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In solar power plants with energy storage systems (ESSs), a multi-port DC-DC converter 

equipped with a bidirectional port is more favorable than multiple single-input converters 

due to its simpler control, lower cost, and higher power density. This paper proposes a 

novel multiport DC-DC converter equipped with a bidirectional port for solar power 

plants. The proposed converter integrates a multi-input cascaded structure with a 

switched capacitor cell, a three-winding coupled inductor, and a bidirectional port 

connected to the ESS. Key advantages of the proposed converter include low normalized 

pick inverted voltage (NPIV) on semiconductor elements, continuous input current with 

low ripple, high voltage gain, common ground, and high efficiency. Furthermore, the 

converter can operate under different operating states, enabling flexible energy 

management strategies within the grid. The various operating states of the proposed 

converter are analyzed in steady state, and the validation of the mentioned advantages is 

supported by presenting comparative results with other DC-DC converters. Finally, the 

results obtained from the analysis of the proposed converter are validated through 

simulations performed utilizing a co-simulation link between MATLAB and 

PSCAD/EMTDC software. 

 

I. Introduction 

In recent years, due to the energy crisis and global 

warming caused by the excessive use of fossil fuels, the 

utilization of renewable energy sources (RES) has 

significantly increased as an alternative [1]. Among these 

sources, photovoltaic (PV) energy has gained popularity due 

to the easy accessibility of sunlight. The primary challenges 

of PV energy lie in its strong dependence on environmental 

conditions and the mismatch between its output voltage (20-

40 V) and the voltage levels of the DC bus (400 V) and 

auxiliary equipment (12-60 V) [2]. Therefore, to manage 

power in the grid, an ESS is employed alongside the solar 

power plant as the energy buffer. Additionally, DC-DC 

converters are utilized as interface devices to accommodate 

and boost the voltage of solar panels, enabling their 

connection to the ESS and DC bus [3]. 

In traditional systems, each PV string and ESS are 

connected to the DC bus using separate unidirectional and 

bidirectional converters, respectively [4]. While these  

 

Fig. 1. Structure of DC microgrid in the presence of PV panels 

and ESS. 
 

systems offer high reliability, and energy management 

between sources and loads becomes complex due to multiple 

power exchange paths. Additionally, the multiple energy 

conversion stages result in significant losses. So, as shown 

in Fig.1, employing a multi-port DC-DC converter with a 
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centralized controller is a more efficient solution [5], [6]. 

Multi-port DC-DC converters are categorized into 

isolated and non-isolated types [7]. Isolated multi-port 

converters are not commonly utilized in RES unless galvanic 

isolation between the input and output and high safety is 

required, owing to the high cost and complexity of 

transformer design [8]. In contrast, non-isolated multi-port 

DC-DC converters are widely utilized due to their design 

simplicity and high voltage gain. Incorporating coupled 

inductors and voltage-boosting cells allows non-isolated 

converters to achieve high voltage gains, making them 

suitable for DC microgrids [9]. Voltage-boosting cells 

encompass various types such as switched capacitors, 

switched inductors, resonant capacitors, and inductor-

capacitor voltage multipliers [10]. Also, in the design of non-

isolated converters for PV systems, key features including 

input current continuity, common ground between input and 

output, low voltage stress on semiconductors, and high 

efficiency should be considered [11]. 

In recent years, numerous research articles on high-step-

up DC-DC converters have been published in various 

journals. In [12] and [13], two non-isolated high step-up DC-

DC converters are proposed for application in solar energy 

systems. These converters combine basic topologies with 

coupled inductors and voltage multiplier cells to enhance the 

voltage gain. However, despite these enhancements, the 

converters still suffer from low voltage gain and high power 

losses when operating at high-duty cycles to supply the high-

voltage DC bus. In [14], a high step-up DC-DC converter 

with a continuous input current is proposed. Although this 

converter provides a high voltage gain, the absence of a 

defined path for the leakage current of the secondary 

winding of the coupled inductor leads to a high voltage spike 

across the output diode, thereby reducing the converter’s 

efficiency and reliability. In [15], an interleaved DC-DC 

converter with high voltage gain is proposed. Owing to the 

integration of the interleaved structure with a coupled 

inductor, the converter achieves a high voltage gain while 

maintaining low voltage stress on the semiconductor 

devices. However, the absence of a common ground 

introduces challenges related to leakage capacitance and 

electromagnetic interference (EMI). 

Various isolated and non-isolated multi-port DC-DC 

converters have been introduced in the literature in recent 

years. In [16], a non-isolated multi-port DC-DC converter 

with the ability to implement independent MPPT on its input 

panels is presented. However, due to the absence of a 

bidirectional port in this configuration, integrating an ESS 

with the panels is impossible, which leads to an increase in 

the system's size, cost, and control complexity. In [17], an 

isolated multi-port structure is presented. This configuration 

provides galvanic isolation between the input and output 

ports, ensuring high safety. However, due to the use of two 

isolation transformers and a large number of capacitors, it  

 

Fig. 2. Proposed structure. 
 

comes with design complexities, increased size, and higher 

costs. The converter presented in [18] addresses the issues 

mentioned in the previous sources by introducing a new path 

for bidirectional power flow between the battery and other 

ports. This converter enables the implementation of various 

scenarios and allows for applying different energy 

management algorithms (EMA) to the sources and loads. 

However, the extensive use of inductors and the high voltage 

stress on semiconductor devices have led to an increase in 

circuit size and volume, a reduction in converter reliability, 

and limitations on employing low-voltage, low-resistance 

switches, which in turn result in higher power losses. In [19], 

an isolated multi-port DC-DC converter is proposed for solar 

energy systems. Similar to the converter presented in [18], it 

offers the capability to implement various energy 

management scenarios. However, its practical 

implementation is challenged by complex commutation and 

the use of a three-winding isolation transformer, which 

complicates the design and assembly process. In [20] and 

[21], two non-isolated multi-port converters are proposed for 

applications in RES and DC motor drives, respectively. 

These topologies employ a combination of conventional 

structures with switched inductor cells to enhance voltage 

gain. However, the large number of elements involved makes 

their industrial implementation challenging. 

Considering the challenges identified in the reviewed 

literature and the specific requirements for converters used 

in photovoltaic power plants, this paper proposes a non-

isolated multi-port DC-DC converter equipped with a 

bidirectional port for PV applications. As depicted in Fig. 2, 

the proposed converter combines a cascaded multi-input 

topology with a switched capacitor cell, a three-winding 

coupled inductor, a battery, and a bidirectional port. The key 

features of the proposed converter include: 

i. The ability to integrate two PV strings with a storage 

battery and auxiliary loads of the solar plant, which 

reduces volume, cost, losses, and control complexity. 

ii. Common ground between the output and panel ports, 

which reduces the leakage capacitance. 
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iii. High voltage gain and continuous input current 

with a very low ripple in panel ports. 

iv. Low voltage stress across semiconductor elements. 

v. The ability to operate in different operating states, 

facilitating the implementation of various energy 

management strategies within the grid. 

The remainder of the paper is organized as follows. 

Section II presents the elements of the proposed converter 

and explains its different operating states. In Section III, the 

steady-state analysis of the converter is carried out, along 

with design considerations for its elements. Section IV 

provides the results of the loss analysis. In Section V, the 

feasibility of implementing various EMAs using the 

converter is evaluated through a comprehensive control 

strategy. Sections VI, VII, and VIII, respectively, discuss the 

comparison study, simulation results, and conclusions. 

 

II. Proposed Structure and Operation Principles 

As depicted in Fig. 2, the proposed converter comprises 

two MOSFETs (S1 and S2), two IGBTs (GB1 and GB2), six 

diodes (D1 – D3, DO, DB1, and DB2), five capacitors (C1 - C3, 

CO1 and CO2), two inductors (L1 and L1), and a coupled 

inductor with turn ratios of n1 (nS/nP) and n2 (nt/nP). The 

proposed converter operates in three different operating 

states, with the switching waveforms of the switches as well 

as the current and voltage waveforms of the diodes and 

switches illustrated in Figs. 3 and 4. Also, the equivalent 

circuits corresponding to the sub-modes of the proposed 

converter are presented in Fig. 5. The switching waveforms 

are illustrated under steady-state conditions, considering 

component parasitics. In the equations, Lm and Lk represent 

magnetizing and leakage inductances, respectively, with the 

coupling coefficient defined as k = Lm / (Lm + Lk). Also, the  
 

  

(a)                                                    (b) 

Fig. 3. Switching waveforms of the proposed converter in state 1. 

  
(a)                                                    (b) 

Fig. 4. Switching waveforms of the proposed converter in 

different states. (a) state 1 and (b) state 2. 

 

switching pattern of the proposed converter is also presented 

in Table I. This table provides information regarding the 

on/off states of switches and diodes, the charging and 

discharging behavior of passive components, and the 

battery’s operational status in different operating modes. 

 

A. First Operating State [DISO State] 

Sub-modes 1 and 3 ([t0 ~ t1] and [t2 ~ t3], [Fig.5(a)]): 

In mode 1, as depicted in Fig. 3, switch S1 is turned on upon 

receiving a pulse and remains ON during mode 3 as well. 

Similarly, switch S2 is turned on at the beginning of mode 3 

and remains ON in mode 1, leading to the reverse biasing of 

diodes D1, D2, and DO and the forward biasing of diode D3 in 

both sub-modes. Also, during these sub-modes, inductors L1 

and L2 are charged by their respective input sources, while 

CO1 and CO2 supply the output load. Simultaneously, C2 

charges both the magnetizing inductor Lm and capacitor C1. 

Sub-mode 2 ([t1 ~ t2], [Fig.5(b)]): In mode 2, as depicted 

in Fig. 3, switch S1 is still ON while switch S2 is turned off at 

the beginning of the interval, leading to the reverse biasing 

of diodes D2 and DO and the forward biasing of diodes D1 

and D3. Also, during this sub-mode, L1 is charged by input 

source Vin1, while L2 charges capacitor C1; and capacitors CO1 

and CO2 supply the output load. Simultaneously, capacitor C2 

charges both the magnetizing inductor Lm and capacitor C1. 

Sub-mode 4 ([t3 ~ t4], [Fig.5(c)]): As depicted in Fig. 3, in 

mode 4, switch S1 is turned off at the beginning of the 

interval while switch S2 is turned on upon receiving a pulse, 

leading to the reverse biasing of diodes D1 and D3 and the 

forward biasing of diodes D2 and DO. During this sub-mode, 

inductor L2 is charged by input source Vin2, while inductor L2 

and capacitor C1 charge capacitor C2 and supply the load.  
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(a)                                                                      (b)                                                                      (c) 

                                 
(d)                                                                      (e)                                                                      (f) 

Fig. 5. Equivalent circuits related to different modes of the proposed converter in operating states 1,2, and 3. (a) State 1-mode 1 and 3, (b) 

State 1-mode 2, (c) State 1-mode 4, (d) State 2-mode 1, (e) State 2-mode 2, (f) State 3- mode 1. 
 

Simultaneously, capacitor C3 and the magnetizing inductor 

Lm charge capacitors CO1 and CO2 and supply the load. 

B. Second Operating State [DIDO State] 

This state corresponds to scenarios where the power 

generated by the panels exceeds the bus's demand or when 

the battery's state of charge (SOC) is low. As depicted in Fig. 

4(a), it consists of five sub-modes. As evident from Fig. 4(a), 

with full turning off of switch GB1 and a delayed 

commutation of switch GB2, the input sources charge the 

battery during sub-modes 1 and 2 (Figs. 5(d) and (e)), and 

the output load is supplied by the input panels 

simultaneously. Also, detailed patterns of switch and diode 

states are provided in Table I. 

C. Third Operating State [TISO State] 

This state pertains to scenarios where the power 

demanded by the DC bus exceeds the power generated by the 

panels and the SOC of the battery is high, prompting the 

battery to enter the discharge mode. As shown in Fig. 4(b), it 

consists of five sub-modes. As evident from Fig. 4(b), with 

full commutation of switch GB2 and commutation of switch 

GB2 in sub-mode 1, the battery is discharged to the load during 

sub-mode 1 (Fig. 5(f)). Also, detailed patterns of switch and 

diode turn-on and turn-off sequences are provided in Table I. 
 

III. Steady-State Analysis of the Converter 

A. Voltage Analysis 

By applying Kirchhoff's Voltage Law (KVL) to the sub-

modes corresponding to the first operating state of the 

proposed converter, the voltage across the magnetic elements 

during the ON-state of switch S1 can be derived as follows: 

𝑉𝐿1
𝑂𝑁 = 𝑉𝑖𝑛1                                                                      (1) 

𝑉𝐿2
𝑂𝑁 = 𝑉𝑖𝑛2                                                                      (2) 

𝑉𝐿𝑚
𝑂𝑁 = 𝑘𝑉𝑖𝑛1                                                                   (3) 

Similarly, by performing the same analysis during the OFF-

state of switch S1, the voltages across the magnetic elements 

can be calculated as follows: 

𝑉𝐿1
𝑂𝐹𝐹 = −

𝑑𝑉𝑖𝑛1

(1−𝑑)
                                                                  (4) 

𝑉𝐿2
𝑂𝐹𝐹 = −

𝑑𝑉𝑖𝑛2

(1−𝑑)
                                                                (5) 

𝑉𝐿𝑚
𝑂𝐹𝐹 = −

𝑑𝑘𝑉𝑖𝑛1

(1−𝑑)
                                                             (6) 

Also, utilizing the volt-second balance principle for the 

inductors in the first operating state, the capacitor voltage 

relations can be expressed as follows: 

𝑉𝐶1 =
𝑉𝑖𝑛2

1−𝑑
                                                                           (7) 

𝑉𝐶2 =
(1−𝑑)𝑉𝑖𝑛1+𝑉𝑖𝑛2

1−𝑑
                                                            (8) 

𝑉𝐶3 =
𝑛1𝑘(1−𝑑)+𝑛2𝑘+1

1−𝑑
𝑉𝑖𝑛1                                                  (9) 

𝑉𝐶𝑂1 =
𝑘(𝑛1+𝑛2−𝑛2𝑑)+1

1−𝑑
𝑉𝑖𝑛1                                                  (10) 

𝑉𝐶𝑂2 =
(𝑛2𝑘𝑑+1)𝑉𝑖𝑛1+𝑉𝑖𝑛2

1−𝑑
                                                       (11) 

Considering (7) - (11), and utilizing KVL, the output voltage 

can be written as: 

𝑉𝑂,𝑂𝑃1 =
(𝑘(𝑛1+𝑛2)+2)𝑉𝑖𝑛1+𝑉𝑖𝑛2

(1−𝑑)
                                          (12) 

By applying an approach similar to that used for the first state, 

the capacitors and output voltage relationships for the second 

operating state can be derived as follows: 

𝑉𝐶1 =
2𝑉𝑖𝑛2−(3−2𝑑2−2𝑑1)𝑉𝐵

2(1−𝑑1)
                                                (13) 
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TABLE I Switching Pattern of the Proposed Converter in Different States 

Modes 

Sub-

mod-
es 

Duration 
Input Port 1 
(charge=Ch) 

Input Port 2 
(charge=Ch) 

Batt. 

Port 

Gate Signals Diodes State (ON=1 / OFF=0) Active 

S1 S2 GB1 GB2 D1 D2 D3 DO DB1 DB2 
Ports 

1:  

No 
Battery 

Contrib-

ution 

1-1 (2𝑑 − 1)/2 Ch-L1 Ch-L2 OFF 1 1 0 1 0 0 1 0 1 0 3 

1-2 (1 − 𝑑) Ch-L1 Ch-C1 OFF 1 0 0 1 1 0 1 0 1 0 3 

1-3 (2𝑑 − 1)/2 Ch-L1 Ch-L2 OFF 1 1 0 1 0 0 1 0 1 0 3 

1-4 (1 − 𝑑) Supply-RO Ch-L2 OFF 0 1 0 1 0 1 0 1 0 0 3 

2: 

Battery 
Char-

ging 

2-1 (2𝑑1 − 1)/2 Ch-L1/Batt Ch-L2 ON 1 1 0 0 0 0 0 0 1 1 4 

2-2 
3 − 2(𝑑1 + 𝑑2)

2
 Ch-L1/Batt Ch-C1/Batt ON 1 0 0 0 1 0 0 0 1 1 4 

2-3 (2𝑑2 − 1)/2 Ch-L1 Ch-C1 OFF 1 0 0 1 1 0 1 0 1 0 3 

2-4 (2𝑑1 − 1)/2 Ch-L1 Ch-L2 OFF 1 1 0 1 0 0 1 0 1 0 3 

2-5 (1 − 𝑑1) Supply-RO Ch-L2 OFF 0 1 0 1 0 1 0 1 0 0 3 

3: 

Battery 

Dischar-

ging 

3-1 𝑑2 Ch-L1 Ch-C1 ON 1 0 1 1 1 0 1 0 0 0 4 

3-2 𝑑1 − 𝑑2 Ch-L1 Ch-C1 OFF 1 0 0 1 1 0 0 0 1 0 3 

3-3 (1 − 2𝑑1)/2 Supply-RO Supply-RO OFF 0 0 0 1 1 0 0 1 0 0 3 

3-4 𝑑1 1d  Supply-RO Ch-L2 OFF 0 1 0 1 0 1 0 1 0 0 3 

3-5 (1 − 2𝑑1)/2 Supply-RO Supply-RO OFF 0 0 0 1 1 1 0 1 0 0 3 

TABLE II Defining 𝛼 and 𝜉 coefficients 
𝛼1 = 𝑘𝑛1(1 − 𝑑1) + 𝑘𝑛2 + 1 𝛼2 = 𝑘𝑛2(1 − 𝑑1) + 𝑘𝑛1 + 1 𝛼3 = 2(1 + 𝑘𝑛2𝑑1) 

𝛼4 = 4 + 2𝑘𝑛2 + 2𝑘𝑛1 
𝛼5 = 𝑑1

2(1 + 𝑘𝑛1) − 𝑑1(𝑘𝑛2 + 2𝑛1𝑘 − 1) 

+𝑘(𝑛1 + 𝑛1) 

𝛼6 = 𝑑1
2(1 + 𝑘𝑛2) − 𝑑1(𝑘𝑛1 + 2𝑛2𝑘 − 1) 

+𝑘(𝑛1 + 𝑛1) 

𝛼7 = 𝑑1(1 + 𝑘𝑛2 − 𝑑1𝑘𝑛2) 
𝛼8 = 𝑑1

2 + 𝑑1(2 − 𝑘𝑛2 − 𝑛1𝑘) 

+𝑘(𝑛1 + 𝑛1) 
 

𝜁1 = 𝑑1
2 + 𝑑1(2 − 𝑘𝑛2 − 𝑛1𝑘) 

+𝑘(𝑛1 + 𝑛1) 

𝜁2 = 𝑘𝑛1(𝑑1 − 1) − 1 + 𝑑2 

+(𝑘 − 1 − 𝑘𝑑1 + 𝑑1) 
𝜁3 = −(5 − 4𝑑2 − 2𝑑1 + 2𝑛2𝑘(1 − 𝑑2)) 

𝜉5 = 𝑑1
2(𝑘𝑛1 + 𝑘𝑛2 + 1) 

−𝑑1(2𝑘𝑛1 + 2𝑘𝑛2 + 𝑑2𝑘𝑛2 + 𝑑2 + 2) 

+(𝑘𝑛1 + 𝑘𝑛2 + 1 + 𝑑2(1 + 𝑛2𝑘)) 

𝜉6 = 𝑑1
2(𝑘𝑛1 + 𝑘𝑛2 + 1) 

−𝑑1(2𝑘𝑛1 + 2𝑘𝑛2 + 𝑑2𝑘𝑛1 + 𝑑2 + 2) 

+(𝑘𝑛1 + 𝑘𝑛2 + 1 + 𝑑2(1 + 𝑛1𝑘)) 

𝜉8 = 𝑑1
2(𝑘𝑛1 + 𝑘𝑛2 + 1) 

−𝑑1(2𝑘𝑛1 + 2𝑘𝑛2 + 𝑑2𝑘𝑛1 + 𝑑2𝑘𝑛2 + 𝑑2 + 2) 

+(𝑘𝑛1 + 𝑘𝑛2 + 1 + 𝑑2(2 + 𝑛1𝑘 + 𝑛2𝑘)) 

𝜁4 = 8𝑑2 − 9 − 2𝑘𝑛1(1 − 𝑑1) + 2𝑘 

+2𝑑1 − 2𝑘(𝑛2 + 𝑑2 − 𝑑2𝑛2) 
𝜁7 = 𝑑2(1 + 𝑛2𝑘 − 𝑑1𝑛2𝑘)  

 

𝑉𝐶2 =
2(1−𝑑1)𝑉𝑖𝑛1+2𝑉𝑖𝑛2−(3−2𝑑2−2𝑑1)𝑉𝐵

2(1−𝑑1)
                              (14) 

𝑉𝐶3 =
𝛼1𝑉𝑖𝑛1+𝜉1𝑉𝐵

(1−𝑑1)
                                                             (15) 

𝑉𝐶𝑂1 =
𝛼2𝑉𝑖𝑛1+𝜉2𝑉𝐵

(1−𝑑1)
                                                           (16) 

𝑉𝐶𝑂2 =
𝛼3𝑉𝑖𝑛1+2𝑉𝑖𝑛2+𝜉3𝑉𝐵

2(1−𝑑1)
                                                  (17) 

𝑉𝑂,𝑂𝑃2 =
𝛼4𝑉𝑖𝑛1+2𝑉𝑖𝑛2+𝜉4𝑉𝐵

2(1−𝑑1)
                                               (18) 

Furthermore, it can be written for the third state as follows: 

𝑉𝐶1 =
(2𝑑1−1)𝑉𝑖𝑛1+(1−𝑑1)𝑉𝑖𝑛2+𝑑1𝑑2𝑉𝐵

(1−𝑑1)
2                                  (19) 

𝑉𝐶2 =
𝛼1𝑉𝑖𝑛1+𝜉1𝑉𝐵

(1−𝑑1)
                                                            (20) 

𝑉𝐶3 =
𝛼5𝑉𝑖𝑛1+𝜉5𝑉𝐵

(1−𝑑1)
2

                                                             (21) 

𝑉𝐶𝑂1 =
𝛼6𝑉𝑖𝑛1+𝜉6𝑉𝐵

(1−𝑑1)
2                                                           (22) 

𝑉𝐶𝑂2 =
𝛼7𝑉𝑖𝑛1+(1−𝑑1)𝑉𝑖𝑛2+𝜉7𝑉𝐵

(1−𝑑1)
2                                           (23) 

𝑉𝑂,𝑂𝑃3 =
𝛼8𝑉𝑖𝑛1+(1−𝑑1)𝑉𝑖𝑛2+𝜉8𝑉𝐵

(1−𝑑1)
2                                        (24) 

Also, 𝛼1-𝛼8 and 𝜉1-𝜉8 coefficients are defined in Table II. 

B. Current Analysis 

By neglecting the power losses of the converter and using 

Kirchhoff's Current Law (KCL) along with the average 

model, the average current of the magnetizing elements in the 

converter during the first operating state is calculated as 

follows: 

𝐼𝐿1 =
𝑛1+𝑛2+2

(1−𝑑)
𝐼𝑂                                                               (25) 

𝐼𝐿2 =
1

(1−𝑑)
𝐼𝑂                                                                    (26) 

𝐼𝐿𝑚 = 0                                                                            (27) 

Also, the coupled inductor winding currents are calculated 

as presented in Table III. Furthermore, the battery's 

instantaneous currents in sub-modes corresponding to states 

2 and 3 are also listed in Table III. For calculating the average 

battery current, only the instantaneous currents in sub-modes 

1 and 2 of the second state and sub-mode 1 of the third state 

are used. Moreover, the instantaneous currents of the 

capacitors in the first state and their corresponding RMS 

values are calculated and presented in Table IV. 

C. Voltage and Current Stress of Semiconductors 

Among the critical factors in selecting switches and diodes 

for converters are their voltage and current stresses. The 

NPIV of a switch represents the voltage across it during its 

off-state. Similarly, the current stress refers to the 

instantaneous current flowing through the switch during its 

operation. Based on these considerations, NPIV, current 

stresses, and rms current of switches and diodes of the 

converter are calculated and presented in Table V. 

D. Boundary Conduction Mode 

For the proposed converter to operate in continuous 

conduction mode (CCM), the minimum current of the input 

inductors must remain greater than zero. Considering this 

condition, along with (26) and by applying KVL in the  
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TABLE III Battery and coupled-inductor current relations 

States iB in different sub-modes (Instantaneous current) 

State. 2 

𝑖𝐵
1 =

𝑛1 + 𝑛2 + 2

(1 − 𝑑1)
𝐼𝑂 𝑖𝐵

2 =
𝑛1 + 𝑛2 + 3

(1 − 𝑑1)
𝐼𝑂 𝑖𝐵

5 = 0 

𝑖𝐵
3 =

(1 − 𝑑1)(𝑛1 + 𝑛2) + (𝑑1 + 𝑑2 − 1)(𝑛1 + 𝑛2 + 3)

(1 − 𝑑1)(𝑑1 + 𝑑2 − 1)
𝐼𝑂 

𝑖𝐵
4 =

(1 − 𝑑1)(𝑛1 + 𝑛2) + (𝑑1 + 𝑑2 − 1)(𝑛1 + 𝑛2 + 2)

(1 − 𝑑1)(𝑑1 + 𝑑2 − 1)
𝐼𝑂 

State. 3 𝑖𝐵
1 = 𝑖𝐵

2 =
𝑛1 + 𝑛2 + 2𝑑1 + 1

𝑑1(1 − 𝑑1)
𝐼𝑂 

States IB in different modes (Average current) 

State. 2 𝐼𝐵 =
2(𝑛1 + 𝑛2) + 7 − 2𝑑1 − 2𝑑2(𝑛1 + 𝑛2 + 3)

2(1 − 𝑑1)
𝐼𝑂 

State. 3 𝐼𝐵 =
𝑑2(𝑛1 + 𝑛2 + 2𝑑1 + 1)

𝑑1(1 − 𝑑1)
𝐼𝑂 

Coupled-

Inductor 
Coupled-inductor instantaneous current in state 1 

Sub-

modes 
inp ins int 

1,2,3 −
𝐼𝑂
𝑑
(𝑛1 + 𝑛2) −

𝐼𝑂
𝑑

 −
𝐼𝑂
𝑑

 

4 
𝐼𝑂

(1 − 𝑑)
(𝑛1 + 𝑛2) 

𝐼𝑂
(1 − 𝑑)

 
𝐼𝑂

(1 − 𝑑)
 

 

TABLE IV Capacitors' currents in state 1 

Element Mode 1 Mode 2 

C1 
𝑛1 + 𝑛2 + 1

4𝑑
𝐼𝑂 

𝑛1(1 − 𝑑) + 𝑛2(1 − 𝑑) + 1

𝑑(1 − 𝑑)
𝐼𝑂 

Element Mode 3 Mode 4 RMS 

C1 
3(𝑛1 + 𝑛2 + 1)

4𝑑
𝐼𝑂 −

𝑛1 + 𝑛2 + 2

(1 − 𝑑)
𝐼𝑂 

𝑛1 + 𝑛2 + 2

√𝑑(1 − 𝑑)
𝐼𝑂 

Element Modes 1, 2, 3 Mode 4 RMS 

C2 −
(𝑛1 + 𝑛2)

𝑑
𝐼𝑂 

(𝑛1 + 𝑛2)

(1 − 𝑑)
𝐼𝑂 

𝑛1 + 𝑛2

√𝑑(1 − 𝑑)
𝐼𝑂 

C3 
1

𝑑
𝐼𝑂 −

1

(1 − 𝑑)
𝐼𝑂 

1

√𝑑(1 − 𝑑)
𝐼𝑂 

CO1 −𝐼𝑂 
𝑑

(1 − 𝑑)
𝐼𝑂 

√𝑑

√(1 − 𝑑)
𝐼𝑂 

CO2 −
1 + 𝑑

𝑑
𝐼𝑂 

1 + 𝑑

(1 − 𝑑)
𝐼𝑂 

1 + 𝑑

√𝑑(1 − 𝑑)
𝐼𝑂 

Lk 
(𝑛1 + 𝑛2)

𝑑
𝐼𝑂 −

(𝑛1 + 𝑛2)

(1 − 𝑑)
𝐼𝑂 

𝑛1 + 𝑛2

√𝑑(1 − 𝑑)
𝐼𝑂 

corresponding sub-modes, the following condition for CCM 

operation with inductor L2 can be derived. 

𝐿2 >
𝑑(1−𝑑)2𝑅𝑂

2(𝑛1+𝑛2+3)𝑓𝑆
                                                             (28) 

Additionally, the graph related to this condition is plotted in 

Fig. 6, illustrating the values of inductor L2 for continuous, 

discontinuous, and boundary conduction modes. 

 

IV. Efficiency Analysis Results 

In this section of the paper, the losses of the proposed 

converter are calculated following the procedure outlined in 

[22]. To avoid unnecessary length, only the final results are 

presented. In these calculations, the losses considered 

include conduction and switching losses of the switches and 

diodes, conduction losses of the capacitors, as well as both 

core and conduction losses of the inductors and the coupled 

inductor. So, based on the calculated losses, the overall 

efficiency of the converter is obtained using the following: 

TABLE V Voltage and current stress of semiconductors 

S,D Instantaneous RMS NPIV 

S1 

Mode 

1 

(1 + 3𝑑)(𝑛1 + 𝑛2 + 1) + 4𝑑

4𝑑(1 − 𝑑)
𝐼𝑂 

(𝑛1 + 𝑛2 + 2)𝐼𝑂

(1 − 𝑑)√𝑑
 

𝑉𝑂
2𝑛 + 3

 
Mode 

2 

𝑛1 + 𝑛2 + 1 + 2𝑑

𝑑(1 − 𝑑)
𝐼𝑂 

Mode 

3 

(7 − 3𝑑)(𝑛1 + 𝑛2 + 1) + 4𝑑

4𝑑(1 − 𝑑)
𝐼𝑂 

S2 
𝐼𝑂

(1 − 𝑑)
 

√𝑑𝐼𝑂
(1 − 𝑑)

 
𝑉𝑂

2𝑛 + 3
 

D1 
𝐼𝑂

(1 − 𝑑)
 

𝐼𝑂

√(1 − 𝑑)
 

2𝑉𝑂
2𝑛 + 3

 

D2 
𝐼𝑂

(1 − 𝑑)
 

𝐼𝑂

√(1 − 𝑑)
 

(1 + 𝑛)𝑉𝑂
2𝑛 + 3

 

D3 
𝐼𝑂
𝑑

 
𝐼𝑂

√𝑑
 

(1 + 2𝑛)𝑉𝑂
2𝑛 + 3

 

DO 

𝐼𝑂
(1 − 𝑑)

 
𝐼𝑂

√(1 − 𝑑)
 

(1 + 𝑛)𝑉𝑂
2𝑛 + 3

 

 

 

Fig. 6. Boundary condition for inductor L2. 
 

𝜂(%) =
(𝑃𝑜𝑢𝑡)×100

(𝑃𝑜𝑢𝑡+(𝑃𝑐𝑜𝑛𝑑,𝐿+𝑃𝑐𝑜𝑟𝑒,𝐿+𝑃𝑐𝑜𝑛𝑑,𝑆,𝐷+𝑃𝑠𝑤,𝑆,𝐷+𝑃𝑐𝑜𝑛𝑑,𝐶))
    (29) 

The calculated results for the efficiency and power losses of 

the proposed converter in the first operating state are 

illustrated in Figs. 7 and 8. Fig. 7(a) presents the efficiency 

of the proposed converter at various power levels and input 

voltages. As shown in this figure, the maximum efficiency 

of the converter is achieved at an output power of 100 W for 

all considered input voltages. Figs. 7(b) and (c) illustrate the 

percentage of power losses associated with different 

elements of the converter under various input voltages. 
 

 
(a) 

 
(b)                                               (c) 

Fig. 7. (a) Efficiency curves of the proposed converter in different 

powers, (b) and (c) Loss percentage of the converter in 

different input voltages.
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Fig. 8. Loss distribution of the converter in different powers. 
 

V. Energy Management Algorithm for the 

Proposed Converter 

To assess the converter's performance under various 

energy management conditions, it is tested using an 

algorithm similar to [5], shown in Fig. 9. The algorithm 

considers the internal loads, battery, PV panels, and DC/AC 

buses as system inputs/outputs, assuming normal grid and 

load operation. In the evening, the battery's charge rate is 

increased to support night-time loads. Energy management 

mainly depends on grid demand, PV generation, and battery 

SOC. If PV power is insufficient, the battery supplies the 

load (Scenario 3); otherwise, excess energy charges the 

battery or feeds auxiliary loads. 

 

VI. Comparison Study 

This section compares the proposed converter with other 

recent dual- and multi-port high-step-up DC-DC converters. 

Key specs from [6], [18], [23]–[27] are listed in Table VI, 

and cost estimates appear in Table VII, based on components 

selected for the simulation power level. Comparative 

analysis includes voltage gain (Figs. 10(a) and b), voltage 

stress (Fig. 10(c)), cost (Figs. 11(a)), and efficiency (Fig. 

11(b)), using standard components detailed in Table VIII. 

The evaluation covers voltage gain, stress, ripple, EMI, 

element count, efficiency, cost, number of ports, and 

supported operating scenarios. 

 

Fig. 9. Energy management algorithm for the proposed 

converter 

 

As shown in Table VI and Fig. 10(a), the proposed 

converter achieves the highest voltage gain—27 at a 0.5 duty 

cycle—about 15 units more than converters [18], [25], and 

[26]. This is due to its use of a three-winding coupled inductor 

and a switched-capacitor cell, unlike [25] with only two 

windings and [18], [26] which lack coupled inductors. 

As shown in Table IV, aside from converter [24], the 

proposed converter and converter [17] have the highest 

number of elements. This is due to their multiple ports and 

support for various operating scenarios, which require 

additional auxiliary components. Both topologies allow 

independent battery switching within multi-input structures, 

enabling flexible energy management through simpler 

control and relatively fewer total components. According to 

Fig. 10(b), the proposed converter achieves a voltage gain-to- 
 

S*: Switch, D*: Diode, C*: Capacitor, I*: Inductor, T*: Transformer, CI*: Coupled inductor, I.C.R.*: Input current ripple. 

TABLE VI Detailed specifications of the proposed converter and the converters proposed in [6], [18], [23], [24], [25], [26], and [27] 

Parameters 
Multi-port Converters Dual-Port Converters Proposed 

Converter [6] [18] [23] [24] [25] [26] [27] 

E
le

m
en

ts
*
 

S 4 4 6 4 2 1 1 4 

D 4 5 1 6 4 6 5 6 

C 4 4 4 8 5 5 7 5 

L 4 4 4 0 2 2 4 2 

T/CI 0 0 0 2 1 0 0 1 

Total 16 17 15 20 14 14 16 18 

Voltage gain 
3 − 2𝑑

(1 − 𝑑)2
 

3

(1 − 𝑑)2
 

3 − 𝑑

(1 − 𝑑)2
 

𝑛(1 + 𝑑)

(1 − 𝑑)
 

4 + 2𝑛𝑑

(1 − 𝑑)
 

2(2 − 𝑑)

(1 − 𝑑)2
 

1 + 2𝑑 − 2𝑑2

(1 − 𝑑)2
 

4𝑛 + 2 + 𝑑 + 𝑑2 − 4𝑑𝑛

(1 − 𝑑)2
 

Inputs/outputs 3/1 2/1 – 3/1 – 2/2 2/1 1/2 2/1 1/1 1/1 2/1 – 3/1 – 2/2 

Non-isolated Yes Yes Yes No Yes Yes Yes Yes 

EMI Low Low Low Low High High Low Low 

ANPIV 
9 − 7𝑑

8(3 − 2𝑑)
 

18 − 9𝑑

27
 

13 − 7𝑑

8(3 − 𝑑)
 

4 + 6𝑛

10𝑛(1 + 𝑑)
 

4 + 𝑛

6(2 + 𝑛𝑑)
 

11 − 6𝑑

14(2− 𝑑)
 

5 + 2𝑑2 − 𝑑

6(1 + 2𝑑 − 2𝑑2)
 

11 + 4𝑛 − 4𝑑

20𝑛 + 30
𝑉𝑂 

I.C.R.* Low Low Low High Low Low Low Low 

ɳ (%) Not given 
94.2% 

(100 W) 

94% 

(100 W) 

95.5% 

(250 W) 

93.34% 

(100 W)) 

94.6% 

(100 W) 

85.4% 

(100 W) 

96.68% 

(100 W) 

Start

P S dPY

95SOC
Y

− S d IP P P

Batt. OFF
Strings to Internal,
Grid, Bus(Op.2)

=
− −

Y

− =S d IP P P

Batt. OFF
Strings to Internal,
Bus(Op.2)

=
− −

Batt. Internal
Strings to Internal,
Bus(Op.2)

=
− −

Y

N

N

−  +S d I BP P P P
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TABLE VII Cost calculations of the proposed converter and the converters in [6], [18], and [24]-[26]. 

Ref. Switches Cost Diodes Cost Capacitors Cost Cores Cost Total Cost 

[6] 4*0.42 $ 4*1.06 $ 
1*0.1 $ , 1*0.1 $  

1*0.1 $ , 1*1.5 $  
4*2.5 $ 17.72 $ 

[18] 
1*12.44 $, 

3*1.9 $ 
2*0.8 $, 1*0.7 $, 2*0.31 3*0.5 $, 1*1.5 $ 4*0.4 $ 25.66 $ 

[24] 4*0.74 $ 6*0.8 $ 4*0.5 $, 2*6 $ 3*2.5 $ 26.76 $ 

[25] 2*0.89 $ 4*0.31 $ 
1*0.2 $ , 1*0.2 $, 1*0.53 $ 

1*1 $, 1*6 $ 
3*2.5 $ 18.45 $ 

[26] 1*2.15 $ 5*0.57 $ 
1*0.2 $ , 1*0.1 $, 1*0.4 $ 

1*0.4 $, 1*1 $ 
2*2.5 $ 12.1 $ 

Proposed 4*0.42 $ 6*1.06 $ 
1*0.1 $ , 1*0.1 $, 1*0.4 $ 

1*0.4 $, 1*0.4 $ 
3*2.5 $ 16.94 $ 

 

       

(a)                                                                      (b)                                                                      (c) 

Fig. 10. Comparison graphs in n=2. (a) Voltage gain, (b) voltage gain/element count, and (c) ANPIV index. 
 

element-count ratio of 3 at a 0.5 duty cycle—0.65 higher 

than [25] and [26], and significantly better than [24], which 

has a ratio of 0.3 due to its complexity and low gain. Despite 

the element count, the proposed converter also reaches the 

highest efficiency at 100 W output power, where most 

compared designs peak. As shown in Fig. 11(b), it maintains 

high efficiency across a wide power range, thanks to 

selective element activation and low voltage stress on 

semiconductors. As shown in Table IV and Fig. 10(c), the 

proposed converter has the lowest ANPIV index, with switch 

NPIV values also below average. This is due to placing 

voltage-boosting cells at the final stage. In contrast, 

converters [18], [24], and [27] show the highest ANPIV 

values, as their front-end switched inductor-capacitor cells 

increase conduction losses and reduce reliability. 

As shown in Table VI, converters [25] and [26] suffer 

from high EMI due to the absence of a common ground 

between input sources and the output. In [25], this stems 

from the dual-input design, and in [26], from the voltage-

doubler cell. In contrast, the proposed converter features a 

common ground between main inputs and output, reducing 

high-frequency circulating currents. While the battery 

connection via an auxiliary diode introduces slight EMI, this 

is mitigated by using a low-voltage battery or EMI filters in 

practical setups. Although converter [24] benefits from 

input-output isolation and low EMI, its high input current 

ripple makes it less ideal for PV systems. 

As indicated in Table VII, converters [6], [26], and the 

proposed design offer the lowest overall cost, making them 

suitable for large-scale deployment. In contrast, Fig. 11(a) 

shows that converters [18] and [24] are the most expensive 

due to their use of high-voltage switches and multiple 

magnetic elements. Overall, the proposed converter stands 

out as a strong candidate for solar-powered DC microgrids, 

thanks to its high voltage gain, low ANPIV, high efficiency, 

low EMI, minimal input current ripple, cost-effectiveness, 

and broad energy management capability. 

 

VII. Simulation Results 

This section presents the simulation results of the 

proposed converter in all three operating states. The  

 

 
(a) 

 
(b) 

Fig. 11. (a) Cost comparison of the compared converters and 

(b) Efficiency comparison of the compared converters.
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simulations are carried out using PSCAD software, and the 

data obtained are subsequently plotted using MATLAB. 

Also, the simulations are conducted based on the parameters 

listed in Table VIII, and the corresponding results are 

presented in Figs. 12 - 15. 

Fig.12 illustrates the input and output voltages as well as 

the load current of the proposed converter in all three 

operating states. In each state, when input ports 1 and 2 are 

supplied with 24 V and the battery port is provided with 12 V, 

the converter delivers an output voltage of 400 V and an 

output current of 0.25 A. Figs. 13(a) – (e) depict the 

simulation results of the capacitor voltages in the proposed 

converter in the first operating state. As observed, the 

voltages across capacitors C1 – C3, CO1, and CO2 are 57 , 81 , 

224 , 220 , and 180  V, respectively, which confirm the values 

obtained from (7) - (11). Figs. 13(f) – (h) also illustrate the 

simulation results of the magnetic element currents in the 

proposed converter in the first operating state. The obtained 

current values for inductors L1, L2, and Lm are 3.7 , 0.62 , and 

0 A, respectively, which validate the theoretical results 

derived from (25) - (27). In addition, Figs. 13(i) - (l) show the 

waveforms of the transformer winding currents and the 

leakage current. The obtained values are in good agreement 

with the theoretical results presented in Table III. Fig. 14 

illustrates the simulated voltage and current waveforms of the 

semiconductors in the proposed converter during state 1. 

According to this figure, the voltage stresses of switches and 

diodes S1, S2, D1, D2, D3, and DO are obtained as 57, 57, 114, 

170, 285, and 170 V, respectively. These results are 

consistent with the theoretical values calculated from the 

relations presented in Table V. Also, the values 6.1, 0.61, 0.6, 

0.6, 0.42, and 0.62 A are obtained for IS1, IS2, ID1, ID2, ID3, and 

IDO, respectively. The obtained values follow the theoretical 

results presented in Table V. 

Moreover, to manage the length of the paper, the 

complete set of simulated waveforms for operating states 2 

and 3 has not been included. Instead, only the battery  

 

TABLE VIII Simulation parameters of the proposed 

converter 

Symbols Values and types 

Output Power 100 W 

Input Voltages (V1 and V2) 24 V 

Output voltage (VO) 400 V 

Battery voltage (VB) 12 V 

Capacitors (C1, C2, C3) 
47 uF/100 V, 47 uF/100 V, 

47 uF/400 V 

Output capacitors (CO1, CO2) 47 uF/400 V 

Input inductors (L1, L2) 500 uH 

Magnetizing inductance (Lm) 500 uH 

Leakage inductance (Lk) 1 uH 

Turn ratios (n1 and n2) 2 

Switching frequency (fS) 50 KHz 

d (State 1) 59.5% 

d1 (State 2) 66% 

d2 (State 2) 63% 

d1 (State 3) 45% 

d2 (State 3) 35% 

 
(a)                                                   (b) 

 

(c)                                                   (d) 

Fig. 12. Simulation results of the converter in all states 

 
charging and discharging current waveforms for these states 

are presented in Fig 15. As shown in this figure, the obtained 

values of the battery currents are in good agreement with the 

calculated values presented in Table III. 

Due to the dependence of the output voltage of 

photovoltaic (PV) panels on environmental conditions, a 

controller is required to stabilize the output voltage of the 

converter at a constant level. In the proposed converter, 

two control loops are needed. The first control loop is 

associated with the auxiliary switches, which regulate the 

charging and discharging power of the battery based on the 

algorithm presented in Fig. 9. Also, an external voltage 

control loop is used to regulate the output voltage of the 

converter. Fig. 16 illustrates a simple PI controller schematic 

that is applied to all operating states of the proposed converter 

and controls main switches S1 and S2. This controller receives 

the error between the reference and actual output voltage and 

generates the required pulse width to drive the switches, 

aiming to eliminate the voltage error. 

By designing the closed-loop control system as shown in 

Fig. 16 and simulating it for second and third states of the 

proposed converter, the output voltage results under input 

voltage and load disturbances are obtained. These results are 

illustrated in Fig. 17. Fig. 17(a) illustrates the output voltage 

and power of the proposed converter in the second operating 

state. As shown, both the battery voltage and the main input 

source voltages remain constant, while the output load is first 

decreased from 1600 Ω to 533 Ω and then increased to 

800 Ω. Throughout these variations, the controller 

demonstrates a fast dynamic response, effectively tracking 

the reference voltage and maintaining the output voltage at a 

constant 400 V. Fig. 17(b) presents the output voltage and 

output power of the proposed converter in the third operating 

state. As shown, both the output load and the battery voltage 

are kept constant during this state. When the main input 

source voltage changes from 24 V to 20 V and then returns 

to 28 V, the controller effectively regulates the output 

voltage, maintaining it at 400 V with a very short settling 

time. 
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(a)                                                         (b)                                                         (c)                                                         (d) 

 
I                                                         (f)                                                         (g)                                                         (h) 

 
(i)                                                         (j)                                                         (k)                                                         (l) 

Fig. 13. Simulation results of the proposed converter in operating state 1. 
 

 
(a)                                                         (b)                                                         (c)                                                         (d) 

 
(e)                                                         (f)                                                         (g)                                                         (h) 

 
(i)                                                         (j)                                                         (k)                                                         (l) 

Fig. 14. Simulation results of the proposed converter in operating state 1. 

 

VIII. Conclusion 

This paper presents a non-isolated multi-port DC-DC 

converter equipped with a bidirectional port for integrating 

solar panels with storage systems in hybrid solar power  

 

 
(a)                                                        (b) 

Fig. 15. Simulation results of the proposed converter for battery 

current. a) state 2, b) state 3. 

plants. Based on the analysis of the proposed converter, 

features such as high voltage gain, low voltage stress on 

diodes and switches, continuous input current, high 

efficiency, and common ground are identified. The use of one 

bidirectional port and two unidirectional ports in the designed 

structure enables the integration of energy generation and  

 

 
Fig. 16. Block diagram of PI controller for the proposed converter.
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(a) 

 

(b) 

Fig. 17. Simulation results of the output voltage waveforms of the 

proposed converter under input voltage and load disturbance, (a) state 

2, (b) state 3. 

storage sources and reduces system complexity, volume, and 

losses. Additionally, its ability to operate in various operating 

states allows the implementation of different energy 

management strategies in the grid. In this regard, the 

feasibility of the proposed converter’s operation under 

various energy management scenarios was examined through 

the development of an EMA. Furthermore, the proposed 

converter was analyzed in all operating states, and a 

comparison was conducted between it and similar structures 

presented in the references to validate the stated features. 

Finally, simulation results were utilized to validate the 

analysis results of the converter. 
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This paper proposes a novel Optimal Deep Rate Controller (ODRC) designed for intra-

coding configuration of the High-Efficiency Video Coding standard. The ODRC 

incorporates a Convolutional Neural Network-based Rate-Quantization Model (CRQM) 

to effectively predict bits consumption across the entire Quantization Parameter (QP) 

range at the Coding Tree Unit (CTU) level. The proposed rate controller employs an 

optimization algorithm to minimize the buffering delay required for video 

communications. By establishing a specific search space through the CRQM, a greedy 

search algorithm is utilized to determine the optimal frame-level QP, thereby minimizing 

discrepancies between buffer occupancy and target occupancy. Unlike CTU-level rate 

controllers, which can introduce quality variations due to QP fluctuations among CTUs, 

the frame-level ODRC maintains consistent objective quality across CTUs within a 

frame.  The ODRC is integrated within the standard reference software HM-16.20. 

Comparative evaluations with the default rate controller, RC-HM, in the same software, 

demonstrate the superior performance of ODRC in terms of both delay and bit error ratio. 

Experimental results indicate that ODRC achieves a notably lower average buffering 

delay of 0.02s and a lower bit error ratio of 11.25%, in contrast to RC-HM's 0.3s and 

44.72%, respectively, emphasizing its effectiveness for HEVC low-delay applications.  

I. Introduction 

High-Efficiency Video Coding (HEVC) [1] has 

significantly advanced video compression. It offers a 50% 

bitrate reduction compared to H.264/AVC [2] while 

maintaining visual quality, especially for high-resolution 

content. Despite these advancements, transferring high-

quality video over networks faces several challenges due to 

bandwidth, delay, and buffer capacity limitations. To address 

these challenges, an effective Rate Controller (RC) is crucial 

for optimizing bit allocation across various coding units, 

such as Group of Pictures (GOPs), frames, and Coding Tree 

Units (CTUs). This optimization ensures a high-quality 

video experience under different network conditions [3-11]. 

Rate control strategies in HEVC for intra-frames and 

inter-frames differ significantly due to their inherent coding 

characteristics. In inter-frame coding, RC can use a Rate-

Distortion (R-D) model updated according to previous 

encoding results. Conversely, in intra-frame coding, RC 

relies only on information within the same frame. 

Consequently, intra-frames require more sophisticated RC 

approaches to achieve the desired bitrate. Utilizing content-

based R-D or Rate-Quantization (R-Q) models can improve 

the performance of these RC approaches. 

II. Related works 

So far, various rate control algorithms have been proposed 

for intra-frame coding within the HEVC standard. The large 

group of rate control algorithms, commonly called 

conventional RCs, typically operate in three steps: bit 

allocation, bitrate control, and parameter updating. During 

the initial step, a bit budget is allocated to a coding level 

based on factors such as target bitrate, buffer occupancy, and 

frame complexity. In the subsequent step, the allocated 

bitrate and coding complexity are incorporated as inputs for 

a content-based R-D or R-Q model to determine an 

appropriate Quantization Parameter (QP) for each coding 

https://orcid.org/0000-0003-4975-4455
https://orcid.org/0000-0001-9318-9372
https://orcid.org/0000-0002-6918-9767
https://orcid.org/0000-0001-8713-2644
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level. Finally, the model parameters are updated based on 

previous encoding results to improve the model accuracy. 

However, the model can be very inaccurate for the first intra-

frame and the intra-frames inserted in scene cuts. 

Representative examples of conventional frame-level and 

CTU-level RCs for HEVC can be found in [12-15] and [16-

19], respectively. 

Conventional rate control algorithms typically employ 

closed-form analytical models to estimate QPs based on rate, 

distortion, and hand-engineered content complexity metrics 

such as mean absolute difference and the sum of absolute 

Hadamard transformed differences [12-19]. However, these 

models often struggle to accurately represent the complex 

relationships between rate, distortion, and video content 

characteristics, which can result in suboptimal rate-distortion 

performance. To tackle this issue, some researchers have 

recently turned to machine learning techniques to extract 

more relevant features from video content, facilitating the 

development of more robust and accurate rate control 

models. Among these techniques, convolutional neural 

networks (CNNs) have emerged as an effective image and 

video analysis tool [20-25]. 

CNNs have emerged as a powerful tool for transforming 

complex images and videos to the feature space with 

compressed representations. Within the domain of R-D 

modeling, CNN-based approaches can be divided into two 

primary categories. The first category leverages CNNs to 

estimate parameters for established models such as R-D and 

R-Q. For instance, [20, 21] proposed a CNN to predict 

optimal R-λ model parameters, demonstrating the strong 

dependency of these parameters on both video content and 

QP. However, the training of these models was limited to a 

specific QP range. Building upon this, [22] introduced a 

CNN-based framework to predict parameters for the 

exponential R-Q model, incorporating multiple CNNs for 

feature extraction and weight estimation. 

The second category of methods focuses on directly 

estimating rate control parameters, such as bit count, 

distortion, or QP, using CNNs [23-25]. Early CNN-based 

models [23-25] were limited in their applicability due to 

constraints on QP range and input frame size. The model 

presented in [23] proposes a CNN-based model to predict bit 

count and Structural Similarity Index Map (SSIM) under 

constrained conditions of QP range and fixed input frame 

size. Similarly, [24] employs two CNNs to estimate the rate 

and Mean Squared Error (MSE) for intra-frames at a limited 

set of QPs. To address these limitations, our previous work 

[25] introduced a Convolutional Rate-Quantization Model 

(CRQM) operating at the CTU level. This model offers 

significant advancements by enabling simultaneous accurate 

estimation of bit consumption across all QP values for each 

CTU and adapting to diverse frame sizes.  

The reviewed studies primarily focus on two approaches 

to predict the rate and distortion of Intra-frames: closed-form 

rate-distortion models and CNN-based models. These works 

do not explicitly address rate control mechanisms [12-24]. 

Beyond these core approaches, a study in [26] investigates 

novel NN architectures and optimization strategies for 

selecting the QP to control the bitrate at the CTU level. 

However, this model's effectiveness is constrained by its 

training on a limited QP range, which may hinder its 

adaptability to diverse rate requirements.  

This paper proposes an optimal deep rate controller 

(ODRC) for intra-frame coding in HEVC. The ODRC aims 

to achieve precise and optimal rate control. The proposed 

method leverages our previously developed CRQM [25] to 

accurately predict the bit consumption of each coding CTU 

across various QPs. A greedy search algorithm, informed by 

the CRQM's predictions, determines the optimal frame-level 

QP, minimizing the discrepancies between buffer occupancy 

and a target value. This results in efficient operation with low 

buffering delay, making the ODRC well-suited for low-

latency applications.  

The key contributions of this paper are as follows: 

- This paper proposes an optimal deep rate controller for 

precise rate control in HEVC intra-frame configuration.   

- In contrast to the rate controllers presented in [20-22] 

that rely on CNNs to update the parameters of conventional 

RD models, the proposed ODRC provides precise results 

even at the start of scene cuts. 

- Unlike the approach in [23], which employs a CNN-

based RD model constrained to fixed video frame size, 

ODRC is adaptable to varying frame sizes.  

- Compared to the rate controller in [24], which uses a 

CNN-based RD model limited to a narrow QP range, the 

proposed ODRC can operate on the entire range of QP 

values. 

- While the work in [25] focuses on CTU-level bitrate 

control using a CNN-based RD model, ODRC operates at 

the frame level to provide a uniform visual quality for each 

frame. 

- By integrating our CRQM, which estimates bit 

consumption across the entire QP range, with a low-

complexity greedy search algorithm, ODRC efficiently 

determines the optimal frame-level QP to minimize buffer 

occupancy discrepancies.     

The remainder of the paper is organized as follows: 

Section 2 outlines the Methodology, Section 3 presents the 

test results, and Section 4 provides the conclusions. 

III. Methodology 

The increasing demand for low-delay applications, such 

as real-time video conferencing, and the growing prevalence 

of ultra-high-definition (UHD) video content present 

significant challenges for video transferring systems. The 

proposed RC in this paper can provide an accurate bitrate 

close to the target bitrate for the intra-frames. Therefore, it 

can be used for low-delay UHD applications within the 
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HEVC standard. The proposed RC can be used for all intra-

coding configurations or intra-frames in other coding 

configurations. 

Figure 1 illustrates the block diagram of the proposed rate 

control algorithm. The core components of the proposed 

system, including the virtual buffer and proposed RC, are 

discussed in detail in the sequel.  

A. Overview of the CRQM model  

The CRQM [25] introduces a novel intra-prediction 

approach utilizing both Coding Tree Unit (CTU) and 

reference pixel information. As illustrated in Figure 2, each 

64×64 Coding Tree Block (CTB) is extended with reference 

pixels, creating 66×66 input blocks. Reference pixels 

extending to the right and bottom are rotated and 

concatenated to the right and bottom edges of the CTBs, 
respectively. Three resulting 66×66 blocks are subsequently 

fed into a CNN to extract features. Figure 3 illustrates the 

architecture of the CNN-based model. The first 

convolutional layer employs a kernel size of 9×9 with a 

stride of 8×8, while all subsequent convolutional layers 

utilize 2×2 kernels and strides. ReLU activation is applied 

across all convolutional layers. The features extracted by the 

final convolutional layer are combined with the CTB 

standard deviation (STD) and passed through two fully 

connected layers, each comprising 40 neurons with ReLU 

and tanh activation functions, respectively. The output layer, 

consisting of 51 neurons with a tanh function, generates the 

estimated bit counts for each QP.  

B. Virtual Buffer 

The proposed system employs a virtual buffer to simulate 

the decoder buffer in a constant bandwidth communication 

channel. The buffer occupancy, 
iO , is dynamically updated 

after encoding each frame as:  

1i i T iO O B B−= + −  (1) 

where 
iB  denotes the number of bits consumed to encode 

thi frame. The initial buffer occupancy, 
0O , is initialized to 

60% of the total buffer capacity, simulating the initial 

buffering delay. The core objective of the proposed control 

mechanism is to maintain the buffer occupancy close to this 

initial level, defined as the target buffer occupancy, 
TO , 

throughout the transmission process. The target bits per  

 

 

Fig. 1. Block Diagram of the Proposed Rate Control 

Algorithm 

 

frame, 
TB , is calculated as: 

T
T

R
B

f
=  

   (2) 

where 
TR  denotes the target bitrate and f stands for the 

frame rate. 

C. Content-based Intra Deep Controller 

The proposed rate control algorithm aims to maintain the 

buffer occupancy close to the target level, 
TO , by selecting 

an optimal QP  for each frame. The optimal QP  for 
thi  

frame, opt

iQP , is then determined using a greedy search 

optimization algorithm to minimize the absolute difference 

between Est

iO  and 
TO : 

{1,...,51}

arg min .opt Est

i i T
QP

QP O O
 

= −   (3) 

where Est

iO  denotes the estimated buffer occupancy after 

encoding 
thi  frame and it is calculated by: 

1 ,Est Est

i i T iO O B B−= + −   (4) 

where Est

iB shows the estimated bits for 
thi frame that is 

computed as Eq. (5). 

,

1

iN
Est Est

i i j

j

B b
=

=  (5) 

iN  denotes the number of CTUs within 
thi frame, and 

,

Est

i jb  

represents the estimated bit consumption for the thj  CTU of the 

thi frame, determined by the CRQM [25]. 

IV.  Test Results 

a) Implementation Details 

This subsection presents a comparative performance 

evaluation of the proposed rate controller (ODRC), 

implemented in the HEVC reference software HM-16.20 

[27], against the default rate controller (RC-HM) included in 

the same software. RC-HM employs the  -domain R-D 

model and considers the standard Hypothetical Reference 

Decoder buffering model. Given its implementation on HM, 

 

Fig. 2. Preparing Inputs of Convolutional Neural Network-

based Rate-Quantization Model (CRQM) 
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its performance is benchmarked against many RCAs, 

potentially facilitating cross-verification. 

Simulations were conducted using the RAISE dataset [28] 

at four QP  values: 22, 27, 32, and 37. The target bitrate, 

T TR B f=  , derived from CQRM, was used as the anchor 

target bitrate for both rate control methods. During the 

experiments, the virtual buffer capacity was set to 60% of the 

target bitrate. The ODRC initialized its buffer occupancy at 

60% of the virtual buffer capacity, while RC-HM used its 

default 90% initialization as its optimum value. 

 

A subset of 500 frames at a resolution of 4948×3280 pixels 

was randomly selected from the RAISE dataset to create five 

100-frame video sequences with a frame rate of 30 frames  

b) Dataset 

per second. Unlike the test video datasets, in which the 

consequent frames are very similar in each video sequence, 

the used dataset can simulate about 500 video sequences, 

which is a large number for test purposes. 

c) Quantitative and Qualitative Analysis 

Given that the proposed rate controller is tailored for intra-

frames, which are encoded independently without reference 

to other frames, each frame's quality does not influence 

subsequent frames' quality. Therefore, the performance 

evaluation of the proposed rate controller emphasizes its 

effectiveness in controlling bitrate and achieving rate control 

accuracy. 

Table 1 summarizes the comparative results. From the 

controlling aspect, the proposed controller successfully  

 

prevents both buffer overflow and underflow for all 

encoded

 
Fig. 3 Convolutional Neural Network-based Rate-Quantization Model (CRQM) architecture to estimate the CTU bit consumption 

[25]. 

bitstreams, demonstrating robust bitrate control. For a 

quantitative comparison of rate control performance, the 

minimum buffering delay required on the receiver side, 

proportional to the minimum buffer size, is measured and 

reported in Table 1. The minimum buffering delay is 

computed as follows.  

max min
min ,

T

O O
Delay

R


−
=  (6) 

where 
maxO  and 

minO  are the maximum and minimum 

buffer occupancy throughout the encoded video sequence. 

 for ODRC and HM-RC is set to 0.6 and 0.9, respectively. 
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bitstreams, demonstrating robust bitrate control. For a 

quantitative comparison of rate control performance, the 

minimum buffering delay required on the receiver side, 

proportional to the minimum buffer size, is measured and 

reported in Table 1. The minimum buffering delay is 

computed as follows.  

max min
min ,

T

O O
Delay

R


−
=  (6) 

where 
maxO  and 

minO  are the maximum and minimum 

buffer occupancy throughout the encoded video sequence. 

 for ODRC and HM-RC is set to 0.6 and 0.9, respectively. 

TABLE 1. EXPERIMENT RESULTS OF THE PROPOSED RATE CONTROLLER (ODRC) AND DEFAULT RATE 

CONTROLLER (HM-RC) ON TEST SEQUENCES IN TERMS OF AVERAGE QP, BITRATE (KBIT/S), DELAY (S), AND 

BIT ERROR RATIO (%) 

Video Seq. method Avg. QP Bitrate (Kbit/s) Delay (s) BER% 

Video1 

ODRC 

21.58 274735.7 0.01 9.90 

26.05 131805.1 0.01 6.00 

30.97 61852.2 0.01 8.69 

35.66 30693.0 0.01 7.86 

HM-RC 

21.75 276519.8 0.25 38.26 

26.29 127072.7 0.27 38.6 

31.17 62239.1 0.28 45.74 

35.99 31010.7 0.33 48.40 

Video2 

ODRC 

21.69 266452.2 0.02 15.28 

26.61 121270.0 0.02 12.76 

31.38 58626.2 0.02 13.56 

36.00 28756.7 0.02 11.06 

HM-RC 

21.88 266584.5 0.29 45.74 

26.67 121456.7 0.31 45.68 

31.46 58670.5 0.34 46.70 

36.28 28835.2 0.33 48.05 

Video3 

ODRC 

21.60 257655.8 0.03 13.89 

26.39 119579.0 0.02 14.24 

30.91 59154.4 0.02 12.06 

35.51 29669.1 0.02 9.73 

HM-RC 

21.57 257437.0 0.25 42.14 

26.48 119544.4 0.28 48.10 

31.58 59144.6 0.33 55.82 

36.58 29664.5 0.41 58.75 

Video4 

ODRC 

21.75 287710.8 0.02 12.39 

26.65 133234.5 0.02 13.25 

31.20 65525.3 0.03 10.90 

35.88 32543.9 0.03 11.54 

HM-RC 

22.37 287966.1 0.29 46.80 

27.03 133720.5 0.24 45.10 

31.9 66475.7 0.44 53.23 

36.96 32524.0 0.48 57.32 

Video5 

ODRC 

21.89 295528.8 0.01 11.05 

26.76 139093.1 0.02 11.57 

31.29 140149.0 0.01 9.35 

35.92 34219.5 0.01 9.85 

HM-RC 

21.75 296576.2 0.15 36.76 

26.40 140149.4 0.19 39.44 

31.34 69255.1 0.26 43.92 

36.42 34291.9 0.27 9.85 

Average 

ODRC 

21.702 276416.7 0.02 12.50 

26.49 128996.3 0.02 11.56 

31.15 77061.4 0.02 10.91 

35.79 31176.4 0.02 10.01 

HM-RC 

21.86 277016.7 0.25 41.94 

26.57 128388.7 0.26 43.38 

31.49 63157.0 0.33 49.08 

36.45 31265.3 0.36 44.47 
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Likewise, to compare the algorithms in terms of rate 

control accuracy, the bit error ratio is examined as an 

indicator of deviation between the target and actual bitrates. 

The bit error ratio is computed as follows: 

1

1
% 100 ,

FN
T i

iF T

B B
BER

N B=

 − 
=  

 
  (7) 

where 
FN  shows the number of frames in each sequence. 

Table 1 demonstrates the significant performance 

advantage of ODRC over RC-HM in terms of both buffering 

delay and bit error ratio. ODRC achieves an average 

buffering delay of 0.02s and a bit error ratio of 11.25%, while 

RC-HM exhibits substantially higher values of 0.30s and 

44.72%, respectively. This disparity in performance is 

directly attributable to the accuracy of the CRQM model 

employed by the proposed rate control algorithm. The high 

accuracy of this model enables precise rate control, 

minimizing deviations from the target buffer occupancy and, 

consequently, reducing buffering delays. 

To further evaluate the proposed RC performance, Figure 

4 presents sample results of virtual buffer fullness for the test 

sequences encoded by ODRC and HM-RC algorithms at the 

QP of 32. These graphs are plotted according to the frame 

encoding order. The solid horizontal line represents the 

buffer size, while the dashed lines indicate the target buffer 

occupancy for each algorithm. As observed, the buffer 

occupancy of the HM-RC-encoded bitstream exhibits a more 

significant deviation from the target than the ODRC-

encoded bitstream, which remains closer to its target. 

Consequently, transmitting the HM-RC-encoded bitstream 

necessitates a larger buffer size to prevent overflow or 

underflow, resulting in increased delay compared to ODRC. 

Regarding the previous studies reviewed in this paper, the 

presented works in [12-24] studies focus on rate-distortion 

modeling without directly addressing a rate control 

mechanism. Therefore, the proposed RC in this paper cannot 

be compared with these works. Only the study presented in 

[26] explores an RC that operates at the CTU level. 

 
 

Fig. 4. The buffer occupancy graphs for test sequences encoded by the proposed rate controller (ODRC) and default rate 

controller (HM-RC) at QP of 32 
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Consequently, comparing the accuracy of this algorithm with 

our RC, which operates at the frame level, would be unfair. 

Furthermore, the work in [26] does not provide frame-level 

performance metrics such as BER and delay, which are key 

performance indicators in our study. Notably, the BER 

metric in [26] is evaluated at the sequence level and, 

therefore, unreliable for comparison, as it depends on the 

length of the video sequence and frame size. 

V. Conclusions 

This paper introduces a novel optimal intra-frame rate 

control algorithm designed to enhance the performance of 

low-latency applications in the HEVC standard. The 

proposed controller utilizes the CRQM to achieve precise bit 

consumption prediction at the CTU level, enabling frame-

level QP determination by a greedy search optimization 

algorithm. These determinations are based on the deviation 

between the target and estimated buffer occupancy, ensuring 

stable and accurate rate control. Integrated into the HEVC 

reference software HM-16.20, the proposed ODRC 

algorithm was evaluated against the default rate controller 

(RC-HM). Experimental results demonstrate that ODRC 

significantly outperforms RC-HM, achieving notable 

reductions in both bit error ratio and buffering delay. These 

results underscore the enhanced performance of ODRC on 

the aspects of controlling bitrate and rate control accuracy, 

making it well-suited for real-time video applications 

requiring high efficiency and accuracy. 
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Three-phase boost rectifier is a Voltage-Source Converter that converts three-phase AC 

input voltage to a higher DC voltage. In this paper, an artificial intelligent-based system, 

with learning and adapting capability, is proposed for utilizing in the two voltage-based 

control methods of rectifiers, with the names of Voltage Oriented Control (VOC) and 

Direct Power Control (DPC). For implementation of this intelligent controller, a hybrid 

structure of the Fuzzy Logic (FL) and Neural Networks (NNs) that named as Adaptive 

Network-based Fuzzy Inference System (ANFIS) is applied. Among the common 

network training algorithms, the error back propagation algorithm is known as the most 

common solution by providing an efficient computational method. Thus this method is 

used to design the training process of the controller. According to the results, this neuro-

fuzzy-based control model is applicable in both VOC and DPC methods and increases 

the quality of the output current and DC voltage with low ripple, short settling time and 

also dynamic operation. Implementation of the proposed controller is simple and requires 

only 49 fuzzy rules.  Compared to other similar controllers with NN and FL, it has fewer 

layers and its accuracy is suitable. To evaluate of the designed controller performance, it 

is simulated and applied in both VOC and DPC systems and the results are compared 

with PID Controller counterpart.  

I. Introduction 

Three-phase Pulse Width Modulation (PWM) rectifiers 

are workhorses in power electronics, converting AC input 

into DC output using either voltage-based or virtual flux-

based control methods.  These control methods categorized 

in two main categories: voltage-based and virtual flux-based. 

Voltage-based control, like Voltage-Oriented Control 

(VOC) and Direct Power Control (DPC), directly utilizes the 

line voltage vector for regulation and control. In contrast, 

virtual flux-based control, by introducing Virtual Flux Direct 

Power Control (VF-DPC), calculates a virtual voltage 

reference, eliminating the need for physical voltage sensors. 

VF-DPC achieves this target by replacing the line voltage 

vector with a virtual flux estimation and leading to reduced 

harmonic distortion and a more sinusoidal line current in 

many cases. Virtual Flux-Oriented Control (VFOC) is 

another approach that leverages virtual flux for DC voltage 

control [1, 2]. 

While all control methods for three-phase PWM rectifiers 

aim for near-unity power factor and sinusoidal input current, 

they achieve this approaches with distinct merits and 

limitations. 

VOC and VFOC prioritize static and dynamic 

performance. They achieve this by using an internal current 

control loop as a crucial element in their operation. 

DPC and VF-DPC take a different approach. They focus 

on instantaneous control of direct and reactive power, 

eliminating the need for an internal current control loop and 

a dedicated PWM block. Instead, they rely on a switching 

table based on the difference between reference and 

estimated power values to select the appropriate switching 

strategy [3, 4, 5]. 

Sliding Mode Direct Power Control (SMC-DPC) is a 

robust control technique for Doubly Fed Induction 

Generators (DFIGs) [6, 7, 8]. It boosts fast power 

convergence and resilience against parameter variations, but 

mailto:m.abedini@abru.ac.ir
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can introduce some of power chattering [9]. 

Double synchronous reference frame controllers, explored 

in [10, 11]. It offers improved performance through the 

addition of a decoupling network to manage unwanted 

current oscillations. Literature also discuss variations of 

switching tables for active front-ends to enhance 

performance (e.g., [12, 13]), but the methodology for their 

formation is often lacking detailed explanation. 

According to the literature review and combination of 

artificial intelligent systems, this paper proposes a novel 

control method for voltage-based methods (VOC and DPC) 

in three-phase PWM rectifiers. The core of this method is an 

Adaptive Network-based Fuzzy Inference System (ANFIS) 

controller that combines the strengths of Neural Network 

(NN) and Fuzzy Logic (FL). This hybrid approach offers 

increased flexibility and adaptability to change system 

conditions. 

The ANFIS controller utilizes a single NN architecture 

with 5 layers to implement the entire fuzzy system. A 

learning algorithm based on Forward Signal and Backward 

Error Back-Propagation (FSBEBP) is used to adjust the 

parameters within the Sugeno-based fuzzy controller and 

optimize system performance. 

The ANFIS controller uses a 5-layer NN architecture to 

implement the key functionalities of a FL system. The 

hidden layers within this network act as both membership 

function mappers and a fuzzy inference engine. The 

underlying fuzzy rules, based on engineering knowledge of 

the controlled rectifier, are translated into this NN structure. 

The proposed controller utilizes a specific architecture 

with 2, 14, 49, 49, and 1 nodes in each of the 5 layers. This 

architecture allows the ANFIS controller to effectively 

implement the fuzzy control strategy. The proposed ANFIS 

controller is evaluated for both VOC and DPC strategies in 

rectifier control. The results demonstrate its superiority over 

traditional PID controllers. Unlike PID controllers, which 

require manual adjustments for varying system conditions, 

the ANFIS controller can inherently adapt, offering 

significant advantages. 

II. Neural Networks, Fuzzy Logic, and Hybrid 

Neuro-Fuzzy Systems 

Both FL and NNs are powerful tools for building intelligent 

systems, but they have distinct characteristics that should be 

considered.  

 

A. Neural Network 

Artificial NNs are a well-known machine learning 

technique for processing data through analytical layers. 

Similar to neurons in the human brain, NNs are composed of 

interconnected neurons, which are called nodes. These nodes 

are connected to each other through axons called weights 

that their values are in range of 0-1. In a NN system, nodes 

are placed together and form layers. 

 Using of NNs has their advantages and disadvantages. 

Advantages of NNs are as below [14, 15]:  

. Has redundant nature and thus, when a part of the NN fails, 

it can continue processing based on their parallel nature; 

. Can perform non-linear process that a linear system cannot;  

· Has high robustness against disturbances due of learning 

ability; 

And disadvantages of NNs are as below: 

. Cumbersome mass of calculation; 

· Difficulty in determining the optimum architecture, such as 

number of neurons and layers.  

 

B. Fuzzy Logic 

Unlike deterministic sets, a fuzzy set allows an element to 

belong relatively to a set. This relative membership is 

defined by the degree of membership and is indicated by the 

degree of membership can take a value between 0 (for an 

element that does not belong to the set at all) and 1 (for an 

element that completely belongs to the set). The set 

membership function is the relationship between the 

elements of the set and their degree of belonging. General 

advantages of the FL systems are: 

. Human-like reasoning: FL can handle uncertainties and 

express knowledge using linguistic variables, making it 

easier to understand and integrate expert knowledge into the 

system. 

. Adaptability: FL systems can be easily extended by adding 

new rules, allowing for knowledge-based growth without 

significant structural changes. 

. Reduced overshoot and oscillation: FL systems can often 

achieve smooth control outputs with low overshoot and 

oscillation. 

And disadvantages of FL systems are: 

. Limited generalization: FL systems struggle with situations 

outside their defined rule base, lacking the ability to 

generalize effectively to unseen scenarios. 

. Expert Dependence: Designing effective fuzzy systems 

requires expert knowledge to define the appropriate rules, 

potentially limiting their accessibility. 

For understanding FL, Fig. 1 illustrates a typical fuzzy 

system with four key components: 

1) Fuzzification Unit: this unit transforms crisp (exact) 

inputs into fuzzy values, indicating the degree of their 

membership in various fuzzy sets. 

2) Knowledge Base: this core element stores the fuzzy rules 

that govern system behavior. It's essentially a collection of 

expert knowledge expressed in linguistic terms. 

3) Inference Engine: this unit applies the fuzzy rules from 

the knowledge base to the fuzzified inputs, determining the 

appropriate control action. It mimics human decision-

making to some extent. 
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4) Defuzzification Unit: this unit converts the inferred fuzzy 

control values back into crisp outputs that can be applied to 

the system. 

By combining these components, FL systems can provide 

robust control strategies even with imprecise or incomplete 

information. 

 

Input OutputFuzzification

Decision 

Making 

Logic

Defuzzification

Knowledge 

Base

 
Fig. 1. Basic model of a FL system. 

 

C. Hybridization of FL and NN  

In this study, in order to design a suitable controller for the 

switching process in the rectifier, an adaptive neural fuzzy 

inference system is used. This system is a modeling 

framework that is presented as a combination of FL and 

artificial NN. This hybrid model is presented in order to 

overcome the weaknesses in both FL and artificial NN 

methods. In fact, inspired by fuzzy systems, the initial 

knowledge is shown in a set of constraints in order to reduce 

the optimization search space. While the structured network 

using backpropagation is inspired by the artificial NN. In this 

model, artificial NN is used to adjust the membership 

functions. 

Also, the presence of non-linear membership functions in 

the neuro-fuzzy method leads to a significant reduction in the 

cost of implementing a simple plan based on the rules and 

memory used; therefore, it is clear that the combination of 

NN and fuzzy systems reduces the limitations of each of 

these two methods and leads to the proposal of a data mining 

method to solve complex engineering problems. Adaptive 

neural fuzzy inference system (ANFIS) is one of the well-

known methods in the simultaneous combination of NN and 

fuzzy systems [24]. This method is used to identify the 

behavior of non-linear systems using the set of input and 

output data defined for the model. Adaptive neural fuzzy 

inference system is a structured model of fuzzy inference 

system. The used ANFIS is based on Sugeno fuzzy method 

to make fuzzy rules using input and output data defined. In 

the part IV, more detailed of this design will represented. 

III. Model of Three-phase Rectifier, VOC and 

DPC Control Strategies 

A. Model of a 6-switches Three-phase Rectifier 

Fig. 2 depicts a typical 6-switches three-phase PWM 

rectifier circuit with a specific switch configuration. A 

universal bridge topology for arrangement of the switch is 

applied in Fig. 2. By this architecture, unity power factor and 

bidirectional energy flow can be achieved.  

The figure presents the following elements and 

subsystems: 

1) Input phase voltages: Ua, Ub, Uc. 

2) Filter components: L (inductance) and R (resistance) of 

the filter. 

3) Input and switching elements: A, B, and C (input phases) 

and Sa, Sb, Sc (switching legs for the three-phase rectifier). 

4) Output and load: Udc (DC output voltage), C (filter 

capacitor), and RL (equivalent load resistance). 

Equation (1) will present the mathematical model of this 

three-phase PWM rectifier in the synchronous rotating 

frame. 

d
d d q d dc

q

q q d q dc

di
L u Ri Li S U

dt

di
L u Ri Li S U

dt





= − − −

= − + −

                              (1)  

     

And using the KCL law in the output node: 

 

dc dc
d d q q

L

dU U
C i S i S

dt R
= + −                                       (2) 

 

where the d and q indices are the transformed variable from 

abc phases to the d-q frame. This model can be easily 

implemented using SIMULINK [2]. 
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Fig. 2. Three-phase PWM rectifier circuit model. 

 

B. Model of VOC strategy 

The VOC method is based on the some transformation 

from three-phase a, b, c reference system to a synchronous 

rotating reference frame d-q, through a two phase stationary 

reference system α-β. With these transformations, the control 

voltages remain constant and become DC values and the 

control process is simplified. 

As mentioned previously, closed-loop current control is 

used in this method [2]. The VOC has some advantages as: 

. Fixed frequency method can be applied for switching 

process. 

. Advanced PWM pattern can be used.  

. Cheaper A/D converter is used. 
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Meanwhile, VOC has some disadvantages such as: 

. Relative complex algorithm. 

. Lower power factor in comparison with other methods. 

. Decoupling structure for controlling of the active and 

reactive power is required [3]. 

Implementation of the VOC model for rectifier control has 

four main stages as below: 

1) PWM unit: that controls the pulse width of the switches 

of the rectifier. This work performs with comparing of the 

triangular carrier with the modulator sinusoidal wave that 

comes from decoupled controller unit with the Vdc/2 

amplitude. 

2) Decoupled controller unit: in this unit, the voltage 

controller produces the reference id for the decoupled current 

controller at first (references iq is zero because rectifier has 

no reactive power exchanging with the grid); then using 

references of the id and iq, proper control signal will produce 

with the two decoupled controllers. This unit is demonstrated 

in the Fig. 3. Also, an ANFIS controller applied for this part 

of the system is applied that will be represented in the next 

section. 

3) Phase Locked Loop (PLL) unit: This unit gives the voltage 

angle of the three phase system, and this angle was used for 

all abc to d-q transformation blocks in the model.  

4) Rectifier unit: model of this unit represented in Fig. 2. 

Putting together of the aforementioned building blocks of the 

VOC, the block-diagram of the controlled rectifier is 

represented in Fig. 4.  

Fig. 4 has 4 major parts, as mentioned previously, and also 

two three-phase to d-q frame transformer blocks. 
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Fig. 3. SIMULINK diagram of the decoupled controller unit.  

C. Model of DPC strategy 

Direct Power Control (DPC) is a control method for three-

phase PWM rectifiers that prioritizes simplicity and 

efficiency. Unlike other methods, DPC bypasses the need for 

an internal current control loop and complex coordinate 

transformations. Instead, it relies on readily available 

information like network voltage position and power errors 

to directly select the appropriate voltage vector from a 

predefined switching table [6, 7]. This approach streamlines 

the control process and enables independent control of active 

and reactive power (decoupled control) [8, 9].   Generally, 
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Fig. 4. The VOC method for PWM rectifier. 

 

DPC has advantages as: 

. PWM block system, current controllers, and coordinate 

transformation are not needed. 

. Has decoupled active and reactive power control and good 

dynamic response and a simple algorithm. 

. Can estimate instantaneous variables appropriately. 

Also, DPC has some disadvantages such as: 

. Variable switching frequency. 

. Fast and complicated processor and also A/D converter are   

required. 

For implementing of the DPC method we have 4 major 

parts as below: 

1) Instantaneous power estimator unit: this unit estimate the 

active and reactive power of the line based on the voltage of 

line by the product of the three-phase voltages and currents. 

This work need to the high value of the line inductance and 

sampling frequency, and also depends on the switching 

states. The below equations represented the instantaneous 

active and reactive powers: 

( ) ( )

1
{3 ( ) ( ( ) ( ) ( ))}

3

a b c
a b c dc a a b b c c

a c
c a dc a b c b c a c a b

di di di
p L i i i U S i S i S i

dt dt dt

di di
q L i i U S i i S i i S i i

dt dt

= + + + + +

= − − − + − + −

  (3) 

 

These estimated powers are compared with their reference 

values and the produced errors are fed to fixed band 

hysteresis comparators to generate two digital signals dp and 

dq. For the unity power factor operation, the reference value 

of the reactive power qref is set to zero. 

2) Switching table unit: The switching pattern for the 

rectifier switches is stored in a lookup table (LUT) within 

this unit. This table influences factors such as instantaneous 

power and current ripple, switching frequency, and overall 

dynamic performance. The LUT values are based on: 

. Digitized signals dp and dq representing the instantaneous 

errors of active and reactive power, respectively (provided 

by hysteresis comparators). 

. Power source voltage vector position. 
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Typically, the voltage vectors is divided into 12 sectors. 

Table I illustrates the lookup table layout with predefined  

 

switching functions (Sa, Sb, Sc) assigned to each sector. 

 

TABLE I SWITCHING LOOK-UP TABLE. 

dp dq 𝜸𝟏 𝜸𝟐 𝜸𝟑 𝜸𝟒 𝜸𝟓 𝜸𝟔 𝜸𝟕 𝜸𝟖 𝜸𝟗 𝜸𝟏𝟎 𝜸𝟏𝟏 𝜸𝟏𝟐 

1 0 101 111 100 000 110 111 010 000 011 111 001 000 

1 111 111 000 000 111 111 000 000 111 111 000 000 

0 0 101 100 100 110 110 010 010 011 011 001 001 101 

1 100 110 110 010 010 011 011 001 001 101 101 100 

 
3) Controller unit: this unit uses the error between DC output 

voltage and output DC reference voltage, as input. The 

reference of the active power for hysteresis active power 

controller is obtained from this unit. Our ANFIS controller is 

applied instead of this controller unit. 

4) Rectifier unit: as explained for the VOC method, model 

of this unit is represented in the previous sections is used for 

DPC method either. In Fig. 5, the block-diagram of the DPC 

method is represented.  

 

IV. Design of ANFIS  

The set of rules considered for a fuzzy inference system of 

the Takagi-Sugno-Kang type is expressed as if-then rules as 

follows [18,19]: 

*IF Xi is Ai and Yi is Bi, THEN fk=pkXi+qkYi+rk* 

The rule-base as a look-up-table is provided to define the 

expert's knowledge for applying of the FL controller 

arrangement. If "Z" is the form of the linear syntax of the 

"X" and "Y", this type of fuzzy rules named as "sugeno" that 

given in Fig. 4 with seven sets Negative Big (NEB), 

Negative Medium (NEM), Negative Small (NES), Zero 

(ZE), Positive Small (POS), Positive Medium (POM), and 

Positive Big (POB) as the fuzzy values [17].  The number of 

first layer nodes is determined using the number of inputs 

and the number of membership functions for each input. But 

the number of nodes in other layers depends on the number 

of rules in the fuzzy rule set. Table II shows the provided 

rules as inference engine. Although the number of rules can 

be increased, minimum rules have been used to reduce 

calculations in controller design. For implementing of the 

controlling system, the error between output DC voltage and 

reference DC voltage and derivative of that (shown with "e" 

or "X1", and "de" or "X2" respectively) are considered as the 

two input of the FL controller. Every of two fuzzified input 

is divided to the 7 fuzzy confine. Finally noting to the two 

inputs and scaling of them, we have output table with 49 

arrays for inference system. This process are implemented 

using 5 layer NN, in ANFIS architecture, for partaking from 

parallel processing and learning ability of the NN, neighbor 

to the inference capability of the FL. Fig. 7 demonstrations 

the organization of the offered ANFIS, which has been used 

as controller. As shown in Fig. 5, architecture of the NN has 

five layers as following: 

1) First layer: The first layer: each node in this layer 

determines a degree of membership for the inputs. In fact, 

this layer will convert any input value into a specific fuzzy 

range. The fuzzy function in this layer can be expressed as 

follows: 

1 ( ) 1,2, 1,2,...,14;ij ij iO x i j= = =        (4) 

where, 𝜇𝑖𝑗  is equal to jth the membership function for the 

input 𝑥𝑖 and 𝑂𝑖𝑗 
1 is the output of the node ij. 

Due to the good performance and satisfactory 

performance of the triangular membership function in 

various engineering applications, the membership function 

used in this study is a triangular type. The mathematical 

relationship of this membership function is as follows: 

 

;( ) max[min( , ),0]
x a c x

x
b a c b


− −

=
− −

                        (5) 

 

where a, b and c are the set of parameters. 

2) Second layer: Each node in this layer (k), which is 

presented as circular nodes (П), (See Fig. 7), produces the 

output using the received inputs. 

 

1 2 1 2
2 2 2

( ) ( ) ; 1,..., 49; , 1,..., 7;
1 2e eO X X k e e

k
 = = =      (6) 

 

3) Third layer: In layer of node kth, the ratio of the fire power 

of the law kth to the fire power of the whole law has been 

determined as follows [22]: 

; , 1, 2, ..., 49;
49

( )

1

3 W kW i kk k
W k

k

O
i

= =
=

=

=

                  (7) 

4) Fourth layer: Each node in this layer acts as a weighted 

output of the fuzzy inference system as follows: 
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4

( ), 1, ..., 49;
1 2

W f W p X q X r kk kk k k k
O

i
= + + ==       (8) 

Where WK is the output of the non-fuzzy layer and fK is the 

output of the rule Mth of the Takagi-Sugno-Kang fuzzy 

inference system. Also, pk ,qk
  and rk are the set of parameters. 

5) Fifth layer: In this layer, the single circular node, Σ, 

calculates all outputs as the sum of all inputs as follows: 

5

1

49

1

k
W fk k

k
O

=

=

=                                                       (9) 

This node is only used because we have only one output. 

Noting that the square nodes which are adaptive nodes have 

control parameters while the circle nodes which are fixed 

node has none. 

The proposed ANFIS controller utilizes a learning 

algorithm called Forward Signal and Backward Error Back-

Propagation (FSBEBP) to adjust its internal parameters. This 

algorithm works in two stages: 

 

1) Forward Pass: In this stage, the input vector is fed 

through the ANFIS network layer by layer. Each 

layer performs its designated calculations, ultimately 

producing an output value. 

 

2) Backward Pass: Here, the error between the actual 

output and the desired output is calculated. This error 

is then propagated backward through the network 

layer by layer. Similar to traditional 

Backpropagation, the FSBEBP algorithm uses the 

gradient descent technique to modify the network's 

internal parameters (premise parameters) based on 

the calculated errors. This process aims to minimize 

the overall error and improve the controller's 

performance [20-22]. 

 

 So it can be written as: 

( )k k k k
k k

i k i i

E E O O
O y

g O g g
 

   
= = −

   
                 (10) 

where, η is the learning rate of the NN-based network, gi 

is the consequence parameter and Oi is the output of i-th 

layer. Also, Ek is the cost function of the error and can be 

calculated as follows: 

 21
( )

2
k k kE d O= −                                             (11) 

 

where, dk is the desired response of the k-th layer and Ok is 

the output of the k-th layer. The error rate for consequence 

parameters can be expressed as follows: 
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Fig. 5. Block diagram of the DPC of PWM rectifier. 
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Fig. 6. Membership functions for the error between the 
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the error, as two inputs of the fuzzy system. 
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TABLE II FUZZY INFERENCE ENGINE TABLE. 
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THEN-part of the Sugeno rules can be calculated as: 
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                (13)  

 

where, k is the suggested rule. 

For updating of the premise parameters we will have: 
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where, gp is the premise parameter. With computation of the 

each section of the equation we have: 
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   (15)              

where 1

p

O

g





 is the derivative of the output of the first layer. 

This layer maps its output to the three parameters (a, b, and 

c) of a triangular membership function. However, there is a 

constraint: for a specific parameter (a, b, or c), a specific 

equation must be satisfied. 

V. Simulation Results and Analysis 

After introducing of VOC and DPC methods for applying 

on the three-phase rectifier, and design of the ANFIS 

controller, we use this controller in both methods,  as voltage 

controller block, and presented the output of  the simulations. 

Finally results are compared to the situation that PID 

controller is applied as voltage controller in VOC and DPC 

methods. 

Whole of the design process is performed in the 

MATLAB/SIMULINK environment. As mentioned 

previously, the universal 6-switch bridge model of the 

switching rectifier is applied for both VOC and DPC 

methods. Also, control block of the VOC and DPC 

controllers are presented in Fig. 8. 

 

A. ANFIS controller in VOC method  

For this part of simulation, the VOC method is simulated. 

Fig. 9 presents this strategy in the SIMULINK. The proposed 

ANFIS controller applied as voltage controller block, and 

current controller blocks for d and q axis (same as Fig. 3), 

use PID controllers which are designed according to the 

procedure described in [3]. The learning rate of the 

coefficient of the ANFIS is set to η=0.0003. In this system, 

output DC voltage is set to 400V. A resistive load of 250Ω is 

connected to the DC link. In order to examine the load 

regulation capability of the rectifier, a 750Ω resistive load is 

paralleled to primary 250Ω load using one breaker during 

simulation. To evaluate the PID controller performance, a 

controller that its parameters are designed according to [3], 

is used as voltage controller. Two decoupled current 

controllers' parameters are similar in both PID and ANFIS-

based controllers. 

In Fig. 10 (a,b), output DC voltage of the rectifier, and also 

input voltage and current of the rectifier is shown, and the 

ANFIS controller is applied for controlling of the system. In 

Fig. 11 (a,b), this simulations is repeated when PID 

controller is used as the controller of the system. It should be 

mentioned that the input current of the rectifier is multiplied 

by 10. 

From simulation results it is obvious that the VOC-based 

controlling system of the Three-phase rectifier, when using 

the ANFIS controller, has lower ripple and shorter settling 

time in both output voltage and current in comparison with 

PID controller. Also, the sudden variation in the output load 

has little effect on the operation of the system when using the 

ANFIS controller and this controller can adapted rapidly 

with the new condition. Furthermore, when ANFIS is used, 

input voltage and current of the rectifier are absolutely in 

phase and it has no reactive power exchanging with grid. 

Numerical comparison is presented in the table III, between 

ANFIS and PID controllers for VOC application. 

 

 

 

B. ANFIS controller in DPC method  

In this section, DPC is simulated based on the previous 

description of this method. Fig. 12 presents this strategy in 
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SIMULINK. ANFIS controller applied as a voltage 

controller block of the Fig. 5. The learning rate of the 

coefficient of the ANFIS is set to η=0.0007. Rectifier 

features and also scenario of examining the load regulation 

capability are same a previous simulation.  
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Fig. 8. Block diagram of the VOC and DPC controller in SIMULINK. 

 

To evaluate the PID controller performance, a controller 

that its parameters are designed according to [3], is used as a 

voltage controller instead of the voltage controller unit in the 

DPC system.  

In Fig. 13 (a,b), output DC voltage of the rectifier, input 

voltage and current of the rectifier, are demonstrated. The 

proposed ANFIS system is applied for controlling of the 

system. In Fig. 14 (a,b) this work is repeated when PID 

controller is used as controller. It should be considered that 

the input current of the rectifier is multiplied by 10. 

 

 

 

 

From simulation results it is clear that the DPC-based 

controlling system of the three-phase rectifier, when using the 

ANFIS controller, has lower ripple and shorter settling time 

in output voltage in comparison with PID controller. Also it 

can be found that the sudden changes in the output load has 

the few effect on the operation of the system when using the 

proposed ANFIS and this controller can adapted with the new 

condition. Also when ANFIS is used, input voltage and 

current of the rectifier are absolutely in phase and it has no 

reactive power exchanging with grid. Numerical comparison 

is shown in the table IV, between ANFIS and PID controllers 

for DPC application 
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Fig. 9. Block diagram of the VOC method in SIMULINK. 

 

 

 

 

 

(a) Output DC voltage 

 
 

 

(b) Input voltage and current (blue is current, red is voltage) 

Fig.10. Output DC voltage of the rectifier, and also input 

voltage and current of the rectifier, when the ANFIS controller 

is applied for controlling of the VOC-based system  

 

 

(a) Output DC voltage 
 

 

 

 

 

 

 

(b) Input voltage and current (blue is current, red is voltage) 

Fig. 11. Output DC voltage of the rectifier, and also input 

voltage and current of the rectifier, when the PID controller is 

applied for controlling of the VOC-based system. 
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TABLE III COMPARISON OF UNDERSHOOT AND 

SETTLING TIME BETWEEN ANFIS AND PID 

CONTROLLERS FOR VOC METHOD. 

Works (Parameters) Undershoot  Settling time  

PID  

(DC output voltage) 
0.15% 0.5s 

ANFIS  

(DC output voltage) 
0.25% 0.02s 

PID  

(DC output current) 
0.002% 0.05s 

ANFIS  

(DC output current) 
0.001% 0.01s 

PID  

(output voltage ripple) 
0.03V 

ANFIS  

(output voltage ripple) 
0.02V  

 

TABLE IV COMPARISON OF OVERSHOOT AND 

SETTLING TIME BETWEEN ANFIS AND PID 

CONTROLLERS FOR DPC METHOD. 

Works (Parameters) Undershoot  Settling time  

PID 

 (DC output voltage) 
0.125%  0.12s  

ANFIS  

(DC output voltage) 
0.03759%  0.3s 

PID  

(output voltage ripple) 
0.01V 

ANFIS  

(output voltage ripple) 
0.005V 
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 Fig. 12. Block diagram of the DPC method in SIMULINK. 

 
(a) Output DC voltage 

 

 

(b) Input voltage and current (blue is current, red is voltage) 

Fig. 13. Output DC voltage of the rectifier, input voltage and 

current of the rectifier, when the ANFIS controller is applied 

for controlling of the DPC-based system. 

 

 
(a) Output DC voltage 

 

(b) Input voltage and current (blue is current, red is voltage) 

Fig. 14. Output DC voltage of the rectifier, input voltage and 

current of the rectifier of rectifier, when the PID controller is 

applied for controlling of the DPC-based system. 
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VI. Conclusion 

This paper proposed a novel hybrid intelligent controller 

for 6-switch three-phase PWM rectifiers. This Adaptive 

Neuro-Fuzzy Inference System (ANFIS) controller utilizes 

the strengths of both FL and NNs to enhance the static and 

dynamic performance of Voltage Oriented Control (VOC) 

and Direct Power Control (DPC) methods. The fuzzy control 

process is implemented through a specifically designed 5-

layer NN architecture. This architecture facilitates the 

implementation of the fuzzy control strategy. The network 

has 2 nodes in the first layer, 14 nodes in the second, 49 

nodes in both the third and fourth layers, and finally 1 node 

in the output layer. The learning process utilizes the Forward 

Signal and Backward Error Back-Propagation (FSBEBP) 

algorithm. FSBEBP relies on a single error signal to 

propagate adjustments throughout the network, for 

effectively updating the parameters within the ANFIS 

structure.  
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In this paper, an observer-based controller design for fractional-order multi-agent 

systems is discussed. By introducing a novel algorithm and leveraging appropriate 

lemmas and theoretical frameworks, we propose a stable observer and a distributed 

consensus protocol tailored for multi-agent systems within the Lipschitz and one-sided 

Lipschitz classes of nonlinear systems. Lipschitz systems have a bounded rate of change, 

ensuring proportional output to input differences, while one-sided Lipschitz systems 

relax this constraint, allowing differential growth in one direction for efficiency. The 

stability of the observer and the controller in achieving the consensus problem is 

demonstrated using the Lyapunov's second method. The proposed approach is rigorously 

developed, ensuring that the designed observer and controller meet the necessary stability 

criteria. Extensive simulation results validate the theoretical findings, showcasing the 

method's effectiveness and robustness in practical scenarios. Specifically, the simulations 

demonstrate that the proposed method achieves global Mittag-Leffler stability, with the 

estimated states converging to the actual states with minimal deviation. The method's 

advantages include its ability to handle a broader class of nonlinear systems, including 

those with large Lipschitz constants, and its robustness to uncertainties and 

nonlinearities. These simulations confirm the theoretical predictions and illustrate the 

practical applicability of our approach in real-world multi-agent systems, such as swarm 

robotics, power grids, and sensor networks. 

I. Introduction 

Fractional-order calculus has emerged as a powerful 

mathematical tool for modeling and control in various 

engineering domains, including control systems [1-3], 

nuclear reactor analysis [4], and biological systems such as 

tumor growth models, reaction-diffusion processes, and 

bacterial chemotaxis in diffusion gradient chambers [5, 6]. 

Unlike traditional integer-order models, fractional-order 

systems leverage fractional derivative and integral operators, 

enabling more accurate descriptions of complex dynamic 

behaviors [7]. For instance, fractional-order models have 

proven superior in characterizing friction phenomena in real-

world engineering applications compared to their integer-

order counterparts [8]. Consequently, significant research 

efforts have been directed toward developing fractional-

order controllers to enhance the performance of closed-loop 

systems [9, 10]. 

A critical challenge in control engineering is that not all 

system states are directly measurable. This limitation has 

spurred considerable interest in observer-based controller 

design and stability analysis. Recent advancements include 

the development of observer-based controllers for linear 

systems with unknown inputs using linear matrix inequality 

(LMI) techniques [11], as well as for nonlinear fractional-

order systems by reformulating Lyapunov stability 

conditions into LMIs [12]. Reduced-order observers have 

also been proposed for nonlinear fractional-order systems 

satisfying Lipschitz conditions, with stability guarantees 

derived using Lyapunov methods [13]. Notably, the one-

sided Lipschitz condition, a generalization of the traditional 

Lipschitz class, offers greater flexibility by allowing 
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negative Lipschitz constants, thereby expanding the scope of 

applicable matrix inequalities [14, 15]. Building on these 

foundations, researchers have designed full-order and 

reduced-order observers for one-sided Lipschitz nonlinear 

fractional-order systems using LMI-based approaches [16]. 

Additionally, adaptive observer designs have been 

developed for systems satisfying one-sided Lipschitz and 

quadratic inner-boundedness conditions [17, 18]. 

Parallel to these developments, multi-agent systems 

(MAS) have garnered significant attention due to their broad 

applicability in areas such as unmanned aerial vehicle 

coordination [19], spacecraft interaction control [20], mobile 

robot rendezvous [21], underwater vehicle operations [22], 

traffic management [23], and data density control [24]. MAS 

consist of interconnected agents that collaboratively perform 

complex tasks through local interactions, offering a cost-

effective and scalable alternative to centralized systems. A 

fundamental objective in MAS is achieving consensus, 

wherein the states or outputs of all agents converge to a 

common value [25]. While consensus in integer-order MAS 

has been extensively studied [26, 27], the extension to 

fractional-order systems remains an active area of research. 

For example, consensus in second-order MAS with 

nonlinear dynamics has been investigated under both fixed 

and switching topologies [28], and distributed control 

strategies have been proposed for one-sided Lipschitz 

nonlinear MAS [29]. Fractional-order proportional-integral 

(FOPI) controllers have also been employed to regulate DC 

microgrids using consensus-based approaches [30], and 

consensus in fractional-order MAS has been analyzed using 

LMI techniques and Razumikhin theory [31]. However, 

these studies often assume full state measurability, limiting 

their practical applicability. 

Motivated by these advancements and challenges, this 

paper proposes a novel observer-based consensus control 

algorithm for one-sided Lipschitz nonlinear fractional-order 

multi-agent systems. Leveraging Lyapunov's second 

method, the proposed approach formulates sufficient 

stability conditions in the form of LMIs, which are solved 

using the YALMIP toolbox. The contributions of this work 

are threefold: (1) a systematic observer design for state 

estimation in fractional-order MAS, (2) a consensus control 

framework for one-sided Lipschitz nonlinear systems, and 

(3) numerical validation of the proposed method's efficacy.  

The remainder of the paper is organized as follows: 

Section II presents the mathematical preliminaries and 

problem formulation. Section III details the observer design 

for state estimation and consensus control. Section IV 

provides numerical simulations to demonstrate the proposed 

method's effectiveness. In section V limitations of the 

proposed method and suggests directions for future research 

are provided. Finally, Section VI concludes the paper with 

key insights and future research directions. 

 

II. Preliminaries 

The relationship between agents in a multi-agent factorial 

system is determined by a weighted graph. A graph 𝐺(𝑣, ℇ) 

is a pair that consists of a set of vertices 𝑣 (𝐺)  =

 {𝑣1, 𝑣2, … 𝑣𝑁} and edges ℇ (𝐺) ⊆ {(𝑣𝑖 , 𝑣𝑗): 𝑣𝑖 , 𝑣𝑗  𝜖 𝑣 (𝐺)} 

(i.e., the graph is in general directed and has no self-loops). 

The graph is said to be undirected if (𝑣𝑖 , 𝑣𝑗) ∈ ℇ (𝐺) ⟺

(𝑣𝑗 , 𝑣𝑖) ∈ ℇ (𝐺). The weighting matrix 𝑊 =  [𝑤𝑖𝑗] 𝜖𝑅𝑁×𝑁 

for a graph is a matrix with 𝑤𝑖𝑗 ≥ 0 elements (𝑤𝑖𝑗 > 0, if 

with 𝑤𝑖𝑗  ∈ ℇ (𝐺) , and 𝑤𝑖𝑗 = 0 otherwise). The in-degree 

matrix 𝐷 is defined as 𝐷 = 𝑑𝑖𝑎𝑔(𝑑1 , 𝑑2 , 𝑑3 , … , 𝑑𝑁 ) with 

𝑑𝑖 = ∑ 𝑤𝑖𝑗
𝑁
𝑗=1 . The Laplacian matrix 𝐿 of directional graph 

𝐺 is defined as 𝐿 =  𝐷 − 𝑊 [32].  

A directed tree where all the vertices of the graph are 

connected by its constituent edges is called a spanning tree 

of a directed graph [33]. 

A.  Problem Formulation 

Definition 1 [34]: The uniform formula of a fractional 

integral with 𝛼 ∈  (0, 1) is defined by 

𝐷𝑡
−𝛼𝑓(𝑡) =

1

Γ(𝛼)
∫

𝑓(𝜏)

(𝑡−𝜏)1−𝛼 𝑑𝜏
𝑡

𝑡0𝑡0  , (1) 

where 𝐷𝑡
−𝛼𝑓(𝑡)𝑡0  is the fractional integral of order 𝛼  of a 

function 𝑓(𝑡), Γ(. ) is the Gamma function. For an arbitrary 

real number 𝑝. The Caputo derivative operator of fractional 

order is defined by 

𝐷𝑡
𝑝

𝑓(𝑡) = 𝐷𝑡
−𝑞

𝑡0 [
𝑑[𝑝]+1

𝑑𝑡[𝑝]+1 𝑓(𝑡)]𝑡0
𝐶 . 

(2) 

where 𝑞 = [𝑝] − 𝑝 + 1 and [𝑝] stands for the integer part of 

𝑝. 

Definition 2. [35]: Mittag-Leffler function as a complex-

valued function of a complex argument 𝑧 can be presented 

as: 

  𝐸𝛼,𝛽(𝑧) = ∑
𝑧𝑘

𝛤(𝑘𝛼 + 𝛽)
,     

∞

𝑘=0

 
 (3) 

where 𝛼, 𝛽 ∈ 𝐶,   𝑅𝑒{𝛼} > 0, and 𝐶 is the set of complex 

numbers, when 𝛽 = 1, 𝐸𝛼(𝑧) = 𝐸𝛼,1(𝑧). 

Lemma 1. [36]: If 𝑥 ∈ 𝑅𝑛  be a differentiable vector: 

1

2
𝐷𝑡

𝛼
𝑡0
𝐶 {𝑥𝑇(𝑡)𝑥(𝑡)} ≤ 𝑥𝑇(𝑡) 𝐷𝑡

𝛼
𝑡0
𝐶 𝑥(𝑡),

∀𝑡 ≥ 𝑡0 , 𝛼 ∈ (0,1).                 

(4) 

Now, suppose the dynamics of each agent can be described 

as [37]: 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑥𝑖 = 𝐴𝑥𝑖 + 𝐵𝑢𝑖 + 𝐹𝑖(𝑥𝑖 , 𝑢𝑖)  ,

𝑖𝜖{1,2, … 𝑁}. 

 𝑦𝑖 = 𝐶𝑥𝑖  

  (5) 
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where 𝐴𝜖𝑅𝑛 × 𝑛, 𝐵𝜖𝑅𝑛 × 𝑚,   𝐶𝜖𝑅𝑚 × 𝑛, 𝐹𝑖(𝑥𝑖 , 𝑢𝑖)𝜖𝑅 𝑛×1 is the 

nonlinear term, and 𝐷𝑡
𝛼

𝑡0

𝐶  represents the Caputo fractional 

derivative. 

Definition 3. [38]: The vector value function 

𝐹𝑖(𝑥𝑖 , 𝑢𝑖): 𝑅 𝑛  𝑅𝑚   →  𝑅𝑛   is a nonlinear Lipschitz 

continuous function with a Lipschitz constant 𝑟 such that: 

‖𝐹𝑖(𝑥𝑖1
, 𝑢𝑖)‖ − ‖𝐹𝑖(𝑥𝑖2

, 𝑢𝑖)‖ ≤ 𝑟‖𝑥𝑖1
− 𝑥𝑖2

‖ , 

𝑥𝑖1
, 𝑥𝑖2

∈ 𝑅𝑛 , 𝑢𝑖 ∈ 𝑅𝑚  .                  

(6) 

Definition 4. [38]: The vector value function 

𝐹𝑖(𝑥𝑖 , 𝑢𝑖): 𝑅 𝑛  𝑅𝑚   →  𝑅𝑛  is one-sided Lipschitz, where γ
𝑠
 

is  a one-sided Lipschitz constant such that: 

< 𝑠𝐹𝑖(𝑥𝑖1
, 𝑢𝑖) − 𝑠𝐹𝑖(𝑥𝑖2

, 𝑢𝑖), (𝑥𝑖1
− 𝑥𝑖2

) > ≤

γ
𝑠
‖𝑥𝑖1

− 𝑥𝑖2
‖

2
,      𝑥𝑖1

, 𝑥𝑖2
∈ 𝑅𝑛 , 𝑢𝑖 ∈ 𝑅𝑚. 

(7) 

where 𝑠 is a symmetric positive definite matrix, ⟨⋅,⋅⟩ denotes 

the inner product and ∥⋅∥ is the Euclidean norm. 

Definition 5. [39]: Suppose 𝑥𝑒𝑞 = 0 is the equilibrium point 

of the system   (5) with 0 < 𝛼 < 1 and 𝑡0=0. Now, 

suppose 𝑉(𝑡, 𝑥(𝑡)): [0, ∞) × 𝑅𝑛 ↦ 𝑅 is a continuously 

differentiable function and local Lipschitz with respect to 𝑥 

such that: 

𝛼1‖𝑥‖𝑎 ≤ 𝑉(𝑡, 𝑥(𝑡)) ≤ 𝛼2‖𝑥‖𝑎𝑏             (8) 

Likewise,  

𝑡0
𝐶 𝒟𝑡

𝛽
 𝑉(𝑡, 𝑥(𝑡)) ≤ −𝛼3‖𝑥‖𝑎𝑏 , 𝑡 ≥ 𝑡0,

𝑥 ∈ 𝔻, 𝛽 ∈ (0,1).                  

(9) 

where 𝛼1, 𝛼2, 𝛼3 and 𝑎, 𝑏 are positive fixed numbers. In this 

case, the equilibrium point 𝑥𝑒𝑞 = 0  is Mittag–Leffler stable. 

If the assumptions hold globally on 𝑅𝑛 then 𝑥𝑒𝑞 = 0 is 

globally Mittag–Leffler stable. 

Considering the quasi-state vector of the batch system as 𝑥 =

[𝑥1
𝑇, … 𝑥𝑁

𝑇]𝑇, the nonlinear term is 𝐅(𝒙, 𝒖) =

[𝐹1(𝑥1, 𝑢1), … , 𝐹𝑁(𝑥𝑁 , 𝑢𝑁)]𝑇 and 𝑢𝑖  is input vector for each 

𝑖𝑡ℎ agent.  

Assumption1. [13] The pair (𝐴, 𝐶) is observable, 𝑠𝑖 = 𝑠𝑖
𝑇 is 

a positive definite matrix, and we can get a positive scalar 𝜃 

such that: 

−𝜃𝑠𝑖 − 𝐴𝑇𝑠𝑖 − 𝑠𝑖𝐴 + 𝐶𝑇𝐶 =  0     (10) 

Assumption 2.  For a linear system, if the pair (𝐴 , 𝐵) is 

stabilizable, then there exists a matrix 𝑘 that can be obtained 

such that 𝜆(𝐴 +  𝐵𝑘) <
𝛼𝜋

2
  , and 𝑥𝑖

𝑇𝑠𝑖𝑥𝑖   can be chosen as a 

Lyapunov function such that: 

𝑠𝑖(𝐴 + 𝐵𝑘) + (𝐴 + 𝐵𝑘)𝑇𝑠𝑖 = −𝑄𝑖 ,   𝑄𝑖 > 0.   (11) 

Now, by considering the control law for distributed systems: 

𝑢𝑖 = −𝑐𝑘 ∑ 𝑤𝑖𝑗(𝑥̂𝑗 − 𝑥̂𝑖)

𝑗∈𝑁𝑖

.    
(12) 

where 𝑥𝑖and 𝑥𝑗 are state estimates in (16). In addition,  𝑐 >

0 ∈ 𝑅, 𝑁𝑖  is the agent 𝑖𝑡ℎ neighbors, 𝑘 ∈ 𝑅𝑚×𝑛 is feedback 

matrix and 𝑤𝑖𝑗    is considered equal to 1 for any 𝑗 ∈ 𝑁𝑖  in this 

model. The general system dynamics   (5) can be rewritten 

as follows: 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑥 = (𝐼𝑁 ⊗ 𝐴)𝑥 − (𝑐𝐿 ⊗ 𝐵𝑘)𝑥̂

+ 𝐅(𝒙, 𝒖)  

𝑦 = (𝐼𝑁 ⊗ 𝐶)𝑥 . 

(13) 

where ⊗ represents the Kronecker product, 𝐿 =  𝐿 (𝐺) is 

the Laplacian matrix graph 𝐺. In addition, if 𝐼𝑁 ⊗ 𝐴 = 𝐴̅ , 

−(𝑐𝐿 ⊗ 𝐵𝑘) = B̅, and (𝐼𝑁 ⊗ 𝐶) = 𝐶̅, then (13) can be 

rewritten as follows: 

𝐷𝑡
𝛼

𝑡0

𝐶 𝑥 = 𝐴̅𝒙 + B̅𝑥 + 𝐅(𝒙, 𝒖) 

𝑦 = 𝐶̅𝑥         

(14) 

Lemma 2. [17] Considering the nonlinear Lipschitz 

continuous function in (6) and Assumption 2 are met, then  𝑟 

has the following upper bound: 

𝑟 <
𝜆𝑚𝑖𝑛(𝑄)

2𝜆𝑚𝑎𝑥(𝑠)
.                  

(15) 

where 𝑄 = 𝑑𝑖𝑎𝑔([𝑄1, 𝑄2, … , 𝑄𝑁]) and  𝑠 =

𝑑𝑖𝑎𝑔([𝑠1, 𝑠2, … , 𝑠𝑁]). Then, the feedback law 𝑢𝑖 =

−𝑐𝑘 ∑ 𝑤𝑖𝑗(𝑥𝑗 − 𝑥𝑖)𝑗∈𝑁𝑖
 globally Mittag Leffler stabilizes the 

system (14). 

III. Main Results 

A. Design observer  

A.1. Observer for Lipschitz class of nonlinear system 

In this section, a fractional-order state observer for system   

(5) is introduced as follows: 

 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑥̂𝑖  = 𝐴𝑥̂𝑖  +  𝐵𝑢𝑖 + 𝐅(𝒙, 𝒖)

+ 𝓛𝒊 (𝐶𝑥̂𝑖 − 𝑦𝑖); 𝑡 ≥ 𝑡0.  

(16) 

where 𝑥𝑖 𝜖𝑅𝑁.𝑑 are state estimates, 𝓛𝒊 is the observer of the 

gain. According to (12), (16) can be rewritten as: 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑥̂ = (𝐼𝑁 ⊗ 𝐴)𝑥̂ − (𝑐𝐿 ⊗ 𝐵𝑘)𝑥̂

+  𝑭(𝒙, 𝒖)

+ (𝐼𝑁 ⊗ 𝓛𝒊 )(𝐶̅𝑥̂ − 𝑦),

𝑡 ≥ 𝑡0. 

   (17) 
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Considering the definitions given for the parameters of (14), 

then    (17) yields that: 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑥̂  = 𝐴̅𝑥̂  + 𝐵̅𝑥̂ +  𝐅(𝒙, 𝒖)

+ 𝓛(𝐶̅𝑥̂ − 𝑦), 𝑡 ≥ 𝑡0.  

(18) 

where (𝐼𝑁 ⊗ 𝓛𝒊 ) = 𝓛 . 

Theorem1.  A sufficient condition for the stability of the 

observer (18) is that the Lipschitz constant is smaller than: 

𝑟 <
𝜆𝑚𝑖𝑛(𝜃𝑠)

2𝜆𝑚𝑎𝑥(𝑠)
   

(19) 

Proof: 

Note that if observer (18) can provide an accurate estimate 

of the state vector in (14), then: 

lim
𝑡→∞

(𝑥̂ − 𝑥) = 0                        (20) 

The difference between the system's state vector and the 

observer's state vector is defined as follows: 

𝑒 = 𝑥̂ − 𝑥                 (21) 

By considering the Lyapunov function candidate as : 

𝑉(𝑒) = 𝑒𝑇𝑠𝑒 (22) 

and substituting (21) in (22), we have:  

𝑉(𝑒) = (𝑥̂ − 𝑥)𝑇 𝑠(𝑥̂ − 𝑥) (23) 

Taking Caputo derivative from (21) yields 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑒 = (𝐼𝑁 ⊗ 𝐴)𝑥̂ − (𝑐𝐿 ⊗ 𝐵𝑘)𝑥̂ +  𝐅(𝒙, 𝒖)

+ (𝐼𝑁 ⊗ 𝓛𝒊 )(𝐶̅𝑥̂ − 𝑦)

− (𝐼𝑁 ⊗ 𝐴)𝑥 + (𝑐𝐿 ⊗ 𝐵𝑘)𝑥̂

− 𝐅(𝒙, 𝒖)

= ((𝐼𝑁 ⊗ 𝐴) + 𝓛𝐶̅)𝑒 + ∆𝐅

= (𝐴̅ + 𝓛𝐶̅)𝑒 + ∆𝐅 

(24) 

where (𝐼𝑁 ⊗ 𝐴) =  𝐴̅ and ∆𝐅 = 𝐅(𝐱̂, 𝐮) − 𝐅(𝐱, 𝐮). 

Assumption 1 can be defined for 𝑁 −agent: 

𝐴̅ 𝑇𝑠 + 𝑠𝐴̅  = −𝜃𝑠 + 𝐶̅𝑇𝐶̅ (25)       

Using condition (6), (24), (25), and Lemma1, we have:  

If 𝓛 = −
1

2
𝑠−1 𝐶̅𝑇is considered, then the sufficient condition 

for 𝐷𝑡
𝛼

𝑡0

𝐶 𝑉(𝑒) < 0 is 𝑟 <
𝜆𝑚𝑖𝑛(𝜃𝑠)

2𝜆𝑚𝑎𝑥(𝑠)
 and the proof is completed. 

A.2. Observer for One-Sided Lipschitz 

Theorem2.  When Lemma 2 is met, the sufficient condition 

for stability of observer (18) is that the Lipschitz constant is 

smaller than: 

 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑉(𝑒) ≤ 2𝑒𝑇(𝑡) 𝑠 𝐷𝑡

𝛼
𝑡0
𝐶 𝑒(𝑡)  

≤ 𝑒𝑇[−𝜃𝑠 + 𝐶̅𝑇𝐶̅ + 𝐶̅𝑇𝓛𝑇𝑠

+ 𝑠𝓛𝐶̅]𝑒 + 2𝑒𝑇𝑠∆𝐹   

≤ −(𝜃𝑠 − 𝐶̅𝑇𝐶̅ − 𝐶̅𝑇𝓛𝑇𝑠

− 𝑠𝓛𝐶̅)‖𝑒‖2 + 2‖𝑠‖‖𝑒‖‖∆𝐹‖

≤ −𝜆𝑚𝑖𝑛(𝜃𝑠 − 𝐶̅𝑇𝐶̅

− 2𝑠𝓛𝐶̅)‖𝑒‖2 + 2𝑟𝜆𝑚𝑎𝑥(𝑠)‖𝑒‖2. 

(26) 

 

𝜆𝑚𝑖𝑛(𝜃𝑠) − 2γ
𝑠

> 0 (27) 

Proof:  

From (4), (22), and (24) it can be concluded that:  

𝐷𝑡
𝛼

𝑡0
𝐶 𝑉(𝑒) ≤ 𝑒𝑇[−𝜃𝑠 + 𝐶̅𝑇𝐶̅ + 𝐶̅𝑇𝓛𝑇𝑠 + 𝑠𝓛𝐶̅]𝑒

+ 2𝑒𝑇𝑠∆𝐹 

≤ −𝑒𝑇𝜃𝑠𝑒 + 𝑒𝑇𝐶̅𝑇𝐶̅𝑒

+ 𝑒𝑇𝐶̅𝑇𝓛𝑇𝑠𝑒 + 𝑒𝑇𝑠𝓛𝐶̅𝑒

+ 2𝑒𝑇𝑠∆𝐹 

(28) 

Also, using (7), (28) yields:  

𝐷𝑡
𝛼

𝑡0
𝐶 𝑉(𝑒) ≤ −𝜆𝑚𝑖𝑛(𝜃𝑠 − 𝐶̅𝑇𝐶̅ − 2𝑠𝓛𝐶̅)|𝑒|2

+ 2γ
𝑠
|𝑒|2 

(29) 

If 𝓛 = −
1

2
𝑠−1 𝐶̅𝑇 then 𝜆𝑚𝑖𝑛(𝜃𝑠) − 2γ

𝑠
> 0 and the proof is 

completed. 

The propose observer-based distributed Control for a multi-

agent system is illustrated in Figure 1 

 

Figure 1. Block diagram portraying the system agents along 

with the observer and the feedback control unit 

 

B. Achieving consensus 

Theorem 3. If Assumptions 1 and 2, and Lipschitz condition 

(6) are such that: 



379                                               Observer-Based Distributed / F. AazamManesh, et al 

 

𝑟 <
1

2
𝑖𝑛𝑓(

1

𝜆𝑚𝑎𝑥(𝑠)
,
𝜆𝑚𝑖𝑛(𝜃𝑠)

𝜆𝑚𝑎𝑥(𝑠)
)                  

(30) 

Then, observer (18) and feedback controller 𝑢𝑖 =

−𝑐𝑘 ∑ 𝑤𝑖𝑗(𝑥𝑗 − 𝑥𝑖)𝑗∈𝑁𝑖
 will be globally Mittag-Leffler 

stable for the dynamical system (14). 

Proof: 

By utilizing (18), (21), and (24), we have: 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑒(𝑡) = (𝐴̅  −

1

2
𝑠−1  𝐶̅𝑇𝐶̅) 𝑒  + 𝐅(𝐱̂, 𝐮)

− 𝐅(𝐱̂ − 𝐞, 𝐮). 

(31) 

By introducing the following Lyapunov function: 

𝑉(𝑥̂, 𝑒) = 𝛿𝑉1(𝑥̂) + 𝑉2(𝑒)     ,    𝛿 > 0                  (32) 

where 𝑉1(𝑥) and 𝑉2(𝑒) are: 

𝑉1(𝑥̂) = 𝑥̂𝑇𝑠𝑥̂  

𝑉2(𝑒) = 𝑒𝑇𝑠𝑒 

(33) 

Taking derivative from both sides, we have 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑉(𝑥̂, 𝑒) = 𝛿 𝐷𝑡

𝛼
𝑡0
𝐶 𝑉1(𝑥̂) + 𝐷𝑡

𝛼
𝑡0
𝐶 𝑉2(𝑒) (34) 

Using (18), (33), (34) and Theorem 1, it can be concluded 

that: 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑉1(𝑥̂) ≤ 𝑥̂𝑇[𝑠(𝐴̅ + 𝐵̅) + (𝐴̅ + 𝐵̅)𝑇𝑠]𝑥̂

+ 2𝑥̂𝑇𝑠𝐅(𝒙, 𝒖) − 𝑥̂𝐶̅𝑇𝐶̅𝑒. 

(35) 

Inspired by Assumption 2 for 𝑁-agent and the Cauchy-

Schwarz inequality: 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑉1(𝑥̂) ≤ −‖𝑥̂‖2 + 2𝑥̂𝑇𝑠𝐅(𝑥̂, 𝐮)

+ ‖𝑥̂‖‖𝐶̅𝑇𝐶̅‖‖𝑒‖  

(36) 

Using condition Lipschitz and knowing that 𝐅(𝟎, 𝐮) = 0, 

then 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑉(𝑥̂, 𝑒) ≤ 𝛿[−1 + 2𝑟𝜆𝑚𝑎𝑥(𝑠)]‖𝑥̂‖2

+ 𝛿‖𝐶̅𝑇𝐶̅‖‖𝑒‖‖𝑥̂‖

+ 𝐷𝑡0,𝑡
𝛼 𝑉2(𝑒). 

(37) 

 If (30) holds, according to theorem 1, when = 𝜆𝑚𝑖𝑛(𝜃𝑠) −

2𝑟𝜆𝑚𝑎𝑥(𝑠) > 0 , then: 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑉2(𝑒) ≤ −𝑙‖𝑒‖2  (38) 

Now considering 1 − 2𝑟𝜆𝑚𝑎𝑥(𝑠) > 0 , and ‖𝐶̅𝑇𝐶̅‖ > 0. 

Thus, by selecting 𝛿  as (39) the Mittag- Leffler stability 

ensures the stability of the observer: 

𝛿 <
(1 − 2𝑟𝜆𝑚𝑎𝑥(𝑠))𝑙

‖𝐶̅𝑇𝐶̅‖2
  

(39) 

Algorithm 1 is proposed for distributed observer-based control 

for consensus in fractional-order systems (DOC-FO) for N-

agent where 𝜃 has a real value. 

Algorithm1: DOC − FO Algorithm for N − Agent   

𝐼𝑛𝑝𝑢𝑡: 𝐴, 𝐵, 𝐶, 𝜃 

1.   𝑖𝑓   𝜃 > 0  

2. Give   (10) ←  𝜃 

3. 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 𝑠 ←     (10) 

4. 𝑖𝑓    𝑠 > 0       𝑎𝑛𝑑  𝑠𝑇 = 𝑠 

5. 𝑒𝑙𝑠𝑒 

6. 𝑏𝑎𝑐𝑘 𝑡𝑜 𝑠𝑡𝑒𝑝 1 

7. 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 𝑘 ←   (11)  

8. 𝑖𝑓  𝑅𝑒(𝐴̅ + 𝐵̅) < 0   

9. 𝑢𝑖 = 𝑐𝑘 ∑ 𝑤𝑖𝑗(𝑥𝑗 − 𝑥𝑖)𝑗∈𝑁𝑖
 

10. 𝑒𝑙𝑠𝑒  

11. 𝑏𝑎𝑐𝑘 𝑡𝑜 𝑠𝑡𝑒𝑝 2 

12. 𝑒𝑛𝑑 

13. 𝑒𝑛𝑑 

 

IV. Nmerical Example 

The simulation is based on five agents with the observer 

and control unit as shown in Figure 2 and the relations (14) 

and (18) for each agent . 

 
Figure 2. Topology of graph 

 

The matrices of the system   (5)  considering 𝑥𝑖 ∈ 𝑅2 are 

shown in (40). The order of the fractional derivative is 

considered as: 𝛼 = 0.9. 

𝐴𝑖 = [
0 2

−1 −2
] , 𝐵 = [0  1]𝑇  ,   𝐶

= [ 1  0],

𝐹𝑖(𝑥𝑖 , 𝑢𝑖)

=  
1

6
[

√𝑥𝑖1
2 + 𝑥𝑖2

2

𝑠𝑖𝑛(𝑥𝑖1
) 𝑐𝑜𝑠 (𝑢𝑖)

] 

(40) 

where  =  𝐼 ,  𝑠𝑖 = [
0.25 0

0 0.5
] and 𝑟 ≃ 0.16 <

𝜆𝑚𝑖𝑛(𝑄)

𝜆𝑚𝑎𝑥(𝜃𝑠)
=

1, with 𝜃 = 4, the pair (𝐴, 𝐶) is observable and by solving   

(10), we have: 
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𝑟 <
1

2
(

𝜆𝑚𝑖𝑛(𝜃𝑠)

𝜆𝑚𝑎𝑥(𝑠)
) = 1 𝑎𝑛𝑑  γ

𝑠
<

1

2
(𝜆𝑚𝑖𝑛(𝜃𝑠))

= 0.5 

(41) The system (40) is global Mittag-Leffler stable and estimated 

states have converged towards the true values. Feedback 

matrix𝑘 = [0  0.4804], and 𝑐 = 2 for the following initial 

conditions:  

Figure 3 presents the simulation results 

𝑥1(0) = [−1.5; 2], 𝑥1(0) = [−0.8; 2.5], 

𝑥2(0) = [−1.5; 1.2] , 𝑥2(0) = [−1.1; 1.5], 

𝑥3(0) = [2.5; −2.1] , 𝑥3(0) = [2.9; −2], 

𝑥4(0) = [3; −1.6] , 𝑥4(0) = [3.4; −1.3], 

𝑥5(0) = [2.4; −3.1] , 𝑥5(0) = [2.8; −3], 

Figure 3 presents the simulation results comparing the actual 

system states with the estimated states obtained from the 

proposed observer. The results demonstrate that the 

estimated states closely track the actual states, with minimal 

deviation observed over the simulation period. This 

alignment indicates the effectiveness of the estimation 

algorithm in accurately reconstructing the system states. 

Furthermore, the convergence of the estimated states to the 

actual states reliability of the proposed methodology under 

the given operating conditions. These findings underscore 

the potential of the approach for practical applications in 

state estimation and control systems. 

 

 

Figure 4. Consensus for the first  actual state 
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Figure 5. Consensus for the second  actual state 

 
Figure 6. Consensus for the first estimated state 

 
Figure 7. Consensus for the second estimated state 

As illustrated in Figure 4 through Figure 7, the simulation 

results clearly demonstrate that the states of all agents exhibit 

a consistent trend of convergence over time, ultimately 

aligning with the average of the initial conditions of the states. 

This behavior is indicative of the system's inherent consensus 

dynamics, which drive the agents toward a unified state. The 

convergence rate, as observed in the figures, is influenced by 

the network topology and the interaction weights among 

agents, as described by the proposed control protocol. The 

results validate the theoretical analysis presented earlier, 

confirming that the designed control strategy effectively 

achieves consensus in a distributed multi-agent system.  

 

Figure 8. Input signal u2 

Figure 8 shows the second input signal for five  agents. As it 

is clear from the relationships, the first input signal is always 

zero because the value of zero in the first row of matrix B is 

zero. The control effort in the proposed method is optimized 

through the use of a state feedback law and a distributed 

consensus protocol. The control input𝑢𝑖  is designed as: 

𝑢𝑖 = −𝑐𝑘 ∑ 𝑤𝑖𝑗(𝑥̂𝑗 − 𝑥̂𝑖)

𝑗∈𝑁𝑖

.    

where 𝑐 is a positive scalar, 𝑘 is the feedback matrix, and 𝑤𝑖𝑗 

represents the interaction weights between agents. This 

design ensures that the control effort is distributed efficiently 

among agents, minimizing unnecessary energy 

consumption. 

Traditional methods often rely on centralized control or 

simpler feedback mechanisms, which may require higher 

control effort, especially in systems with large Lipschitz 

constants or complex nonlinearities. The proposed method, 

by leveraging fractional-order dynamics and one-sided 

Lipschitz conditions, reduces the control effort while 

maintaining stability and performance. The proposed 

method achieves global Mittag-Leffler stability, which 

ensures that the system states converge to consensus 

asymptotically. The synchronization time is influenced by 

the network topology and the interaction weights among 

agents. The use of fractional-order dynamics allows for 

faster convergence in systems with memory and hereditary 

effects, which are common in real-world applications. The 
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norm of the error signals ∥ 𝑒 ∥, where 𝑒 = 𝑥 − 𝑥, is 

minimized through the design of a stable observer and a 

distributed consensus protocol. The error dynamics are 

analyzed using Lyapunov's second method, ensuring that the 

error converges to zero over time. The proposed method 

guarantees that the norm of the error signals remains 

bounded and converges to zero, even in the presence of 

nonlinearities and uncertainties. 

V.  Limitations of the Study 
While this study presents a robust observer-based controller 

design for fractional-order multi-agent systems within the 

Lipschitz and one-sided Lipschitz frameworks, several 

limitations should be acknowledged. First, the proposed 

approach assumes ideal communication conditions among 

agents, neglecting potential communication delays that are 

prevalent in real-world multi-agent systems. The presence of 

delays can significantly impact the stability and performance 

of the consensus protocol, and future work should address this 

limitation by incorporating delay compensation mechanisms. 

Additionally, the study focuses on fixed network topologies, 

which may not fully capture the dynamic nature of real-world 

systems where network topologies can change over time due 

to agent mobility or link failures. Extending the proposed 

framework to handle stochastic switching topologies would 

enhance its applicability to more complex and realistic 

scenarios. Furthermore, the analysis is confined to Mittag-

Leffler stability, and the concept of fixed-time stability, which 

guarantees convergence within a predefined time regardless of 

initial conditions, is not explored. Investigating fixed-time 

stability could provide stronger guarantees for time-critical 

applications. Lastly, while the one-sided Lipschitz condition 

broadens the applicability of the proposed method to a wider 

class of nonlinear systems, the design and implementation 

complexity may increase for systems with highly nonlinear 

dynamics or exogenous disturbances. Future research should 

explore these aspects to further improve the robustness and 

practicality of the proposed approach. 

VI. Conclusion 

Many existing research methods are limited to stabilizing 

dynamical systems with small Lipschitz constants and often 

fail to provide effective solutions when the Lipschitz constant 

becomes large. To address this limitation, this paper leverages 

the concept of one-sided Lipschitz continuity, which was 

initially introduced in mathematical literature and is capable 

of encompassing a broader family of nonlinear systems. By 

utilizing this framework, we propose an observer-based 

distributed consensus control design tailored for nonlinear 

fractional-order multi-agent systems within both Lipschitz and 

one-sided Lipschitz classes. The proposed controller, designed 

using a state feedback law, ensures global Mittag-Leffler 

stability of the system, thereby offering a robust solution for a 

wider range of nonlinear dynamics. This advancement not 

only overcomes the constraints of traditional methods but also 

provides a foundation for further exploration in more complex 

scenarios, such as systems with communication delays, 

stochastic switching topologies, or exogenous disturbances. 

Future research could extend this work to incorporate fixed-

time stability guarantees or address time-varying network 

conditions, further enhancing the applicability and robustness 

of the proposed approach in real-world multi-agent systems. 
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This paper proposes a robust adaptive control strategy based on integral backstepping for 

nonlinear epidemic systems under input saturation, model uncertainties, and external 

disturbances. The proposed method combines backstepping for systematic control 

design, sliding mode control for robustness, and adaptive control to handle unknown 

parameters dynamically. To address input saturation, a novel auxiliary design 

system combined with Nussbaum gain functions is introduced, mitigating saturation 

effects and ensuring stability. The epidemic dynamics are modeled using the SEIAR 

framework, which includes Susceptible, Exposed, Infected, Asymptomatic, and 

Recovered populations. The controller employs three control inputs—vaccination, social 

distancing measures, and treatment of infected individuals—to drive the populations of 

susceptible, exposed, and infected individuals to zero. Simulation results demonstrate 

that the proposed control scheme effectively eliminates infections, ensuring that the 

recovered population converges to the total population size. The method provides precise 

trajectory tracking despite input constraints and external disturbances. These findings 

highlight its strong potential for real-world epidemic management, particularly in 

resource-limited and uncertain environments. 

 

I. Introduction 

Mathematical modelling plays a vital role in enhancing 

our understanding of how infectious diseases spread. By 

breaking down the complex mechanisms of disease 

transmission, epidemic models offer valuable insights into 

the dynamics and patterns of outbreaks [1]. These models not 

only forecast the progression of epidemics—such as the 

number of infections, hospitalizations, and fatalities—but 

also assess the effectiveness of various control measures  [2]. 

Traditional epidemic models  (see e.g., [3], [4]) often 

assume that all individuals share the same susceptibility to 

infection and follow uniform transmission dynamics. 

However, factors such as age, gender, community, education 

level, and geographic location can significantly impact 

disease spread. To better capture these dynamics, 

populations are categorized into distinct groups, each with 

specific epidemic parameters. This approach, represented by 

multi-group epidemic models, has been extensively studied 

and provides a more accurate understanding of disease 

spread within and between groups (see e.g., [5], [6], [7]) . 

These models offer valuable insights for designing more 

effective strategies to control and prevent infectious 

diseases. 

Various strategies have been implemented to control 

epidemics, including social distancing, lockdowns, hygiene 

practices, face masks, laboratory testing, contact tracing, and 

monitoring infected or exposed individuals. To optimize 

these measures, researchers have developed different 

controllers for infectious disease models. Optimal control 

theory has been used to evaluate interventions aimed at 

reducing disease transmission, considering both ongoing and 

final costs over finite or infinite time horizons (see e.g., [5], 

[8], [9], [10], and [11]). 

Optimal control strategies typically assume full 

knowledge of all dynamic terms and parameters. However, 

pandemic model parameters—such as disease spread, 

mortality, and contact rates—are inherently uncertain and 

influenced by social and disease-related factors [12]. These 
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unknown variables must be accounted for when designing 

outbreak control measures. To tackle this, robust and 

adaptive control techniques are used to maintain stable 

performance despite uncertainties within the model [13, 14, 

15]. 

Sliding mode control (SMC) is a robust technique for 

managing nonlinear systems, offering resilience against 

parameter variations and disturbances [14]. However, the 

conventional SMC approach, which uses the sign function 

for switching, can cause chattering—an undesirable 

phenomenon that can destabilize the system. To mitigate 

this, several techniques have been developed, including 

boundary layer methods, hysteresis-based approaches, 

alternative switching functions like saturation, and higher-

order sliding mode control [16]. 

Backstepping is a structured method for designing 

tracking and regulation strategies, particularly for "strict-

feedback" systems. It employs a recursive process where 

state variables are treated as virtual controls. However, this 

approach lacks robustness against parametric variations.  By 

integrating sliding mode control, backstepping effectively 

addresses parameter uncertainties and enhances system 

stability  [17, 18, 19]. This combined method divides the 

nonlinear system into subsystems, applying sliding mode 

control to each while using the Lyapunov function to ensure 

the convergence of position-tracking errors under any initial 

condition.  

The integrator backstepping technique offers significant 

advantages by transforming nonlinear systems into a strict-

feedback form  [19, 16]. When paired with sliding mode 

control, it minimizes chattering in the control input and 

improves robustness against modeling uncertainties and 

external disturbances. Furthermore, incorporating an 

integrator within the control structure enhances precision in 

achieving steady-state control, making this approach highly 

effective for a wide range of applications. 

Input saturation is a prevalent challenge in real-world 

control systems, where control inputs are constrained by 

physical or practical limitations. In the context of epidemic 

disease management, input saturation occurs when health 

systems are overwhelmed and unable to respond effectively 

or promptly to outbreaks. This can result from various 

factors, including sudden surges in cases, lack of 

preparedness, limited availability of resources, and social or 

behavioral resistance to interventions. For example, 

inadequate infrastructure, insufficient training, and poor 

coordination among healthcare providers can lead to critical 

shortages of medical supplies, personnel, and facilities. 

Additionally, public reluctance to adopt measures such as 

vaccination or social distancing can further undermine the 

effectiveness of control strategies. These limitations 

introduce significant nonlinearities into epidemiological 

models, making it difficult to accurately predict the spread 

and impact of diseases. Addressing actuator saturation is 

therefore essential for developing reliable models that can 

inform effective decision-making.  

To tackle input constraints, anti-windup compensator 

(AWC) techniques are employed to maintain system stability 

and performance under saturation conditions. By 

incorporating anti-windup mechanisms, controllers can 

adapt to input limitations, ensuring accurate regulation of 

system behavior and reliable predictions despite actuator 

constraints. Anti-windup controller techniques are broadly 

categorized into two approaches: one-step and two-

step design procedures. One-step approaches develop 

feedback controllers that inherently account for input 

saturation, while two-step procedures involve designing an 

optimal controller without considering saturation initially 

and later augmenting it with anti-windup compensation [20, 

21].  These methods enhance the robustness of control 

systems, enabling effective management of epidemics even 

under resource limitations 

Various strategies have been proposed to design anti-

windup controllers for addressing input saturation 

challenges. These include adaptive backstepping control 

algorithms   [22], sliding mode tracking control methods  [23], 

and terminal sliding mode controllers for systems with 

unknown uncertainties and input saturation constraints [24]. 

Additionally, integral backstepping sliding mode control 

approaches have been developed for systems like unmanned 

autonomous helicopters [16]. These methods aim to ensure 

that systems with saturating actuators closely replicate the 

performance of their unsaturated counterparts, enhancing 

reliability and stability. 

This article introduces a novel nonlinear anti-windup 

control method that combines backstepping with adaptive 

sliding mode control (ABSMC) to stabilize a nonlinear 

multi-input, multi-output (MIMO) system under input 

saturation, modelling uncertainties, and external 

disturbances. The anti-windup compensator is designed 

using a one-step strategy to address challenges arising from 

input limitations in real-world scenarios. To manage input 

saturation and prevent actuator failures, an auxiliary system 

is incorporated. 

Input saturation, being a non-smooth function, poses a 

challenge for backstepping, which requires differentiable 

functions. To address this, a continuous approximation is 

used to estimate the saturation, ensuring a controlled 

approximation error and enabling the system to be expanded 

for controller development. However, managing the 

derivative of the estimated function introduces additional 

complexity, which is resolved using a Nussbaum function. 

The Nussbaum function serves as a powerful mathematical 

tool, effectively addressing the nonlinearities introduced by 

input saturation. It ensures the stability and positivity of 

system states while also enhancing the robustness of the 

controller. By working in conjunction with the auxiliary 

design system, the Nussbaum function contributes to a 
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resilient and adaptive control scheme capable of maintaining 

stability and performance even under challenging 

conditions.  The controller is applied to a bi-model epidemic, 

which includes five groups of individuals and three control 

methods: vaccination, antiviral treatment, and social 

distancing. The controller seeks to reduce the number of 

susceptible, infected, and exposed individuals to zero, even 

under input saturation, which also minimizes the number of 

asymptomatic individuals. Meanwhile, the recovered 

population stabilizes at its peak level, aligning with the 

overall population trend. Compared to existing research on 

the control of epidemiological systems, this work makes 

several significant contributions: 

a. A robust adaptive backstepping sliding mode controller 

has been developed to manage MIMO epidemic systems 

affected by input saturation, time-varying external 

disturbances, and uncertainties. 

b. Multigroup epidemic models provide more detailed and 

accurate information about disease spread compared to 

models that treat the population as a whole. This richer 

information can guide better decisions regarding the control 

and prevention of infectious diseases. 

c. The controller accounts for uncertainties in the 

nonlinear dynamics of the epidemic model, allowing it to 

adapt to variations and unexpected changes in the disease 

transmission process. This enhances control performance 

and resilience in real-world scenarios. 

d. The proposed control approach introduces a novel 

auxiliary design system and Nussbaum gain functions to 

address actuator saturation. These techniques ensure 

effective management of input saturation, enabling the 

controller to achieve the desired objectives despite input 

constraints. 

e. The model incorporates a time-varying total population 

(𝑁̇(𝑡) ≠ 0) and includes critical factors such as birth and 

natural death rates, as well as the loss of immunity in 

recovered individuals over time. These factors significantly 

influence disease dynamics and the effectiveness of control 

measures. 

The remainder of this paper is organized into five sections. 

Section II introduces and provides a detailed explanation of 

the dynamic two-group SEIAR model, including a proof of 

the results related to its positivity property. This property is 

crucial to the system, as it ensures that negative populations 

do not occur at any time. Section III focuses on the design of 

the adaptive backstepping sliding mode control for the 

MIMO nonlinear system. In Section IV, we present 

numerical simulation results that demonstrate the 

applicability of the proposed anti-windup control approach 

to the nonlinear model. Finally, Section V concludes the 

paper. 

 

II. Nonlinear Two-group SEIAR Model 

Multi-group epidemic models are mathematical 

frameworks that divide a population into multiple groups 

based on specific characteristics, such as age, gender, 

education level, occupation, and risk factors, among others. 

Each group is assumed to have its own set of parameters 

related to disease transmission, susceptibility, and recovery. 

The proposed SEIAR epidemic model builds upon the 

traditional SEIR model, as outlined in [25], by introducing 

two modes of transmission. This extension aims to account 

for the differing transmission and recovery rates exhibited by 

older individuals or those with underlying health conditions 

compared to other groups. Additionally, these individuals 

often have more complex medical needs and may require 

more intensive care. The model introduces separate 

compartments for exposed, infected, and asymptomatic 

individuals to capture these differences and provide a more 

detailed representation of disease dynamics. The nonlinear 

system that describes the dynamics of bi-modal epidemics is 

represented by: 

𝑆̇(𝑡) = 𝜈𝑁 −
𝛽1𝑆𝐼1

𝑁
−

𝛽2𝑆𝐼2

𝑁
− 𝜇𝑆𝑆 + 𝜔𝑅(𝑡) 

Ė1(t) =
𝛽1𝑆𝐼1

𝑁
− (𝜅1 + 𝜇1

𝐸)𝐸1 

𝐸̇2(𝑡) =
𝛽2𝑆𝐼2

𝑁
− (𝜅2 + 𝜇2

𝐸)𝐸2 

𝐼1̇(𝑡) = 𝑝1𝜅1𝐸1 − (𝛾1 + 𝜇1
𝐼 )𝐼1 

𝐼2̇(𝑡) = 𝑝2𝜅2𝐸2 − (𝛾2 + 𝜇2
𝐼 )𝐼2                                      

𝐴̇1(𝑡) = (1 − 𝑝1)𝜅1𝐸1 − (𝜂1 + 𝜇1
𝐴)𝐴1 

𝐴̇2(𝑡) = (1 − 𝑝2)𝜅2𝐸2 − (𝜂2 + 𝜇2
𝐴)𝐴2 

𝑅̇(𝑡) = 𝛾1(1 − 𝜌1)𝐼1 + 𝛾2(1 − 𝜌2)𝐼2  

+𝜂1𝐴1+𝜂2𝐴2 − (𝜇𝑅 + 𝑤)𝑅 

 

 

 

 

 

 

 

(1) 

Therefore, this system includes eight positive state 

variables that represent the different compartments in the 

epidemiological model. The state variables and parameters 

are listed in Table 1. 

 

In this model, (𝑆) denotes the number of individuals who 

are susceptible (i.e., those who are not yet infected), (𝐸) 

represents the number of people exposed to infection 

(infected but not yet able to transmit the virus), and (𝐼) 

includes infected individuals who are capable of transmitting 

the disease to susceptible individuals. (𝐴) denotes the 

TABLE I INTERPRETATION OF SYSTEM STATES 

Variable Description 

𝑆 Susceptible individuals 

𝐸1 People with chronic illness who were exposed 

𝐸2 People without chronic illness who were exposed 

𝐼1 People with chronic illness who are infected 

𝐼2 People without chronic illness who are infected 

𝐴1 People with chronic illness who are asymptomatic 

𝐴2 
People without chronic illness who are 

asymptomatic 

𝑅 Recovered individuals 
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number of asymptomatic carriers, while compartment (𝑅) 

includes those who have recovered and possess immunity to 

the disease. Finally, (N) represents the total population size, 

expressed as: (i.e., 𝑁(𝑡) = 𝑆(𝑡) + 𝐸1(𝑡) + 𝐸2(𝑡) +

𝐼1(𝑡) + 𝐼2(𝑡) + 𝐴1(𝑡) + 𝐴2(𝑡) + 𝑅(𝑡)). 

The model equations describe how susceptible individuals 

(𝑆) come into contact with infected individuals (𝐼𝑖) at a rate 

of 𝛽𝑖, leading to their transition to the exposed group (𝐸𝑖). 

Exposed individuals become infected at a rate of 𝜅𝑖 and are 

divided into two groups: those who develop symptoms and 

those who remain asymptomatic. A portion of the 

individuals who have been exposed enters the infected 

group, while the remainder transitions to the asymptomatic 

group, as described in [4] .Asymptomatic individuals (𝐴𝑖) 

move from their group to the recovered category (𝑅) at a 

rate of 𝜂𝑖. Infected individuals (𝐼𝑖) also leave their group at 

a rate of 𝛾𝑖, with a proportion of (1 − 𝜌𝑖)  recovering and 

the remaining proportion (𝜌𝑖)  succumbing to the infection. 

The model takes into account the decreasing immunity of 

recovered individuals, using parameter ω to determine the 

average duration of immunity. After this period, individuals 

who have recovered transition back to the susceptible group. 

The symbols 𝜈, and μ represents the birth rate and mortality 

rate from natural causes, respectively. 

All the model parameters (𝛽𝑖 , 𝜅𝑖 , 𝑝𝑖 , 𝛾𝑖, 𝜂𝑖 , 𝜔𝑖 , 𝜈), and 𝜇 

assumed to be positive to accurately reflect real-world 

conditions. A conceptual flow diagram that visualizes the 

relationships among the dynamics of the model is shown in 

Fig. 1.  

 
Fig. 1. Conceptual flow diagram of the two-group SEIAR 

model with death/birth rate. 

The total population dynamics at time 𝑡 can be calculated 

by summing all the equations in (1), leading to: 

𝑁̇(𝑡) = νN − 𝜇𝑆𝑆 − 𝜇1
𝐸𝐸1 − 𝜇2

𝐸𝐸2 

      −(𝜇1
𝐼 + 𝛾1𝜌1)𝐼1 − (𝜇2

𝐼 + 𝛾2𝜌2)𝐼2 − 𝜇𝑅𝑅 

(2) 

We develop the epidemic model by incorporating parallel 

interventions, including vaccination, antiviral treatment, and 

social distancing strategies, as represented by the following 

system of differential equations: 

𝑆̇(𝑡) = −
𝛽1𝐼1𝑆

𝑁
(1 − 𝑠𝑎𝑡(𝑢2)) 

             −
𝛽2𝐼2𝑆

𝑁
(1 − 𝑠𝑎𝑡(𝑢3)) − 𝜇𝑆𝑆 + 𝜈𝑁 

+𝜔𝑅(𝑡) − 𝑁𝑠𝑎𝑡(𝑢1) + 𝑑𝑆(𝑡) 

𝐸̇1(𝑡) =
𝛽1𝑆𝐼1

𝑁
(1 − sat(𝑢2)) − (𝜅1 + 𝜇1

𝐸)𝐸1 

                +𝑑𝐸1
(𝑡) 

𝐸̇2(𝑡) =
𝛽2𝑆𝐼2

𝑁
(1 − 𝑠𝑎𝑡(𝑢3)) − (𝜅2 + 𝜇2

𝐸)𝐸2 

               +𝑑𝐸2
(𝑡) 

𝐼1̇(𝑡) = 𝑝1𝜅1𝐸1 − (𝛾1 + 𝜇1
𝐼 )𝐼1 − sat(𝑢4)𝐼1 

               +𝑑𝐼1
(𝑡) 

𝐼2̇(𝑡) = 𝑝2𝜅2𝐸2 − (𝛾2 + 𝜇2
𝐼 )𝐼2 − sat(𝑢5)𝐼2 

               +𝑑𝐼2
(𝑡) 

𝐴̇1(𝑡) = (1 − 𝑝1)𝜅1𝐸1 − (𝜂1 + 𝜇1
𝐴)𝐴1 

              +𝑑𝐴1
(𝑡) 

𝐴̇2(𝑡) = (1 − 𝑝2)𝜅2𝐸2 − (𝜂2 + 𝜇2
𝐴)𝐴2 

               +𝑑𝐴2
(𝑡) 

𝑅̇(𝑡) = 𝛾1(1 − 𝜌1)𝐼1 + 𝛾2(1 − 𝜌2)𝐼2  

             +𝜂1𝐴1+𝜂2𝐴2 − (𝜇𝑅 + 𝑤)𝑅 

            +𝑠𝑎𝑡(𝑢4)𝐼1 + 𝑠𝑎𝑡(𝑢5)𝐼2 + 𝑁𝑠𝑎𝑡(𝑢1) 

              +𝑑𝑅(𝑡) 

 

 

 

 

 

 

 

 

(3) 

The equations include five control inputs, 

(𝑢1(𝑡), 𝑢2(𝑡), 𝑢3(𝑡), 𝑢4(𝑡)), and  𝑢5(𝑡) which are crucial 

for achieving the desired outcome. The control function 0 ≤

𝑢1(𝑡) ≤ 1 quantifies the rate at which the total population is 

vaccinated. Similarly, the control factors  0 ≤ 𝑢2(𝑡) ≤ 1, 

and  0 ≤ 𝑢3(𝑡) ≤ 1 effectively reduces the contact rate 

through social distancing measures. The control functions 

0 ≤ 𝑢4(𝑡) ≤ 1 and 0 ≤ 𝑢5(𝑡) ≤ 1 measure the rate at 

which infectious individuals, both with and without 

comorbidities, receive treatment during each period, thereby 

aiding in recovery. The saturation function of the control 

inputs (𝑖. 𝑒., 𝑠𝑎𝑡(𝑢)) is defined as follows: 

𝑠𝑎𝑡(𝑢(𝑡)) = {

 
𝑠𝑖𝑔𝑛(𝑢(𝑡))𝑢𝑀,     |𝑢(𝑡)| ≥ 𝑢𝑀

𝑢(𝑡),                         |𝑢(𝑡)| < 𝑢𝑀

 
 

(4) 

 
where 𝑢𝑀 represents the saturation limit of the input. The 

vector of perturbations caused by uncertainties and time-

varying external disturbances, denoted as 𝑑𝑖(𝑡), 𝑖 ∈

{𝑆, 𝐸1, 𝐸2, 𝐼1, 𝐼2, 𝐴1, 𝐴2, 𝑅}, plays a crucial role in enhancing 

the robustness and accuracy of the model. By considering 

various sources of uncertainties and disturbances, such as 

migration and travel patterns, changes in public health 

policies, and economic factors, the model can better capture 

the complexities and dynamics of the real world. This 

approach leads to more reliable predictions and improved 

decision-making capabilities. We assume that the upper 

bound of 𝑑(𝑡) is unknown. Our proposed control strategy 

aims to track desired descending reference signals for the 

state variables 𝑆, 𝐸1, 𝐸2, 𝐼1, and 𝐼2. Consequently, the 

controller seeks to reduce the number of susceptible, 

exposed, and infected individuals to zero (𝑖. 𝑒., 𝑆 →
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0, 𝐸1 → 0, 𝐸2 → 0, 𝐼1 → 0 and 𝐼2 → 0) by monitoring 

specific situations and employing control inputs. In these 

scenarios, it is demonstrated that the other state variables are 

constrained and approach zero (𝑖. 𝑒. , 𝐴1, 𝐴2 → 0). As a 

result, the population removed by immunity asymptotically 

tracks the total population. (𝑖. 𝑒. , 𝑅 → 𝑁). 

A. Positivity and Boundedness of the Solution 

For an epidemic model to be effective for its intended 

applications, it must yield positive and bounded solutions. 

Consequently, the solutions of system (1) must be 

constrained to remain positive and bounded in accordance 

with the given initial conditions: 

(𝑆(0), 𝐸1(0), 𝐸2(0), 𝐼1(0), 𝐼2(0), 𝐴1(0), 𝐴2(0), 𝑅(0)) 

   ∈ 𝑅8
+ 

Proposition 1. In the positive orthant of 𝑅8
+, the system (1) 

must exhibit positivity and invariance. 

Proof. When the value of (𝑆) reaches zero at a time (𝑡), all 

other state variables are also effectively reset to zero at that 

time. At time (𝑡), this condition is expressed as: 

𝑆̇(𝑡)|
𝑆(𝑡)=0

= νN + 𝜔𝑅 ≥ 0 

Due to the positivity of the model parameters, as well as 

the number of recovered individuals and the total population, 

(𝑆) will only increase and will not decrease. Similarly, the 

remaining state variables also exhibit this behavior. 

𝐸̇1(𝑡)|
𝐸1(𝑡)=0

=
𝛽1𝑆𝐼1

𝑁
≥ 0 

𝐸̇2(𝑡)|
𝐸2(𝑡)=0

=
𝛽2𝑆𝐼2

𝑁
≥ 0 

𝐼1̇(𝑡)|
𝐼1(𝑡)=0

= 𝑝1𝜅1𝐸1 ≥ 0 

𝐼2̇(𝑡)|
𝐼2(𝑡)=0

= 𝑝2𝜅2𝐸2 ≥ 0 

𝐴̇1(𝑡)|
𝐴1(𝑡)=0

= (1 − 𝑝1)𝜅1𝐸1 ≥ 0 

𝐴̇2(𝑡)|
𝐴2(𝑡)=0

= (1 − 𝑝2)𝜅2𝐸2 ≥ 0 

𝑅̇(𝑡)|
𝑅(𝑡)=0

= 𝛾1(1 − 𝜌1)𝐼1 + 𝛾2(1 − 𝜌2)𝐼2  

                         +𝜂1𝐴1+𝜂2𝐴2 ≥ 0 

As a result, in 𝑅8
+, all of the state variables are nonnegative 

and form an invariant set for model (1). 

Proposition 2. In the feasible region Γ, the system (1) is 

bounded. 

Γ = {(𝑆, 𝐸1, 𝐸2, 𝐼1 , 𝐼2, 𝐴1, 𝐴2, 𝑅) 𝜖 𝑅8
+: 

       0 ≤ 𝑆(𝑡) + 𝐸1(𝑡) + 𝐸2(𝑡) + 𝐼1(𝑡) + 𝐼2(𝑡) + 𝐴1(𝑡) 

                 +𝐴2(𝑡) + 𝑅(𝑡) ≤
νN

𝜇∗ }  

where 𝜇∗ = min{ 𝜇𝑆, 𝜇1
𝐸 , 𝜇2

𝐸 , 𝜇1
𝐼 + 𝛾1𝜌1, 𝜇2

𝐼 + 𝛾2𝜌2, 𝜇𝑅} 

Proof. The sum of all equations in the model (1) results in 

the following equation for the total population. 

𝑁̇(𝑡) = νN − 𝜇𝑆𝑆 − 𝜇1
𝐸𝐸1 − 𝜇2

𝐸𝐸2 − 𝜇𝑅𝑅 

               −(𝜇1
𝐼 + 𝛾1𝜌1)𝐼1 − (𝜇2

𝐼 + 𝛾2𝜌2)𝐼2 

           ≤  νN − 𝜇∗(𝑆 + 𝐸1 + 𝐸2 + 𝐼1 + 𝐼2 + 𝑅)                   

 

(5) 

One can obtain from equation (5) that 

𝑁(𝑡) ≤ 𝑁(0)𝑒−𝜇∗𝑡 +
νN

𝜇∗
(1 − 𝑒−𝜇∗𝑡) 

𝑁(𝑡) ≤  
νN

𝜇∗
,    𝑖𝑓 𝑁(0) ≤

νN

𝜇∗
 

It can be verified that Γ is positively invariant with 

respect to (1). 

B. The basic Reproduction number 

In epidemic theory, the basic reproduction number, 

commonly denoted as 𝑅0, is one of the most critical concepts 

due to its ability to predict the course of an epidemic. It 

represents the average number of secondary infections 

caused by a single infected individual during their infectious 

period [4] .The value of 𝑅0 is instrumental in determining 

the stability of operating points [5]. If 𝑅0 < 1, the disease-

free equilibrium is locally asymptotically stable, indicating 

that the epidemic will self-eradicate. If 𝑅0 > 1, the disease-

free equilibrium is unstable, and there will always be a non-

zero number of infectious individuals within the population. 

System (1) always has the disease-free equilibrium. To find 

this equilibrium, all infected variables must be set to zero 

(𝑖. 𝑒. , 𝐸1 = 𝐸2 = 𝐼1 = 𝐼2 = 𝐴1 = 𝐴2 = 0) and the 

remaining variables are solved accordingly. Thus, the 

equilibrium of the population in the absence of disease is 

obtained as follows: 

𝑄0 = (
νN

𝜇𝑠 , 0, 0, 0, 0, 0, 0,0)  

One common approach to calculating 𝑅0 is the next-

generation matrix method  [4]. This method involves 

constructing a matrix that represents the average number of 

new infections generated by an infected individual across 

each compartment of the epidemiological model. Let 

𝜒1(𝑡) = [𝐸1 𝐼1 𝐴1]𝑇, and 𝜒2(𝑡) = [𝐸2 𝐼2 𝐴2]𝑇. 

Then, the dynamics of the system can be described by the 

following equations: 

𝜒̇𝑖 = ℱ𝑖(𝜒) − 𝒱𝑖(𝜒) (6) 

Here, ℱi(χ) represents the rate of appearance of new 

individuals in group (𝑖), while 

𝒱i(χ) signifies the difference between the rate at which 

individuals enter group (𝑖) and the rate at which they leave 

it. For individuals with underlying health conditions, in the 

virus-free environment 𝑄0, The non-negative matrices 𝐹 =

= [
𝜕ℱ𝑖

𝜕𝑥𝑗
] and 𝑉 = [

𝜕𝒱𝑖

𝜕𝑥𝑗
] are defined as follows: 

𝐹1 = [ 
0

𝛽1𝑆

𝑁
0

0 0 0
0 0 0

] 

 𝑉1 = [ 

(𝜅1 + μ1
𝐸) 0 0

−𝑝1𝜅1 (𝛾1 + 𝜇1
𝐼 ) 0

−(1 − 𝑝1)𝑘1 0 (𝜂1 + 𝜇1
𝐴)

] 

Set 𝑅0
1 = Ω(ℱ1𝒱1

−1), Where Ω(A)  denotes the spectral 

radius of matrix A. Thus, the basic reproduction ratio for 

individuals suffering from serious disease is given by: 
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𝑅0
1 =

𝛽1𝑝1𝑘1ν

𝜇𝑠(𝑘1 + 𝜇1
𝐸)(𝛾1 + 𝜇1

𝐼 )
 

 (7) 

Similarly, for individuals with comorbidities, the basic 

reproduction number is given by 

𝑅0
2 =

𝛽2𝑝2𝑘2ν

𝜇𝑠(𝑘2 + 𝜇2
𝐸)(𝛾2 + 𝜇2

𝐼 )
 

(8) 

Hence, the basic reproduction ratio of the system (1) is given 

by [5]. 

𝑅0 = 𝑚𝑎𝑥{ 𝑅0
1, 𝑅0

2} 

 

III. Design of Robust Controller  

A. System Description and Preliminaries 

Consider the following class of MIMO continuous-time 

nonlinear plants: 

𝑥̇(𝑡) = 𝑓(𝑥(𝑡)) + ∑ 𝑔𝑗(𝑥(𝑡))𝑠𝑎𝑡(𝑢𝑗(𝑡))

𝑚

𝑗=1

 

         +𝑑(𝑡), 

𝑦𝑖(𝑡) = ℎ𝑖(𝑥(𝑡)), 𝑖 = 𝑗 = 1,2, ⋯ , 𝑚                               

 

 

(9) 

where 𝑦(𝑡) ∈ ℝ𝑚, 𝑢(𝑡) ∈ ℝ𝑚  , and 𝑥(𝑡) ∈ ℝ𝑛 represent 

the output signal vector, the input signal vector, and the 

system's state vector, respectively. The term 𝑓(𝑥(𝑡)) = 

𝜃𝑓𝑓0(𝑥(𝑡)) denotes a smooth vector field, while 𝑔(𝑥(𝑡)) = 

𝜃𝑔𝑔0(𝑥(𝑡)) represents a smooth m × m nonlinear matrix. 

Here, 𝜃𝑓 and  𝜃𝑔 account for model uncertainties. 𝑑(𝑡) 

denotes an external disturbance with unknown bound. The 

control objective is to design a robust control scheme that 

ensures the outputs 𝑦𝑖(𝑡) track the desired trajectory 𝑦𝑑𝑖
(𝑡). 

Tracking errors must remain within specified constraints 

while ensuring that all closed-loop signals are both bounded 

and positive. 

B. Backstepping Control 

Backstepping is a recursive design technique used to 

asymptotically stabilize controllers for systems in strict 

feedback form [19] .To design an appropriate backstepping 

controller, it is essential to derive the strict feedback form of 

the control system [26]. If the nonlinear system is not in strict 

feedback form, methods such as input-output linearization or 

alternative techniques can be employed to transform the 

system into the desired standard form. This transformation 

allows for the application of backstepping design techniques, 

facilitating the development of an effective controller for the 

nonlinear system. Assume that the system (9) is transformed 

into the following parametric strict-feedback system with 

zero dynamics via a diffeomorphism [𝜓𝑇 , 𝜂𝑇]𝑇 = Φ(𝑥) as 

follows [20]: 

𝜂̇ = 𝑞(𝜂, 𝜓) (10) 

𝜓̇𝑖,𝑘 = 𝜓𝑖,𝑘+1,   1 ≤ 𝑘 ≤ 𝑟𝑖 − 1, 1 ≤ 𝑖

≤ 𝑚 

𝜓̇𝑖,𝑟𝑖
=  

 

 

(11) 

𝜃𝑏𝑖
𝑏𝑖(𝜂, 𝜓) + ∑ 𝜃𝑎𝑖𝑗

𝑎𝑖𝑗(𝜂, 𝜓)𝑠𝑎𝑡(𝑢𝑗)

𝑚

𝑗=1

 

+𝑑𝑖(𝑡), 1 ≤ 𝑗 ≤ m  

Where 𝜂(𝑡) = [𝜂𝑟+1(𝑡)  𝜂𝑟+2(𝑡) ⋯ 𝜂𝑛(𝑡)]𝑇, 𝑞(𝜂, 𝜓),  

and 𝑏𝑖(𝜂, 𝜓) = 𝐿𝑓
𝑟𝑖ℎ𝑖(𝑥) are known smooth vector 

functions. The term  𝑎𝑖𝑗(𝜂, 𝜓) = 𝐿𝑔𝑗
𝐿𝑓

𝑟𝑖−1
ℎ𝑖(𝑥) represents 

(𝑖, 𝑗) − 𝑡ℎ element of a known non-singular 𝑚 × 𝑚 

matrix A(𝜂, 𝜓), defined for all [ 𝜓𝑇 , 𝜂𝑇]𝑇 ∈ ℝ𝑛. Here,  𝜃𝑎𝑖
 

and 𝜃𝑏𝑖
 are vectors of unknown constant parameters. The 

integer 𝑟𝑖 denotes the smallest relative degree of the 𝑖 − 𝑡ℎ 

with respect to any of the 𝑚 inputs, and 𝑟 = 𝑟1 + 𝑟2 + ⋯ +

𝑟𝑚 is defined as the  

sum of individual relative degrees.  

The relationship between the applied control 𝑠𝑎𝑡(𝑢𝑗(𝑡)), 

and the control input 𝑢𝑗(𝑡) exhibits a sharp discontinuity 

when the absolute value of 𝑢𝑗(𝑡) reaches the saturation 

level 𝑢𝑀𝑗
. This discontinuity presents a challenge for the 

direct application of the backstepping technique. To address 

this issue, we approximate the saturation function with a 

smooth function. A commonly used approximation is the 

hyperbolic tangent function, defined as follows [16]: 

𝑔(𝑢𝑖) = 𝑢𝑀𝑖
tanh (

𝑢𝑖

𝑢𝑀𝑖

) 

         = 𝑢𝑀𝑖

𝑒

𝑢𝑖
𝑢𝑀𝑖 − 𝑒

−
𝑢𝑖

𝑢𝑀𝑖

𝑒

𝑢𝑖
𝑢𝑀𝑖 + 𝑒

−
𝑢𝑖

𝑢𝑀𝑖

 

  

(12) 

Then 𝑠𝑎𝑡(𝑢𝑗(𝑡)) in (11) can be expressed as follows 

𝑠𝑎𝑡 (𝑢𝑗(𝑡)) = 𝑔(𝑢𝑗) + 𝑑(𝑢𝑗) 

                       = 𝑢𝑀𝑗
tanh (

𝑢𝑗

𝑢𝑀𝑗

) + 𝑑(𝑢𝑗) 

 

(13) 

where 𝑑(𝑢𝑗) = 𝑠𝑎𝑡(𝑢𝑗) − 𝑔(𝑢𝑗) is a bounded function, 

and its bound can be obtained as 

|𝑑(𝑢𝑗)| = |𝑠𝑎𝑡(𝑢𝑗) − 𝑔(𝑢𝑗)| 

         ≤ 𝑢𝑀𝑗
(1 − tanh(1)) = 0.2785𝑢𝑀𝑗

 

(14) 

So, the equations (10) and (11) can be written as 

𝜂̇ = 𝑞(𝜂, 𝜓) (15) 

𝜓̇𝑖,𝑘 = 𝜓𝑖,𝑘+1,    1 ≤ 𝑘 ≤ 𝑟𝑖 − 1,   1 ≤ 𝑖, 𝑗 ≤ 𝑚 

𝜓̇𝑖,𝑟𝑖
= 𝜃𝑏𝑖

𝑏𝑖(𝜂, 𝜓) + ∑ 𝜃𝑎𝑖𝑗
𝑎𝑖𝑗(𝜂, 𝜓)𝑔(𝑢𝑗)

𝑚

𝑗=1

 

           +Δ𝑑𝑖(𝑡) 

(16) 

where Δ𝑑𝑖(𝑡) = ∑ 𝜃𝑎𝑖𝑗
𝑎𝑖𝑗(𝜂, 𝜓)𝑑(𝑢𝑗)𝑚

𝑗=1 + 𝑑𝑖(𝑡) 

Assumption 1. The nonlinear plant (9) is feedback 

linearizable without saturation. 

Assumption 2. The desired trajectory 𝑦𝑑𝑖
 and its 𝑟𝑖 − th 

derivatives are known, bounded, and piecewise continuous. 

Assumption3. The zero dynamics of the system 𝜂̇ =

𝑞(𝜂, 𝜓) are input-to-state stable. 
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Definition 1. A function N(s) is considered a Nussbaum-

type function when it possesses the properties listed [27]. 

lim
𝑠→±∞

sup  
1

𝑠
∫ 𝑁(𝒳)𝑑𝒳 = ∞,

𝑠

0

 
(17) 

lim
𝑠→±∞

inf  
1

𝑠
∫ 𝑁(𝒳)𝑑𝒳 = −∞

𝑠

0

 
(18) 

According to the definition, Nussbaum functions must 

exhibit both infinite gains and infinite switching frequencies. 

Examples of such functions include 

𝒳2 cos(𝒳) ,  𝒳2 sin(𝒳), e𝒳2
cos (

π

2
𝒳),and

e𝒳2
sin (

π

2
𝒳). The selection of this particular Nussbaum 

functions is based on its advantageous properties: 

1. Its infinite oscillatory nature ensures adaptive control 

gains capable of addressing unknown input saturation levels. 

2. Its smoothness and bounded derivative allow for 

seamless integration into the backstepping design while 

preserving the validity of the Lyapunov-based stability 

analysis. 

This paper utilizes the Nussbaum function 𝒳2 cos(𝒳). 

The following lemma presents the property of Nussbaum 

functions. 

Lemma 1 [28, 29]: Smooth functions 𝑉(. )  and 𝒳(. ) are 

defined on [0, 𝑡𝑓)  with 𝑉(𝑡) ≥ 0, ∀𝑡 ∈ [0, 𝑡𝑓), and 𝒩(𝒳) 

is a Nussbaum gain function. If the inequality is satisfied, 

𝑉(. ) and 𝒳(. )  must be limited on the interval [0, 𝑡𝑓). 

𝑉 ≤ 𝑉(0)𝑒−𝐶𝑡 +
𝑀

𝐶
(1 − 𝑒−𝐶𝑡) 

           +
𝑒−𝐶𝑡

𝛾𝒳
∫ (𝜉𝒩(𝒳)𝒳̇ − 𝒳̇)𝑒𝐶𝜏𝑡

0
𝑑𝜏                        

 

(19) 

where 𝐶 > 0, 𝑀 > 0, 𝛾𝒳 > 0 are constants, and 𝜉 is a 

positive variable. 

C. Design of adaptive backstepping sliding mode 

controller and stability analysis 

This section combines the backstepping 

method with adaptive sliding mode control to design 

an adaptive backstepping-sliding-mode controller, ensuring 

robust control for uncertain systems. The backstepping 

technique formulates a virtual control law to achieve 

asymptotic convergence of the tracking error to zero. 

Simultaneously, adaptive sliding mode control is employed 

to develop a robust control law that compensates for system 

uncertainties and disturbances. To enhance performance, 

integral action is incorporated into the backstepping control, 

mitigating steady-state bias and reducing rise time. For the  

system described in equations (10) and (11), integral 

backstepping is implemented by introducing the integral 

term of the tracking error,∫ (𝜓𝑖(𝜏) − 𝜓𝑑𝑖
(𝜏))𝑑𝜏

𝑡

0
 at the 

initial stage of backstepping. This approach maintains the 

strict feedback form of the system, while the relative degree 

of each output vector is elevated to 𝑟𝑖 + 1, necessitating 

 𝑟𝑖 + 1 steps of backstepping.  

To address the challenge of input saturation, the control 

scheme incorporates a novel auxiliary design system 

alongside Nussbaum gain functions. Input saturation, often 

caused by actuator limitations, introduces significant 

nonlinearities that can destabilize the system. The Nussbaum 

function, with its oscillatory behavior and unbounded 

growth properties, dynamically adjusts control gains to 

counteract these nonlinearities without requiring precise 

knowledge of the saturation limits. 

Additionally, the Nussbaum function ensures the 

boundedness and positivity of system states, which is 

essential in scenarios such as epidemic models, where 

negative states are not physically meaningful. By leveraging 

its adaptive characteristics, it enables accurate trajectory 

tracking even in the presence of disturbances or saturation 

effects. The auxiliary design system complements the 

control strategy by creating a control law that effectively 

manages input saturation, while the Nussbaum gain 

functions enhance the overall robustness of the system, 

ensuring precise tracking of the desired trajectory. 

𝜓̇𝑖,1 = 𝜓𝑖,2 − 𝜓𝑑𝑖
 

𝜓̇𝑖,2 = 𝜓𝑖,3 

⋮ 

𝜓̇𝑖,𝑟𝑖+1 = 𝜃𝑏𝑖
𝑏𝑖(𝜂, 𝜓) 

                 + ∑ 𝜃𝑎𝑖𝑗
𝑎𝑖𝑗(𝜂, 𝜓)𝑔(𝑢𝑗) + Δ𝑑𝑖(𝑡),

𝑚

𝑗=1

 

𝜂̇ = 𝑞(𝜂, 𝜓) 

𝑦𝑖 = 𝜓𝑖,2,                     𝑖 = 𝑗 = 1,2, ⋯ , 𝑚 

 

 

(20) 

𝑢̇𝑗 = −𝑘𝑗𝑢𝑗 + 𝑤𝑗 (21) 

where 𝑘𝑗 are positive constants and 𝑤𝑗 are auxiliary signals 

to be designed in the backstepping approach. Consequently, 

the design of the control law transitions to the design of 𝑤𝑗 . 

It is clear that all functions in equations (20) and (21) are 

continuous, allowing for the successful application of the 

backstepping technique. The design involves a procedure of 

𝑟𝑖+2 steps for each subsystem, wherein each subsystem has 

a relative degree of order 𝑟𝑖.  At each step, an error variable 

𝑧𝑖 is defined, and a stabilizing function 𝛼𝑖 constructed to 

stabilize the 𝑖 − 𝑡ℎ output with respect to a Lyapunov 

function 𝑉𝑖. The state feedback control is provided in the 

final stage . The structure of the closed-loop system is 

illustrated in Fig. 2. 

Remark 1: The augmented systems (20), and (21) differ 

from those examined using the conventional backstepping  

method. This distinction arises because 𝜓̇𝑟𝑖+1 is directly 

related to the nonlinear function 𝑔(𝑢𝑗) rather than just 𝑢𝑗. 
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As a result, the term (
𝜕𝑔

𝜕𝑢𝑗
)𝑢̇𝑗 is introduced instead of 𝑢̇𝑗, 

marking a departure from previous backstepping strategies. 

To address this issue, a Nussbaum function is employed.  

Remark 2: System (20) contains the function 𝑔(𝑢𝑗), 

which acts as a control input for systems studied with 

backstepping techniques. Designing the control signal 𝑢𝑗 

without using a direct method is challenging in our current 

scenario. To address this issue, we intentionally include (21) 

to generate a reliable control signal 𝑢𝑗  by establishing an 

auxiliary control signal 𝑤𝑖  during the last step  𝑟𝑖 + 2  of the 

backstepping procedure. 

In the standard backstepping method for tracking 

problems, a coordinate transformation is applied to the 𝑖 −

𝑡ℎ output as follows: 

𝑧𝑖,1 = 𝜓𝑖,1 = ∫ (𝜓𝑖,2 − 𝜓𝑑𝑖
)𝑑𝜏

𝑡

0

 
(22) 

𝑧𝑖,𝑘 = 𝜓𝑖,𝑘 − 𝜓𝑑𝑖

(𝑘−2)
− 𝛼𝑖,𝑘−1, 𝑘 = 2, ⋯ , 𝑟𝑖 + 1 (23) 

𝑧𝑖,𝑟𝑖+2 = 𝑔(𝑢𝑖) − 𝛼𝑖,𝑟𝑖+1 , (24) 

where 𝑧𝑘  and 𝛼𝑘−1  represent the tracking error and the 

virtual control input that needs to be determined at the 𝑘 −

𝑡ℎ step, the introduction of variable 𝑧𝑖,𝑟𝑖+2 results from 

including the new state variable 𝑢𝑖. The design procedure for  

adaptive backstepping sliding mode control of a MIMO 

system, adhering to assumptions 1-3, comprises 𝑟𝑖 + 2 steps 

for 𝑖 − 𝑡ℎ output, as follows: 

𝑺𝒕𝒆𝒑 𝒌 (𝑘 = 1,2, ⋯ , 𝑟𝑖):  We define the virtual control 

law 𝛼𝑘 for 𝑖 − 𝑡ℎ output as follows: 

𝛼𝑖,1(𝑧𝑖,1 ) = −𝑐𝑖,1𝑧𝑖,1                                                           (25) 

𝛼𝑖,𝑘 = −𝑐𝑖,𝑘𝑧𝑖,𝑘 − 𝑧𝑖,𝑘−1  +

∑ (
𝜕𝛼𝑖,𝑘−1

𝜕𝜓𝑖,𝑗
𝜓𝑖,𝑗+1 +𝑘−1

𝑗=1
𝜕𝛼𝑖,𝑘−1

𝜕𝜓𝑑𝑖

(𝑗−1) 𝜓𝑑𝑖

(𝑗)
)  

(26) 

where 𝑐𝑖,𝑘  are positive design parameters. The Lyapunov 

function is proposed as follows: 

𝑉𝑖,𝑘 = ∑
1

2
𝑧𝑖,𝑗

2

𝑘

𝑗=1

 (27) 

Then, the derivative of 𝑉𝑖,𝑘, along with equations (22) and 

(23), is given by: 

𝑉̇𝑖,𝑘(𝑧𝑖,1, 𝑧𝑖,2, ⋯ , 𝑧𝑖,𝑘) = − ∑ 𝑐𝑖,𝑗𝑧𝑖,𝑗
2𝑘 

𝑗=1  

                                            +𝑧𝑖,𝑘𝑧𝑖,𝑘+1                    

(28) 

𝑺𝒕𝒆𝒑 𝒌 = 𝒓𝒊 + 𝟏: The time derivative of the tracking 

error 𝑧𝑖,𝑘 from equations (20) and (23) is derived as 

follows: 

𝑧̇𝑖,𝑘 = 𝜓̇𝑖,𝑘 − 𝜓𝑑𝑖

(𝑘−1)
− 𝛼̇𝑖,𝑘−1 

        = 𝜃𝑏𝑖
𝑏𝑖(𝜂, 𝜓) + 𝜃𝑎𝑖

𝑎𝑖(𝜂, 𝜓)(𝑧𝑖,𝑘+1 

         +𝛼𝑖,𝑘) + Δ𝑑𝑖 − 𝜓𝑑𝑖

(𝑘−1)
− 𝛼̇𝑖,𝑘−1              

(29) 

where 𝑔(𝑢𝑖) = 𝑧𝑖,𝑘+1 + 𝛼𝑖,𝑘 has been utilized. We design 

the virtual control law 𝛼𝑖,𝑘 as follows: 

𝛼𝑖,𝑘 = (𝜃̂𝑎𝑖
𝑎𝑖(𝜂, 𝜓))−1[−𝑐𝑖,𝑘𝑧𝑖,𝑘 − 𝑧𝑖,𝑘−1 

   −𝜃̂𝑏𝑖
𝑏𝑖(𝜂, 𝜓) + 𝜓𝑑𝑖

(𝑘−1)
− Δ𝑑𝑖(𝑡) 

             +𝛼̇𝑖,𝑘−1] 

 

(30) 

It should be noted that 𝜃̂𝑎𝑖
 and 𝜃̂𝑏𝑖

 are the estimated values 

of the uncertain system parameters as described in equation 

(20), and these estimates have bounded errors relative to 

their corresponding unknown true values 𝜃𝑎𝑖
 and 𝜃𝑏𝑖

, 

respectively. To effectively estimate the uncertainties in the 

𝜃𝑖 vectors, the proposed control approach incorporates an 

adaptive estimation mechanism. This mechanism employs 

parameter adaptation, allowing the controller to 

continuously update its estimates of the uncertain parameters 

based on observed system outputs. Incorporating a switching 

term into 𝛼𝑘 with 𝑠𝑖 = 𝑧𝑖,𝑘 as the sliding surface helps 

maintain robust performance despite uncertainties and 

external disturbances. Therefore, the virtual control 𝛼𝑖,𝑘 is 

structured in this manner. 

𝛼𝑖,𝑘 = (𝜃̂𝑎𝑖
𝑎𝑖(𝜂, 𝜓))−1[−𝑐𝑖,𝑘𝑧𝑘 − 𝑧𝑖,𝑘−1        

      −𝜃̂𝑏𝑖
𝑏𝑖(𝜂, 𝜓) + 𝜓𝑑𝑖

(𝑘−1)
− 𝛾𝑖,𝑘𝑠𝑔𝑛(𝑧𝑖,𝑘) 

          +𝛼̇𝑖,𝑘−1]     

(31) 

where  𝛾𝑖,𝑘 represents the robust gains of the proposed 

controller, which are updated using adaptation laws to ensure 

stability in the presence of modeling uncertainties. Through 

adaptive estimation, the controller is capable of learning and 

adapting to the uncertainties in the 𝜃 vectors in real time. 

This enables the controller to effectively handle modelling 

uncertainties and achieve robust performance despite 

changing or unknown system dynamics. The discontinuity of 

the 𝑠𝑖𝑔𝑛(. )  function introduces non-differentiability issues,  

Fig. 2. Schematic diagram of adaptive backstepping sliding mode control strategy 
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complicating the subsequent design procedure. To overcome 

this challenge and obtain a smooth control signal, the 

hyperbolic tangent function can replace the discontinuous 

sign function in (31). Ultimately, the stabilizing function  

𝛼𝑖,𝑘 is verified as the follows: 

𝛼𝑖,𝑘 = (𝜃̂𝑎𝑖
𝑎𝑖(𝜂, 𝜓))−1[−𝑐𝑖,𝑘𝑧𝑖,𝑘 − 𝑧𝑖,𝑘−1 

           −𝜃̂𝑏𝑖
𝑏𝑖(𝜂, 𝜓) + 𝜓𝑑𝑖

(𝑘−1)
 

           −𝛾𝑖,𝑘𝑡𝑎𝑛ℎ (
𝑧𝑖,𝑘

𝜀𝑖

) + 𝛼̇𝑖,𝑘−1] 

 

 

(32) 

 

 

𝜀𝑖 > 0  is the boundary layer coefficient. By substituting   

Ψ𝑖 = −𝑐𝑖,𝑘𝑧𝑖,𝑘 − 𝑧𝑖,𝑘−1 + 𝜓𝑑𝑖

(𝑘−1)
+ 𝛼̇𝑖,𝑘−1, it can be 

expressed as: 

𝛼𝑖,𝑘 = (𝜃̂𝑎𝑖
𝑎𝑖(𝜂, 𝜓))−1[Ψ𝑖 −

            𝛾𝑖,𝑘𝑡𝑎𝑛ℎ (
𝑧𝑖,𝑘

𝜀𝑖
) − 𝜃̂𝑏𝑖

𝑏𝑖(𝜂, 𝜓)]        

 (33) 

By introducing the regressor matrices 𝑌𝑖, and the parameter 

vectors 𝜃𝑖  for (33), the parameters with uncertainties in the 

𝜃𝑖 vectors are separated from the known dynamic variables 

in the 𝑌𝑘 matrices. This relationship can be expressed as 

𝛼𝑖,𝑘 = 𝑌𝑖𝜃̂𝑖, where 

𝑌𝑖 = 

          [𝑎𝑖(𝜂, 𝜓)−1(Ψ𝑖   − 𝛾𝑖,𝑘𝑡𝑎𝑛ℎ (
𝑧𝑖,𝑘

𝜀𝑖

))   

             , −𝑎𝑖(𝜂, 𝜓)−1𝑏𝑖(𝜂, 𝜓)]           

 𝜃𝑖 = [
1

𝜃𝑎𝑖

   
𝜃𝑏𝑖

𝜃𝑎𝑖

]𝑇 

 

 

(34) 

By substituting the nonlinear virtual control laws from 

(33) into the dynamics given by (20), the closed-loop system 

using the proposed robust adaptive controller is obtained as 

follows: 

(𝜃𝑎𝑖
𝑎𝑖(𝜂, 𝜓))−1𝜓̇𝑖,𝑘 − Ψ𝑖  

+(𝜃̂𝑎𝑖
𝑎𝑖(𝜂, 𝜓))−1𝛾𝑖,𝑘𝑡𝑎𝑛ℎ (

𝑧𝑖,𝑘

𝜀𝑖

) 

= [
𝜃𝑏𝑖

𝜃𝑎𝑖

−
𝜃̂𝑏𝑖

𝜃̂𝑎𝑖

]
𝑏𝑖(𝜂, 𝜓)

𝑎𝑖(𝜂, 𝜓)
 

 

 

 

(35) 

Thus, after employment of the regressor matrices 𝑌𝑖 and the 

parameter vectors  𝜃𝑖, the above equations can be rewritten 

as follows: 

𝑧̇𝑖,𝑘 = −𝑐𝑖,𝑘𝑧𝑖,𝑘 + 𝑎𝑖(𝜂, 𝜓)𝜃𝑎𝑖
 𝑌𝑖  𝜃̃𝑖  

           −𝛾𝑖,𝑘𝑡𝑎𝑛ℎ (
𝑧𝑖,𝑘

𝜀𝑖

) 

(36) 

Where 𝜃̃𝑖 = 𝜃𝑖 − 𝜃̂𝑖 represents the bounded error vector 

of the model parameters estimation. As the state variables 

and the estimation errors of unknown parameters  𝜃̃𝑖 are 

bounded, there exist positive unknown constant 𝜇𝑖,1, and 𝜇𝑖,2 

such that 

| 𝑎𝑖(𝜂, 𝜓)𝜃𝑎𝑖
 𝑌𝑖  𝜃̃𝑖| < 𝜇𝑖,1        (37) 

| (
𝜕𝛼𝑖,𝑘

𝜕𝜓𝑖,𝑘

)[𝑏𝑖(𝜂, 𝜓)(𝜃𝑏𝑖
− 𝜃̂𝑏𝑖

) 
(38) 

    +𝑎𝑖(𝜂, 𝜓)(𝜃𝑎𝑖
− 𝜃̂𝑎𝑖

)𝑔(𝑢𝑖)  | < 𝜇𝑖,2 

To achieve robustness against modeling uncertainties, the 

parameter updates laws for updating the robust gains 𝛾i,k  , 

and 𝛾i,k+1 are designed as follows: 

𝑑𝛾𝑖,𝑘(𝑡)

𝑑𝑡
= 𝛤𝑖.𝑘|𝑧𝑖,𝑘(𝑡)|,            𝛾𝑖,𝑘(0) > 0 

(39) 

𝑑𝛾̂𝑖,𝑘+1(t)

𝑑𝑡
= 𝛤𝑖,𝑘+1|𝑧𝑖,𝑘+1(𝑡)|, 𝛾𝑖,𝑘+1(0) > 0   (40) 

The positive constant parameters 𝛤𝑖,𝑘  , and Γi,k+1 

determine the rate at which the tracking errors are updated. 

Additionally, 𝛾i,k(0), and 𝛾𝑖,𝑘+1(0) represent the initial 

positive values of the robust gains at 𝑡 = 0. By employing 

adaptive estimation, the controller can adjust to the 

uncertainties in the 𝜃𝑖 vectors in real time. This capability 

enables the controller to effectively manage modeling 

uncertainties and achieve robust performance in the presence 

of changing or unknown system dynamics. 

Now, the Lyapunov theorem is utilized to ensure the 

stability and robustness of the closed-loop system, as well as 

tracking convergence to the desired outputs. We define a new 

candidate Lyapunov function as follows: 

𝑉𝑖,𝑘(𝑧𝑖,1, 𝑧𝑖,2, ⋯ , 𝑧𝑖,𝑘) 

   = 𝑉𝑖,𝑘−1 +
1

2
 𝑧𝑖,𝑘

2 +
1

2Γ𝑖,𝑘

 ( 𝛾𝑖,𝑘 − 𝜇𝑖,1)
2

≥ 0 

  

(41) 

That its time-derivative, along with equations (28) and (36), 

is given by: 

𝑉̇𝑖,𝑘 = 𝑉̇𝑖,𝑘−1 + 𝑧𝑖,𝑘𝑧̇𝑖,𝑘 + |𝑧𝑖,𝑘|( 𝛾𝑖,𝑘 − 𝜇𝑖,1) 

        = − ∑ 𝑐𝑖,𝑗𝑧𝑖,𝑗
2

𝑘−1

𝑗=1

+ 𝑧𝑖,𝑘−1𝑧𝑖,𝑘 

          +𝑧𝑖,𝑘[−𝑐𝑖,𝑘𝑧𝑖,𝑘 + 𝑎𝑖(𝜂, 𝜓)𝜃𝑎𝑖
𝑌𝑖  𝜃̃𝑖 

          −𝛾𝑖,𝑘𝑡𝑎𝑛ℎ (
𝑧𝑖,𝑘

𝜀𝑖

)]  + |𝑧𝑖,𝑘|( 𝛾𝑖,𝑘 − 𝜇𝑖,1) 

      = − ∑ 𝑐𝑖,𝑗𝑧𝑖,𝑗
2

𝑘

𝑗=1

+ 𝑧𝑖,𝑘−1𝑧𝑖,𝑘 

           +𝑧𝑖,𝑘𝑎𝑖(𝜂, 𝜓)𝜃𝑎𝑖
𝑌𝑖  𝜃̃𝑖 

           − 𝑧𝑖,𝑘𝛾𝑖,𝑘𝑡𝑎𝑛ℎ (
𝑧𝑖,𝑘

𝜀𝑖
) + |𝑧𝑖,𝑘|𝛾𝑖,𝑘 

           −|𝑧𝑖,𝑘|𝜇𝑖,1 

 

 

 

 

(42) 

According to the equation (37), it can be expressed as: 

𝑉̇𝑖,𝑘 ≤ − ∑ 𝑐𝑖,𝑗𝑧𝑖,𝑗
2

𝑘

𝑗=1

+ 𝑧𝑖,𝑘−1𝑧𝑖,𝑘 +  𝑧𝑖,𝑘𝜇𝑖,1 

            −𝑧𝑖,𝑘𝛾𝑖,𝑘𝑡𝑎𝑛ℎ (
𝑧𝑖,𝑘

𝜀𝑖

) +  |𝑧𝑖,𝑘|𝛾𝑖,𝑘 

             −|𝑧𝑖,𝑘|𝜇𝑖,1   

      ≤ − ∑ 𝑐𝑖,𝑗𝑧𝑖,𝑗
2𝑘

𝑗=1 + 𝑧𝑖,𝑘−1𝑧𝑖,𝑘 

− 𝑧𝑖,𝑘𝛾𝑖,𝑘𝑡𝑎𝑛ℎ (
𝑧𝑖,𝑘

𝜀𝑖

) + |𝑧𝑖,𝑘|𝛾𝑖,𝑘 

     

 

 

 

(43) 
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It is important to note that the following inequality holds true 

for all values of 𝜀 > 0 [13]. 

0 ≤ |𝑧𝑖,𝑘| − 𝑧𝑖,𝑘 tanh (
𝑧𝑖,𝑘

𝜀𝑖

) ≤ 𝑐𝜀𝑖 ,    

 𝑐 = 0.2785 

(44) 

After some arrangement, the following inequality can be 

obtained: 

𝑉̇𝑖,𝑘 ≤ − ∑ 𝑐𝑖,𝑗𝑧𝑖,𝑗
2

𝑘

𝑗=1

+ 𝑧𝑖,𝑘−1𝑧𝑖,𝑘 + 𝛾𝑖,𝑘 c𝜀𝑖 

(45) 

Step 𝒌 + 𝟏: From (20), (21), and (24), we obtain 

𝑧̇𝑖,𝑘+1 =
𝜕𝑔

𝜕𝑢𝑖

(−𝑘𝑖𝑢𝑖 + 𝑤𝑖) 

              −
𝜕𝛼𝑖,𝑘

𝜕𝜓𝑖,𝑘
(𝜃𝑏𝑖

𝑏𝑖(𝜂, 𝜓) − Υ𝑖   

+ 𝜃𝑎𝑖
𝑎𝑖(𝜂, 𝜓)𝑔(𝑢) +  Δ𝑑𝑖(𝑡)) 

            −
𝜕𝛼𝑖,𝑘

𝜕𝛾𝑖,𝑘

Γ𝑖,𝑘|𝑧𝑖,𝑘| 

 

 

(46) 

Υ𝑖 = ∑
𝜕𝛼𝑖,𝑘

𝜕𝜓𝑖,𝑗

𝜓𝑖,𝑗+1

𝑘−1

𝑗=1

+ ∑
𝜕𝛼𝑖,𝑘

𝜕𝑦𝑑𝑖

(𝑗−1)

𝑘

𝑗=1

𝜓𝑑
(𝑗)

 

(47) 

Note that 
𝜕𝑔

𝜕𝑢
  is a variable quantity, which adds complexity 

to the design and analysis procedures. To address this 

challenge, we introduce the Nussbaum function 𝑁(𝜒) as 

follows: 

𝒩(𝒳) = 𝒳2cos (𝒳)     (48) 

A design for the backstepping control law for 𝑤𝑖  is 

formulated in the following manner 

𝑤𝑖 =  𝒩(𝒳𝑖)𝑤̅𝑖                                                               (49) 

𝒳̇𝑖 = 𝛾𝒳𝑖
𝑧𝑖,𝑘+1𝑤̅𝑖  (50) 

𝑤̅𝑖 = −𝑐𝑖,𝑘+1𝑧𝑖,𝑘+1 + Υ𝑖 +
𝜕𝛼𝑖,𝑘

𝜕𝛾𝑖,𝑘

Γ𝑖,𝑘|𝑧𝑖,𝑘| 

          +
𝜕𝛼𝑖,𝑘

𝜕𝜓𝑖,𝑘

(𝜃̂𝑏𝑖
𝑏𝑖(𝜂, 𝜓) − 𝑧𝑖,𝑘 

           +𝜃̂𝑎𝑖
𝑎𝑖(𝜂, 𝜓)𝑔(𝑢)) +  

𝜕𝑔

𝜕𝑢𝑖

𝑘𝑖𝑢𝑖 

          −ℒ𝑖 (
𝜕𝛼𝑖,𝑘

𝜕𝜓𝑖,𝑘

)

2

𝑧𝑖,𝑘+1 

         −𝛾𝑖,𝑘+1tanh (
𝑧𝑖,𝑘+1

𝜀𝑖

) 

   

 

(51) 

The coefficients 𝑐𝑖,𝑘+1, ℒ𝑖, and 𝛾𝒳𝑖
 are positive design 

parameters. To analyze the designed system, we now 

consider an augmented positive Lyapunov function given by: 

𝑉𝑖,𝑘+1(𝑧𝑖,1, 𝑧𝑖,2, ⋯ , 𝑧𝑖,𝑘+1) = 𝑉𝑖,𝑘 +
1

2
𝑧𝑖,𝑘+1

2  

   +
1

2Γ𝑖,𝑘+1

(𝛾𝑖,𝑘+1 − 𝜇𝑖,2)2 

 

(52) 

The Lyapunov function is positive definite. The derivative 

of  𝑉𝑖,𝑘+1 is obtained as follows: 

𝑉̇𝑖,𝑘+1 = − ∑ 𝑐𝑖,𝑗𝑧𝑖,𝑗
2

𝑘

𝑗=1

+ 𝑧𝑖,𝑘𝑧𝑖,𝑘+1 + 𝛾𝑖,𝑘 c𝜀𝑖 

+𝑧𝑖,𝑘+1(𝑧̇𝑖,𝑘+1 + 𝑤̅𝑖 − 𝑤̅𝑖) 

                +|𝑧𝑖,𝑘+1|( 𝛾𝑖,𝑘+1 − 𝜇𝑖,2)  

 

(53) 

Substituting  equation (51) into (53) and using the 

adaptation law from (40) yields: 

𝑉̇𝑖,𝑘+1 = − ∑ 𝑐𝑖,𝑗𝑧𝑖,𝑗
2

𝑘

𝑗=1

+ 𝑧𝑖,𝑘𝑧𝑖,𝑘+1 + 𝛾𝑖,𝑘 c𝜀𝑖 

            −𝑧𝑖,𝑘+1𝑤̅𝑖 + |𝑧𝑖,𝑘+1|( 𝛾𝑖,𝑘 − 𝜇𝑖,2) 

           +𝑧𝑖,𝑘+1(
𝜕𝑔

𝜕𝑢𝑖

𝑤𝑖 − 𝑐𝑖,𝑘+1𝑧𝑖,𝑘+1 − 𝑧𝑖,𝑘 

          −
𝜕𝛼𝑖,𝑘

𝜕𝜓𝑖,𝑘
Δ𝑑𝑖 −  ℒ𝑖 (

𝜕𝛼𝑖,𝑘

𝜕𝜓𝑖,𝑘

)

2

𝑧𝑖,𝑘+1 

          −
𝜕𝛼𝑖,𝑘

𝜕𝜓𝑖,𝑘

𝑏𝑖(𝜂, 𝜓)(𝜃𝑏𝑖
−  𝜃̂𝑏𝑖

) 

         − 
𝜕𝛼𝑖,𝑘

 𝜕𝜓𝑖,𝑘

𝑎𝑖(𝜂, 𝜓)(𝜃𝑎𝑖
− 𝜃̂𝑎𝑖

)𝑔(𝑢) 

        − 𝛾𝑖,𝑘+1 tanh (
𝑧𝑖,𝑘+1

𝜀𝑖

)) 

 

 

 

(54) 

According to equation (38), it can be expressed as follows: 

𝑉̇𝑖,𝑘+1 ≤ − ∑ 𝑐𝑖,𝑗𝑧𝑖,𝑗
2

𝑘

𝑗=1

+ 𝑧𝑖,𝑘𝑧𝑖,𝑘+1 + 𝛾𝑖,𝑘 c𝜀𝑖 

             −𝑧𝑖,𝑘+1𝑤̅𝑖 + |𝑧𝑖,𝑘+1|( 𝛾𝑖,𝑘+1 − 𝜇𝑖,2) 

             +𝑧𝑖,𝑘+1(
𝜕𝑔

𝜕𝑢𝑖

𝑤𝑖 − 𝑐𝑖,𝑘+1𝑧𝑖,𝑘+1 − 𝑧𝑖,𝑘 −   
𝜕𝛼𝑖,𝑘

𝜕𝜓𝑖,𝑘

Δ𝑑𝑖  

          −𝜇𝑖,2 − ℒ𝑖 (
𝜕𝛼𝑖,𝑘

𝜕𝜓𝑖,𝑘

)

2

𝑧𝑖,𝑘+1 − 𝛾𝑖,𝑘+1 tanh (
𝑧𝑖,𝑘+1

𝜀𝑖

)) 

        ≤ − ∑ 𝑐𝑖,𝑗𝑧𝑖,𝑗
2

𝑘+1

𝑗=1

+ 𝛾𝑖,𝑘  c𝜀𝑖 − 𝑧𝑖,𝑘+1𝑤̅𝑖 + 𝑧𝑖,𝑘+1

𝜕𝑔

𝜕𝑢𝑖

𝑤𝑖   

           −𝑧𝑖𝑘+1

𝜕𝛼𝑖,𝑘

𝜕𝜓𝑖,𝑘

Δd𝑖 − ℒ𝑖 (
𝜕𝛼𝑖,𝑘

𝜕𝜓𝑖,𝑘

)

2

𝑧𝑖,𝑘+1
2     

        +|𝑧𝑖,𝑘+1|𝛾𝑖,𝑘+1 − 𝛾𝑖,𝑘+1 𝑧𝑖,𝑘+1tanh (
𝑧𝑖,𝑘+1

𝜀𝑖
)        (55) 

By substituting equations (49) and (44) and utilizing the 

inequality 𝑎𝑏 ≤
𝑎2

2
+

𝑏2

2
, one can write 

𝑉̇𝑖,𝑘+1  ≤ − ∑ 𝑐𝑖,𝑗𝑧𝑖,𝑗
2𝑘+1

𝑗=1 + 𝛾𝑖,𝑘𝑐𝜀𝑖 + 𝛾𝑖,𝑘+1𝑐𝜀𝑖 

                +𝑧𝑖,𝑘+1
𝜕𝑔

𝜕𝑢𝑖
(𝒩(𝒳𝑖) − 1)𝑤̅𝑖 +

1

4ℒ𝑖
𝐷𝑖

2     

(56) 

where 𝐷𝑖   is a constant which denotes the bound of Δ𝑑𝑖(𝑡) 

and may not be available. Substituting equation (50) into 

equation (56) yields: 

𝑉̇𝑖,𝑘+1   ≤ −𝐶𝑉𝑖,𝑘+1 + 𝑀𝑖 

+
1

 𝛾𝒳𝑖

(𝜉𝑖𝒩(𝒳𝑖) − 1)𝒳̇𝑖 

(57) 
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where  𝑀𝑖 = (𝛾𝑖,𝑘 + 𝛾𝑖,𝑘+1)𝑐𝜀𝑖 +
1

4ℒ𝑖
𝐷𝑖

2,  𝐶𝑖 =

2𝑚𝑖𝑛{ 𝑐𝑖,1, 𝑐𝑖,2, ⋯ , 𝑐𝑖,𝑘+1},  and  
𝜕𝑔

𝜕𝑢𝑖
= 𝜉𝑖, | 

𝜕𝑔

𝜕𝑢
| =

| 
4

 (𝑒

𝑢
𝑢𝑀+𝑒

−
𝑢

𝑢𝑀)2

| ≤ 1. 

By directly integrating differential inequality (57), we 

obtain: 

𝑉𝑖,𝑘+1 ≤ 𝑉𝑖,𝑘+1(0)𝑒−𝐶𝑖𝑡 +
1

𝐶𝑖

(𝑀𝑖)(1 − 𝑒−𝐶𝑖𝑡) 

                    
𝑒−𝐶𝑖𝑡

 𝛾𝒳𝑖

∫  (𝜉𝑖𝒩(𝒳𝑖) − 1)
𝑡

0
𝒳̇𝑖𝑒

𝐶𝑖𝜏𝑑𝜏               

 

(58) 

We can conclude that the closed-loop system is stable 

based on Lemma 1. 

Theorem 1. Consider the uncertain nonlinear system (9) 

satisfying Assumptions 1– 3 and Lemma 1. An adaptive 

backstepping sliding mode control (49) makes outputs 𝑦𝑖(𝑡) 

track the desired trajectory 𝑦𝑑𝑖
(𝑡)  while ensuring the 

boundedness of all the closed-loop signals. 

Proof: By applying the virtual controllers (25), (26), and 

(33), along with the Lyapunov functions (27), (41), and (52), 

and implementing the parameter update laws (39) and (40), 

and control law (49), the stability of the closed-loop system 

is ensured. 

 

IV. Results and Discussion  

In this section, we apply the proposed controller scheme 

to an uncertain bi-model SEIAR epidemiological model with 

five saturated control inputs. The system dynamics 

incorporate input saturation, uncertainty, and external 

disturbances. The values of the system parameters used in 

the simulations are sourced from references  [4, 30], and are 

provided in Table 2. We validate the effectiveness of the 

proposed system through simulation analysis in the 

MATLAB Simulink environment. The performance of the 

proposed controller is compared with two other controllers: 

the dynamic anti-windup compensator (AWC) and the 

adaptive sliding mode controller (ASMC), as detailed in [20] 

and [15] respectively. In [20], the AWC addresses actuator 

saturation by employing a two-step design. First, a nonlinear 

feedback controller is developed without considering input 

constraints, and then a dynamic compensator is added to 

manage saturation This compensator leverages the 

difference between the generated control signal and the 

saturated signal as a dead-zone signal to activate the anti-

windup mechanism. Additionally, we assume the following 

saturation levels for the control inputs: 

 

𝑠𝑎𝑡(𝑢𝑖) = {

0.75,     𝑢𝑖 ≥  0.75
𝑢𝑖 ,    0 ≤   𝑢𝑖 ≤ 0.75, 𝑖 = 1,2,3

0  ,     𝑢𝑖 ≤ 0 
  

 

 (59) 

𝑠𝑎𝑡(𝑢𝑖), = {

0.35,     𝑢𝑖 ≥ 0.35
  𝑢𝑖 ,   0 ≤   𝑢𝑖 ≤ 0.35

0 ,     𝑢𝑖 ≤ 0
, 𝑖 = 4,5 

(60) 

TABLE II INTERPRETATION OF SYSTEM PARAMETERS 

[4, 30] 

Parameter Description 
Values 

(days-1) 

𝜈 Rate of birth 0.0086  

𝜅1 Rate of becoming infectious after a 

latent period from E1 to I1 

0.955 

𝜅2 Rate of becoming infectious after a 

latent period from E2 to I2 

0.526 

𝛾1 The cure rate for the infected with 

comorbidity 

0.633 

𝛾2 The cure rate for the infected with 

comorbidity 

0.833 

𝜂1 The cure rate for Asymptomatic class 

I 

0.112 

𝜂2 The cure rate for asymptomatic class 

II 

0.244 

𝑝1 Percentage of experiencing symptoms 

for class I 

0.867 

𝑝2 Percentage of experiencing symptoms 

for class II 

0.667 

𝛽1 Transmission rate from  S to E1 1.667 

𝛽2 Transmission rate from  S to E2 1.667 

μ Natural death rate  0.0039 

𝜔 Rate of losing immunity   0.833  

𝜌1 Mortality rate of individuals caused 

by infection for class I 

0.03 

 

𝜌2 Mortality rate of individuals caused 

by infection for class            II 

0.02 

 

The simulations are based on a final treatment time of 𝑡𝑓 =

60 days, which represents the duration required to eradicate 

the disease from the population, as determined by the 

designer. The running time of algorithm implementation is 

3.0101 seconds. To control the disease epidemic, the target 

reduction of the susceptible and infected compartments 

(𝐼𝑑 ,  𝐸𝑑 , 𝑆𝑑) over time is defined as follows: 

𝑆𝑑 = (𝑆0 − 𝑆𝑓) exp(−𝑎𝑡) + 𝑆𝑓 

𝐸𝑑𝑖
= (𝐸0𝑖 − 𝐸𝑓𝑖) 𝑒𝑥𝑝(−𝑎𝑡) + 𝐸𝑓𝑖

, 𝑖 = 1,2   

𝐼𝑑𝑖
= (𝐼0𝑖 − 𝐼𝑓𝑖) 𝑒𝑥𝑝(−𝑎𝑡) + 𝐼𝑓𝑖

                              

 

(61) 

Here, (𝑎) is the adjustable population reduction rate, 

chosen as 𝑎 = 0.2. The desired steady-state numbers of 

infected, exposed, and susceptible individuals denoted as 𝐼𝑓𝑖 , 

𝐸𝑓𝑖 , and 𝑆𝑓 are assumed to be zero (𝑖. 𝑒. , 𝐼𝑓 = 0, 𝐸𝑓 =

0,  𝑆𝑓 = 0 ). The initial numbers of infected, exposed, and 

susceptible individuals are represented as 𝐼0, 𝐸0, and 𝑆0 , 

respectively. respectively. The initial values of the 

influenza variables used in these simulations, along with 

the parameters for the controller, are provided in Tables 3 

and 4, respectively. Additionally, the model parameters are 

perturbed by 80% , and ∆𝑑(𝑡) =

[ 0.3sin(4t)  0.5sin(3t)  0.8cos(2t) 0.2sin(5t) 0.4cos(t)]𝑇 
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represents unidentified time-varying external disturbances, 

unmodeled dynamics, and perturbations introduced into the 

system. 

TABLE III INITIAL VALUES OF THE STATE AND THE 

CONTROLLER VARIABLES 

Variable Initial value 

𝑆(0) 400 

𝐸1(0) 120 

𝐸2(0) 30 

𝐼1(0) 150 

𝐼2(0) 100 

𝐴1(0) 50 

𝐴2(0) 50 

𝑅(0) 100 

𝑢(0) [1 0 1 1 0] 

𝓧(𝟎) [0.01 0.0 0.02 0.02 0.01] 

 

TABLE IV CONTROLLER PARAMETERS 

Parameter Description Values 

𝑘 [𝑘1 𝑘2 𝑘3 𝑘4 𝑘5] [20 10 10 30 20] 

 𝛾𝑥 [𝛾𝑥1
 𝛾𝑥2  

𝛾𝑥3
𝛾𝑥4  𝛾𝑥5

] [0.01 0.01 0.01 0.1 0.11] 

ℒ [ℒ1 ℒ2 ℒ3 ℒ4 ℒ5] [5 10 20 10 10] 

𝜀 [𝜀1 𝜀2  𝜀3 𝜀4 𝜀5 ] [1 1 1 10 10] 

The text presents a comparative analysis of three simulation 

scenarios to investigate the population dynamics of the two-

group SEIAR mathematical model under varying conditions. 

These scenarios encompass: 

(I) Absence of control measures: This scenario serves as a 

baseline to observe the model's behavior without any 

interventions.  

(II) Application of different controllers on an 

unconstrained System: Here, various controllers are applied 

to the model without considering any constraints. This 

allows for an assessment of the controllers' effectiveness in 

an ideal setting. 

(III) Examination of the input-constrained System: in this 

scenario, the model incorporates input constraints, reflecting 

real-world limitations. The performance of the proposed 

dynamic compensator, AWC, and adaptive SMC is evaluated 

under these constraints.  

The comparison of these scenarios provides insights into the 

impact of control strategies and saturation constraints on the 

population dynamics of the two-group SEIAR model. It 

highlights the need for careful controller design and 

consideration of practical limitations to achieve adequate 

disease. Fig.3 illustrates the temporal evolution of the 

populations under consideration in the absence of control 

measures. Numerical analysis is conducted for the 

susceptible, exposed, and infected classes, examining 

scenarios where 𝑅0 > 1 and 𝑅0 < 1.  

Using the parameters from Table 2 and 𝛽 =  0.1, the 

calculated basic reproduction numbers are 𝑅0
1 = 0.2248 and 

𝑅0
2 =  0.2364. These values indicate that the infection dies 

out and the virus-free equilibrium is stable. In contrast, when 

𝛽 = 1.667, equations (7) and (8) yield R0
1 =  3.7691 and 

R0
2 = 3.9643, both greater than 1. Consequently, the disease 

becomes uniformly persistent, converging to an endemic 

equilibrium at (691, 47.2, 84.7, 46.3, 65.5, 104, 24.5, 123).  

As a result, the population will consistently contain 

infectious and asymptomatic individuals, implying that 

natural disease eradication is impossible. Therefore, control 

measures must be implemented to eradicate the disease. It is 

observed that 𝑅0
1 is lower than 𝑅0

2,  indicating that individuals 

with comorbidities are more vulnerable to infection. 

 

 
(a) 

 
(b) 

Fig.3. Open-loop response of the epidemic in the absence of 

control measures, when (a) 𝑅0 < 1, and (b) 𝑅0 > 1. 

Figs. 4, 5, 6, and 7 illustrate the management of 

susceptible, recovered, exposed, and infected individuals in 

an unconstrained system under various control strategies. 

These figures highlight the dynamics of the epidemic 

compartments over time, providing a comprehensive view of 

how the disease evolves in response to different 

interventions. The implementation of these control strategies 
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leads to a significant and rapid decline in the basic 

reproduction number as the outbreak progresses.  A lower 𝑅0 

signifies that each infected individual transmits the disease 

to fewer people, which is a critical factor in curbing an 

epidemic. Eventually, the model converges to a disease-free 

equilibrium, represented by (0, 0, 0, 0,0,0,0, 𝑁) as 𝑡 → ∞  , 

indicating the effective eradication of the disease within the 

population. 
As depicted in Fig. 4, the number of susceptible 

individuals decreases to zero, successfully achieving the 

intended tracking objective for this compartment. This 

decline suggests that the population has either recovered or 

acquired immunity, effectively disrupting the chain of 

transmission. Similarly, Fig. 5 illustrates that the number of 

recovered individuals steadily increases, asymptotically 

approaching the total population. This trend confirms a 

successful recovery process facilitated by the applied control 

mechanisms.  

 

Fig.4. Changes in the number of susceptible individuals in the 

unconstrained system under different control strategies. 

Figs. 6 and 7 present the variations in the number of 

exposed and infected individuals under different conditions, 

including scenarios with and without comorbidities. These 

figures emphasize how the control strategies effectively 

manage disease propagation in an unconstrained system. In 

both cases, the interventions significantly reduce the number 

of exposed and infected individuals over time, underscoring 

their efficacy in mitigating the epidemic.  

This analysis highlights the importance of implementing 

appropriate control measures to combat infectious diseases 

and provides a robust framework for understanding the 

dynamics of disease transmission and recovery in various 

population groups. 

 

 

Fig.5. Changes in the number of recovered individuals in the 

unconstrained system under different control strategies. 

 

(a) 

 

(b) 

Fig.6. Changes in the number of exposed individuals in the 

unconstrained system under different control strategies: (a) 

with comorbidities and (b) without comorbidities. 
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However, as illustrated in Fig. 4, the anti-windup 

compensator (AWC) controller exhibits limitations in 

managing uncertainties and external disturbances, leading to 

the unrealistic prediction of a negative susceptible 

population. This drawback suggests that the AWC controller 

may not be fully effective in maintaining system stability 

under uncertain conditions. In contrast, the proposed 

controller demonstrates superior convergence speed, 

improved tracking accuracy, and greater robustness in 

handling the epidemic dynamics. These advantages highlight 

its effectiveness in optimizing disease control strategies and 

ensuring a more reliable response to outbreaks. 

 

 

(a) 

 

(b) 

Fig.7.Changes in the number of infected individuals in the 

unconstrained system under different control strategies: (a) 

with comorbidities and (b) without comorbidities. 

Now, consider a scenario where the control inputs are 

limited. When the actuator becomes saturated, feedback 

loops are disrupted, preventing the controller from 

effectively influencing system performance. Consequently, 

saturation issues can lead to significant performance 

degradation, resulting in oscillations, prolonged settling 

times, undershoots, delays, excessive overshoots, and 

instability. Figs. 8, 9, 10, and 11 illustrates the output of the 

constrained system under various control strategies after 60 

days of treatment. As shown in Figs. 8 and 9, the degradation 

of the uncompensated system is evident in the output 

responses, which are characterized by undesirable 

oscillations and an extended settling time, ultimately 

compromising control performance. As a result, during the 

treatment period, a portion of the population remains 

susceptible, and recovered individuals are unable to fully 

converge to the total population. 

 

 

 
Fig.8. Change in the number of susceptible individuals in the 

input-constrained system under different control strategies.  

After applying various control strategies to the 

constrained system, it is clear that overall system 

performance has improved. The ABSMC approach offers 

several advantages over other methods. It demonstrates 

superior tracking accuracy by minimizing tracking errors 

between actual system states and desired trajectories. 

ABSMC effectively handles input saturation, ensuring 

control inputs remain within feasible bounds while 

maintaining stability and performance. The approach 

provides enhanced stability by incorporating integral action 

to eliminate steady-state errors and improve overall stability, 

even in the presence of uncertainties and disturbances. 

Additionally, as shown in Fig. 8, on the day 60, the 

difference in the number of susceptible individuals between 

the cases with and without the proposed ABSMC controller 

is approximately 66 individuals. This demonstrates that even 

when the vaccination input is saturated, the proposed 

controller effectively mitigates the negative impacts of input 

constraints and reduces the number of susceptible 

individuals. 
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Fig.9. Change in the number of recovered individuals in the 

input-constrained system under different control strategies. 

Furthermore, as illustrated in Fig. 9, when saturation 

occurs with the proposed controller, the number of recovered 

individuals increases over time and converges toward the 

final population. This behavior is due to the controller's 

ability to maintain stability and ensure that the system 

converges to the desired equilibrium point even in the 

presence of input saturation.  

The proposed ABSMC compensator's effectiveness in 

handling input saturation is crucial in real-world scenarios, 

where resource limitations and practical constraints may 

restrict the implementation of control inputs. By mitigating 

the effects of saturation, the controller ensures that the 

epidemic model remains stable and converges to the desired 

disease-free equilibrium point, reducing the impact of the 

pandemic on the population. 

Based on the information presented in Figs.10, and 11, the 

convergence rate to zero for infected and exposed 

individuals is faster when the proposed ABSMC 

compensator is employed compared to other methods. This 

is a crucial factor in managing pandemic diseases, as it is 

essential to control the timing of the disease to quickly steer 

the model toward a disease-free equilibrium point. The faster 

convergence rate achieved by the ABSMC compensator is 

attributed to its improved tracking accuracy, robustness to 

input saturation, enhanced stability, and adaptability. These 

advantages allow the ABSMC controller to respond 

effectively to changes in the epidemic dynamics and to drive 

the system towards the desired disease-free equilibrium 

point more rapidly. The implementation of the proposed 

compensator reduces the eradication duration of infected and 

exposed individuals by approximately 15 days compared to 

scenarios without it. By reducing the eradication duration of 

infected and exposed individuals, the ABSMC compensator 

can potentially mitigate the impact of the pandemic, reduce 

the burden on healthcare systems, and save lives. 

 

 

(a) 

 

(b) 

Fig.10. Change in the number of exposed individuals with and 

without comorbidities in the input-constrained system under 

different control strategies. 

The implemented rates of vaccination for the susceptible 

compartments (𝑢1), social distancing  for the exposed 

individuals (𝑢2, 𝑢3), and antiviral treatment for the infected 

individuals (𝑢4, 𝑢5)  are illustrated in Figs. 12 and 13. It is 

important to note that the vaccination, social distancing, and 

antiviral treatment rates in this model must be less than 

1(0 ≤ 𝑢𝑖(𝑡) ≤ 1, 𝑖 = 1, … ,5 ). This constraint ensures that 

the control inputs remain within feasible ranges. The 

simulation results demonstrate that the obtained control 

inputs satisfy this implementation constraint. This ensures 

that the control strategies are practically implementable and 

do not violate any physical or biological constraints. 

In the following, the impact of parametric uncertainty on 

the performance of the nonlinear robust adaptive controller 

is investigated. To this end, uncertainties of 20%, 40%, 60% 
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and 80% are applied to the initial estimation of model 

parameters (𝜃) relative to their real values (𝜃),  as outlined 

in Table 2.  Specifically, 𝜃 = 1.2𝜃, 1.4𝜃, 1.6𝜃 and 1.8𝜃 

correspond to 20%, 40%, 60% and 80% uncertainty, 

respectively. The tracking errors for the susceptible, 

exposed, and infected populations—both with and without 

underlying diseases—under varying levels of uncertainty are 

depicted in Figs. 14, 15, 16, 17, and 18, respectively. As 

illustrated in these figures, the proposed controller 

effectively manages different degrees of parametric 

uncertainty. Even with an uncertainty level of 80%, the 

tracking errors remain bounded, ensuring system stability. 

 

 

 

(a) 

 

(b) 

Fig.11. Change in the number of infected individuals with and 

without comorbidities in the input-constrained system under 

different control strategies  

 

 

 

Fig. 12. The required rate of vaccination and social distancing 

applied to the two-group epidemic model 

 

Fig. 13. The required rate of antiviral treatment applied to the 

two-group epidemic model 

 

Fig. 14. The effect of 20%, 40%, 60% and 80% uncertainty in 

the estimated model parameters on tracking errors of the 

susceptible  populations (𝑆 − 𝑆𝑑). 
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Fig.15. The effect of 20%, 40%, 60% and 80% uncertainty in 

the estimated model parameters on tracking errors of the 

exposed populations with comorbidities (𝐸1 − 𝐸𝑑1
). 

 
Fig.16. The effect of 20%, 40%, 60% and 80% uncertainty in 

the estimated model parameters on tracking errors of the 

exposed populations without comorbidities (𝐸2 − 𝐸𝑑2
). 

 

Fig. 17. The effect of 20%, 40%, 60% and 80% uncertainty in 

the estimated model parameters on tracking errors of the 

infected populations with comorbidities (𝐼1 − 𝐼𝑑1
). 

 

Fig. 18. The effect of 20%, 40%, 60% and 80% uncertainty in 

the estimated model parameters on tracking errors of the 

infected populations without comorbidities (𝐼2 − 𝐼𝑑2
). 

These results underscore the robustness and adaptability 

of the proposed approach in handling uncertain system 

parameters while maintaining reliable performance. 

To further evaluate the robustness of the proposed control 

approach, we investigate the required variation of 

vaccination, social distancing, and antiviral treatment in the 

control process of epidemic with different levels of 

uncertainty in model parameters. We consider three 

scenarios: 30%, 60%, and 90% uncertainty in model 

parameter compared to the nominal plant. As shown in Figs. 

19, 20, and 21, the proposed control method effectively 

handles parameter uncertainty. Despite significant variations 

in the model parameters, the required control inputs remain 

within acceptable ranges, ensuring effective management of 

the epidemic. Therefore, the nonlinear control strategy 

demonstrates strong robustness against parametric 

uncertainties in the model. 

 

Fig. 19. Required variation of vaccination in control process of 

epidemic with 30%, 60% and 90% uncertainty in model 

parameters in comparison with the nominal plant. 
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(a) 

 

(b) 

Fig. 20. Required variation of social distancing in control 

process of epidemic with 30%, 60% and 90% uncertainty in 

model parameters in comparison with the nominal plant. 

In epidemic disease simulations, error bars serve a 

fundamental role in capturing the inherent uncertainty 

present in the model's predictions. They provide a visual 

representation of the variability in key epidemiological 

parameters, such as transmission rates, recovery rates, and 

other disease dynamics, under the influence of both model 

uncertainties and external disturbances. By including error 

bars that reflect both the mean and standard deviation, these 

simulations offer a more nuanced understanding of the 

reliability of the predictions, enabling the assessment of the 

potential range of outcomes rather than a single deterministic 

result. 

This approach is particularly valuable when evaluating the 

effectiveness of intervention strategies, as it accounts for 

variations in real-world conditions, such as changes in public 

behavior, environmental factors, or external interventions. 

Moreover, error bars highlight the sensitivity of the model to 

fluctuations in parameter values, thus allowing researchers 

to identify critical parameters that most influence the disease 

progression. This information is essential for refining control 

strategies, ensuring that interventions remain robust even in 

the presence of substantial uncertainties. 

 

 

(a) 

 

(b) 

Fig. 21. Required variation of vaccination, social distancing, 

and antiviral treatment in control process of epidemic with 

30%, 60% and 90% uncertainty in model parameters in 

comparison with the nominal plant. 

Furthermore, the incorporation of error bars enhances the 

predictive power of the model by emphasizing the range of 

possible epidemic trajectories, thereby offering more 

realistic insights into the potential public health outcomes 

under varying levels of uncertainty. This aids policymakers 

in making informed decisions, particularly when there is a 

need to balance the trade-offs between control measures and 

their associated uncertainties. The error bars representing the 

mean and standard deviation of the simulation results are 

shown in Fig. 22, which visually underscores the uncertainty 

inherent in the model’s predictions and highlights the 

variability in outcomes across different parameter scenarios. 
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(a) 

 

(b) 

Fig. 22. Error bars representing (a) the mean value and (b) the 

standard deviation for the population dynamics over time 

V. Conclusions 

This study investigates the effectiveness of an anti-windup 

compensation method in a MIMO epidemic system modeled 

as a positive system, with a particular focus on input 

saturation, modeling uncertainties, and external 

disturbances. It is the first study to explore these specific 

aspects within the context of epidemic modeling and control, 

this research addresses practical constraints by incorporating 

input saturation and employing an anti-windup 

compensation method, thereby enhancing the robustness and 

performance of the epidemic control system. The proposed 

nonlinear robust adaptive backstepping sliding mode control 

(ABSMC) strategy combines the advantages of adaptive 

sliding mode control and backstepping control to tackle the 

spread of epidemic diseases within a host population. 

One of the key challenges addressed in this study is input 

saturation, which necessitates a careful balance between 

stability and precision. To achieve this balance, the research 

introduces a novel approach using auxiliary systems and 

Nussbaum gain functions. The Nussbaum function serves as 

a mathematical tool to address the nonlinearities caused by 

input saturation, ensuring the stability and positivity of 

system states while enhancing the controller's robustness. 

When integrated with the auxiliary design system, this 

approach creates a resilient and adaptive control scheme 

capable of performing effectively under various challenging 

conditions. 

To model the spread of the disease, a two-group SEIAR 

epidemic model with uncertain parameters is utilized, 

incorporating dynamic population changes. By accounting 

for uncertainties in the model's nonlinear dynamics, the 

proposed controller is better equipped to manage variations 

and unexpected changes in the disease transmission process. 

This results in improved control performance and resilience 

in real-world scenarios. The control strategy focuses on 

reducing the numbers of susceptible, exposed, infected, and 

asymptomatic individuals to zero while maximizing the 

recovered population through effective tracking of the total 

population. Simulation results demonstrate that the proposed 

ABSMC control scheme effectively addresses the challenges 

posed by input saturation and external disturbances, ensuring 

the stability of the nonlinear uncertain MIMO epidemic 

system while achieving the desired trajectory tracking 

performance. 

Furthermore, this control method can have significant 

social and economic impacts. By reducing the number of 

infected individuals and accelerating population recovery, 

treatment costs are reduced, and societal productivity is 

increased. Compared to traditional control methods, this new 

approach offers greater flexibility and resilience to 

uncertainties and disturbances, making it a suitable option 

for controlling epidemics in real-world conditions. 

However, practical implementation faces certain 

challenges. In real-world situations, the number of 

individuals in each group may not be readily accessible, 

necessitating the development of control methods that rely 

on observer output for the epidemic model. Future studies 

will explore observer-based design methods and effective 

control strategies for nonlinear epidemic and biological 

systems. Additionally, to address the limitations identified in 

this study, future work will investigate alternative strategies 

for improving the controller's robustness and computational 

efficiency in resource-constrained environments. This 

includes examining the impact of larger-scale uncertainties 

and unmodeled dynamics on system performance. For 

example, integrating machine learning techniques could 

enhance parameter estimation and adaptability in real-time 

applications, further advancing the method's effectiveness. 
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The use of DFIG-DC systems without stator voltage and current sensors has gained 

attention due to reduced costs and simplified control. However, diode rectifiers in these 

systems introduce current harmonics, degrading power quality and limiting performance 

at higher power levels. This study proposes a new structure for DFIG-DC systems, 

replacing the conventional two-level inverter with a T-type converter to address these 

issues.The proposed system uses a T-type converter to enhance voltage levels, reducing 

current harmonics and improving power quality. It also eliminates stator voltage and 

current sensors, simplifying the control system and reducing costs. Performance analysis 

through MATLAB/Simulink simulations demonstrated the effectiveness of the proposed 

system compared to conventional methods.The proposed DFIG-DC system with a T-type 

converter offers a cost-effective and efficient solution for reducing current harmonics and 

improving power quality. Its simplified control system and enhanced performance make 

it a promising approach for high-power applications in wind energy systems and other 

industrial uses. These findings highlight the system’s potential for improving reliability 

and operational efficiency in renewable energy and industrial applications. 

 

 

NOMENCLATURE    
DFIG Doubly-Fed Induction Generators MMF magnetomotive force 

MRF Multiple Reference Frame THD Total Harmonic Distortion 

NMCEC Normalized Maximum Corr-Entropy Criterion SOGI Second Order Generalized Integrator 

RSC Rotor Side Converter FLL Frequency Locked Loop 

I. Introduction 

The use of DC transmission systems has gained significant 

attention in recent years. These systems are widely utilized 

as transmission lines interconnecting power networks [1]. 

Furthermore, DC networks eliminate certain power 

electronic converters, simplifying the network structure and 

facilitating the integration of renewable energy sources and 

storage systems while offering high efficiency and flexibility 

in power distribution [2] . 

One of the key features of doubly-fed induction generator 

(DFIG) is their ability to independently control active and 

reactive power, enabling variable-speed AC power 

generation using only rotor-side converter control. This 

characteristic has made DFIGs widely adopted in wind 

turbines [3].The output power of a DFIG can be regulated by 

controlling the rotor currents. Consequently, the rotor side of 

the generator is connected to the DC network through a 

controlled converter, while the AC output from the stator is 

transferred to the same DC network via a diode bridge this 

structure, known as DFIG-DC. This approach reduces costs 

and simplifies the system [4, 5] The main goals in this 

structures are to control the output power and the stator 

frequency, while DC link voltage regulation is managed 

through auxiliary control mechanisms [6].  Despite the 

numerous advantages of DFIG-DC systems, the presence of 

a diode rectifier introduces current harmonics in the stator 

windings. This results in distortions in the stator voltage and 
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flux waveforms, leading to increased torque ripple and 

reduced equipment lifespan [7].  

Various studies have been conducted to mitigate these 

current harmonics and their adverse effects on DFIG 

systems. In reference [8]  a new method for power angle 

control of DFIG-DC has been proposed. This method 

directly controls the output power without relying on current 

and voltage models. Additionally, an improved direct 

resonant controller is utilized in this study to reduce torque 

ripple and current harmonics. Reference [9]  highlights that 

reducing current harmonics directly lowers torque ripple. It 

employs a resonant controller to minimize current 

harmonics, thereby reducing system losses. Resonant 

controllers have demonstrated excellent tracking capability 

for harmonic reference signals at a pre-designed resonant 

frequency. However, they are designed to target a specific 

harmonic frequency and do not account for frequency 

variations [10]. Moreover, resonant controllers have certain 

drawbacks, such as dependence on machine parameters, 

design complexity, and the requirement for positive and 

negative sequence control in unbalanced systems. Therefore, 

utilizing methods that not only reduce harmonics but also 

minimize computational burden in current and torque ripple 

calculations can significantly enhance the control system's 

performance [11,12].  

Reference [10]  proposes a method based on the multiple 

reference frame (MRF) approach to reduce torque ripple in 

DFIG-DC systems. It compensates for stator flux distortion 

caused by the diode rectifier by ensuring the rotor current 

tracks a pulsating reference signal. This method employs an 

estimator and regulator based on the MRF framework to 

accurately compute and track fundamental harmonics. The 

MRF-based controller provides a satisfactory dynamic 

response under unbalanced load conditions; however, its 

ability to eliminate harmonics is weak. Additionally, tuning 

this type of controller is challenging, involving complex 

mathematical computations and requiring a large amount of 

memory [13].  

In Reference [14], a normalized maximum Corr-entropy 

criterion (NMCC) is utilized to reduce torque ripple and 

network power fluctuations in hybrid wind-solar systems. 

This approach eliminates the need for harmonic separation 

and compensates for distortions and voltage imbalances, 

resulting in distortion-free rotor currents and balanced, 

sinusoidal network currents. According to previous studies, 

this control method only reduces torque ripple; however, 

further research is needed to simultaneously improve stator 

current quality during unbalanced grid voltages [15].  

One effective method for reducing harmonics is the use of 

multilevel converters. These converters help minimize the 

size of the output filter and reduce stress on switches, making 

them highly valuable in renewable energy systems [16].  

Common types of multilevel inverters include T-type, 

diode-clamped, H-bridge, and flying capacitor inverters. 

Among these, the T-type inverter stands out due to its 

reduced circuit components, the requirement for only a 

single DC link for all phases, and other advantages. These 

features make it a practical choice for medium- and high-

power applications. The unique design of T-type inverters 

makes them particularly useful in electric vehicles [17, 18] 

Additionally, T-type inverters are widely used in 

applications such as uninterruptible power supplies (UPS) 

for critical infrastructure like data centers and hospitals. 

Despite their benefits, these power sources face challenges 

such as high total harmonic distortion (THD) and noise, 

which can impact local power quality. Multilevel inverters 

can effectively address these issues [19]. T-type inverters 

also significantly enhance motor performance by reducing 

the harmonic content of the voltage applied to motor 

terminals. Furthermore, the high dv/dt generated in power 

electronics-based inverters is a known cause of motor 

failure. Multilevel inverters mitigate this issue by reducing 

dv/dt, thereby preventing motor damage [20]. 

Therefore, multilevel inverters, particularly the T-type, 

offer significant advantages in various industries, renewable 

energy systems, electric vehicles, and electric propulsion for 

aircraft. They are also widely used in energy storage systems, 

energy conversion management in microgrids, and smart 

grid applications. 

In this study, the focus is on employing a three-level T-

type converter within a DFIG-DC system to address key 

challenges in power quality and control. The proposed 

approach highlights the advantages of integrating a T-type 

inverter, which effectively reduces stator current and voltage 

harmonics. This reduction leads to lower torque ripple, 

output power ripple, and harmonic losses, thereby enhancing 

overall system performance. Unlike conventional methods, 

this work emphasizes the novel application of the T-type 

converter in a DFIG-DC context, demonstrating its potential 

to improve the control system's efficiency and reliability. 

The control strategy, based on rotor current vectors, 

eliminates the need for stator current and voltage sensors, 

simplifying the system structure and reducing costs. 

Although sensorless control methods have been explored in 

previous studies, the innovative aspect of this research lies 

in the synergistic integration of the T-type converter with 

advanced control techniques. This integration results in a 

more precise, cost-effective, and robust system.  

In comparison to existing approaches, reference [21] 

highlights the use of a sensorless control method that 

involves modeling the system using a transformer between 

the stator and rectifier, considering 5th and 7th order voltage 

harmonics. The proposed scheme utilizes field-oriented 

control to enhance system performance. While the addition 

of a transformer improves stator voltage quality, it also 

increases costs and can lead to higher impedance in the 

circuit, potentially affecting overall system efficiency. This 
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increase in impedance needs careful analysis during the 

design and implementation phases. 

Further, in reference [22] the stator winding voltages are 

calculated using the Second Order Generalized Integrator 

(SOGI) method, which is then used in a Frequency Locked 

Loop (FLL). Although this approach reduces costs, the high 

precision required for setting parameters like natural 

frequency can lead to issues in voltage estimation, disrupting 

the performance of the FLL block. Reference [23] explores 

a method based on rotor current vectors, eliminating the need 

for stator voltage and current models. This approach reduces 

system costs by removing sensors but does not fully address 

the effects of harmonics, which can impact the accuracy and 

stability of the control system. 

To evaluate the effectiveness of the novel T-type inverter 

configuration, MATLAB/Simulink simulations were 

conducted, and the results were compared with conventional 

methods. The findings show significant improvements in 

power quality and control dynamics, emphasizing the 

suitability of the T-type inverter for advanced DFIG-DC 

systems. 

 

II. Methodology 

A. System Structure of DFIG-DC 
The overall schematic of the DFIG-DC system is 

illustrated in Fig. 1. In this configuration, the rotor side is 

connected to the DC network via a rotor side converter 

(RSC), while the stator side is connected to the same DC 

network through a diode-based rectifier. 

DFIG

Diode bridge

RSC

DCV

A

B

C

b

c

a

DC Link

 
Fig. 1. Topology of a Conversion for a DFIG-DC System 

 

The operational principle of a DFIG connected to a DC 

network involves two key processes: first, the excitation 

current is injected into the rotor windings via the RSC. Then, 

the power generated in the stator windings is transferred to 

the DC network through the stator-side rectifier. 

In the DFIG system, the stator frequency is higher than the 

rotor frequency, and Fig.1 must be controlled in such a way 

that the MMF of the rotor windings is greater than that of the 

stator, as the control is performed from the rotor side. By 

adjusting the MMF, the generated torque can be effectively 

controlled. 

Fig. 2 illustrates the equivalent circuit of the DFIG in the 

stator flux-oriented frame. In this figure; Ir and Is represent 

the rotor and stator currents, respectively. Vr and Vs denote 

the rotor and stator voltages. Lσr , Lσs and Lm refer to the 

leakage inductance of rotor and stator and mutual 

inductance. Rr and Rs indicate the rotor and stator 

resistances. ψs and ψr correspond to the stator and rotor flux, 

respectively. ωr represents the angular frequency of the rotor 

winding voltages and currents, while ωs represents the 

angular frequency of the stator winding voltages and 

currents. 
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Fig. 2. Mathematical model of DFIG-DC 

 

The stator and rotor voltage vector equations in the dq-

axis, represented by Eq. 1 and Eq. 2, are derived from the 

equivalent circuit shown in Fig. 2. These equations can be 

expressed as follows: 


 = + +s

s s s s s

d
V R i j

dt
 

 

                                      (1) 


 = + +r

r r r r r

d
V R i j

dt
 

 

                                    (2) 

 

The relationship between the flux and current vectors of 

the rotor and stator is expressed in Eq. 3 as follow. 





 = +


= +

s s s m r

r r r m s

L i L i

L i L i

 
 

                                    (3) 

             

The torque equation can be defined using the stator flux 

and rotor current variables, as shown in Eq. 4. 

  ( )*3 3
Im

2 2
  = = −m m

s r sq rd sd rq

s s

L L
Tem p i p i i

L L

          (4) 

              

In this equation p represent as pole pair.  
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B. T-Type inverter 
In the DFIG-DC system, one of the major challenges is the 

presence of voltage and current harmonics, which can 

disrupt the system's performance. These harmonics are 

primarily caused by the use of the diode rectifier, which 

introduces significant harmonic distortion.  

One solution to reduce voltage and current harmonics is to 

use T-type inverters.In this approach, the focus is on rotor-

side inverters. the T-type inverter have ability to produce 

multiple voltage levels, which improves harmonic 

performance and facilitates the generation of high-quality 

output waveforms with a lower total harmonic distortion 

(THD).  

In the T-type inverter, pulse width modulation effectively 

prevents direct switching between the positive (P) and 

negative (N) terminals. 

The T-type converter structure is shown in Fig. 3. In this 

converter, nine switches are used, with three of them being 

bidirectional switches. The central point of the three-level 

inverter on the left is connected to the node "n" Additionally, 

the voltage across the bidirectional switches is half of the 

output voltage, which helps to reduce voltage stress and 

improve the overall performance of the inverter. 

+
+

+

-

--

2

d cV

2

d cV
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B

C

dcV n
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Fig. 3. Three phase three level T-Type inverter 

 

Table 1 presents the switching states of the T-type 

converter for phase “A”. To prevent a short circuit in the 

converter's DC link, the switches within a single leg must not 

be switched on at the same time. In this configuration, if  

switch S1 is turned on the phase “A” output  voltage is sested 

to zero. Activating switch S4 results in a phase “A” output 

voltage of Vdc/2 , while turning on switch S5 sets the output 

voltage to -Vdc /2. 

 

TABLE I SWITCHING MODES FOR PHASE A 

Switching 

state 

Phase 

voltage 

S1 S4 S5 

Case 1 0 On Off Off 

Case 2 Vdc /2 Off On Off 

Case3 -Vdc /2 Off Off On 

Table 2 provides an analysis of all voltage vectors and 

their corresponding switching states in the inverter. In the 

context of the three-phase system, there are 27 unique states, 

which are categorized into four main groups: zero states, 

small states, medium states, and large states. 

TABLE 2 VOLTAGE VECTORS, SWITCHING STATES 

State On Switches Voltage Vector 

Zero vector 
1 2 3, ,S S S  - 

Zero vector 
4 6 8, ,S S S  - 

Zero vector 
5 7 9, ,S S S  - 

Small vector 
1 7 9, ,S S S  

1V  

Small vector 
4 2 3, ,S S S  

1V  

Small vector 
4 6 3, ,S S S  

2V  

Small vector 
1 2 9, ,S S S  

2V  

Small vector 
1 6 3, ,S S S  

3V  

Small vector 
5 2 9, ,S S S  

3V  

Small vector 
1 6 8, ,S S S  

4V  

Small vector 
5 2 3, ,S S S  

4V  

Small vector 
1 2 8, ,S S S  

5V  

Small vector 
5 7 3, ,S S S  

5V  

Small vector 
4 2 8, ,S S S  

6V  

Small vector 
1 7 3, ,S S S  

6V  

Medium vector 
4 2 9, ,S S S  

7V  

Medium vector 
1 6 9, ,S S S  

8V  

Medium vector 
5 6 3, ,S S S  

9V  

Medium vector 
5 2 8, ,S S S  

10V  

Medium vector 
1 7 8, ,S S S  

11V  

Medium vector 
4 7 3, ,S S S  

12V  

Large vector 
4 7 9, ,S S S  

13V  

Large vector 
4 6 9, ,S S S  

14V  

Large vector 
5 6 9, ,S S S  

15V  

Large vector 
5 6 8, ,S S S  

16V  

Large vector 
5 7 8, ,S S S  

17V  

Large vector 
4 7 8, ,S S S  

18V  

 

After excluding repetitive vectors, the T-type inverter 

features 21 unique independent vectors and it have 13 

voltage vectors more than those in a conventional two-level 

inverter. This increase greatly reduces voltage harmonics, 

resulting in a corresponding decrease in current harmonics. 

The space vector diagram of the T-type inverter, shown in 

Fig. 4, is divided into 12 sectors. Each vector, excluding 

repetitive and zero vectors, corresponds to a specific 

switching state listed in Table 2. 
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Fig. 4. T-Type inverter’s voltage vectors’ distribution in 

the αβ plane 

 

During diode rectifier conduction, the steady-state 

equivalent circuit of the DFIG connected to the diode bridge 

is illustrated in Fig. 5. For simplified analysis, the rotor 

variables are referenced to the stator side, with the RSC and 

rotor modeled as an equivalent current source, Ir. In this 

representation, Im is the magnetizing current, Is is the stator 

current, vg denotes the air-gap voltage, and vs represents the 

stator voltage. 

Using the equivalent circuit depicted in Fig. 5, the 

relationship between the stator and rotor currents can be 

mathematically expressed as shown in Eqs. 5. This equation 

establishes the connection between the two current 

components, offering insight into their interdependence 

within the system's operational framework. 

= +r s mI I I                                        (5) 

 

RSC
+

Rotor
side

rI sI

mI

mE

sL 
sR

sU dcV

 
Fig. 5. Steady-State Equivalent Circuit of the DFIG-DC 

System 

 

Given that the stator resistance is negligible compared to 

the stator leakage inductance, the air-gap voltage can be 

approximated and expressed as shown in Eq. 6. 

mI  = = +m s m s s s sE j L U j L I                   (6) 

Because the diode bridge causes the stator voltage to be 

nearly in phase with the stator current, the rotor current can 

be derived using Eqs. 5 and 6. The resulting expression is 

presented in Eq. 7. 


= − +s s

r s

m s m

U L
I j I

L L
  

                                   (7) 

In Eq. 7, Ls represents the sum of the mutual inductance 

and the stator leakage inductance. Using this equation, the 

relationship between the stator current and the rotor current 

can be derived and expressed as shown in Eq. 8. 

cos( )    cos( ) = → =s m
r s s r

m s

L L
I I I I

L L

  

        (8) 

 

 The angle between the rotor current and the stator current 

is mathematically defined by Eq. 9. This equation captures 

the phase relationship between the two currents. 

arctan( )


=
s

s s s

U

L I

  

                                 (9) 

Using this angle, the stator power can be expressed as 

shown in Eq. 10. This equation incorporates the phase 

relationship between the rotor and stator currents to 

accurately represent the power dynamics in the system. 

cos( )= m
s r s

s

L
P I U

L

  

                                   (10) 

From Eq. 10, it is clear that the stator active power can be 

effectively controlled using rotor current vector control. 

When the stator power is reduced to zero, the stator current 

also becomes zero, aligning the stator voltage with the air-

gap voltage. In this condition, the stator voltage is 90 degrees 

out of phase with the rotor current. As the power output 

increases, the stator current rises, causing a reduction in the 

phase angle. This phase angle remains constrained within the 

range of 0 to 90 degrees, ensuring stable operation and 

predictable power dynamics. 

In DFIG-DC systems, control of the system relies entirely 

on the RSC because the diode rectifier on the stator side is 

uncontrollable. The RSC plays a dual role: it manages the 

power transferred from the rotor and ensures that the 

generator operates at its nominal frequency, thereby 

maintaining optimal performance. This makes the RSC a 

critical component in the system's overall functionality. 

Sensorless controllers offer a promising solution to 

simplify the system by eliminating the need for stator voltage 

and current sensors. By reducing computational complexity, 

these controllers enhance system performance and enable 

more precise control over the stator side. In sensorless 

control, the system is managed using the rotor current vector, 

which effectively governs the dynamics of the generator 

without direct stator-side measurements. 

The control scheme for the T-type converter, designed to 

regulate stator power and frequency, is depicted in Fig. 6. In 

this configuration, the DC voltage Vdc and DC current Idc on 

the stator side are sampled along with the rotor currents and 

rotor position to manage the rotor-side converter. 

This control scheme has two primary components: stator 

active power control and stator frequency control, both 

implemented through rotor current vector control. The stator 

frequency control block generates a slip angle, which is 

utilized for Park and Clarke transformations to transition 

between reference frames. Meanwhile, the active power 

control block ensures proper regulation of stator active 
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power by adjusting the rotor current vector, facilitating 

precise and stable operation of the DFIG-DC system. 

In steady state, the stator frequency matches the rotational 

speed of the rotor current vector in the dq reference frame, 

which is directly determined by the rotor speed. By using the 

rotor angle and the synchronous dq frame angle, the slip 

angle can be calculated as shown in Eq. 11.  

1
  = −slip s r

s
 

 

                                   (11) 

The stator power can be represented in terms of the DC 

voltage Vdc and DC current Idc measured on the stator side, 

as expressed in Eq. 12.  

=s dc dcP V I                                      (12) 

 

DFIG
r

Diode bridge
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*

sP
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rqU
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rdU
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slip
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dq
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PWM

slip

Current Control

Frequency Control

DCI

 
Fig. 6. Overall Control Scheme 

The stator power is directly influenced by the rotor 

current, allowing it to be regulated through the magnitude of 

the rotor current. For maximum output power, the q-axis 

component of the rotor current should be controlled to zero, 

ensuring efficient power transfer. This relationship iss 

formalized in Eq. 13, which outlines the method for 

controlling the stator active power via the rotor current. 

* *( )
+

= −
pp ip

rd s s

k s k
I P P

s
 

 

                            (13) 

When the q-axis current is set to zero, the rotor current 

simplifies to equal the d-axis current. In this control 

framework, Kp represents the proportional gain, and Ki 

denotes the integral gain of the feedback controller. 

The proportional and integral gains of the inner current 

control loop are selected based on the system’s bandwidth 

requirements. The bandwidth of the outer power control loop 

is designed to be one-tenth of the inner loop’s bandwidth. 

These choices ensure proper dynamic response and stability 

in both control loops. 

Variations in controller parameters, such as Kp and Ki, can 

significantly impact the system’s response, particularly in 

terms of harmonic content and overall system stability. The 

tuning of these parameters directly affects system damping 

and the magnitude of its response to external disturbances. 

Therefore, precise adjustment of these parameters is crucial 

to achieving the desired power quality and control stability. 

For instance, in the rotor current control loop, the selection 

of Kp and Ki is made to achieve an appropriate open-loop 

bandwidth for rotor current, which is essential for 

maintaining system performance under varying operating 

conditions. 

The controller design strategy aims to balance fast 

dynamic response and system stability. Specifically, the rotor 

current control loop is designed to respond faster than the 

power control loop, and its controller parameters are tuned 

to ensure that the open-loop transfer function achieves 

crossover at the desired frequency with an appropriate phase 

margin.  

Using Kp =5.3 and Ki =500, the system’s pole map has 

been plotted in fig.7. According to the transfer function of 

power loop shown in Eq.14 the results indicate that as the 

power varies from zero to one per-unit, the power control 

loop remains stable at all times [24]. 
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Fig. 7. Pole map of power control loop 

 

III. TEST RESULTS 

To assess the effectiveness of the proposed control 

strategy, simulations were conducted using the 

MATLAB/Simulink environment. The simulations were 

conducted on a system with an Intel Core i7 processor, 16 

GB RAM, and MATLAB/Simulink R2021b. The average 

simulation time varied depending on the complexity of the 

model, with the proposed method requiring approximately 

2% more computation time than conventional approaches 

due to the increased number of switching states and control 

calculations. However, the computational load remains 

manageable for real-time implementation with appropriate 

hardware. 

The system's rotational speed is driven by a squirrel-cage 

induction motor mechanically coupled to the induction 

generator. The DC grid is modeled as a constant voltage 

source connected to a resistive load, simulating a realistic 

DC network. The specifications of the power supply and 
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squirrel cage induction motor match the specifications of the 

DFIG given in Table 3. 

TABLE II Parameters of the DFIG 

Parameters Symbols Value 

Rated power Ir 1000 W 
Rated frequency fn 50 Hz 

Rated voltage Vn 110 V 

Rotor resistance Rr 0.88 Ω 
Stator resistance Rs 1.01 Ω 

Mutual inductance Lm 8.87 mH 

DC voltage Vdc 140 V 
Stator leakage 

inductance 

Lsσ 5.6 mH 

Rotor leakage 

inductance 

Lrσ 5.6 mH 

This setup provides a robust framework for analyzing the 

performance improvements achieved by the proposed 

control strategy. 

Fig. 8 illustrates the system's behavior in two stages. In the 

first stage, from t=0 s to t=1.5 s, a reference power of 200 is 

set, and the active power of the stator closely follows this 

reference value in both methods. 

At t=1.5t s, the reference power is increased to 500. 

During this second stage, the active power of the stator 

reaches the desired value within 250 milliseconds without 

any steady-state error, as shown in Fig. 8(a). The proposed 

method achieves this with minimal fluctuations, and, 

compared to the conventional method shown in Fig. 8(b), the 

power ripple is significantly reduced.  

Fig.9 shows the phase-to-phase rotor voltage. As can be 

seen, the output voltage of the T-type inverter has 5 levels, 

while the output voltage of the two-level inverter has 3 

levels. The voltage range is the same for both methods. If the 

voltage levels are increased, the voltage harmonics are 

reduced because the waveform becomes closer to a 

sinusoidal shape due to the larger number of smaller voltage 

steps. Since the rotor voltage is positively correlated with the 

rotor current, the rotor current is also closer to an ideal 

sinusoid and the harmonics are reduced, and according to 

equation 8, the stator current is also improved, thereby 

reducing the harmonics of the entire system. 

Reducing the harmonics of the rotor current directly 

affects the electromagnetic torque and reduces it, resulting in 

an overall improvement in the system. In addition, increasing 

the number of voltage levels increases the regulation of the 

MMF in the rotor, which is very important for maintaining 

optimal performance and controlling the power flow in the 

stator and rotor windings. Therefore, higher voltage levels 

contribute to a more stable system with less harmonic 

distortion. 

 
(a) 

 
(b) 

Fig. 8. The waveform of the stator active power and 

reference power. (a) Proposed Method (b) Conventional 

Method. 

 

 
(a) 

 
(b) 

Fig. 9. Rotor Voltage Waveform (a) Proposed Method (b) 

Conventional Method 

Fig. 10 shows the phase-to-phase stator voltage of the 

DFIG. As seen, the voltage amplitude is the same in both 

methods, but the voltage waveform in the proposed method 

is not only more desirable but also significantly has fewer 

harmonics compared to the conventional method. This 

reduction in harmonics contributes to improved power 

quality and optimized system performance. 

Fig. 11 shows the torque behavior in both transient and 

steady-state conditions for both methods. A transient state 

occurs when the reference power changes from 200 to 500 at 

t=1.5 s. The figure clearly demonstrates that the proposed 

method leads to reduced torque ripple in the steady-state, 

with the torque value reaching 1 N.m. In contrast, the 
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conventional method results in a steady-state torque value of 

10 N⋅m. 

 
(a) 

 
(b) 

Fig. 10. Stator Voltage Waveform (a) Proposed Method (b) 

Conventional Method 

 
 

(a) 

 

 
(b) 

 

Fig. 11. Torque Waveform. (a) Proposed Method (b) 

Conventional Method 

 

Fig. 12 and 13 illustrate the flux waveforms of the stator 

and rotor in the dq reference frame. The results from t = 2.4 

s to t = 2.5 s indicate that the proposed method significantly 

reduces harmonics, leading to flux components in this 

reference frame exhibiting fewer variations and approaching 

nearly constant values. This demonstrates the optimal 

performance of the proposed control method in improving 

flux quality, highlighting its capability to reduce fluctuations 

and enhance system stability. 

 

 
(a) 

 
(b) 

Fig. 12. Stator Flux Waveform (a) Proposed Method 

(b) Conventional Method 

 

 
(a) 

 
(b) 

Fig. 13. Rotor Flux Waveform(a) Proposed Method 

(b) Conventional Method 

 

The response to the step change in reference power for the 

stator and rotor currents for both control methods is shown 

in Fig. 14 and 15, respectively. By comparing the steady-

state changes in Fig. 14 from t=2.45 s to t=2.49 s, it is 

observed that the proposed method significantly reduces the 

harmonics of the stator currents, and the waveform is much 
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closer to an ideal sine wave. Similarly, this comparison in the 

steady-state for the rotor current waveforms is clearly 

evident in Fig. 15. The results indicate that by using the T-

type inverter, three-phase currents for both the rotor and 

stator can be achieved with better quality. 

 
 (a) 

 
(b) 

 

Fig. 14. Stator Current Waveform (a) Proposed Method 

(b) Conventional Method 

 
(a) 

 
(b) 

Fig. 15. Rotor Current Waveform (a) Proposed Method 

(b) Conventional Method 

 

These results demonstrate the effectiveness of the 

proposed method in improving power quality and reducing 

harmonics. Fig. 16 shows the FFT analysis of rotor current 

harmonics in the steady-state, where the harmonic content 

for the conventional method is 52.26%, and for the proposed 

method, it is 13.09%. Additionally, Fig. 17 illustrates the 

FFT analysis of stator current harmonics in the steady-state, 

which is 51.76% for the conventional method and 14.43% 

for the proposed method.  

Reducing harmonics can significantly enhance system 

performance, and the T-type inverter plays a crucial role in 

achieving this by offering advantages such as reduced 

distortion and improved sinusoidal voltage generation with 

fewer components. However, despite these benefits, the T-

type inverter also introduces certain challenges. Compared 

to a conventional two-level inverter, it requires a more 

complex circuit topology due to the increased number of 

switches, making the switching process more challenging. 

Nonetheless, its ability to minimize harmonics and improve 

overall efficiency makes it a valuable choice in power 

electronics applications. 

Fundamental (25Hz)= 4.902, THD=13.09%
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(b) 

Fig. 16. FFT Analysis of Rotor Current (a) Proposed Method 

(b) Conventional Method 

Fundamental (75Hz)= 3.777, THD=14.43%
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Fundamental (75Hz)= 2.623, THD=51.76%
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(b) 

Fig. 17. FFT Analysis of Stator Current (a) Proposed Method 

(b) Conventional Method 
 

IV. Conclusion 

In this study, a novel approach for controlling a DFIG-DC 

system has been introduced through the integration of a 

three-level T-type inverter, leading to significant 

improvements in power quality and control performance.  

Unlike conventional methods, which primarily focus on 

mitigating characteristic harmonics of the form 6n±1, the 
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proposed approach has been designed to effectively reduce 

lower-order harmonics such as the 5th and 7th without 

requiring additional complex control strategies. This 

improvement has been achieved while maintaining a 

relatively simple control structure, minimizing mathematical 

complexity, and ensuring practical feasibility. 

A key advantage of the proposed method is the elimination 

of stator voltage and current sensors, which has simplified 

the control system, reduced costs, and enhanced system 

reliability. Instead, a current-oriented control strategy has 

been employed to regulate stator frequency and DFIG-DC 

power. Although a slight increase in complexity on the power 

system side has been observed, a substantial reduction in 

current harmonics, torque ripple, and power ripple has been 

demonstrated, resulting in superior output performance. 

Compared to the closest existing methods, which often 

rely on resonant or advanced controllers for harmonic 

suppression, better harmonic reduction has been achieved by 

utilizing the advanced capabilities of the T-type inverter 

while maintaining a more straightforward control 

framework. The effectiveness of this method has been 

validated through MATLAB/Simulink simulations, where 

improved dynamic response and harmonic suppression have 

been observed in comparison to traditional two-level 

inverters. 

These findings provide new insights into improving power 

quality in DFIG-DC systems, and it is expected that the 

proposed method will serve as a viable and implementable 

solution for wind energy applications. By setting a new 

benchmark in renewable energy systems, this work is 

anticipated to contribute to future research on optimizing 

multi-level inverter-based control strategies for grid-

connected and stand-alone wind power systems. 
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This paper presents a comprehensive investigation into the design principles and 

operational characteristics of dual three-phase permanent magnet (PM) machines. The 

study focuses on optimizing the winding arrangement and slot-pole combinations for 

enhanced performance and reliability. Through detailed analysis, an optimal 

configuration is proposed, and a dual three-phase machine based on this design is 

developed. The operational behavior of the machine is thoroughly examined under 

healthy conditions, with particular attention given to its thermal performance to ensure it 

can sustain high power density and output power without compromising reliability. The 

effectiveness of the proposed design and thermal analysis is validated through advanced 

simulation results, which demonstrate the motor's robust performance, efficiency, and 

ability to maintain stable operation under demanding conditions. Under natural cooling, 

the dual three-phase motor operates safely within its thermal limits, with a maximum 

winding temperature of 139.99℃, below the 180℃ insulation limit, and a maximum 

magnet temperature of 105.62℃, below the 150℃ limit. This research highlights the 

potential of dual three-phase PM machines for applications requiring high reliability and 

performance. 

I. Introduction 

With the increasing emphasis on environmental 

sustainability, developing clean transportation has become a 

global priority. Electric vehicles (EVs) stand out due to their 

high efficiency, low noise, and zero emissions [1]. 

Advancements in EV technology are closely tied to 

improvements in power system performance, enhancing 

reliability and reducing costs [2]. 

A critical aspect of EV powertrains is the reliability of 

electric drive systems. Traditional three-phase motors are 

vulnerable to faults, which can reduce torque, cause 

vibrations, and compromise safety [3]. To address these 

challenges, modern motor designs prioritize fault tolerance, 

allowing continued operation under fault conditions to 

ensure passenger safety [4]. 

This paper analyzes a dual three-phase permanent magnet 

motor with integrated fault detection. This system identifies 

faults and applies control strategies to maintain torque 

output, ensuring safe EV operation [5,6]. Dual three-phase 

motors offer benefits such as low torque ripple, high torque 

density, and compatibility with standard inverters [7]. 

Key advantages of dual three-phase motors include [6]: 

• High Fault Tolerance: Continued operation even with 

winding failures. 

• Simplified Fault Control: Low harmonic content and 

minimal unbalanced magnetic pull. 

• Enhanced Fault Performance: Ability to handle additional 

loads and maintain output under fault conditions. 

Since the introduction of fractional-slot concentrated 

winding motors in 1996, fault-tolerant multi-phase motors 

have seen increasing use in critical applications [1,2]. 

Research has focused on optimizing pole and slot numbers, 

refining winding configurations, and reducing losses while 

improving fault tolerance [8-11]. 

Innovations in materials, such as Soft Magnetic 

Composites (SMC), have enabled modular motor 

construction, reducing costs and improving flexibility [12]. 

More recently, dual-rotor permanent magnet machines have 

been explored for their improved fault-tolerant control 

capabilities, optimized torque, and efficiency [13-15]. 

Recent advancements over the past years in dual three-

phase permanent magnet (PM) machines have concentrated 

on fault tolerance, thermal management, and control 

strategies. 
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In the area of fault-tolerant control and winding 

optimization, Huang et al. [13] proposed a triple-redundancy 

control strategy for dual three-phase PM motors that 

maintained 85% of rated torque under single-phase open 

faults, ensuring continuous operation. While effective in 

maintaining performance during faults, this approach 

increases inverter complexity and computational load for 

real-time fault detection. Similarly, Zhou et al. [4] introduced 

an MMF reconstruction method to suppress vibrations and 

reduce torque ripple by 40% during open-phase faults 

through harmonic cancellation. However, their method relies 

heavily on accurate motor parameter identification, making 

it sensitive to parameter variations. Moreover, Yoshida and 

Akatsu [12] analyzed winding structures and showed that a 

30° phase shift in winding reduces current total harmonic 

distortion (THD) by 15%, thus improving efficiency. This 

improvement is limited by a trade-off between harmonic 

suppression and torque density, restricting applications in 

high-power motors. 

Regarding thermal and efficiency improvements, Wang et 

al. [8] designed an aviation-grade dual three-phase PM 

motor with integrated liquid cooling, which kept winding 

temperatures under 130°C at 20 kW, enabling high power 

density. However, integrating the liquid cooling system 

increased weight and system complexity. Tang and Sha [15] 

developed a biplane virtual voltage vector for model 

predictive control (MPC) in flux-weakening operations, 

improving efficiency by 3% at high speeds. Nonetheless, this 

approach is susceptible to permanent magnet 

demagnetization at elevated temperatures. 

In sensorless and high-speed applications, Liu et al. [2] 

proposed a position-error correction method for sensorless 

dual three-phase PMSMs, achieving position errors below 1° 

at medium speeds without encoders. However, performance 

declines at speeds under 10% of rated speed due to low back-

EMF signals. Azadrou [16] optimized a high-speed 

bearingless induction motor with a multi-cage rotor for 

compressors, achieving 15,000 rpm with minimal magnetic 

interference suitable for oil-free applications. The trade-offs 

include complex rotor fabrication and increased iron losses 

at ultra-high speeds. 

For control strategies in mono-inverter dual-parallel 

(MIDP) systems, Fadaie et al. [17] introduced a simplified 

MPC approach that reduces computation time by 45% 

compared to traditional FCS-MPC and achieves minimal 

torque ripple. However, this method depends on accurate 

load torque estimation for optimal performance. 

While previous studies have enhanced fault tolerance and 

efficiency, few have addressed combined electromagnetic-

thermal optimization for high power-density electric vehicle 

motors. This paper fills that gap by proposing a 24-slot/22-

pole design with optimized winding and pole arc geometry, 

validating thermal safety with winding temperatures of 

139.99°C and PM temperatures of 105.62°C under natural 

cooling. The design achieves 94% efficiency and low torque 

ripple of 2.1% without requiring complex cooling systems. 

This paper builds on these advancements, offering a 

detailed analysis of dual three-phase permanent magnet 

motors for EV applications. By enhancing fault tolerance, 

thermal performance, and efficiency, this research 

contributes to the development of more reliable and 

sustainable electric drive systems. 

II. Analysis of MMF in Multi-Phase Motor 

Windings 

Ideally, multi-phase motors with symmetrical windings 

and currents create a circular rotating magnetic field. 

However, real-world factors like slot effects and inverter 

nonlinearities (dead-time) introduce spatial and time 

harmonics. These harmonics interact, creating 

spatiotemporal harmonic MMFs that negatively impact 

motor performance (torque, noise, vibration). Therefore, 

analyzing these harmonic MMFs is crucial for understanding 

multi-phase motor behavior, considering both symmetrical 

and asymmetrical winding configurations. 

A. MMF of Symmetrical Multi-Phase Windings 

According to the theory of AC motor winding functions, 

the MMF can be expressed as the product of the winding 

function and the current. The MMF of the m-th phase of a 

symmetrical n -phase motor is: 

( , ) ( ) ( )m m mF t n i t =
    (1) 

For concentrated full-pitch windings, as shown in Figure 

1(a), the Fourier series representation of the winding 

function is: 

1

1
( ) cos 2m v

v

m
n N v

n
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

=

 −  
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where Nv is the amplitude of the v -th harmonic winding, 

and 2 sin( / 2) / ( )v w pvN Nk k v v =  for 1,3,5,v = . 

 
(a)                                        (b) 

Fig. 1. Winding function and phase current. (a) Winding function 

(b) phase current 

The stator winding current is a 180° square wave, as 

shown in Figure 1(b). The m-th phase current can be 

expressed using the Fourier series as: 

1

1
( ) sin 2m

m
i t I t

n



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

=

 −  
= −  

  


   (3) 

where ω is the angular frequency of the fundamental current, 

Iμ is the amplitude of the μ-th harmonic current, and Iμ= 

4I/μπ. 

Substituting equations (2) and (3) into equation (1), the 

MMF of the m -th phase of a symmetrical n-phase motor is: 
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Therefore, the harmonic MMF generated by the μ-th 

harmonic current and the v -th harmonic winding is: 
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It can be seen that the harmonic MMF generated by the μ-

th harmonic current and the v -th harmonic winding consists 

of forward and backward traveling waves, and the condition 

for the existence of the resultant MMF is: 

0, 1, 2,kn k  = =      (7) 

When the positive sign holds, the harmonic is a backward 

traveling wave; when the negative sign holds, it is a forward 

traveling wave. When both signs hold, it is a standing wave. 

The speed of the harmonic MMF is μω/v, meaning the speed 

of the harmonic MMF is proportional to the time harmonic 

and inversely proportional to the spatial harmonic. 

B. MMF of Asymmetrical Multi-Phase Windings 

The above analysis is for symmetrical multi-phase 

windings. Since asymmetrical multi-phase windings are 

composed of several sets of symmetrical windings shifted in 

space, the MMF of asymmetrical multi-phase windings can 

be analyzed using the superposition principle. 

Assume an asymmetrical multi-phase winding consists of 

λ sets of n-phase symmetrical windings, each shifted by 

π/(λn) electrical degrees. The harmonic MMF generated by 

the μ-th harmonic current and the v -th harmonic winding is: 
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It can be seen that for asymmetrical multi-phase motors, 

the condition for the existence of the harmonic MMF is: 

(2 ) 0, 1, 2,k n k   = =    (11) 

Similarly, when the positive sign holds, the harmonic is a 

backward traveling wave; when the negative sign holds, it is 

a forward traveling wave. For the 30° phase-shifted dual 

three-phase motor (asymmetrical six-phase motor) studied in 

this project, λ= 2 and n = 3. According to equation (9), 

12k  = . Comparing this with equation (5), it can be seen 

that the harmonic MMF distribution is the same as that of a 

symmetrical 12-phase motor, but the amplitude is halved. 

Tables I and II  show the harmonic MMF distributions for 

traditional 60° phase-band three-phase motors and dual 

three-phase motors, respectively. The MMF distribution of 

symmetrical six-phase motors is identical to that of three-

phase motors, but the amplitude is doubled. The advantages 

of dual three-phase motors over three-phase and symmetrical 

six-phase motors are mainly reflected in the following two 

aspects: 

1. Dual three-phase motors minimize torque ripple by 

eliminating 5th and 7th harmonic MMFs, resulting in the 

lowest harmonic MMFs being the 11th and 13th. This pushes 

the lowest torque ripple order to the 12th. 

2. Dual three-phase motors lack standing waves. Injecting a 

3rd harmonic current (with a single neutral point) can boost 

output torque, similar to symmetrical multi-phase motors. 

TABLE I THE RESULTANT MMF FOR THREE-PHASE 

MOTOR 

Spatial harmonics generated by the winding (ν) 

C
u

r
r
e
n

t tim
e h

a
r
m

o
n

ic
s (μ

) 

1 3 5 7 9 11 13 

1 1 × -1/5 1/7 × -1/11 1/13 

3 × Standing 

Wave 

× × Standing 

Wave 

× × 

5 -5 × 1 -5/7 × 5/11 -5/13 

7 7 Standing 

Wave 

-7/5 1 Standing 

Wave 

-7/11 7/13 

9 × × × × × × × 

11 -11 × 11/5 -11/7 × 1 -11/13 

13 13 × -13/5 13/7 × -13/11 1 

 

TABLE II THE RESULTANT MMF FOR DUAL THREE-

PHASE MOTOR 

Spatial harmonics generated by the winding (ν) 

C
u

r
r
e
n

t tim
e 

h
a

r
m

o
n

ic
s (μ

) 

1 3 5 7 9 11 13 

1 1 × × × × -1/11 1/13 

3 × 1 × × × × × 

5 × × 1 × × × × 

7 × × -7/5 -5/7 1/3 × × 

9 × -3 × 1 × × × 

11 -11 × × × 1 × -11/13 

13 13 × × × -13/11 1 1 

 

III. Determination of poles and slots 

Dual three-phase motor design with concentrated 

windings requires specific stator slot numbers (multiples of 

12 for symmetric distribution or Y dual-winding). Rotor pole 

pairs should match stator MMF harmonics (1, 5, 7, 11, 13 for 

symmetric; 1, 11, 13, 23, 25 for star). Rotor poles should be 

close to the number of teeth for a high winding factor, but 

excessive poles/slots are avoided for mechanical strength 

and motor size. The text then points to figures (2, 3, and 4) 

illustrating three example structures: 12-slot/10-pole 

(symmetric), 12-slot/10-pole (star), and 24-slot/22-pole 

(star). 
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Fig. 2. Symmetric six-phase 12-slot/ 10-pole arrangement 

 
Fig. 3. Dual-star configuration with a 30-degree phase difference, 

12-slot/ 10-pole arrangement 

 
Fig. 4. Dual-star configuration with a 30-degree phase difference, 

24-slot/ 22-pole arrangement 

For the performance comparison of these three motors, 

their fundamental parameters are considered the same. These 

parameters include the volume of the iron core, the diameter 

of the stator, the air gap length, the axial length, the rated 

current, and the number of revolutions per phase. The other 

parameters extracted for these three motors are shown in 

Table III. 

TABLE III COMPARISON OF PARAMETERS FOR THE 

THREE MOTORS 

24S/22P 12S/10P 

)Y30deg ( 

12S/10P Parameters 

0.991 0.996 0.966 Winding factor 

254.7 213.6 220.6 Average torque (N.m) 

2.1 11.7 15.9 Torque ripple (%) 

25.4 76.7 48.5 Peak short-circuit 

current (A) 

2.37×10-3 2.54×10-3 2.54×10-3 Steel volume (m3) 

152.01 114.51 95.98 Iron losses (W) 

80.56 95.68 100.57 PM losses (W) 

From the comparison of the above table, the following 

results can be extracted: 

1) The dual three-phase motor with a 24-slot/ 22-pole 

single-layer winding has higher stator and rotor losses, but 

in other aspects such as average torque, torque ripple, and 

short-circuit current, it has superiority. 

2) The 12-slot/10-pole design (compared to 24-slot/22-

pole) requires a larger rotor and stator diameter, and a larger 

rotor yoke, due to the reduced number of poles. This lower 

pole number leads to greater interference between stator and 

rotor MMF harmonics, resulting in increased torque 

oscillations.  

Therefore, the final structure is selected as the 24-slot/ 22-

pole single-layer winding with a 30-degree phase difference.  

 

IV. Optimization of no-load back-EMF  

To optimize the no-load back-EMF, two methods are used: 

optimization of the pole arc coefficient and the inequality of 

the inner and outer iron core arcs.  

A. Optimization of the pole arc coefficient  

The pole arc coefficient is defined as the ratio of the pole 

shoe to the pole pitch. Since the number of slots and poles in 

the dual three-phase machine is close to each other, the pole 

pitch (slot to pole ratio) is almost one. By changing the pole 

arc coefficient, the main component and harmonic content of 

the back-EMF change, as shown in Figures 5 and 6 . 

 
Fig. 5. Harmonic amplitude based on the pole arc coefficient 

 
Fig. 6. Main component amplitude based on the pole arc 

coefficient 

Figures 5 and 6 show that increasing the pole arc 

coefficient increases the main back-EMF component's 

amplitude, leveling off around 0.9. The 3rd harmonic is 

minimized at 0.67, and the 5th at 0.85. While the main 

component generates torque, the harmonics cause vibration 

and losses. Increasing the coefficient from 0.9 to 1 only 

improves the main component by 0.63% (small gain) but 

increases excitation current by 10%. Therefore, the optimal 

pole arc coefficient is 0.9. The back-EMF waveform shown 

in Figure 7 . 
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Fig. 7. Back-EMF waveform for a pole arc coefficient of 0.9 

B. Permanent magnet eccentricity optimization 

The inequality of the inner and outer PM arcs results in 

non-uniform air gap lengths. Therefore, the air gap flux is 

not a pure sine wave and becomes closer to a sinusoidal 

waveform. As a result, the back-EMF waveform becomes 

sinusoidal. However, due to the decrease in excitation 

current, the magnitude of the back-EMF also decreases. The 

difference in the inner and outer iron core arcs is shown in 

Figure 8 . 

 
Fig. 8. Eccentric PM optimization 

When the difference in the inner and outer iron core radii 

is 86 mm, the back-EMF waveform becomes the most 

sinusoidal, as shown in Figure 9. 

 
(a) 

 
(b) 

Fig. 9. (a) No-load back-EMF waveform with PM eccentricity 

optimization (b) Back-EMF harmonic spectrum 

As observed, the waveform is sinusoidal with only a small 

amount of third harmonic. To evaluate the performance of 

this modified iron core configuration, it is compared with a 

conventional surface-mounted permanent magnet motor. For 

this comparison, the key parameters such as the outer 

diameter of the stator, axial length, rated current, and number 

of pole pairs are kept the same. Table IV shows the 

performance comparison of these two motors . 

TABLE IV  COMPARISON OF THE EFFECT OF PM SHAPE 

Eccentric PM Conventional 

surface-mounted 

PM 

Parameters 

211.1 254.7 Average torque (N.m) 

0.24 2.1 Torque ripple (%) 

150.1 159.75 No-load back-EMF (V) 

2.4 12.8 Total Harmonic 

Distortion (THD) 

141.5 152.01 Iron losses (W) 

2.68×10-4 2.64×10-4 Volume of the PM (m3) 

 

Since using an iron core with unequal inner and outer arcs 

requires increasing the pole arc coefficient to enhance the 

permanent magnet flux, the leakage flux between the poles 

increases. This leads to a reduction in the no-load back-EMF 

and affects the motor's output torque. 

Although the motor with this iron core shape has slightly 

lower torque ripple, its power generation capacity also 

decreases. Since torque ripple is not our main goal, the final 

structure of the motor is chosen to be a 24-slot/ 22-pole star-

wound configuration with a 30-degree phase difference and 

a conventional iron core shape. The final dimensions of the 

main machine are specified in Table V. 

TABLE V  THE FINAL DIMENSIONS OF THE MAIN 

MACHINE 

value Parameters: 

350 Outer diameter of the stator (mm) 

170 Inner diameter of the stator (mm) 

109 Axial length (mm) 

0.6 Air gap length (mm) 

5 Thickness of the PMs (mm) 

0.9 Pole arc coefficient 

22/24 Slots/pole 

80 Number of turns per slot 

420 Slot area (mm²) 

 

V.  Analysis of Dual Three-Phase Motor 

Performance 

When the motor operates under normal conditions, the 

motor torque, maximum torque, maximum speed, maximum 

power efficiency, and output characteristics are performance 

indicators of the motor. The nominal performance 

parameters of the motor are shown in Table VI. These values 

are investigated using finite element simulation in 

MAXWELL software. The nominal torque and maximum 

torque of the dual three-phase motor are shown in Figure 10 . 
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TABLE VI PERFORMANCE PARAMETERS OF DUAL 

THREE-PHASE MOTOR 

Dual Three-

Phase 

Number of Phases: 

288 Nominal Voltage (V) 

12 Nominal Power (kW) 

24 Maximum Power (kW) 

450 Nominal Speed (rpm) 

1200 Maximum Speed (rpm) 

300 Maximum Torque (N.m) 

94% Maximum Efficiency 

≥ 65% Efficiency in the operational range above 80% 

When the effective current is 20 A, the nominal torque is 

obtained, and to reach the maximum torque, the effective 

current should be 23.6 Amperes. 

 
(a) 

 
(b) 

Fig. 10. Output Torque (a) Nominal Torque (b) Maximum Torque 

The cogging torque and iron losses of the motor are shown 

in Figures 11 and 12. Cogging torque is one of the problems 

of these motors that arises from the interaction between the 

rotor iron cores and the stator teeth. This torque causes 

vibration and noise during motor operation [17]. The peak 

cogging torque is 1.2 N.m, which is approximately 0.5% of 

the nominal torque. Additionally, the iron losses in the 

nominal torque are 152 W . 

 
Fig. 11. Cogging Torque 

 
Fig. 12. Iron Losses 

In an electric vehicle, achieving desired speed is 

important. In permanent magnet motors, rotor flux is 

constant and can't be reduced by field current. Above the 

nominal speed, induced EMF exceeds maximum input 

voltage, making current injection impractical. To solve this, 

air gap flux is weakened to limit induced EMF. Flux 

weakening is inversely proportional to stator frequency, 

keeping induced EMF constant as speed increases. For motor 

performance at speeds higher than the nominal speed, a 

specific flux weakening capacity is required. The flux 

weakening capacity depends ψs and Ldis [18, 19]: 

( ) ( )
2 2

/lim d d m

q

q

u L i
i

L

 − +
=  (12) 

( )q d d mP pi L i = +  (13) 

( )
lim

m d d

u

p L i



=

−
 (14) 

where, ψm is rotor flux, Ld, Lq are inductances of q and d axes, 

id, iq are currents of q and d axes, ulim is voltage constraint, is 

is current constraint, p is number of pole pairs of the rotor 

and ω is angular speed. 

when m d sL i  , the motor has the best flux weakening 

capability. In this motor, 23.384 10m Wb −=  , 1.53dL mH=

, 23.6si A= , as result 23.384 10d sL i Wb−=  . Therefore, 

theoretically, this motor is in the best flux weakening 

condition. In the speed range below the rated speed, the 

reference value of ψm is equal to its nominal value, and in the 

flux weakening region (motor speed greater than rated 

speed), it changes inversely with speed, i.e. [20]: 

(15) 

,

,

N

m r r

new N
m N N maxr

m r r r

r

n n

n
n n n

n








=
 





  

where ψm
new is the flux value in the flux weakening region, 

ωnom is the rated speed (600 rpm), and ωmax is the maximum 

speed of the studied motor (1200 rpm). The speed-torque 

curve in the flux weakening region of the dual three-phase 

motor is extracted using MAXWELL simulation. 

Considering the design limitations, Vmax=208V. Below the 

rated speed, id equals zero, and above the rated speed, the 

flux weakening strategy is employed. The efficiency 

constraint is such that the efficiency should be higher than 

65% in more than 80% of the operating range. The motor 

efficiency map is shown in Figure 13. 

 
Fig. 13. Motor Efficiency Map 

As seen from Figure 13, the maximum motor efficiency is 

94.3%, which is higher than 94%, and in more than 80% of 

the operating range, the motor efficiency is around 71%, 
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which is higher than 65%. Therefore, the design 

considerations are taken into account. The motor efficiency 

at the rated operating point is approximately 90%. 

VI.  Thermal Rise Characteristics Analysis 

Key to maximizing power density is ensuring thermal 

performance. The process involves: 1) calculating equivalent 

thermal conductivity coefficients, 2) creating a 3D model in 

Solidworks, and 3) analyzing the temperature field in Ansys . 

A. Basic theory of heat exchange in dual three-phase 

motors 

1) Heat Conduction 

Heat conduction transfers energy between objects with a 

temperature difference, driven by microscopic particle 

movement. Heat flux density is proportional to the 

temperature gradient. The text implies an equation 

expressing this relationship is as 

T
d dA

n



 =


  (16) 

where,   is heat transferred, T is temperature of the part of 

the object being calculated, dA represents the micro-area at 

the specified point and   is thermal conductivity coefficient 

of the material. Then, the relationship between heat flux 

density q and thermal conductivity is: 

d T
q

dt n


 
= = −


 (17) 

Eq (16) and (17) summarize the famous Fourier's Law. In 

equation (17), T n   is the temperature gradient gradT, 

thus, the thermal conductivity coefficient q gradT = − . 

2) Convection 

Convection refers to the relative flow within a fluid due to 

temperature differences between its parts, where heat is 

transferred from one part of the object to another through 

fluid motion. Generally, heat dissipation within an object is 

based on Newton's Law of Cooling, equating the process to 

convection, i.e., 

1 2( )q a T T a T= − =   (18) 

The heat flux density (q) is related to the heat transfer 

coefficient (a) and object temperature (T). In this motor, air 

in the air gap is the only cooling medium. For air, flow 

velocity dictates the heat transfer coefficient. Empirical Eq. 

(19) (valid for wind speeds 1-40 m/s) summarizes the 

relationship 

0(1 )k v = +  (19) 

where, 
0  is the heat transfer coefficient at zero gas velocity; 

and k is the correction coefficient obtained from 

experiments. 

3) Radiation 

Heat transfer inside the motor also involves radiation, 

though it can sometimes be negligible. Radiative energy 

transfer occurs via electromagnetic waves. According to the 

radiation law, the radiative energy 1 1( )s m− −  is given by: 

4 4

0( )q T T= −  (20) 

where,  is the Boltzmann constant for a perfect black body, 
8 25.7 10 /W m K −=   ,   is the physical parameter 

related to the surface condition of the heat-dissipating body. 

B. Temperature Field Simulation of Dual Three-Phase 

Motor 

1) Analysis of Heat Sources in Dual Three-Phase Motor 

The dual three-phase motor in this study has a high 

electrical load, leading to significant copper losses in the 

windings, which is the main heat source. Fractional-slot 

concentrated windings create harmonic components in the 

stator magnetic field, causing eddy current losses in the rotor 

magnets and iron losses in the stator/rotor. Winding heat 

source is calculated using 2

cuP mI R= , while other losses are 

found via finite element simulation. Loss distribution is 

shown in Table VII. 

TABLE VII  LOSSES OF COMPONENTS INSIDE DUAL 

THREE-PHASE MOTORS 

Heat Source Loss (W) Heat Generation Rate (W/m³) 

Armature 

Winding 

720 7,559,362 

Stator Teeth 104.25 90,159 

Stator Core 47.83 36,897 

PMs 80.56 205,698 

2) Selection of Thermal Conductivity and Heat Transfer 

Coefficients for Dual Three-Phase Motor 

The motor is composed of various materials, including 

silicon steel sheets, permanent magnets, insulating materials, 

copper wires, and air, each with different thermal 

conductivity coefficients. The thermal conductivity 

coefficient λ represents a material's ability to conduct heat 

and depends on factors such as temperature and material 

type. The definition of thermal conductivity is given by: 

q

gradT
 =  (21) 

In practical engineering, temperature is considered a 

primary factor affecting the thermal conductivity of 

materials. For most materials encountered in engineering, 

the thermal conductivity is approximately linearly related to 

temperature, as  

0 (1 )bt = +  (22) 

where, 
0 is the Thermal conductivity at 0

, b is the 

Correction coefficient obtained from experiments, related to 

the material. The thermal conductivity coefficients of 

different materials in the motor are listed in Table VIII. 

TABLE VIII Gas thermal conductivity depends on molecular 

collision rate and intensity. Higher temperature increases 
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THERMAL CONDUCTIVITY COEFFICIENTS OF 

MATERIALS IN DUAL THREE-PHASE MOTOR 

Material Stator Core Windings PMs 

Thermal Conductivity 

W/(m.K) 

40.05 396 8.9 

molecular speed and collision frequency, thus increasing 

thermal conductivity. Air's thermal conductivity increases 

with temperature. The relationship is given by: 

0
273

n
T

 
 

=  
 

 (23) 

where n is a constant, and for air, n=0.82. The thermal 

conductivity coefficients of air at different temperatures are 

shown in Table IX. 

TABLE IX THERMAL CONDUCTIVITY OF AIR AT 

DIFFERENT TEMPERATURES 

Temperature 0℃ 20℃ 40℃ 60℃ 

Thermal Conductivity 

W/(m·K) 

0.0234 0.0260 0.0281 0.0289 

Temperature 70℃ 80℃ 100℃ 120℃ 

Thermal Conductivity 

W/(m·K) 

0.02916 0.0301 0.0321 0.0329 

3) Temperature Field Analysis of Dual Three-Phase 

Motor 

Based on the above analysis, a temperature field model for 

the 24-slot 22-pole dual three-phase motor was established. 

The three-dimensional model of the dual three-phase motor 

was created using Solidworks, and the temperature field 

analysis was performed using the finite element software 

Ansys. The three-dimensional model and the meshed grid 

are shown in Figure 14. 

 
Fig. 14. 3D model and mesh generation of dual three-phase motors, 

(a) 3D model. (b) mesh generation results 

From the temperature analysis results in Figure 15, the 

designed dual three-phase motor operates with temperatures 

ranging between 24.053℃ and 139.88℃ under natural 

cooling. The highest temperature, 139.99℃, occurs in the 

middle of the windings due to copper losses under rated 

conditions. The motor's class H insulation can withstand up 

to 180℃, ensuring no risk to winding insulation. The 

permanent magnets reach a maximum temperature of 

105.62℃, well below their SH-grade heat resistance limit of 

150℃, preventing damage or demagnetization. Thus, the 

motor operates safely within thermal limits. 

 
Fig. 15.  Temperature field analysis results of dual three-phase 

motors 

As summarized in Table X, our 24-slot/22-pole design 

demonstrates distinct advantages over contemporary 

solutions. While Huang et al.'s approach achieves fault 

tolerance at the cost of inverter complexity, and Wang et al.'s 

liquid-cooled system enables high power density with added 

weight, our optimized configuration delivers superior 

efficiency (94%) using natural cooling. This balanced 

performance profile - combining competitive torque output 

(254.7 N·m), minimal ripple (2.1%), and thermal stability 

(139.99°C windings) - positions our design as particularly 

suitable for mid-power EV applications where system 

simplicity and energy efficiency are paramount. 

TABLE X COMPARATIVE SUMMARY OF THIS WORK 

VERSUS RECENT ADVANCES IN DUAL THREE-PHASE 

PM MACHINES 

Study 

(Year) 

Contribution Advantage Limitation 

Huang et 

al. (2023) 

3-redundancy 
fault-tolerant 

control 

85% torque 
during faults 

Complex 
inverter design 

Wang et 

al. (2024) 

Liquid-cooled 
aviation motor 

20 kW at 
130°C 

windings 

Added 
weight/cost 

This 

work 

24-slot/22-pole 

+ thermal 
optimization 

94% 

efficiency, 
natural 

cooling 

Limited to mid-

power EV 
applications 

 

VII.  Conclusion 

Compared to conventional electric machines, dual three-

phase permanent magnet electric machines have more 

advantages such as high fault tolerance, simple control 

method under fault conditions, and good performance 

characteristics during faults. In this article, two winding 

configurations (star with 30-degree phase difference and 

symmetrical six-phase) were investigated for the dual three-

phase motor. Based on harmonic analysis, the rules for 

selecting pole-slot combinations were extracted, and a 

comparison was made between the best possible 

configurations. It was shown that the 24-slot/ 22-pole 

structure with a star winding configuration and a 30-degree 

phase difference had superiority over other combinations. 

Then, the unloaded back-EMF was optimized. The results 

indicate that using an unequal iron core with inner and outer 

notches, although it makes the back-EMF waveform 

sinusoidal, it reduces the torque and motor power. 
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Furthermore, the internal temperature rise characteristics of 

the dual three-phase motor are analyzed, and the temperature 

field under steady-state conditions is studied. 
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The large-scale integration of renewable generation into microgrids can lead to decreased 

inertia, resulting in high rates of change of frequency and frequency instability. This issue 

is even more complex in islanded MGs that incorporate a high proportion of RGs and 

need to deliver power to loads in islanded mode. To address this problem, a virtual inertia 

control scheme can be employed to enhance system inertia and maintain frequency 

stability. In this article, we propose a novel control strategy named the optimal nonlinear 

fractional-order PI-based virtual inertia controller, which integrates a nonlinear 

fractional-order PI controller into the conventional VIC loop. The designed ONFOPI+VI 

controller, which considers both inertia and damping properties, is optimized using the 

Coot optimization algorithm. Furthermore, an alternative control methodology, denoted 

as OFOPI+VI, has been developed to analyze and evaluate the outcomes obtained from 

the proposed ONFOPI+VI control structure. This paper compares the performance of the 

proposed ONFOPI+VI strategy to that of the OFOPI+VI and other VIC techniques for 

different RG and load variations under various scenarios. Simulation results and detailed 

analyses confirmed that the ONFOPI+VI controller significantly outperformed 

conventional methods, yielding at least a 30% improvement in IAE and a 20% 

improvement in ITAE compared to other control techniques. 

I. Introduction 

A. Virtual Inertia Control Background 
In recent years, there has been a growing trend towards the 

integration of renewable generation (RG) into utility power 

systems. This shift is expedited in reaction to the adverse 

effects stemming from fossil fuel usage like environmental 

deterioration, global warming, and the consequences of 

greenhouse gas emissions [1-2]. The appeal of RGs lies in 

their clean, infinite, and cost-effective nature [3-4]. 

However, the inclusion of RGs into modern interconnected 

electricity networks can pose certain challenges and issues 

for utility grids. One such challenge is the diminished system 

inertia of interconnected electricity networks, which can be 

attributed to the use of power converters to interface RGs 

with the utility grid. Studies have shown that these 

converters can cause a drop in the inertia of the power 

system, leading to alterations in the frequency and voltage 

stability of the system [5]. The concept of virtual inertia (VI) 

control has been widely adopted in low inertia systems to 

enhance their inertia, as evidenced by previous studies [6-8]. 

 

B. Literature Review 
One effective method for emulating the benefits of virtual 

inertia control (VIC) and improving system inertia is through 

the use of the derivative technique, as demonstrated in 

previous research [9]. For example, the application of this 

control methodology within interconnected power systems 

has demonstrated enhancements in frequency stability [3]. In 

a separate investigation [10], researchers introduced a VIC 

mechanism. This approach involves estimating the rates of 

change of frequency to effectively supply tailored inertia 

management for contingencies, thereby augmenting 

frequency stability in networks with limited inherent 

rotational inertia. Furthermore, a proportional-derivative 

control system was employed to improve the microgrid 

(MG) frequency stability in the presence of PV arrays [11]. 

Besides this approach, a range of VIC mechanisms have 

been deployed with the objective of fortifying frequency 

mailto:a.zamani.edu@gmail.com
https://orcid.org/0000-0002-3654-7767


International Journal of Industrial Electronics, Control and Optimization (IECO). 2025, 8(3)   430 

 

stability. Based on several review papers, such as [12-14], 

various VIC techniques have been proposed for low inertia 

systems, including droop control, hidden inertia emulation, 

and energy storage integration. For example, the utilization 

of a blend of fuzzy interval-type-2 and proportional integral 

controllers in islanded microgrids has been investigated [15]. 

Equilibrium optimization is employed in this study to fine-

tune controller parameters. In [16], VIC methods were 

classified into energy storage-based and non-energy storage-

based techniques. Some researchers have proposed specific 

VIC schemes for certain systems, such as a VI and frequency 

control scheme for wind power-based systems [17] and VI 

control techniques for improving dynamic stability in 

microgrids [18]. Other studies have explored derivative-type 

VIC using different controllers, such as PSO-optimized 

Proportional-Integral (PI) controllers [19], Genetic 

Algorithm (GA)-based PI controllers [20], fuzzy logic 

controllers [21], and H-infinity controllers [21, 22]. Some of 

the previous studies [17-19, 21] have not incorporated the 

damping constant component in their design of the VI 

control system. As a consequence, the frequency response 

exhibits sub-optimal dynamic characteristics characterized 

by elevated peak values and prolonged settling times. 

The appeal of the Fractional Order Controller (FOC) 

family has attracted many researchers, particularly in the 

realm of power system control [23-27]. The application of 

FOCs extends to the domain of VI control. For instance, in a 

study denoted as [28], researchers explored the efficacy of 

fractional-order controllers within a modern power grid 

incorporating solar photovoltaic plants (SPP), wind power 

plants (WPP), and a thermal unit. The study utilized the 

flower pollination algorithm as an efficient method to finely 

tune the controller. In another investigation, a Fractional 

Order (FO) integral-based control strategy, incorporating 

VIC, was deployed in a multi-area electricity network [29]. 

Despite achieving commendable results, it is noteworthy that 

the damping effect of virtual inertia was not included in this 

particular reference. Subsequently, in a separate study, a 

genetic algorithm-optimized FO controller was introduced to 

enhance the stability of modern power systems featuring 

RGs [30]. However, none of these studies [28-30] have 

utilized nonlinear fractional order controllers as the designed 

controllers in the VIC loops. 

 

C. Motivation and Research Gap 
One of the primary challenges in microgrids with 

renewable energy sources (RESs) is maintaining frequency 

stability. Despite the advancements in virtual inertia control, 

several aspects of this issue still require further investigation. 

In particular, it has become clear that the control gains of 

virtual inertia significantly influence the power flow in and 

out of Energy Storage Systems (ESSs), which in turn has a 

profound impact on the stability of the MG and its ability to 

respond to disturbances. Therefore, optimizing these control 

parameters is critical to ensure system stability and 

performance. 

Additionally, many existing studies overlook the 

importance of integrating into VIC systems. The absence of 

Virtual Damping (VD) can lead to suboptimal power flow in 

ESSs and diminish the effectiveness of VI control, especially 

in MGs where the inherent inertia and damping are 

constrained. Conventional PI controllers, although widely 

applied, face limitations in inverter-based ESSs. These 

controllers struggle to replicate the behavior of synchronous 

generators or emulate synthetic inertia in MGs. The 

intermittent nature of renewable generation and the 

variability in load conditions further exacerbate the 

performance issues of PI controllers. Moreover, these 

controllers often encounter difficulties in maintaining system 

stability under uncertain conditions. 

In response to these challenges, non-linear control 

theories, including non-linear fractional-order control 

methods, have emerged as viable solutions. Traditional 

linear control methods, though often employed due to their 

mathematical simplicity, are limited to specific operational 

points where linearization is feasible. However, many real-

world systems, particularly power systems, exhibit inherent 

non-linearities that demand more advanced control 

strategies. Non-linear techniques, such as reset control, 

sliding mode control, and non-linear PID control, are 

increasingly being considered. Among these, fractional 

calculus stands out as an effective approach for dealing with 

the complexities of control engineering. 

Given the inherent non-linearity of modern power systems 

and the growing complexity introduced by high penetration 

of renewable generation, there is a clear need for innovative 

control solutions. Non-linear fractional-order control 

represents an interdisciplinary field that combines the 

mathematical intricacies of non-linearity and fractional 

calculus, offering a departure from traditional control 

paradigms [31, 32]. This approach has the potential to 

address the persistent challenges in VIC, particularly in low-

inertia, islanded MGs. 

Upon reviewing the existing literature on VIC, it is evident 

that various controllers have been employed to improve the 

stability of MGs. However, significant gaps remain, 

particularly regarding the integration of VD and the use of 

nonlinear fractional-order controllers in VIC systems. Given 

the uncertainties and non-linearities of today’s electrical 

networks, exacerbated by the intermittent nature of 

renewable generation, this study introduces the Optimal 

Nonlinear Fractional-Order PI-based Virtual Inertia 

(ONFOPI+VI) methodology as a promising solution. This 

approach aims to enhance control performance and stability 

in low-inertia, islanded MGs, thereby addressing critical 

control challenges in modern microgrid systems. 
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D. Contribution 
In the pursuit of heightened MG stability, this research 

introduces a novel VIC configuration, employing an Optimal 

Nonlinear Fractional Order Proportional-Integral (NFOPI) 

controller. This technique enhances control performance, 

stability, and robustness even in the presence of 

nonlinearities and uncertainties. While the configuration 

takes into account both virtual inertia and virtual damping 

for VI emulation, the proposed ONFOPI+VI framework 

incorporates the Coot Optimization Algorithm (COA) to 

determine optimal VI parameters, integral order, as well as 

gains for the ONFOPI. The method's flexibility ensures that 

VI, damping, and ONFOPI parameters are precisely set to 

the specific system conditions, thereby enhancing stability 

and performance amidst power oscillations. As opposed to 

customary control methodologies, this technique allows for 

optimal adjustments to controller and damping sizes. The 

ability of the proposed framework to control nonlinear 

systems and the optimal gain utilization enables the 

controller to effectively respond to system changes in the 

presence of nonlinearities and uncertainties. 

The contributions of this article can be summarized as 

follows: 

•Introduction of a new control mechanism, ONFOPI+VI, 

tailored for VIC emulation in islanded microgrids with a 

significant RG share. 

•Consideration of both inertia and damping components in 

the VIC system within the control system model. 

•Determination of optimal values for VIC system 

parameters, including inertial and derivative gains, as well as 

NFOPI controller gains and its non-integer orders, using the 

COA. 

•Design and comparison of an alternative control strategy, 

Optimal Fractional-Order PI-based Virtual Inertia 

(OFOPI+VI), integrating Fractional Order Proportional-

Integral (FOPI) into the VIC loop. 

•Proposition of various scenarios to assess the 

functionality of the proposed control framework, evaluating 

their efficacy over a broad spectrum of load and generation 

variations. 

•The superior performance of the proposed ONFOPI+VI 

over the traditional VI (T-VI), COA-optimized VI (COA-

VI), GA-optimized PI-based VI (GAPI+VI), and OFOPI+VI 

are demonstrated.  

The T-VI and GAPI+VI controllers from [15, 20] were 

employed for comparative analysis. 

The upcoming sections of this research manuscript are 

structured as follows: Section 2 provides an extensive 

introduction to the model of the microgrid being studied. In 

Section 3, we present a summary of the virtual inertia control 

mechanism, whereas Section 4 delves into the innovative 

virtual inertia control system introduced in this investigation. 

Section 5 comprehensively presents the numerical findings, 

and lastly, Section 6 furnishes a conclusive summary of the 

outcomes. 

 

II. Modeling of the Islanded Microgrid 

To assess the efficacy of the proposed ONFOPI+VI 

controller, a thorough examination is carried out on a 

disconnected MG. The MG configuration consists of varied 

elements, incorporating a thermal power plant and RGs such 

as WPPs and SPPs, as indicated in Fig. 1. The studied MG is 

comprised of a 20 MW thermal power generation (TPG), an 

8 MW WPP, a 4 MW SPP, a residential demand of 5 MW, 

and a 10 MW industrial power consumption. The baseline 

power of the grid is established at 20 MW, as outlined in 

previous works [15, 19, 20]. 

 
Fig. 1. Diagram of depicting the analyzed islanded microgrid 

Fig. 2 illustrates the dynamic model of the microgrid that is 

currently being investigated [15, 20, 26, 28, 33]. The model 

comprises block diagrams of a typical frequency control 

study, which includes the Generator Rate Constraint (GRC) 

for the governor unit and the rate limitation of the turbine-

valve/gate closing or opening speed (𝑉𝑈, 𝑉𝐿) for the turbine 

unit. The GRC value was estimated to be 20% P.U. MW/min 

in this study. Appendix 1 lists the parameters of the 

microgrid system that was studied [15, 20]. 

Taking into account the inertia, primary and secondary 

control, as well as the dynamic effects of the generations and 

loads shown in Fig. 2, The variation in frequency and 

fluctuations in the power of the RGs is obtained as follows 

[33]: 

Δ𝑓(𝑠) =
1

2𝐻𝑠 + 𝐷
(Δ𝑃𝑚(𝑠) + Δ𝑃𝑊(𝑠)

+ Δ𝑃𝑃𝑉(𝑠) + Δ𝑃𝑉𝐼(𝑠)
− Δ𝑃𝐿(𝑠)) 

(1) 

 in this equation: 

Δ𝑃𝑚(𝑠) =
1

1 + 𝑠𝑇𝑡
Δ𝑃𝑔(𝑠) (2) 

Δ𝑃𝑔(𝑠) =
1

1 + 𝑠𝑇𝑔
(Δ𝑃𝐶(𝑠) −

1

𝑅
Δ𝑓(𝑠)) (3) 

Δ𝑃𝐶(𝑠) =
𝐾𝑆
𝑠
(𝛽 ⋅ Δ𝑓(𝑠))  (4) 
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Δ𝑃𝑊(𝑠) =
1

1 + 𝑠𝑇𝑊𝑇

Δ𝑃wind (𝑠) (5) 

Δ𝑃𝑃𝑉(𝑠) =
1

1 + 𝑠𝑇𝑃𝑉
Δ𝑃solar (𝑠) (6) 
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Fig. 2. The dynamic model of the MG under study 

In the presented equations, the variables are defined as 

follows: PC represents changes in the area control error 

action resulting from secondary control, ∆Pm denotes 

fluctuations in the output power of the TPG, ∆PP signifies 

variations in the primary control's control action, ∆PW 

accounts for fluctuations in the generated power from the 

WPP, ∆Pwind characterizes changes in the initial wind power, 

∆Pg indicates the generated power from turbines, ∆Psolar 

represents alterations in the initial solar energy level, ∆PPV 

captures fluctuations in the generated power from the SPP, 

∆PInd signifies alterations in the demand from industries, 

∆PResi denotes shifts in residential load power usage, ∆PL 

denotes the overall shift in the system's load profile, and ∆PVI 

accounts for shifts in the output power of the VI module. 

 

III. Virtual Inertia Mechanism 

In traditional electricity networks, the stability of the 

electricity grid is maintained by the kinetic energy stored in 

the rotational mass of traditional generators, which provides 

the network's inertia. However, in islanded MGs, RGs are 

tasked with delivering electricity power to the demand side. 

With the increasing adoption of inverter-connected RGs into 

MGs characterized by limited inertia, the system inertia is 

reduced, which can lead to instability and cascading failures 

in frequency events. To address this issue, VIC can be 

employed in low-inertia MGs to emulate the inertia of 

conventional generation units. In this paper, virtual damping 

and virtual inertia control as depicted in Fig. 3, which have 

been utilized in many investigations [15, 20, 30, 33], are 

considered for the energy storage system to calculate the ESS 

active power and add it to the target value for the microgrid 

in the event of disturbances. By employing VIC in the ESS, 

the requisite VIC power can be provided to strengthen the 

stability of grid frequency. The equation for VIC is expressed 

as: 

Δ𝑃𝑉𝐼(s) =
𝑠𝐾𝑉𝐼 + 𝐷𝑉𝐼
1 + 𝑠𝑇𝐼𝑁𝑉

(Δ𝑓(𝑠)) 
(7) 

In this equation, KVI is the Virtual inertia gain and DVI 

indicates the Virtual damping gain. 
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Fig. 3. Virtual inertia control mechanism. 

IV. The designed procedures of the proposed 

control strategies 

In this part, we will present three distinct control 

approaches for simulating inertia in the MG. These 

approaches consist of the innovative ONFOPI+VI controller, 

which is the main contribution of this article, along with the 

optimal COA-VI and the OFOPI+VI control strategies. We 

will use the COA-VI and OFOPI+VI control strategies for 

analyzing and comparing the findings. 
 

A.  Optimal Design of VIC Using the COA 
We first designed the COA-VI controller for the MG 

system. The block diagram of the proposed COA-VI 

controller is shown in Fig. 4. In this approach, the parameters 

of the VIC are optimally tuned using the COA. 

With regard to the cost function as per Equation (8) and 

the 𝜃𝑣
𝑉𝐼 VI’s designing array, the parameters of optimal VI 

will be devised.  

𝐶𝑓(𝜃𝑣
𝑉𝐼) = ∫  | 𝑓|

𝑇𝑓

𝑡=0

     (8) 

𝜃𝑣
𝑉𝐼 = [KVI DVI]

T
 (9) 

 

1

1 +  𝑇 𝑆𝑆
 

Energy Storage 

Device 

Limiter 

VI Control System 

𝐷𝑉𝐼 

 

  
 𝐾𝑉𝐼  

Optimization 

Algorithm 

1

𝐷 + 2𝐻 

 𝑓 

 𝑃𝐿 

 𝑃𝑊 

 𝑃𝑃𝑉 

 𝑃𝑉𝐼 

 𝑃  

 
Fig. 4. The block diagram of COA-VI control structure. 

The design vector is constrained within the bounds of 0 ≤

𝐾𝑉𝐼 ≤ 5  and 0 ≤ 𝐷𝑉𝐼 ≤ 5. To minimize the objective 

function presented in Equation (8) and determine the optimal 

VI gains, the COA is employed. The COA, originally 

proposed by Naruei and Keynia [34], draws inspiration from 

the collective behavior of coots, a type of waterfowl. This 

algorithm aims to replicate both the regular and irregular 

movements observed in coots on the water's surface. The 

stages of the COA can be succinctly outlined as follows [34]: 
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Step1: The population is first randomly generated using 

the equation: 

𝐶𝑜𝑜 𝑝𝑜𝑠 (𝑖) = 𝑟𝑎𝑛  (1,  ) ∗ (𝑢𝑏 − 𝑙𝑏)

+ 𝑙𝑏 

(10) 

 

in which 𝐶𝑜𝑜 𝑝𝑜𝑠 (𝑖),  , 𝑢𝑏, and 𝑙𝑏 refer to the position 

of ith coot, the number of decision variables, and the upper 

and lower bands of search space, respectively. 

Step 2: For each coot location, the cost function is 

calculated. Additionally, the parameters 𝑁𝐿  and 𝑁𝑐  𝑡 , 

denoting the number of leaders and coots, are randomly 

selected to identify the best coot or leader as the global 

optimum.  

Step 3: In this stage, the coots' locations are then updated 

through four movements: 
 

A. Random movement of the swarm to both sides: 

Firstly, a stochastic location 𝑄 is produced using 

the equation: 

𝑄 = 𝑟𝑎𝑛  (1,  ) ∗ (𝑢𝑏 − 𝑙𝑏) + 𝑙𝑏 (11) 

  

To prevent being trapped in local optima, this location is 

updated as outlined below: 

Cootpos (𝑖) = Cootpos (𝑖) + Λ𝑐  𝑡𝑝  ∗ 𝑅2

∗ (𝑄 − Cootpos (𝑖)) 
(12) 

𝛬𝑐  𝑡𝑝  = 1 − 𝑖 𝑒𝑟 ∗ (
1

 𝑚𝑎𝑥𝑖 𝑒𝑟 
) (13) 

 

In the above equation, 𝑅2 refers to a random number in the 

interval [0,1] and 𝑖 𝑒𝑟 and 𝑚𝑎𝑥𝑖 𝑒𝑟 are the current 

interaction and the maximum iteration, respectively.  
 

B) Chain Movement  

To simulate this movement, the average position of two 

coots is obtained using Eq. (14). 
 

𝐶𝑜𝑜 𝑝𝑜𝑠 (𝑖) = 0.5 ∗ (𝐶𝑜𝑜 𝑝𝑜𝑠 (𝑖 − 1) +

𝐶𝑜𝑜 𝑝𝑜𝑠 (𝑖))  

(14) 

 

C) Location Adjustment Based on the Leaders of 

the Group.  

As the coots navigate, they align their positions with the 

group leaders. This entails adapting their positions according 

to the leaders of the group. Denoting 𝐾 as the leader's index 

number, i as the index number of the current coot, and NL as 

the total number of leaders, the coot's selection of a leader 

can be expressed as outlined below: 

 

𝐾 = 1 + (𝑖  𝑀𝑂𝐷  𝑁𝐿)  (15) 

 

In the above-mentioned movement, the position of coots 

is updated as follows: 

 

𝐶𝑜𝑜 𝑝𝑜𝑠 (𝑖) = 𝐿𝑒𝑎 𝑒𝑟𝑝𝑜𝑠 (𝑘) + 2 ∗ 𝑅1 ∗

𝑐𝑜𝑠 (2𝜋𝑅) ∗ (𝐿𝑒𝑎 𝑒𝑟𝑝𝑜𝑠 (𝑘) − 𝐶𝑜𝑜 𝑝𝑜𝑠 (𝑖))  

(16) 

 

in which 𝑅1 is a random number in the interval [0,1]. Also, 

𝐿𝑒𝑎 𝑒𝑟𝑝𝑜𝑠 (𝑘) and 𝑅 are chosen leader locations and a 

stochastic number in the interval [-1,1], respectively.  
 

D) Leader movement  

To converge towards the optimal region, the group leader's 

location is updated according to Equation (17) 

 

(17) 

𝐿𝑒𝑎 𝑒𝑟𝑝𝑜𝑠(𝑖) = 

{
 
 

 
 {

𝛣𝑐  𝑡𝑝  ∗ 𝑅3 ∗ cos(2𝜋𝑅) ∗

(𝑔𝑏𝑒𝑠  −  𝐿𝑒𝑎 𝑒𝑟𝑝𝑜𝑠(𝑖)) + 𝑔𝑏𝑒𝑠 ,  𝑅4 < 05
  

 

{
𝛣𝑐  𝑡𝑝  ∗ 𝑅3 ∗ cos(2𝜋𝑅) ∗

(𝑔𝑏𝑒𝑠  −  𝐿𝑒𝑎 𝑒𝑟𝑝𝑜𝑠(𝑖)) − 𝑔𝑏𝑒𝑠 ,  𝑅4 ≥ 05
  

 

 

(18) 𝛣𝑐  𝑡𝑝  = 2 − 𝑖 𝑒𝑟 ∗ (
1

 𝑚𝑎𝑥𝑖 𝑒𝑟 
) 

 

here, 𝑅3 and 𝑅4 are the stochastic numbers in the interval 

[0,1] and 𝑔𝑏𝑒𝑠  is the position ever found.  

Step 4: Achieving Algorithm Convergence by Increasing 

Iterations. 

Increasing the number of iterations leads to the discovery 

of the best cost function and ensures the convergence of the 

algorithm. 

 

B. The Design Procedure of the Proposed FOPI-

Based VI Controller   
In this section, at first, the preliminaries of the fractional 

order PI controller are presented, and then the design 

procedure of the designed FOPI-based VI controller is 

described.  

Initially, the OFOPI+VI controller is implemented to 

replace the inertia necessary for the electricity network. This 

framework is meticulously crafted in accordance with 

frequency and power control criteria. It's essential to 

highlight the significance of VI parameters and FOPI 

coefficients in ensuring the stability of microgrids and their 

ability to handle disturbances effectively. Consequently, 

fine-tuning these gains becomes paramount for achieving 

optimal functionality. The OFOPI+VI control strategy 

leverages the COA algorithm to find the optimum values of 

VI and FOPI gains, KVI, DVI, KP, KI, and λ. 

 

B.1. Preliminaries of Fractional Order Controller 

Combining differentiation with the fundamental non-

integer order operator, defined as follows, results in 

fractional calculus. 

(19)   𝐷𝑡
𝛽
=

{
 
 

 
 
 𝛽

  𝛽
       𝛽 > 0

1     𝛽 = 0

∫ ( 𝜏)𝛽   𝛽 < 0
𝑡

 

 

 

In Equation (19), the operation's bounds are a and t, while 

its order is determined by β (𝛽𝜖𝑅). Several methods, such as 
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Grunwald-Letnikov, Riemann-Liouville, and Caputo, can be 

used to represent fractional integro-differential equations. 

However, Caputo’s formula is the most widely used 

approximation for this purpose, and it is given by the 

following equation. 

(20) 

𝐷𝛼𝑓( ) =
1

𝛤(𝑚 − 𝛼)
∫

𝐷𝑚𝑓( )

( − 𝜏)𝛼+1−𝑚
 𝜏, 𝛼

𝑡

0

∈ 𝑅+, 𝑚 ∈ 𝑍+, 𝑚 − 1 ≤ 𝛼

≤ 𝑚 

where α represents the order of the derivative of f(t) with 

zero initial conditions, and Γ(⋅) denotes the Gamma function. 

Oustaloup [35] was a pioneer in applying FOC for 

dynamic system control, leading to the development of the 

CRONE controller (a French acronym for Commande 

Robuste d'Ordre Non-Entier). His studies demonstrated that 

this controller outperforms the classical PID controller in 

various applications. On the other hand, Podlubny [36] 

introduced the FOPID controller as an extension of the PID 

controller. This controller exhibits strong performance in 

both the time and frequency domains. The FOPID controller 

provides greater flexibility by incorporating non-integer 

orders for integration and differentiation, allowing for more 

accurate adjustments. In contrast to traditional PID 

controllers, FOPID can more effectively model systems with 

complex dynamics. This results in better transient 

performance, enhanced stability under parameter changes, 

and improved frequency regulation in microgrids. The 

following equations present the output expressions for PID 

and FOPID controllers in the time domain. 

(21) 𝑢𝑃𝐼𝐷( ) = 𝐾𝑃𝑒( ) + 𝐾𝐼∫ 𝑒(𝜏)
𝑡

0

 𝜏 + 𝐾𝐷
 𝑒( )

  
 

(22) 𝑢𝐹𝑂𝑃𝐼𝐷( ) = 𝐾𝑃𝑒( ) + 𝐾𝐼𝐷
−𝜆𝑒( ) + 𝐾𝐷𝐷

𝜇𝑒( ) 
 

In these equations, 𝐾𝑃, 𝐾𝐼, and 𝐾𝐷 represent the gains 

associated with the proportional, integral, and derivative 

terms, respectively. The parameters 𝜆 and 𝜇 define the orders 

of the integral and derivative operators. The function e(t) 

denotes the error, which is the difference between the desired 

reference value and the actual system output. Unlike 

conventional PID controllers, the FOPID controller 

introduces two additional tuning parameters, making the 

adjustment process more complex.  

 

B.2. The Design Procedure of the Designed 

OFOPI+VI Control Methodology 

In this paper, the fractional order PI controller as described 

in the following equation is used to improve the performance 

of the VIC.  

(23) 𝑢𝐹𝑂𝑃𝐼( ) = 𝐾𝑃𝑒( ) + 𝐾𝐼𝐷
−𝜆𝑒( ) 

 

The block diagram of the proposed OFOPI+VI controller 

is depicted in Fig. 5. 
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Fig. 5. The schematic diagram of OFOPI+VI controller. 

Taking into account the cost function outlined in the 

previous section, the design procedure utilizes the following 

design vector: 

𝜃𝑣
𝑉𝐼 = [K𝑃 𝐾I  λ]

T
 (24) 

The upper and lower bounds of the design vector are 

defined as 0 ≤ 𝐾𝑃 ≤ 200,0 ≤ 𝐾𝐼 ≤ 200, and 0 ≤ λ ≤ 2,  

respectively. 

 

C. The Design Procedure of the Proposed 

Nonlinear Fractional-Order PI-Based VI 

Controller   
In this section, at first, the preliminaries of the nonlinear 

fractional order PI controller are presented, and then the 

design procedure of the proposed ONFOPI+VI controller is 

described.  

C.1. Preliminaries of Nonlinear Fractional Order 

Controller 

The Nonlinear Fractional-Order Controller (NFOC) was 

introduced by Petras [32, 37-38]. Through various examples, 

he demonstrated the effective performance of NFOC in 

nonlinear control systems. The output expression for the 

nonlinear FOPID controller is given as follows: 

(25) 
𝑢𝑁𝐹𝑂𝑃𝐼𝐷( ) = 𝑔(𝑒( )) (𝐾𝑃𝑒( ) + 𝐾𝐼𝐷

−𝜆𝑒( )

+ 𝐾𝐷𝐷
𝜇𝑒( )) 

(26) 𝑔(𝑒( )) = 𝐾0 + (1 − 𝐾0)|𝑒( )|  , 𝐾0𝜖(0,1) 

When 𝐾₀ = 1.0, the classical form of the FOPID controller 

in Eq. (22) is obtained. However, when 𝐾₀ ≠ 1.0, the system 

defines a nonlinear FOPID controller with six degrees of 

freedom. 

C.2. The Design Procedure of the Proposed 

ONFOPI+VI Controller 

In this section, the nonlinear fractional order PI controller 

as described in the following equation is used to improve the 

performance of the optimal COA-VI designed in section A. 

(27) 𝑢𝑁𝐹𝑂𝑃𝐼( ) = 𝑔( 𝑓)(𝐾𝑃 𝑓 + 𝐾𝐼𝐷
−𝜆 𝑓) 

 

(28) 𝑔( 𝑓) = 𝐾0 + (1 − 𝐾0)| 𝑓|  , 𝐾0𝜖(0,1) 
 

The block diagram of the proposed ONFOPI+VI 

controller is depicted in Fig. 6. 
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Fig. 6. The schematic diagram of the ONFOPI+VI controller. 

Using the cost function of relationship (8), the following 

design vector is used for the design procedure.  

𝜃𝑣
𝑉𝐼 = [K𝑃 𝐾I  𝐾0  λ]

T
 (29) 

The upper and lower bounds of the design vector are 0 ≤

𝐾𝑃 ≤ 200 , 0 ≤ 𝐾𝐼 ≤ 200, 0 ≤ 𝐾0 ≤ 1 and 0 ≤ λ ≤ 2, 

respectively. 

 

V. Results, Analysis, and Discussion. 

This section examines the significance and efficiency of 

implementing the suggested ONFOPI+VI to enhance the 

grid's frequency response. The industrial and residential 

loads were simulated using the signal builder block, as 

shown in Fig. 2. The TPG has been modeled using first-order 

transfer functions, GRC, and limiter blocks. Additionally, the 

WT and PV systems have been simulated using first-order 

transfer function blocks. The ESS modeling has been 

presented using first-order transfer function blocks. To 

demonstrate the effectiveness of the proposed inertia control 

design, nonlinear simulations have been conducted using 

MATLAB/Simulink software. These simulations involve 

contrasting critical cases with different penetration rates of 

RGs and load patterns to examine the microgrid frequency 

response. In this research article, we evaluate the 

performance of different VI controller strategies in three 

different cases. We use Δf, as an indicator to assess the grid's 

functionality. 

In power system stability assessment, four principal 

performance indicators are typically utilized: the Integral 

Square Error (ISE), Integral Absolute Error (IAE), Integral 

Time Weighted Absolute Error (ITAE), Maximum 

Overshoot (MO), and Maximum Undershoot (MU). These 

metrics have become standard evaluation tools in dynamic 

system studies, defined mathematically as follows: 

𝐼𝐴𝐸 = ∫ | 𝑓|
𝑡=𝑇𝑠𝑖𝑚

𝑡=0

   (30) 

𝐼 𝐸 = ∫ ( 𝑓)2
𝑡=𝑇𝑠𝑖𝑚

𝑡=0

   
(31) 

𝐼𝑇𝐴𝐸 = ∫  | 𝑓|
𝑡=𝑇𝑠𝑖𝑚

𝑡=0

   
(32) 

𝑀𝑂 = 𝑚𝑎𝑥(𝑓( )) − 𝑓  𝑚     (33) 

𝑀𝑈 = 𝑓  𝑚    −𝑚𝑖𝑛(𝑓( )) (34) 

 The comparative analysis shows that the ONFOPI+VI 

control methodology outperforms other control approaches. 

Specifically, the ONFOPI+VI controller yielded better 

outcomes than the T-VI, COA-VI, GAPI+VI, and 

OFOPI+VI control methods, resulting in an enhanced 

frequency response. The results yielded from utilizing the 

COA algorithm to the OFOPI+VI controllers in comparison 

with those of the T-VI and GAPI+VI are shown in Table 1. 

Furthermore, Table 2 displays the characteristics of the 

ONFOPI-based VI controller tailored for the assessed MG. 

The swarm size and the maximum iterations of the COA 

algorithm for COA-VI, OFOPI+VI, and ONFOPI+VI are 

selected as 500 and 100, respectively. 
 

TABLE I PARAMETERS OF T-VI, COA-VI, GAPI+VI, AND 

OFOPI+VI CONTROLLERS PERTAINING TO THE 

EVALUATED MG 

Control Method 𝐾𝑃 𝐾𝐼 𝐾𝑉𝐼 𝐷𝑉𝐼 λ 

W-VI  - - - - - 

T-VI  - - 0.5 - - 

COA-VI  - - 2.962 3.862 - 

GAPI+VI  113.663 122.14 3.710 4.794 - 

OFOPI+VI  136.412 142.677 2.962 3.862 0.865 

 

TABLE II PARAMETERS OF THE DEVELOPED 

ONFOPI+VI CONTROLLER FOR THE MG UNDER 

EXAMINATION 

 𝐾𝑃 𝐾𝐼 𝐾𝑉𝐼 𝐷𝑉𝐼 λ 𝐾0 

ONFOPI+VI 

Controller 
197.101 189.962 2.962 3.862 0.585 0.895 

 

A. Case I: Dynamic Response of the MG to 

Sever Load Changes 
This subsection presents the results of Case I, which 

investigates the impact of connecting and disconnecting 

various loads in the presence of RGs. In this case, the 

residential load ΔPResi was disconnected after 40 seconds at 

a level of 0.05. The industrial load ΔPInd became grid-

connected after 20 seconds at a level of   0.1. The generation 

from the WPP had an initial change ΔPW of 0.12 from the 

beginning, while the generation from the SPP also had an 

initial change ΔPPV of 0.08 from the start. It is worth 

mentioning that all changes are in P.U. Table 3 summarizes 

the different operational conditions studied in Case I. 

The changes in frequency deviation for this scenario are 

shown in Fig.7 and Table 4. These results indicate that the 

ONFOPI+VI control method is better than the T-VI, COA-

VI, GAPI+VI, and OFOPI+VI methods. 

 

B.  Case II: Dynamic Response of the MG to 

Sever Changes of Different RGs  
At the outset, the residential load undergoes a 0.05 change, 

whereas the industrial load sees a 0.1 increase. The 
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TABLE III OPERATIONAL CONDITIONS UNDER CASE 

I. 

 Connecting Disconnecting (P.U.) 

Δ𝑃     0𝑠 40𝑠 0.05 

Δ𝑃𝐼   20𝑠 - 0.1 

Δ𝑃𝑊 0𝑠 - 0.12 

Δ𝑃𝑃𝑉 0𝑠 - 0.08 

 

 

Fig. 7. Performance comparison of T-VI, COA-VI, GAPI+VI, 

OFOPI+VI, and proposed ONFOPI+VI control frameworks for 

the microgrid under examination pertaining to Case I 

TABLE IV EVALUATING THE PERFORMANCE OF 

VARIOUS CONTROL METHODOLOGIES FOR THE 

MICROGRID IN CASE I. 

Control Method IAE ISE ITAE MU MO 

W-VI  4.8268 0.7068 87.378 -0.2903 0.2625 

T-VI  4.7372 0.6425 86.142 -0.2457 0.2326 

COA-VI  1.1904 0.0573 20.180 -0.1279 0.0963 

GAPI+VI  0.0032 2.00e-06 0.0522 -0.0021 0.0010 

OFOPI+VI  0.0031 2.00e-06 0.0475 -0.0021 0.0010 

ONFOPI+VI  0.0022 1.00e-06 0.0319 -0.0015 0.0008 
 

  

generation from the WPP changes by 0.12 but is 

disconnected after 40 seconds. Meanwhile, the input from 

the SPP experienced a 0.08 change after 20 seconds, when it 

became grid-connected. Table 5 summarizes the different 

operational conditions studied in Case II. 

 

 

 
i) Performance comparison of T-VI, COA-VI, 

GAPI+VI, OFOPI+VI, and proposed 

ONFOPI+VI control frameworks for the 

microgrid under examination pertaining to Case 

II 

 

 

TABLE V OPERATIONAL CONDITIONS UNDER CASE II. 

 Connecting Disconnecting (P.U.) 

Δ𝑃     0𝑠 - 0.05 

Δ𝑃𝐼   0𝑠 - 0.1 

Δ𝑃𝑊 0𝑠 40𝑠 0.12 

Δ𝑃𝑃𝑉 20𝑠 - 0.08 

 

TABLE VI EVALUATING THE PERFORMANCE OF 

VARIOUS CONTROL METHODOLOGIES FOR THE 

MICROGRID IN CASE II 

Control Method IAE ISE ITAE MU MO 

W-VI  3.4333 0.4896 104.234 -0.3814 0.1293 

T-VI  3.3563 0.4274 101.886 -0.3382 0.1195 

COA-VI  0.8721 0.0427 23.864 -0.1930 0.0405 

GAPI+VI  0.0033 2.0e-06 0.0566 -0.0031 0.00054 

OFOPI+VI  0.0032 2.0e-06 0.0529 -0.0027 0.00039 

ONFOPI+VI  0.0023 1.0e-06 0.0419 -0.0024 0.00021 

 

The changes in frequency deviation for this scenario are 

shown in Fig.8 and Table 6. These results indicate that the 

ONFOPI+VI control method is better than the T-VI, COA-

VI, GAPI+VI, and OFOPI+VI methods. 
 

C. Case III. Dynamic Response of the MG to 

Sever and Simultaneous Changes of 

Different Types of Loads and RGs 
In Case III, various components undergo changes in 

power supply and demand. The residential load disconnects 

by 0.05 at 65 seconds, while the industrial load connects by 

0.1 after 25 seconds. The WPP connects by 0.12 after 45 

seconds. Concurrently, the SPP disconnects by 0.08 at 85 

seconds. Table 7 summarizes the different operational 

conditions studied in Case III. The changes in frequency 

deviation for this scenario are shown in Fig.9 and Table 8. 
 

TABLE VII OPERATIONAL CONDITIONS UNDER CASE 

III. 

 Connecting Disconnecting (P.U.) 

Δ𝑃     0𝑠 65𝑠 0.05 

Δ𝑃𝐼   25 s - 0.1 

Δ𝑃𝑊 45𝑠 - 0.12 

Δ𝑃𝑃𝑉 0𝑠 85𝑠 0.08 
 

In Case III, the ONFOPI+VI stands out among four other 

controllers (W-VI, T-VI, GAPI+VI, and OFOPI+VI) 

regarding MO, MU, ISE, ITAE, and IAE. In particular, the 

ONFOPI+VI makes significant strides, with roughly 99.60% 

better performance contrasted with the T-VI control 

methodology, 99.17% contrasted with the COA-VI 

controller, 30.00% contrasted with the GAPI+VI controller, 

and 30.00% contrasted with the OFOPI+VI control 

methodology in terms of MO. Regarding MU, the 

ONFOPI+VI demonstrates significant enhancements of 

around 99.43% contrasted with the T-VI, 98.92% contrasted  
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Fig. 8. Performance comparison of T-VI, COA-VI, GAPI+VI, 

OFOPI+VI, and proposed ONFOPI+VI control frameworks for 

the microgrid under examination pertaining to Case III 

TABLE VIII EVALUATING THE PERFORMANCE OF 

VARIOUS CONTROL METHODOLOGIES FOR THE 

MICROGRID IN CASE III 

Control Method IAE ISE ITAE MU MO 

W-VI  6.8463 0.7513 355.853 -0.3205 0.1972 

T-VI  6.8150 0.6943 357.646 -0.2823 0.1738 

COA-VI  1.6389 0.0530 79.271 -0.1479 0.0842 

GAPI+VI  0.0041 2.00e-06 0.1670 -0.0021 0.001 

OFOPI+VI  0.0038 1.98e-06 0.1531 -0.0019 0.001 

ONFOPI+VI  0.0028 1.00e-06 0.1226 -0.0016 0.0007 

 

with the COA-VI, 23.80% contrasted with the GAPI+VI 

control methodology, and 15.78% contrasted with the 

OFOPI+VI control methodology. Furthermore, regarding 

IAE, the ONFOPI+VI demonstrates remarkable 

enhancements of nearly 99.95% contrasted with the T-VI, 

99.82% contrasted with the COA-VI, 31.70% contrasted 

with the GAPI+VI, and 26.31% contrasted with the 

OFOPI+VI controllers. These findings confirm the 

excellence of the ONFOPI+VI over the other four control 

methodologies studied, showcasing its ability to 

significantly reduce MO, MU, and IAE, thereby enhancing 

control precision and overall performance. 

The proposed ONFOPI+VI control methodology also 

demonstrated a noteworthy reduction of 50.00% in ISE, 

28.65% in IAE, 11.11% in the MU, and 46.15% in MO in 

Case II when compared with the OFOPI+VI control 

methodology, highlighting its superior performance and 

efficacy across diverse scenarios and metrics. 

In the first case, the ONFOPI+VI control methodology 

showed notable advancements of roughly 99.95% contrasted 

with the T-VI, 99.84% contrasted with the COA-VI, 38.87% 

contrasted with the GAPI+VI, and 32.84% contrasted with 

the OFOPI+VI controller in terms of ITAE.  

 

VI. Conclusion 

This study introduced an innovative ONFOPI+VI control 

methodology to enhance frequency stability in low-inertia 

islanded microgrids. By integrating nonlinear fractional-

order PI control with virtual inertia and damping 

mechanisms, the approach effectively manages energy 

storage systems and addresses uncertainties in renewable 

generation. The proposed controller was optimized using the 

COA algorithm, demonstrating significant improvements in 

system performance. Simulation results demonstrated that 

the ONFOPI+VI controller outperformed conventional 

methods, achieving at least a 30% improvement in IAE, a 

22% reduction in MU, and a 20% improvement in ITAE. The 

proposed approach is adaptable to varying renewable 

generation levels and offers a robust solution for dynamic 

stability. Future research could explore hybrid controllers 

combining intelligent and fractional-order strategies, 

integrate electric vehicle batteries as mobile energy storage, 

and assess the real-time implementation of the ONFOPI+VI 

methodology, with a focus on communication delays and 

practical applicability. 
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Appendix A  

Microgrid Control System: 𝐻 = 0.083𝑃. 𝑈.𝑀𝑊𝑠, 𝐷=0.015 

𝑃.𝑈. MW/Hz; Inertia Control: 𝑇𝐼𝑁𝑉 = 10𝑠, 𝑃 𝑆𝑆
𝑈 =

0.3 𝑃. 𝑈.𝑀𝑊, 𝑃 𝑆𝑆
𝐿 = −0.3 𝑃. 𝑈.𝑀𝑊; Primary Control: 

𝑅 = 2.4 𝐻𝑧/𝑃.𝑈.𝑀𝑊, 𝑇𝑔 = 0.1𝑠 , 𝑇𝑡 = 0.4 𝑠 , GRC= 20% 

, 𝑉𝑈 = 0.3 𝑃. 𝑈.𝑀𝑊 , 𝑉𝐿 = −0.3 𝑃. 𝑈.𝑀𝑊; Secondary 

Control: 𝛽 = 1.0 𝑃. 𝑈.𝑀𝑊/𝐻𝑧 , 𝐾 = 0.05; Renewable 

Energy Sources: 𝑇𝑊𝑇 = 1.5𝑠 , 𝑇𝑃𝑉 = 1.8𝑠 
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Multiphase permanent magnet synchronous motors (PMSMs) are widely adopted in 

high-power-density and high-efficiency applications, particularly where reliability is a 

critical design requirement. This paper presents a control strategy for an asymmetric 

six-phase PMSM with a dual-winding per-phase stator configuration, where each phase 

consists of two physically aligned and symmetrically distributed windings relative to 

the stator center to ensure enhanced drive reliability. The system employs a fully 

modular control and power architecture, with each winding pair in a phase supplied by 

an independent single-phase H-bridge inverter. To mitigate torque ripple caused by 

non-sinusoidal back-EMF waveforms, an optimized harmonic current injection 

technique is implemented alongside quasi-proportional resonant (QPR) current 

controllers for precise harmonic compensation. Additionally, under fault conditions 

(e.g., winding failure), a fault-tolerant control (FTC) algorithm is applied, focusing on 

the suppression of second-order harmonic torque oscillations to maintain stable 

operation. The proposed control methodologies are validated through detailed Simulink 

simulations and further supported by experimental results, confirming their 

effectiveness in improving performance and reliability. 

 

NOMENCLATURE   

𝑒𝑥𝑖
 Back-EMF voltage of winding 𝑥𝑖  𝑣𝑥𝑖

 Voltage of winding 𝑥𝑖  

𝑖𝑥𝑖
 Current of winding 𝑥𝑖  𝑖𝑦𝑗

 Current of winding yj  

𝜓𝑥𝑖
 Linkage flux of winding 𝑥𝑖  𝑃𝑥𝑖

 Air gap power of the winding 𝑥𝑖  

𝐿𝑥𝑖
 Self-inductance of winding 𝑥𝑖  𝑀𝑥𝑖𝑦𝑗

 Mutual inductance between windings 𝑥𝑖 and yj  

ℎ Order of harmonic in currents or back-EMFs 𝜃𝑟 Rotor position in electrical rad. 

𝐾𝑃 Proportional gain of PI controller 𝐾𝐼  Integral gain of PI controller 

𝐾𝑃 Proportional gain of  ℎ𝑡ℎ harmonic in QPR 𝐾𝑅ℎ Resonant gain of  ℎ𝑡ℎ
 harmonic in QPR 

𝜔𝑐ℎ Cut-off frequency of  ℎ𝑡ℎ
 harmonic in QPR 𝜔𝑜 Resonant frequency in QPR 

𝜔𝑟 Rotor speed in electrical rad/sec 𝜔𝑚 Rotor speed in mechanical rad/sec 

𝑇𝑒 Electromagnetic or airgap torque 𝑃𝑒 Airgap power 

𝑇𝑒
∗ Reference torque J Inertia moment 

𝑇𝑙  Electromagnetic load 𝐼1, 𝐼3, 𝐼5 Injected harmonic current contents 

𝐸1, 𝐸3, 𝐸5 Back-EMF harmonic contents 𝐼1
∗, 𝐼3

∗, 𝐼5
∗ Reference injected harmonic current contents 

𝑇0, 𝑃0 Constant value of torque/airgap power 𝑇6, 𝑃6 6𝑡ℎ harmonic of torque/airgap power 
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I. Introduction 

Multiphase electric motors, defined as motors with 

more than three phases, have gained significant attention 

from researchers and industry professionals in recent years 

[1,2]. These motors are commonly used in medium- to 

high-power applications—such as large ships, submarine, 

and industrial mills—where enhanced reliability and 

reduced phase current stress are critical [3,4]. However, 

realizing these advantages depends on several factors, 

including motor structure and design. The most common 

multiphase configurations include 5, 6, 9, and 12-phase 

systems, with six-phase motors being the most prevalent. 

Compared to other multiphase motors, six-phase motors 

offer distinct benefits, such as control simplicity (similar to 

three-phase systems), ease of design and construction, and 

straightforward control implementation. As a result, they 

are widely used in sensitive applications requiring high 

redundancy, reliability, and fault tolerance, particularly in 

underwater propulsion systems [5,6]. 

In critical applications like electric drives for 

submarines and underwater vehicles, drive reliability is 

paramount. To ensure robust operation, redundancy is 

incorporated at both hardware and software levels. 

Hardware redundancy may involve increasing the number 

of phases, adding extra power switches, employing 

independent inverters for each phase, and incorporating 

redundant sensors and microcontrollers. Additionally, fault-

tolerant control (FTC) methods are essential to maintaining 

uninterrupted operation in the event of a fault [7]. 

Fig. 1 illustrates the common topology of stator 

windings in six-phase PMSMs [8], which are classified into 

two categories: symmetric and asymmetric. In the 

asymmetric type (Fig. 1(a)), the distance between the axes 

of two adjacent windings is 30°, whereas in the symmetric 

type (Fig. 1(b)), it is 60°. Additionally, as seen in Fig. 

1(a,b), a six-phase motor can be constructed using two 

three-phase windings with star connections, leading to its 

designation as a double-star three-phase PMSM (DTP-

PMSM). The star points of these windings may either 

remain separate or coincide, and in such configurations, 

two three-phase inverters are typically employed to power 

the motor. 

To enhance reliability, an open-ended connection can 

replace the double-stranded connection for each winding, as 

depicted in Fig. 1(c,d). In this setup, each phase is powered 

by a single-phase H-bridge inverter. For greater reliability, 

independent local control systems (microcontrollers) can be 

assigned to each single-phase inverter in the structures 

shown in Fig. 1(c,d), with an upstream central 

microcontroller coordinating the operation of all six local 

microcontrollers. This modular drive topology, featuring 

separate control and power circuits for each phase, offers a 

high degree of fault tolerance. 

 

In this study, a specialized asymmetric six-phase PMSM 

is investigated to reduce current stress on the windings and 

enable higher power output. This motor features a unique 

stator configuration where each phase consists of two 

separate windings positioned in two distinct physical halves 

of the stator, symmetrically arranged around the stator’s 

center. This design can also be termed a six-phase 

asymmetric motor with dual stator windings. Fig. 2 presents 

the schematic of the stator winding for this asymmetric six-

phase motor with double windings. The windings are 

connected in an open-end configuration, with each winding 

in a phase independently controlled by a single-phase H-

bridge inverter, all managed by a single microcontroller. 

Fig. 3 depicts the drive schematic for this modular 

asymmetric six-phase PMSM with dual stator windings. 

Notably, the reference currents for both windings of a given 

phase, sent by the central microcontroller to the 

corresponding local microcontroller, are identical, ensuring 

that the resulting MMFs from the two windings remain 

aligned. 

One of the limitations of this structure is that the modular 

design of the control system prevents data exchange 

between the local microcontrollers of different phases. As a 

result, the controllers in each module operate independently 

without awareness of the voltage and current information 

from other modules. This restriction poses challenges for 

modeling and control strategies based on dq reference 

frame theory, which are commonly applied to three-phase 

or six-phase motors but rely on certain assumptions about 

system coupling and information sharing. In the modular 

drive system under investigation in this research—whose 

structure is illustrated in Fig. 3— 

  
(b) Symmetric double star type (a) Asymmetric double star type 

 
 

(d) Symmetric open-end type (c) Asymmetric open-end type 

Fig. 1. Common types of six-phase PMSMs 
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Fig. 2. The schematic of an asymmetric six-phase PMSM 

with double stator winding 
 

 

Fig. 3. Schematic of the drive for six-phase, double winding 

PMSM used in this research 

 

transformations such as 3-to-2 or their inverses cannot 

be implemented. Consequently, for modeling the modular 

six-phase PMSM in this study, a six-axis stationary 

reference frame approach is adopted. 

The control methods for three-phase PMSMs are highly 

diverse. While these methods can also be applied to six-

phase PMSMs, their practical use is less common due to the 

increased number of phases, higher computational burden, 

processing limitations in microcontrollers, and the poor 

performance of some methods in high-power motors [9]. 

Vector control is the most widely used primary method for 

both three-phase and six-phase PMSMs, offering relatively 

fast dynamics and smoother torque compared to other 

approaches. For six-phase PMSMs, vector control is 

implemented in independent dq frames, decoupled dq 

frames, and the Vector Space Decomposition (VSD) 

method. A comparison of various vector control strategies 

for asymmetric six-phase PMSMs with double-star winding 

configurations (DTP-PMSM) has been presented in [10]. 

However, vector control for six-phase PMSMs has several 

drawbacks, including the computational complexity of Park 

transformations, challenges in tuning multiple PI controller 

coefficients, and sensitivity to changes in motor parameters. 

To address some limitations of vector control, such as the need 

for multiple PI controllers and their tuning, Direct Torque 

Control (DTC) has been proposed [11,12]. Nevertheless, DTC 

also suffers from inherent disadvantages, such as persistent 

current and torque ripple, along with significant high-

frequency noise. Model Predictive Control (MPC) has emerged 

as an effective and optimal strategy for controlling switching 

and nonlinear systems, gaining widespread adoption in electric 

drive applications, including PMSM drives. Several studies 

have explored MPC for six-phase PMSMs using two-level and 

three-level inverters [13,14]. However, MPC is also sensitive 

to parameter variations, and while model-free and robust 

predictive methods have been proposed for three-phase 

PMSMs, they have not yet been extended to six-phase 

PMSMs. 

Most conventional control methods rely on motor models 

in two-axis reference frames, necessitating transformations 

such as abc-to-dq or αβ. However, in the modular drive 

structure investigated in this research—where each phase is 

controlled independently—these conventional methods 

cannot be applied. In summary, due to the modular 

architecture of the control system studied here, none of the 

existing modeling and control methods based on two-axis 

theory (for either three-phase or six-phase PMSMs) are 

suitable. Instead, phase-independent modeling and control 

approaches must be developed. 

The primary reason for using multiphase PMSM motors, 

particularly six-phase motors, is to enhance the fault-

tolerant capability and reliability of the drive system under 

faulty conditions [15]. Fault-tolerant control strategies for 

six-phase motor drives are crucial to ensure reliable 

operation under various fault conditions such as open-phase 

or short-circuit faults. One effective approach is phase 

redundancy, where healthy phases compensate for faulty 

ones by redistributing currents, though this may lead to 

increased torque ripple in severe faults [16]. Model 

predictive control (MPC) offers dynamic fault handling by 

optimizing future system behavior, providing excellent 

performance at the cost of higher computational complexity 

[17]. Sliding mode control (SMC) is another robust method 

that maintains stability despite faults by forcing the system 

into a predefined sliding surface, but its inherent chattering 

can affect smooth operation [18]. Field-oriented control 

(FOC) with adaptive current regulation adjusts d-q axis 

currents to minimize torque disturbances, offering a good 

balance between performance and simplicity, though it 

relies heavily on accurate fault detection. Compared to 

these, MPC and SMC demonstrate superior fault tolerance 

and adaptability, with MPC being more computationally 

demanding while SMC suffers from chattering issues [19]. 

In contrast, FOC and phase redundancy methods are 

simpler to implement but may lack the same level of 

precision under extreme fault conditions. The choice of 
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method ultimately depends on the specific application 

requirements, including computational resources, desired 

response time, and acceptable torque ripple levels, with 

advanced methods like MPC being preferred for high-

performance applications where reliability is critical [20]. 

Due to the independent control structure of each phase 

relative to the others, most aforementioned fault-tolerant 

control methods relying on dq transformations are not 

applicable. Therefore, this paper proposes a compensation-

based fault-tolerant control strategy for open-circuit faults 

in one or more windings, which operates independently 

without requiring dq transformations. 

The rest of this paper is organized as follows: Section 2 

presents the modeling of the modular non-sinusoidal six-

phase PMSM. Section 3 discusses the motor's control using 

an optimal harmonic current injection strategy with quasi-

proportional resonant (QPR) current controllers, followed 

by a fault-tolerant control method. Simulation results are 

provided in Section 4, while experimental validation is 

presented in Section 5. Finally, Section 6 concludes the 

paper with key findings and insights. 

 

II. Modeling of the Non-Sinusoidal, Asymmetric 

Six-Phase PMSM with Double Winding  
For dynamic modeling of sinusoidal three-phase 

PMSMs, Park (dq) or Clarke (αβ) transformations are 

typically employed to represent the system in either rotating 

or stationary reference frames. Similarly, for six-phase 

PMSMs, various modeling approaches exist, analogous to 

those used for three-phase motors. These methods include: 

(1) Modeling in independent 𝒅𝒒 reference frames [21] 

(2) Modeling in independent, decoupled 𝒅𝒒 frames [22] 

(3) Modeling using vector space decomposition (VSD) [23] 

(4) Modeling in six-axis stationary reference frame [24]  

For a six-phase PMSM with sinusoidal back EMF, the 

first three modeling methods are commonly employed, with 

no significant difference in computational complexity 

among them. However, modeling non-sinusoidal PMSMs 

requires additional considerations when applying these 

methods. Proposed approaches for modeling non-sinusoidal 

PMSMs include : 

(a) Non-sinusoidal vectorial or extended Park method [25] 

(b) Modeling in one 𝑑𝑞 reference frame considering 

harmonic components [26] 

(c) Modeling in multiple harmonic 𝑑𝑞 reference frames 

(MRF) [27]  

(d) Vector space decomposition (VSD) method [28] 

In the extended Park transformation-based modeling 

method, the argument and amplitude used in the Park 

transformation vary according to the rotor angle. When 

modeling in a single dq reference frame while accounting 

for harmonic components, the conventional Park 

transformation is applied, incorporating the effects of 

harmonic back-EMF voltages in the voltage-current 

equations and the electromagnetic torque relationship. 

Alternatively, the multiple harmonic dq reference frames 

method involves creating rotating dq frames corresponding 

to the harmonic orders present in the back-EMF voltage, 

each synchronized to the respective harmonic frequency. 

The VSD method is one of the most powerful modeling 

methods that, although originally proposed for modeling 

sinusoidal multiphase motors, also performs well for 

modeling non-sinusoidal three-phase motors. In this 

method, using appropriate 3-to-2 transformations, the main 

component of the motor signals along with the harmonics 

of orders 𝑘 = 12𝑚 ± 1 (𝑚 = 1,2,3, … ) are transferred to 

the main subspace 𝛼𝛽, while the harmonics of orders 𝑘 =

6𝑚 ± 1 are transferred to the secondary subspace 𝑧1𝑧2, 

and the zero-order harmonics 𝑘 = 3𝑚 are mapped to the 

zero-sequence subspace 𝑜1𝑜2. The VSD modeling method 

offers several advantages, including the ability to work with 

simplified models across three two-dimensional subspaces, 

facilitating easier controller design and more 

straightforward harmonic control. Additionally, this method 

enables the modeling of non-sinusoidal motors—such as 

those with non-sinusoidal back-EMF voltages—as 

sinusoidal motors, simplifying analysis and control.  

However, both the VSD method and other dq-based 

modeling techniques are only applicable when the motor 

employs a centralized control system. Due to the modular 

structure of the drive system studied in this research, 

conventional two-axis-based modeling methods cannot be 

applied. Furthermore, the non-sinusoidal nature of the 

back-EMF voltages adds to the complexity. Therefore, for 

the six-phase PMSM with double winding, as illustrated in 

Fig. 2, modeling in the six-axis stationary reference frame 

is required. In this approach, the six stationary reference 

axes are aligned with the winding axes depicted in Fig. 

1(c). Assuming the phase naming and arrangement of the 

PMSM shown in Fig. 2, the voltage-current relationship for 

each phase is given by: 

(1) 𝑣𝑥𝑖
= 𝑅𝑠𝑖𝑥𝑖

+
𝑑

𝑑𝑡
𝜓𝑥𝑖

+ 𝑒𝑥𝑖
 

where 𝑅𝑠 is resistance of each stator phase, and 𝑣𝑥𝑖
 is 

voltage in the winding 𝑥𝑖, (𝑥 = 𝑎, 𝑏, 𝑐 & 𝑖 = 11,12,21,22) 

and other nomenclature are defined at the beginning of the 

paper. The value of the flux linkage for each winding 

depends on the current of that winding and the currents of 

the other 11 windings, and can be calculated from the 

following relationship: 

(2) 

𝜓𝑥𝑖
= 𝐿𝑥𝑖

𝑖𝑥𝑖
+ ∑ 𝑀𝑥𝑖𝑦𝑗

𝑖𝑦𝑗

𝑖,

𝑦=𝑎,𝑏,𝑐
𝑗=11,12,21,22  

(𝑥𝑖≠𝑦𝑗)
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The stator inductance matrix, in the case of the two 

windings of each phase being separate (for instance, 𝑎11 

and 𝑎12) is a 12 × 12 matrix. Two windings of a phase for 

improvement the motor performance at low speeds is 

connected in series and so, the inductance matrix is 

converted to a 6 × 6 matrix. The electromagnetic torque 𝑇𝑒 

and motor speed 𝜔𝑚 for the asymmetric six-phase PMSM 

with double stator windings can be calculated using as 

follows: 

(3) 𝑇𝑒 = ∑
𝑒𝑥𝑖

𝑖𝑥𝑖

𝜔𝑟𝑥=𝑎,𝑏,𝑐
𝑖=11,12,21,22

 

(4) 𝜔𝑚 =
1

𝐽
∫(𝑇𝑒 − 𝑇𝑙)𝑑𝑡 

To implement of the model in Simulink, a 12-phase 

winding can be used, that to each phase, a dependent 

voltage source with desired harmonic waveform 

function of rotor position 𝜃𝑟 and amplitude as function 

of rotor speed, can be added in series.  

In the presented motor model in the stationary 

reference frame with constant inductance values, it is 

assumed that the rotor is of the surface-mounted 

permanent magnet type. Additionally, saturation effects 

and armature reaction are neglected. The presence of 

these uncertainties and the nonlinear effects manifest 

themselves in the distortion of the back-EMF voltage 

waveforms and changes in their harmonic content within 

the model, which must be taken into account when 

applying the control method. 

III. Control of the Non-Sinusoidal, Asymmetric 

Six-Phase PMSM with Double Winding using 

Optimal Harmonic Current Injection Method  

 In the introduction section it has been explained that due 

to the modular structure of the drive system under study in 

this research, the use of control methods based on the two-

axis theory is not possible. Moreover, the many numbers of 

windings and the non-sinusoidal back-EMF voltages also 

add to the challenge. In this section, to reduce the torque 

ripple caused by the non-sinusoidal back-EMFs of the 

windings, an optimal current shaping (or harmonic current 

injection) strategy is employed in the six-axis stationary 

reference frame, which will be briefly discussed as follows. 

A. Torque Ripple Reduction Using Optimal Harmonic 

Current Injection Strategy 

 In harmonic current injection strategy, corresponding to 

the harmonics present in the phase back-EMF voltages, the 

fundamental phase current is injected as well as harmonic 

currents so that the harmonics of torque become zero, 

leaving only the constant part of the torque [29]. For the 

six-phase motor in this research, it is assumed that 

harmonics with orders 1, 3, and 5 are present in the back-

EMF voltage. Therefore, the back-EMF voltage of the 

winding 𝑥𝑖 (here 𝑥𝑖 = 𝑎11) can be written as follows: 

(5) 𝑒𝑥𝑖
(𝑡) = 𝐸1 𝑠𝑖𝑛 𝜔𝑟 𝑡 + 𝐸3 𝑠𝑖𝑛 3 𝜔𝑟 + 𝐸5 𝑠𝑖𝑛 5 𝜔𝑟𝑡  

where 𝐸1, 𝐸3, and 𝐸5 are respectively 1, 0.07, and -0.03 per 

unit in this research. The injected current into winding 𝑥𝑖 

(here 𝑥𝑖 = 𝑎11) is considered as follows: 

(6) 𝑖𝑥𝑖
(𝑡) = 𝐼1 𝑠𝑖𝑛 𝜔𝑟 𝑡 + 𝐼3 𝑠𝑖𝑛 3 𝜔𝑟𝑡 + 𝐼5 𝑠𝑖𝑛 5 𝜔𝑟𝑡                   

For other windings, the argument of the sinusoidal 

functions changes according to Fig. 1(c). The air gap power 

of the winding 𝒙𝒊 = 𝒂𝟏𝟏  will only include even order 

harmonics up to the 10th order as follows: 

(7) 𝑃𝑥𝑖
(𝑡) = 𝑃0 + 𝑃2 𝑠𝑖𝑛 2 𝜔𝑟𝑡 + ⋯ + 𝑃10 𝑠𝑖𝑛 10 𝜔𝑟𝑡 

The total air gap power of all windings in a PMSM with 

phase number multiple of 3, contains only harmonic with 

orders 6, 12, and 18. Assuming current and voltage 

harmonics are limited to the 5th order for the motor in this 

study, the total instantaneous air gap power 𝑃𝑒 is obtained 

as follows: 

     (8) 𝑃𝑒(𝑡) = 𝑃0 + 𝑃6 𝑠𝑖𝑛 6 𝜔𝑟𝑡 

The instantaneous electromagnetic torque can also be 

calculated as: 

(9) 𝑇𝑒(𝑡) =
𝑃𝑒(𝑡)

𝜔𝑟

= 𝑇0 + 𝑇6 𝑠𝑖𝑛 6 𝜔𝑟𝑡 

where: 

)10) 𝑇0 =
3

2𝜔𝑟

[𝐸1𝐼1 + 𝐸3𝐼3 + 𝐸5𝐼5] 

(11) 𝑇6 =
3

2𝜔𝑟

[−𝐼1𝐸5 + 𝐼3𝐸3 − 𝐼5𝐸1] 

To determine the amplitudes of the current harmonics for 

each phase, by setting 𝑻𝟎 equal to the reference torque 𝑻𝒆
∗  

(the output of the speed controller) and setting 𝑻𝟔 to zero, 

the following matrix equation must be solved: 

(12) [
𝐸1 𝐸3 𝐸5 

−𝐸5 𝐸3 −𝐸1 
] × [

𝐼1

𝐼3

𝐼5

] =
2𝜔𝑟

3
[
𝑇𝑒

∗

0
] 

It should be noted that in non-sinusoidal PMSM with 

the star connection, the third harmonic current cannot flow, 

and despite the presence of the third harmonic back-EMF 

voltage, the third harmonic current is not included in the 

reference current. However, in a motor with an open-end 
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winding, the third harmonic current can flow. One 

solution—based on the fact that the third harmonic current 

does not involve in torque generation—is to set the third 

harmonic current component in the reference current to 

zero. In this case, in (12), the number of equations and 

currents becomes equal, allowing the amplitudes of the 

current harmonics to be determined. However, if the third 

harmonic is considered, it can be adjusted in such a way 

that the total RMS current (and thus copper losses) is 

minimized. In this case and in (12), the number of unknown 

currents is 3 that is more than the number of equations. This 

refer that it has not a unique solution. Hence, an 

optimization must be performed to extract the best solution. 

An optimal method to solve this equation is such that, in 

addition to satisfying the above equations, the rms value of 

the current vector 𝑰 ∗ 𝑰𝒕 should be also minimized, thereby 

obtaining the optimal harmonic values of the current. Thus, 

consider the following optimization problem [30]: 

(13) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒  𝐶 = 𝑥𝑥𝑇   
𝑥 = [𝐼1 𝐼3 𝐼5] 

𝑖𝑓; 𝐴𝑥 = 𝐵 

𝐵 =
2𝜔𝑟

3
[
𝑇𝑒

∗

0
] ,  𝐴 = [

𝐸1 𝐸3 𝐸5

−𝐸5 𝐸3 −𝐸1
] 

The optimal solution of above problem is obtained as 

follows [37]: 

)14) 
𝑥𝑜𝑝𝑡 = 𝐴𝑇 × (𝐴 × 𝐴𝑇)−1 × 𝐵 

Using the above solution, the optimal values of the current 

harmonic amplitudes are obtained as follows: 

)15) [

𝐼1
∗

𝐼3
∗

𝐼5
∗
] = [

0.9956
0.0736
0.0247

]
2𝜔𝑟𝑇𝑒

∗

3
  

 

B. Harmonic Current Regulation for Windings using 

Proportional-Resonant Controllers  

Using (6) and (15), the time relation of the reference 

current for both windings of the phase 𝒂𝟏, based on the 

reference torque, can be determined as follows: 

(16) 𝑖𝑎1
∗ (𝑡) = 𝐼1

∗ 𝑠𝑖𝑛 𝜔𝑟 𝑡 + 𝐼3
∗ 𝑠𝑖𝑛 3 𝜔𝑟𝑡 + 𝐼5

∗ 𝑠𝑖𝑛 5 𝜔𝑟𝑡 

The current of phase 𝒂𝟏 windings, in all transient and 

steady states, must accurately track the aforementioned 

reference value. For this purpose, appropriate current 

controllers should be used. The simplest type of controller 

is the hysteresis controller, which, due to its steady-state 

error in current and high, and variable switching frequency, 

is not suitable for high-power applications sensitive to 

acoustic noise. On the other hand, the traditional PI 

controller is also not suitable for this application because 

the PI controller, due to its small bandwidth, is not capable 

of tracking AC signals containing high-order harmonics 

[31]. An effective and suitable solution for tracking 

harmonic reference signals is the using of proportional-

resonant (PR) controllers or quasi-proportional-resonant 

(QPR) controllers. The transfer function of the QPR 

controller can be expressed as: 

(17) 𝐺𝑄𝑃𝑅(𝑠) = 𝐾𝑃 + 𝐾𝑅

2𝜔𝑐𝑠

𝑠2 + 2𝜔𝑐𝑠+𝜔𝑜
2
 

The QPR controller has four parameters: 𝜔𝑜, 𝜔𝑐 , 𝐾𝑃 , 

and 𝐾𝑅 , which must be correctly chosen. The resonance 

frequency 𝜔𝑜 is exactly equal to the fundamental system's 

sinusoidal signal frequency. However, the other three 

parameters should be selected to maximize the gain around 

the resonance frequency while appropriately attenuating 

neighboring frequencies. There are various methods for 

designing and determining the parameters of QPR 

controllers, the most important of which are: (i) trial-and-

error method, (ii) the forced oscillation method (time 

domain), (iii) the frequency response method (frequency 

domain).  

The trial-and-error method involves manually adjusting 

the gains and controller parameters and observing the 

motor's response to various input signals that is briefly 

presented [31]. (1) Selecting initial values; Choose initial 

values for the parameters 𝐾𝑅, 𝐾𝑃, and 𝜔𝑐 based on prior 

experience or knowledge of the PMSM drive system. These 

initial values serve as the starting point for the tuning 

process. (2) Tuning the proportional gain 𝐾𝑃; First, adjust 

the proportional gain 𝐾𝑃 to achieve the desired steady-state 

performance. This can be done using methods such as trial 

and error or systematic tuning approaches like the Ziegler-

Nichols method. (3) Tuning the resonance gain 𝐾𝑅; After 

tuning the 𝐾𝑃, adjust the 𝐾𝑅 to achieve the desired tracking 

performance. This can also be done using trial and error or 

systematic tuning methods such as the Internal Model 

Control (IMC) method. (4) Tuning the cut-off frequency 

𝜔𝑐; adjust the 𝜔𝑐 to achieve the desired compromise 

between dynamic response and stability. This can be done 

by observing the system's step response to a reference 

current and adjusting 𝜔𝑐 to achieve the desired settling time 

and overshoot, (5) Validating the tuned parameters; 

evaluate the controller's performance under various 

operational conditions and disturbances to ensure it meets 

the desired performance criteria. 

If, in addition to fundamental signal with frequency 𝜔𝑜, 

the higher-order harmonics of the signal are available, the 

QPR controller should be modified. For reference harmonic 
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current given by (16), the transfer function of the QPR 

controller can be expressed as follows: 

(17) 

𝐺𝑄𝑃𝑅,𝐻(𝑠) = 𝐾𝑃 + 𝐾𝑅1

2𝜔𝑐1
𝑠

𝑠2 + 2𝜔𝑐1
𝑠 + 𝜔𝑜

2 
+ 

                                   𝐾𝑅3

2𝜔𝑐3
𝑠

𝑠2 + 2𝜔𝑐3
𝑠 + (3𝜔𝑜)2 

+   

                                    𝐾𝑅5

2𝜔𝑐5
𝑠

𝑠2 + 2𝜔𝑐5
𝑠 + (5𝜔𝑜)2 

 

The optimal values for the parameters 𝐾𝑃 , 𝐾𝑅ℎ
, and 𝜔𝑐ℎ

 for 

the six-phase motor drive in this research are determined 

using the trial-and-error method. 

Fig. 4 illustrates the block diagram of the six-phase 

PMSM control system in this paper using harmonic 

current injection strategy as well as QPR controllers for 

winding current regulation. A PI controller generates the 

reference torque based on tracking error of speed. Using 

harmonic current injection strategy and based on eq. (15) 

the current reference for all phases is determined and 

finally by 12 QPR controllers, the current regulation is 

implemented.  

 

 

Fig. 4. Schematic of control system for the six-phase PMSM with 

double windings using harmonic current injection strategy  

C. Motor Control Under Single-Phase Fault  

 The modular six-phase PMSM with open-end winding 

configuration provides the best control capabilities under 

fault conditions compared to other 6-phase or even 12-

phase motors with star- connections. It has the ability to 

eliminate torque ripple using the allowable current capacity 

of the remaining healthy phases for each fault condition. In 

healthy condition, ignoring the effect of high frequency 

switching and cogging, the developed electromagnetic 

torque is constant and free of any oscillations. However, 

when a fault occurs in one or more windings, the generated 

torque becomes oscillatory, adding a second harmonic 

oscillatory torque component to the constant torque. The 

fault-tolerant control (FTC) strategy used in this study is 

based on reconstructing the amplitude and angle of the 

main harmonic current of one or some healthy windings to 

re-establish the balance between the second harmonic 

torques of the healthy winding [32]. To demonstrate the 

proposed FTC, assume that the back-EMF voltage and 

current of the windings of the six-phase shown in Fig. 1 are 

sinusoidal. The air-gap powers resulting from six-windings 

𝑎11𝑏11𝑐11𝑎21𝑏21𝑐21 (group 1) can be obtained as follows: 

(18)  

𝑃𝑎11
(𝑡) =

𝐸1𝐼1

2
+

𝐸1𝐼1

2
𝑐𝑜𝑠(2𝜔𝑟𝑡) 

𝑃𝑎21
(𝑡) =

𝐸1𝐼1

2
+

𝐸1𝐼1

2
𝑐𝑜𝑠(2𝜔𝑟𝑡 + 60𝑂) 

𝑃𝑏11
(𝑡) =

𝐸1𝐼1

2
+

𝐸1𝐼1

2
𝑐𝑜𝑠(2𝜔𝑟𝑡 + 120𝑂) 

𝑃𝑏21
(𝑡) =

𝐸1𝐼1

2
+

𝐸1𝐼1

2
𝑐𝑜𝑠(2𝜔𝑟𝑡 + 180𝑂) 

𝑃𝑐11
(𝑡) =

𝐸1𝐼1

2
+

𝐸1𝐼1

2
𝑐𝑜𝑠(2𝜔𝑟𝑡 + 240𝑂) 

𝑃𝑐21
(𝑡) =

𝐸1𝐼1

2
+

𝐸1𝐼1

2
𝑐𝑜𝑠(2𝜔𝑟𝑡 + 300𝑂) 

From the above relationships, it is observed that the air-

gap power and consequently the electromagnetic torque of 

each windings includes a second harmonic oscillatory 

component, and the sum of these oscillations in the six 

windings is zero. Fig. 5(a) shows the direction of the six-

phase motor current vector, and Fig. 5(b) shows the 

corresponding second harmonic torque vectors generated 

by each phase in the healthy condition.  It is observed that 

the sum of all the second harmonic torque vectors in Fig. 

5(b) is zero. This balance is there for the second windings 

of phases 𝑎12𝑏12𝑐12𝑎22𝑏22𝑐22 (group 2). When one or 

more windings fails, the balance between the second 

harmonic torques is disturbed, and torque ripple occurs.  

With an open-circuit fault in the 𝑎11 winding of phase 𝑎1 

or corresponding H-bridge inverter, this winding is not 

capable of producing torque. Hence, the second harmonic 

oscillatory component in the total torque is created. In other 

words, as shown in Fig. 6(a), with the lack of the second 

harmonic torque vector of the 𝑎11 winding, the balance of 

the remaining 5 vectors is disrupted. To re-establish balance 

between these 5 remaining vectors, the directions of the two 

remaining windings in this three-phase group (𝑏11 and 𝑐11), 

must be aligned. For this purpose, their angles can be 

changed by −30° and +30° respectively, or only the 

direction of one of them (for example 𝑐11) can be changed 

by +60𝑜. Here, the second solution is chosen, that the new 

current vector 𝑐′11 is obtained as shown in Fig. 6(b). It is 

clear that three vectors 𝑎21𝑏21𝑐21 are balanced with each 

other, and two vectors 𝑏11𝑐′11 are balanced as well. Also, 

the amplitudes of all windings are adjusted to appropriate 

and permissible values to meet the load torque 

requirements.  

 



International Journal of Industrial Electronics, Control and Optimization (IECO). 2025, 8(4)                                                                             448 

 

 

 

 

(b) Second harmonic of torque  (a) Main harmonic of current 

Fig. 5. Current and torque vectors of each phase in the open-ended 
winding, asymmetrical six-phase PMSM 

 

  

(b) Fault compensation (a) Fault condition 

Fig. 6. Single-phase fault compensation in a modular six-phase 

PMSM (in group 1) by shifting angle current of  𝑐11 by +60° 

 

There are six possible single-phase faults for each six-

phase group, which are described in Table I along with their 

compensation methods. The proposed FTC method does 

not consider the source of the fault, which could be a short 

circuit in the single-phase H-bridge inverter of any 

winding, an open-circuit fault in the winding, a short-circuit 

fault in the winding, or even a fault in the microcontroller 

of any phase. It is based on measuring the effective current 

of each winding, which becomes zero. 

 

TABLE I. VARIOUS SCENARIOS OF SINGLE-PHASE 

FAULT IN GROUP 1 AND COMPENSATOR 

(CORRECTED) WINDING 

Angle shift Corrected 

winding 

Faulty 

winding 

+𝟔𝟎𝒐 𝑐11 𝑎11 
+𝟔𝟎𝒐 𝑎11 𝑏11 
+𝟔𝟎𝒐 𝑏11 𝑐11 
+𝟔𝟎𝒐 𝑏21 𝑎21 
+𝟔𝟎𝒐 𝑐21 𝑏21 
+𝟔𝟎𝒐 𝑎21 𝑐21 

 

D. Motor Control Under Multiple-Phases Fault  

In the case of faults in multiple windings, such as faults 

in two or more windings, a similar FTC method can be 

applied without any specific limitations. Generally, for n-

phase fault scenario, the number of fault conditions in each 

group of 6 windings equals the combination (
6
n

). 

Therefore, the number of possible fault conditions for 2, 3, 

4, and 5 windings is 6, 15, 20, 15, and 6, respectively. The 

total number of possible fault conditions employed motor in 

this research in each group is 62, and for both groups, it is 

124. For each condition, the compensating phases can be 

easily determined. Table II lists the 15 different fault 

scenarios occurring in two windings, including the 

compensating winding. The same FTC method, based on 

balancing the second torque harmonics in healthy phases, 

remains applicable. Please note that in some fault 

conditions, such as faults in two windings 𝑎11 , 𝑐21 , the 

balance of the second-harmonic torque vectors in the 

remaining healthy windings is inherently maintained and 

does not require compensation. 

 

IV. Simulation Results 

In this section, for the double-winding six-phase PMSM 

with rated specifications 200 kW, 245 V,  𝑅𝑠 = 50 𝑚𝛺,  

𝐿𝑠 = 232 0𝜇𝐻, back-EMF voltage constant 1.37 𝑟𝑎𝑑/𝑠, 

and inertia 0.1 𝑘𝑔 · 𝑚², the motor behavior is compared 

using the harmonic current injection control method and 

two types of current controllers, quasi-proportional-

resonant (QPR) and PI, through simulation.  

 

TABLE II. VARIOUS SCENARIOS OF TWO-PHASE 

FAULT IN GROUP 1 AND COMPENSATOR 

(CORRECTED) WINDINGS 

Angle shift Corrected 

winding 

Faulty 

winding 

+𝟔𝟎𝒐 𝑏21  𝑎11 , 𝑏11  

+𝟔𝟎𝒐 𝑐21  𝑎11  𝑐11  

+𝟔𝟎𝒐 𝑎21  𝑏11  , 𝑐11  

+𝟔𝟎𝒐 𝑎11  𝑎21  , 𝑐21  

+𝟔𝟎𝒐 𝑐11  𝑎21   , 𝑏21  

+𝟔𝟎𝒐 𝑏11  𝑏21  , 𝑐21  

+𝟏𝟐𝟎𝒐 𝑐11  𝑎11 , 𝑎21  

+𝟏𝟐𝟎𝒐 𝑐21  𝑎11  , 𝑏21  

No compensation needed 𝑎11 , 𝑐21  

+𝟏𝟐𝟎𝒐 𝑏21  𝑏11  , 𝑎21  

No compensation needed 𝑏11  , 𝑏21  

+𝟏𝟐𝟎𝒐 𝑎11  𝑏11  , 𝑐21  

No compensation needed 𝑐11 , 𝑎21  

+𝟏𝟐𝟎𝒐 𝑏11  𝑐11 , 𝑏21  

+𝟏𝟐𝟎𝒐 𝑎21  𝑐11 , 𝑐21  

 

The gains of the QPR controllers for all phases are set to 

K𝑃 = 35, K𝑅1 = 10, K𝑅3 = 0.1, K𝑅5 = 0.1, and 𝜔𝑐i = 10. Fig. 7 

shows the behavior of the drive in tracking the reference 

speed and under an increasing load torque proportional to 

the square of the speed 𝑇𝑙 = 6.43𝜔𝑚
2 . The reference speed 

is 120 rpm, and the load torque at this speed is 

approximately 1000 𝑁 · 𝑚. The reference speed tracking 

error is very small and below 0.5%. The fourth chart in Fig. 

7 shows the waveform of the non-sinusoidal back-EMF 

voltages of the motor. The current winding 𝑎11 accurately 
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follows the non-sinusoidal reference current using QPR 

current controllers, with minimal torque ripple of about 3%, 

as shown in the third chart in Fig. 7. 

Fig. 8 shows the drive behavior using PI current 

controllers, where the gain values of the controllers for all 

phases are set to 𝐾𝐼 = 100 and 𝐾𝑃 = 20. It is observed that 

this type of controller, due to bandwidth limitations, cannot 

accurately track the harmonic reference current. Hence, the 

PI controller is not suitable. Also, the hysteresis current 

controller, due to the excessively high and variable 

unacceptable switching frequency, exhibits similar behavior 

to the PI controller. Therefore, the QPR controller, is a 

suitable type of controller for phase current regulation in 

the modular six-phase motor drive system that using 

harmonic current injection. 

To investigate the performance of the proposed fault-

tolerant control (FTC), the drive behavior under single-

phase fault windings 𝑎11, is examined through simulation.  

 

 
Fig. 7. Drive behavior using QPR current controllers at 

 nominal speed and under nominal load torque . 

  

According to Fig. 9, it is assumed that winding 𝑎11 

experiences a fault at 0.2 seconds. According to the fourth 

chart in Fig. 9, the developed torque experiences 

oscillations with the second harmonic order of the stator 

current. These oscillations, as shown in the second chart, 

results in oscillations in the motor speed. According to the 

current charts in Fig. 9, the amplitude of the healthy 

winding currents (e.g. 𝑎11) increases slightly after the fault 

occurrence to develop the load demanded torque. At 0.3 

seconds, fault compensation is carried out by adjusting the 

current angle of the healthy winding 𝑐11 by 60o as shown in 

Fig. 6(b). It is observed that the amplitude of the windings’ 

current increases after compensation at 0.3 sec due to phase 

difference between the current and back-EMF voltage of 

winding 𝑐11. Moreover, the torque and speed oscillations 

decrease after this compensation. After compensation, the 

phase difference between currents of 𝑐11 and 𝑐12 windings 

increase to 60o as shown in sixth chart in Fig. 9. Also, as 

shown in last chart in Fig. 9, phase difference between 

currents of 𝑐11 and 𝑏11 windings decrease from 120o to 60o. 

 

 

Fig. 8. Drive behavior using PI current controllers at nominal 

speed and under nominal load torque . 
 

 

V. Experimental Results 

To confirm the proposed control methods in healthy and 

fault conditions for the double-winding six-phase PMSM 

drive, some practical tests were conducted on the laboratory 

setup using the 200 kW double-winding six-phase PMSM. 

The schematic of the setup is shown in Fig. 10, where 

seven microcontrollers type STM32F407VGT6 have been 

used as central and local controllers. The drive of each 
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phase consists of a microcontroller board as well as double 

H-bridge single-phase inverters and a separate excited DC 

generator is employed as load. The parameters for all 

winding QPR controllers are the same and, according to 

(17), are K𝑃 = 1, K𝑅1 = 15, K𝑅3 = 0.1, K𝑅5 = 0.1, and 𝜔𝑐i = 

10.  

Fig. 11 shows the speed response of the motor using the 

harmonic current injection strategy as well as QPR 

controllers for current regulation and a PI controller for 

speed regulation. The reference speed is 120 rpm and the 

tracking is satisfactorily performed.  

Fig. 12 shows the harmonic current of winding 𝑐11 as 

well as expanded speed, that the speed ripple (∆ωm) in this 

condition is equal to 1 rpm.  Fig. 13 illustrates the current 

waveforms of three windings  𝑎11𝑏11𝑐11 .  

Fig. 14 shows the results of the practical test where open 

circuit fault has occurred in winding 𝑎11 and the fault 

tolerant control method has not yet been applied. The speed 

reference is 40 rpm. It can be seen that due to the torque 

ripple created, the speed fluctuation becomes very large and 

reaches a value of 9 rpm, which is about 22.5% of the rated 

speed. 

 

 
Fig. 9. Drive behavior under single-phase fault of winding 𝑎11 

at 0.2 sec and compensation by adjusting the current angle of 

winding  𝑐11  at 0.3 sec by 60o 

 

 

Fig. 10. Experimental setup of modular six-phase PMSM drive 
 

 
Fig. 11. Motor speed response with using harmonic current injection 

in healthy condition 
 

 
Fig. 12. Current of winding 𝒄𝟏𝟏  (red) as well as enlarged speed 

waveform (blue) with using harmonic current injection in healthy 

condition of the motor 
 

Fig. 15 shows the practical results for applying the 

proposed FTC method under open circuit single-phase fault 

in winding 𝑎11. As mentioned in section 3.C and according 

to Fig. 6, to re-establish balance between five remaining 

vectors, the direction of 𝑐11 must be shifted by +60∘, 

resulting in the new current vector 𝑐′11. Fig 15(a) shows the 

motor speed and current of winding 𝑐′11. The speed 

fluctuation decreases to 5 rpm, which means 10% 

improvement in speed fluctuations. Fig. 15(b) shows the 
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Fig. 13. Currents of three windings 𝒂𝟏𝟏𝒃𝟏𝟏 and 𝒄𝟏𝟏 by using 

harmonic current injection strategy in healthy condition of the motor 

 

 

Fig. 14. Motor speed (blue) and current (red) of winding 𝑐11 during 

single-phase fault in winding 𝑎11 without compensation 

 

 

(a) Motor speed (blue) and current (red) of winding 𝑐11  

 

(b) The currents of winding 𝑐′11 (shifted of 𝑐11) and 𝑏11 

Fig. 15. Behavior of the drive during single-phase fault in winding 

𝑎11 with compensation by adjusting the angle of current in 𝑐11 

 

currents of two windings 𝑐′11 and 𝑏11, which are 

observed to have a phase difference of 60∘ with respect to 

each other, while in the healthy condition, their difference 

is 120∘. 

 

VI. Conclusions 

In this study, torque ripple reduction in a six-phase 

PMSM with a fully modular drive system was investigated. 

Due to the modular architecture of the drive's control 

system, modeling was conducted in a six-axis stationary 

reference frame, with each phase controlled independently 

in its stationary reference frame. To address non-sinusoidal 

back-EMF voltage, an optimized harmonic current injection 

strategy was proposed, minimizing the effective current 

amplitude and associated losses while eliminating torque 

harmonics. Harmonic quasi-proportional-resonant (QPR) 

current controllers were employed to track the harmonic 

reference currents, demonstrating highly effective 

performance. Furthermore, to mitigate torque ripple under 

single-phase fault conditions, a fault-tolerant control (FTC) 

strategy was introduced. This method balances the second 

harmonic of torque generated by the interaction of the 

fundamental harmonic of current and back-EMF voltage. 

However, it should be noted that the proposed FTC cannot 

fully eliminate the second harmonic torque component 

arising from higher-order current and back-EMF 

harmonics. It is also worth mentioning that this method has 

no specific limitation for being extended to higher-power 

motors. Its only dependency is on the harmonic content of 

the motor's back-EMF voltages, which may not remain 

constant at higher power levels. In such cases, the harmonic 

content must be estimated online. The presented FTC 

method can also be extended to multi-phase fault scenarios. 
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With the proliferation of federated learning programs as a suitable framework for 

protecting user privacy and reducing the computational overhead of AI algorithms, 

various industries have also turned to the widespread use of this framework in industrial 

applications such as improving predictive maintenance (PDM). However, despite its 

increasing applications, several security challenges, such as Byzantine attacks, make the 

application of federated learning in industries questionable. Byzantine attacks in FL can 

degrade model performance by injecting malicious updates, causing model divergence 

or biased learning. This reduces accuracy, and can introduce security vulnerabilities such 

as backdoors. To address this problem, we propose a Byzantine Fault Tolerant (BFT) 

federated learning algorithm designed to improve PDM in industrial applications. Our 

proposed approach uses a PCA-based anomaly detection algorithm to detect and mitigate 

local Byzantine updates. Also, a game theory-based reward mechanism is designed to 

promote honest participation and discourage malicious behavior among federated users. 

The proposed framework is evaluated using the predictive maintenance datasets “AI4I 

2020” and “NASA Acoustics and Vibration”. The results show that our proposed 

framework effectively detects and mitigates Byzantine attacks, enhancing the overall 

reliability of PDM in industrial applications. 

I. Introduction 

Today, federated learning has been a promising 

computational field that enables decentralized training of 

models across multiple devices while preserving data 

privacy [1, 2]. One of the main capabilities of federated 

learning is the distributed learning capability. It allows the 

use of distributed data sources without centralized data 

processing or storage. The main advantage of this capability 

is that this practical feature of federated learning reduces 

concerns about the data privacy of network users. It also 

reduces the computational overhead. Despite its advantages, 

one of the significant challenges this FL capability brings is 

ensuring the integrity and reliability of the learning process 

[3]. One of the most critical challenges is the presence of 

Byzantine faults—malicious or faulty updates from 

compromised participants that can degrade the performance 

of the global model or even lead to catastrophic failures [4, 

5]. 

In federated learning, one of the main assumptions that 

can be made about local Byzantine nodes is that they are 

malicious or faulty participants that intentionally change the 

weights or gradients of their local updates before sending 

them to the central server for aggregation [6, 7]. These nodes 

can significantly disrupt the training process by injecting 

corrupted or misleading data, compromising the global 

model’s integrity and accuracy. Because the central federated 

learning server relies on collecting local updates from 

multiple distributed nodes to refine the global model 

repeatedly, the presence of Byzantine nodes distorts the 

aggregated results, leading to a corrupted or biased global 

model that may perform poorly in the overall data 

distribution [7, 8]. 

To handle this problem, we propose a BFT federated 

learning framework using a PCA-based anomaly detection 

algorithm. Our proposed algorithm prevents local Byzantine 

updates after detection and ensures the reliability of the 

federated learning process. The proposed algorithm 
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identifies anomalous patterns in local model updates that 

exhibit potential Byzantine behavior. Then, it filters them 

before they affect the global model. 

Enhancing PDM with our proposed PCA-based anomaly 

detection algorithm improves the accuracy and reliability of 

predictive maintenance models. It also leads to more 

effective maintenance plans, reduced downtime, and 

extended equipment lifetime. 

This paper describes our proposed BFT-FL framework and 

how to integrate it with PDM applications. Then, we evaluate 

our framework and demonstrate its effectiveness in detecting 

and mitigating Byzantine attacks. We also discuss the impact 

of our proposed framework on improving PDM parameters 

(precisely, the Remaining Useful Life criterion). 

A. Our contributions 
This paper proposes a Byzantine fault-tolerant federated 

learning framework that can be integrated with PDM systems 

to enhance predictive maintenance. Our approach proposes 

a novel PCA-based anomaly detection algorithm, which 

detects anomalous local updates sent by byzantine local 

nodes. The anomaly detection algorithm also specifies the 

anomaly severity of each local update, indicating the 

potential impact of that malicious update if it has not been 

prevented. After the byzantine updates are detected and 

prevented, the benign updates will be given to an aggregation 

module, obtaining the new global model, which will be sent 

to local nodes as the updated global model. 

To encourage the local nodes to behave honestly, a game 

theory-based reward/penalty module has been designed that 

uses historical trust scores of nodes and assigns them re- 

wards/penalties based on their scores. This module also uses 

the weights given by the anomaly detection algorithm to 

update the historical scores of local nodes. Briefly, our main 

contributions are: 

▪ A novel byzantine fault tolerant federated learning 

framework with appropriate performance for use in 

PDM system to improve the PDM technology. 

▪ Designing a PCA-based anomaly detection system that 

detects and prevents anomalous local updates. 

▪ Using a Game Theory-based incentivization and re- 

ward/penalty mechanism encourages local nodes to be- 

have honestly and minimizes the impact of byzantine 

local nodes on the global model. 

▪ Designing an interactive weighted aggregation 

mechanism that takes the weight vector of local 

updates from the Game Theory-based incentivization 

module and then implements a weighted aggregation 

of local updates. 

▪ Ability to detect and prevent dynamic byzantine nodes 

on each round. 

B. Paper organization 

The remainder of this paper is organized as follows. In 

section 2, we explain some related works. Section 3 explains 

our proposed federated learning architecture by describing 

the designed anomaly detection and incentivization/reward- 

penalty modules. In Section 4, we present and discuss the 

achieved results. Finally, Section 5 concludes the paper and 

proposes possible future works. 

II. Related work 

In this section, we review several of the most critical 

secure aggregation techniques to mitigate the impact of 

Byzantine attacks. The goal of these methods is to detect and 

prevent malicious updates and ensure that the aggregation 

process is robust to adversarial attacks. For example, 

Byzantine- resistant Cosine Similarity Aggregation [9], 

Krum [10], and Trimmed Mean [11] are designed to filter out 

or mitigate the impact of outlier updates that deviate 

significantly from the majority. In addition, anomaly 

detection mechanisms can identify and remove updates that 

exhibit suspicious patterns indicative of Byzantine behavior. 

By combining these strategies, FL systems can increase their 

robustness and reliability and maintain global model 

integrity even in the presence of adversarial participants. 

This section briefly describes previous work on secure 

aggregation mechanisms and BFT ML algorithms. 

The work in [12] introduces “BytoChain”, a framework 

that integrates blockchain technology with federated 

learning to enhance security and integrity, especially at the 

network’s edge. BytoChain uses a Byzantine-resistant 

consensus mechanism, Proof of Accuracy (PoA). This 

approach also decentralizes the aggregation process to 

reduce the influence of malicious nodes. 

In [13], a blockchain-based FL framework is proposed to 

address Byzantine challenges. It uses fully homomorphic 

encryption to ensure all data is encrypted during aggregation, 

preventing data manipulation. Blockchain technology 

records and verifies transactions to increase the transparency 

of the learning process. 

In [14], an approach called “BDFL” focuses on the 

specific needs of autonomous vehicles by developing a 

centralized, decentralized, fault-tolerant, Byzantine learning 

method. It combines Peer-to-Peer (P2P) learning with strong 

Byzantine fault-tolerant protocols, including publicly 

verifiable secret sharing, to enhance the safety of data 

exchange and model aggregation. 

The FLTH algorithm introduced in [15] uses reliable data 

and historical performance metrics to assess the reliability of 

participating nodes. The method dynamically adjusts the 

influence of each node based on its reputation and filters out 

malicious or untrustworthy contributions. 

The research in [16] presents the BREA framework, which 

incorporates stochastic quantization, verifiable outlier 

detection, and secure aggregation to defend against 

Byzantine users in federated learning environments. BREA 
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is designed to detect and exclude anomalous updates, 

ensuring the integrity of the model aggregation process. 

The study in [17] explores a decentralized approach to 

federated learning that enhances resistance to Byzantine 

faults by distributing the aggregation function across 

multiple nodes. Using consensus mechanisms similar to 

those in blockchain technology, the method ensures that 

multiple parties validate all updates before integration. 

The research in [18] proposes a federated learning frame- 

work that ensures Byzantine fault tolerance even under semi-

honest and Byzantine behaviors among participants. The 

approach leverages the Expectation-Maximization algorithm 

to distinguish between benign and Byzantine participants. 

The framework can reliably identify malicious participants 

by evaluating the performance of randomly generated 

candidate models using all participants’ datasets. 

The study in [19] addresses the challenge of Byzantine 

resilience in edge-based clustering. The authors introduce a 

distributed gradient descent algorithm with Byzantine 

resilience optimized for convex and non-convex stochastic 

problems. In this study, gradient compression is also used to 

increase communication efficiency and maintain an optimal 

statistical error rate in the presence of Byzantine adversaries.  

The study in [20] introduces a local gradient descent 

algorithm with a comparative elimination filter to effectively 

counter Byzantine attacks. It is assumed that agents may 

provide incorrect data intentionally or due to errors caused 

by system failures in the considered system. The study 

distinguishes between deterministic settings (exact error 

tolerance) and stochastic settings (approximate error 

tolerance) and examines the algorithm’s robustness under 

different adversarial conditions. 

Despite the numerous advantages of previously proposed 

schemes, they suffer from certain challenges and limitations 

that drive us toward designing a new secure aggregation 

mechanism. One of the main limitations associated with the 

implementation of most of these schemes is the low speed of 

the aggregation process due to the use of blockchain-based, 

peer-to-peer, secret sharing, and distributed architectures. 

Moreover, it should be noted that the use of blockchain- 

based and peer-to-peer architectures potentially leads to the 

violation of the confidentiality of clients’ local models. 

Our proposed scheme addresses the challenges and 

limitations mentioned in previous works by introducing a 

lightweight and computationally efficient secure aggregation 

mechanism that ensures minimal information disclosure 

among clients while maintaining high accuracy in detecting 

and mitigating Byzantine nodes in FL environments. 

III. The proposed approach 

In this section, we explain our proposed approach. The 

system architecture of our method comprises a PCA- 

based anomaly detection module, a Game Theory-based 

incentivization/reward-penalty mechanism, and an 

aggregation integrator module, which takes the outputs of 

those modules as inputs and sends the final benign updates 

and their weights to the central server for aggregation. Figure 1 

shows the proposed architecture. 

The PCA-based anomaly detection module sits between the 

end nodes and the federated learning server, taking local updates 

sent by end devices to the central server. It detects anomalous 

updates and prevents them from reaching the server. Finally, it 

sends a severity vector of local updates to the aggregation 

integrator module. The severity of each local update indicates the 

value of its outlierness and anomaly. Severity values near 1 show 

a high probability of the client being anomalous, while values 

near 0 show a potentially normal client. 

The Game Theory-based incentivization/reward-penalty 

mechanism upgrades the historical status of local devices, using 

their historical records and the current severity vector of their 

updates calculated by the anomaly detection module. It then 

sends the upgraded historical status of local devices to the 

aggregation integrator module. 

Finally, the aggregation integrator module sends the up- 

graded historical status of local devices and their updates to the 

server. This process repeats at each global training round. 

Here, we explain the architecture of our PCA-based anomaly 

detection, Game Theory-based incentivization/reward- penalty 

mechanism, and global model, which is updated using this 

architecture. 

Fig. 1. The architecture of proposed Byzantine Fault Tolerant 

federated learning framework 

A. PCA-Based anomaly detection 
In this section, we describe the proposed anomaly 

detection algorithm. This algorithm works as follows: 

1. Preprocessing: converting local models’ weights to 

vectors with fixed length 

2. Feeding the PCA algorithm with an initial set of 

benign local models’ weights 

3. Transforming the local updates using the PCA 

algorithm 

4. Calculating the upper and lower bounds of the 

principal components with eigenvalues less than a 
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If update is valid 

If update is malicious                                          (2) 

fixed threshold (in this case, below 1% of total 

variance) 

5. Finding the outliers and calculating the severity of 

each one, according to their outliers’ values on each 

of the principal components 

6. Sending the index of anomalous updates and their 

severity values as the output 

Figure 2 shows an example of principal components (PC) 

1 and 15 without Byzantine nodes. The transformed data are 

divided into time intervals for a specific end device. Since the 

smoothed updated weight vector of the model resulting from 

each local device has more than 3500 elements, we divided it 

into vectors with lengths equal to 50 to facilitate the analysis. 

Therefore, each end device has about 70 rows of data. 

Fig. 2. The principal components PC1 and PC15 of benign local 

updates. In this example, we have ten end devices. 

B. Incentive mechanism 
In this section, we describe the exponential weighting 

incentive mechanism. This mechanism is a practical 

approach used in the proposed BFT federated learning 

framework to assign weights to local updates from different 

local devices. It uses the historical score of each local device 

to determine the impact of its new update in the network.  

At the beginning, each device is assigned an initial score 

(denoted S0). We assume this initial score to be uniform across 

all devices. 

1t t ts s s+ = + 
                                                                     (1) 

For each device, this score is continuously updated over 

time, based on the validity of its submitted updates. In the 

next step, valid updates increase the score, while malicious 

updates decrease it. We formulate the score update rule as 

follows: 

where st is the score at time t, γ is a constant coefficient, 

which we set to 1 for simplicity. ∆st is the change in the score 

at time t, determined by whether the update is valid or 

malicious and is formulated as follows: 

 1

2ts 



+

− =
 

where β1 is the positive reward increment for valid updates, 

and β2 is the penalty for malicious updates. Since we want 

our mechanism to be as strict as possible with Byzantine 

nodes and ensure that the impact of any malicious update 

from a client remains negligible on the global model updates 

for a long time, we choose the values of β1 and β2 such that 

β1 ≪ β2. In this case, we assume β1=1 and β2=10. 

These calculated historical scores show the reliability of 

each local client at each timestamp. Our mechanism then 

uses these scores to calculate new weights for each user 

through an exponential function. This weighting mechanism 

ensures that local users with higher scores receive higher 

exponential weights. The proposed method makes a 

significant distinction between trusted users and Byzantine 

users of trust, which increases the overall robustness of the 

federated learning model against Byzantine attacks. 

We calculate a normalized exponential function for each 

historical score to calculate its weight in the final exponential 

weighting. We normalize these values so that their sum stands 

equal to one. Mathematically, this is expressed as: 

 1

exp( ( ))
( )

exp( ( ))

i
i N

jj

s t
t

s t


=

=


                                                    (3) 

This approach also amplifies the differences in scores and 

makes the influence of trusted local devices more prominent. 

The progressive weighting gives local devices a high 

incentive to maintain or improve their performance over time 

because, given the scoring mechanism, even a slight 

improvement in their scores can significantly increase their 

weights. This approach causes a better performance of the 

BFT federated learning framework. 
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C. Global model update 
The global model update module in a Byzantine Fault 

Tolerant (BFT) federated learning framework is essential for 

integrating local updates into a single, cohesive global model. 

This module uses weights obtained from the Exponential 

Weighting incentivization mechanism, ensuring that 

participants with a history of reliable contributions 

significantly influence the global model. The weighted 

aggregation of the local updates is mathematically expressed 

as: 

global (t) ( ) ( )

1

N

i t i t

i

w w
=

=
                                                (4) 

where wglobal (t) is the global model, wi(t) represents the 

local update from local client i, and αi(t) denotes the weight 

assigned to local client i at time t. As said before, this weight 

is derived from the mentioned incentivization mechanism. 

In addition to the weighting mechanism, the global model 

update module also utilizes the scores of each client in 

another way. This algorithm, in each round, removes the 

updates of clients with negative scores from the global 

aggregation process before it is performed. This pipeline 

design helps the final global model by allowing it to correct 

local updates before weighting and aggregation, ensuring 

greater integrity of the global model. 

IV. Results and discussion 

This section evaluates our model by implementing several 

byzantine scenarios and comparing federated learning 

performance with and without our proposed architecture. 

Byzantine scenarios 
In a federated learning scenario, imagine a network of 

local devices in a distributed system participating in 

collaborative training of a machine learning model. These 

local devices are responsible for updating their weights 

based on their local data and sending them to a central server 

for aggregation and model updating. However, in this 

scenario, some local devices are compromised or 

malfunctioning, exhibiting Byzantine behavior. 

Byzantine local devices intentionally modify their updated 

weights before sending them to the central server. This 

can include injecting spurious gradients by manipulating the 

weight updates and producing incorrect weight values. As a 

result, the central server needs to receive consistent and 

correct information from these Byzantine local devices 

during the aggregation process. 

Unaware of Byzantine behavior, the central server 

incorporates these falsified weights into its model 

aggregation process, leading to erroneous global model 

updates. This can have significant repercussions, mainly if 

the central server heavily relies on the accuracy of the 

weights provided by the local devices for global model 

training. 

Datasets 

In the following sections, we evaluate our proposed model 

on two useful predictive maintenance datasets: 

▪ AI4I 2020 Predictive Maintenance: This is a labeled 

sensory dataset that contains values for air 

temperature, process temperature, rotational speed, 

torque, and tool wear sensors for various industrial 

equipment. Each row of this dataset is labeled with a 

binary value indicating machine failure. 

▪ NASA Acoustics and Vibration: This is an unlabeled 

sensory dataset that records the simulated vibrational 

behavior of four bearings over two weeks, capturing 

their normal and abnormal behavior until the end of 

their lifespan. 

The reason for choosing the AI4I 2020 dataset is its 

suitable structure for partitioning it among different clients. 

In this dataset, the sensor data associated with each machine 

is listed in different situations along with its failure or non- 

failure status. This makes it an ideal candidate for federated 

learning environments where each client can process its 

respective machine’s data. The reason for choosing the 

NASA Acoustics and Vibration dataset is that it has a time 

series structure to analyze the failure status of 4 bearings 

throughout the entire life of the equipment, from the initial 

anomaly observation to their failure. Therefore, using this 

dataset in the analyses provides a good visual and numerical 

view of the impact of our proposed system on system 

performance in estimating the remaining life of each 

equipment. 

A. Evaluation on AI4I 2020 Dataset: 
This section evaluates our Federated Learning model on 

the "AI4I 2020" dataset. To evaluate this labeled dataset, we 

assess the system under three scenarios: 

▪ A normal scenario without Byzantine behavior. 

▪ Scenarios with Byzantine ratios of 0.2, 0.4, and 0.6, 

but without the anomaly detection module. 

▪ Scenarios with Byzantine ratios of 0.2, 0.4, and 0.6, 

including the anomaly detection module. 

We compare the accuracy and loss of the federated 

learning framework across these three scenarios to 

demonstrate the importance and effectiveness of our 

proposed BFT architecture. Under the first scenario, where 

there are no Byzantine nodes, the federated learning 

algorithm achieves an accuracy of 90% and a loss of 0.22. In 

the second situation, where there are Byzantine nodes in 3 

different scenarios (Byzantine portions equal to 0.2, 0.4, and 

0.6) but no anomaly detection module, Table I indicates the 

accuracy and loss values of the federated learning algorithm. 

The results indicate the adverse impact of Byzantine nodes on 
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system performance, causing, for instance, a 17% reduction 

in accuracy in one scenario. Finally, the third scenario 

repeats the Byzantine cases, but our anomaly detection 

module is applied to the architecture this time. The results 

show that our approach significantly improves the 

performance of the FL algorithm by detecting and reducing 

all Byzantine updates. For example, in this scenario, our 

approach improves the accuracy by approximately 16% and 

reduces the loss by approximately 0.53, which emphasizes 

the effectiveness of our proposed architecture. 

We have also compared the results of our proposed 

method with those of two well-known approaches, Krum 

aggregation and Trimmed-Mean. As shown in Table I, our 

proposed method achieves better results in all three 

Byzantine scenarios. 

TABLE I COMPARISON OF THE RESULTS OF THE FL 

ALGORITHM EVALUATION USING AI4I 2020 DATASET 

WITH DIFFERENT PORTIONS OF BYZANTINE NODES 

WITH AND WITHOUT ANOMALY DETECTION MODULE 

Scenarios Metrics Byzantin

e = 0.2 

Byzantin

e = 0.4 

Byzantin

e = 0.6 

Without 

anomaly 

detection 

Accuracy 

Loss 

86.5% 

0.28 

84.1% 

0.33 

73.56% 

0.78 

Krum 

aggregatio

n [10] 

Accuracy 

Loss 

88.92% 

0.258 

88.70% 

0.269 

88.61% 

0.277 

Trimmed-

Mean [11] 

Accuracy 

Loss 

89.48% 

0.238 

89.4% 

0.261 

84.3% 

0.497 

One-Shot 

Federated 

Learning 

with PCA-

based 

detection 

Accuracy 

Loss 

82.57% 

0.326 

82.35% 

0.367 

 

78.29% 

0.511 

Our 

Proposed 

Framewor

k 

Accurac

y 

Loss 

89.90% 

0.237 

89.83% 

0.245 

89% 

0.256 

Figures 3 and 4 show the performance of the anomaly 

detection module in two different scenarios. In the first 

scenario, nodes 2 and 8 are Byzantine, while nodes 4 and 

6 are Byzantine in the second scenario. As the figures show, 

our proposed anomaly detection can successfully detect all 

Byzantine nodes due to their outlierness. 

B. Evaluation on NASA Acoustics Dataset: 
In this section, we evaluate our Federated Learning model 

using the "NASA Acoustics and Vibration" dataset under 

similar conditions discussed in the previous section. We 

extend our evaluation by calculating each scenario’s RUL and  

Fig. 3. The principal components PC15 of local updates. In this 

example, we have ten end devices. In this example, nodes 2 

and 7 are byzantine. 

Fig. 4. The principal components PC15 of benign local updates. In 

this example, we have ten end devices. In this example, nodes 

2 and 9 are byzantine. 

RMSE parameters. We demonstrate the negative impact of 

Byzantine attacks on calculating the RUL criterion, one of 

the most critical parameters in PDM. The byzantine attack 

may deceive industry experts by suggesting incorrect RUL 

values. We investigate this in two main cases: producing 

overestimated or underestimated RUL values. 

Overestimated RUL values lead to incorrect planning for 

equipment replacement and repair. This planning error occurs 

when maintenance experts mistakenly believe the equipment 

has more remaining life than it actually does. As a result, they 

schedule repairs or replacements too late after the equipment 

has already failed, which leads to equipment failure before 

repairs are scheduled. It causes significant damage and 

financial losses for the organization. Such failures may result 
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in irreparable damage to the equipment, damage to related 

machinery, and costly production line shutdowns during the 

time needed for repairs. 

Conversely, underestimated RUL values cause 

maintenance specialists to schedule repairs or replacements 

much earlier than necessary. This leads to premature repairs 

or replacements, significantly increasing maintenance costs. 

In this case, in a fixed period, specialists are called more often 

to repair and replace the equipment, and secondly, more 

equipment is purchased because the entire life of the 

equipment is not used. 

To evaluate the effectiveness of our proposed framework 

under the aforementioned Byzantine scenarios, we 

implemented and trained an LSTM-Autoencoder (LSTM-

AE) as the core anomaly detection model. This model is 

utilized to construct a robust Health Index (HI) based on its 

reconstruction error, which reflects the deviation of input 

data from learned normal behavior. 

The selection of the LSTM-AE architecture is motivated 

by its synergistic integration of two powerful components: 

▪ Long Short-Term Memory (LSTM) networks, which are 

well-established for their ability to capture and model 

complex temporal dependencies inherent in time-series 

data. 

▪ Autoencoders, which are proficient at learning 

compressed latent representations of the input data and 

identifying anomalous patterns by detecting deviations 

from the training distribution. 

Together, these characteristics make the LSTM-AE model 

particularly well-suited for anomaly detection in sequential 

industrial data, enabling effective identification of Byzantine 

behaviors within the federated learning environment. 

Table II summarizes the architecture of the LSTM-

Autoencoder model. The Health Index (HI), derived from the 

reconstruction error, is passed through a Kernel Density 

Estimation (KDE) function to analyze the distribution of 

training loss values. Based on this distribution, an anomaly 

detection threshold is determined, set to exceed 95% of the 

training error values. This threshold is used to identify 

anomalous behavior. Following anomaly detection, the 

resulting reconstruction error sequence is used to train an 

LSTM regression model, which estimates the Remaining 

Useful Life (RUL) at each time step. 

The results of our implementation are shown in Table III. 

Figure 5 shows the RUL curve in a normal scenario with no 

byzantine behavior. The RMSE value calculated in this 

scenario is equal to 63.47. Figure 6 shows the RUL curve in 

the first byzantine scenario in which there 20% of nodes have 

byzantine behavior. The RMSE values calculated in this 

scenario where there is no byzantine detection module and 

where our proposed method is used are equal to 149.85 and 

78.21, respectively. Finally, Figure 7 shows the RUL curve 

in the second byzantine scenario in which 40% of nodes have 

byzantine behavior. The RMSE values calculated in this 

TABLE II COMPARISON OF THE RESULTS OF THE FL 

ALGORITHM EVALUATION USING NASA ACOUSTICS 

AND VIBRATION DATASET WITH DIFFERENT 

PORTIONS OF BYZANTINE NODES WITH AND 

WITHOUT ANOMALY DETECTION MODULE 

Layer (type) Output 

Shape 

Params 

input1(Input Layer) (None, 1, 4) 0 

lstm (LSTM) (None, 1, 32) 4736 

Leaky relu (Leaky ReLU ) (None, 1, 32) 0 

Batch normalization (Batch 

Normalization) 

(None, 1, 32) 128 

dropout (Dropout) (None, 1, 32) 0 

lstm1(LST M) (None, 16) 3136 

leakyrelu1(Leaky ReLU) (None, 16) 0 

Batch normalization1(Batch 

Normalization) 

(None, 16) 64 

Repeat vector (Repeat V ector (None, 1, 16) 0 

lstm2(LST M) (None, 1, 16) 2112 

leakyrelu2(Leaky ReLU) (None, 1, 16) 0 

batchnormalization2(Batch 

Normalization) 

(None, 1, 16) 64 

dropout1(Dropout) (None, 1, 16) 0 

lstm3(LST M) (None, 1, 32) 6272 

leakyrelu3(Leaky ReLU) (None, 1, 32) 0 

batchnormalization3(Batch 

Normalization) 

(None, 1, 32) 128 

time distributed (Time Distributed) (None, 1, 4) 132 

scenario where there is no byzantine detection module and 

where our proposed method is used are equal to 409.06 and 

97.01, respectively. The results indicate the effectiveness of 

our proposed Byzantine detection model, which reduces the 

RMSE in Byzantine scenarios by up to 76%.  

Similar to the previous part, we have also compared the 

results of our proposed method with those of two aggregation 

methods, Krum and Trimmed-Mean. As shown in Table 

III, our proposed method achieves better results in all three 

scenarios: without Byzantine nodes, with Byzantine nodes at 

a ratio of 0.2, and with Byzantine nodes at a ratio of 0.4. 
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Fig. 5. The RUL curve is estimated in case no byzantine behavior 

exists. 

Fig. 6. Comparison of RUL estimations in two scenarios. When 

20% of nodes are byzantine without any detection 

module(above), and when our detection module is used 

(below). 

Fig. 7. Comparison of RUL estimations in two scenarios. When 

40% of nodes are byzantine without any detection 

module(above), and when our detection module is used 

(below). 

TABLE III COMPARISON OF THE RMSE RESULTS OF 

THE FL ALGORITHM EVALUATION WITH THE NASA 

ACOUSTICS AND VIBRATION DATASET FOR 

DIFFERENT PORTIONS OF BYZANTINE NODES, WITH 

AND WITHOUT THE ANOMALY DETECTION MODULE. 

Scenarios Byzantine 

= No 

Byzantine 

Byzantine 

= 0.2 

Byzantine 

= 0.4 

Without anomaly 

detection 

67.43 149.85 409.06 

Krum aggregation 

[10] 

67.43 116.19 166.98 

Trimmed-Mean [11] 67.43 163.41 175.31 

One-Shot Federated 

Learning with PCA-

based detection 

67.43 158.1 173.9 

Our Proposed 

Framework 

67.43 78.21 97.01 
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C. Comparison with One-Shot PCA-FL 
To provide a comprehensive performance comparison, we 

also implemented a one-shot federated learning approach 

that uses PCA-based anomaly detection only in a single 

round—without historical scoring or incentivization. This 

method performs anomaly detection at the first round, filters 

out suspected updates, and aggregates the remaining updates 

once to form the global model. 

The results showed that while the one-shot approach is 

faster due to its non-iterative structure, its performance in 

terms of accuracy and Byzantine resilience was significantly 

lower than our proposed multi-round BFT-FL framework. 

For example, in the AI4I 2020 dataset with 40% Byzantine 

nodes, the one-shot method achieved an accuracy of ~82.3%, 

compared to 89.83% for our proposed approach. Similarly, 

on the NASA Vibration dataset, the RMSE in RUL 

estimation was ~173.9 for the one-shot method, whereas our 

framework achieved 97.01. 

These results confirm that while one-shot PCA-based FL 

may offer slight computational advantages, it lacks the 

robustness and adaptability of our iterative design, especially 

in dynamic or adversarial environments. 
 

D. Convergence Analysis  
We also examined the impact of our proposed BFT-FL 

framework on the convergence time of the federated learning 

process. Convergence was defined as the point at which the 

global model's validation accuracy stabilized with minimal 

fluctuation. Figure 8 shows the convergence time analysis of 

our proposed method. In the scenario with no Byzantine 

nodes on the AI4I 2020 dataset, the baseline FL without any 

anomaly detection converged in 8 rounds with an average 

accuracy of ~90%. Our proposed method reached 

convergence in 9 rounds but achieved a significantly the 

accuracy of ~89.8% in the scenario with 40% Byzantine 

nodes. Although the convergence required one additional 

round, the trade-off is justified by the improved model 

robustness and reliability. This indicates that the proposed 

enhancements introduce only a negligible delay in 

convergence while providing substantial gains in resilience.  

E. Computational Cost Analysis 
To support our claim that the proposed framework is 

computationally lightweight, we measured the average 

runtime of the federated training process across five global 

rounds with ten clients. The total runtime with the PCA-

based anomaly detection module enabled was 985.0410 

seconds, while the runtime without the detection module was 

980.7393 seconds. This demonstrates that the additional 

computational cost introduced by our detection mechanism 

is minimal—approximately 4.3 seconds over five rounds, or 

less than 1% overhead. Such a negligible increase confirms 

the efficiency of our design and shows that the anomaly 

detection process can be integrated into industrial PDM 

systems without introducing significant latency or resource 

burden. 

Fig. 8. The convergence time analysis of our proposed method in 

comparison with the scenario which our method is not used. 

V. CONCLUSION AND FUTURE WORK 

In this paper, we proposed a novel Byzantine Fault-

Tolerant Federated Learning framework, designed improve 

the reliability of PDM application in industry. The proposed 

frame- work employed a PCA-based anomaly detection 

algorithm to detect and mitigate Byzantine local updates, 

ensuring the integrity and accuracy of the global model. 

Additionally, we incorporated a game theory-based 

incentive mechanism to motivate normal behavior and deter 

malicious behavior among local clients. 

The results of evaluating our framework using the "AI4I 

2020" and "NASA Acoustics and Vibration Predictive 

Maintenance" Datasets showed significant improvements in 

fault tolerance and so model performance. 

Our approach provides a secure and scalable solution for 

maintaining federated learning models’ performance, 

security, and integrity in critical industrial applications. By 

ad- dressing the challenges associated with Byzantine faults 

and promoting honest participation through incentivization, 

our framework ensures that the benefits of federated learning 

can be realized even in adversarial environments. 

While our proposed framework has shown promising 

results, several avenues for future research and 

improvements exist, including extending to more complex 

datasets, enhancing anomaly detection, scalability, and 

efficiency, real-world implementation, exploring other 

incentive mechanisms, and security enhancements. 

The current study assumes an ideal communication 

channel between clients and the central server. In practice, 

communication noise (e.g., due to fading or interference) can 

corrupt transmitted model updates. We plan to investigate 

how such non-idealities affect the integrity of weight 

transmission and evaluate whether our PCA-based anomaly 
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detection mechanism can also mitigate channel-induced 

distortions. Exploring the use of error-correcting codes or 

robust compression techniques will be an important step in 

enhancing the framework’s resilience. 

By addressing these future directions, we can continue to 

advance secure federated learning and its applications in 

industrial predictive maintenance, ensuring that these 

systems are resilient, reliable, and capable of delivering 

accurate and timely insights. 

Strengthening the PCA-based anomaly detection module 

to detect more complex Byzantine scenarios and exploring 

more advanced reward/penalty mechanisms can be 

considered as our future work. 

It is worth noting that this approach has been able to lead 

to significant performance improvements in a real industrial 

PDM scenario. Specifically, the proposed model has shown 

a 16% improvement in prediction accuracy and a 76% 

reduction in RMSE compared to the baseline methods. These 

results indicate the high potential of the proposed method for 

application in industries to more accurately and quickly 

detect potential equipment failures. 
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