Subspace 

Identification (SSI) [16], Auto-Regressive Moving Average 

(ARMA) modeling [17], and Hilbert-Huang Transform 

(HHT) [18]. While these methods facilitate faster detection 

of oscillatory phenomena, they also present inherent 

limitations. For instance, the Fast Fourier Transform (FFT) 

estimates only the dominant frequency and cannot track 

instantaneous damping, rendering it ineffective for analyzing 

nonlinear or non-stationary signals. The Wavelet Transform 

utilizes localized wavelets with finite duration and zero mean 

[19]. Despite its strength in capturing time-frequency 

characteristics, it encounters challenges such as frequency 

overlap and difficulties in selecting appropriate wavelet 

bases. 

Prony analysis, as a well-known measurement-based 

method, can rapidly extract dominant oscillatory modes but 

is highly sensitive to noise and becomes unreliable when 

multiple signal components coexist [20]. Comparative 

studies with FFT and eigenvalue analysis [21], [22] have 

demonstrated Prony’s superiority in extracting oscillatory 

features. A modified Prony technique incorporating signal 

subspace theory was proposed in [23] to mitigate noise 

sensitivity; however, it still exhibits some vulnerability to 

noise. Another approach based on noise subspace 

decomposition, introduced in [24], identifies low-frequency 

modes by applying a median filter to reduce variability in 

mode estimation. Comparative analyses indicate this method 

surpasses conventional Prony analysis in terms of frequency 

standard deviation and damping accuracy [25], [26]. 

Several investigations [27–30] have employed subspace 

estimation methods, such as Principal Component Analysis 

(PCA) and Stochastic Subspace Identification (SSI), for low-

frequency oscillation parameter identification. These 

methods generally outperform Prony analysis in parameter 

estimation. Nevertheless, both Prony and SSI techniques 

face challenges in accurately estimating model order under 

high-noise conditions, often leading to misidentification of 

oscillatory modes. 

Despite the relative promise of these recent methods, their 

accuracy remains compromised in noisy signal 

environments. In response, this paper developed a spectral 

analysis approach based on PMU measurement data, 

utilizing Power Spectral Density (PSD) and Cross-Spectral 

Density (CSD) functions. This method aims to reduce noise 

sensitivity while enabling more accurate detection of low-

frequency oscillations. 

The remainder of this paper is organized as follows: 

Section 2 outlines the theoretical background of small-signal 

stability in power systems. Section 3 details the PSD and 

CSD methodologies. Section 4 introduces the IEEE 14-bus 

and 39-bus test systems and describes the simulation 

scenarios. Section 5 presents and discusses the simulation 

results. Finally, Section 6 offers conclusions and suggestions 

for future research. 

 

II. Small-Signal Stability Fundamentals 

In multi-machine power systems, small-signal stability is 

commonly defined as follows [2]: 

“Small-signal stability refers to the ability of a power 

system to return to a steady operating condition following a 

small physical disturbance.” 

A fundamental assumption in this definition is that the 

system maintains coherence and that the oscillations remain 

limited in magnitude following a disturbance. Consequently, 

this form of stability is commonly known as small-signal 

stability. 

 

A. Rotor Angle Stability 

When a disturbance takes place in the system, the rotors 

of synchronous generators experience acceleration, resulting 

in variations in rotor angle and speed. In extreme cases, these 

deviations may lead to a loss of synchronism among 

generators. This behavior is typically represented by the 

swing equation. To facilitate stability analysis in multi-

machine systems, the classical Single-Machine Infinite Bus 

(SMIB) model is often employed as a simplification. Figure 
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1 illustrates the simplified representation of an SMIB 

system. 

 
Fig. 1. Simplified SMIB System Model [5] 

For an n-machine system, the motion equation of the ith 

machine is given by: 

(1) 
𝑑𝜔𝑖

𝑑𝑡
=

𝜔𝑖

2𝐻𝑖
(𝑃𝑚𝑒𝑐ℎ𝑖

− 𝑃𝑒𝑖
− 𝑃𝐷𝑖

) 

Here, 𝐻𝑖 is the inertia constant, 𝜔𝑖 is the rotor speed, 

𝑃𝑚𝑒𝑐ℎ𝑖
  and 𝑃𝑒𝑖

 are the mechanical and electrical powers, and 

𝑃𝐷𝑖
 represents the damping power (a non-physical term used 

to model system damping). 

According to Figure 1, the system current and apparent 

power can be defined as: 

(2) 𝐼𝑡 =
𝐸′∠𝛿 − 𝐸𝐵∠0

𝑗𝑋𝑇
  .  𝑋𝑇 = 𝑋𝑑

′ + 𝑋𝐸 

(3) 

𝑆′ = 𝑃 + 𝑗𝑄′ = 𝐸′𝐼𝑡
∗ 

=
𝐸′𝐸𝐵 𝑠𝑖𝑛 𝛿

𝑋𝑇
+ 𝑗

𝐸′(𝐸′ − 𝐸𝐵 𝑐𝑜𝑠 𝛿)

𝑋𝑇
 

where: 

𝐸𝐵: Infinite bus voltage 

𝐸′: Internal transient voltage 

𝑋𝑇: Total reactance (machine + line) 

𝛿: Rotor angle (the angular difference between 𝐸′ and 𝐸𝐵) 

In the per-unit system and under small deviation 

assumptions, the electrical torque equals the electrical 

power. Hence: 

(4) 𝑃𝑒(𝛿) = 𝑇𝑒(𝛿) =
𝐸′𝐸𝐵 𝑠𝑖𝑛 𝛿

𝑋𝑇
 

𝑑𝜔𝑖

𝑑𝑡
=

𝜔𝑖

2𝐻𝑖
(𝑃𝑚𝑒𝑐ℎ𝑖

− 𝑃𝑒𝑖
− 𝑃𝐷𝑖

) 

As illustrated in Figure 2, rotor angle oscillations 

correspond directly to variations in power. This relationship 

forms the basis for measurement-based techniques used to 

evaluate small-signal stability. 

 
Fig. 2. Rotor Angle vs. Power Curve 

Electromechanical oscillations naturally exist in power 

systems and depend on the slope of the 𝑃 − 𝛿 curve. A 

steeper slope corresponds to a smaller ∆𝛿 for the same ∆𝑃, 

implying a higher oscillation frequency [5]. 

From equation (4), the derivative of the electrical torque 

with respect to 𝛿 is: 

(5) ∆𝑇𝑒(𝛿) =
𝜕𝑇𝑒

𝜕𝛿
∆𝛿

𝐸′𝐸𝐵 𝑐𝑜𝑠 𝛿0

𝑋𝑇
∆𝛿 = 𝐾𝑆∆𝛿 

Here, 𝐾𝑆 is the synchronizing coefficient. The linearized 

swing equation can be expressed as: 

(6) 
𝑑

𝑑𝑡
∆𝜔𝑟 =

1

2𝐻
(𝑇𝑚 − 𝑇𝑒 − 𝐾𝐷∆𝜔𝑟) 

(7) 𝑑

𝑑𝑡
∆𝛿 = 𝜔0∆𝜔𝑟 

where: 

∆𝜔𝑟: Rotor speed deviation 

𝛿: Rotor angle 

𝜔0: Base electrical speed 

𝐾𝐷: Damping coefficient 

In state-space form: 

(8) 
𝑑

𝑑𝑡
[
∆𝜔𝑟

∆𝛿
] = [

−𝐾𝐷

2𝐻

−𝐾𝑆

2𝐻
𝜔0 0

] [
∆𝜔𝑟

∆𝛿
] + [

1

2𝐻
0

] ∆𝑇𝑚 

Or more compactly: 

(9) ∆𝑋̇ = 𝐴∆𝑋 + 𝐵𝑈 

Here, 𝐴 is the system state matrix. The eigenvalues of 𝐴 

determine system stability and form the foundation of 

model-based techniques such as modal analysis. Obtaining 

this matrix, however, requires precise knowledge of network 

dynamic parameters and accurate modeling of all dynamic 

elements. 

 

III. Developed method 

In future power systems, the use of signal processing 

techniques will become indispensable. The introduction of 

Phasor Measurement Units (PMUs) and the advancement of 

Wide-Area Monitoring Systems (WAMS) have made high-

resolution, time-synchronized measurement data readily 

available to control centers. Within this framework, and 

assuming full system observability, spectral analysis 

methods such as Power Spectral Density (PSD) and Cross-

Spectral Density (CSD) are developed as effective tools for 

assessing small-signal stability using PMU data. 

 

B. Mathematical Frameworks  

Assuming small disturbances in a multi-machine power 

system, the linearized differential equations around a stable 

operating point can be expressed as follows [2–5]: 

(10) ẋ(t) = Ax(t) + Bu(t) 

In typical multi-machine power systems, the input vector 

u(t) is modeled as a random disturbance caused by stochastic 

load switching events. Using eigenvalue decomposition, the 

system equations in (10) can be diagonalized. The 

eigenvalues and corresponding eigenvectors are defined as: 

(11) |𝜆𝑖𝐼 − 𝐴| = 0 

(12) 𝐴𝑅𝑖 = 𝜆𝑖𝑅𝑖 

(13) 𝐿𝑖𝐴 = 𝜆𝑖𝐿𝑖 

where 𝜆𝑖 is the i-th eigenvalue, and 𝑅𝑖 and 𝐿𝑖 are the 

corresponding right and left eigenvectors, respectively. The 

identity matrix 𝐼 is of size 𝑛 × 𝑛. These eigenvectors can be 

organized into matrices: 

(14) 𝑅 = [𝑅1 … 𝑅𝑛] 
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𝐿 = [
𝐿1

⋮
𝐿𝑛

] 

These matrices satisfy the biorthogonality condition: 

(15) 𝑅 × 𝐿 = 𝐼 
𝑑𝜔𝑖

𝑑𝑡
=

𝜔𝑖

2𝐻𝑖
(𝑃𝑚𝑒𝑐ℎ𝑖

− 𝑃𝑒𝑖
− 𝑃𝐷𝑖

) 

A linear transformation is applied as: 

(16) zi(t) = li x(t) 

This leads to the diagonalized system: 

(17) L × A × R = diag(λi) 

Thus, the system dynamics are transformed into modal 

coordinates: 

(18) 𝑧̇i(t) = λizi(t) + liBu(t) 
𝑑𝜔𝑖

𝑑𝑡
=

𝜔𝑖

2𝐻𝑖
(𝑃𝑚𝑒𝑐ℎ𝑖

− 𝑃𝑒𝑖
− 𝑃𝐷𝑖

) 

Here, zi(t) represents the response of the i-th mode to the 

input u(t). Each state can then be reconstructed using the 

right eigenvectors: 

(19) x(t) = ∑ zi(t)ri

𝑛

𝑖=1

 

𝑑𝜔𝑖

𝑑𝑡
=

𝜔𝑖

2𝐻𝑖
(𝑃𝑚𝑒𝑐ℎ𝑖

− 𝑃𝑒𝑖
− 𝑃𝐷𝑖

) 

To analyze modal contributions in the frequency domain, 

we define the spectral functions [31]: 

(20) 𝑆𝑘𝑙(𝜔) = lim
𝑇→∞

1

𝑇
𝐸{𝑌𝑘

∗(𝜔)𝑌𝑙(𝜔)} 

(21) 
𝑆𝑘𝑘(𝜔) = lim

𝑇→∞

1

𝑇
𝐸{𝑌𝑘

∗(𝜔)𝑌𝑘(𝜔)} 

Here, 𝑆𝑘𝑙(𝜔) is the cross-spectral density (CSD) between 

two signals 𝑦𝑘 and 𝑦𝑙, and 𝑆𝑘𝑘(𝜔) is the power spectral 

density (PSD) of signal 𝑦𝑘. The terms 𝑌𝑘(𝜔)and 𝑌𝑙(𝜔) are 

Fourier transforms of the respective time-domain signals, 

and 𝐸{} is the expectation operator. 

(22) 

𝑆𝑘𝑙(𝜔)

= lim
𝑇→∞

1

𝑇
𝐸{(∑ 𝑍𝑟(𝜔)𝑅𝑟,𝑘)

𝑛

𝑟=1

∗

(∑ 𝑍𝑝(𝜔)𝑅𝑝,𝑙)

𝑛

𝑝=1

} 

By applying the Fourier transform to equation (18): 

(23) 𝑍𝑖(𝜔) =
𝐿𝑖𝐵𝑈(𝜔)

𝑗𝜔 − 𝜆𝑖
 

Assuming 𝜆𝑖 is a lightly damped mode  

(24) 𝜆𝑖 = 𝛼𝑖 + 𝑗𝜔𝑖 

where 𝛼𝑖 ≪ 𝜔𝑖, and substituting 𝜔 = 𝜔𝑖 into the spectral 

expression, we approximate: 

(25) 𝑆𝑘𝑙(𝜔𝑖) ≅ lim
𝑇→∞

1

𝑇
𝐸{(𝑍𝑖(𝜔𝑖)𝑅𝑖.𝑘)∗(𝑍𝑖(𝜔𝑖)𝑅𝑖.𝑙)} 

Since 𝑅𝑖.𝑘 and 𝑅𝑖.𝑙  are constants: 

(26) 𝑆𝑘𝑙(𝜔𝑖) ≅ 𝑅𝑖.𝑘
∗𝑅𝑖.𝑙 [ lim

𝑇→∞

1

𝑇
𝐸{|𝑍𝑖(𝜔𝑖)|2}] 

Due to the stochastic nature of disturbances, this 

expectation term converges to a fundamental constant 

representing the variance at the mode frequency. Thus, the 

CSD angle can be approximated as: 

(27) ∠𝑆𝑘𝑙(𝜔𝑖) ≅ ∠𝑅𝑖.𝑙 − ∠𝑅𝑖.𝑘 

If 𝑘 = 1, the PSD of the signal becomes: 

(28) 𝑆𝑘𝑘(𝜔𝑖) ≅ |𝑅𝑖.𝑘|2 [ lim
𝑇→∞

1

𝑇
𝐸{|𝑍𝑖(𝜔𝑖)|2}] 

Equations (27) and (28) are used to estimate the oscillation 

mode shape. Accurate PSD and CSD estimation requires 

synchronized measurements over a sufficiently long time 

interval. In this paper, Welch’s method is employed for 

estimating the PSD and CSD from PMU data. 

Using Welch averaging: 

(29) 𝑆𝑥
𝑊(𝜔𝑘) ≜

1

𝐾
∑ 𝑃𝑥𝑚.𝑀

(𝜔𝑘)

𝐾−1

𝑚=0

 

For a rectangular window 𝜔𝑛, the periodograms are 

computed from non-overlapping data blocks. With other 

windows, overlapping frames are typically used. 

IV. Case Study 

To assess the effectiveness of the proposed PSD and CSD 

methods in estimating local and inter-area oscillatory modes 

within multi-machine power systems, simulations are 

performed on two standard IEEE test systems—the 14-bus 

and 39-bus networks. The simulations consider both ideal 

(noise-free) and noisy measurement conditions. 

Furthermore, the results are compared against those obtained 

from modal analysis, a model-based approach, as well as 

Prony analysis, a measurement-based (model-free) 

technique. 

Dynamic simulations and modal analysis are performed 

using DIgSILENT PowerFactory 15.1, which includes 

predefined 14-bus and 39-bus standard systems. In order to 

implement the Prony method, the Signal Processing Toolbox 

in MATLAB R2022a is utilized. 

C. 14-Bus and 39-Bus Description 

 
Fig. 3. IEEE 14-Bus Single-Line Diagram 

The IEEE 14-bus system includes: 

• 14 buses 

• 5 generator units 

• 11 loads 

• 20 transmission lines 

• 3 transformers connecting different voltage levels 

Nominal voltage levels: 

• Buses 1 to 5: 132 kV 
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• Buses 6, 9 to 14: 33 kV 

• Bus 7: 1 kV 

• Bus 8: 11 kV 

 
Fig. 4. IEEE 39-Bus Single-Line Diagram 

All data are obtained from [32], representing a standard 

benchmark for power system stability analysis. 

The IEEE 39-bus system is well known as a 10-machine 

New-England power system, where Generator 1 represents 

the aggregation of a large number of generators. The system 

includes [33]: 

• 39 buses 

• 10 generator units 

• 18 loads 

• 46 transmission lines 

• 12 transformers connecting different voltage levels 

 

D. Simulation Scenarios 

To evaluate the proposed method, two simulation 

scenarios are considered for both the 14-bus and 39-bus test 

systems. In each system, after dynamic simulations, modal 

analysis, a developed method, and the Prony algorithm are 

implemented to compare their effectiveness. 

• Ideal Case: 

In this scenario, the measured signal is analyzed directly. 

For instance, variations of active power flow or bus 

frequency are recorded immediately following a small-

signal disturbance. These measurements are captured 

directly from signal recordings in DIgSILENT and are 

used as inputs for comparison of different approaches. 

•  Noisy Case: 

To emulate the uncertainties present in actual 

measurement conditions, Gaussian white noise is added to 

the recorded signals. This simulates real-world PMU data 

that may be affected by noise. After the disturbance, a 

white Gaussian noise with zero mean is added to the 

measured signals, which are then used as inputs for 

comparison of different approaches. 

 

E. Modal Analysis 

Before applying measurement-based methods, oscillatory 

modes of 14-bus and 39-bus systems are calculated using 

modal eigenvalue analysis to serve as the basis for 

comparisons. It should be noted that modal analysis is done 

using predefined models of DIgSILENT Power Factory, 

where the eigenvalues are calculated using the QR method 

through system reduction. The obtained eigenvalue plots, 

indicating oscillatory modes of 14-bus and 39-bus systems, 

are shown in Figure 5 and Figure 6, respectively. 

 

 
Fig. 5. Eigenvalue plot of 14-bus system 

 
Fig. 6. Eigenvalue plot of 39-bus system 

As observed in Figure 5 and Figure 6, there are four 

dominant oscillatory modes in the 14-bus and nine 

oscillatory modes in the 39-bus systems, whose 

specifications are listed in the following tables, respectively. 
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TABLE I OSCILLATORY MODES OF THE 14-BUS 

SYSTEM 

Mode No. Frequency (Hz) Damping (1/s) Mode Shape 

1 1.36 0.51 G1, G2 vs. G5 

2 1.60 0.80 G1 vs. G3 

3 1.66 0.96 G3 vs. G2 

4 2.21 1.56 G1 vs. G2 

 

TABLE II OSCILLATORY MODES OF THE 39-BUS 

SYSTEM 

Mode No. Frequency (Hz) Damping (1/s) Mode Shape 

1 1.32 1.51 G8 vs. G10 

2 1.13 1.08 G9 vs. G8, G10 

3 1.30 0.99 G5 vs. G4, G6, G7 

4 1.30 1.01 G5 vs. G4, G6 

5 1.07 0.85 G5, G4 vs. G7, G6 

6 1.08 0.61 G3 vs. G2 

7 0.87 0.54 G9 vs. G2, G3 

8 0.94 0.52 G4-G7 vs. G2, G3 

9 0.66 0.37 G1 vs. grid 

 

F. Developed Method Simulations 

To evaluate the effectiveness of the developed methods, 

simulations are carried out under two scenarios: Ideal and 

Noisy conditions, and the obtained results are compared with 

those from modal analysis.  

Ideal Case Simulation: 

In this case, simulations are conducted on both 14-bus and 

39-bus systems. In each system, the oscillatory modes are 

identified using a developed method and the Prony algorithm 

as measurement-based methods. In addition, the results are 

verified compared to a realistic modal specification that has 

been obtained via modal analysis as a model-based method. 

IEEE 14-bus test system 

In the 14-bus system, a three-phase-to-ground fault is 

simulated on the transmission line, connecting bus2-bus4, at 

second 2 for a duration of 200ms. The fault is cleared at 2.2 

s, occurring at the midpoint of the 132 kV transmission line. 

In practice, synchronized rotor angle and rotor speed signals 

are not directly measurable, although they contain detailed 

modal information. Thus, the evaluation is performed using 

PMU-accessible signals such as active power. 

 
Fig. 7. Active power variation on Line2–4 under 200-ms fault in 

14-bus system 

 
Fig. 8. Voltage variation at Bus 2 under 200-ms fault in 14-bus 

system 

Since PMUs can capture time-synchronized power and 

voltage data, these are used in the analysis. As shown in 

Figure 7, the power flow initially measures 56.17 MW, and 

after the disturbance, the system stabilizes, and the power 

flow returns to its original level. Similarly, the per-unit 

voltage at Bus 2, shown in Figure 8, also returns to pre-fault 

levels. The PSD method is then applied to the active power 

signal of Line2–4. From Figure 9, two dominant oscillation 

frequencies—1.66 Hz and 1.36 Hz—are identified, 

corresponding to Modes 1 and 3 in Table 1. This confirms 

that the PSD method can accurately estimate modal 

frequencies without requiring the system model. From 

repeated simulations, the following key insights were 

obtained: 

• Oscillatory modes are more evident in line power 

flow signals than in bus voltage signals. 

• Other oscillatory modes can also be identified in 

different line power signals. For better reliability, it 

is recommended to use multiple signals for robust 

mode estimation. 

• The time window for PSD input must start a few 

milliseconds after fault clearance (e.g., ~100 ms) 

and end before the oscillations have fully decayed. 

 
Fig. 9. PSD result for Line2–4 power signal in 14-bus system 
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To compute the CSD, the voltage angle of one generator 

bus must be used as a reference. In the IEEE 14-bus system, 

Generator 1 (with 1.06pu and 0° angle) is chosen as the 

reference. Then, CSD is applied to the generator's bus 

frequency signals. The variation of generator buses' 

frequency during the fault occurrence and after its clearance 

is shown in Figure 10.  

Corresponding CSD to Figure 10 is illustrated in Figure 

11. As can be seen in Figure 11, at 1.36 Hz, Buses 1, 2, and 

3 oscillate against Buses 6 and 8. At 1.66 Hz, Buses 3 and 6 

oscillate against Buses 1 and 8. These coherent groupings 

confirm the effectiveness of the CSD method in identifying 

mode shapes. 

 
Fig. 10. Generator bus frequency variations during the 200-ms 

fault in 14-bus system 

 
Fig. 11. CSD phase analysis of generator bus frequencies in 14-bus 

system 

IEEE 39-bus test system 

In the 14-bus system, a three-phase-to-ground fault is 

simulated on the transmission line, connecting bus14-bus4, 

at second 2 for a duration of 200ms. The fault is cleared at 2.2 

s, occurring at the midpoint of the transmission line. In 

practice, synchronized rotor angle and rotor speed signals are 

not directly measurable, although they contain detailed 

modal information. Thus, the evaluation is performed using 

PMU-accessible signals such as active power and bus 

voltage. The variation of the total active power of line 14-4 

is indicated in Figure 12. Same as previous simulations, the 

PSD is applied to the active power signal captured from 

PMU data. The corresponding PSD to Figure 12 is illustrated 

in Figure 13. 

As can be observed in Figure 13, the dominant oscillation 

frequency of 0.66 Hz is well identified, corresponding to 

Mode 9 in Table II. This confirms that the PSD method can 

accurately estimate modal frequencies without requiring the 

system model. It should be noted that other modes could be 

obtained by applying PSD to different power signal 

variations. The power variation of Line14-4 provides the 

exact information of the ninth mode.  

 

 
Fig. 12. Active power variation on Line14-4 under 200-ms fault in 

39-bus system 

 
Fig. 13. PSD result for Line14-4 power signal in 39-bus system 
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Fig. 14. Generator bus frequency variations during the 200-ms 

fault in 39-bus system 

 
Fig. 15. CSD phase analysis of generator bus frequencies in 

39-bus system 

To calculate the Cross-Spectral Density (CSD), the voltage 

angle of a generator bus must be considered as a reference. 

In the 39-bus system, Generator 1—which represents an 

aggregation of multiple generators—is selected as this 

reference. The frequency variations of all ten generator buses 

following the three-phase fault are depicted in Figure 14. 

Subsequently, CSD is applied to the frequency signals of the 

generator buses, with the results shown in Figure 15. As 

illustrated, at approximately 0.66 Hz, Generator 1 (red line) 

oscillates against the other generators. Figure 15 provides 

additional detailed information regarding the oscillatory 

interactions among generators across the grid, which 

correspond directly to the mode shapes of various oscillatory 

modes. While multiple details can be extracted, the primary 

focus here is the generator's behavior at the 0.66 Hz 

frequency. These coherent groupings validate the 

effectiveness of the CSD method in accurately identifying 

mode shapes. 

 

G. Simulation under Noisy Conditions (SNR = 30) 

In this section, all simulations are repeated under the noisy 

conditions. 

IEEE 14-bus test system 

In this scenario, white Gaussian noise with an SNR of 30 

is added to the active power flow signal of Line2–4 in the 14-

bus system. The results of the PSD analysis are presented in 

Figure 16. As shown, the two dominant frequencies—1.66 

Hz and 1.36 Hz—are still clearly identifiable, while the peak 

magnitudes are a little bit lower in comparison to ideal 

conditions. After identifying the modal frequencies, the CSD 

function is applied to the noisy generator bus frequency 

signals (Figure 17). 

The results indicate that the oscillatory behavior of the 

generators remains consistent with the ideal case. Despite the 

added noise, the CSD outputs are not significantly degraded, 

confirming the noise immunity of the proposed methods. 

 

 
Fig. 16. PSD result for Line2–4 with SNR = 30 in 14-bus system 

 
Fig. 17. Corresponding CSD to generator frequencies with SNR = 

30 in 14-bus system 

IEEE 39-bus test system 

All the simulations are repeated for the 39-bus system 

under noisy conditions. The PSD corresponding to the active 

power flow signal of Line14-4 in the 39-bus system is 

indicated in Figure 18. As can be seen, the dominant 

frequency 0.66 Hz is still clearly identifiable, while the peak 
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magnitudes are a little bit lower in comparison to ideal 

conditions. After identifying the modal frequencies, the CSD 

function is applied to the noisy generator bus frequency 

signals. Corresponding CSD results are shown in Figure 19. 

As can be seen, the oscillatory behavior of the generators 

remains consistent with the ideal case. Despite the added 

noise, the CSD outputs are not significantly degraded, 

confirming the noise immunity of the developed methods. 

 
Fig. 18. PSD result for Line14–4 with SNR = 30 in 39-bus system 

 
Fig. 19. Corresponding CSD to generator frequencies with SNR = 

30 in 39-bus system 

H. Prony Algorithm  

In order to prove the robustness of the developed method, 

the results are compared with the Prony algorithm as a 

measurement-based method under ideal and noisy 

conditions. The comparison is done for the 39-bus case 

study. The same input data that has been used for PSD 

calculation is set as the Prony algorithm input.  

    It should be noted that the raw data obtained from the 

dynamic simulation is exported from DIgSILENT Power 

Factory version 15.1.7 and then imported to MATLAB 

R2022a, where the Prony algorithm is applied via Signal 

Processing Toolbox. Simulation results for the ideal case and 

 
Fig. 20. Prony algorithm in ideal case in 39-bus system 

 
Fig. 21. Prony algorithm in noisy case in 39-bus system 

It should be noted that the raw data obtained from the 

dynamic simulation is exported from DIgSILENT Power 

Factory version 15.1.7 and then imported to MATLAB 

R2022a, where the Prony algorithm is applied via Signal 

Processing Toolbox. Simulation results for the ideal case and 

noisy case are shown in Figure 20 and Figure 21, 

respectively. 

As can be seen, in the ideal condition without considering 

noise, the Prony algorithm estimates the frequency near its 

real value, 0.66 Hz, with the minimum error. However, the 

probability plot in Figure 21 proves the Prony inefficiency 

under noisy conditions exactly as other papers in the 

literature review.  Therefore, the Prony algorithm accuracy 

is highly degraded under noisy conditions.  

 

I. Interpretation of Results 

The comparative evaluation of model-based (modal 

analysis) and measurement-based (developed method and 

Prony algorithm) methods yields the following key findings: 
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• Model-based techniques, such as modal analysis, require 

accurate dynamic modeling of all system components, 

particularly synchronous generators. While this is feasible 

for small benchmark systems, such as the IEEE 14-bus, it 

becomes impractical for large interconnected power 

networks due to the lack of complete and precise dynamic 

data. 

• A significant outcome of this study is that measurement-

based methods can reveal oscillatory modes in various 

system signals. For PSD, long transmission line power 

signals are most suitable, while for CSD, bus frequencies 

are the best input signals. 

• The timing of the analysis window is critical for 

measurement-based methods. The time window should 

begin a few milliseconds (approximately 100ms) after 

fault clearance and end before the oscillations fully decay. 

Early signal portions only reflect transient dynamics and 

do not accurately contain modal information. 

• The estimated frequencies from the developed method 

closely match the results from modal analysis. For 

instance, modal analysis detects modes at 1.36 Hz and 

1.60 Hz, while the developed method estimates them as 

1.359 Hz and 1.659 Hz. Even under noisy conditions 

(SNR = 30), estimated values remain highly accurate. 

• Whether in ideal or noisy environments, the CSD method 

correctly identifies oscillatory relationships among 

generators. Given its speed and accuracy, it can be used 

for preventive control and mitigation of wide-area 

blackouts. 

• An important operational insight is that long inter-area 

transmission lines are particularly prone to initiating 

system-wide instability, especially when heavily loaded. 

Monitoring power flow across these lines can help detect 

early signs of oscillations and prevent system collapse. 

• Comparison between the developed method and the Prony 

algorithm, as a measurement-based method, shows that 

the Prony algorithm accuracy is highly prone to noisy 

data. However, in the ideal condition, the Prony algorithm 

estimates the frequency very accurately.  

 

V. Conclusion and Future Work 

According to the literature, power oscillations—

particularly under high loading conditions—can lead to the 

loss of synchronism in power systems. Therefore, accurately 

detecting and responding to these oscillations in real time is 

critical for ensuring the stability of modern multi-machine 

power systems and preventing blackouts. Model-based 

methods are often unsuitable for large-scale networks due to 

their reliance on complete and accurate dynamic models. 

With the emergence of PMUs, measurement-based 

approaches have become essential. While several 

measurement-based methods have been proposed, many 

suffer from noise sensitivity or computational inefficiency. 

In this paper, PSD and CSD techniques are developed as 

efficient tools for small-signal stability assessment using 

only synchronized PMU data. In addition, the Prony 

algorithm accuracy degradation as a measurement-based 

method under noisy data has been proven. 

Simulation results on the IEEE 14-bus and 39-bus systems 

demonstrate that the developed method can accurately 

estimate oscillatory modes—even in the presence of 

measurement noise—without requiring knowledge of 

system model order or the entire network. The results are 

also validated against modal eigenvalue analysis from 

DIgSILENT, confirming their high accuracy. 

 

J. Recommendations for Future Work: 

• The developed methods should be applied to larger 

benchmark systems, such as the IEEE 118-bus 

system, to thoroughly evaluate their scalability and 

overall performance. 

• This study focused exclusively on white Gaussian 

noise; however, real-world systems often 

experience colored noise, which incorporates 

system dynamics and can affect accuracy. Future 

research should investigate the effects of different 

noise types on results. 

• The selection of signals plays a critical role in the 

accuracy of measurement-based approaches. Even 

the most advanced identification techniques may 

fail if the input signals do not contain pertinent 

dynamic information. Therefore, it is vital to 

choose signals that capture steady-state modal 

behavior rather than transient responses. 
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A new compact Ultra-Wide Band (UWB) arch-shaped wide-slot antenna was 

implemented for Microwave Imaging (MI) of breast cancer. It is composed of a fork-

shaped strip and an arched slot ground, with a compact size of 16×20 mm and a height 

of 1 mm. The arched slot in the ground plate enhances the impedance bandwidth and the 

gain of the antenna. It has a bandwidth of 3.7 GHz to 18 GHz, covers WLAN (5.4 GHz), 

X band (8-12 GHz), and Ku band (12-18 GHz), and has a gain of 2.7 dBi to 6.3 dBi in 

the frequency ranges. The fidelity factor was computed for both E-plane and H-plane 

scenarios, indicating a range of 0.922 - 0.975 for the E-plane across all angles. It has a 

small size, a simple design, less signal distortion, a high gain of 6.3 dBi, a fractional 

bandwidth percentage of 131%, and an efficiency of 93.7% at 6 GHz. It exhibited reliable 

performance in terms of the fidelity factor at all angles compared to the most recent 

works. An MI simulation for breast tumor detection was performed to detect changes in 

the backscattering signal in the presence or absence of a tumor with a high dielectric 

inclusion. S11 is quite high when measured in front of a breast model. There is a 

noticeable difference in S21 between the scenarios with and without a tumor in the breast 

model. There are significant variations in the transmission parameter across the entire 

frequency range between the scenarios with and without a tumor. 
  

I. Introduction 

Microwave Imaging (MI) has the potential for early 

detection and localization of malignant tissues in the human 

body [1]. As a non-invasive medical imaging technique, it can 

be employed to detect breast and brain tumors, image bones, 

diagnose localized anemia in various parts of the human body, 

and monitor thermal ablation of liver tumors. Breast cancer is 

globally recognized as a leading cause of mortality among 

women [2]. Current imaging techniques for breast cancer 

detection include X-ray mammography, ultrasound, Magnetic 

Resonance Imaging (MRI), and combined techniques. Early 

detection plays a crucial role in successful cancer treatment. 

The maximum accuracy achieved among these techniques is 

almost 75.6 percent [3]. 

MI for breast cancer diagnosis works based on the changes 

in electrical properties of healthy tissues and tumors. MI is a 

non-ionizing radiation technique, with proper tissue 

penetration and low power transmission with fewer health 

risks [4]. 

Antennas are essential components of any MI system. 

Basically, in Ultra-Wide Band (UWB) radar imaging systems, 

the transmitting antennas emit short UWB pulses and then 

process the back-scattered signals from the tissue received by 

the receiving antennas, where significant scattering signatures 

can be identified and localized. Increasing the bandwidth of 

these pulses has advantages, including deep tissue penetration 

at lower frequencies and improved range resolution at higher 

frequencies. Therefore, the antenna element should possess a 

https://orcid.org/0009-0000-6593-040X
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wide bandwidth to transmit such pulses with minimal signal 

distortion to achieve a high-resolution image of the human 

body (tissues) [5].  

In the microwave radar imaging context, the literature 

highlights the requirements of using directive antennas with a 

compact size, very wide frequency bandwidth, high gain and 

improved efficiency. Specifically for MI of human tissues, it 

is essential to design antennas that have high-fidelity factors in 

the time domain [3, 6-9]. Furthermore, the time-domain 

performance of the antenna must be high to ensure successful 

penetration through human tissues without significant 

distortion. Two important distortion characteristics of an 

antenna are the fidelity factor, which refers to distortion in the 

time domain, and the group delay, which refers to distortion in 

the frequency domain [10]. Considering these criteria, UWB 

antennas are well-suited for MI systems. 

Various UWB antennas have been proposed for MI and 

radar systems, including Vivaldi antennas [11-15], spiral 

antennas [16], planar monopole antennas [8, 17-19], planar 

slot antennas [20-22], bowtie antennas, and horn antennas. A 

comprehensive review of these antennas and their 

characteristics can be found in [5]. Monopole and wide slot 

planar antennas are commonly used in antenna arrays for 

microwave breast imaging systems. These antennas offer 

advantages such as simple design, small axial length, wide 

frequency range, and convenient fabrication process. 

Additionally, designing compact antennas enables more 

antenna elements to be positioned around the tissue, improving 

signal utilization and overall resolution [23]. 

 An eagle-shaped UWB patch antenna has also been 

designed for MI, emphasizing its innovative shape for 

achieving directional radiation [25]. In comparison with other 

methods, this work utilizes a simple and effective approach to 

achieve a bi-directional radiation pattern. In another wide-slot 

antenna, the radiating element is modified by cutting slots in 

both patches and the ground plane, enhancing the electrical 

length to achieve an omnidirectional radiation pattern with a 

high gain. This method increases the resonance frequency, 

gain, and efficiency of the antenna without changing its 

dimensions [20]. 

In another study [34], the antenna described in [20] has been 

modified by adding a reflector to create a more directive high-

gain antenna. Although this design enhances gain, directivity, 

and the correlation factor, the large profile of the antenna (29.4 

× 32.2 × 25 mm3) challenges the benefits of compactness and 

simplicity. In [35], a metamaterial-layer-based lens and an 

Artificial Magnetic Conductor (AMC) have been utilized to 

enhance field performance (gain, radiation patterns). Despite 

achieving high gain, this structure has a larger size (50 × 50 

mm2) and limited impedance matching (2-5 GHz) compared to 

other designs intended for breast tissue imaging. 

Most communication systems prefer to utilize a single 

radiating element that supports multiple bands and functions, 

resulting in reduced size and weight [36]. However, for MI, 

antennas with multi-purpose operation and broader frequency 

coverage are required. Thus, this project aims to implement an 

antenna optimized for MI systems. The design of the antenna 

in this project is based on the structure in [24] exhibiting 

significant modifications and optimizations to achieve 

efficient performance in the UWB frequency range. 

This project implements a new compact antenna with a 

high-fidelity factor, which is suitable for MI applications. The 

antenna has a uniform radiation pattern and notable gain and is 

efficient in the frequency range, making it suitable for 

microwave breast imaging applications. The analysis is 

performed in the time domain, as well as a frequency domain, 

employing CST Microwave Studio.  

 

II. The Project Overview 

The new antenna is composed of a fork-shaped strip, an 

arched ground slot, and a meander line embedded into the 

ground plain of the slot. The application of an arched slot in 

the ground effectively improves both the impedance 

bandwidth and the gain of the antenna. As a result, the new 

radiation design provides a wide fractional bandwidth 

exceeding 131% across its operational range of 3.7–18 GHz. 

The implementation of novel techniques in designing the 

antenna's radiation components has led to the attainment of 

various characteristic parameters, including a maximum 

simulated gain of 6.3 dBi for the compact antenna. Compared 

to several documented UWB-based antennas in the literature, 

the suggested antenna exhibits greater compactness and a 

wider bandwidth. Moreover, the proposed antenna was 

analyzed in the time domain was, resulting in a fidelity factor 

of 0.975 within the frequency range of 3-13 GHz in a face-to-

face scenario. This proves a remarkable reduction in signal 

distortion of the antenna. 

An MI simulation for breast tumor detection was performed 

to detect changes in the backscattering signal in the presence 

or absence of a tumor with a high dielectric inclusion. 

 

III. Antenna Design 

The new wide-slot antenna consists of an arched-shaped slot 

with meandered arms in a ground plane on one side of an FR4 

substrate (with r = 4.3 and tan  = 0.025). A forked microstrip 

feed is located on the opposite side of the substrate, as depicted 

in Fig. 1. The proposed antenna has dimensions of L×W×hs, 

and a 50Ω coaxial transmission line is used for antenna feeding. 

As shown in Figure 2(a), the primary structure has a 

rectangular slot on its ground plane. In the subsequent stage, 

an arched-shaped aperture is implemented on the ground plane 

of the antenna, as depicted in Figure 2(b). This alteration is 

intended to generate extra resonant frequencies and enhance 

the return loss. The last step involves using the meandering 

technique to decrease the lowest operating frequency of the 
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antenna. Through the implementation of meandering, the 

current path is extended, resulting in antenna miniaturization 

and improved matching (lower S11) within the 6-13 GHz 

range. The proposed antenna is displayed in Fig. 2(c). The 

parameters for the final antenna configuration, leading to a 

reflection coefficient (S11) below -10 dB across the frequency 

range of 3.6-18.5 GHz, can be found in Table I. Figures 3 and 

4 show the simulated return loss performance, gain, and 

efficiency of the designed structure throughout the evolution 

process. 

 

 
Fig. 1. The geometry of the proposed wide-slot antenna: A) top 

view, B) bottom view, and C) side view. 

 

 
Fig. 2. The structure of the various antennas: A) basic structure, 

B) basic structure with an arched shape slot, and C) basic 

structure with arched shape slot and meandered arms (the 

proposed antenna). 

Figure 5 demonstrates the impact of design parameters t, L1, 

L2, and W3 on S11 by varying one parameter at a time, while 

keeping all other parameters fixed at the values specified in 

Table I.  This parametric study aimed to investigate the 

impact of specific antenna design parameters on overall 

performance. The plot illustrates the relationship between the 

antenna's reflection coefficient (S11) and each of the four 

parameters.  

Optimal values for these parameters were determined based on 

achieving the widest bandwidth for S11 below -10 dB 

(indicated by the black solid line). The substantial influence of 

all the parameters on the antenna's return loss 

 
Fig. 3. Simulated reflection coefficient characteristics for 

various wide-slot antenna structures, as illustrated in Figure 2. 

 
(a) Peak Gain 

 
(b) Efficiency 

Fig. 4. Simulated (a) gain and (b) efficiency for various wide-

slot antenna structures. 

is observed through the plots. Changing the distance of t has 

a significant effect on S11 performance, and when t = 0, the 

return loss performance deteriorates. As shown in Figure 5(b), 

the upper frequency of the bandwidth decreases as L1 

increases. Additionally, changing the width of W3 can affect 

both the lower and upper frequencies of the bandwidth. 

 

IV. Frequency Domain Analysis 

The fabricated images of the designed wide-slot antenna, 

including both the front and back views, are illustrated in 

Figure 6(a). To validate the performance of the antenna, the 

measured results are compared with the simulated results.  

The return loss results obtained from the measurements and 

simulations in free space demonstrate a satisfactory agreement, 

as depicted in Figure 6(b). The wide-slot antenna exhibits a 

measured bandwidth of 10 dB return loss, ranging from 3.7 to 

18 GHz. 
Figures 7(a) to (c) display the measured and simulated far-field 

radiation patterns of the wide-slot antenna at frequencies 
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(a) L1 

 

(b) L2 

 

(c) W3 

 

(d) t 

Fig. 5. The impact of design parameters t, L1, L2 and W3 on 

S11 by varying one parameter at a time, with respect to (a) 

distance t, (b) forked width L1, (c) forked length L2, and (d) 

meandering width W3. The finalized parameters correspond to 

the (black) solid line in all plots. 

of 4, 8, and 12 GHz. The radiation patterns for the E-plane 

(y-z plane) and H-plane (x-z plane) are presented, showing a 

satisfactory alignment between the measured and simulated 

patterns. This agreement indicates a strong correlation between 

the predicted and observed radiation characteristics of the 

antenna. 

 

  

(a) Fabricated Antenna 

 
(b) Reflection coefficient 

Fig. 6. (a) Photo of fabricated UWB scheme in the front and 

back view. (b) Measured and Simulated curve of Reflection 

Coefficient 

Figure 8 compares the measured and simulated changes in 

gain for the proposed antenna. At a frequency of 15 GHz, the 

simulated and measured gain for the proposed antenna reaches 

its highest values of 6.3 dBi and 8.6 dBi. 

 

V. Time Domain Analysis 

MI systems utilize UWB antennas to transmit data using short 

pulses across a wide frequency range. However, these narrow 

pulses are susceptible to dispersion, resulting in distortion 

upon reception. Nevertheless, the receiver is still capable of 

recognizing and interpreting the incoming pulse. To mitigate 

this issue, a time domain analysis of the transmitted pulse is 

conducted to anticipate and compensate for the system-

induced distortion. So, the antenna must have high time-

domain performance to effectively penetrate pulses in human 

tissues and minimize waveform distortions. The fidelity factor 

is employed to quantify the distortion in the time domain. 

TABLE 1 PARAMETERS OF THE ANTENNA SHOWN 

IN FIG.1 

Parameter Value Parameter Value 

L 20mm W2 1.9mm 
W 16mm W3 0.1mm 

X 13.7mm W4 0.2mm 

Y 6mm Wf 1.83mm 
L1 5.2mm R 6.7mm 

L2 5.2mm S 0.32mm 

L3 4.5mm T 0.28mm 
W1 1.9mm Hs 1mm 
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(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 

(f) 

Fig. 7. The simulated and measured radiation patterns at 4 GHz, 8 GHz and 12 GHz. (a-c) E-Plane, (d-f) H-plane. 

 

 
Fig. 8. The simulated and measured gain. 

It utilizes the frequency domain transmission coefficient 

(S21) to compute the correlation between the received and 

transmitted signals. The fidelity factor depends on various 

parameters, including the incident signal waveform, gain, and 

return loss [8]. The calculation of the fidelity factor involves 

determining the maximum amplitude of the cross-correlation 

between the received and transmitted signals. 

The fidelity factor (FF) is given by:   

𝐹𝐹 = max
𝜏

∫ 𝑇̂(𝑡)𝑅̂(𝑡 + 𝜏)
+∞

−∞

 (1)  

where 𝑇̂(𝑡) and  𝑅̂(𝑡)  are the normalized transmitted and 

received signals. To obtain the received signal in the time 

domain, the following relation can be used: 

 

R(ω) = FFT(T(t))H(ω) (2)  

R(t) = IFFT(R(ω)) (3)  
 

where H(ω) is the system transfer function and is also 

equivalent to S21, based on the above relationship. To 

minimize distortion in the received signal in the time domain, 

the antenna transfer function should possess a flat magnitude. 

Group delay is a significant parameter that describes the 

response of UWB antennas in the frequency domain. It is 

defined as the derivative of the phase response ∠H(ω) [10]. 

To ensure minimal signal distortion during pulse 

transmission, it is necessary for the group delay of the antenna 

to be constant or have a deviation of less than 1 ns within its 

operating frequency band. The formula for calculating group 

delay is: 
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τ = −
dϕ(ω)

d(ω)
 (4)  

where 𝜙 represents the phase of the transfer function and ω 

represents the angular frequency.  

Consistency in the magnitude of the antenna transfer 

function across the operating bandwidth is essential to 

minimize fluctuations in group delay [8]. This, in turn, is 

crucial for ensuring limited signal distortion and maintaining a 

high-fidelity factor in the time domain. Therefore, there is an 

interconnection between the group delay in the frequency 

domain and the fidelity factor in the time domain. 

 To demonstrate it, we positioned two antennas facing each 

other spaced by 240 mm and calculated the amplitude and 

phase of S21 and the group delay of the antenna. As shown in 

Fig.9 the variation of the group delay in this interval is lower 

than 0.4ns. Additionally, the amplitude of S21 remains 

approximately constant, and the phase of S21 is linear in the 

frequency range. Furthermore, side-by-side and face-to-face 

configuration scenarios were investigated and compared. As 

depicted in Fig.8, the group delay remains constant from 3 to 

14 GHz in the side-by-side scenario, while the phase of S21 

exhibits distortion specifically at the frequency of 14 GHz. 

Additionally, the amplitude of S21 experiences a decrease at 

this frequency. 

To assess the performance of the antenna, two distinct 

signals are utilized as inputs. The first signal is a default 

Gaussian pulse generated within the CST software, spanning 

the frequency range specified by the UWB standard, which is 

between 3.1 GHz and 10.6 GHz (Signal I). The second signal 

is a sine-modulated Gaussian pulse with specific parameters, 

including a central frequency (Fc) of 7 GHz and a pulse width 

(b) of 220 ps (Signal II) [8, 25]. Figure 10(b) provides a visual 

representation of the normalized input signals. Then, the 

fidelity factor for both the E-plane and H-plane, based on the 

angle, is calculated. In the far-field region of the transmitting 

antenna, a total of 19 virtual probes are strategically positioned 

in both planes. These probes are evenly spaced at 10-degree 

intervals, ranging from -90 to 90 degrees along a circular 

trajectory centered at the antenna's midpoint (Figure 10). 

Figure 10 illustrates a high-fidelity factor achieved in the E-

plane, ranging from 0.922 to 0.975 for signal I. Furthermore, a 

fidelity factor between 0.831 and 0.975 was obtained for signal 

I in the H-plane. The fidelity factor for signal II exhibited 

slightly better performance, as it ranged from 0.979 to 0.990 

across angles from -80 to 80 degrees in both the H-plane and 

E-plane.  

Figure 11 illustrates examples of the normalized radiated 

signals in both the E-plane and H-plane at various angles along 

the specified arcs. The signals depicted in Figure 11 

demonstrate the antenna's capability to transmit short pulses 

with minimal signal distortion.  

 

(a)  

 

(b) 

 

(c)  
Fig. 9. (a) Group delay, (b) phase of S21, and (c) amplitude of 

S21 of the simulated antennas in the face-to-face and side-by-

side scenario     

VI Imaging Result 

The system configuration for breast tumor detection is 

depicted in Figure 12. The primary goal is to detect changes 

in the backscattering signal in the presence or absence of a 

tumor with a high dielectric inclusion. The breast model used 

in this setup comprises two layers: the breast tissue layer and 

the skin layer. A tumor is situated 6 mm underneath the skin 

layer. 

The performance evaluation of the proposed system 

involved examining the S21 parameter for different 

configurations: free space, the breast model with a tumor, 

and the breast model without a tumor. To obtain the S-

parameters, two antennas were positioned in a face-to-face 

configuration around the breast model, maintaining a 

separation distance of 12 mm from the skin layer. Also, the 

S11 parameter was derived by positioning the antenna in 

front of the breast model. It was 
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(a) 

 
(b) 

 

  
 (c) 

Fig. 10. (a) The far-field radiation performance evaluation of the 

antenna along arcs with a radius of 240 mm, (b) the waveform of 

input signals, and (c) the calculated fidelity factor of the wide-

slot antenna, in the E-plane and H-plane. 

 

 
(a) 

 
(b) 

Fig. 11. Examples of the normalized radiated signals at (a) E-

plane and (b) H-plane. 

 

 

Table 3 presents detailed information about the properties of 

the breast components at a frequency of 3 GHz [20, 28]. 

 

 

 
Fig. 12. Breast phantom model and simulation setup for 

microwave imaging 

found that minimal variations were detected when compared 

to the configuration where the antenna was situated in free 

space. 

The initial section of Figure 13 effectively showcases the 

strong performance of S11 when measured in front of the 

breast model. It demonstrates a noticeable difference in S21 

between the scenarios with and without a tumor in the breast 

model. This contrast highlights the impact of tumors on the 

transmission characteristics. Furthermore, a significant 

variation in the transmission parameter can be observed across 

TABLE 2 FIDELITY FACTOR COMPARISON OF THE 

UWB ANTENNA WITH OTHER LITERATURE 
Re

f. 

Bandwidth Dimensions(m

m)3 

Fidelity Factor 

[25] 3.5-11 39×36.6 
(Signal II) 

(Phi=0°, Theta=0°)= 0.9131 
(Phi=0°, Theta=90°)=0.9002 

0.65-0.95 [26] 1.6-7.1 51.6×51.6 

(Sine-Gaussian) 

[27] 2.8-11.5 29×24 
(Signal I) 

E-plane 

FtF=0.9091 

SbS=0.8283 

H-plane 

SbS=0.8270 

[28] 4-11 20×19 
(Signal I) 

E-plane 

FtF=0.906                        

SbS=0.8524 

 

[32] 3.8-10.1 29×26.6 

(Signal I) 

E-plane               

FtF=0.916 

SbS=0.912 

                     

[34] 3.02-12 29.2×32.2 

( Gaussian) 

E-plane 

FtF=0.8633 
SbS=0.9486 

Our 

work 

3 -13 16×20 

(Signal I) 

(Signal II)    

E-plane 

0.922 - 0.975 

0.986 - 0.990             

H-plane 

0.831-0.975 

0.864-0.990 

TABLE 3 GEOMETRICAL PARAMETERS AND 

ELECTRICAL PROPERTIES OF THE BREAST 

MODEL 
Tissue Conductivity 

(S/m) 

Permittivity Thickness 
(mm) 

Skin 1.8 38 2.5 
Tumor 3.1 67 10 

Fat 0.1 5 87.5 
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the entire frequency range, the scenarios with and without the 

presence of the tumor. 

Figures 14 and 15 present the assessment of Power Loss 

Density (PLD) and Specific Absorption Rate (SAR) for tissues 

with and without a tumor at 9.1 GHz. In healthy tissues, a 

uniform distribution of electrical energy is observed. However, 

the presence of a tumor disrupts this uniformity, leading to 

variations in the power distribution. The tumor absorbs some 

energy, resulting in deflections and changes in the power 

distribution pattern. The color density is noticeably higher in 

cancerous breasts than in healthy breasts. This difference in 

color density is attributed to the diverse dielectric properties 

present within the breast phantom models. These findings 

demonstrate the impact of tumors on the power distribution 

and highlight the variations in PLD between healthy and 

cancerous tissues. Also, we investigated the SAR for a sample 

weighing 0.01 g at a frequency of 9.1 GHz. This choice of 

sample size allows for quicker calculation of the SAR results. 

For both a healthy breast and a breast with a tumor, a maximum 

SAR of 5.56 W/kg was considered. 

 

 
Fig. 13. S-parameters of the imaging setup 

 

 

 

Fig. 14. Power loss density for normal and cancerous Breast 

 
Fig. 15. Specific absorption rate for normal and cancerous Breast 

VII Comparison 

The fidelity (correlation) factor of antennas is an important 

criterion for tumor detection in microwave imaging 

applications. Table 2 compares the fidelity factor of the new 

design, and some structures addressed in recent literature on 

microwave imaging. As can be seen, the antenna in this project 

demonstrates reliable performance in terms of the fidelity 

factor at all angles compared to the most recent works. 

Also, the innovative UWB antenna proposed in this study is 

compared to previously published UWB antennas for tumor 

detection, as presented in Table 4. Compared to previously 

published UWB antennas for Microwave Imaging, the 

proposed UWB antenna showcases notable features: its 

compact size and wide frequency range, as demonstrated by 

the comparative table. This smaller form factor contributes to 

its uniqueness and sets it apart from the previously mentioned 

antennas. The proposed antenna, despite its small size and  

without the use of a reflector or additional structural 

elements, offers an acceptable gain compared to other antennas. 

 

VIII Conclusions 

The performance characteristics of an antenna were 

analyzed, studied, and optimized using the 3D simulator CST 

Microwave Studio 2018. Additionally, the proposed antenna 

was experimentally verified, demonstrating a satisfactory 

agreement between the simulation and measurement results. 

The fidelity factor was examined for both E-plane and H-plane 

scenarios, indicating a good range of 0.922 - 0.975 for the E-

plane across all angles. With its smaller size, simple design, 

less signal distortion, and commendable performance, the 

proposed antenna is an excellent choice for implementing 

breast tumor imaging applications. Finally, a simulation model 

was suggested including a breast phantom with a tumor, along 

with transceiver. The performance of the antennas on the 

breast phantom was validated by studying parameters such as 

isolation and SAR. The proposed UWB antenna exhibited 

excellent characteristics, including a high gain of 6.3 dBi and 

TABLE 4 COMPARISON OF THE PROPOSED UWB 

ANTENNA WITH OTHER LITERATURE 

Ref. Dimensions(λ)3 Operational 

Range[GHz] 

Bandwidth 

(%) 

Gain 

(dB)) 

Application 

[29] 0.23×0.27×0.016 3.1-16  135 5 Microwave 

Imaging 

[30] 0.4×0.4×0.0.015 2.79-8.93 104.8 4.03 Microwave 
Imaging 

[31] 0.32×0.3×0.018 3.58-14 119 4.7 Energy 

harvesting 
[32] 0.37×0.34×0.02 3.8-10.1 90.6 6.8 Microwave 

Imaging 

[33] 0.24×0.20×0.015 2.79-18 146 5.74 Microwave 
Imaging 

[34] 0.29×0.32×0.25 3.02-12 119 7.3 Microwave 

Imaging 
[35] 0.33×0.33×0.09 2-5 85 8.47 Microwave 

Imaging 

Pro. 0.20×0.25×0.012 3.7-18 131 6.3 Microwave 
Imaging 
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a fractional bandwidth percentage of 131%. Moreover, it 

achieved a remarkable efficiency of over 93.7% at the 

operational frequency of 6 GHz within the specified range. The 

antenna's fidelity factor was evaluated to assess distortion level 

in various scenarios. The maximum fidelity factor of 0.975 

was achieved for the E-plane. 

To show the effectiveness of using the new antenna, an MI 

simulation for breast tumor detection was performed to detect 

changes in the backscattering signal in the presence or absence 

of a tumor with a high dielectric inclusion. It was shown that 

S11 was quite high when measured in front of the breast model. 

Additionally, there was a noticeable difference in S21 between 

the scenarios with and without a tumor in the breast model. 

This contrast highlights the impact of tumors on the 

transmission characteristics. Furthermore, a significant 

variation was observed in the transmission parameter across 

the entire frequency range, the scenarios with and without the 

presence of the tumor. 
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This paper presents an optimized microwave rectifier circuit that integrates various 

couplers to enhance RF-to-DC conversion efficiency. A comprehensive theoretical 

analysis and performance evaluation of different microwave couplers are conducted to 

determine their impact on power distribution and impedance matching. The study 

demonstrates that incorporating couplers into the rectifier circuit effectively reduces 

reflected power over a broad input power range. Among the evaluated configurations, 

the rectifier incorporating a branch-line coupler (BLC) exhibits superior RF-to-DC 

efficiency over a wide range of operating frequencies, input power levels, and output 

loads, ensuring broad impedance matching. To validate the proposed design, a rectifier 

circuit based on the BLC is implemented and fabricated at 2.45 GHz. The prototype 

consists of two identical sub-rectifying networks connected to the two output ports of the 

coupler, with the isolated port grounded. Experimental results indicate that the rectifier 

consistently achieves efficiency levels exceeding 50% for input power levels ranging 

from 0 to 12.5 dBm. Additionally, the design maintains high efficiency across a 

frequency range of 2.16 to 2.96 GHz. These findings underscore the potential of BLC-

based rectifiers for high-efficiency microwave power transmission systems, offering 

enhanced energy harvesting capabilities and improved system performance.  

I. Introduction 

Recently, microwave power transmission (MPT) has been 

a topic of research interest for a variety of applications in 

near-field and far-field categories, such as radio frequency 

(RF) identification, energy harvesting, and wireless sensor 

networks [1-5]. In MPT systems, rectennas play a significant 

role, and their efficiencies primarily depend on rectifier 

circuits. Therefore, the design of high-efficiency rectifying 

circuits is crucial for MPT systems. As a key component of 

MPT systems, rectifiers are used to convert RF power into 

direct current (DC) power. The rectifying circuit 

performance is typically verified by its RF-DC conversion 

efficiency.  

So far, to enhance and optimize the efficiency of the 

rectifiers, many studies in analytical models and different 

types of structures have been presented [7-12]. To improve 

efficiency, Class-F rectifiers [7] were introduced by 

suppressing the power of harmonic components. In [8], a 

technique of harmonic recycling was employed, while in [9], 

a terminated diode with harmonic behavior was applied for 

this purpose. In [10], a high-efficiency rectifier with a load 

of Class-F, using a charge pump circuit, was designed. In 

[11], a computationally efficient iterative method with fast 

convergence for rectifier modification was introduced. A C-

band rectifier utilizing a single silicon-based Schottky diode 

is proposed in [12]. In [13], a high-input power (>30 dBm) 

rectifier circuit for 2.45 GHz was presented, using a rectifier 

circuit based on a GaAs FET and a Schottky diode together 

as the rectification components. These designed rectifiers are 

typically improved for single working frequency, fixed 

output load, and narrow input power level, especially when 

the rectifier is integrated with a narrow-band antenna. On the 

other hand, the available RF energy is usually not 

continuous, causing variations in operating conditions that 

lead to input impedance changes and reduced efficiency due 

to the nonlinear characteristics of rectification. To enhance 

rectifier performance under various operating conditions, 

several structures and techniques have been developed to 

broaden bandwidth [14-19], extend the load range [20], 

improve the operating power range [21-26], or achieve a 
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combination of these improvements [27-30]. In [31-34], 

rectifiers were designed by incorporating multiple sub-

rectifiers optimized in parallel to accommodate a wide range 

of input power. As well as, GaAs pHEMT [35] and Varactor 

diodes [23] have been employed to enhance and extend the 

maximum breakdown power and the matching performance. 

Moreover, based on previous works [26, 27], and [28], a 

rectifier circuit integrated with a suitable coupler can 

simultaneously operate under varying input power and 

output load conditions by recycling the reflected power from 

a sub-rectifier that is not perfectly matched. For example, in 

[27], the rectifier contains two sub-rectifier networks and a 

branch-line coupler (BLCoupler) with a grounded isolation 

port to enhance efficiency. Nevertheless, other couplers such 

as tee power divider (TCoupler), Wilkinson divider 

(WDCoupler), rat-race coupler (RRCoupler), coupled-line 

coupler (CLCoupler), and lange coupler (LCoupler), can 

also be used for rectifiers, and then the efficiency 

comparisons between them with the different couplers can 

also be verified and studied. Recently, a dual-channel RF-

DC rectifier circuit is presented at 2.45 Ghz with a 2:1 power 

distribution ratio in a Wilkinson power splitter in [36], 

however, in this work as well, no comparison has been made 

with other coupler structures. 

In this paper, various couplers are analyzed and compared 

for developing and designing a high-efficiency rectifying 

circuit. In these designs, the two output ports of the coupler 

are connected to two identical sub-rectifying networks, while 

the isolated port is grounded. This rectifier configuration 

maintains high RF-DC efficiency over a broad range of 

operating frequencies, input power levels, and output loads, 

resulting in improved impedance matching [37]. Section II 

presents the topology and theoretical analysis of couplers. 

Section III discusses rectifier designs and evaluates their RF-

DC efficiency with and without different couplers. For 

validation, Section IV describes the implementation and 

fabrication of a prototype rectifier circuit based on a 

BLCoupler at 2.45 GHz. Finally, the conclusions are 

summarized in Section V.  

 

II. Topology and Theoretical Analysis of 

Couplers 

According to [27], the topology of the rectifier circuit 

based on two branches with a coupler is shown in Fig. 1. For 

each branch, it comprises a matching network (MN), a sub-

rectifier, and a DC-pass block to weaken the rectified voltage 

harmonics and output a smooth voltage on the resistances 

RL1−2. Two identical sub-rectifiers using Schottky diodes 

HSMS2850 from Avago [38] are linked to the output ports 

of the MN. This diode is a good choice for designing a 

rectifier circuit, due to its electrical characteristics, such as 

low forward voltage, fast switching, low reverse leakage 

current, high-frequency suitability, and compact size. The 

input impedances Zin1 and Zin2 of the sub-rectifiers vary 

when the input operating frequency, input power, and output 

load change, resulting in an impedance mismatch. The 

designed topology can enhance matching performance, 

increase RF-DC efficiency, and reduce the power loss caused 

by impedance mismatch. 

To study the operating principle of the designed rectifier 

with the different couplers or power dividers, it should first 

discuss the properties of the common types of couplers and 

power dividers. 

 

Fig. 1. Block diagram of the rectifier with coupler. 

A. TCoupler and WDCoupler 

The T-junction power divider (TCoupler) and Wilkinson 

power divider (WDCoupler) are three-port networks that can 

be used for power combining or division, as well as 

automatic impedance transformation in the rectifying circuit 

[28]. In this regard, a symmetric 3-dB lossless TCoupler and 

a symmetric two-way WDCoupler with an isolation resistor 

of 2Rs are used, as shown in Fig. 2(a) and 2(b), respectively. 

In the WDCoupler, if a mismatch occurs, the reflected power 

is dissipated through the isolation resistor. Compared with 

[28], the two symmetric branches each have an electrical 

length of 90°, a1 is the input wave to the couplers, ZL1 and 

ZL2 represent the input impedances of the two sub-rectifying 

networks, and Rs is set to 50 Ω. According to [28] and [39], 

output waves d1 and d2 can be described as follows: 

𝑑1 = 𝑑2 = −𝑗
𝑎1

√2
.                                                      (1) 

Since the output load ZL1-2 changes and mismatching are 

produced, the reflected waves ar1 and ar2 are 

𝑎𝑟1 = 𝑎𝑟2 = −𝑗
𝑎1

√2
Γ                                                  (2) 

The waves ar1 and ar2 are transmitted to the TCoupler or 

WDCoupler and then delivered to port 1; consequently, the 

power loss of the couplers can be determined as 
 

  𝑃𝑙𝑜𝑠𝑠𝑇 =
1

2
|𝑎𝑟1|

2 +
1

2
|𝑎𝑟2|

2 =
1

2
|Γ|2|𝑎1|

2,              (3) 

 

𝑃𝑙𝑜𝑠𝑠𝑊𝐷 =
1

2
|𝑎𝑟1|

2 +
1

2
|𝑎𝑟2|

2 + 𝑃2𝑅s =
1

2
|Γ|2|𝑎1|

2 +

𝑃2𝑅s.                                                                          (4) 

In equation (4), Since the output load ZL1-2 is variable, 

the isolation resistor is not equivalent to being open in an 

ideal case, and it is considered in the losses. In the following, 
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as illustrated in Fig. 2, in the rectifier with the TCoupler, the 

reflected power is PlossT = Pref = |Γ|2Pinc, while with the 

WDCoupler is 𝑃𝑙𝑜𝑠𝑠𝑊𝐷 = 𝑃𝑟𝑒𝑓 = |Γ|2𝑃𝑖𝑛𝑐 + 𝑃2𝑅s, the power 

injected to the subrectifiers Pin is equal to (1 − |Γ|2) × Pinc 

for TCoupler and (1 − |Γ|2) × 𝑃𝑖𝑛𝑐 − 𝑃2𝑅s for WDCoupler, 

while the incident power is equal to 
|a1|2

2
. 

The DC output power of the rectifier circuit with the 

couplers is (Pin ×ηPin), where ηPin presents the RF-DC 

efficiency of the sub-rectifying networks at the inserted 

power Pin. Thus, the efficiency ηPinc at the incident power 

of Pinc can be obtained by 

for TCoupler:  𝜂𝑃𝑖𝑛𝑐
=

𝑃𝑖𝑛×𝜂𝑃𝑖𝑛

𝑃𝑖𝑛𝑐
= (1 − |Γ|2) × 𝜂𝑃𝑖𝑛

   (5)    

for WDCoupler:  𝜂𝑃𝑖𝑛𝑐
=

𝑃𝑖𝑛×𝜂𝑃𝑖𝑛

𝑃𝑖𝑛𝑐
= (1 − |Γ|2) ×

𝜂𝑃𝑖𝑛
− 𝑃2𝑅s × 𝜂𝑃𝑖𝑛

  (6) 

Thus, after the sub-rectifiers are specified, the RF-DC 

efficiency ηPinc depends on reflection coefficients Γ of the 

sub-rectifiers and the efficiency ηPin. Moreover, it is proved 

that the efficiency of the TCoupler is higher than the 

WDCoupler for variable loads; this is a common problem in 

sensor applications. 

 

Fig. 2. The rectifier based on the symmetric a) TCoupler and 

b) WDCoupler. 

B. RRCoupler 

In this section, the rat-race coupler (RRCoupler), which is 

well known as a network with four ports and a phase shift of 

180° between the two output ports, is verified. It can also be 

worked as in the in-phase outputs. The rectifiers based on the 

RRCoupler with the grounded isolation port are shown in 

Fig. 3(a) and Fig. 3(b) as an in-phase and a 180-degree 

hybrid. According to [39], for the ideal 3-dB 180° hybrids, 

the scattering matrix has the following definition: 

[𝑆] =
−𝑗

√2
[

0 1
1 0

1 0
0 ̶1

1 0
0 ̶1

0 1
1 0

].                                            (7) 

First, consider a wave incident with unit amplitude (a1) at 

port 1 (the sum port) of the RRCoupler. At the ring junction, 

the a1 will be distributed into two ports, which arrive at ports 

2 and 3 in-phase, and Port 4 is isolated from port 1. Similar 

to previous couplers, we can prove the following equation: 

for in − phase:    𝑃𝑙𝑜𝑠𝑠𝑅𝑅 =
1

2
|Γ|2|𝑎1|

2.                     (8) 

Now, if the signal is driven into port 2, the incident power 

is distributed between ports 1 and 4, although port 3 is 

isolated. The signals at ports 1 and 4 have 180° phase shift, 

and therefore, this coupler is stated as a 180-degree hybrid, 

and we have the following equation: 

for 180 − degree hybrid:    𝑃𝑙𝑜𝑠𝑠𝑅𝑅 =
1

2
|Γ|2|𝑎2|

2,      (9) 

that in equations 1 and 2, |𝑎1| = |𝑎2|. Similar to the previous 

section, it can be concluded that the efficiency ηPinc in the 

incident power of Pinc is as follows: for RRCoupler: 

  𝜂𝑃𝑖𝑛𝑐
=

𝑃𝑖𝑛×𝜂𝑃𝑖𝑛

𝑃𝑖𝑛𝑐
= (1 − |Γ|2) × 𝜂𝑃𝑖𝑛

                               (10) 

 

Fig. 3. The rectifier based on the RRCoupler as a) an in-phase 

and b) a 180-degree hybrid with grounded isolation port. 

C. BLCoupler 

Branch-line coupler (BLCoupler) is a 3-dB directional 

coupler that produces a 90° phase difference between the 

outputs of the coupler and through the arms. This type of 

coupler has already been studied in [27]. As shown in Fig. 4, 

the rectifier consists of two sub-rectifying circuits and a 

BLCoupler with a grounded isolation port. In the analysis, 

the sub-rectifiers are assumed to be identical, and the loss of 

the BLCoupler is ignored. Based on [27] and [39], the 

scattering matrix of the BLCoupler is given by the following 

form: 

[𝑆] =
−1

√2
[

0 𝑗
𝑗 0

1 0
0 1

1 0
0 1

0 𝑗
𝑗 0

].                                           (11) 

It can be proved that the power loss of the rectifier circuit 

with the BLCoupler is as follows: 

𝑃𝑙𝑜𝑠𝑠𝐵𝐿 =
1

2
|Γ|2|Γˊ|2|𝑎1|

2,                                          (12) 

where Γ and Γˊ are the reflection coefficients at the 

corresponding power, and a1 is the input wave to the coupler. 

Therefore, it can be concluded that the efficiency ηPinc at 

the incident power of Pinc is as follows: 

for BLCoupler:  ηPinc
=

Pin×ηPin

Pinc
= (1 − |Γˊ|2|Γ|2) ×

ηPin
,                                                                       (13) 

since 0 < |Γ| < 1 and 0 < |Γˊ| < 1, it is indicated that the 

RF-DC conversion efficiency can be enhanced by applying 

the BLCoupler configuration than TCoupler and 

WDCoupler. 

 

 

(a) (b) 

(a) (b) 
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D. CLCoupler and LCoupler 

When two transmission lines are adjacent to each other, 

electromagnetic field interactions can cause power to couple 

from one line to another. Such lines are referred to as 

 

Fig. 4. The rectifier based on the BLCoupler with grounded 

isolation port. 

 coupled-line couplers (CLCouplers). The CLCouplers are 

usually symmetric, meaning that the two conductive strips 

have the same position and width relative to the ground. This 

symmetric layout simplifies the analysis of their 

characteristics. However, the coupling of a CLCoupler is too 

loose. A Lange coupler (LCoupler) is a practical 

implementation that achieves high coupling between edge-

coupled lines by using multiple parallel lines [39]. The 

rectifiers based on the CLCoupler and LCoupler with the 

grounded isolation port are shown in Fig. 5(a) and 5(b). 

According to [39], the scattering matrix of the quadrature 

CLCoupler and LCoupler is: 

[𝑆] =

[
 
 
 
 0  𝑗√1 − 𝑐2

−𝑗√1 − 𝑐2 0

𝑐                 0
0                 𝑐 

𝑐                   0
0                   𝑐

0 −𝑗√1 − 𝑐2

−𝑗√1 − 𝑐2 0 ]
 
 
 
 

.          (14)  

where c is the voltage coupling coefficient, for example, 

between ports 3 and 1.  

For an analysis of the couplers, at first, the input wave a1 

transmits to ports 2 and 3, and then from these ports will be 

returned to other ports. Similar to the BLCoupler, we can 

prove the following equations: 

𝑃𝑙𝑜𝑠𝑠𝐶𝐿   &  𝑃𝑙𝑜𝑠𝑠𝐿 =
1

2
[(2𝑐2|𝑎1||Γ| − 1)2] +

1

2
[16𝑐4(1 − 𝑐2)2|Γ|2|Γˊ|2]|𝑎1|

2   (15) 

if  0.7 < c < 1 , the second term in the above equation is ten 

times larger than the first term, so we have approximately 

efficient: 

for CLCoupler & LCoupler:  ηPinc
=

Pin×ηPin

Pinc
≅ (1 −

16𝑐4(1 − 𝑐2)2|Γ|2|Γˊ|2) × ηPin
.                             (16) 

Since 16C4(1 − C2)2 < 1, the improved efficiency by the 

CLCoupler and LCoupler in the incident power of Pinc can 

be obtained than mentiond previous couplers. Of course, it is 

expected to have a higher efficiency in LCoupler than 

CLCoupler because of the higher voltage coupling 

coefficient. On the other hand, the design methods of a 

coupler are presented in [39] based on the characteristic 

impedance (Z0), even- (Z0e) and odd- (Z0o) mode 

impedances of coupled adjacent lines in terms of the strip 

width and the gap between strips. The voltage coupling 

coefficient based on this theory can be determined by the 

following equations: 

𝑍0
2  = 𝑍0𝑒𝑍0𝑜 .  c =

𝑍0𝑒−𝑍0𝑜

𝑍0𝑒+𝑍0𝑜
.                                       (17) 

since, the odd and even mode impedance depends on the 

physical structure of the coupled lines, the LCoupler may be 

driving lower impedances than the CLCoupler and so more 

power transfer as possible. 

For 0 < c < 0.7, the input wave of a1 directly affects the 

efficiency, and it is not suitable for low input power. Thus, 

the CLCoupler is most suitable for high voltage coupling 

factors or high input power. 

  
Fig. 5. The rectifier based on a) the CLCoupler and b) 

LCoupler with grounded isolation port. 

III. Rectifier Design and Performance 

Comparison of Couplers 

A. Rectifier Design 

To confirm the mentioned theoretical analysis, the 

designed layout in Fig. 1 has used the various couplers in the 

rectifier circuit design with the following methodology.  

Step 1: According to [20] and [27], a modified single 

rectifier is designed and developed for maximum efficiency 

at 2.45 GHz. The level of power is improved between -5 

dBm and +5 dBm for medium-power applications, and the 

designed system can also be used for low and high-power 

applications, by selecting suitable rectifying diodes. The 

configuration of the adapted rectifying structure is shown in 

Fig. 6 (a). It is composed of an MN, rectifying Schottky 

diodes, and a DC-pass filter. Proper Schottky diodes 

HSMS2850 are chosen for the rectifying circuit because of 

the reversed input impedance trend. Note that when the level 

of input power is more than the finest power of the rectifier, 

the most power is consumed by the Schottky diodes due to 

the diode breakdown. The MN converts the complex 

impedance to 50-Ω, and the DC-pass filter with harmonic 

rejection is designed using harmonic termination. The DC-

pass filter is realized with two fan-shaped branches with 

different radius, followed by a resistive load (RL) to excerpt 

the DC power. 

Step 2: According to the analysis in Section II, an 

appropriate coupler is designed and optimized to operate at 

(a) (b) 
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the operating frequency. Actually, the couplers are designed 

based on quarter-wavelength impedance matching 

principles. Key design considerations include operating 

frequency, impedance matching, insertion loss, power 

division, isolation, and bandwidth. Optimization is achieved 

using advance design system (ADS) as an electromagnetic 

simulation software, ensuring high performance in practical 

applications. It is expected that the rectifier performance is 

affected by the coupler. The various couplers are applied in 

the proposed design, with the structures shown from Fig. 6 

(b) to Fig. 6 (f) with the optimized physical dimensions. It is 

worth noting that the optimal dimensions of each coupler are 

obtained based on a separate design. Their combination with 

the rectifier is re-optimized to achieve optimal performance. 

Therefore, the output of their results with the rectifier 

combination is more important than their individual output. 
 

      

              

 

                

 

Fig. 6. Geometry of the designs in the proposed circuit with 

the optimized physical dimensions. (a) Single rectifier; (b) 

TCoupler; (c) WDCoupler. (d) RRCoupler; (e) BLCoupler; (f) 

CLCoupler; (g) LCoupler with grounded isolation port. 

Dimensions are in mm. 

Step 3: Two identical single rectifiers are adjoined to the 

coupler output ports in order to the reflected power can be 

recycled and the conversion efficiency can be improved in 

different operating frequencies, input powers, and loads. 

In the presented design, the substrate is Rogers-4003, with 

a thickness of 0.8 mm, a dielectric constant of 3.55, and a 

loss tangent of 0.0027. It should be illustrated that in the 

simulation model, the losses of the microstrip line and diodes 

are considered, and the capacitor models are from 

MURATA. 

 

B. Simulated Results and Comparison 

At first, in order to verify the rectifier circuit performance 

based on the different couplers, the reflection coefficient 

|S11| versus operating frequency is shown and compared 

with Fig. 7. It can be seen that a single rectifier without the 

coupler (SRWC) is also designed for comparison. It is clear 

that the rectifier with the various couplers has a smaller 

reflection coefficient than SRWC. Therefore, the loss of 

power due to impedance mismatch is decreased by applying 

the coupler, as indicated in Section II. As shown in Fig. 7, 

bandwidth for |S11| < -10 dB is increased from 0.05 GHz to 

0.23 GHz by applying the proposed technique with the 

CLCouple, LCoupler, and RRcoupler. Furthermore, the 

frequency bandwidth can be more extended to 0.3 GHz by 

using the BLcoupler and Toupler than the other one. 
 

 

Fig. 7. The |S11| of the rectifiers in terms of operating 

frequency with the various couplers. 

Fig. 8 demonstrates the RF-DC efficiency comparison 

between the rectifiers based on the different couplers 

regarding operating frequency, output load, and input power. 

The losses of the different couplers, such as mismatch loss, 

isolation loss, dissipative loss, cascade loss, and 

transmission loss, are taken into the simulation. As 

illustrated in Fig. 8(a), the conversion efficiency is 

significantly affected by using the different couplers, so that 

the efficiency of the rectifier with the BLCoupler is higher 

than other designs when the input power level is very low or 

around 0 dBm and more so for maximum efficiency. 

Nevertheless, from -15 dBm to -5 dBm, the efficiency of the 

rectifier with the LCoupler is more than other couplers, and 

then the CLCoupler is better. It should be mentioned that this 

research on the condition of operating in which the 

breakdown voltage is not reached, has been focused. 

Therefore, as shown in Fig. 8(a), the loss of power in the 

breakdown diodes is highly increased. The TCoupler, 

RRCouple, and WDCoupler have relatively similar 

performance in the efficiency of input power, while they 

have lower efficiency in the performance area compared 

with previous couplers. The diode breakdown voltage 

happens later because of lower power loss in these couplers. 
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The rectifiers using TCoupler, RRCoupler, and WDCoupler 

work at a higher power level; therefore these rectifiers 

achieve higher maximum efficiency at the higher power 

levels, although the focus of this article is on low-level 

powers. The input power range for over 60% efficiency of 

the rectifier with TCoupler is from 5.4 dBm to 14.6 dBm, 

while with the BLCoupler is from 3.8 dBm to 10.2 dBm. The 

difference in the efficiency of the rectifier with various 

couplers is primarily because of the rectifier matching in 

terms of the reflection coefficient and the re-used power. As 

illustrated in Fig. 8(b), the rectifier with BLCoupler exhibits 

a higher efficiency (over 60%) in a wide range of load than 

the other couplers when the output load changes from 210 Ω 

to 1190 Ω. While, within the output load range of 170 Ω to 

490 Ω, the rectifier with the CLCoupler has a higher 

efficiency in a lower range of output load. As shown in Fig. 

8(c), the rectifier based on the BLCoupler has the broadest 

frequency bandwidth from 2.05 GHz to 2.89 GHz (over 60% 

efficiency) as compared with the others, while the rectifier 

based on the CLCoupler has the lowest frequency 

bandwidth. For better comparison, Table 1 shows the 

important rectifier parameters based on different coupler 

structures for efficiency over 60%. Therefore, it can be seen 

in Table 1 that the rectifier based on the BLCoupler can work 

in the broader ranges of operating frequency and output load, 

while it is more sensitive to lower input power level (3.8 

dBm) in comparison with the other couplers. Obviously, if 

input power range was the criterion for superiority, TCoupler 

is superior to the others with a range of more than 9 dBm. 

 

V. Prototype of Rectifier Based on Blcoupler 

For validation, a rectifier circuit with the BLCoupler is 

designed, optimized, and then fabricated, as shown in Fig. 9. 

The dimensions of the design are shown in same Fig. 9. The 

The fabricated rectifier is characterized and compared 

with simulation as a function of RF-DC conversion 

efficiency in terms of output load, operating frequency, and 

input power. Fig. 10 shows the experimental measurement 

setup, in which the measurement is extracted by a multi-

meter. The measured conversion efficiency can be obtained 

by: 

𝜂(%) =
𝑃𝑜𝑢𝑡1+𝑃𝑜𝑢𝑡2

𝑃𝑖𝑛
.                                               (18) 

Pout1 and Pout2 are the output power of the two sub-

rectifying networks, and Pin is the input power delivered by 

a signal generator and a power amplifier. The output powers 

can be obtained by: 

𝑃𝑜𝑢𝑡1 =
𝑃𝑜𝑢𝑡1+𝑃𝑜𝑢𝑡2

𝑃𝑖𝑛
.                                                (19) 

𝑃𝑜𝑢𝑡1 =
𝑉𝑑𝑐1

2

𝑅𝐿
. 𝑃𝑜𝑢𝑡2 =

𝑉𝑑𝑐2
2

𝑅𝐿
.                                      (20) 

The 330 pF capacitor (C) and the 360 Ω output load (RL) 

are used in the proposed design. 

Vdc1 and Vdc2 are the DC output voltage on the loads RL 

of the two sub-rectifiers. Note that the two output ports can  

 
(a) 

 
 

(b) 

 
(c) 

Fig. 8. The RF-DC efficiency of the rectifiers with the various 

couplers in terms of (a) input power, (b) output load, and (c) 

operating frequency. 

TABLE. I COMPARISON AMONG RECTIFIER WITH 

VARIOUS COUPLERS FOR EFFICIENCY OVER 60%. 
Type of 

coupler 

Input power 

(dBm) 

Output 

load (Ω) 

Operating 

frequency 

(GHz) 

BLCoupler 3.8-10.2 210-1190 2.05-2.89 

CLCoupler 4.5-10.9 170-490 2.24-2.55 

LCoupler 4.5-11.5 170-530 2.24-2.66 

RRCoupler 8.2-14.3 150-590 2.12-2.78 

WDCoupler 8.3-15.3 130-510 2.15-2.86 

TCoupler 5.4-14.6 170-630 2.07-2.76 

 

also be linked together with a DC-DC converter in series 

or parallel. 

The simulated and measured results of conversion 

efficiencies of the rectifier circuit versus operation 

frequency, input power level, and output load are shown in 

Fig. 11. As depicted, the simulated results agree with the 

measured results, which validate the rectifier circuit design. 

The minor variance is due to the diode model inaccuracy and 

the fabrication tolerance. As observed in Fig. 11(a), the 
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Fig. 9. Layout of the rectifier circuit based on the BLCoupler. 

 

Fig. 10. Schematic of the measurement setup of the rectifier. 

 
(a) 

 

(b)

 

(c) 

Fig. 11. Measurement and simulation efficiencies of the 

rectifier with the BLCoupler in terms of a) input power, b) 

versus output load for Pin = 9 dBm, and c) operating frequency 

for Pin = 8 dBm. 

rectifier remains above 60% measured RF-DC efficiency 

from 5.3 to 10.6 dBm, containing a 5.3 dB range of input 

power for over 60% efficiency with a peak efficiency of 66% 

at 9 dBm. Moreover, the measurement and simulation 

efficiencies in term of output load are shown in Fig. 11(b). 

The rectifier can keep high RF-DC efficiency (over 60%) for 

a broader range of output load from 200 Ω to 1130 Ω. It can 

also be observed from Fig. 11(c), that the more than 60% 

measurement RF-dc efficiency of the rectifier circuit can be 

obtained in a wideband range from 2.16 GHz to 2.96 GHz 

(32% fractional bandwidth). These results indicate better 

performance of the rectifier. 

In Table 2, a comparison between the proposed rectifier 

based on BLCoupler and recent prior works is shown. The 

proposed circuit has been compared for RF-dc conversion 

efficiency more than 60%. The proposed work can realize 

wide input power range, output load range, operating 

frequency bandwidth with relatively high rectifying 

efficiency at the same time, while previous works only focus 

on extending the operating input power range or frequency 

bandwidth of the rectifiers. Although the efficiency is not the 

highest one, but it is sensitive at a lower power level, which 

is an advantage. 

  

TABLE. II PERFORMANCE COMPARISON WITH 

RELATED RECTIFIERS IN RECENT LITERATURE. 
Ref. [12] [13] [36] This 

work 

Diode model HSMS28

2B 

HSMS28

20 + 

NE3210S

01  

HSMS28

20 +  

HSMS28

60 

HSMS

2850 

Substrate RO4003C RT_Duroi

d5880 

(εr=2.65)

N.S* 

Rogers

-4003 

Operating 

frequency for 

efficiency over 

60% (GHz) 

4.8-6.2 2.45 2.45 2.16-

2.96 

Output load 

for efficiency 

over 60% (Ω) 

160-800 80-520 N.S 200-

1130 

Input power 

for efficiency 

over 60% 

(dBm) 

15-27.5 18.5-33 12-25 5.3-

10.6 

Maximum 

efficiency @ 

Input power  

74.1% @ 

23dBm 

74.4% @ 

30dBm 

75.5% @ 

13dBm 

66% @ 

9dBm  

*Not Stated 

IV. Implementing the Rectifier Circuit in 

MPT Systems 

The practical implementation of a rectifier circuit in MPT 

systems necessitates addressing multiple engineering and 

operational challenges to optimize performance and 

reliability. By incorporating advanced design techniques and 

adhering to established standards, rectifier circuits can 

facilitate the reliable deployment of MPT systems for 
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various applications. Some of the important implementation 

challenges are as follows: 

Efficiency Optimization: the rectification process should 

maximize the conversion efficiency to ensure minimal 

energy loss. Diode selection, matching networks, and load 

optimization are key factors influence efficiency [40]. 

Power Handling and Thermal Management: MPT 

systems often operate at high power levels, making thermal 

management a crucial design consideration. The rectifier 

circuit should incorporate heat sinks or advanced cooling 

techniques to prevent thermal degradation [41]. Moreovere, 

the nonlinear characteristics of diodes may cause efficiency 

degradation at high power levels, necessitating careful 

circuit design [42]. 

Harmonic Suppression and Electromagnetic Interference 

(EMI) Mitigation: Harmonics generated during rectification 

can interfere with nearby communication systems and 

reduce rectifier efficiency. Filtering, shielding, and 

grounding techniques can significantly suppress unwanted 

frequencies and improve system stability [43]. 

Environmental Robustness: The rectifier circuit should be 

designed to withstand external environmental factors, such 

as resistance in temperature and humidity, and mechanical 

reliability [44]. 

Antenna Integration and Beam Alignment: The rectifier’s 

integration with the receiving antenna affects overall system 

performance. Misalignment can reduce power reception 

efficiency, requiring adaptive control mechanisms [42].  

 

V. Conclusion 

This article has presented and introduced a study on 

various couplers in the rectifier circuit topology to design 

optimized high-efficiency rectifier circuits with an extended 

range of frequency bandwidth, output load, and input power. 

The design principles of different couplers have been 

analyzed, and closed-form design formulas have been 

derived. Furthermore, the mechanism and design procedure 

of the rectifier with and without coupler have been presented 

and compared. Among the various couplers, the rectifier 

based on the BL Coupler demonstrates superior RF-DC 

conversion efficiency across a wider frequency band and 

output load range. Therefore, to validate the approach, the 

designed rectifier operating at 2.33–2.63 GHz, based on the 

BL Coupler, was implemented and fabricated. The rectifier 

achieves over 60% efficiency within the 2.16–2.96 GHz 

range, with an input power range of 5.3 dBm to 10.6 dBm. 

The measurement results confirm the effectiveness of the 

proposed method for designing rectifiers. Additionally, this 

approach can be applied to other scenarios. 
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Calculating the current of the rotor bars in a squirrel cage induction motor (SCIM) using 

stator data is difficult, but it is very useful. With the calculation of the rotor bars’ current, 

analysis and investigation of various parameters of the motor can be conducted precisely. 

One of the faults faced by SCIM is the broken rotor bar (BRB) fault. The breakage of 

one or more bars causes a change in the current of the healthy bars, as well as in the 

behavior and parameters of the motor. In this paper, the method of calculating the rotor 

bars’ current in the SCIM in both healthy and defective states (breakage of one bar and 

two adjacent bars) is introduced using the multiple coupled circuit (MCC) model. In 

addition to currents, some important parameters, such as speed and magnetic field, will 

also be calculated. For validation of results, a two-pole SCIM with a nominal 

specification of 1.1 kW, 220/380 V, and 50 Hz is subjected to experimental testing. The 

results are confirmed by practical tests and simulations using the Ansys Maxwell 

software. 

 

I. Introduction 

Squirrel cage induction motors (SCIMs) are widely used in 

industrial applications due to their simplicity, low cost, easy 

maintenance, high efficiency, and reliability [1-2]. IM 

failures lead to significant process delays, increased 

maintenance costs, and lost revenue. Therefore, 

implementing predictive maintenance is crucial for 

identifying the root causes of these failures [3]. Types of 

faults in induction motors (IMs) include faults related to the 

stator winding, faults related to bearings, faults related to the 

rotor, and finally, faults related to external devices. These 

faults result in unexpected motor failures and substantial 

costs for the production department [4-6]. Consequently, it is 

crucial to regularly monitor the condition of IMs. 

Understanding a machine's electrical, magnetic, and 

mechanical behavior is essential for reliable condition 

monitoring [7]. Mathematical models are required for 

accurate motor performance prediction, computer 

simulation, and fault signature identification [8-10]. Non-

destructive testing is vital for investigating faulty motors in 

both healthy and faulty conditions, and motor performance 

models are effective tools for this purpose [11]. As shown in 

Figure 1, the modeling of IMs can be categorized into three 

main groups: 1. circuit models, such as multiple-coupled 

circuits [12] and magnetic equivalent circuit models [13]; 2. 

state space models, including modified d-q models [14]; and 

3. finite element method models, which include full FEM 

and FEM-SS methods [15]. To obtain a complete solution, 

full FEM solutions require the utilization of a FEM solver 

for all solution stages. On the other hand, FEM-SS involves 

using FEM modeling to estimate parameters for a separate 

simulator. Table I compares these methods. By examining 

the characteristics of each of these methods, it can be said 

that the use of MMC modeling for circuit analysis has proven 

to be highly effective and versatile, capable of accurately 

modeling a variety of stator and rotor faults, such as BRB, 

end ring faults, open circuit and short circuit in the stator 

winding, static and dynamic eccentricity, and even corrosion 

[16]. Parameterization of an MCC model for IM requires 

either detailed knowledge of the internal structure and 

materials of an IM or sophisticated measurement and testing 

methods. In [17], the modeling parameters are automatically 

determined and optimized using measurement data from 

standard operation with a differential evolution algorithm. 

mailto:hrizadfar@semnan.ac.ir
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The method is primarily oriented toward practical suitability 

for industrial applications. The multilevel approach allows 

for the simulation of the dynamic behavior of unknown IMs. 

The parametric modeling can then be used to diagnose and 

identify fault cases. [18] presents a method for coupled 

electromagnetic and dynamic modeling of an IM with a 

BRB. It involves creating an MCC model of the IM, a 

dynamic model of the rotor, and addressing the interaction 

between these two models. Dynamic simulations and 

analyses are conducted to investigate the effects of the BRB  

fault on both the electromagnetic and dynamic 

characteristics of the IM. [19] presents a model of an SCIM 

with BRB, utilizing MCC. This analytical model 

encompasses all spatial harmonic components of the air-gap 

magnetic force, allowing for an examination of the machine's 

transient behavior. Equivalent circuits (EC) compatible with 

both healthy and faulty squirrel-cage rotor topologies are 

developed. In the EC for a healthy rotor, placing an 

independent current source in the bar that breaks in the

 

Induction Motor

Circuit ModelsState Space ModelsFEM Models

Magnetic circuit Electric circuit Modified d-q ModelsFEM-SSFull FEM

 
Fig. 1. Types of IM modeling methods 

TABLE I COMPARISON OF COMMON IM MODELING METHODS  

Disadvantage Advantage Method 

• Some geometric constraints, such as those for 

cooling ducts in the stator or rotor, are difficult 

to manage. 

• Non-uniform air gap 

• Practical winding functions 

• Saturation can be defined in analytical terms. 

• Different types of faults can be simulated. 

• The computation time is significantly lower 

Compared to the FEM. 

• It strikes a great balance between complexity and 

accuracy. 

Multiple coupled 
circuit (MCC) 

• Negligible saturation 

• Uniform air gap 

• Sinusoidal stator winding 

• No inter-bar currents 

• No spatial harmonics 

• No eccentricity faults  

•       No skin effects  

•  Dealing with asymmetries, which are inevitable 

when a fault occurs, can be quite challenging. 

• Simple 

• Comprehensive 

• Provides good equations for parameter estimation 

• Good for control and drives 

d-q modeling 

•      As all slots must be modeled and the faulty 
machine is no longer symmetrical, the model 

becomes quite complex. 

•    Spatial dependencies can be included. 
•   Computationally less intense than FEM but more than 

MCC 

• It can include geometry, material parameters, and 
winding distribution 

Magnetic equivalent 

circuit (MEC) 

•     The computational complexity is the main issue, 

particularly in fault diagnostics where symmetry 

is absent. This problem worsens with 3D analysis 

and makes it unsuitable for hardware-in-the-loop 

environments and inverse problem theory. 

•    Complex geometries can be considered 

•  Non-linearity, such as saturation, skinning effect, and 

non-idealities can be considered 

•     All types of faults can be simulated; combining FEM 

with analytical modeling is a good approach. 

Finite element method 

(FEM) 

damaged rotor—whose current is the negative of the current 

through the same bar—and replacing all voltage sources in 

the remaining bars with short circuits results in an EC that 

can be used to resolve the deviations in the rotor mesh 

currents caused by the bar breakage. Depending on the type 

of fault, the model parameters can be adjusted to match the 

machine's behavior. This allows the fault severity to be 

estimated from the model parameters. Classical models 

based on the Clark transform are unable to reproduce 

asymmetric fault conditions. For this purpose, models based 

on modified WFT and MCC are used. These models allow 

flexible emulation of many different fault conditions and 

match the machine's behavior over a wide operating range, 

even in the faulted condition. The developed model has been 

evaluated using steady-state measurements on a 5.5 kW 

inverter-fed induction machine [20]. [21] presents an 
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approach for detecting BRB in an IM based on an MCC. All 

self-inductances and mutual inductances of the model are 

calculated based on the WFT. By employing a genetic 

algorithm (GA), optimized parameters are obtained by 

minimizing the errors between the experimental results and 

the simulation results. The comparison of speed and current 

shows good agreement between the model and the 

experimental data under healthy conditions. Because faults 

related to the rotor account for about 20% of all IM faults 

[22], and given the importance of monitoring the condition 

of the motor to prevent unexpected failure, the purpose of 

this paper is to estimate the rotor bars' current in the SCIM 

under healthy operating conditions and with a BRB fault 

using WFT and the MCC model. In other words, we intend 

to measure the impact of BRB on the main parameters of the 

SCIM, including the current of other rotor bars. For this 

purpose, a 2-pole SCIM with nominal specifications of 1.1 

kW, 220/380 V, and 50 Hz is subjected to experimental 

testing and 2D FEM analysis. This motor is tested and 

analyzed under healthy and defective conditions (breakage 

of one and two adjacent bars). Under these conditions, the 

current of the rotor bars is calculated. 

The rest of the paper is as follows. In section II, the SCIM 

modeling based on the MCC model is presented. In section 

III, the modeling of the BRB fault is described. In section IV, 

the proposed method for calculating the RBC is shown as a 

flowchart. In section V, the experimental results are 

examined and compared with the simulation results. In 

section VI, losses are evaluated in the BRB fault, and finally, 

in section VII, the conclusion is presented. 

 

II. IM modelling based on the MCC model 

The MCC model was initially introduced in [16] to 

analyze concentrated winding IMs. This model formulates 

multiple induction circuits by coupling the stator and rotor 

of an SCIM. Consider an SCIM having m stator circuits and 

n rotor bars. The rotor cage is assumed to have n equal loops 

that are equally spaced, each comprising two rotor bars and 

the connecting parts of the end rings between them. This 

configuration is illustrated in Figure 2. In the circuit shown 

in this figure, we use an RL model. Since we focus on low 

frequencies, we can ignore the capacitance between turns 

and windings. Once we have the values for the parameters, 

we can calculate the loop currents using standard circuit 

analysis techniques [23]. 

Therefore, the equations of the IM can be written as a 

vector matrix in equations (1) to (4). 

 

𝑉𝑆 = 𝑅𝑆𝐼𝑆 +
𝑑𝛬𝑠

𝑑𝑡
                                                                         (1) 

𝑉𝑟 = 𝑅𝑟𝐼𝑟 +
𝑑𝛬𝑟

𝑑𝑡
                                                                     (2) 

𝛬𝑠 = 𝐿𝑠𝑠𝐼𝑠 + 𝐿𝑠𝑟𝐼𝑟                                                                    (3) 

𝛬𝑟 = 𝐿𝑠𝑟
𝑇 𝐼𝑠 + 𝐿𝑟𝑟𝐼𝑟                                                                   (4) 

 

The 𝐿𝑠𝑟
𝑇  matrix is the transpose of the L𝑠𝑟 matrix. Also: 

𝐼𝑠 = [𝑖𝑠1 𝑖𝑠2 …  𝑖𝑠𝑚]𝑇                                                     (5) 

𝐼𝑟 = [𝑖𝑟1 𝑖𝑟2 …  𝑖𝑟𝑛]
𝑇                                                            (6) 

𝑉𝑠 = [𝑣𝑠1 𝑣𝑠2 …  𝑣𝑠𝑚]𝑇                                                          (7) 

[𝑅𝑠] = 

[
 
 
 
 
𝑅𝑠

0
⋮
0
0

0
𝑅𝑠

⋮
0
0

    

…
⋮
⋱
0
…

0
0
⋮
𝑅𝑠

0

0
0
⋮
0
𝑅𝑠]

 
 
 
 

𝑚×𝑚

                                   (8) 

 [𝑅𝑟] =

 

[
 
 
 
 
2(𝑟𝑏 + 𝑟𝑒)

−𝑟𝑏
0
⋮

−𝑟𝑏

−𝑟𝑏
2(𝑟𝑏 + 𝑟𝑒)

−𝑟𝑏
⋮
0

    

0
−𝑟𝑏

2(𝑟𝑏 + 𝑟𝑒)
⋮
…

…
………
…

−𝑟𝑏
0
⋮
⋮

2(𝑟𝑏 + 𝑟𝑒)]
 
 
 
 

𝑛×𝑛

             (9) 

In the case of the squirrel cage rotor,  𝑉𝑟 = [O]. To clarify, 

it should be noted that the currents in the stator and rotor 

circuits are assumed to be independent. These circuits can 

then be connected in any way to create the phases of the 

stator windings, and the configuration of the rotor bars and 

end rings can be considered. The torque and mechanical 

equations of the machine are: 

 

 
Fig. 2. MCC topology 

𝑑𝜃

𝑑𝑡
= 𝜔                                                                               (10)  

𝑑𝜔

𝑑𝑡
=

1

𝐽
(T𝑒 − T𝐿)                                                                   (11) 

T𝑒 = 
1

2
𝐼𝑠
𝑇 𝜕L𝑠𝑠

𝜕𝜃𝑟
I𝑠 +

1

2
𝐼𝑠
𝑇 𝜕L𝑠𝑟

𝜕𝜃𝑟
I𝑟 +

1

2
𝐼𝑟
𝑇 𝜕L𝑟𝑠

𝜕𝜃𝑟
I𝑠 +

1

2
𝐼𝑟
𝑇 𝜕L𝑟𝑟

𝜕𝜃𝑟
I𝑟       (12) 

where 𝜃 is the mechanical angle, 𝜔 is the mechanical speed, 

T𝐿 is the load torque, and 𝐽 is the rotor inertia. 

The calculation of all machine inductances, as indicated 

by the inductance matrices in the above relations, is the key 

to a successful simulation of an IM. These inductances are 

easily calculated using WFT. This method does not assume 

any symmetry in placing each coil in the slots. According to 

WFT, the mutual inductance between windings i and j in any 

electric machine can be calculated using (13) (assuming the 

permanence of iron is infinite): 

L𝑖𝑗(𝜑) = 𝜇0𝑟𝑙 ∫ 𝑔−1(𝜑. 𝜃)𝑁𝑖(𝜑. 𝜃)𝑁𝑗(𝜑. 𝜃)𝑑𝜃
2𝜋

0
         (13) 

Where 𝜑 is the angular position of the rotor relative to the 

stator reference, 𝜃 is a specific angular position along the 

inner surface of the stator, 𝑔−1(𝜑. 𝜃)  is called the inverse of 

the distance function, which becomes l/g assuming the air 

gap is uniform. l is the stack length and r is the average radius 
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of the air gap. 𝑁𝑖(𝜑. 𝜃) is called the winding function. 

Therefore, it is possible to calculate the RBC using these 

equations.  

The key challenge in the analytical approach of SCIM lies 

in accurately determining the induced current in the rotor 

bars of the squirrel cage. This requires a precise estimation 

of the magnetic flux passing through the rotor surfaces. 

Moreover, it necessitates the use of a highly precise electrical 

equivalent circuit, whose elements must be correctly 

identified and determined [16]. 

 

III. BRB modeling 

The rotor bars of the SCIM are short-circuited by end rings 

on both sides. This can be modeled as several resistors of 

equal size (each bar) in parallel with each other. Therefore, 

when the BRB occurs, it leads to a sudden increase in the 

resistance of the rotor to a certain extent. There are different 

methods to identify the resistance of the BRB. One method 

of measuring the amount of rotor resistance change with the 

broken bars is expressed as (14). According to (14), the 

amount of rotor resistance change depends on the number of 

BRBs [24-25]. 

∆𝑅 =
𝑛𝑏

𝑁

3
−𝑛𝑏

𝑅𝑟                                                                 (14) 

where 𝑅𝑟 is the resistance of the healthy rotor, N is the total 

number of rotor bars, and 𝑛𝑏 is the number of BRB. 

As mentioned, the method based on MCC and WFT can 

be used to model SCIM. Using this model, it is possible to 

successfully simulate the IM under different conditions 

without changing the model. Therefore, by ignoring the 

saturation effect, it is possible to simulate the BRB fault by 

increasing the resistance of the broken bar. The greater the 

resistance, the greater the severity of the fault. It is sufficient 

to increase the resistance of the bar to several times its initial 

value to model the BRB fault [26]. [27] To model an initial 

fault (a partial BRB), the resistance of the defective bar has 

been increased. A 10-fold increase in the resistance of the bar 

creates a similar effect to that of a complete BRB. A 3.5-fold 

increase is used to simulate a partial BRB fault. 

 

IV. Proposed method for calculating the RBC 

The IM's dynamic simulation involves solving the 

differential equations (1), (2), (10), and (11) together. 

Various methods can be employed for this purpose. This 

section describes a relatively simple method. Assuming that 

the simulation time step (Δt) is chosen to be small enough, 

these equations can be well approximated in the form of 

differential equations as follows: 

[Λ𝑠]𝑖 = {[𝑉𝑆]𝑖 − [𝑅𝑆][𝐼𝑆]𝑖−1}∆𝑡 + [Λ𝑠]𝑖−1                      (15) 

[Λ𝑟]𝑖 = −[𝑅𝑆][𝐼𝑆]𝑖−1∆𝑡 + [Λ𝑟]𝑖−1                                  (16) 

𝜔𝑖 =
1

𝐽
(T𝑒.𝑖−1 − T𝐿.𝑖)∆𝑡 + 𝜔𝑖−1                                      (17) 

𝜃𝑟.𝑖 = 𝜔𝑖∆𝑡 + 𝜃𝑟.𝑖−1                                                        (18) 

Also, (3) and (4) can be expressed in terms of the current 

vectors as follows: 

[I𝑟]𝑖 = ([L𝑟𝑟]𝑖 − [L𝑠𝑟]𝑖
𝑇[L𝑠𝑠]𝑖

−1[L𝑠𝑟]𝑖)
−1 × ([Λ𝑟]𝑖 −

[L𝑠𝑟]𝑖
𝑇[L𝑠𝑠]𝑖

−1[Λ𝑠]𝑖)                                                      (19)   

 

[I𝑠]𝑖 = [L𝑠𝑠]𝑖
−1[Λ𝑠]𝑖 − [L𝑠𝑠]𝑖

−1[L𝑠𝑟]𝑖[I𝑟]𝑖                     (20) 

The simulation process depicted in Figure 3 begins with 

the initial step, followed by a loop of simulation stages. 

During each stage, the parameters and variables of the IM 

are calculated using the given equations. This loop repeats 

until the end of the simulation time. The simulation method 

described here is similar to the numerical solution of state 

equations and can be accomplished by using software codes 

such as MATLAB. The proposed method, utilizing 

numerical and iteration-based techniques with stator data 

and motor nominal specifications, has a higher convergence 

speed and accuracy than the conventional MCC method. 

This is confirmed by the results of Maxwell software 

simulations based on the FEM method. In the governing 

equations of the proposed model, considering that the motor 

power is low and the saturation effect is insignificant, the 

saturation effect has been ignored to reduce computational 

load and increase the convergence speed of the proposed 

model. The advantages and disadvantages of the proposed 

method are presented in Table II. 

The proposed model has the potential to be used in 

industrial motors and is not limited to a specific power range; 

in this respect, it is completely scalable. 

In this model, given that it focuses more on modeling 

steady-state conditions of the motor to increase the accuracy 

of calculations and to consider the effect of increasing motor 

temperature in steady-state, based on (21) and motor 

temperature changes in these conditions, this effect has been 

applied as a coefficient to the constant values of the resistors 

[28]. 

𝑅𝑛𝑒𝑤 = 𝑅0(1 + 𝛼∆𝜃)                                                              (21) 

where, α is the temperature coefficient of copper or 

aluminum, ∆θ is the temperature change. 

Also, in order to consider the effect of skewed rotors in 

the proposed model, the skew factor approach has been used. 

In this method, a skew factor is applied to the mutual 

inductance. This factor is given by (22) [29]. 

 

𝐾𝑠𝑘𝑒𝑤 =
sin (𝛼𝑠𝑘𝑒𝑤/2)

𝛼𝑠𝑘𝑒𝑤/2
                                                        (22) 

𝐿𝑠𝑟.𝑒𝑓𝑓 = 𝐾𝑠𝑘𝑒𝑤𝐿𝑠𝑟0                                                         (23) 

 

V. Simulation results 

A SCIM, whose parameters are given in Table III, is 

investigated in this paper. The stator winding connection is 

Y. The simulation results are obtained using a balanced 

three-phase power supply of 380 V, 50 Hz, and under a load 

of 3.5 Nm (full load). It should be noted that the calculations 
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Start

Reading the rated values of the 

motor

Calculation of the Rr, Lss, Lrr

Calculation of the stator currents 

(Is)

Calculation of the mutual 

inductance (Lsr)

Calculation of the rotor bars 

current (Ir)

End

Start iteration 

loop

t < t final

Yes

No

 
Fig. 3. Flowchart of the calculation process of rotor bars' current 

TABLE II ADVANTAGES AND DISADVANTAGES OF 

THE PROPOSED METHOD  

Advantages Disadvantages 

It is Suitable for real-time 

calculation of the RBC as well 

as online fault diagnosis 

Noise or sensor inaccuracies 

effect on the RBC calculation. 

It is easily implemented on 

DSPs because they are based on 

differential equations. 

Ignoring the skin effect, 

hysteresis losses and eddy 

current at high frequencies 

It is straightforward and 

directly provides information 

about the IM under different 

operating conditions. 

High sensitivity to changes in 

motor parameters, including 

changes in resistances due to 

temperature changes, changes in 

inductances due to magnetic 

saturation. 

It uses a smaller number of 

sensors and only standard 

variables (voltage, current, and 

speed). 

 

It is capable of operating under 

various loading conditions. 

 

It can be used for industrial 

motors with different rated 

power or number of poles. 

 

It can model any type of stator 

and rotor winding structure. 

 

 

of the proposed model focus more on the steady-state 

conditions of the motor and do not examine the start-up 

transient conditions. Therefore, the results presented in this 

section are the results of the steady state of the motor. This 

model performs under different loading conditions, and there 

are no limitations in this regard. In this section, as an 

example, the results of the proposed model under nominal 

load (3.5 N·m) are presented. As shown in Figure 4, this 

motor is evaluated and tested under both healthy and faulty 

conditions with a BRB fault (one and two adjacent bars). 

Figure 5 shows a picture of the laboratory setup. 

Additionally, to confirm the experimental results, the 

simulation results of this motor have been obtained using 

Ansys Maxwell software based on FEM. 

 

A) Matrices of Self and Mutual Inductance 

After calculating the inductance matrices based on a 

method involving repetition by solving the dynamic 

equations, the stator winding current, the mutual inductance 

of the stator windings and the rotor bars (𝐿𝑠𝑟), and finally the 

RBC are calculated. 

 

TABLE III CHARACTERISTICS OF THE STUDIED SCIM 

Specifications Parameter 
1.1 Power (kW) 
380 Voltage (V) 
50 Frequency (Hz) 

2850 Speed (RPM) 
2.46 Nominal Current (A) 

2 Pole number 
18 Number of stator slot 
16 Number of rotor bars 
1 Air gap length (mm) 

67 The inner diameter of the stator core (mm) 
121 The outer diameter of the stator core (mm) 
85 Number of conductors per stator slot 
76 Stator core length (mm) 
5 Skew angle of rotor bars (degrees) 

 

 
Fig. 4. Squirrel cage rotor: (a) healthy (b) 1 broken bar (c) 2 

broken bars 

According to the proposed method (Figure 4) to calculate the 

RBC at full load (3.5 Nm) under different conditions, the 

matrices of self-inductances include the inductance of the 

stator windings (𝐿𝑠) and the inductance of the rotor bars (𝐿𝑟). 

Additionally, the mutual inductance matrices of the stator 

windings and the rotor bars have been calculated in the BRB 

condition, with one BRB (bar number 1) and two BRBs (bars  
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Fig. 5. Laboratory set to calculate the rotor bars' current 

number 1 and 2). To validate the experimental results, the 

results of Ansys Maxwell software have been used.  

 

B) Stator Winding Current 

The results of calculating the stator current (Phase A) in a 

healthy condition, with one BRB (bar number 1), and with 

two BRBs (bars number 1 and 2) under nominal voltage and 

full load (3.5 Nm) are shown in Figure 6. The results of the 

laboratory test measurement of the stator current under the 

above conditions are equal to 3.5, 4, and 1.4 amps, 

respectively. 

 

C) Rotor Bars Current 

After calculating the matrices of inductance and stator 

current, the magnitude of RBC under different conditions at 

time t = 180 ms is presented in Figure 7. As an illustration, 

Figure 8 displays the current curve for rotor bar number 8. 

When a BRB fault arises in a rotor, the resistance of the 

damaged bars increases significantly compared to the 

resistance of the healthy bars. Figure 7 illustrates that when 

there are broken bars, some rotor currents flow into the 

adjacent bars instead of the broken bars due to high 

resistance, causing an uneven distribution of rotor currents. 

When a rotor experiences a broken bar, the current in the 

adjacent bars increases. However, the total current in the 

rotor is less than what flows through an undamaged rotor. 

The high current density in the affected bars leads to 

overheating, which can cause a number of issues, including 

fluctuations in torque and speed, increased noise, unstable 

stator currents, and reduced average torque [30]. 

The sensitivity of the proposed model to changes in the 

resistance value of the rotor bars is notable. In this model, a 

5-fold increase in the bar resistance produces a similar effect 

to complete BRB, and a 2-fold increase in the bar resistance 

produces a similar effect to partial BRB. As an example, the 

current of one of the rotor bars (bar number 8) for a 5-fold 

increase (complete BRB), a 2-fold increase (partial BRB), 

and a 10-fold increase at full load (3.5 Nm) is shown in 

Figure 9. 

 

D) Evaluation of Other Characteristics of the Motor 

When the BRB fault occurs, it causes a significant 

imbalance in the magnetic field within the air gap. As a 

result, rotating flux harmonics are generated, which consume 

a considerable amount of reactive power. This reactive 

power can be greater than the active power, thereby reducing 

the motor's torque. Rotor faults in IMs generally originate 

from a minor break in the rotor bar or a point of high 

resistance. Once such a fault spreads, the magnetic field 

becomes increasingly asymmetric because of the lack of 

induced current in the broken bars. This can lead to uneven 

magnetic distribution and saturation in the stator and rotor 

teeth near the broken bars, resulting in high harmonic 

components that can cause electromagnetic issues such as 

reverse magnetic field generation, torque ripples, and 

unbalanced magnetization. In Figure 10, you can see the 

curve of the magnetic flux density in the air gap, which was 

obtained from the motor models in both healthy and faulty 

conditions. Figure 11 compares the harmonic components of 

the magnetic flux density in the air gap. When the rotor is in 

a healthy state, the THD is equal to 17%, while that of the 

rotor with one broken bar and two broken bars is equal to 

25% and 28%, respectively. 

The electromagnetic force is calculated by averaging 

torque in the simulation. The radial electromagnetic forces 

(𝐹𝑟) are computed using Maxwell's stress tensor in (27). 

𝐹𝑟 =
1

2𝜇0
(𝐵𝑛

2 − 𝐵𝑡
2)                                                            (27) 

where 𝐵𝑛 and 𝐵𝑡 represent the radial and tangential 

components of the magnetic flux density, 𝜇0 is vacuum 

magnetic permeability. The electromagnetic torque is 

determined by integrating T over the stator and rotor surfaces 

[31]. Radial electromagnetic forces are shown in Figure 

12. The results show that under defective conditions, the 

level of these forces increases greatly compared to healthy 

conditions. While the average of these forces is in a healthy 

state, the rotor with 1 broken bar and the rotor with 2 broken 

bars have values equal to 0.5, 67, and 152 newtons, 

respectively. This condition indicates that the areas of the 

broken bars are subjected to more force, which raises the 

likelihood of their breakage. If the level of these forces 

increases, it will result in more electromagnetic noise in the 

motor. 

The speed and torque curves for different motor 

conditions are shown in Figures 13 and 14, respectively. It 

can be seen from the comparison of the speed curves that the 

speed in defective conditions decreases with the increase in 

the number of BRBs. Also, the speed of the motor in its 

steady state in healthy and faulty conditions was measured 

by the tachometer, yielding values of 2791, 2740, and 2720 

rpm, respectively. Furthermore, in the torque curves, it can 

be observed that the torque obtained from the motor with 1 

broken bar and 2 broken bars results in a decrease of 10% 

and 17%, respectively, compared to the healthy motor. 

Therefore, it can be concluded that with the increase in the 
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Fig. 6. Stator current (phase A) in different operating conditions 

 

Fig. 7. Magnitude of rotor bars current in healthy and faulty conditions 

 

Fig. 8. The current of rotor bar number 8 in healthy and faulty conditions 
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Fig. 9. The current of rotor bar number 8 under conditions of increasing the resistance of rotor bar number 1 by 2, 5 and 10 fold. 

 

Fig. 10. Flux density distribution curve in healthy and defective conditions 

 

 

Fig. 11. Comparison of harmonic components of flux density in healthy and defective conditions 

 

number of broken bars, the values of speed and torque 

decrease. The torque ripple in healthy conditions, with a 

rotor having 1 broken bar, and with a rotor having 2 broken 

bars, was measured as ±0.4, ±0.5, and ±0.7, respectively 
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.

 

Fig. 12. Radial electromagnetic force in healthy and defective conditions 

 

Fig. 13. Rotor speed in healthy and defective conditions 

 

Fig. 14. Torque in healthy and defective conditions 
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VI. Losses in the BRB fault 

The losses in an IM include constant losses and variable 

losses. Constant losses are those that remain constant in the 

normal operating range of the motor, and their value does not 

change. These losses include iron losses (core losses), 

friction losses, and windage losses, which can be calculated 

by performing a no-load test. Variable losses are also referred 

to as copper losses. These losses include stator copper losses 

and rotor copper losses. Copper losses can also be calculated 

by performing a blocked rotor test. A no-load test (Figure 15) 

and a blocked rotor test (Figure 16) have been performed on 

the studied motor. By using the DC test, the resistance of 

each stator phase can be calculated. The results of these tests 

on a healthy motor under nominal conditions are presented 

below. It is important to note that the presence of a BRB can 

have a significant effect on the efficiency of an SCIM. Due 

to broken bars, the motor losses increase, and some of the 

rotor bars may become overloaded. This overload can cause 

an increase in inter-bar currents that flow from the rotor core 

between the broken bar and adjacent bars. This can 

compromise the motor's efficiency. However, there is limited 

literature available on this particular effect [32-33]. It's worth 

exploring the effects of non-adjacent bar breaking in addition 

to other factors. While this is a less common occurrence, 

some studies have found that non-adjacent bars in the rotor 

cage can break under certain conditions [34-35]. In such 

situations, diagnosing the fault becomes challenging, as 

existing techniques like motor current analysis may not be 

effective. This is because the impacts of different breaks can be 

compensated for to some extent, depending on the relative 

position of the bars that have broken.  

According to the DC test, the results of the no-load and 

blocked rotor tests of the Y-connected motor are presented in 

Tables IV and V, respectively. Based on the results of the DC 

test, no-load test, and blocked rotor test, motor losses are 

calculated and shown in Table VI. Additionally, the 

efficiency of the motor under healthy and BRB fault 

conditions are calculated and presented in Table VII. As can 

be seen, depending on the severity of the fault, the efficiency 

is affected, and this value decreases. Furthermore, iron and 

copper losses are compared in Table VIII. 

In Table IX, experimental and simulation results are 

compared. In this table, the currents of rotor bars numbers 8 

and 16, obtained from experimental and simulation results, 

have been compared. Rotor bar number 8 is the farthest from 

the BRBs (rotor bars numbers 1 and 2), while rotor bar 

number 16 is located near the BRBs. Additionally, the losses 

and efficiency of the motor under different conditions have 

been compared. 

 
Fig. 15. No-load test laboratory set 

 
Fig. 16. Blocked rotor test laboratory set 

TABLE IV NO LOAD TEST RESULTS  
Parameter Phase A Phase B Phase 

C 

Active power 

(W) 

70 65 50 

Reactive 

power (VAR) 

168 145 150 

Voltage (V) 380 380 380 

Current (A) 1.17 1 1.1 

Power factor 0.27 0.24 0.19 

 

TABLE V BLOCKED ROTOR TEST RESULTS  
Parame

ter 
Ac

tive 

powe

r (W) 

Rea

ctive 

power 

(VAR) 

Vol

tage  

(V) 

Cur

rent  

(A) 

Freq

uency 

(Hz) 

Specific

ations 

40 20 85 2.46 12 

 

TABLE VI BLOCKED ROTOR TEST RESULTS  
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(H
z) 

Specificatio

ns 

4

0 

2

0 

85 2.46 12 

 

TABLE VII LOSSES OF THE STUDIED MOTOR  
Rotor 

copper loss 

Stator 

copper loss 

Core 

losses 

Losses 

48 136 85 Specifications 
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TABLE VIII ELECTROMECHANICAL CHARACTERISTICS OF THE MOTOR IN THE DIFFERENT OPERATING 

CONDITIONS UNDER NOMINAL CONDITIONS  
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n
t (A

)
 

P
h
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se 
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o
lta
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e (V
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 C

o
n

d
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n
s

 

80.02 1.30 1.03 2795 3.5 0.92 2.5 220 Healthy 

75.18 1.33 1 2740 3.5 0.91 3.12 220 1 BRB 

71.73 1.38 0.996 2720 3.5 0.91 3.28 220 2 BRBs 

 

TABLE IX LOSSES IN THE DIFFERENT OPERATING CONDITIONS UNDER NOMINAL CONDITIONS  
Core losses + Windage losses (W) Rotor copper loss (W) Stator copper loss (W) Conditions 

85 48 136 Healthy 

105 54 170 1 BRB 

112 71 197 2 BRBs 

 

TABLE X  COMPARISON OF EXPERIMENTAL AND SIMULATION RESULTS  
Simulation results Experimental results Parameter 

2 BRBs 1 BRB Healthy 2 BRBs 1 BRB Healthy 

4.07 3.92 3.45 3.9 3.8 3.3 stator current(A) 

312 268 235 310 260 230 current bar number 16 (A) 

263 242 235 260 240 230 current bar number 8 (A) 

±𝟏.𝟏 ± 0.8 ± 0.6 ± 0.7 ± 0.5 ± 0.4 Torque ripple(N.m)  

253 303 230 380 329 270 Losses (W) 

80.55 82.35 83.57 72.46 75.18 79.23 Efficiency (%) 

VII. Conclusion 

In this paper, a method for calculating the RBC in an 

SCIM under healthy and faulty conditions was presented. A 

key strength of the proposed approach is that it enables direct 

and precise estimation of individual rotor bar currents using 

the MCC model, which provides deeper insight into motor 

behavior under broken bar faults compared with 

conventional analysis. The results demonstrated that the 

presence of one or two broken bars significantly alters the 

motor’s performance. The stator current increased from 

about 3.3 A in the healthy case to nearly 3.9 A with two 

broken bars, while efficiency dropped from approximately 

80% to 72%. Furthermore, rotor and stator copper losses 

increased noticeably, and the motor speed decreased slightly 

(around 75 RPM). These variations indicate higher thermal 

and electrical stress on the remaining healthy bars and the 

overall motor. Finally, the close agreement between 

experimental measurements and simulation results confirms 

the accuracy of the MCC model and the reliability of the 

proposed analysis. 
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In this paper, a trans-conductance amplifier based on Common Mode Rejection Ratio 

(CMRR) enhancement block is presented. The proposed block is capable of eliminating 

common mode signals at input stage. This feature improves the gain and CMRR of the 

amplifier substantially. The Cascode structure is also eliminated in proposed architecture, 

which resulted in favorably reduced power consumption due to low supply voltage 

requirements. The presented OTA is simulated in 180nm CMOS technology at Cadence 

Spectre environment with 1.5 v supply voltage proving it appropriate for low-voltage 

applications. The bias current of the proposed circuit is very low value of 3.9 μA. Gain 

and phase margin for this block are achieved to be 83.96 dB and 61.68 degree, 

respectively. These results achieved while the circuit drive a 5pF load at its output. The 

power consumption of the proposed amplifier is interestingly very low value of 5.9 μW 

which makes the block suitable for low-power applications. 

 

 

 

I. Introduction 

Operational amplifiers are one of the most important and 

widely used blocks in many analog circuits such as data 

converters, switched capacitor circuits and filters and 

medical circuits [1-3]. In switched-capacitor circuits, CMOS 

OTAs are widely used to transfer the charge between the 

capacitors with the targeted accuracy [4, 5]. Due to the rapid 

development of CMOS technology and the rapid growth of 

portable electronic devices, the demand for power-efficient 

integrated circuits has been increased [6]. On the other hand, 

down-scaling the device sizes along with smaller power 

supply requirements has forced the designers to make use of 

low-voltage, low-power techniques [7]. Meanwhile, 

decreasing the power supply voltage can reduce the voltage 

dynamic range and impose other restrictions such as current 

trasfer inefficiency on the circuit [8, 9]. Thus performance 

enhancement of advanced recycling folded cascode is 

always on demand [10]. 

Single stage amplifiers, such as Folded Cascode (FC) and 

telescopic amplifiers are more appropriate for low power 

applications compared with the two stage amplifiers due to 

their lower power consumption. Folded Cascode amplifiers 

have higher gain-bandwidth and higher output voltage 

swing, in comparison with their telescopic counterparts, and 

have therefore been widely used in recent years [11]. 

Meanwhile, easily connecting the output to input in  folded 

cascode amplifier to build a buffer is another advantage of 

these amplifiers [12]. In Folded Cascode amplifiers, bias 

current sources have no role at improving the amplifier 

performance, so recycling bias current has been introduced 

as a technique to improve the gain and power consumption 

of amplifiers by handling the bias current source values [13]. 

RFC structure originally proposed at [14], in which the 

RFC scheme is thoroughly scrutinized and its benefits over 

the conventional FC structure approved by mathematical 

calculations and CAD tool simulations. 

To improve the performance of Folded Cascode amplifier, 

the RFC structure is proposed in [15]. The relative isolation 

of the AC current path from the DC one, has lead to a 

significant increase in the gain and the slew rate of the 

amplifier compared with the conventional Folded Cascode 

amplifier, imposing no increase in surface area and power 

mailto:khmonfaredi@azaruniv.ac.ir
https://orcid.org/0000-0003-3344-3281
https://orcid.org/0000-0001-5764-8594


International Journal of Industrial Electronics, Control and Optimization (IECO). 2026, 9(1)     112 

 

consumption of the structure. The fact that the AC and DC 

paths are not full isolation from each other in this structure, 

leads to the amplifier trans-conductance being limited, which 

this problem has been fixed by the use of IRFC and the full 

isolation of AC and DC current paths [16]. 

In this paper, a new amplifier based on RFC structure is 

represented which includes the new CMRR enhancement 

block at its input stage. This block is capable to strictly 

remove the common mode current. The proposed amplifier, 

possesses the requirements for optimum performance, 

including very lower power consumption, bias current and 

supply voltage, higher gain and the reliably sufficient phase 

margin. Using compensation resistor, certain phase margin 

for the circuit is obtained [17]. 

This article includes the following sections: in section II 

the proposed amplifier is analyzed and discussed. Section III 

contains various parameters and simulation results obtained 

for the circuit. And finally, the article ends with conclusions 

in Section IV. 

 

II. Principle of Operation 

As shown in Fig. 1, the proposed amplifier has two stages, 

namely, the input and output stages. The CMRR 

enhancement block which is incorporated at input stage of 

the proposed amplifier, makes it possible to eliminate the 

common mode currents at input stage. This leads to a 

significant improvement of the amplifier's CMRR. In the 

conventional RFC structures, the Cascode structures are used 

in order to increase the accuracy of the signal transmission 

and thereby improving at CMRR. However, due to the 

Cascode structures utilized, this circuit requires a relatively 

high supply voltage, which will increase the overall power 

consumption. But, in the proposed circuit due to the 

fundamental role of the CMRR strengthening blocks in 

eliminating the common mode signals, simple current 

mirrors are efficiently utilized, interestingly reducing the 

minimum required supply voltage. This block is shown in 

Fig. 1 with dashed line. Also, in proposed amplifier the 

Cascode stage DC bias voltage that is required for the 

performance of transistors of the amplifiers is eliminated. A 

pair of PMOS transistors is used at the input of the amplifier 

because of lower common mode voltage input and flicker 

noise and higher non-dominant pole compared to the NMOS 

pair. Likewise, in the output stage, a low-voltage Cascode 

current mirror is placed that creates the bias voltage for the 

transistors of Cascode utilizing the input current. 

The CMRR enhancement performance of the block at 

eliminating the common mode signal will be discussed 

below, by equivalent small-signal analysis of the proposed 

amplifier. In Fig. 2, half equivalent small-signal circuit of the 

amplifier is shown. Analyzing this circuit, it appears that due 

to a large equivalent resistance at node C1, the current 

delivered to the output stage will be accompanied by a trivial 

error. 

 

In Fig. 2, resistors and voltages of the Mn transistor 

connected to CMRR enhancement block, are called Rn and 

Vn, respectively and is defined by small signal analysis as 

follows: 

(1) 𝑅14 =
ℎ. 𝑟𝑑𝑠0(1 + 𝜇2𝑎) + 𝑟𝑑𝑠2𝑎 + 𝑟𝑑𝑠14

1 + 𝜇14
 

 

(2) 𝑅15 =
ℎ. 𝑟𝑑𝑠0(1 + 𝜇1𝑏) + 𝑟𝑑𝑠1𝑏 + 𝑟𝑑𝑠15

1 + 𝜇15
 

 

Fig. 1. The proposed OTA based on CMRR enhancement block 

       

VDD

      

       VDD

Vb1

M0

M9

M7 M8

M5 M6

Vb2

Vin+ Vin-

M1a M1b
M1c M2c

M2b M2a

M3a M3b M3c M3d M4d M4c M4b M4a

M10

2Ib

C1C2

M11 M12

M14M16M13 M15 M17

C1 C2

M18

M20 C load

Vout

Input Stage

Output Stage

 

 

Fig. 2. The equivalent half circuit for input stage of OTA 
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(3) 𝑅18 =
ℎ. 𝑟𝑑𝑠0(1 + 𝜇2𝑐) + 𝑟𝑑𝑠2𝑐 + 𝑟𝑑𝑠18

1 + 𝜇18
 

 

(4) 
𝑉14 =

𝑉𝑖𝑛1𝜇2𝑎 − 𝑉𝑖𝑛2𝜇14

1 + 𝜇14
 

 

 

(5) 𝑉15 =
𝑉𝑖𝑛2𝜇1𝑏 − 𝑉𝑖𝑛1𝜇15

1 + 𝜇15
 

 

(6) 𝑉18 =
𝑉𝑖𝑛1𝜇2𝑐 − 𝑉𝑖𝑛2𝜇18

1 + 𝜇18
 

 

(7) 
𝑉𝑖𝑛1 = 𝑉𝑖𝑛− 

𝑉𝑖𝑛2 = 𝑉𝑖𝑛+ 

Parameter, h, is zero for differentional mode and is one for 

common mode. 
i

gm  is ith mosfet transconductance, 
i

rds  

is ith mosfet output intrinsic impedance and 𝜇𝑖 = 𝑔𝑚𝑖 ×

𝑟𝑑𝑠𝑖 . 

 

Considering the Fig. 1, it can be seen that currents are 

passed from the input stage through nodes C1 and C2 to the 

output one.  

where 

The half equivalent circuit includes node C1, whoes 

current is named Ix. According to Fig. 2, Ix can written as: 

 

(8) 

𝐼𝑥
= 𝑔𝑚4𝑎𝑉𝑔𝑠4𝑎

+
𝑉𝑖𝑛1𝜇2𝑎 − 𝑉𝑖𝑛2𝜇14

ℎ. 𝑟𝑑𝑠0(1 + 𝜇2𝑎) + 𝑟𝑑𝑠2𝑎 + 𝑟𝑑𝑠14
 

 

Where Vgs4a, is gate-source voltage of transistor M4a and 

can be calculated by small signal analysis of the Figure 2 as 

follows:  

 

(9) 

𝑉𝑔𝑠4𝑎 = [
1

𝑔𝑚4𝑏

||𝑟𝑑𝑠4𝑏||𝑟𝑑𝑠4𝑐||𝑅15] × 

(𝑔𝑚4𝑐𝑉𝑔𝑠4𝑐

+
𝑉𝑖𝑛2𝜇1𝑏 − 𝑉𝑖𝑛1𝜇15

ℎ. 𝑟𝑑𝑠0(1 + 𝜇1𝑏) + 𝑟𝑑𝑠1𝑏 + 𝑟𝑑𝑠15
) 

 

(10) 

𝑉𝑔𝑠4𝑐 = [
1

𝑔𝑚4𝑑

||𝑟𝑑𝑠4𝑑||𝑅18] × 

(
𝑉𝑖𝑛1𝜇2𝑐 − 𝑉𝑖𝑛2𝜇18

ℎ. 𝑟𝑑𝑠0(1 + 𝜇2𝑐) + 𝑟𝑑𝑠2𝑐 + 𝑟𝑑𝑠18
) 

By calculating the value of the parameter gate-source 

voltage of the transistor and putting it in Eq. (8), Ix is 

obtained as: 

(11) 𝐼𝑥 = 𝑉𝑖𝑛1(𝐹) − 𝑉𝑖𝑛2(𝐺) 

 

where F and G, are coefficients of Vin1 and Vin2, respectively 

and can be calculated as follows: 

4 4 2

0 2 0 2 2 184 4

15 2

0 15 0 2 14 21 1

gm
[ (

h.rds (1 ) ( (1 )

) ]
(1 ) (1 )

a c c

c c cb d

a

a ab b

F
gm

gm gm rds rds rds

rds rds rds rds rds rds



 

 

 

=
+ + + + +

− +
+ + + + + +

 

(12) 

(13) 

4 4 18

4 4 0 2 2 18

1

0 1 1 15

14

0 2 14 2

gm
[ (

h . (1 )

)
(1 )

]
(1 )

a c
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b

b b

a a

gm

gm gm rds rds rds

rds rds rds

rds rds rds

G












+ + +

−
+ + +

+
+ + +

=
                                      

It can be observed that for equal values of the F and G, the 

voltages Vin1 and Vin2 in common mode have same sign and 

value of Ix will be zero, and as a consequence the CMRR 

approaches to infinite. Due to the opposite sign of the 

differential mode input voltages, the input stage current will 

be transferred to the output stage with doubled amplification. 

For the coefficients F and G in node C1 being equal, Eq. 

(14) must apply. 

(14) {

𝜇18 = 𝜇2𝑐
𝜇15 = 𝜇1𝑏
𝜇14 = 𝜇2𝑎

 

If we name the current transferred from node C2 to the 

output stage, Iy, then for another half equivalent circuit 

similar to the one exhibited above its value can be calculated. 

Detailed equations related to Iy is neglected to avoid paper 

enlarment.  

(15) 𝐼𝑦 = 𝑉𝑖𝑛2(𝑁) − 𝑉𝑖𝑛1(𝑀) 

where M and N, are coefficients of Vin1 and Vin2, 

respectively and can be calculated as follows: 

(16) 

3 3 17

3 3 0 1 1 17

2

0 2 2 16

13

0 1 1 13

[ (
h .rds (1 ) ( )

)
(1 )

]
(1 )

a c

b d c c

b

b b

a a

gm gm
M

gm gm rds rds

rds rds rds

rds rds rds













=
+ + +

−
+ + +

+
+ + +

 

 

(17) 

3 3 1

3 3 0 1 1 17

16

0 2 2 16

1

0 1 1 13

[ (
h .rds (1 ) ( )

)
(1 )

]
(1 )

a c c

b d c c

b b

a

a a

gm gm
N

gm gm rds rds

rds rds rds

rds rds rds













=
+ + +

−
+ + +

+
+ + +

 

For the coefficients M and N in node C2 being equal, Eq. 

(18) must apply. 

(18) {

𝜇17 = 𝜇1𝑐
𝜇16 = 𝜇2𝑏
𝜇13 = 𝜇1𝑎

 

Further scrutinizing the equations in differential and 

common mode CMRR can be achieved as follows: 
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(19) 𝐶𝑀𝑅𝑅 =
𝐴𝑑

𝐴𝑐

=
𝐴(𝐹 + 𝐺) − 𝐵(𝑀 +𝑁)

𝐴(𝐹 − 𝐺) − 𝐵(𝑀 −𝑁)
 

where A and B are defined as follows: 

(20) 

𝐴 = 𝑅𝑧(𝐾2 𝑔𝑚8 +𝐾1𝑅𝐾𝑔𝑚6) 

+𝐾2𝑔𝑚12(𝑅𝐾 + 𝑟𝑑𝑠8) 

𝐵 =𝑅𝐾 . 𝑅𝑧 

 

(21) 𝑅𝑧 =
𝑟𝑑𝑠12 + 𝑟𝑑𝑠10

1 + 𝜇10
 

 

(22) 𝑅𝐾 = (𝑅13||𝑟𝑑𝑠3𝑎||𝑟𝑑𝑠6)(1 + 𝜇8) 

 

(23) 𝐾1 =
[
𝜇7
𝑔𝑚5

−
𝜇20

𝑟𝑑𝑠20 + 𝑅(1 + 𝜇20)
]

1 − 𝑔𝑚5[
𝜇7
𝑔𝑚5

−
𝜇20

𝑟𝑑𝑠20 + 𝑅(1 + 𝜇20)
]
 

 

(24) 𝐾2 =

1
𝑔𝑚5

1 − 𝜇7 +
𝜇20

𝑔𝑚5(𝑟𝑑𝑠20 + 𝑅(1 + 𝜇20)

 

Theoretically, for F=G and M=N upon establishment of 

the Eq. (14) and Eq. (18), the required circumstances of the 

proposed block placed in the input stage of amplifier are 

fulfilled and the role of this block in eliminating the common 

mode signal and increasing the CMRR is achieved. In this 

circumstance, the denumerator becomes zero and CMRR 

approaches infinite values.  

One way to relax the phase margin of the amplifier, is to 

put a compensation resistance between NMOS current 

mirror transistors to separate their parasitic capacitances. By 

placing this resistor, as shown in Fig. 3, the first order 

transfer function current mirror becomes a second order 

transfer function current mirror. The transfer function of the 

current mirror shown in Fig. 3, can be written as follows to 

obtain its zero/poles

 

(a) 

 

(b) 

Fig. 4. (a) DC gain and (b) phase margin's curve of the proposed OTA 

 

Fig. 5. Differential and common mode gain 

10
0

10
1

10
2

10
3

10
4

10
5

10
6

10
7

10
8

-100

-50

0

50

100

 

 

X: 3.02

Y: 83.97

Freq.(Hz)

G
a

in
 (

d
B

)

10
0

10
1

10
2

10
3

10
4

10
5

10
6

10
7

10
8

-300

-250

-200

-150

-100

-50

0

Freq.(Hz)

P
h

a
se

 M
a

rg
in

 (
d

eg
re

e)

 

 

10
0

10
1

10
2

10
3

10
4

10
5

10
6

10
7

10
8

-100

-50

0

50

100

Freq.(Hz)

G
a
in

 (
d

B
)

 

 

Common mode gain

Differential mode gain



115                                                                Novel Low-Power / Kh. Monfaredi, et al 

 

 

Fig. 3. Current mirror used in the proposed amplifier with 

compensation resistance 

 

(25) 

𝐻(𝑠)

= (
𝑔𝑚3𝑐

𝑔𝑚3𝑑

)
𝑠𝑅𝐶𝑔𝑠3𝑑 + 1

𝑠2
𝑅𝐶𝑔𝑠3𝑑𝐶𝑔𝑠3𝑐

𝑔𝑚3𝑑
+ 𝑠

𝐶𝑔𝑠3𝑑 + 𝐶𝑔𝑠3𝑐
𝑔𝑚3𝑑

+ 1
 

 

The current mirror transfer function zero/poles are 

obtained as below: 

 

(26) 𝑧 = −
1

𝑅𝐶𝑔𝑠3𝑑
 

 

(27) 

𝑝1,2 =
𝐶𝑔𝑠3𝑑 + 𝐶𝑔𝑠3𝑐

2𝑅𝐶𝑔𝑠3𝑑𝐶𝑔𝑠3𝑐
[−1

± √1 −
4𝑅𝐶𝑔𝑠3𝑐𝐶𝑔𝑠3𝑑𝑔𝑚3𝑑

(𝐶𝑔𝑠3𝑐 + 𝐶𝑔𝑠3𝑑)
2
] 

Considering these equations, one can see that the first 

order transfer function current mirror is modified to yield a 

second order transfer function current mirror including a 

zero and two poles. The zero incorporated to the transfer 

function of the proposed amplifier, makes the system to 

operate faster. For each specific application and system the 

design must be customized to achieve the optimum 

performance. Modifying the value of aforementioned 

compensation resistance can reshape zero-pole pattern of the 

transfer function to yield optimum performance for any 

custom design and/or application. 

III. Simulation Results 

To prove the performance of the proposed amplifier, this 

circuit is simulated at Cadence software with 180nm CMOS 

technology while driving a 5pF load at its output. The 

Cascode structure which is commonly used at conventional 

RFC amplifiers has been removed because it requires a high 

supply voltage. Hence, the power supply voltage and 

accordingly the power consumption have been relatively 

diminished. The bias current of the proposed circuit is 

obtained 3.9μA for supply voltage of 1.5v. The power 

consumption is achieved to be 5.9μw which is suitable for 

low voltage and low power applications. 

The DC gain and phase margin of the proposed amplifier are 

shown in Fig. 4. The gain and the phase margin of the circuit 

are 83.97 dB and 61.68 degrees, respectively. The amplifier's 

bandwidth is measured to be 3.7MHz. Differential mode and 

common mode gain are shown at Fig.  

 

 

Fig. 7. Monte Carlo analysis for 40 times runs 
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Fig. 6. CMRR curve of the proposed OTA 
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 5. Figure 6 shows the CMRR of the proposed amplifier 

which is derived almost 90dB 

 

TABLE II PERFORMANCE OF THE OTA UNDER 

PVT VARIATIONS 

parameter GBW 

[MHz] 

PM [degree] DC Gain 

[dB] 

corner FF 3.95 56.4 82.87 

SS 2.8 60.6 83.74 

SF 3.4 62.35 84.15 

FS 3.1 61.23 83.64 

TT 3.7 61.68 83.96 

VDD -10% 3.4 64.2 81.59 

+10% 4.1 58.3 85.12 

Temp -40 3.5 65.4 84.7 

+125 3.9 57.6 82.17 

Monte Carlo analysis of amplifier gain with 40 times run 

is shown at Fig. 7. This analysis verifies the qualitative 

performance of the proposed amplifier and approves its 

performance accuracy. 

Table I includes the specifications obtained by simulations 

which is utilized to compare the performance of the proposed 

amplifier with its other counterparts. Higher gain and 

CMRR, lower power consumption and bias current and the 

reliably sufficient phase margin are of the most outstanding 

features of the proposed circuit. Performance of the OTA 

under PVT variations are shown at Table II.  

IV. Conclusion 

In this paper, an amplifier is represented which is based on 

the CMRR enhancement block. This block eliminates the 

common mode input and magnifies the differential mode 

current twice as before and hence increases the DC gain of 

the amplifier. The proposed amplifier does not require a high 

supply voltage to provide the optimum performance. Hence, 

the power consumption is significantly reduced due to low 

supply voltage along with low bias current incorporated at 

the amplifier. The suitable specification of the amplifier 

makes it interestingly suitable for low-voltage, low-power 

applications. 

 

 

 

TABLE III PERFORMANCE SUMMARY AND COMPARISON WITH OTHER WORKS 

Parameters Proposed [4] [6] [18] [19] [20] 

Technology [μm] 0.18 0.065 0.18 0.35 0.25 - 

Supply Voltage [v] 1.5 1.2 1.8 1.5 1.9 ±2.5 

DC Gain [dB] 83.96 68.9 84.18 82 44.7 82 

PM [degree] 61.68 61.0 67.05 86 52 65 

GBW [MHz] 3.7 6.4 1.37 1.5 0.81 5 

CMRR [dB] 90 - - - 88 - 

DC Power [μw] 5.949 977.6 19.76 47.25 62 37.8 

Bias current [μA] 3.96 814.7 10.4 31.5 32.6 - 

Input Voltage Noise @1Hz 

[μV/Hz1/2] 

4.8 32 31.86 - - - 

Input Referred Noise 

[μV/Hz1/2] 

129 - - 484.7 35 - 

C load [pF] 5 5 70 1.2 - 5 
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