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The consensus of Cyber-Physical Power Systems (CPPSs), where generators agree on 

common desired rotor angles and speeds, is vital for maintaining system stability and 

efficiency. This study explores this consensus using fractional-order multi-agent 

systems, offering advantages over traditional methods. CPPSs often encounter issues like 

faults, uncertainties, disturbances, and cyber-attacks. To address these, a new Adaptive 

Fractional-Order Sliding Mode Controller (AFOSMC) is proposed, designed to achieve 

consensus despite unknown nonlinear functional upper bounds characterizing system 

perturbations. The AFOSMC uses stable adaptive laws to determine these unknown 

coefficients, ensuring robust performance even under adverse conditions. It outperforms 

conventional Integer-Order counterparts by reducing chattering and enabling faster 

convergence during the initial phase of CPPS operations. The AFOSMC also ensures 

finite-time convergence to the sliding surface, enhancing system responsiveness and 

stability. The controller's stability is rigorously proven using Lyapunov's theorem. 

Finally, extensive simulations demonstrate the practical benefits of the AFOSMC, and 

comparisons with recent research highlight its superior performance in robustness and 

efficiency. 

I. INTRODUCTION 

a) Introduction and Literature review 

CPPSs, introduced as a convergence of cyber-physical    

systems and power systems, integrate various computing 

devices, data acquisition instruments, and physical 

components through communication and transmission 

networks [1]. These systems leverage computing capabilities, 

data acquisition technologies, and physical devices to enhance 

the efficiency, reliability, and overall performance of power 

systems. The integration of sophisticated technologies in 

CPPSs introduces technical and security challenges [2,3]. 

These challenges arise from the intricate interplay between the 

cyber and physical components, requiring robust solutions to 

ensure the resilience and integrity of the power systems. 

Research in CPPSs spans various domains, including traffic 

networks and aviation electric power systems [4-7]. The 

emphasis on stability stems from its critical role in preventing 

problems such as voltage collapse and system failure. The 

overall goal is to leverage the benefits of CPPSs while 

effectively managing the associated complexities and 

challenges. Stability is a primary concern for CPPSs and is 

often addressed through the lenses of supply and demand 

balance and rotor angle stability [8,9]. In [10] a robust control 

scheme based on 𝐻∞  performance index is presented for 

CPPSs which is based on attack estimation. However, the 

upper bound of disturbance is considered known in this paper. 

The supply-demand balance ensures a harmonious match 

between electricity production and consumption across diverse 

networks. On the other hand, rotor angle stability is crucial for 

the smooth and efficient operation of CPPSs, allowing each 

generator to attain a time-varying common rotor angle and 

speed. These stability aspects are viewed through the 

framework of consensus theory [11-12]. Consensus theory 

plays a pivotal role in addressing stability challenges in CPPSs 

[11-12]. By employing consensus theory, researchers aim to 

achieve agreement and coordination among different 

components within the system. This approach facilitates the 

attainment of a common understanding or state, ensuring the 
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stable and synchronized functioning of the diverse elements 

within CPPS. In summary, CPPSs represent an innovative 

paradigm in power systems, integrating advanced technologies 

to enhance performance [1]. The challenges and research focus 

on stability underscore the importance of developing robust 

solutions to ensure the reliable and secure operation of these 

complex systems. 

Sliding Mode Control (SMC) stands out as a nonlinear variable 

structure control method known for its swift response and 

robustness against system uncertainties and disturbances [13]. 

Fractional order equations can also be used for achieving 

robust control. For example in [14] a variable structure of 

fractional-order equations is presented which is using floated 

pole controller in order to achieve robust approach. Using 

fractional order equations in SMC, in recent years, numerous 

studies have delved into the stabilization of nonlinear 

fractional-order systems, with a predominant reliance on 

robust SMC [13-22]. In a study by [15], a sliding mode control 

law was developed based on a back-stepping technique for 

nonlinear fractional-order systems. This innovative approach 

achieved external disturbances rejection through the 

application of a new fractional-order back-stepping technique. 

Another noteworthy contribution is found in [16], where a 

fractional-order sliding mode control, utilizing the Particle 

Swarm Optimization (PSO) algorithm, was designed for a 

specific class of nonlinear fractional-order systems. 

Consideration of uncertainty in the linear parts of a nonlinear 

fractional-order system was addressed in [17]. Stability in the 

face of uncertainty was guaranteed by defining an integer-

order sliding surface. In [18] a robust and adaptive terminal 

SMC is designed for Cyber-Physical systems which are 

exposed to external disturbances. By considering attacks as 

false data injections, an even triggered adaptive SMC in also 

presented in [19] for controlling Cyber-Physical systems. SMC 

in also combined with adaptive fuzzy fractional order concept 

in [20] to achieve stability in an uncertain nonlinear system. 

The weakness of all these references is to know about 

disturbance or its upper bound and considering this upper 

bound as a simple scalar value. Output feedback sliding mode 

control for nonlinear fractional-order systems was the focal 

point in [21]. The study provided a necessary and sufficient 

condition for the existence of the sliding surface in the form of 

a Linear Matrix Inequality (LMI). 

These studies collectively showcase the versatility and 

effectiveness of Sliding Mode Control, particularly in 

stabilizing nonlinear fractional-order systems amidst 

uncertainties and disturbances. The integration of innovative 

techniques, such as back-stepping, PSO algorithms, and LMI, 

further enriches the applicability and robustness of SMC in 

addressing the complexities inherent in these systems. In the 

study presented in [22], the focus is on a second-order system 

where the upper band of disturbance and its derivatives are 

assumed to be known. The sliding surface is carefully defined, 

and the stability of the sliding mode control law is 

subsequently demonstrated. 

A distinctive approach is taken in [23] for a specific class of 

nonlinear fractional-order systems with nonlinear dynamics. 

Here, a sliding mode observer is employed to estimate the 

states, and a novel sliding mode control law is utilized to 

converge the system states to zero. A recent contribution in 

[24] introduces a sliding mode active disturbance rejection 

control for fractional-order nonlinear systems characterized by 

unknown states and disturbances. This innovative method 

combines a sliding mode extended state observer with sliding 

mode control, providing a comprehensive solution. In [25], an 

attempt is made to design SMC based Linear Quadratic 

Regulator (LQR) for nonlinear fractional-order systems 

(FOSs). This paper presents a fractional-order switching 

surface and some unique conditions are derived by using 

Lyapunov theory and linear matrix inequalities (LMIs) to 

guarantee the stability of FOS. An observer based distributed 

sliding mode secondary control is also presented in [26] to 

achieve consensus in DC microgrids that are under cyber-

attacks. In this method, the detected false signals have been 

compensated using the control variables in the secondary stage 

control of the micro grid. The work presented in [27] 

introduces a fractional integral sliding surface, leveraging the 

Composite Learning Sliding Mode Control method to manage 

fractional-order nonlinear systems afflicted with actuator 

faults. This method integrates the benefits of fractional 

calculus and sliding mode control techniques to achieve 

effective control in the presence of actuator faults. However, 

dealing with modeling uncertainties and external disturbances 

with unknown upper bounds, especially when the upper 

bounds are a function of system states, is still an open problem. 

b) Contribution and novelty of paper 

It is crucial to highlight that, despite extensive research in the 

control of nonlinear fractional-order systems in the presence of 

uncertainties and disturbances, two key challenges persist in 

most studies. Firstly, many studies fail to address the 

stabilization problem for the general form of nonlinear affine 

fractional-order systems. Secondly, in most cases, the upper 

bounds of uncertainties are assumed to be known. However, in 

practical applications, the limits of model uncertainties and 

external disturbances are typically unknown, adding a layer of 

complexity to real-world systems. 

In this context, the sliding mode control of the general form of 

fractional-order nonlinear systems, where the upper bounds of 
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uncertainties and external disturbances are unknown (a more 

realistic and practical assumption), remains a challenging 

problem. This specific issue is the focal point of discussion and 

investigation in the current paper. To illustrate the practical 

implications of the proposed method, the nonlinear fractional-

order model of multi agent Cyber-Physical Power System 

(CPPS) is considered as an application. This application serves 

as a tangible example to showcase the effectiveness and 

relevance of the method in real-world scenarios, emphasizing 

the need for robust control strategies in the face of 

uncertainties and disturbances. 

Therefore, the novelty and the main contribution of this paper 

can be summarized as achieving consensus in Cyber-Physical 

Power Systems in a more realistic and more applicable 

situation that have not been considered in previous studies:  

1) Considering the fractional order model of agents in a 

Cyber-Physical Power System (CPPS) which is a 

more accurate description of the system. 

2) Introducing a novel concept, postulating that the 

upper bound of external disturbances and model 

uncertainties transcends mere a known scalar value 

like other references, but an unknown nonlinear 

function of CPPS state variables. 

3) Designing a new Adaptive Fractional-Order Sliding 

Mode Controller (AFOSMC) to achieve consensus in 

CPPS, in which a specific adaptive procedure is 

created to predict the external disturbances' 

functional upper bound coefficients. 

4) The presented method can be easily extended for the 

stabilization problem of the general form of 

nonlinear affine fractional-order systems.   

This paper is organized as follows. Section II describes the 

CPPS model considering cyber-attacks, uncertainties and 

external disturbances. The main results of the paper are 

presented in Section III. In this section, a new adaptive sliding 

mode controller is designed to guarantee asymptotic stability 

for the CPPS system. A chattering avoidance technique is also 

given in this section. Numerical examples are provided in 

Section IV to confirm the effectiveness of the designed 

controller. Finally, conclusions close the paper in Section V. 

 

II. PROBLEM STATEMENT 

a) CPPS Network Mathematical Model 

In this section, we delve into the stability analysis of the rotor 

angle within the Cyber-Physical Power System (CPPS). The 

CPPS can be effectively modeled using the following formulas 

[28]: 

𝛿̇𝑖 = 𝜔𝑖 (1) 

{
 
 
 
 
 

 
 
 
 
 𝜔̇𝑖 = −

𝐷𝑖

𝑀𝑖

𝜔𝑖 +
1

𝑀𝑖

(𝑃𝑚𝑖 − 𝑃𝑒𝑖)

𝐸̇𝑖
′ = 𝐹𝑖𝐸̇𝑖

′ + 𝐿𝑖(𝛿𝑖)𝑉𝑖 + 𝐻𝑖𝐸𝑓𝑖

𝑃𝑒𝑖 = 𝑉𝑖
𝑇[𝑅𝑖(𝛿𝑖)𝑉𝑖 + 𝑇𝑖(𝛿𝑖)𝐸𝑖

′]

𝑃𝑚𝑖 =
𝐵𝑚𝑖𝑃

𝐴𝑚𝑖𝑃
𝑢𝑚𝑖                        

𝐸𝑓𝑖 =
𝐵𝑓𝑖𝑃

𝐴𝑓𝑖𝑃
𝑢𝑓𝑖                             

𝑉 = [𝑌 − 𝑅(𝛿)]−1𝑇(𝛿)𝐸′     

 

 

 

 

(2) 

where 𝛿𝑖 is the rotor angle, 𝜔𝑖  is the rotor speed, 𝐷𝑖 is the 

damping coefficient, 𝑀𝑖  is the inertia constant, 𝑃𝑚𝑖  is the 

mechanical power,  𝑃𝑒𝑖   is the electrical power, 𝐸𝑖
′  is the 

internal bus voltage vector, 𝑉  is the generator terminal 

voltage vector. Also, 𝐵𝑚𝑖𝑃 and 𝐴𝑚𝑖𝑃  are respectively the 

polynomials of the numerator and denominator of the 

mechanical power transfer function and 𝐵𝑓𝑖𝑃 and 𝐴𝑓𝑖𝑃 are 

the same case for bus voltage transfer function. Also 𝑢𝑚𝑖  and 

𝑢𝑓𝑖  are respectively turbine–governor subsystem input and 

bus voltage input. Additionally, 𝑌 is a constant matrix and 

𝑅(𝛿) and 𝑇(𝛿) are matrices constructed from elements 

𝑅𝑖(𝛿𝑖) and 𝑇𝑖(𝛿𝑖) respectively. The detailed descriptions of 

𝑅𝑖(𝛿𝑖), 𝑇𝑖(𝛿𝑖)𝐹𝑖  and 𝐻𝑖can be found in [28]. These matrices 

and parameters play crucial roles in characterizing the 

dynamics of the CPPS. A classical coherency criterion asserts 

that a generator pair (𝑖, 𝑗) is deemed coherent if 

{
lim
𝑡→∞

‖𝛿𝑖 − 𝛿𝑗‖ = 0

𝑙𝑖𝑚
𝑡→∞

‖𝜔𝑖 − 𝜔𝑗‖ = 0
 

(3) 

We can treat the rotor angle stability of the Cyber-Physical 

Power System (CPPS) as a consensus problem for a second-

order multi-agent system. By utilizing a multi-agent system, 

we can delve into the study of rotor angle stability. 

Considering equations (1) and (2), if the controller input is 

selected as follows: 

𝑃̅𝑚𝑖 = 𝑀𝑖𝑢𝑖
′ + 𝐷𝑖𝜔𝑖 + 𝑃𝑒𝑖  (4) 

Introducing 𝑢𝑖
′ as the new input to be determined, the 

differential equations governing the rotor angle and rotor speed 

in the Cyber-Physical Power System (CPPS) are expressed as 

follows: 

{
𝛿̇𝑖 = 𝜔𝑖
𝜔̇𝑖 = 𝑢𝑖

′ 
(5) 

Hence, the design of 𝑢𝑖
′  holds significance in this context. 

Subsequently, we explore the rotor angle stability of the 

Cyber-Physical Power System (CPPS) using a multi-agent 

system model. 

In such multi-agent system, communication among the agents 

is described by a weighted directed graph G with N nodes. In 
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this graph, each vertex corresponds to an agent and 0ijw  

denotes the weight of the edge between ith and jth agents. This 

weight is a value that determines the connection strength 

between ith and jth agents in the swarm system. Graph G is 

described by its adjacency matrix given as follows [29]. 

𝑊 = [

𝑤11 . . . 𝑤1𝑁
⋮ ⋱ ⋮

𝑤𝑁1 ⋯ 𝑤𝑁𝑁
] (6) 

Fractional-order calculus is adopted for its generality, as an 

extension of the integer-order calculus. The fractional-order 

format of rotor equations in the Cyber-Physical Power System 

(CPPS) in (5) is considered as follows [30] 

{
𝐷𝛼𝛿𝑖 = 𝜔𝑖                             

𝐷𝛼𝜔𝑖 = 𝑢𝑖       𝑖 = 1,2, … , 𝑁
 

 (7) 

where .𝛼 ∈ (0,1], 𝛿𝑖 , 𝜔𝑖 ∈ 𝑅
𝑛 . In this equation,

 
𝐷0
 
𝑡
𝑎  is the 

fractional-order differentiator, which signifies a generalized 

extension of the conventional differential and integral 

operators, as defined in reference [31]: 

𝐷0
 
𝑡
𝑎 =

{
 
 

 
 
𝑑𝛼

𝑑𝑡𝛼
                   ,   𝛼 > 0

1                         , 𝛼 = 0 

∫(𝑑𝜏)−𝛼        

𝑡

0

  , 𝛼 < 0

 (8) 

In this context, α  denotes the fractional-order, which can 

assume the form of a complex number. There are several 

definitions for general fractional and integration differentiation. 

Because of the congruence of initial conditions between 

fractional-order differential equations using Caputo 

derivatives and their integer-order counterparts, the Caputo 

fractional derivative is commonly used in fractional-order 

system models. As documented in references [31-32], the 

Caputo fractional derivative operator is expressed as follows: 

( )
( )

( ) ( )

( )
0 1

0

1
,  0

t

t

x
D x t d Z

t





 


 

  

  

+− +  
=  
 −  − 

  (9) 

in which 𝛤(. )  represents the Gamma function, and ⌈𝛼⌉ 

signifies the mapping of α to the smallest integer greater than 

or equal to α, as expounded in [31-33].  

Now, with definitions 𝑥𝑖1 = 𝛿𝑖  and 𝑥𝑖2 = 𝜔𝑖 , equation (6) 

can be expressed as follows: 

{
𝐷𝛼𝑥𝑖1 = 𝑥𝑖2  

𝐷𝛼𝑥𝑖2 = 𝑢𝑖      
 

(10) 

And, considering the vector 𝑥𝑖 = [𝑥𝑖1, 𝑥𝑖2] ∈ 𝑅
2 ,we have: 

𝐷𝛼𝑥𝑖 = 𝐴𝑥𝑖 + 𝐵𝑢𝑖 (11) 

In this expression, we have: 

𝐴 = [
0 1
0 0

] ,    𝐵 = [
0
1
] (12) 

Now, let's introduce disturbances, encompassing uncertainties, 

disturbance modeling, cyberattacks, and input bias faults into 

the multi-agent system. Hence, the model of factors exposed 

to disturbances can be expressed as: 

𝐷𝛼𝑥𝑖 = 𝐴𝑥𝑖 + 𝐵𝑖[𝑢𝑖(𝑡) + 𝑓𝑖𝑎(𝑡) + 𝑓𝑖(𝑡)]

+ ∆𝑓𝑖(𝑥) + 𝑑𝑖(𝑡) 
(13) 

In the provided expression, 𝑑𝑖(𝑡) characterizes external 

disturbances and is constrained by ‖𝑑𝑖(𝑡) ‖ < 𝛼 , where 𝛼 

denotes the upper bound of disturbances. 𝑓𝑖𝑎(𝑡) represents the 

input bias error of each factor in the system, with ‖𝑓𝑖𝑎(𝑡) ‖ <

𝛽  and ∆𝑓𝑖(𝑥) accounts for modeling uncertainties and 

unmodeled dynamics, assumed to be limited as ‖∆𝑓𝑖(𝑥) ‖ <

𝛿 . Additionally, it is posited that cyberattacks 𝑓𝑖(𝑡) are 

bounded by ‖𝑓𝑖(𝑡) ‖ < 𝜉 , where 𝜉  signifies the maximum 

intensity value of cyberattacks applicable to an energy source 

in the CPPS. 

Model (13) can be reformulated as follows: 

𝐷𝛼𝑥𝑖 = 𝐴𝑥𝑖 + 𝐵𝑖𝑢𝑖(𝑡) + ℎ𝑖(𝑥, 𝑡) (14) 

In this context, the components are defined as follows: 

ℎ𝑖(𝑥, 𝑡) = 𝐵𝑖𝑓𝑖𝑎(𝑡) + 𝐵𝑖𝑓𝑖(𝑡) + ∆𝑓𝑖(𝑥)

+ 𝑑𝑖(𝑡)     
(15) 

The term ℎ𝑖(𝑥, 𝑡) serves as a representation of bias, collective 

error, cyberattacks, modeling uncertainties, and disturbances 

within each factor. In essence, ℎ𝑖(𝑥, 𝑡)  encapsulates the 

summation of these elements, colloquially referred to as 

"disturbance." The distinctive characteristic of the various 

components constituting this disturbance is their unknown 

nature and their confinement within limited upper bounds. The 

system represented by equation (15) is denoted as a model of 

distributed energy resources with disturbances in a CPPS. 

The objective of controller design is to formulate a distributed 

control law such that, accounting for the disturbances outlined 

in the model of agents in the CPPS within equation (15), the 

following goal is achieved in terms of consensus: 

𝑙𝑖𝑚
𝑡→∞

‖𝑥𝑖 − 𝑥𝑟𝑒𝑓‖ = 0,    ∀𝑖 ≠ 𝑗 (16) 

b) Consensus error model in CPPS Network 

After formulating the agent model, representing the distributed 

energy resources in a CPPS under disturbances as given in 

equation (15), the proposed generalized secondary control law 

is presented to attain consensus and drive the agents toward 

𝑥𝑟𝑒𝑓. Drawing inspiration from [26] with slight modifications, 

we propose the following expression, highlighting the 

incorporation of information from neighboring agents in the 

graph: 
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𝑢𝑖 = −∑𝑤𝑖𝑗(𝑥𝑖 − 𝑥𝑗)

𝑁

𝑗=1

− 𝑔𝑖(𝑥𝑖 − 𝑥𝑟𝑒𝑓)

+ 𝑢𝑎𝑖     𝑖𝜖{1,2, …𝑁} 

(17) 

The scalar value 𝑔𝑖  serves as an indicator distinguishing 

whether the 𝑖 -th node functions as a leader or a follower 

within the CPPS, with 𝑔𝑖 > 0 for 𝑖 = 1,2,… , 𝑙  denoting 

leader nodes and 𝑔𝑖 = 0 for 𝑖 = 𝑙 + 1,… ,𝑁  indicating 

follower nodes. Consequently, leader nodes are orchestrated to 

adhere to the reference value, while follower nodes are steered 

towards achieving consensus. 

Upon applying the control input from equation (17) to the 

agent model in the CPPS outlined in equation (15), the 

resulting expression is as follows: 

𝐷𝛼𝑥𝑖 = 𝐴𝑥𝑖 − 𝐵∑𝑤𝑖𝑗(𝑥𝑖 − 𝑥𝑗)

𝑁

𝑗=1

− 𝐵𝑔𝑖(𝑥𝑖

− 𝑥𝑟𝑒𝑓) + 𝐵𝑢𝑎𝑖 + ℎ𝑖(𝑥, 𝑡)     

(18) 

By defining the difference between the state variable of each 

distributed energy source 𝑥𝑖 and the reference value 𝑥𝑟𝑒𝑓, we 

introduce the state variable error as 𝑒𝑖 = 𝑥𝑖 − 𝑥𝑟𝑒𝑓 . 

Consequently, the equation governing the error is expressed as 

follows: 

𝐷𝛼𝑒𝑖 = 𝐷𝛼𝑥𝑖 − 𝐷
𝛼𝑥𝑟𝑒𝑓  

= 𝐴𝑥𝑖 − 𝐵∑𝑤𝑖𝑗(𝑥𝑖 − 𝑥𝑗)

𝑁

𝑗=1

− 𝐵𝑔𝑖(𝑥𝑖 − 𝑥𝑟𝑒𝑓)

+ 𝐵𝑢𝑎𝑖 + ℎ𝑖(𝑥, 𝑡) − 𝐷
𝛼𝑥𝑟𝑒𝑓  

(19) 

By incorporating both addition and subtraction of 𝐴𝑥𝑟𝑒𝑓 into 

equation (19) and taking into account the generalized error 

state vector in the distributed resource system as 𝑒 =

[𝑒1, … , 𝑒𝑁]
𝑇 , the disturbances vector as 𝐻 =

[ℎ1(𝑥, 𝑡), … , ℎ𝑁(𝑥, 𝑡)]
𝑇 , and the secondary input vector as 

𝑈 = [𝑢𝑎1, … , 𝑢𝑎𝑁]
𝑇 , the dynamics of the system and the 

dynamics of errors in the state variables can be expressed as 

follows: 

𝐷𝛼𝑒 = (𝐴̃ − 𝐵̃(𝐿 + 𝐺))𝑒 + 𝐵̃𝑈 + 𝐻 + 𝛷 (20) 

where 𝐿  is the Laplacian graph matrix, Φ = 𝐴𝑥𝑟𝑒𝑓 −

𝐷𝛼𝑥𝑟𝑒𝑓[1, … ,1]
𝑇 and we have: 

𝐵̃ =

[
 
 
 
 
𝐵 0 0 ⋯ 0
0 𝐵 0 ⋯ 0
⋮ ⋱ ⋱ ⋱ ⋮
0 0 ⋱ ⋱ 0
0 0 ⋯ 0 𝐵]

 
 
 
 

∈ 𝑅2𝑁×𝑁 

    (21) 

 

 

 

  𝐺 =

[
 
 
 
 
𝑔1 0 0 ⋯ 0
0 𝑔2 0 ⋯ 0
⋮ ⋱ ⋱ ⋱ ⋮
0 0 ⋱ ⋱ 0
0 0 ⋯ 0 𝑔𝑁]

 
 
 
 

∈ 𝑅𝑁×𝑁 

𝐴̃ =

[
 
 
 
 
𝐴 0 0 ⋯ 0
0 𝐴 0 ⋯ 0
⋮ ⋱ ⋱ ⋱ ⋮
0 0 ⋱ ⋱ 0
0 0 ⋯ 0 𝐴]

 
 
 
 

∈ 𝑅2𝑁×2𝑁 

By defining 𝐴̂ = 𝐴̃ − 𝐵̃(𝐿 + 𝐺) ,the model described in 

equation (16) can be expressed as follows: 

𝐷𝛼𝑒 = 𝐴̂𝑒 + 𝐵̃𝑈 + 𝛷 + 𝐻 (22) 

This equation provides a concise representation of the error 

dynamics in the distributed resource system, incorporating the 

Laplacian graph matrix, disturbance vector, and secondary 

input vector. 

Note 1: It should be noted that in order to obtain (22), we have 

used and extended the procedure that is presented in [34] for linear 

fractional order multiagent systems. We extended it from a linear 

model to a nonlinear model of agents as shown in equation (13). 

c) Objective of the study 

Reflect upon the forthcoming statement concerning CPPS 

system model uncertainty and external disturbances:  

Remark 1. The model uncertainties ∆𝑓𝑖(𝑥)𝑠  are contingent 

on the CPPS system states. Furthermore, the situation and 

states of a CPPS is influenced by external disturbances and  

more importantly, the magnitude and how the cyber attack 

𝑓𝑖(𝑡) is applied to the system, depend on the current state of 

the CPPS system. Hence, this study introduces a novel concept, 

postulating that the upper limit encompassing external 

disturbances and model uncertainties in equation (15) 

transcends mere scalar value but the form of a nonlinear 

function contingent upon CPPS state variables. Concurrent 

with this, stable adaptive laws will be established to estimate 

the coefficients governing this upper boundary function, 

assuming their initial unknown status. This causes the CPPS 

reference tracking issue to have more appropriate and practical 

assumptions. Therefore, consider the following assumption: 

Assumption 1. Let us assume that the upper limit for the 

vector encompassing model uncertainties and external 

disturbances within the CPPS model is bounded, as illustrated 

in equation (22): 

‖𝐻(𝑥(𝑡), 𝑡)‖ ≤ 𝛼ℎ(𝑥(𝑡), 𝑡) + 𝛽 (23) 

in which 𝛼  and 𝛽  refer to the unknown values and 

ℎ(𝑥(𝑡), 𝑡)  represents an arbitrary nonlinear function 

contingent upon the CPPS system's state variables.  

It is worth mentioning that in [34], the upper bounds of 

modelling uncertainties and external disturbances were 
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considered as a linear function of system states norm as 

𝛼‖𝑥(𝑡)‖ + 𝛽. However, the upper bound of the perturbations 

that is considered here in Assumption 1 is a more general form 

of what is considered in [34]. Using the assumption in (23), it 

can even be claimed that the perturbations may be unbounded.  

The nonlinear CPPS system faces external disturbances and 

model uncertainties, and this study seeks to build Adaptive 

Fractional-Order Sliding Mode Controller (AFOSMC) for it. 

The indicated convergences in (11) would be attained by 

developing the controllers as mentioned above while taking 

Assumption 1 into account. Additionally, specific adaptive 

procedures are created to predict external disturbances' 

functional upper limit coefficients and model uncertainties in 

(23). This paper's novelty lies in its approach to addressing the 

CPPS challenge under realistic conditions, assuming the 

validity of Assumption 1. In the next section, we introduce 

AFOSMC to address CPPS reference tracking while upholding 

this foundational assumption. 

Before dealing with the stabilizing controller, consider the 

following Lemma: 

Lemma 1 [33-34]: The Fractional Order system 𝐷𝑡
𝑎𝑥(𝑡) =

𝐴𝑥(𝑡) , where 𝑥(𝑡) ∈ 𝑅𝑛  for 0t  , 𝐴 ∈ 𝑅𝑛×𝑛 , and 𝐷𝑡
𝛼 

denotes the Caputo fractional derivative operator is 

asymptotically stable if and only if |𝑎𝑟𝑔( 𝜆)| > 𝛼
𝜋

2
  for each 

eigenvalue 𝜆 of matrix 𝐴 (In this case the matrix 𝐴 is called 

an 𝛼-Hurwitz matrix). 

 

III. PROPOSED METHODOLOGY 

Fractional-order equations enable controllers with more 

adjustability than traditional integer-order ones. They 

effectively reduce chattering in sliding mode control, as shown 

ahead. 

In this section, we create a Fractional Order Sliding Mode 

surface and then introduce a new Robust-Adaptive Fractional 

Order Sliding Mode Controller (AFOSMC) to handle CPPS 

system perturbations, considering model uncertainties, cyber-

attacks and external disturbances. We account for the 

assumption that the upper bound of model uncertainties is an 

unknown nonlinear function of CPPS system states. 

This section also examines the convergence of CPPS system 

states to the switching surface and presents an innovative 

approach to mitigate chattering. 

 

a) Sliding manifold and reaching law 

Considering the CPPS system in (22), we define an ( 1)N d−

-dimensional sliding manifold in the form 

𝑠(𝑡) = 𝐶 ∫ 𝐷𝜏
𝛼𝑒(𝜏)

𝑡

0

𝑑𝜏 − 𝐶 ∫ (𝐴̂ + 𝐵𝐾)
𝑡

0

𝑒(𝜏)𝑑𝜏 (24) 

where 𝑠(𝑡) = [𝑠1, 𝑠2, . . . , 𝑠2𝑁] ∈ 𝑅
2𝑁 is the sliding manifold 

vector, 
2 2N NC R   is an arbitrary matrix in such a way that 

𝐶𝐵 is invertible and 
2 2N N

K R


  is designed parameter 

matrix that will be obtained in the next subsection. According 

to the sliding mode approach, the switching manifold and its 

derivative should be equal to zero. To this end, consider the 

following reaching law [33-34] 

𝑠̇(𝑡) = −𝜇𝑠 − 𝜌 𝑠𝑔𝑛( 𝑠) (25) 

where 𝜇, 𝜌 ∈ 𝑅+ and  

𝑠𝑔𝑛( 𝑆) = [𝑠𝑔𝑛( 𝑠1), 𝑠𝑔𝑛( 𝑠2), . . . , 𝑠𝑔𝑛( 𝑠2𝑁)]
𝑇 ∈ 𝑅2𝑁. 

The reaching law is a stable vector first-order equation that is 

chosen in such a way that the sliding surface 𝑠(𝑡), which is 

the independent variable of this equation, converges to zero. 

Then, after selecting this reaching law, it is time to design the 

control law. The control law is chosen in such a way that the 

equation governing the sliding surface 𝑠(𝑡)  becomes this 

reaching law. 

 As you can see from (25) left side of reaching law is 𝑠̇(𝑡). 

Now, it is easy to take a derivative from the sliding surface in 

(24) to appear 𝑠̇(𝑡) . Then, we easily set the result of the 

derivative of the sliding surface equal to the right side of the 

reaching law and using this idea, the control law will be easily 

obtained as in next subsection, although with a few changes. 

 

b) Proposed Adaptive Fractional-Order Sliding Mode 

Controller (AFOSMC)  

The AFOSMC for stabilizing the CPPS system described in 

equation (15) is introduced using the fractional-order sliding 

surface outlined in equation (18) as follows: 

𝑢 = (𝐶𝐵)−1(𝐶𝐵𝐾𝑒 − 𝐶𝛷 − 𝜇𝑠 − 𝑠𝑔𝑛(𝑠) 

× (𝜌 + 𝛽̂‖𝐶‖ + 𝛼̂‖𝐶‖ℎ(𝑥(𝑡), 𝑡))) 

(26) 

where 𝛼̂ and 𝛽̂ come from the following adaptive rules and 

represent estimates of the unknown parameters in (23): 

𝛼̇̂ = 𝜂1‖𝐶‖𝑠
𝑇 𝑠𝑔𝑛(𝑠) ℎ(𝑥, 𝑡) 

𝛽̇̂ = 𝜂2‖𝐶‖𝑠
𝑇 𝑠𝑔𝑛(𝑠) 

 

(27) 

where 𝜂1  and 𝜂2  stand for two arbitrary, positive constant 

values representing adaptive gains. The following theorem 

expresses the primary outcome of the current study, which is 

the design of AFOSMC. 

Theorem 1. Consider the CPPS system in (22), which is 

affected by external disturbances, Cyber-attacks and model 

uncertainty. Assuming the validity of Assumption 1, where the 

upper bound on model uncertainty and external disturbances 

depends on CPPS states with unknown coefficients, the 

reference tracking errors within the CPPS system (22) now 

asymptotically converges to zero. This is achieved using 

AFOSMC as defined in (26)-(27), with positive constant 

values 𝜂1, 𝜂2 > 0 , 𝜇, 𝜌 > 0  and constant matrix 𝐾  that 
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satisfies |arg (𝑒𝑖𝑔(𝐴̂ + 𝐵𝐾))| ≥ 𝛼
𝜋

2
.  

Proof: Consider the following proposition for the Lyapunov 

function.  

𝑉 =
1

2
𝑠𝑇𝑠 +

1

2𝜂1
𝛼̃2 +

1

2𝜂2
𝛽2            (28)                                      

where 𝛼̃ = 𝛼̂ − 𝛼  and 𝛽 = 𝛽̂ − 𝛽  represent adaptive 

parameter errors. Now, differentiating (28) and substituting 𝑠̇ 

from (24) yields: 

𝑉̇ = 𝑠𝑇 𝑠̇ +
1

𝜂1
𝛼̃𝛼̇̃ +

1

𝜂2
𝛽𝛽̇ = 𝑠𝑇(𝐶𝐷𝜏

𝛼𝑒 − 𝐶(𝐴̂ + 𝐵𝐾)𝑒) 

+
1

𝜂1
𝛼̃𝛼̇̃ +

1

𝜂2
𝛽𝛽̇                               (29)                      

Substituting 𝐷𝜏
𝛼𝑒 from the CPPS system in (22) into (29) and 

given that 𝛼̇̃ = 𝛼̇̂and 𝛽̇ = 𝛽̇̂, results in 

𝑉̇ = 𝑠𝑇(𝐶𝐴̂𝑒 + 𝐶𝐵𝑈 + 𝐶𝛷 + 𝐶𝐻 − 𝐶(𝐴̂ + 𝐵𝐾)𝑒) 

+
1

𝜂1
𝛼̃𝛼̇̂ +

1

𝜂2
𝛽𝛽̇̂                               (30)                              

Using the suggested AFOSMC from (26) in combination with 

the adaptive laws from (27) will results in:   

𝑉̇ = 𝑠𝑇 (−𝜇𝑠 − 𝑠𝑔𝑛(𝑠) (𝜌 + 𝛽̂‖𝐶‖ + 𝛼̂‖𝐶‖ℎ(𝑥(𝑡), 𝑡)) + 𝐶𝐻)     

        +
1

𝜂1
(𝛼̂ − 𝛼)𝛼̇̂ +

1

𝜂2
(𝛽̂ − 𝛽)𝛽̇̂ 

(31) 

which results 

𝑉̇ = −𝜇‖𝑠‖2 − 𝜌𝑠𝑇 𝑠𝑔𝑛(𝑠) − 𝛽̂‖𝐶‖𝑠𝑇 𝑠𝑔𝑛(𝑠) 

 −𝑠𝑇‖𝐶‖𝛼̂ℎ(𝑥(𝑡), 𝑡) 𝑠𝑔𝑛(𝑠) + 𝑠𝑇𝐶𝐻(𝑥, 𝑡) 

+(𝛼̂ − 𝛼)‖𝐶‖𝑠𝑇 𝑠𝑔𝑛(𝑠)ℎ(𝑥, 𝑡)

+ (𝛽̂ − 𝛽)‖𝐶‖𝑠𝑇 𝑠𝑔𝑛(𝑠) 

    

(32) 

By eliminating similar terms and considering 𝑠𝑇 𝑠𝑔𝑛(𝑠) =

‖𝑠‖ we obtain: 

𝑉̇ = −𝜇‖𝑠‖2 − 𝜌‖𝑠‖ + 𝑠𝑇𝐶𝐻(𝑥, 𝑡)  

−𝛼‖𝐶‖‖𝑠‖ℎ(𝑥, 𝑡) − 𝛽‖𝐶‖‖𝑠‖ 

     

(33) 

In addition, using 𝑠𝑇𝐶𝐻(𝑥, 𝑡) ≤ ‖𝑠𝑇𝐶𝐻(𝑥, 𝑡)‖ ≤

‖𝑠‖‖𝐶‖‖𝐻(𝑥, 𝑡)‖ and, then, the inequality in (23) will yields: 

𝑉̇ ≤ −𝜇‖𝑠‖2 − 𝜌‖𝑠‖ + ‖𝑠‖‖𝐶‖‖𝐻(𝑥, 𝑡)‖ 

           −𝛼‖𝐶‖‖𝑠‖ℎ(𝑥, 𝑡) − 𝛽‖𝐶‖‖𝑠‖ 

     ≤ −𝜇‖𝑠‖2 − 𝜌‖𝑠‖ + ‖𝑠‖‖𝐶‖(𝛼ℎ(𝑥, 𝑡) + 𝛽) 

−𝛼‖𝐶‖‖𝑠‖ℎ(𝑥, 𝑡) − 𝛽‖𝐶‖‖𝑠‖ = −𝜇‖𝑠‖2 − 𝜌‖𝑠‖     (34) 

Consequently, with the positivity of 𝜇 and 𝜌  as well as in 

accordance with Barbalat's lemma s(t) converges to zero as 

t → ∞ This, in turn, leads to the convergence of the reference 

error in the CPPS system to zero, as specified by the sliding 

surface equation in (24) and utilizing Lemma 1. 

Remark 2. In the AFOSMC presented in equations (26)-(27), 

a sign function, which is a discontinuous function centered 

around 𝑠 = 0, has been utilized. This function can lead to 

highly precarious situations for the CPPS system, 

characterized by high-frequency oscillations, commonly 

referred to as chattering, within the controller signal. In a 

sliding mode controller, chattering may be minimized in a 

number of methods, including by applying saturation or a 

hyperbolic tangent function. Although using these continuous 

functions to approximate the sign function may lessen 

chattering, the closed-loop system's controller performance 

may suffer. To mitigate chattering, we introduce a novel 

successive approximation function similar to what was 

outlined in [35]. Consequently, the term 𝜌𝑠𝑔𝑛(𝑠),  𝜌 > 0 is 

computed as follows: 

𝜌𝑠𝑔𝑛(𝑆) ≅
𝜌2𝑆

𝜌‖𝑆‖ + 𝜎(𝑡)
 

(35) 

in which 𝜎(𝑡) > 0 represents a positively bounded function 

with the property ∫ 𝜎(𝑡)𝑑𝑡 <
∞

0
∞ . An example of such a 

function σ(t) > 0 is as follows  

( )
1

,  2
1 n

t n
t

 = 
+

 (36)                      

The approximation in equation (35) is continuous and will 

continue to be continuous throughout time. Therefore, the 

chattering will lessen. The function 𝜎(𝑡) converges to zero 

rapidly, rendering the approximation closer to the sign 

function with greater precision compared to alternative 

approximations such as the hyperbolic tangent function. 

Lemma 2. Utilizing the reaching law as 𝑠̇ = −𝜇𝑠 −

𝜌𝑠𝑖𝑔𝑛(𝑠)  defined in equation (25), which is employed in 

AFOSMC, the CPPS system states reach the sliding surface in 

finite time t∗ as follows: 

𝑡∗ =
1

𝜇
𝑙𝑛 (

𝜌 + 𝜇|𝑠(0)|

𝜌
), 

(37) 

Proof: For the initial states of the sliding surface with𝑠(0) >

0  or 𝑠(0) < 0 , the differential equation governing the 

reaching law is derived as follows: 

{
𝑠̇ = −𝜇𝑠 − 𝜌,    𝑠(0) > 0 

𝑠̇ = −𝜇𝑠 + 𝜌,    𝑠(0) < 0
  

 (38) 

The solution to the above equations is as follows: 

{

𝑠(𝑡) = (𝑠(0) +
𝜌

𝜇
) 𝑒−𝜇𝑡 −

𝜌

𝜇
,    𝑠(0) > 0 

𝑠(𝑡) = (𝑠(0) −
𝜌

𝜇
) 𝑒−𝜇𝑡 +

𝜌

𝜇
,    𝑠(0) < 0

 

 (39) 

Now, given that sliding surface has 𝑖 = 1, . . . ,2𝑁 components, 

by setting 𝑠𝑖(𝑡𝑖) = 0, it is found that  
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𝑡𝑖 =
1

𝜇
𝑙𝑛(

𝜌 + 𝜇|𝑠𝑖(0)|

𝜌
),                 (40) 

Now, the final finite time is: 

𝑡∗ = 𝑚𝑎𝑥𝑖=1..2𝑁(𝑡𝑖), 𝑖 = 1, . . . ,2𝑁 (41) 

This demonstrates that the system states reach the sliding 

surface within a finite time denoted by 𝑡∗, depending on the 

initial value of the sliding surface. 

Remark 3. We had claimed that the method presented in this 

paper can be easily extended to solve the stabilization problem 

of a more general form meaning nonlinear affined fractional 

order systems i.e. 𝐷𝛼𝑥 = 𝑓(𝑥) + 𝑔(𝑥)𝑢 + 𝐻 . We first add 

and subtract the desired linear value 𝐴𝑥  to above affine 

system and then we have: 

𝐷𝛼𝑥 = 𝑓(𝑥) + 𝑔(𝑥)𝑢 + 𝐻 + 𝐴𝑥 − 𝐴𝑥 (42) 

It should be said that the controller presented in Theorem 1 is 

designed for achieving asymptotic stability in system in (22). 

The point is that the fractional order nonlinear affine system in 

(42) can be easily transformed to system in (22), by 

considering the following change of variables: 

𝑥 → 𝑒, 𝐴 → 𝐴̂, 𝑔(𝑥) → 𝐵̃, 

(𝑓(𝑥) − 𝐴𝑥)  → 𝛷(𝑥) 

(43) 

 

IV. SIMULATION RESULTS 

In this section, the effectiveness of the proposed controller is 

verified through numerical examples. The numerical 

simulations in this section use the Adams-type predictor-

corrector method suggested in [36] for obtaining the solution 

of fractional-order differential equations. 

This segment illustrates the efficacy of the main findings 

through a specific numerical scenario. Consider a 5-generator 

cyber-physical power system with 14 buses, as depicted in 

Figure 1. The data pertinent to this setup is sourced from the 

IEEE standard test system for such configurations. Each 

generator is linked to an agent enabling the exchange of 

information among them, as illustrated in Figure 2. The 

interconnected cyber and physical networks are connected via 

distinct arrow types.  

With a distributed multi-agent approach, these networks are 

seamlessly integrated. If each agent (generator) contains two 

tiers of information, denoted as 𝑁 = 5, 𝑛 = 2, the rotor angle 

and rotor speed profiles for the cyber-physical power systems 

can be examined in Figures 3(a) and 3(b) respectively. 

Observing the plots indicates the convergence of rotor angles 

and speeds toward a shared dynamic value. 

 

 
Fig. 1: A 5-generator 14-bus CPPS for simulation [30] 

-

 
Fig. 2: Graph representation of 5-generator 14-bus CPPS in Figure 1 [30] 

 

To simulate such a multi-agent cyber-physical power system, 

the system parameters are considered the same as those 

presented in [30]. The control parameters of AFOSMC control 

law, which should be set according to Theorem 1, are 

considered as follows: 

𝜇 = 10, 𝜌 = 3, 

 𝜂1 = 2, 𝜂2 = 3 

ℎ(𝑥(𝑡), 𝑡) = 5‖𝑥‖ 

(44) 

  

The values of sliding plates are shown in Figure 4. This figure 

also clearly shows that by applying the designed AFOSMC 

control law, the sliding surfaces converge to zero in a finite 

time according to Lemma 2. From that moment, the system 

enters the so-called sliding mode, in which the consensus error 

converges to zero. Adaptive parameters for employing the 

AFOSMC control law are presented in Fig. 5. This figure 

makes it evident that both adaptive parameters tend to specific 

bounded scalar values, demonstrating the stability of adaptive 

laws designed in (27). 
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(a) 

 
(b) 

Fig. 3: Rotor angles (a) and Rotor speeds (b) of CPPS in simulation part 

and achieving consensus among them 

 

 
Fig. 4: Sliding surfaces of closed loop CPPs system 

 
(a) 

 
(b) 

Fig. 5: Adaptive parameters of control law in (24) 

Finally, the control input signals for all agents, i.e. rotors, 

are shown in Figure 6. The bounded amplitude values of these 

signals and the convergence to zero as expected, show that this 

controller has performed well in achieving consensus among 

the angles and speeds of the rotors in the CPPS system. 

 

 
Fig. 6: Control input of rotors in closed loop CPPS system 

 

 
(a) 

 
(b) 

Fig. 7. Consensus in rotor angles of CPPS system by applying: (a) 

AFOSMC control law designed in this paper and (b) the event triggered 

method presented in [30] 

 

- A Comparison with other reference 

In this subsection a comparison with one of the recent related 

references that is about using event-trigger method to achieve 

consensus of cyber-physical power systems based on multi-

agent systems with communication constraints, is presented 

[30]. 

Figures 7 and 8 show the results of comparing the AFOSMC 

controller proposed in this paper with a recent controller 

proposed in reference [30] for achieving consensus in 

fractional-order cyber-physical power systems based on the 

event-trigger method. To do this, the disturbances, consisting 

of two cyber-attack signals applied to agent 1 and agent 3, are 

defined as follows: 
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𝑓1(𝑡) = [
𝑓11
𝑓12
],  𝑓11 = {

5,    0.5 ≤ 𝑡 ≤ 0.7
0           𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 , 

𝑓12 = {
6,   1 ≤ 𝑡 ≤ 2

0           𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
, 

(45) 

 𝑓2(𝑡) = [
𝑓21
𝑓22
],  𝑓21 = {

4,    1 ≤ 𝑡 ≤ 3
0           𝑜𝑡ℎ𝑒𝑟𝑒𝑤𝑖𝑠𝑒

 , 

 𝑓22 = {
7,   0.6 ≤ 𝑡 ≤ 0.9
0           𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Additionally, the modeling uncertainties in the CPPS system 

are as follows: 

∆𝑓𝑖(𝑥) = [
6 sin(4𝑡) + 0.01 sin(2𝑥𝑖1) + 0.01cos (4𝑥𝑖2)

6 sin(4𝑡) + 0.01cos (4𝑥𝑖1) + 0.01 sin(2𝑥𝑖1)
], (46) 

Both the method presented in reference [30] and our method 

consider uncertainties and disturbances as cyber-attacks in the 

CPPS system. However, Figures 7 and 8 clearly show the 

superiority of the method described in this paper by comparing 

the convergence of rotor angles and rotor speeds in achieving 

consensus. It is clear that the AFOSMC controller proposed in 

this paper has a better performance with a small overshoot and 

low rise time.  However, in the presence of uncertainties and 

disturbances with unknown functional upper bounds, the 

event-trigger control law in [30] is unable to achieve consensus 

and cannot handle these uncertainties and disturbances. 

 

 
(a) 

 
(b) 

Fig. 8. Consensus in rotor speeds of CPPS system by applying: (a) 

AFOSMC control law designed in this paper and (b) the event triggered 

method presented in [30] 

 

The comparison of transient response characteristics in the 

time domain between reference [30] and the proposed 

AFOSMC controller is also presented in Table 1. As we can 

see, in the convergence of both the rotor angles and the rotor 

speeds, by applying the control law designed in this paper 

(AFOSMC), both the overshoot and the settling time are less 

compared to the event-trigger method resented in [30]. This is, 

of course, next to this important feature that in our method, 

firstly, unlike reference [30] the upper band of disturbances is 

assumed to be unknown. And besides, this upper band, is not 

just a scalar but a nonlinear function of the system states. 

 
TABLE 1  COMPARING THE SIMULATION RESULTS OF APPLYING 

CONTROL LAW IN [30] WITH OUR CONTROL LAW AFOSMC 
AFOSMC in this 

paper 

Controller in [30] Specifications 

8.7 28 Overshoot in Rotor 

Angles 

13 37 Overshoot in Rotor 

Speeds 

2.5 7 Settling Time of Rotor 

angle consensus 

0.9 10.5 Settling Time of Rotor 

Speed consensus 

V. CONCLUSION 

Consensus of fractional-order linear time invariant cyber-

physical power systems, in the presence of model 

uncertainties, disturbances and cyber-attacks in both of 

inherent and interactive dynamics and graph topology, was 

studied in this paper. In this study, an adaptive-robust fractional 

order sliding mode controller has been designed to achieve 

consensus in the presence of mentioned uncertainties and 

disturbances with the important constraint that the upper bound 

of system perturbations is a nonlinear unbounded function with 

unknown coefficients. To deal with these perturbations, a 

chattering-free fractional order AFOSMC method is presented 

in which the coefficients of the upper bound function are 

estimated by stable adaptive laws. Numerical simulation 

results confirm the effectiveness of the proposed controller 

compared to other recent references. The consensus of Cyber-

Physical Power Systems in the presence of communication 

time delay among fractional order model of agents, achieving 

finite time consensus in the fractional order model of CPPS 

using terminal sliding mode control and designing fractional 

order sliding control considering input constrains, can be 

considered as three future research plans to continue this work. 

 

REFERENCES 
[1] P. A. Oyewole and D. Jayaweera, "Power System Security 

with Cyber-Physical Power System Operation," in IEEE 

Access, vol. 8, pp. 179970-179982, 2020. 

[2] M. Abdelmalak, V. Venkataramanan and R. Macwan, "A 

Survey of Cyber-Physical Power System Modeling 

Methods for Future Energy Systems," in IEEE Access, vol. 

10, pp. 99875-99896, 2022.  

[3] Z. Dong, M. Tian and L. Ding, "A Framework for Modeling 

and Structural Vulnerability Analysis of Spatial Cyber-

Physical Power Systems from an Attack–Defense 

Perspective," in IEEE Systems Journal, vol. 15, no. 1, pp. 

1369-1380, March 2021.   

[4] Y. He, Q. Feng, Z. Chen, X. Yang and C. Wu, "Research 

and simulation of freight vehicle cooperative adaptive 

cruise formation control model," 6th International 

Conference on Transportation Information and Safety 

(ICTIS), Wuhan, China, pp. 1327-1331, 2021. 



115                                                              Adaptive Fractional-Order Consensus Control/Mahmood Nazifi, et al 

[5] J. B. Hu, F. Li, J. Wu et al, “Research on aviation electric 

power cyber physical systems,” Adv Mater Res, pp. 846–

847:126–133, 2013. 

[6] S. Mokred, Y. Wang, T. Chen, “Modern voltage stability 

index for prediction of voltage collapse and estimation of 

maximum load-ability for weak buses and critical lines 

identification,” International Journal of Electrical Power & 

Energy Systems, Vol. 145, pp. 108596, 2023. 

[7] T. Kim, T. K. Oh, K. S. Kook, Y. H. Moon, “Bifurcation 

Control Application to-Voltage Collapse in a Model Power 

System,” IFAC Proceedings Volumes, vol. 36, no. 20, pp. 

815-819, 2003. 

[8] K. Khan, F. Hassan, J. Koo, M. A. Mohammed, Y. Hasan, 

Shamsheela, D. Muhammad, B. S. Chowdhry, N. M. Faseeh 

Qureshi, “Blockchain-based applications and energy 

effective electric vehicle charging – A systematic literature 

review, challenges, comparative analysis and opportunities,” 

Computers and Electrical Engineering, vol. 112, pp. 108959, 

2023, 

[9] P. Wu, H. Sun, W. Zhong, H. Chang, D. Huang and Y. Jiang, 

"Rotor Angle Stability with Different Penetration Levels of 

Wind Generation in the Sending Grid," 2020 IEEE 

Sustainable Power and Energy Conference (iSPEC), 

Chengdu, China, pp. 948-954, 2020, 

[10] [10] Pan K, Yang F, Feng Z, Pan Q. Attack estimation–

based resilient control for cyber-physical power 

systems. Transactions of the Institute of Measurement and 

Control, 45(5), pp. 886-898, 2023. 

[11] Y. Li, T. Yong, J. Cao J et al, “A consensus control strategy 

for dynamic power system look-ahead scheduling,” 

Neurocomputing, vol. 168, pp.1085–1093, 2015. 

[12] M. J. Morshed and A. Fekih, "A Coordinated Controller 

Design for DFIG-Based Multi-Machine Power Systems," in 

IEEE Systems Journal, vol. 13, no. 3, pp. 3211-3222, Sept. 

2019.  

[13] A. Pisano and E. Usai, “Sliding mode control: A survey 

with applications in math,” Mathematics and Computers in 

Simulation, vol. 81(5), pp. 954-979, 2011. 

[14] [14] M. H. Zarif and  E. Abbaszadeh, Fractional-Order 

Variable Structure Equations In Robust 

Control,  International Journal of Industrial Electronics, 

Control and Optimization (IECO), 6(2), pp. 101-111, 2023. 

[15] Q. H. Zhang, J. G. Lu, “Robust stability of fractional-order 

systems with mixed uncertainties: The 0<α<1 case,” 

Communications in Nonlinear Science and Numerical 

Simulation, vol. 126, pp. 107511, 2023. 

[16] A. Djari, T. Bouden, A. Boulkroune, “Design of Fractional-

order Sliding Mode Controller (FSMC) for a class of 

Fractional-order Non-linear Commensurate Systems using 

a Particle Swarm Optimization (PSO) Algorithm,” CEAI, 

Vol.16, No.3 pp. 46-55, 2014. 

[17] L. Chen, R. Wu, Y. He, Y. Chai, “Adaptive sliding-mode 

control for fractional-order uncertain linear systems with 

nonlinear disturbances,” Nonlinear Dyn, 2014. 

[18]  [18] A. Nemati, M. Peimani, S. Mobayen and S. J. 

Sayyedfattahi, Adaptive terminal sliding mode controller 

design for cyber-physical systems under external 

disturbance and actuator cyber-attack,  Int J Adapt Control 

Signal Process, 37(6), pp. 1369-1388, 2023. 

[19] [19] Yanmei Xue, Wen Ren, Bo-Chao Zheng, Jinke Han, 

Event-triggered adaptive sliding mode control of cyber-

physical systems under false data injection attack, Applied 

Mathematics and Computation, 433, 127403, 2022.

 

[20] [20] A. Razzaghian, R. K. Moghaddam and N. Pariz, 

Adaptive fuzzy fractional-order fast terminal sliding mode 

control for a class of uncertain nonlinear systems, 

International Journal of Industrial Electronics, Control and 

Optimization (IECO), 5(1), pp. 77-87, 2022. 

[21] T. Zhan, X. Liu, S. Ma, “A new singular system approach 

to output feedback sliding mode control for fractional order 

nonlinear systems,” Journal of the Franklin Institute, 2018. 

[22] J. l. Zhou, S. Q. Zhang, Y. B. He, “Existence and stability 

of solution for a nonlinear fractional differential equation,” 

Journal of Mathematical Analysis and Applications, vol. 

498, no. 1, pp. 124921, 2021, 

[23] M. A. Zahedi Tajrishi, A. Akbarzadeh Kalat, “Fast finite 

time fractional-order robust-adaptive sliding mode control 

of nonlinear systems with unknown dynamics,” Journal of 

Computational and Applied Mathematics, Vol. 438, pp. 

115554, 2024. 

[24] N. Djeghali, M. Bettayeb, S. Djennoune, “Sliding mode 

active disturbance rejection control for uncertain nonlinear 

fractional-order systems,” European Journal of Control, vol. 

57, pp. 54-67, 2021. 

[25] K. Mathiyalagan and G. Sangeetha, Second-order sliding 

mode control for nonlinear fractional-order systems, 

Applied Mathematics and Computation, 383, 125264, 2020. 

[26] Yajie Jiang, Yun Yang, Siew-Chong Tan, and Shu Yuen 

Hui, Distributed Sliding Mode Observer-Based Secondary 

Control for DC Microgrids Under Cyber-Attacks, ieee 

journal on emerging and selected topics in circuits and 

systems, vol. 11, no. 1, march 2021. 

[27] H. Liu, H. Wang, J. Cao, A. Alsaedi and T. Hayat, 

Composite learning adaptive sliding mode control of 

fractional-order nonlinear systems with actuator faults, 

Journal of the Franklin Institute, 356(16), pp. 9580-9599, 

2019. 

[28] Tuglie E, Iannone S, Torelli F, A coherency-based method 

to increase dynamic security in power systems. Electronic 

Power System Res 78(8):1425–1436, 2008. 

[29] Godsil, C. and G. Royle (2000). Algebraic graph theory. 

Springer. 

[30] Huang, Ch., Ch. Feng and J. Cao. Consensus of cyber-

physical power systems based on multi-agent systems with 

communication constraints, , 2019. 

[31]  Soorki, M., & Tavazoei, M. Fractional-order linear time 

invariant swarm systems: asymptotic swarm stability and 

time response analysis. Open Physics, 11(6), 845-854, 2013. 

[32] Caponetto, R., G. Dongola, L. Fortuna and I. Petras. 

Fractional-order Systems: Modeling and Control 

Applications. World Scientific, 2010. 

[33] Naderi Soorki, M., & Saleh Tavazoei, M. Adaptive 

consensus tracking for fractional-order linear time invariant 

swarm systems. Journal of Computational and Nonlinear 

Dynamics, 9(3), 031012, 2014. 

[34] Soorki, M. N., & Tavazoei, M. S. Adaptive robust control 

of fractional‐order swarm systems in the presence of model 

uncertainties and external disturbances. IET control theory 

& applications, 12(7), 961-969, 2018. 

[35] Wang, Zh., X. Huang and H. Shen. Control of an uncertain 

fractional order economic system via adaptive sliding mode. 

Neurocomputing, 83, pp. 83–88, 2012. 

[36] Diethelm, K., N. J. Ford and A. D. Freed. A predictor-

corrector approach for the numerical solution of fractional 

differential equations. Nonlinear Dynamics, 29(1-4), pp. 3-

22, 2002. 
 

https://ieco.usb.ac.ir/?_action=article&au=67580&_au=Mohammad++Haddad-Zarif
https://ieco.usb.ac.ir/?_action=article&au=124562&_au=Ebrahim++Abbaszadeh
https://ieco.usb.ac.ir/article_7759_c48d734707d9c64dc4f76fe56fb38e29.pdf
https://ieco.usb.ac.ir/article_7759_c48d734707d9c64dc4f76fe56fb38e29.pdf
https://ieco.usb.ac.ir/article_7759_c48d734707d9c64dc4f76fe56fb38e29.pdf
https://onlinelibrary.wiley.com/authored-by/Nemati/Abbas
https://onlinelibrary.wiley.com/authored-by/Peimani/Mansour
https://onlinelibrary.wiley.com/authored-by/Mobayen/Saleh
https://onlinelibrary.wiley.com/authored-by/Sayyedfattahi/Sayyedjavad
https://onlinelibrary.wiley.com/authored-by/Sayyedfattahi/Sayyedjavad
https://ieco.usb.ac.ir/?_action=article&au=110633&_au=Amir++Razzaghian
https://ieco.usb.ac.ir/?_action=article&au=68332&_au=Reihaneh++Kardehi+Moghaddam
https://ieco.usb.ac.ir/?_action=article&au=56740&_au=Naser++Pariz
https://ieco.usb.ac.ir/article_6731_91785c8d7aa2ab438ab585f58489572d.pdf
https://ieco.usb.ac.ir/article_6731_91785c8d7aa2ab438ab585f58489572d.pdf
https://www.sciencedirect.com/journal/applied-mathematics-and-computation
https://ieeexplore.ieee.org/xpl/RecentIssue.jsp?punumber=8685265
http://www.amazon.com/s/ref=ntt_athr_dp_sr_2?_encoding=UTF8&field-author=Giovanni%20Dongola&search-alias=books&sort=relevancerank
http://www.amazon.com/s/ref=ntt_athr_dp_sr_3?_encoding=UTF8&field-author=Luigi%20Fortuna&search-alias=books&sort=relevancerank
http://www.amazon.com/s/ref=ntt_athr_dp_sr_4?_encoding=UTF8&field-author=Ivo%20Petras&search-alias=books&sort=relevancerank


International Journal of Industrial Electronics, Control and Optimization (IECO). 2025, 8(2)             116 

 

 

Mahmood Nazifi received the B.S. degree in 

Control Engineering from  Qom University of 

Technology, Iran, in 2014, the M.S. degree at 

control engineering from the K. N. Toosi 

University of Technology, Iran, in 2017. He 

is currently working toward the Ph.D. degree 

in Control engineering with Shahid Beheshti 

University, Iran. His research interests 

include control and optimization of Fractional multi-agent 

systems. 

 

Mahdi Pourgholi, He, was born in Tehran in 

the year of 1977, he got his BSc. and MSc. 

degree in 2000 and 2003 respectively. He has 

taken his PhD in the department of Control 

Engineering, Tarbiat Modares University 

(TMU) in 2010, Tehran, Iran. He currently is 

an assistant professor in Shahid Beheshti 

University (SBU) in Tehran, Iran. His research interests include 

Nonlinear control, Fuzzy systems, Connectivity maintenance and 

Consensus in the multi agent systems.

 



Copyright © S. Khorashadizadeh et al. 

Publisher: University of Sistan and Baluchestan 

 

 

 

Adaptive Fuzzy Control of Blood Glucose Level in Patients with Type 1 

Diabetes in Presence of Input Saturation 
 

Fatemeh Soleimannouri1 | Saeed Khorashadizadeh2 | Mohsen Farshad3 | Nasser Mehrshad4 

 

Faculty of Electrical and Computer Engineering, University of Birjand, Birjand, Iran.1,2,3,4 
Corresponding author’s email: s.khorashadizadeh@birjand.ac.ir   

 

 
 

Article Info ABSTRACT 

Article type: 

Research Article 

 

Article history: 

Received: 22-June-2024 

Received in revised form:  

02-September-2024 

Accepted: 08-September-2024 

Published online: 22-June-2025 

 

Keywords:  

Adaptive fuzzy control,  

Blood glucose level,  

Type 1 diabetes,  

Input saturation. 

 

In this research, an adaptive fuzzy controller is presented to regulate the blood glucose 

level of type 1 diabetic patients in the presence of input saturation. This controller along 

with an adaptive anti-windup compensator is considered to deal with the uncertainty of 

the Bergmann minimal nonlinear model parameters as well as the input saturation. Anti 

windup compensator is designed to prevent to saturation problems as hyperglycemia or 

hypoglycemia in regulating the blood glucose level of type 1 diabetes patients. The 

Bergman minimal model is used to mathematically model type 1 diabetes, depicting the 

dynamic behavior of the human body's blood glucose-insulin system. In the first step, the 

stability of the closed-loop system has been theoretically investigated and proved from 

the point of view of Lyapunov's theory. Next, to evaluate the effectiveness of the 

proposed method in regulating blood glucose levels, the proposed control system has 

been implemented in the presence of meal disturbances using the Simulink environment 

of MATLAB software. The implementation results show a lower control effort and less 

convergence time of the proposed method compared to the existing methods. 

  

 

I. Introduction 

Blood glucose level is one of the most important parameters 

that determines the health of the metabolic system. The normal 

function of this system is to maintain the blood glucose level 

in the range 70 to 110 mg/dl [1]. The amount of insulin 

secretion on the one hand and the amount of glucose received 

by the cells in response to insulin on the other hand are decisive 

in regulation of the blood glucose level. 

Type 1 diabetes is originated by an autoimmune response in 

which the beta cells of the pancreas that are responsible for 

insulin production are attacked by the immune system. 

Consequently, insulin production will decrease [2, 3, 4, 5, 6] 

and blood glucose will increase. 

Due to the complications caused by abnormal blood glucose 

levels, regulation of blood glucose concentration is very 

important and vital for patients. Therefore, many researches 

have been planned in recent years. Robust controllers [7, 8] 

and sliding mode control (SMC) [9, 10] are very popular. They 

can handle disturbances and uncertainties. However, a 

common drawback of SMC is the chattering phenomenon. To 

cope with this problem, higher order sliding mode controllers 

have been proposed. PID controllers [11, 12, 13, 14] need to 

be tuned for optimal performance. In addition, PID controllers 

are not able to cope with saturated insulin conditions. As a 

result, these controllers can lead to decrease blood glucose 

levels and hypoglycemia. Model predictive controllers [15, 16, 

17] require a robust optimization scheme, which may be 

computationally expensive. In biomedicine, the accuracy of 

estimated models limits the performance of model-based 

predictive control methods. Moreover, providing a generally 

accurate model is difficult when the controlled subject is a 

human due to day-to-day and subject-to-subject variations.  

https://orcid.org/0000-0001-8678-3402
https://orcid.org/0000-0002-9138-338X
https://orcid.org/0000-0003-0192-3678
https://orcid.org/0009-0006-5019-4589
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In [18], an observer-based adaptive controller is designed to 

deal with the patient parameter variations and lack of access to 

all state variables for measurement. In [19], an adaptive fuzzy 

integral sliding mode controller was proposed for regulating 

blood glucose levels. System dynamics were identified online 

using fuzzy logic systems. In [20], an adaptive backstepping 

control strategy is designed for a non-linear minimal Bergman 

model considering all the unknown parameters. In the 

aforementioned article, the control effort does not have a 

smooth behavior and also the problem of input saturation is not 

considered. In [21], the output-feedback continuous-twisting 

algorithm is applied to regulate the blood glucose 

concentration. The Robust output controller has been provided 

a practical criterion to tune the controller gains that may be 

used to individualize the insulin therapy. In [22], a positive 

input observer‐based controller is designed for an Extended 

Bergman's Minimal Model. The backstepping approach is 

employed to design the feedback controller. The controller 

used the first state as feedback. The second state and the third 

states are estimated using the proposed observers. The 

controller is robust upon external disturbance and uncertainties 

in system parameters. In [23], a robust adaptive fractional 

sliding mode controller is studied for a nonlinear fractional 

order model of glucose insulin Systems. In [23], the unknown 

upper bound of model uncertainties and disturbances is 

obtained via a stable adaptive law and proposed controller was 

designed to stabilize a nonlinear affine fractional order system. 

In [24], robust fuzzy adaptive approach is considered to control 

the blood glucose level of type 1 diabetic patients in the 

presence of uncertainties. The proposed controller is based on 

the feedback linearization control approach and robust 

adaptive compensator confront with nonlinear dynamics, in 

which frequently involve uncertainties in system parameters 

and disturbance. 

Due to physical constraints, most of control systems have 

limitations on the input signal (control signal) that may lead to 

input saturation. In this situation, if input saturation occurs, 

undesirable effects such as performance degradation or 

instability, known as windup phenomenon, will happen. Anti-

windup is a method of preventing windup or recovering the 

unconstrained response after saturation has occurred by 

modifying the controller in a feedback loop. Anti-windup 

controllers have been studied in the literature extensively. In 

[25], adaptive fuzzy control is developed for a class of non-

strict feedback systems with input saturation and output 

constraint. Combining fuzzy logic and adaptive back-stepping 

can solve input saturation and output limitation.  In [26], a 

virtual saturation function and adaptive anti-windup 

compensator has been designed to deal with input saturation. 

In [27], the stability problem in systems with uncertainty and 

input saturation is investigated and an adaptive PID control 

method is proposed that uses both state-feedback and output-

feedback methodologies. In [27], an adaptive anti-windup 

controller for chaos synchronization has been presented. The 

gain in the anti-windup compensator in [27] can be constant or 

variable and both of these strategies have been studied. The 

main controller is a PID controller with time-varying 

coefficients. 

In order to highlight the superiority of the proposed 

controller in this paper, it must be mentioned that the problem 

of input saturation has not been considered in most of the 

previous related works [1-24]. Therefore, in the current 

research, the focus is on designing the controller to cope with 

input saturation as hyperglycemia or hypoglycemia in 

regulating the blood glucose level of type 1 diabetes patients 

and also determine the dose injected insulin to remain in 

appropriate range. For this purpose, an adaptive controller for 

regulation of blood glucose has been designed considering 

limitations on insulin injection. All uncertainties including 

parametric and non-parametric uncertainties are estimated and 

compensated using adaptive fuzzy systems. Similar to [27], 

two strategies have been adopted for the feedback gain in the 

anti-windup compensator. Based on the Lyapunov theorem, 

the adaptation rules for the fuzzy system and the gain of the 

anti-windup compensator are obtained. However, in 

comparison with [27], the number of virtual differential 

equations used in the controller design and stability analysis 

has been reduced which results in less computational 

complexity of the controller. In comparison with [20], the 

proposed controller is superior due to considering input 

saturation and more flexibility against uncertainties. In fact, in 

[20], parametric uncertainty has been considered which needs 

nominal model of the system. However, the proposed 

controller, compensates the lumped uncertainty. In other 

words, the proposed controller is model-free and can be used 

in the situations where the nominal model is not available. The 

novelties of the current work can be summarized as: 

i. Designing adaptive fuzzy controller  with adaptive 

anti-windup compensator for to regulate the blood glucose 

level of type 1 diabetic patients in the presence of input 

saturation has been studied in this paper, while the problem of 

input saturation has not been considered in most of the 

previous related works [1-24].  

ii. In comparison with [27], the number of virtual 

control laws has been reduced which results in fewer 

adaptation laws. 

iii. In comparison with [27], it must be mentioned 

that instead of PID controller, adaptive fuzzy controller has 

been designed in this paper. Adaptive fuzzy control is a more 

powerful strategy in uncertainty estimation and compensation.  

iv. The need for Lipshitz property of the uncertainty 

function has been relaxed in the proposed method, while in 

[27], it is a necessary assumption. 

The rest of the paper is organized as follows: Mathematical 

model is discussed in section 2. The controller design and 

stability analysis are presented in section 3. The simulation 
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results of the control method are presented in Section 4 and 

finally, concluding remarks are given in Section 5.  

 

II.  Mathematical representation of glucose-

insulin system  

Bergman's minimal model is a mathematical model that 

illustrates the insulin-glucose system with some parameters 

[28, 29]. One of the main advantages of Bergman's minimal 

model is that it contains a minimal number of parameters. This 

model describes the interactions without biological complexity 

between the main components such as insulin and glucose 

concentration [30]. This model has a relative degree of three 

and consists of three differential equations that describe the 

insulin-glucose regulatory system with sufficient accuracy as 

follows [31]: 

𝐺̇(𝑡) = −𝑝1(𝐺(𝑡) − 𝐺𝑏) − 𝐺(𝑡)𝑋(𝑡) + 𝑑(𝑡) (1)  

𝑋̇(𝑡) = −𝑝2𝑋(𝑡) + 𝑝3(𝐼(𝑡) − 𝐼𝑏) (2)  

𝐼(̇𝑡) = −𝑝4(𝐼(𝑡) − 𝐼𝑏) + 𝛾(𝐺(𝑡) − ℎ)+𝑡

+ 𝑢(𝑡) 
(3)  

 

The signals 𝐺(𝑡), 𝑋(𝑡), and 𝐼(𝑡) are the blood glucose 

concentration (𝑚𝑔 𝑑𝑙⁄ ) , the effect of insulin on glucose 

concentration reduction (𝑚𝑖𝑛−1) , and the insulin 

concentration in plasma (𝜇𝑈 𝑚𝑙⁄ ) , respectively. The 

parameter 𝐺𝑏represents the basal plasma glucose (𝑚𝑔 𝑑𝑙⁄ ), 

𝐼𝑏  is the basal plasma insulin concentration (𝜇𝑈 𝑚𝑙⁄ ). The 

parameter 𝑝1  denotes the insulin-independent glucose-

utilization rate (𝑚𝑖𝑛−1) , 𝑝2  is the rate of decrease of the 

tissue glucose uptake ability (𝑚𝑖𝑛−1) , 𝑝3  denotes the 

insulin-dependent increase of glucose uptake ability 

(𝜇𝑈 𝑚𝑙⁄ )−1𝑚𝑖𝑛−1, 𝑛 is the first order decay rate for insulin 

blood (𝑚𝑖𝑛−1), 𝛾 is the rate of pancreatic release of insulin 

after bolus and ℎ is the glucose threshold level for insulin 

secretion by the pancreas. The “+” sign in (3) indicates the 

positive reflection of glucose intake [20, 32] and "u” is the 

system input and actually the insulin injection rate. Also, d(t)  

represents a meal that is an external disturbance and is defined 

as follows 

𝑑(𝑡) = {
0 𝑡 < 𝑡0

𝐴1𝑒𝑥𝑝(−𝐵(𝑡 − 𝑡0)) 𝑡 ≥  𝑡0
 (4)  

 

To describe what food intake will do to the concentration of 

glucose term. The coefficients A1 , and B  have positive 

values 

 

 

III. The proposed controller design  

An adaptive fuzzy control structure and an adaptive anti-

windup compensator are proposed to handle input saturation 

and compensate the lumped uncertainty. It is shown in the 

appendix that equations 1 to 3 can be converted to equation 5. 

Consider the following nonlinear model 

𝑥̇1 = 𝑥2

𝑥̇2 = 𝑥3

⋮
𝑥̇𝑛−1 = 𝑥𝑛

𝑥̇𝑛 = 𝑥(𝑛) = 𝑓(𝑥) + 𝑏(𝑥)𝑢
𝑦 = 𝐶𝑥

 (5)  

 

Where 𝑢 is the control input, 𝑦 is the desired output, 𝑥 =

[𝑥, 𝑥̇, … , 𝑥(𝑛−1)]
𝑇

 is the state vector, 𝑓(𝑥)  and 𝑏(𝑥)  are 

non-linear functions of are the state. The representation of state 

space (5) can be rewritten as: 

𝑑

𝑑𝑡
[

𝑥1

…
𝑥𝑛−1

𝑥𝑛

] = [

𝑥2…
𝑥𝑛

𝑓(𝑥) + 𝑏(𝑥)𝑢
] (6)  

 

In the input-output linearization method, a controller is 

determined after establishing a linear input-output relationship. 

To explicitly relate output y and input u, the system output is 

differentiated n times if necessary (n denotes relative degree). 

The relative degree of the system is needed for controller 

design. The number of successive differentiations until the 

control appears in the equation will define the relative degree.  

The relative degree of this system is three. 

For systems that can be represented in a conventional form 

of controllability using the following control input (assuming 

that b is opposite to zero). 

𝑏𝑢 + 𝑓 = 𝑣  , 𝑢 =
1

𝑏
(𝑣 − 𝑓) (7)  

 

Non-linearities can be removed and the following input-

output relationship can be obtained. 

𝑦(𝑛) = 𝑣 (8)  

 

Therefore, the control law 

𝑣 = −𝑘0𝑦 − 𝑘1𝑦̇ − ⋯ − 𝑘𝑛−1𝑦(𝑛−1) (9)  

 

Choose 𝑘𝑖  so that the roots of polynomial 𝑝𝑛 +

𝑘𝑛−1𝑝𝑛−1 + ⋯ + 𝑘0  have negative real parts, resulting in 

exponential stable dynamics.  

𝑦(𝑛) + 𝑘𝑛−1𝑦(𝑛−1) + ⋯ + 𝑘0𝑦 = 0 (10)  

 

Which implies that 𝑦(𝑡) → 0 . For tracking the desired 

output 𝑦𝑑(𝑡), the following control law 

𝑣 = 𝑦𝑑
(𝑛)

− 𝑘0𝑒 − 𝑘2𝑒̇ − ⋯ − 𝑘𝑛−1𝑒(𝑛−1) (11)  

 

Where 𝑒(𝑡) = 𝑦(𝑡) − 𝑦𝑑(𝑡) is the tracking error, it results 

in exponential convergence of tracking. 

To design the controller, rewrite the system model with 

input saturation. 

𝑥̇ = 𝐴𝑥 + 𝑏(𝑥)𝑓(𝑥) + 𝑏(𝑥)𝑠𝑎𝑡(𝑢) + 𝑏(𝑥)𝑑(𝑡)
𝑦 = 𝑐𝑥

 (12)  
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𝐴 = [
0 1 0
0 0 1
0 0 0

]   ,   𝑏 = [
0
0
1

]  ,    

 𝑐 = [1 0 0] 

(13)  

 

where 𝑥 ∈ 𝑅𝑛, 𝑢 ∈ 𝑅 and 𝑦 ∈ 𝑅 are the state vector, input 

and output of the system respectively. Let 𝑓  be a uniform 

vector field on 𝑅𝑛 . 𝐴 ∈ 𝑅𝑛×𝑛  and 𝑏, 𝑐 ∈ 𝑅𝑛  are constant 

matrices of the system,  (𝐴, 𝑏) is controllable and 𝑓(𝑥) is the 

nonlinear vector function and 𝑑(𝑡) is an external disturbance 

in diabetic patients.  

Remark 1 Transformation of the Bergman's minimal model 

to (12) and (13) paves the way for designing adaptive anti-

windup controller. 

 

A. Input saturation 

In equation (12), sat(u) is the saturation function [27] 

𝑠𝑎𝑡(𝑢(𝑡))

= {

𝑢𝑢𝑝𝑝𝑝𝑒𝑟 𝑢(𝑡) ≥ 𝑢𝑢𝑝𝑝𝑝𝑒𝑟

𝑢(𝑡) 𝑢𝑙𝑜𝑤𝑒𝑟 < 𝑢(𝑡) <

𝑢𝑙𝑜𝑤𝑒𝑟 𝑢(𝑡) ≤ 𝑢𝑙𝑜𝑤𝑒𝑟

𝑢𝑢𝑝𝑝𝑝𝑒𝑟 
(14)  

 

where 𝑢𝑢𝑝𝑝𝑝𝑒𝑟 > 0  and 𝑢𝑙𝑜𝑤𝑒𝑟 = 0  are known constants 

and are defined as the upper and lower input saturation values 

of the system, respectively. 

In order to design adaptive fuzzy control and anti-windup 

compensator to deal with input saturation and parameter 

uncertainty, the following assumptions are proposed : 

Assumption 1: 𝐴𝑚 is a satisfactory Horwitz matrix. 

𝐴𝑚
𝑇 𝑃 + 𝑃𝐴𝑚 = −𝑄 , 𝑃  and 𝑄  are symmetric and positive 

definite matrices. 

Assumption 2: Suppose there are constant vectors 𝐾1
∗𝑇 ∈

𝑅𝑛and 𝐾𝑏 ∈ 𝑅 to satisfy the following equation 

𝐴𝑚 = 𝐴 + (1 − 𝐾𝑏)𝑏𝐾1
∗𝑇𝑢𝑢𝑝𝑝𝑝𝑒𝑟 (15)  

 

B. Anti-windup compensation model 

In the case that saturation occurs, a corrective feedback 

action uaw(t) is needed as follows [27, 35]. 

𝑢𝑎𝑤(𝑡) = 𝐾𝑏(𝑠𝑎𝑡(𝑢) − 𝑢𝑐(𝑡)) (16)  

 

Where 𝐾𝑏 is the weighting factor for anti-windup.  

Remark 2 There are two strategies for 𝐾𝑏 . In the first 

strategy, the value of 𝐾𝑏remains unchanged and in the second 

strategy, 𝐾𝑏 is variable and can be estimated online. Both of 

these strategies are studied in this paper. 

 

C. The proposed controller design with constant 𝐾𝑏 

The tracking error is defined as 𝑥̃ = 𝐺 − 𝐺𝑏𝑟𝑒𝑓  and 

𝐺𝑏𝑟𝑒𝑓=120𝑒𝑥𝑝(−𝛼𝑡)+80       0<𝛼<1   is the reference value of 

glucose. Consider the following definitions: 

𝑥̃1 = 𝐺 − 𝐺𝑏𝑟𝑒𝑓

𝑥̇̃1 = 𝐺̇ − 𝐺̇𝑏𝑟𝑒𝑓

𝑥̈̃1 = 𝐺̈ − 𝐺̈𝑏𝑟𝑒𝑓

𝑥̃ = [

𝑥̃1

𝑥̇̃1

𝑥̈̃1

] (17)  

∆𝑢 = 𝑠𝑎𝑡(𝑢) − 𝑢(𝑡) (18)  

 

The equations of the closed-loop system (12) can be 

rewritten as follows 

𝑥̇̃ = 𝐴𝑥̃ + 𝑏𝑓(𝑥) + 𝑏𝑢 + 𝑏∆𝑢 + 𝑏𝑑

− 𝑏𝑣    ,    𝑣 = 𝐺𝑏𝑟𝑒𝑓 

𝑦 = 𝑐𝑥̃ 

(19)  

𝑥̇̃ = 𝐴𝑥̃ + 𝑏(𝑓(𝑥) + 𝑢 + ∆𝑢 + 𝑑 − 𝐺𝑏𝑟𝑒𝑓) 

𝑦 = 𝑐𝑥̃ 
(20)  

 

Now consider the control input 𝑢 as below 

𝑢 = 𝑢𝑐(𝑡) + 𝑢𝑎𝑤(𝑡) + 𝐺𝑏𝑟𝑒𝑓 (21)  

 

Where 𝑢𝑐 is the control input and 𝑢𝑎𝑤 is the anti-windup 

compensator. To remove the effect of the ∆𝑢 term in equation 

(19), ∆𝑥 is defined as the following differential equation 

∆𝑥̇ = 𝐴𝑚∆𝑥 + 𝐾∆∆𝑢 ، ∆𝑥(0) = 0 (22)  

 

Consider the following definitions. 

𝐾∆ = 𝑏 − 𝐾∆ (23)  

𝑒 = 𝑥̃ − ∆𝑥 (24)  

 

By replacing equations (20) in 𝑥̇̃, (22) in ∆𝑥̇ and also using 

the assumption two instead of A and the definition 𝐾∆ = 𝑏 −

𝐾̂∆, The derivative of the Augmented error 𝑒 is obtained as 

follows 

𝑒̇ = 𝑥̇̃ − ∆𝑥̇ = 𝐴𝑚𝑒 + 𝑏𝑓(𝑥) + 𝑏𝑢 + 𝐾∆∆𝑢

+ 𝑏𝑑 − 𝑏𝐺𝑏𝑟𝑒𝑓

− (1 − 𝐾𝑏)𝑏𝐾1
∗𝑇𝑥̃ 

(25)  

 

According to equation (16), 𝑠𝑎𝑡(𝑢) is bounded and has an 

upper bound as follows [27] 

|𝑠𝑎𝑡(𝑢)| ≤ 𝐿1
∗  (26)  

 

Where 𝐿1
∗  is a constant. The control input uc is as follows 

𝑢𝑐 = −(𝑢𝑓𝑢𝑧𝑧𝑦 (1 − 𝐾𝑏)⁄ ) + 𝑢𝑐𝑙𝑎𝑠𝑠𝑖𝑐𝑎𝑙  (27)  

 

Remark 3 The need for Lipshitz property of the uncertainty 

function has been relaxed in the proposed method, while in 

[27], it is a necessary assumption. 

Remark 4 In comparison with [27], it must be mentioned 

that instead of PID controller, adaptive fuzzy controller has 

been designed in this paper. Adaptive fuzzy control is a more 

powerful strategy in uncertainty estimation and compensation. 

 The fuzzy IF-THEN rules that describe human control 

actions [33] 

If 𝑥1 is 𝑃1
𝑟  and ... and 𝑥𝑛 is 𝑃𝑛 

𝑟 , then 𝑢 is 𝑄𝑟  (28)  
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where 𝑃𝑛 
𝑟 and 𝑄𝑟  are fuzzy sets in 𝑅  and 𝑟 = 1،2، … ،𝐿𝑢 . 

The fuzzy controller should be designed in such a way that the 

rules (28) can be naturally incorporated [33]. To incorporate 

the rules (28), the fuzzy controller is as follows 

𝑢 = 𝑢𝑓𝑢𝑧𝑧𝑦(𝑋|𝜃) (29)  

 

where 𝑢𝑓𝑢𝑧𝑧𝑦 is a fuzzy system and 𝜃 is a set of adjustable 

parameters. Specifically, the fuzzy system 𝑢𝑓𝑢𝑧𝑧𝑦(𝑋|𝜃)  is 

constructed from the following two steps. 

First step: for each variable 𝑥𝑖  (𝑖 = 1،2، … ،𝑛) , 𝑚𝑖  the 

fuzzy set 𝐴𝑖

𝑙𝑖  (𝑙𝑖 = 1،2، … ،𝑚𝑖)  is defined, where 𝑃𝑛 
𝑟  (𝑟 =

1،2، … . ،𝐿𝑢) in (28) as a special case . 

The second step: construct the fuzzy system 𝑢𝑓𝑢𝑧𝑧𝑦(𝑋|𝜃) 

from following ∏ 𝑚𝑖
𝑛
𝑖=1  rules. 

If 𝑥1 is 𝐴1
𝐿1 and ... and 𝑥𝑛 is𝐴𝑛

𝐿𝑛, then 

𝑢𝑓𝑢𝑧𝑧𝑦is 𝑆𝐿1…𝐿𝑛 
(30)  

 

where 𝑙𝑖 = 1،2، … ،𝑚𝑖 , 𝑖 = 1،2، … ،𝑛 , and 𝑆𝐿1…𝐿𝑛 will be 

equivalent to 𝑄𝑟  in equation (28), so that the part if the 

equation (30) with the part If equation (28) agrees; Otherwise, 

it is equivalent to an arbitrary fuzzy set. Specifically, by using 

the product fuzzy inference engine the singleton fuzzifier and 

the center average de-fuzzifier, the following relationship will 

be obtained [33]. 

𝑢𝑓𝑢𝑧𝑧𝑦(𝑋|𝜃)

=
∑ … ∑ 𝑦̅𝑢

𝑙1…𝑙𝑛𝑚𝑛
𝑙𝑛=1 [∏ 𝜇𝐴𝑖

𝑙𝑖(𝑥𝑖)𝑛
𝑖=1 ]

𝑚1
𝑙1=1

∑ … ∑ [∏ 𝜇𝐴𝑖

𝑙𝑖(𝑥𝑖)𝑛
𝑖=1 ]

𝑚𝑛
𝑙𝑛=1

𝑚1
𝑙1=1

 
(31)  

 

where 𝑦̅𝑢
𝑙1…𝑙𝑛 are selected as adjustable parameters and these 

parameters are collected in the vector 𝜃𝜖𝑅∏ 𝑚𝑖
𝑛
𝑖=1 . The fuzzy 

controller 𝑢𝑓𝑢𝑧𝑧𝑦is defined as below [33]   

𝑢𝑓𝑢𝑧𝑧𝑦 = 𝜃̂𝑇𝜁(𝑥) (32)  

 

where 𝜁(𝑥) is the vector of the fuzzy basis function and 𝜃 is 

the adjustable parameter.  

Also, 𝑢𝑐𝑙𝑎𝑠𝑠𝑖𝑐𝑎𝑙 , which is used for system stability as 

follows 

𝑢𝑐𝑙𝑎𝑠𝑠𝑖𝑐𝑎𝑙 = 𝐾1
𝑇𝑥̃ −

𝐾𝑏

1 − 𝐾𝑏

𝐿̂1𝑠𝑔𝑛(𝑒𝑇𝑃𝑏) (33)  

 

where 𝐾̂1is the estimate of classical control gain 𝐾1. By 

substituting equations (32) and (33) into equation (27) and 

also by substituting equations (27) and (15) into equation (21) 

and by using equation (21) into equation (25), the derivative 

of the augmented error 𝑒 as follows 

𝑒̇ = 𝐴𝑚𝑒 + 𝑏𝑓(𝑥) + (1 − 𝐾𝑏)𝑏 [𝐾̂1
𝑇𝑥̃

−
𝐾𝑏

1 − 𝐾𝑏

𝐿̂1𝑠𝑔𝑛(𝑒𝑇𝑃𝑏)

− (𝜃𝑇𝜁(𝑥) (1 − 𝐾𝑏)⁄ )]

+          𝐾𝑏𝑏𝑠𝑎𝑡(𝑢) + 𝐾𝛥𝛥𝑢

+ 𝑏𝑑 − (1 − 𝐾𝑏)𝑏𝐾1
∗𝑇𝑥̃ 

(34)  

 

By definition 

𝑓́(𝑥) = 𝑓(𝑥) + 𝑑 = 𝜃𝑇𝜁(𝑥) (35)  

𝐾1 = 𝐾1 − 𝐾1
∗ , 𝜃̃ = 𝜃̂ − 𝜃 (36)  

 

By Substituting equations (35) and (36) into equation (34), 

the derivative of the augmented error 𝑒 is defined as follows 

𝑒̇ = 𝐴𝑚𝑒 + 𝐾𝑏𝑏𝑠𝑎𝑡(𝑢) + 𝐾𝛥𝛥𝑢

+ (1 − 𝐾𝑏)𝑏𝐾1
𝑇𝑥̃ − 𝑏𝜃̃𝑇𝜁(𝑥)

− 𝑏𝐾𝑏𝐿̂1𝑠𝑔𝑛(𝑒𝑇𝑃𝑏) 

(37)  

 

To remove the effect of the term 𝐾𝑏 in equation (37), ∆𝑒 

is defined as the following differential equation 

∆𝑒̇ = 𝐴𝑚∆𝑒 + 𝑢𝑒   , ∆𝑒(0) = 0 (38)  

 

The 𝑢𝑒is defined as follows 

𝑢𝑒 =  𝐾𝑏𝑒𝑏𝑠𝑎𝑡(𝑢)      (39)  

 

By defining 𝐾𝑏𝑒 = 𝐾𝑏 − 𝐾̂𝑏𝑒 and using equation (37) 

instead of 𝑒̇ and replacing equation (39) in equation (38) and 

also using equation (38) instead of ∆𝑒̇, the derivative of the 

augmented error 𝑒1 = 𝑒 − ∆𝑒, will be as follows 

𝑒1̇ = 𝑒̇ − ∆𝑒̇ = 𝐴𝑚𝑒1 − 𝐾𝑏𝑒𝑏(𝑠𝑎𝑡(𝑢)) + 𝐾𝛥𝛥𝑢

+ (1 − 𝐾𝑏)𝑏𝐾1
𝑇𝑥̃ − 𝑏𝜃̃𝑇𝜁(𝑥)

−  𝑏𝐾𝑏𝐿̂1𝑠𝑔𝑛(𝑒𝑇𝑃𝑏) 

(40)  

 

According to equation (40) and to substitute equations (32) 

and (33) into equation (27) and also to substitute equations (27) 

and (15) into equation (21), the adaptive laws are derived as 

𝐾̇1 = −𝛾1𝑒1
𝑇𝑃𝑏𝑥̃ (41)  

𝐾̇𝛥
𝑇 = −𝛾2𝑒1

𝑇𝑃𝑏𝛥𝑢 (42)  

𝐾̇𝑏𝑒 = 𝛾3𝑒1
𝑇𝑃𝑏𝑠𝑎𝑡(𝑢) (43)  

𝜃̇̃ = 𝛾4𝑒1
𝑇𝑃𝜁 (44)  

𝐿̃1
̇ = 𝛾5|𝑒1

𝑇𝑃𝑏| (45)  

 

where 𝐿̃𝑖 = 𝐿̂𝑖 − 𝐿𝑖
∗ , 𝛾𝑗    𝑗 = 1,2,3, …  are positive constant 

coefficients. 

Proof: With 0 < 𝐾𝑏 < 1, the positive definite Lyapunov 

function can be considered as follows 

𝑉 = 𝑒1
𝑇𝑃𝑒1 + (1 − 𝐾𝑏)𝛾1

−1𝐾1
𝑇𝐾1 + 𝛾2

−1𝐾𝛥
𝑇𝐾𝛥

+ 𝛾3
−1𝐾𝑏𝑒

2 + 𝛾4
−1𝜃̃𝑇𝜃̃

+ 𝐾𝑏𝛾5
−1𝐿̃1

2  

(46)  
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The derivative of the Lyapunov function is 

𝑉̇ = 𝑒1̇
𝑇𝑃𝑒1 + 𝑒1

𝑇𝑃𝑒1̇ + 2(1 − 𝐾𝑏)𝛾1
−1𝐾1

𝑇𝐾̇1

+ 2𝛾2
−1𝐾𝛥

𝑇𝐾̇𝛥 + 2𝛾3
−1𝐾𝑏𝑒𝐾̇𝑏𝑒

+ 2𝛾4
−1𝜃̃𝑇 𝜃̇̃ +  2𝛾5

−1𝐾𝑏𝐿̃1𝐿̃1
̇  

(47)  

 

By substituting equations (40 ) - (45) respectively instead of 

𝑒1̇, 𝐾̇1, 𝐾̇𝛥, 𝐾̇𝑏𝑒 , 𝜃̇,  and 𝐿̃1
̇  in equation (47), by using the 

assumption of one and two in equation (47) and also 

𝑒1
𝑇𝑃𝑏𝑠𝑔𝑛(𝑒1

𝑇𝑃𝑏) = |𝑒1
𝑇𝑃𝑏| [34]. Finally, we have 

𝑉̇ ≤ −𝑥̃𝑇𝑄𝑥̃ (48)  

 

D. The proposed controller design with variable 𝐾𝑏 

Considering 𝐾𝑏 as the controlling variable coefficient, the 

second assumption should be modified as follows [27]. 

Third assumption: Suppose there is a constant vector 

𝐾1
∗ so that the following equation is satisfied [27]. 

𝐴𝑚 = 𝐴 + 𝑏𝐾1
∗𝑇 (49)  

  

Assuming that 𝐾𝑏 is variable, equation (15) can be written 

as follows [27] 

𝑢𝑎𝑤(𝑡) = 𝐾𝑏(𝑠𝑎𝑡(𝑢) − 𝑢𝑐(𝑡)) (50)  

 

The 𝑢𝑐 control input is as follows 

𝑢𝑐 = −𝑢𝑓𝑢𝑧𝑧𝑦 + 𝑢𝑐𝑙𝑎𝑠𝑠𝑖𝑐𝑎𝑙  (51)  

 

The fuzzy controller 𝑢𝑓𝑢𝑧𝑧𝑦is defined as follows 

𝑢𝑓𝑢𝑧𝑧𝑦 = 𝜃̂𝑇𝜁(𝑥) (52)  

 

𝜁(𝑥) is a fuzzy basis function vector and θ is an adjustable 

parameter. Also, 𝑢𝑐𝑙𝑎𝑠𝑠𝑖𝑐𝑎𝑙  is used for system stability, as 

follows 

𝑢𝑐𝑙𝑎𝑠𝑠𝑖𝑐𝑎𝑙 = 𝐾1
𝑇𝑥̃ − 𝐿̂1𝑠𝑔𝑛(𝑒𝑇𝑃𝑏) (53)  

 

By substituting equations (52) and (53) in equation (51) and 

also by substituting (50), (51) in equation (21), also by 

substituting equation (21) in equation (19) and by considering 

the third assumption, 𝑥̇̃ is obtained 

𝑥̇̃ = 𝐴𝑥̃ + 𝑏𝑓(𝑥) + 𝑏𝑢 + 𝑏∆𝑢 + 𝑏𝑑 − 𝑏𝐺𝑏𝑟𝑒𝑓

= (𝐴𝑚 − 𝑏𝐾1
∗𝑇)𝑥̃ + 𝑏𝑓(𝑥)

+ 𝑏(𝐾𝑏(𝑠𝑎𝑡(𝑢) − 𝑢𝑐(𝑡))

− 𝜃̂𝑇𝜁(𝑥) + 𝐾1
𝑇𝑥̃

− 𝐿̂1‖𝑥‖𝑠𝑔𝑛(𝑒𝑇𝑃𝑏)

− 𝑑̂𝑠𝑔𝑛(𝑒𝑇𝑃𝑏) + 𝐺𝑏𝑟𝑒𝑓)

+ 𝑏∆𝑢 + 𝑏𝑑 −  𝑏𝐺𝑏𝑟𝑒𝑓 

(54)  

By definition 

𝑓́(𝑥) = 𝑓(𝑥) + 𝑑 = 𝜃𝑇𝜁(𝑥) (55)  

 

By placing equations (55) in equation (54) and using the 

definitions 𝐾1
𝑇 = 𝐾̂1

𝑇 − 𝐾1
∗𝑇  and  𝜃 = 𝜃 − 𝜃 , equation (54) 

can be written as follows 

𝑥̇̃ = 𝐴𝑚𝑥̃ + 𝑏𝐾1
𝑇𝑥 − 𝑏𝜃̃𝑇𝜁(𝑥) + 𝑏∆𝑢

+ 𝑏𝐾𝑏(𝑠𝑎𝑡(𝑢) − 𝑢𝑐(𝑡))

− 𝑏𝐿̂1𝑠𝑔𝑛(𝑒𝑇𝑃𝑏) 

(56)  

 

To remove the effect of some terms, ∆𝑥 is defined as the 

following differential equation [27] 

∆𝑥̇ = 𝐴𝑚∆𝑥 + 𝑢𝑥  ، ∆𝑥(0) = 0 (57)  

 

The virtual control 𝑢𝑥 is defined as follows 

𝑢𝑥   = 𝐾𝑏𝑏(𝑠𝑎𝑡(𝑢) − 𝑢𝑐(𝑡)) + 𝐾∆∆𝑢 ,

∆𝑥(0) = 0 
(58)  

  

Remark 5 The number of virtual systems such as (57) has 

been reduced in the proposed method in comparison with [27]. 

By substituting equation (56) in  𝑥̇̃ , substituting equation 

(58) in equation (57), substituting equation (57) in ∆𝑥̇ and 

also using the third assumption 𝐴𝑚 + 𝑏𝐾1
∗𝑇 instead of 𝐴 and 

using the definitions 𝐾∆ = 𝑏 − 𝐾̂∆ and 𝐾𝑏 = 𝐾̂𝑏 − 𝐾𝑏 , the 

augmented error derivative of the equation 𝑒 = 𝑥̃ − ∆𝑥  is 

obtained as follows 

𝑒̇ = 𝑥̇̃ − ∆𝑥̇ = 𝐴𝑚𝑒 + 𝑏𝐾1
𝑇𝑥̃ − 𝑏𝜃̃𝑇𝜁(𝑥)

+ 𝐾∆∆𝑢

+ 𝑏𝐾𝑏(𝑠𝑎𝑡(𝑢) − 𝑢𝑐(𝑡))

− 𝑏𝐿̂1𝑠𝑔𝑛(𝑒𝑇𝑃𝑏) 

(59)  

 

According to equation (59) and to substitute equations (52) 

and (53) in equation (51) and also to substitute equations (50) 

and (51) in equation (21), the adaptive laws are derived as 

𝐾̇1 = −𝛾1𝑒𝑇𝑃𝑏𝑥̃ (60)  

𝐾̇𝛥
𝑇 = −𝛾2𝑒𝑇𝑃𝛥𝑢 (61)  

𝐾̇𝑏 = −𝛾3𝑒𝑇𝑃𝑏(𝑠𝑎𝑡(𝑢) − 𝑢𝑐(𝑡)) (62)  

𝜃̇̃ = −𝛾4𝑒𝑇𝑃𝑏𝜁 (63)  

𝐿̃1
̇ = 𝛾5|𝑒1

𝑇𝑃𝑏| (64)  

 

Where 𝛾𝑗   𝑗 = 1,2,3, … are positive constant coefficients 

Proof: The following Lyapunov function candidate is  

chosen 

𝑉 = 𝑒𝑇𝑃𝑒 + 𝛾1
−1𝐾1

𝑇𝐾1 + 𝛾2
−1𝐾𝛥

𝑇𝐾𝛥 + 𝛾3
−1𝐾𝑏

2

+ 𝛾4
−1𝜃̃𝑇𝜃̃ + 𝛾5

−1𝐿̃1
2 

(65)  

 

The derivative of the Lyapunov function is 

𝑉̇ = 𝑒̇𝑇𝑃𝑒 + 𝑒𝑇𝑃𝑒̇ + 2𝛾1
−1𝐾1

𝑇𝐾̇1 + 2𝛾2
−1𝐾𝛥

𝑇𝐾̇𝛥

+ 2𝛾3
−1𝐾𝑏𝐾̇𝑏 + 2𝛾4

−1𝜃̃𝑇 𝜃̇̃

+ 2𝛾5
−1𝐿̃1 𝐿̇̃1 

(66)  
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By substituting equations (59) - (64) instead of 𝑒̇, 𝐾̇1, 𝐾̇𝛥, 

𝐾̇𝑏 , 𝜃̇, 𝐿̃1
̇  and also by replacing the assumption of 𝐴𝑚

𝑇 𝑃 +

𝑃𝐴𝑚 = −𝑄 in equation (66), the derivative of the Lyapunov 

function is obtained as follows 

𝑉̇ = −𝑒𝑇𝑄𝑒 − 2𝑒𝑇𝑃𝑏𝐿̂1‖𝑥‖𝑠𝑔𝑛(𝑒𝑇𝑃𝑏)

+ 2𝐿̃1|𝑒1
𝑇𝑃𝑏|‖𝑥‖ 

(67)  

 

Finally, using 𝑒𝑇𝑃𝑏𝑠𝑔𝑛(𝑒𝑇𝑃𝑏) = |𝑒𝑇𝑃𝑏| , the derivative 

of the Lyapunov function will be as follows 

𝑉̇ ≤ −𝑥̃𝑇𝑄𝑥̃ (68)  

 

IV. Simulation results 
 

In this section, the simulation results of the fuzzy adaptive 

controller with input saturation in the Simulink environment of 

MATLAB software are presented. In this simulation, the initial 

values of the Bergman model state variables 𝑮(𝒕), 𝑿(𝒕), and 

𝑰(𝒕) are considered to be 200, 0, and 50, respectively and 𝟎 ≤

𝒖(𝒕) ≤ 𝟔𝟎   𝝁𝑼 𝒎𝒍 𝒎𝒊𝒏⁄⁄  [32]. Bergman model simulation 

parameters for two patients and a normal person are used 

according to Table 1. 

 

TABLE 1 PARAMETERS OF BERGMAN MODEL [20] 

Parameter
s 

Norma
l 

Patien
t 1 

Patien
t 2 

Units 

𝒑𝟏 0.0317 0 0 min−1 

𝒑𝟐 0.0123 
0.014

2 
0.02 min−1 

𝒑𝟑 
4.92e
− 06 

1.54e
− 05 

5.3e
− 06 

(μU ml⁄ )−1min−1 

𝜸 0.0039 0 0 (μU ml⁄ )(mg dl⁄ )−1min−2 

𝒏 0.2659 
0.281

4 
0.3 min−1 

𝒉 79.035 _ _ mg dl⁄  

𝑮𝒃 80 80 80 mg dl⁄  

𝑰𝒃 7 7 7 μU ml⁄  

𝑨𝟏 1 1 1 _ 

𝑩 0.05 0.05 0.05 _ 

𝒕𝟎 450 450 450 min 

𝒑𝟏 0.0317 0 0 min−1 

 

The open-loop simulation of Bergman's minimal model has 

been presented. In the open-loop simulation, the behavior of a 

diabetic patient and a healthy person have been compared. In 

Fig. 1, the blood glucose for a healthy person and two patients 

without insulin injection have been shown. It is easy to see that 

the blood glucose level of a healthy person will eventually be 

at the base level, but the patient's blood glucose level cannot 

reach the desired value and remains out of range. 

In order to compare the performances of the different 

controllers, consider Fig. 3. As shown in this figure, the 

proposed controller with variable 𝐾𝑏 approach can reduce the 

patient's blood glucose level to the desired value faster than 

other approaches. Also, it can be seen that using anti-windup 

compensator in the constant 𝐾𝑏 structure will lead to superior 

results in comparison with the case where no anti-windup 

compensation is used. 

 

 

Fig. 1. Blood glucose concentration of patients and a healthy 

person in open loop simulation 

In Fig. 2, the performance of the proposed controller in a 

diabetic patient and a healthy person have been investigated. 

In this simulation, the proposed controller can reduce the blood 

glucose level of type 1 diabetic patients to the desired basal 

level.  

 

Fig. 2. Blood glucose concentration of patient and a healthy 

person using the proposed controller 

 

 

Fig. 3. Comparison of blood glucose level using different 

controllers 

                  

The ideal plasma insulin concentration level is around 

7 (𝜇𝑈 𝑚𝑙⁄ ) . Fig. 4 shows a comparison between different 

controllers for plasma insulin concentration. The simulation 

shows that the insulin concentration converges to the desired 
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level of plasma insulin but variable 𝐾𝑏 approach is faster. 

 

 

 

Fig. 4. Comparison of plasma insulin concentration for different 

controllers 

 

Fig. 5. shows insulin injected by an insulin pump using 

different controllers. According to this figure, the proposed 

controller with variable 𝐾𝑏 approach has a faster performance 

than other controllers. 

 

 

 

 

Fig. 5. Comparison of control input (insulin injection rate) using 

different controllers 

In Fig. 6. the convergence of blood glucose level of two 

different patients are shown.  As shown in this figure, for both 

patients, variable  𝐾𝑏 controller is faster. 

 

Fig. 6. Comparison of blood glucose levels for two different 

patients 

Comparison of the anti-windup compensator with constant 

and variable 𝐾𝑏 approaches  for insulin requirements of two 

patients is presented in Fig. 7. According to this figure, in both 

patients, variable 𝐾𝑏 controller is faster. 

 

Fig. 7. Comparison of control input for two patients with 

constant and variable 𝐾𝑏 approaches 

 

In Fig. 8, a comparison of blood glucose level and control 

effort of the adaptive back-stepping and the super twisting 

SMC has been depicted [20]. It should be mentioned that in 

these controllers, the limitation on the control effort has not 

been considered and therefore, the saturation phenomenon in 

practical implementation may happen. It is obvious that the 

system operates in an open loop in the presence of saturation 

for a while. As a result, satisfactory performance of the sliding 

mode controller and the adaptive back-stepping controller in 

achieving the desired blood glucose level and dealing with 

saturation are not guaranteed. According to Fig. 3, Fig. 5 and 

Fig. 8, it is evident that the proposed controller outperforms 

the sliding mode controller and the adaptive back-stepping 

controller in terms of faster output tracking. Moreover, the 

proposed controllers require less control effort and exhibit 

faster convergence time. 

 
(a) Blood glucose level 
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(b) Control effort 

Fig. 8. Blood glucose level and control effort using adaptive 

back-stepping controller and super twisting SMC [20] 

 

In order to have a quantitative comparison, the integral of 

squared error between the desired glucose and the patient 

glucose level has been selected as a cost function. The results 

are presented in Table 2. According to this table, for both 

patients, the variable 𝐾𝑏 approach outperforms the constant 

𝐾𝑏  approach. Moreover, the controller with constant 𝐾𝑏  is 

superior to the controller with no anti-windup compensation.

  

TABLE 2 COMPARISON OF COST FUNCTION 

Controller 

The integral of 

squared error for 

patient 1 

The integral of 

squared error for 

patient 2 

variable 𝐾𝑏 

approach 
8.217 × 104 2.846 × 105 

Constant 𝐾𝑏 

approach 
1.022 × 105 3.721 × 105 

Without anti-
windup 

1.552 × 105 5.213 × 105 

 

V. Conclusions 

In this paper, an adaptive fuzzy controller with anti-windup 

compensator has been designed to prevent saturation problems 

in regulating the blood glucose level of type 1 diabetes patients. 

Bergman's minimal model is considered in this paper for 

simulations. Stability analysis has been presented based on 

Lyapunov theorem. Adaptive fuzzy systems have been used to 

estimate uncertainties. In comparison with previous related 

works on adaptive anti-windup controllers, the proposed 

method is simpler with less adaptation laws and less virtual 

differential equations. Simulation results show the superiority 

of the proposed method in regulating the blood glucose level 

of type 1 diabetes patients. According to simulation results, 

using anti-windup compensator with constant gain results in 

better performance in comparison with the controller without 

anti-windup compensator. Also, the controller with variable 

anti-windup compensator gain outperforms the controller with 

constant anti-windup compensator gain. For future work, the 

dynamic anti-windup compensator can be considered as a topic 

to deal with input saturation in regulating the blood glucose 

level of type 1 diabetes patients. 

 

APPENDIX 

In this article, equation 5 is used to design the parameter  

𝑣 = 𝐺𝑏𝑟𝑒𝑓 based on feedback linearization to simplify the 

structure of the proposed nonlinear control law. 

The output is considered as follows 

𝑦 = 𝑐𝑥 = 𝐺 (69)  

 

By taking time derivative of eq (69), we have 

𝑦̇ = 𝐺̇ = −𝑝1(𝐺(𝑡) − 𝐺𝑏) − 𝐺(𝑡)𝑋(𝑡) + 𝑑(𝑡) (70)  

 

The second derivative is given by 

𝑦̈ = 𝐺̈ = 𝑝1
2(𝐺(𝑡) − 𝐺𝑏) + 𝑝1𝑋(𝑡)(𝐺(𝑡) − 𝐺𝑏)

+ (𝑝1 + 𝑋(𝑡))𝑋(𝑡)𝐺(𝑡)

− (𝑝1 + 𝑋(𝑡))𝑑(𝑡)

+ 𝑝2𝐺(𝑡)𝑋(𝑡)

− 𝑝3𝐺(𝑡)((𝐼(𝑡) − 𝐼𝑏)) 

(71)  

 

The control input did not appear in the second derivative. 

So, the third derivative must be computed:  

𝑦 = 𝐺 = 𝐺(𝑡)[−𝑝1(𝑝1
2 + 3𝑝3𝐼𝑏)

− 𝑝3𝐼𝑏(𝑝2 + 𝑝4)
− 𝑝3𝛾(𝐺(𝑡) − ℎ)+𝑡]
+ 𝑋(𝑡)[−𝑝1

2(1 + 𝐺𝑏)
+ 𝑝1𝑝2(2𝐺𝑏 − 1)
+ 2𝑑(𝑡)(𝑝1 + 𝑝2)]

+ 𝐼(𝑡)[−2𝑝3(𝑝1 + 𝑑(𝑡))]

+ 𝐺(𝑡)𝑋(𝑡)[−(𝑝1 + 𝑝2)2

− 3𝑝3𝐼𝑏]
+ 𝐺(𝑡)𝐼(𝑡)[𝑝3(3𝑝1 + 𝑝2

+ 𝑝4)]
+ 𝐺(𝑡)𝑋(𝑡)2[−3(𝑝1 + 𝑝2)]

+ 𝑋(𝑡)2(𝑝1𝐺𝑏 + 𝑑(𝑡))

+ 3𝑝3𝐺(𝑡)𝑋(𝑡)𝐼(𝑡)

− 𝐺(𝑡)𝑋(𝑡)3 + 𝑑(𝑡)̈

+ (𝑝1𝐺𝑏 + 𝑑(𝑡))(𝑝1
2

+ 2𝑝3𝐼𝑏) − 𝑝3𝐺(𝑡)𝑢(𝑡)
= 𝑓(𝑥) + 𝑏(𝑥)𝑢 

 

(72)  

The control input 𝑢 appears for the first time at the third 

derivative. So, the relative degree of the system is 3. The state 

variables are considered as follows 

𝑥1 = 𝐺 − 𝐺𝑏𝑟𝑒𝑓

x2 = 𝐺̇ − 𝐺̇𝑏𝑟𝑒𝑓

x3 = 𝐺̈ − 𝐺̈𝑏𝑟𝑒𝑓𝑓

𝑥 = [

𝑥1

𝑥2

𝑥3

] (73)  

 

Then, the stste space equations are given by:   

𝑥̇1 = 𝐺̇ − 𝐺̇𝑏𝑟𝑒𝑓

𝑥̇2 = 𝐺̇ − 𝐺̇𝑏𝑟𝑒𝑓

𝑥̇3 = 𝐺 − 𝐺𝑏𝑟𝑒𝑓 = 𝑓(𝑥) + 𝑏(𝑥)𝑢

 (74)  
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A compact microstrip antenna by applying a parasitic artificial magnetic conductor 

(AMC), is proposed for facilitating 4G and 5G wireless communications. The antenna 

design includes microstrip dipoles fed by a T-shaped feedline. Notably, the antenna 

achieves a measured bandwidth of 5.32-6.73 GHz (with S11≤ -10 dB). To enhance 

performance, a proposed parasitic AMC reflector is integrated into the antenna structure. 

Incorporating an 8×8 AMC array, the antenna extends its -10 dB measured bandwidth 

from 4.51 to 6.83 GHz, catering to both 4G and 5G communication standards. 

Comparative analysis with an antenna lacking AMC reveals a reduced size of 35%, 

alongside a notable gain of 8 dBi and uni-directional radiation patterns. The efficiency 

and gain of all elements are approximately 90% and 8 dBi, respectively. Moreover, the 

introduction of an AMC unit cell, well-founded on a parasitic patch, resonates at 6.15 

GHz with a bandwidth extending from 5.21 to 7.10 GHz. Furthermore, the offered 

equivalent transmission line model of the antenna with the AMC is demonstrated, 

yielding desirable results. This model accurately predicts the input impedance of the 

antenna with AMC across a broad frequency band ranging from 4.64 to 6.74 GHz. This 

comprehensive study demonstrates the effectiveness and versatility of the offered model 

in characterizing the operating band's behavior of the antenna across a wide frequency 

band to facilitate its design and optimization for various applications.  

I. Introduction 

structures have found application across various wireless 

networks and high-frequency devices [1-4]. Artificial 

Magnetic Conductor (AMC) structures, which utilize 

periodic boundary conditions across their operating band, 

have been increasingly adopted for applications such as cost-

effective patch antennas, low-profile antennas, and mode 

suppression. These structures are particularly valued for their 

ability to mimic a perfect magnetic conductor over a specific 

frequency range, leading to enhanced antenna performance. 

AMCs are advantageous in reducing antenna size and 

improving radiation efficiency while maintaining a low 

profile, making them ideal for integration into modern 

wireless communication systems. By suppressing unwanted 

modes and enhancing the desired ones, AMCs contribute to 

the overall efficiency and effectiveness of antenna designs, 

especially in compact and complex wireless systems. [5-10]. 

In a recent work [9], a broadband patch array featuring EBG-

AMCs was introduced to enhance the wireless transmission 

rate for 5G communication. The investigation of periodic 

AMC surfaces without vias has been explored in [11-18]. In 

[16], an EBG mushroom reflector with a two-layer 

configuration was utilized, resulting in a 60% size reduction. 

However, achieving a broad AMC bandwidth remains a 

significant challenge [19], prompting numerous efforts [20-

22]. In [22], an AMC unit cell at a resonance of 6.2 GHz with 

a bandwidth of 4.4% was reported, exhibiting acceptable 

angular stability. 

The Multi-Input Multi-Output (MIMO) method has 

become a pivotal technology in recent wireless 

communication systems, primarily due to its capability to 

transmit high data rates while minimizing latency [23-24]. 

This method leverages multiple antennas at both the 

transmitter and receiver ends to enhance communication 

reliability and increase channel capacity. A critical aspect of 

MIMO system design is achieving high port isolation, which 
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helps reduce interference between antenna elements and 

improves overall system performance. Various techniques 

have been explored to achieve this, including the use of 

orthogonal modes, mirrored elements, and different 

propagation modes [25-28]. These approaches are aimed at 

enhancing the isolation between the antenna ports, thereby 

ensuring better performance of MIMO antennas in terms of 

signal clarity and transmission efficiency. 

Numerous techniques have been proposed to integrate 

broad AMC surfaces with microstrip antennas [29-30]. For 

instance, a low-profile circular polarized microstrip antenna 

incorporating AMC was presented in [30] to boost gain and 

bandwidth. Additionally, the development of two-layer 

boards has been prevalent in achieving improved radiation 

properties in most literature. The electromagnetic properties 

and applications of AMCs have led to a diverse range of 

studies aimed at enhancing antenna performance and 

miniaturization [31-38]. A low-profile and wide-axial-ratio-

beamwidth (ARBW) circularly polarized antenna loaded 

with a honeycomb-shaped artificial magnetic conductor 

(AMC) is presented [36]. 

This study specifically concentrates on a proposed 

antenna utilizing AMC for MIMO applications. Initially, a 

low-profile wideband microstrip antenna configured with 

two printed dipoles fed by a T-shaped feedline is designed to 

enlarge the impedance bandwidth. Subsequently, a parasitic 

AMC is demonstrated to intensify at 6.15 GHz (5.21-7.10 

GHz). The printed antenna with an 8×8 parasitic AMC 

reflector exhibits a measured -10 dB bandwidth of 4.55-6.83 

GHz, suitable for 5G and MIMO applications. Furthermore, 

the proposed equivalent transmission line model is designed 

to offer a simplified yet accurate representation of the 

antenna integrated with the AMC structure. This model 

enables efficient analysis and optimization of the antenna's 

input impedance, which is crucial for achieving the desired 

performance characteristics. 

 

II. Printed Microstrip Antenna with Planar 

AMC 

Figure 1 illustrates the overall schematic of the printed 

antenna, which consists of two elements featuring folded 

dipoles mounted on Taconic TLT substrate (98.4 mm×98.4 

mm, with a thickness of h1=0.8 mm, dielectric constant 

εr=2.55, and a loss tangent of 0.0006). Positioned beneath the 

antenna is a periodic parasitic AMC surface, separated by an 

air gap (Styrofoam layer) from the antenna to facilitate 

broadband operation. The optimal air gap distance, denoted  

 

 

 
 

(a) 

 

 
 

(b) 

 

 
 

(c) 

 

Fig.1. Structure of the suggested antenna by AMC reflector 

(a) 3D view (b) printed antenna design (c) Top view. 

 

 

 

 

 



131                                             Radiation Improvement of Low-Profile/Malekpoor, et al 

 
TABLE 1 SIZES OF SUGGESTED STRUCTURE 

Parameters                                 Values (mm) 
L1 

L2 

L3 

L4 

W1 

W2 

h1 

h2 

h3 

m 

n 

k 

16 

8.8 

12 

4.9 

3.2 

2.6 

0.8 

3 

3 

3 

6 

8.1 

 

Figure 2 draws the schematic of a proposed unit cell for 

the AMC. This unit cell is constructed using an FR4 substrate 

with a relative permittivity (εr) of 4.4 and a thickness (h) of 

3 mm. It is optimized with a ground plane measuring 8.1 

mm×8.1 mm. The mushroom-type electromagnetic band gap 

(EBG) surface is modeled using an LC resonator, the 

calculation of which can be expressed as outlined in [11]: 

0 1
(1 ) 2

cosh
ebg r ebgW W g

C
g

 



−
+ + 

=  
                           (1)           

hL 0=                                                                             (2) 

C

L
BW



1
=

                                                                      (3) 

The proposed equivalent transmission line model for the 

printed array with the AMC structure is designed to capture 

the detailed electrical characteristics and behavior of the 

antenna system. This model simplifies the complex 

interactions within the antenna into a combination of lumped 

elements and transmission line segments, making it easier to 

analyze and optimize the system's performance. Below is an 

outline of the key components in the proposed model [20]: 
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Fig. 2. AMC design. 

 

 

Fig. 3. Introduced equivalent transmission line model 

 

The proposed model in Fig. 3 incorporates various 

parameters to accurately represent the behavior of the 

microstrip antenna with the AMC. Here are the key 

components and their significance. This model for the 

proposed printed antenna (PDA) involves two RLC 

resonators because of the symmetric patches. The two 

symmetric folded strips are represented as L1C1 and L2C2 

elements according to Fig. 3. Additionally, the air ap height 

between the antenna and the AMC is modeled by the 

transmission line M2. Furthermore, an LC resonator is 

regarded for the periodic surface. 

The parameters obtained in equations (4)-(10) are 

applied to the conventional patch, and the element values of 

the model are determined using the Agilent Advanced 

Design System (ADS) simulator, utilizing the method of 

moments (MOM). The optimized values of the lumped 

elements which are applied in the model are as follows: 

R1=50 Ω, C1=2.64 pF, L1=0.241 nH, R=72 Ω, C=0.57 pF, 

L=0.04 nH, and M1=3.13 mm. 
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III. Experimental and Simulation Results 

Figure 4 shows the reflection magnitude and phase 

characteristics of the proposed artificial magnetic conductor 

(AMC) at an incident angle (θ) of 0˚. The simulated results 

exhibit a ±90˚ reflection phase within the frequency range of 

5.21-7.10 GHz, with a resonance occurring at 6.15 GHz. 

Compared to previous research [11, 20-22], the suggested 

AMC demonstrates significantly improved characteristics. 

The design features a symmetric unit cell, ensuring identical 

responses for both Transverse Electric (TE) and Transverse 

Magnetic (TM) waves, which enhances the consistency and 

reliability of the AMC's performance. Moreover, the 

proposed AMC offers a notably broader bandwidth of 

approximately 2 GHz, which is a substantial improvement 

over earlier designs. This broader bandwidth is achieved 

while maintaining acceptable stability across the AMC's 

operational range, making it particularly well-suited for 

broadband applications within the C-band.  

Figure 5 illustrates the S-parameters of the antenna 

design with and without the AMC. The antenna lacking 

AMC exhibits a measurement band from 5.32 to 6.73 GHz 

(22.4%) for S11< -10 dB. Conversely, the antenna equipped 

with the AMC demonstrates a -10 dB measured bandwidth 

spanning from 4.51 to 6.83 GHz, representing a bandwidth 

improvement of more than double. 

The dimensions of the antenna without the AMC are as 

follows: width×length×height; 0.436λL, 0.436λL, and 

0.014λL, respectively. In comparison, the dimensions of the 

antenna with the AMC are 0.362λL, 0.362λL, and 0.101λL, 

respectively, leading to a size reduction of 35%. Figure 5 (b) 

illustrates the results of the proposed equivalent model, 

implemented using ADS software. The simulation results 

cover 4.64-6.74 GHz, showcasing a well agreement with the 

measured results. This indicates that the equivalent model 

accurately captures the electrical behavior of the printed 

array with the AMC, providing valuable insights for the 

design and optimization of the antenna system. Simulated S-

parameters of the antenna with AMC for various lengths of 

the parameters m and n are depicted in Figure 6. Figure 7 

illustrates the variations in the height of the air gap, h2, 

between the antenna and the AMC. 

The maximum gain of the proposed antenna with the 

parasitic AMC across the bandwidth reaches 8 dBi, as 

observed in Figure 8. 

 

         

(a) 

 

(b) 

Fig. 4.  Reflection magnitude and phase of AMC for normal 

incident waves. 

 

 

(a) 
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(b) 

Fig. 5.  Obtained results of S-parameters (a) HFSS (b) 

proposed model. 

 

 

 

Fig. 6.  S-parameters for different lengths of the m and n 

parameters. 

 

 
 

Fig. 7.  Simulated S-parameters for different h2. 

 

 

Fig. 8. Gains of the design.   

 

  
Simulation 

 

    Measurement 

(a) 
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(b) 

Fig. 9. Radiation patterns for (a) gain in XZ and YZ-planes 

(b) co and cross-pol in XZ and YZ-planes at 5.2, 5.5 and 5.8 

GHz. 
 

TABLE 2 COMPARISON STUDY 

Proposed 

design 

Measrured 

bandwidth 

Width×Leng

th×Height 

Measrured Gain and 

Efficiency 

 

My work 

4.51-6.83 

GHz (45.1%) 

24.6×24.6×6.8

mm3 

0.362λL×0.362
λL×0.10λL 

8 dBi 

94% 

V-shaped 

patches 

coupled by a 

bowtie dipole 

with 5×5 

AMC array 

[19] 

3–4.1 GHz 

(31%) 

 

75×75×12.7 

mm3 

0.75λL×0.75λL

×0.127λL 

7.1 dBi 

88% 

Patch antenna 

by using 

triple‐band 

AMC [20] 

3.3–3.42 

GHz (3.6%) 
5.88-6.1 

GHz (3.7%) 

64×64×1.6 

mm3 

0.71λL×0.71λL

×0.017λL 

6.29 dBi 

86% 

Decoupling 

techniques 

using two-

port feed 

network 

MIMO 

antenna [24] 

3.33-3.67 

GHz (9.7%) 

70×140×0.8 

mm3 

0.77λL×1.55λL

×0.009λL 

6 dBi 

78% 

Printed slot 

antenna with 

wideband 

3×5 AMC 

array [29] 

2.37-2.50 

GHz (5.34%) 

100×125×7.5 

mm3 

1.02λL×0.82λL

×0.63λL 

10.3 dBi 

88% 

Bow-tie 

printed 

antenna with 

6×9 fractal 

AMC array 

[33] 

1.64-1.94 

GHz (16.8%) 

50×70×25 

mm3 

0.27λL×0.38λL

×0.137λL 

6.5 dBi 

85% 

Near-Zero-

Index 

Metamaterial 

Lens 

Combined 

with AMC 

[34] 

6.9–7.9 GHz 

(13.5%) 
 

76×76×7 mm3 

1.75λL×1.75λL

×0.160λL 

13 dBi 

90% 

M-shaped 

antenna based 

on 3×3 

Jerusalem 

Cross AMC 

array [35] 

2.2-2.72 

GHz (18%) 

67.5×67.5×4.5

mm3 

0.5λL×0.5λL×0.

032λL 

5 dBi 

90% 

 

 

 

Fig. 10. Images of fabricated cases. 

Figure 9 displays the radiation patterns in the XZ-plane 

and YZ-plane for the antenna design. Table 2 lists the 

performance of the design with respect to its prominent 

properties. The proposed design is compared with related 

works regarding key measurement parameters such as 

impedance bandwidth, gain, and efficiency. The results 

demonstrate that the design exhibits superior performance, 

making it highly suitable for wireless applications 

Additionally, Figure 10 presents photos of the manufactured 

antenna.  

The proposed antenna is fed using a 50-Ohm probe. For 

the evaluation of its far-field radiation performance, a 

measurement setup is employed within an anechoic chamber. 

In this setup, a well-calibrated standard gain horn antenna 

acts as the transmitting (TX) antenna, while the prototype 

antenna serves as the receiving (RX) antenna. The horn 

antenna is positioned at a far-field distance from the 

prototype, determined by the formula 2D2/λ, where D 

represents the total dimension of the antenna and λ is the 

wavelength. Amplifiers are utilized to ensure consistent 

power reception. During the testing process, the prototype 

antenna is rotated to capture radiation intensity across 

various orientations. The S-parameters are accurately 

measured using an Agilent network analyzer. 

 

IV. Conclusions 

The introduced AMC design by exhibiting broadband 

properties within the C-band results in a parasitic patch to 

cover the range of 5.21-7.10 GHz. The proposed antenna 

with folded strips using by the AMC structure presents a 

miniaturized broadband solution for wireless systems. By 

integrating the 8×8 AMC surface into the antenna, an 

impressive -10 dB measured bandwidth of 4.51-6.83 GHz 

(45.1%) is achieved, accompanied by uni-directional 

radiation patterns and higher gains of up to 8 dBi. 

Measurement results confirm acceptable efficiency, leading 

to the conclusion that the design is suitable for wideband 
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wireless systems. Overall, the proposed equivalent 

transmission line model aims to provide a simplified yet 

accurate representation of the antenna with the AMC, 

allowing for efficient analysis and design optimization of the 

antenna system. 
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Efficient and versatile charging solutions are essential for modern applications requiring 

portable energy systems. This paper presents a novel portable charger powered by an 

isolated split-core current clamp, enabling direct charging from power lines. The system 

utilizes inductive coupling to draw AC current from these lines, which is then regulated 

to a precise voltage for battery replenishment. The proposed design features an 

interleaved resonant topology with a semi-active rectifier, achieving high efficiency and 

adaptability to a wide range of input voltages. This architecture supports a variable DC 

bus voltage, enabling the resonant converter to operate optimally near its resonant 

frequency for maximum performance. To ensure a lightweight and efficient design, the 

converter eliminates traditional transformers, incorporating a capacitive element within 

the resonant network for galvanic isolation. A cascaded dual-control strategy in the 

interleaved structure ensures precise voltage regulation. Designed to be compatible with 

1-6 cell Li-Ion batteries, the charger offers extensive versatility. Experimental results 

from a 2.5-200 W prototype, with an output voltage range of 4.2-25.2 V, demonstrate a 

peak efficiency of 94%, validating the effectiveness of the proposed charger for grid-

connected applications. 

I. Introduction 

Electric Vehicles (EVs) have become integral to modern 

technological landscapes, serving critical roles in fields such 

as logistics,  precision agriculture, and emergency services 

[1, 2]. Despite these advancements, a primary challenge 

persists: limited operation range due to high power 

consumption and constrained battery capacity. While 

increasing battery capacity might appear as a straightforward 

solution, it invariably results in additional weight, which in 

turn undermines the overall operational efficiency and 

maneuverability of EVs. Various strategies have been 

explored to extend operation duration, including the use of 

Capacitive Coupling Wireless Power Transfer (CCWPT) for 

charging [3, 4]. These methods typically rely on static 

charging stations, positioned along predetermined 

operational paths, requiring the EV to pause at specific nodes 

for recharging. This disrupts continuous operation and is 

impractical in rural or remote regions, limiting the potential 

reach of such systems. Research on optimizing battery 

utilization and operational paths to enhance range efficiency 

has shown some promise [5, 6], but the fundamental issues 

remain unresolved. In the realm of wireless power transfer, 

Inductive Coupling Wireless Power Transfer (ICWPT) has 

been extensively investigated [7-21], with advancements 

such as dynamic charging stations and repositionable 

transmitter coils for enhanced alignment and power transfer 

efficiency [9-20], Despite these improvements, most ICWPT 

systems necessitate precise alignment between the EV and 

charging unit, making them suboptimal for real-time and in-

operation applications. 
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Fig. 1. The proposed portable EV charger.
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2 6.0 V 7.4 V 8.4 V 

3 9.0 V 11.1 V 12.6 V 

4 12.0 V 14.8 V 16.8 V 

5 15.0 V 18.5 V 21.0 V 

6 18.0 V 22.2 V 25.2 V 

 

A major limitation of existing EV charging systems is the 

low efficiency and power density of the converters employed. 

Most conventional solutions are heavily dependent on fixed 

charging infrastructure or constrained by optimization-based 

routing to maximize the operational radius. Consequently, 

these methods lack several critical attributes, such as a 

lightweight form factor, wide input/output voltage 

adaptability, high efficiency across varying voltage levels, and 

the capability for in-operation or contactless charging. 

To address these limitations, various high-efficiency 

AC/DC and DC/DC converters have been proposed. While 

isolated AC/DC converters with transformers offer galvanic 

isolation, they suffer from increased size and weight, posing a 

significant drawback for EV applications [22, 23], Non-

isolated AC/DC converters provide an alternative but lack the 

necessary isolation for safety and performance. Similarly, 

conventional DC/DC converters designed for battery charging 

are encumbered by bulky transformers, reducing their 

feasibility for compact EV systems [24, 25]. Non-isolated 

DC/DC converters have also been explored [26, 27], but they 

present challenges in terms of safety and electromagnetic 

interference (EMI) concerns. Furthermore, AC/DC converter 

designs developed for high-power grid applications [28, 29] 

are not well-suited for EV charging due to their substantial 

size, reliance on input inductors, and inability to function 

effectively with dynamic input voltages encountered during in-

operation charging scenarios. 

Additionally, existing solutions often lack adequate filtering 

mechanisms before the transformer stage, leading to increased 

harmonic distortion, reduced efficiency, and elevated thermal 

losses. Moreover, the limited input/output voltage range of 

conventional converters restricts their operational flexibility, 

failing to meet the diverse voltage requirements of different 

battery configurations [30-34], Although a few approaches 

have incorporated capacitive isolation to mitigate transformer-

related drawbacks [35] they still fall short in achieving the 

desired combination of lightweight structure, broad voltage 

adaptability, and in-operation charging capability. 

In this paper, we present a novel transformer-less isolated 

AC/DC resonant converter specifically designed for EV 

charging, with a focus on Lithium-Polymer (Li-Pol) batteries. 

To ensure a compact and portable solution, the proposed 

converter utilizes a transformer-less topology, employing two 

series capacitors for galvanic isolation and an interleaved 

resonant structure for enhanced efficiency. The converter 

integrates a circular split-core current clamp, enabling it to 

connect to power lines or perform in-operation charging by 

harnessing inductive coupling to generate AC voltage. A 

sophisticated dual-control mechanism is implemented within 

the interleaved structure, ensuring optimal performance and 

high efficiency over a wide range of input voltages and 

operational conditions. The proposed converter successfully 

addresses the aforementioned limitations, offering a robust 

solution for uninterrupted EV operation and extended 

performance range. 

The remainder of the paper is structured as follows: Section 

II presents the proposed converter's architecture and key 

operating waveforms. Section III provides a detailed analysis 

of its operational states and control approach, followed by an 

in-depth analysis of losses in Section IV. Section V discusses 

the design procedure and validation through experimental 

results is debated in Section VI. Finally, Section VII concludes 

the paper by highlighting the significance and potential impact 

of the proposed converter in advancing EV charging 

technologies. 

 

II. Proposed Converter and 

Its Key Waveforms  

Lithium-Polymer (Li-Pol) batteries are widely utilized in 

EVs due to their high capacity and power output, making them 

suitable for applications that demand lightweight and high-

energy density. These batteries typically operate within a 

voltage range of 4.2-25.2 V, depending on the configuration of 

one to six cells, with each cell having a maximum voltage of 

4.2 V. However, EVs equipped with such batteries face 

limitations in operation duration, which typically ranges 

between 15 to 45 minutes, consequently restricting their 

operational range. To overcome this constraint, an advanced 

EV charging solution is proposed to enhance operation radius 

and continuity. The charger addresses critical design 

considerations such as lightweight structure, broad 

input/output voltage range, and high efficiency across varying 

voltage levels, compact form factor for easy installation, and 

in-operation charging capability. The proposed charging 

system, illustrated in Fig. 1, is designed to interface with power 

lines by either direct contact or proximity-based power 

transfer, allowing the EV to recharge while in motion. It 

features a split-core current clamp with an adjustable aperture, 

enabling the EV to connect seamlessly to the power line and 

induce AC voltage into the converter's input stage, for example 

as shown in Fig. 2. The converter’s input stage comprises an 

AC voltage source fed into a semi-active rectifier, which 

includes a small inductor. This rectifier converts the induced 

AC voltage into a variable DC voltage to accommodate 

fluctuations in the input supply and maintain stable output. 

Following the rectification stage, a series resonant converter is 

employed. This converter serves two essential functions: first, 

it stabilizes voltage fluctuations caused by the small input 

inductor, ensuring a smooth and regulated output voltage. 

Secondly, it provides input-output isolation through two series 
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capacitors integrated within the resonant structure, eliminating 

the need for a traditional transformer and thereby reducing 

weight and size. By adopting a resonant topology with 

interleaved operation and semi-active rectification, the 

proposed converter efficiently charges Li-Pol batteries from 

one to six cells. The resonant converter operates primarily near 

its resonant frequency in the ZVS region, enabling soft 

switching for high efficiency. To further optimize 

performance, a large link capacitor (Clink) is introduced to 

maintain a stable voltage. However, by allowing up to a 20% 

voltage variation in Clink, the size of both Clink and the input 

inductor (Lin) can be significantly reduced. This variation is 

managed by the closed-loop control implemented in Section B 

of the converter, minimizing the impact on output voltage 

regulation.  

In summary, the variable input voltage governs the overall 

regulation of the output voltage, while the resonant converter 

provides galvanic isolation and contributes minimally to 

output regulation, ensuring high efficiency and lightweight 

design. Fig. 1 illustrates the architecture of the proposed 

converter, with Section A responsible for charging the Clink 

capacitor, and Section B regulating the output voltage and 

powering the load. Fig. 2 demonstrates an application of the 

converter, and Fig. 3 presents key operational waveforms, 

showcasing the performance and efficiency of the proposed 

system. 

 

III. Different Operational States 

of the Converter and Its Control 

Algorithm 

This section elaborates on the different operational states of 

the proposed converter and the corresponding control 

algorithm. The semi-active rectifier is controlled using a 

Phase-Shift Modulation (PSM) approach at a switching 

frequency of 300 kHz, while the resonant converter (Section B 

in Fig. 1) employs a Pulse Frequency Modulation (PFM) 

strategy within the same frequency range. Due to the 

significantly higher switching frequency compared to the grid 

frequency, the grid voltage can be approximated as a DC 

voltage source for the converter. The overall control scheme is 

a cascaded configuration, integrating PFM and PSM, wherein 

the semi-active rectifier primarily manages the output voltage 

regulation. To minimize the converter's size, a reduced-value 

input inductor and link capacitor are utilized, which results in 

a ripple on the link capacitor's voltage. The resonant stage, 

positioned downstream, mitigates these voltage fluctuations, 

providing a stable output voltage suitable for battery charging. 

This is achieved through a dual-loop cascade control approach: 

an inner PFM loop for the resonant stage and an outer, slower 

PSM loop for overall output voltage regulation. 

The operational states of the isolated converter, which 

utilizes capacitors C1 and C2 for isolation, are depicted in Fig. 

3 and are described as follows: 

State I: During the interval t0−t1 (Fig. 3), switches Q1 and 

Q2 are both turned on, causing Lin to charge. As there is no 

power transfer to Clink, its voltage drops. Simultaneously, in 

Section B, M1 is conducting, allowing power to flow through 

Cr, D1, and D4 to the load, as shown in Fig. 4(a). 

 
Fig. 2. An Application of the proposed converter for EV charging 

via in-operation charging through induced current fields or direct 

connection to power lines. 

r1
C

M1 M2

M1 M2

t0 t1 t2 t4
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Q2 Q1
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t3

ID

D1 D2

t5    

Fig. 3. Some of proposed converter key waveforms in 300 kHz 

switching frequency operation. 

State II: In the interval t1−t2 , Q2 is turned off, halting Lin's 

charging. Lin then discharges into Clink, increasing its voltage.  

Section B continues its previous operation, as shown in Fig. 

4(b). 

State III: During t2−t3, Section A maintains the previous 

operation. In Section B, at t2, M1 is turned off, and its current 

passes through M2’s body-diode, achieving Zero Voltage 

Switching (ZVS) for M2’s turn-on. This action turns off D1 and 

D4, as depicted in Fig. 4(c). 

State IV: At t3, Q2 is turned off, leaving Lin and Clink 

operations unchanged. In Section B, M2 is turned on under 

ZVS conditions, energizing D2 and D3, as shown in Fig. 4(c). 

State V: At t4, Q2 is turned on again, and Section B continues 

its previous operation. Subsequently, the cycle repeats 

periodically, as illustrated in Fig. 4(d). 
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It is noteworthy that when Q1 and Q2 are turned off, their 

body-diodes conduct, causing Section A to function as a diode 

bridge. The converter’s output voltage is regulated using a 

combination of PSM and PFM control. While PFM control 

tends to be less efficient under low-load conditions, the 

interleaved structure mitigates efficiency loss. To maintain 

high efficiency, Section B predominantly operates at the 

resonant frequency during typical operational conditions. The 

output voltage is further regulated by the PSM control in 

Section A, whereas Section B ensures isolation and closed-

loop control of the output voltage, significantly influencing the 

size of the input inductor. 

The frequency response characteristics of the proposed 

converter under various quality factors (Q) and phase shifts are 

shown in Fig. 5, illustrating its operational dynamics and 

efficiency performance. 

 

IV. Mathematical Power Loss Analysis 

Here, some important power loss components of the 

proposed converter are calculated. The equations (1-20) are 

mainly derived from [2, 36, 37]. 

A.  Diode 

𝑖𝐷1(𝑡) = {
𝑛 𝐼𝑅𝑚 sin(𝑜𝑡)        0  𝑡 <

1

2
𝑇𝑜 ,

0                  
1

2
𝑇𝑜  𝑡 < 𝑇𝑠 .

                       (1) 

𝑖𝐷2(𝑡) =

{
 
 

 
 0                     0  𝑡 <

1

2
𝑇𝑠 ,

𝑛 𝐼𝑅𝑚 sin(𝑜𝑡)     
𝑇𝑠

2
  𝑡 <

𝑇𝑠 + 𝑇0

2

0                
𝑇𝑠 + 𝑇0
2

  𝑡 < 𝑇𝑠 .

,                (2) 

Where, o is equal to 2πfo. In result RMS and average 

current through each diodes is: 

𝐼𝐷1𝑎𝑣𝑔 = 
𝐼𝑜

2
, 𝐼𝑅𝑚 = 

𝜋𝐼𝑜

2𝑛
𝑓𝑠
𝑓𝑜

,   𝐼𝐷1𝑎𝑣𝑔 =
𝜋𝐼𝑜

4
√
𝑓𝑜

𝑓𝑠
.                    (3) 

So power loss due Vf of each diode is: 

𝑃𝑉𝑓 = 𝑉𝑓𝐼𝐷1𝑎𝑣𝑔 = 𝑉𝑓
𝐼𝑜
2
=
𝑉𝑓

𝑉𝑜

𝑃𝑜
2
.                                       (4) 

Therefore, we can write: 

𝑃𝑟𝑓 = 𝐼𝐷1𝑟𝑚𝑠
2 𝑟𝑓 = 

𝜋2

16

𝑓𝑜
𝑓𝑠

𝑟𝑓

𝑅𝐿
𝑃𝑜.                                          (5) 

𝑃𝐷 = 𝑃𝐷1 + 𝑃𝐷2 =  (
𝑉𝑓

𝑉𝑜
+
𝜋16

8

𝑓𝑜

𝑓𝑠

𝑟𝐹

𝑅𝐿
)𝑃𝑜 .                             (6) 

A.  Output Capacitor 

Output capacitor current is: 

𝐼𝐶𝑜(𝑡) = {
𝑛 𝐼𝑅𝑚 sin(2𝑜𝑡) − 𝐼𝑜 0 ≤ 𝑡 <

𝑇0

2
,

−𝐼𝑜                
𝑇0

2
≤ 𝑡 < 𝑇𝑠 .

                    (7) 

𝐼𝐶𝑜𝑟𝑚𝑠 = 𝐼𝑜√
𝜋2

8

𝑓𝑜

𝑓𝑠
− 1.                                                       (8) 

So its power loss is as follows: 

𝑃𝑟𝐶𝑜 = 𝐼𝐶𝑜𝑟𝑚𝑠
2 𝑟𝐶𝑜 = (

𝜋2

8

𝑓𝑜
𝑓𝑠
− 1) 𝐼𝑜

2𝑟𝐶𝑜  

= (
𝜋2

8

𝑓𝑜
𝑓𝑠
− 1)

𝑟𝐶𝑜
𝑅𝐿
𝑃𝑜 .                                             (9) 

In addition, to calculate the power MOSFET switches 

losses, following parameters are given:  
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Fig. 4. The operation of proposed converter. 

Discharge Time (tdis): The time it takes for the DC capacitor 

to discharge from the input voltage to 0 V after the MOSFET 

is switched off. 

Dead Time (tdead): The time interval between the gate-source 

signals of the high-side and low-side MOSFETs in a half-

bridge configuration. This prevents shoot-through current, 

which can damage the MOSFETs. 

Turn-on Delay (tdelay(on)): The time it takes for the drain-

source current to start flowing after the gate-source voltage 

reaches the threshold voltage. 

Body Diode Conduction Time (tbody(on)): The time the 

internal body diode of the MOSFET conducts during the turn-

on transition. 

Gate-Source Voltage (Vgs): The voltage applied between the 

gate and source terminals of the MOSFET. 

Body Diode Forward Voltage (VbF): The voltage drop across 

the body diode when it conducts current. 

MOSFET Conduction Time (tds(on)): The time the MOSFET 

conducts current during the switching cycle. 

B.  Power MOSFET Drive Circuit Power Loss 

This kind of loss is due to gate-source power MOSFET 

capacitor charge and discharge, which is as follows: 

𝑃𝑑𝑟𝑖𝑣𝑒 = 2(
1

2
𝐶𝑔𝑠𝑉𝑔𝑠

2) 𝑓𝑠.                                                    (10) 

C.  Diode and MOSFET Body Diode Power Losses 

𝑡𝑑𝑖𝑠 =
8

𝑀𝑔
𝐿𝑚(𝐶𝑑𝑠1 + 𝐶𝑑𝑠2)𝑓𝑠.                                          (11) 

𝑡𝑏𝑜𝑑𝑦(𝑜𝑛) = 𝑡𝑑𝑒𝑎𝑑 − 𝑡𝑑𝑖𝑠 + 𝑡𝑑𝑒𝑙𝑎𝑦(𝑜𝑛).                            (12) 

𝑃𝑏𝑜𝑑𝑦 = 2𝑉𝑏𝐹 [(
𝑛𝑉𝑜
𝐿𝑚

(
1

4

1

𝑓𝑠
− 𝑡𝑑𝑖𝑠))] 𝑡𝑏𝑜𝑑𝑦(𝑜𝑛)𝑓𝑠.          (13) 

D.  MOSFET Turning off Switching Loss 

Two assumptions are made in this section. The first one is in 

the meanwhile of power MOSFET turning off, which its 

current is near the inductor magnetizing current, and the 

second one is rising voltage and magnetizing inductor current 

is linear. 

𝑉𝑑𝑠(t) = 𝑉𝑑𝑠(𝑜𝑛) +
𝑉𝑖𝑛 − 𝑉𝑑𝑠(𝑜𝑛)

𝑡𝑑𝑖𝑠
𝑡.                               (14) 

𝑖𝑑𝑠(𝑡) =
𝑛𝑉𝑜
𝐿𝑚

1

4𝑓𝑠
(1 −

𝑡

𝑡𝑑𝑖𝑠
).                                          (15) 

𝑝𝑡𝑓 = 2𝑓𝑠∫ 𝑣𝑑𝑠(𝑡)𝑖𝑑𝑠(𝑡)𝑑𝑡
𝑡𝑑𝑖𝑠

0

 

=
𝑛𝑉𝑜𝑡𝑑𝑖𝑠
12𝐿𝑚

(𝑉𝑖𝑛 + 2𝑉𝑑𝑠(𝑜𝑛)).                                     (16) 

Some other parameters are given as follows: 

𝐹 =
𝑓𝑠
𝑓𝑟
, 𝑓𝑟 =

1

2𝜋√𝐿𝑟𝐶𝑒𝑞
,   𝜔 =

1

2𝜋𝑓𝑟
.                  (17) 

𝑅𝑒𝑞 =
8

𝜋2
𝑅𝐿 ,   𝑄 =

1

𝑅𝑒𝑞
√
𝐿𝑟
𝐶𝑒𝑞
⁄ .                                 (18) 

𝑖𝑄1,2(𝐴𝑉𝐺) =
𝑉𝑖𝐷𝑇

2𝐿

𝑉𝑖𝐷

𝑉𝑜 − 𝑉𝑖
=
0.02 𝑉𝑖

2𝐷2

2𝐿(𝑉𝑜 − 𝑉𝑖)
.                   (19) 

 𝐷 =
𝜃2 − 𝜃1
360

= 1 −
𝑉𝑖𝑛
2𝑉𝑜𝑢𝑡

                                              (20) 
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(a) Phase-shift= 180. 
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(b) Phase-Shift= 90. 
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(c) Phase-shift= 0 degree. 

Fig. 5. Normalized gain-frequency characteristics of the 

proposed converter for different quality factors (Q) in (a) Phase-

shift=180 (b) Phase-shift=90 (c) Phase-shift=0. 

V.   Converter Design Procedure 

The design of the proposed converter, specifically tailored for 

EV charging applications, prioritizes minimizing volume and 

weight. Typically, the input inductor (Lin) in such converters is 

large and cumbersome. To mitigate this issue, a 20% allowable 

voltage variation in the output of Section A (as depicted in Fig. 

1) is considered. This variation is then corrected by the 

feedback control loop in Section B. By accepting this voltage 

fluctuation, the size and volume of Lincan be significantly 

reduced. The design procedure is outlined in the following 

steps: 

A. Design of Section A: 

• Input Inductor (Lin) and Link Capacitor (Clink): Calculate 

the values of Lin and Clink using Equations (21) and (22). 

The duty cycle (D) of the semi-active rectifier can be 

derived using Equation (20). These components are 

selected to balance efficiency, size, and weight. 

B. Design of Section B: 

• Equivalent Load Resistance (Req): Determine Req using 

Equation (18). Based on the Gain-Frequency-Phase Shift 

characteristics, select a suitable curve that meets the 

desired design requirements, including voltage gain and 

the preferred range of switching frequencies. 

• Quality Factor (Q) and Resonant Frequency: Identify 

the quality factor (Q) and the corresponding exact 

switching frequency from the chosen curve on the Gain-

Frequency-Phase Shift characteristics. 

• Resonant Capacitors (Cr) and Inductor (Lr): 

Determine Cr and Lr using Equations (17) and (18) as a system 

of two equations with two unknowns. Note that Cr represents 

the total capacitance for the two series capacitors, and each

•                                    individual capacitor value 

must be calculated accordingly. 

The design procedure for the converter is visually summarized 

in Fig. 6. 

C. Design of the Circular Current Clamp: 

To ensure accurate and efficient power transfer, the design of 

the circular current clamp must follow these steps: 

1. Define Primary and Secondary Parameters: 

• The current flowing through the MV power lines is 

sinusoidal at 50 Hz. Define the power line voltage and 

its maximum current (Ip). Determine the voltage 

required at the secondary side (Vs) to meet the charger’s 

specifications. 

2. Selection of Ferrite Core: 

• Choose a ferrite core suitable for the application. Based 

on the EV’s size and weight limitations, define the core’s 

physical parameters, including the length of the 

magnetic path (lll) and the cross-sectional area (A) in 

meters. 

3. Calculation of Number of Turns: 

• Using Equation (23), calculate the number of turns 

required for the core, where μ is the permeability of the 

core material, and ω=2π f is the angular frequency of the 

grid voltage.  

This structured approach ensures the proposed converter meets 

the stringent requirements for EV charging applications, 

including compactness, high efficiency, and compatibility with 

MV power lines. 

𝐿𝑖𝑛 ≤
𝐷(1 − 𝐷)𝑉𝑜𝑢𝑡

2 𝑓𝑠𝐼𝐿𝑟
 I. (21) 

𝐶𝑙𝑖𝑛𝑘 ≤
𝐷 𝐼𝑜𝑢𝑡_𝑚𝑎𝑥
0.2 𝑓𝑠𝑉𝑜𝑢𝑡

 II. (22) 

 𝑁 =
𝑉𝑠 𝑙

𝜔 𝜇 𝐴 𝐼𝑝
= √

𝜔 𝜇 𝐴 𝐼𝑝
2

𝑃𝑠 𝑙
 III. (23) 

VI. Experimental Results 

To validate the performance of the proposed charger, an 

experimental prototype was developed to charge 1 to 6 cell Li-

Polymer (Li-Pol) batteries, with a power range of 2.5–220 W. 

For the prototype system, a current clamp, similar to the design 

depicted in Fig. 7(b), was used to feed the converter. In an 

industrialized version, the current clamp will be redesigned for 

a more compact structure and integrated into the converter's 

control system. The specifications of the prototype converter 

are listed in Table 2, and the prototype is shown in Fig. 7(a), 

with its input sourced from the AC current clamp. 

The performance of the charger was evaluated under two 

worst-case scenarios: (i) lowest output power at the highest 

input voltage and (ii) highest output power at the lowest input 

voltage. The experimental results for Section B under these 

conditions are presented in Fig. 8, while Figs. 9 and 10 show 

the results for Section A. The efficiency curve of the charger is 

illustrated in Fig. 11. 
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In both test cases, Section B of the converter operates close 

to its resonant frequency, ensuring high efficiency. Section A, 

operating in a broader voltage range, provides the suitable 

output voltage, though with a notable ripple on Clink. Section B 

then smooths this ripple, providing a stable, regulated output 

voltage and electrical isolation for the batteries. The proximity 

to the resonant frequency minimizes noise and enhances 

efficiency, resulting in similar operational waveforms for both 

worst-case conditions. 

The experimental results demonstrate that the proposed 

charger meets the stringent requirements of Li-Pol battery 

charging for EV applications. The charger exhibits robust 

performance in terms of voltage regulation, power transfer 

efficiency, and other key metrics, confirming its suitability for 

EV charging applications. To further emphasize the advantages 

of the proposed design, a comparison with conventional 

converters is provided in Table 3, highlighting the superior 

features and efficiency of the proposed charger. 

The charger supports both connected and wireless charging 

modes, offering flexibility in various operational scenarios. 

 

 

Fig. 6. Design procedure of the proposed converter. 

A. Connected Charging Mode: In this mode, the process 

begins by opening the current clamp. Upon engagement 

with the power line, the clamp induces power that is 

subsequently transferred to the EV’s batteries via the 

integrated DC-DC converter system this ensures efficient 

power transfer, effectively charging the batteries and 

optimizing their performance and lifespan. 

B. Wireless Charging Mode: In this mode, the current clamp 

remains closed as the EV flies over the power lines. The 

innovative design of the clamp allows the current field 

generated by the power lines to pass through, inducing 

power within the clamp. The sophisticated converter 

system then adjusts the output voltage as necessary, 

ensuring optimal charging conditions tailored to the EV’s 

battery specifications. 

The seamless transition between connected and wireless 

charging modes enhances the charger’s adaptability to diverse 

charging scenarios, maximizing its efficiency and utility. By 

incorporating dual-mode functionality, the proposed charger 

offers unparalleled flexibility, whether in connected mode 

(where power is harnessed directly from the grid) or in wireless 

mode (where power is induced as the EV flies over power 

lines). This innovative approach streamlines the charging 

process and significantly enhances overall operational 

efficiency and productivity. 

VII. Conclusion 

This paper presents a novel high-efficiency charger 

designed specifically to address the limitations of conventional 

EV charging systems. The proposed charger stands out due to 

several critical features tailored to the unique requirements of 

EV applications. EVs, which are characterized by limited 

payload capacities, require lightweight charging systems to 

avoid compromising their operational performance. To 

achieve a compact design, the traditional transformer-based 

structure has been eliminated, significantly reducing the size 
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and weight of the converter. Despite the exclusion of the 

transformer, which typically provides isolation and voltage 

ratio control, the proposed converter effectively overcomes 

these challenges through a strategic combination of design 

elements. 

First, isolation is ensured by incorporating two capacitors 

within the converter’s resonant structure, providing the 

necessary electrical separation between the input and output. 

Second, the adoption of a semi-active rectifier at the input 

stage allows for precise AC voltage regulation and enables the 

desired voltage ratio control, compensating for the lack of a 

traditional transformer. Moreover, the converter is designed 

with a minimized input inductor and link capacitor to achieve 

a lightweight and compact configuration. Although this 

introduces voltage ripple at the output, a cascade control 

approach—comprising an outer Phase-Shift Modulation 

(PSM) loop for the semi-active rectifier and an inner, faster 

Pulse-Frequency Modulation (PFM) loop for the resonant 

converter—ensures a well-regulated output voltage suitable 

for battery charging. 

Another key advantage of the proposed converter is its 

ability to operate with high efficiency over a wide range of 

input and output voltages. By using the semi-active rectifier as 

the primary voltage provider, the resonant section of the 

converter can function near its resonant frequency, resulting in 

several benefits. This design approach not only maximizes 

efficiency—critical for portable chargers where energy loss 

can significantly impact performance—but also minimizes 

thermal losses that could otherwise lead to overheating and 

adversely affect the EV’s operation. Moreover, operating near 

the resonant frequency reduces electromagnetic interference, 

ensuring stable and reliable performance under varying load 

conditions. 

In summary, the proposed charger offers a unique 

combination of features, including a lightweight and compact 

structure, a broad input and output voltage range, high 

efficiency, and low noise operation, making it a versatile and 

robust solution for portable EV charging applications. 

The current clamp used in conjunction with the converter 

allows the charger to connect directly to power lines, 

facilitating in-operation charging of Li-Pol batteries. The 

charger’s innovative design also supports wireless charging by 

flying over MV power lines, where the current clamp induces 

power to charge the batteries during operation, thereby 

extending the EV's operational range. The charging process 

utilizes a circular split-core current clamp to extract power 

from the lines, with the induced AC voltage directed to the 

transformer-less semi-active resonant converter for efficient 

power transfer. The converter is capable of charging 1-6 cell 

Li-Pol batteries, demonstrating its versatility and adaptability 

for various EV battery configurations. 

Experimental results validate the performance of the 

proposed converter, with the prototype system achieving a 

peak efficiency of 94% while charging batteries ranging from 

2.5 W to 220 W. These results confirm the charger’s high 

efficiency and suitability for both connected and wireless 

charging modes, underscoring its potential for broad 

application in EV missions requiring extended operation 

durations. With its compact design, high efficiency, and 

flexible charging capabilities, the proposed charger represents 

a significant advancement in EV power systems, addressing 

the limitations of existing solutions and setting a new 

benchmark for portable EV charging technology. 

 
(a)                   (b) 

Fig. 7. (a) Prototype converter, (b) current clamp, to be 

connected to power lines, the output of the current clamp is 

connected to the converter. 

TABLE 2     THE PROTOTYPE CONVERTER 

SPECIFICATIONS 

Parameter Value 

Lin 80 μH 

Lr 10 μH 

Cr1, Cr2 60 nF 

Clink 1 mF 

Co 100 μF 

Switching Frequency 290-310 kHz 

CT Model 
Current Clamp Adapter AC, 52 

mm, 1000 A 

Phase Shift 0-179 degree 

Semi-Active Rectifier 

Switching Frequency 
300 kHz 

Output Voltage 
Each cell maximum voltage 

according to Table I 

Input Voltage MV power line 

Diode MUR840 

Switch 23N60E 

Gate-Drive TC4427 

 

 

Fig. 8. M1 and M2 gate-source voltages, M1 drain-source current, 

and M1 power-loss experimental waveforms, respectively. 
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(a)                                      (b) 

Fig. 9. (a) Resonant inductor current, resonant capacitor voltage, 

and D1 current waveforms and (b) input inductor current and Clink 

voltage in highest input voltage and lowest output power. 

 

Fig. 10. Input inductor current and Clink voltage in lowest input 

voltage and highest output power. 

TABLE 3     COMPARISON OF THE PROPOSED CONVERTER WITH SOME CONVENTIONAL CONVERTERS 
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[34] 230 ac 400 2650 92.7 NM⸸ NO† 100 

×1000 

206×

1000 

NO NO NO Medium Medium 

[33] 160-220 ac 48 450 94.5 20 Cf= 

0.47 

Lf = 

2300 

NO NO NO L2= 

40 

Low Medium 

[32] 160-260 ac 24 -

72 

650 94 20 C1= 

0.47 

Li= 

3500 

NO NO TR* NM Low Medium 

[31] 40-80 RMS 15-

48 

400 92 100 Cbu

s 

NM 0.44 4.7 TR NM Low Medium 

P
FC

 

[38] 85-265 ac 48 300 93 NM 120 NM 177 13 TR NM Low Medium 

[39] 100-130 ac 48 350 92 140 400 2×110 70 16.4 TR 120 Low Medium 

[40] 277-380 

RMS ac 

50 100 91 NM 440 NM 58 47 TR 275 High High 

[29] 370-410 48 650 96 150-450 NM NM 2×8 35 TR 105 Medium Medium 

W
P

T 

[41] 200 200 1 90  ~250 NO NO 16.2  25 CWPT 81×

1000 

Low Low 

[42] 360-400 12 750 97  NM NO NO 19 64 IWPT 64 Medium Low 

[43] 25-100 210 250 98  80-140 NO NO 48 15 

&5  

IWPT 15.8 

&5.4

9 

Medium Low 

[44] 390 60-

450 

NM 97  140 NO NO 12.8 354 IWPT 354 Medium Low 

[13] 24 15 30< 74  1000 NO 100 NO 100  IWPT 37 Low Low 

Proposed 

Converter 

20 kV 4.2-

25.2 

220 94 290-310 

kHz 

1000  80  10 2×6

0 

IWPT NO Medium Medium 

* TR = Transformer 

† NO = There is no component in the structure 

⸸NM = Not Mentioned 
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Fig. 11. Efficiency curves of the proposed converter for different types of batteries. 
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One of the main components of a power transformer is the transformer insulation system, 

namely, transformer insulation oil and transformer insulation paper. Any failure can 

cause the transformer to fail temporarily or permanently. As a result, regular and non-

destructive monitoring of transformers is of particular importance for early detection and 

prediction of any faults. Frequency response analysis (FRA) is known as a high-accuracy, 

fast, economical, and non-destructive method for diagnosing the condition of a 

transformer, which can be used independently or as a complementary method to ensure 

the results of other diagnostic tests and based on the operational conditions of the 

transformer, it can be implemented in two methods, online and offline. This paper 

provides an in-depth discussion of measuring and interpreting FRA results and the ability 

of this method to detect and locate power transformer faults, especially insulation faults, 

which have been given less attention in the past .  The information confirmed in this 

survey is expected to provide an important roadmap for future research in monitoring the 

condition of transformer insulation systems. 

 

I. Introduction 

A. Research Motivation 

The transformer is a vital and key equipment in the power 

grid. Its proper operation affects the safe operation of the 

whole electrical network. This equipment is often exposed to 

different weather conditions, as well as different electrical and 

mechanical conditions, and it faces different electrical, 

electromagnetic, dielectric, mechanical, thermal, or chemical 

stresses during operation [1-3]. The most common failures that 

happen to transformers are as short circuits (SC), Axial 

displacement (AD), radial deformation (RD), coil 

displacement, disc-space variation (DSV), open circuit (OC), 

core defect, lightning, etc. Regular and non-destructive 

monitoring of transformers to detect any changes or faults in 

the early stages is particularly important for detecting such 

failures [4-10]. For this purpose, various modern and practical 

methods including partial discharge (PD), polarization index 

(PI), polarization and depolarization current (PDC), dissolved 

gas analysis (DGA), insulation resistance (IR), recovery 

voltage measurement (RVM), leakage reactance, along with 

FRA for evaluating the condition of transformers have been 

presented [11-12]. In the FRA, the amplitude of the applied 

signal is small. This method is suitable for detecting or 

locating mechanical faults such as displacement or 

deformation of windings. On the other hand, it is not able to 

detect insulation faults between discs or oil and paper faults. 

Usually, along with this test, other analysis methods such as 

partial discharge and switching are used. These tests as a 

supplement to FRA can complete the evaluation results 

 

B. Literature Review 

A transfer function (TF) is a tool to explain the behavior of a 

system. This method is widely used to identify the mechanical 

integrity of transformers [13-16]. The TF method can be used in 

the time domain (TD) or the frequency domain (FD). In the FD, 

it is called FRA. The FRA was first introduced by Dick and 

Erven in 1978 [17]. All over the world, among other diagnostic 

methods, FRA is known as a high-precision, fast, economical, 

and non-destructive method in transformer condition detection 

[18-28]. FRA can be used as an independent method or as a 

complementary method to ensure the results of other diagnostic 

tests [29-33]. The FRA is based on measuring the frequency 

response (FR) of the transformer in exchange for a wide 

frequency bandwidth [29]. Because of the winding resistance (R), 

the inductance of the winding coils (L), and the capacitance (C) 

of the insulation layers between the coils, windings, winding and 

core, core and tank, tank and winding, etc., a transformer is 

modeled a complex network of RLC components. Any change 

in the condition of the transformer will cause a change in the 

parameters of this RLC network. The failures, such as SC or OC 

in the winding, affect the resistance and inductance. AD and RD, 
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lead to changes in the capacitance or inductance of the RLC 

network. Therefore, comparing the actual FR with the reference 

FR when the transformer has no problem can show the changes 

in the characteristics of transformers and lead to fault diagnosis. 

The reference FR is called the "signature" or "fingerprint". 

Therefore, the FRA method is used to identify these small 

changes in the parameters of the RLC network by examining the 

FR of the transformer. Based on the operating conditions of the 

transformer, FRA can be divided into two methods: 1. Offline 

FRA 2. Online FRA [34-36]. 

In a steady state, transformers are modeled with a simple 

model of primary, secondary, and magnetization impedances. 

But in a transient state, we need a model that provides an accurate 

response in different conditions. Among the different methods of 

transformer modeling, the black box model (BBM), a physical 

model including a multiphase transmission line, detailed and 

hybrid have been more attention of researchers. The BBM is 

obtained using the measured results at the transformer terminals. 

For such modeling, the zero and pole dependence of the system 

and the structure of the transformer must be known. Physical 

models are obtained based on the structure and size of the 

transformer, The physical model is already constrained and valid 

for a certain frequency range. To increase their frequency range, 

the details of the model should be increased [28]. Since the 

frequency analysis method is based on changes in the physical 

structure and insulation of the transformer, the detailed model is 

the most suitable model for FRA. In the detailed model, an RLC 

circuit model is considered for each section of the transformer, 

so that all the physical and electrical characteristics of that 

section are included in the model [37-38]. It should be noted that 

each section can include a turn or a disc of windings. Fig.1 shows 

the physical structure of the transformer disc winding and how 

to model each section. As shown in Fig. 1, R and L are 

respectively the resistance and inductance of each section of the 

winding, and Rs and Cs model the insulation effect of each 

section, where Rs is a large value. Rg and Cg are the insulation 

resistance of each section to ground and the stray capacitance 

between each section to ground, respectively [39]. In addition, 

the transformer bushing is modeled using the model shown in 

Fig. 2. 

 

The equivalent circuit shown in Fig. 3 can be used to model the 

high-frequency transformer. The elements shown in the 

equivalent circuit are as follows: 

 

L: inductance of each winding section 

Mik: mutual inductance between two windings i and k 

RS: ohmic resistance of each winding section 

RP: insulation resistance of each section to ground or adjacent 

windings 

Ce: Capacitance of each section to ground (core or tank) 

Ki: Equivalent capacitance of each section 

CW: Capacitance between two windings 

 
C.  Necessity of the research and Novelty 

  This paper is an in-depth discussion of measuring and 

interpreting FRA results and the ability of this method to detect 

and locate power transformer faults, especially insulation faults, 

which have been given less attention in the past. The information 

confirmed in this survey is expected to provide an important 

roadmap for future research in monitoring the condition of 

transformer insulation systems 

 

D. organization of the paper 
This paper aims to peruse the FRA method as an accurate and 

complementary method for diagnosing and locating transformer 

insulation faults. For this purpose, the rest of the paper is as 

follows: Section 2 introduces offline FRA, section 3, the types 

of FRA configuration, and Section 4, deals with the evaluation 

of FRA results. Also, in section 5, the FRA frequency range, in 

section 6, the online FRA, and section 7 deals with FRA results 

interpretation methods, section 8 deals with fault location based 

on FRA and finally, in section 9, the conclusions are drawn. 
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Fig. 1. Detailed model of transformer disc winding [37]  
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Fig. 2. Bushing model [38] 

 

 

 
Fig. 3. Detailed equivalent circuit of a winding layer and the 

connection between them [39] 

 

 

I. Offline FRA 
In the offline FRA method, the transformer must be isolated 

from the power system source and the tank must be grounded. In 

this method, an input signal is injected into one of the 

transformer terminals. It can be sweep frequency, impulse, or 

step voltage signals to ground. The reference signal is measured 

through the reference impedance (Rref). According to the type of 

measurement, the response signal is received through the 

measurement impedance (Rme) which is connected to another 

terminal. This signal is usually a voltage signal, but can also be 

a current signal, measured at the output terminal or any other 

grounded terminal. Fig. 4 shows the schematic of connections in 

an offline FRA. Two available methods to obtain offline FRA 

data are frequency domain (FD) and time domain (TD) 

measurements [36]. 

 

A. Measurement in the FD 
Measurement in the FD is obtained by applying a sinusoidal 

voltage signal to the winding. The frequency of this signal varies 

from Hz to MHz. The response signal is measured and the ratio 

between the injected signal and the response signal is calculated 

and displayed. The equipment required to perform offline FRA 

measurement is shown in Fig. 5. The transformer should be 

directly connected to the impedance analyzer by some meters of 

wire [40-43].  

 

B. Measurement in the TD 
This method consists of injecting a voltage signal in a short 

time on the winding structure. The response signal is recorded 

by digital oscilloscopes or transient recorders. The fast Fourier 

transform (FFT) analysis is applied to the recorded data. The 

FFT of signals is divided by the FFT of voltage to obtain the FRA 

plot [43]. 

 

 

 

 
Fig. 4. Connections of offline FRA [36] 
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Fig. 5. Measuring equipment in the FD [40] 

 

The injection voltage signal can be as follows: 

• Impulse voltages: This mode includes low voltage 

impulse waveforms in microsecond duration. 

• Switching overvoltage: these waveforms are similar to 

the voltages that are produced when the line is turned on 

or off. 

• Lightning overvoltage: these waveforms are similar to 

those that occur during lightning. 

• Wide Bandwidth Noise Signal: the signal frequency does 

not change and before applying the FFT, the FRA is 

performed. For this reason, the frequency content of the 

input signal must be wide enough. 

 

The measurement system in the TD should consist of a signal 

generator to produce the desired injection signal and recording 

equipment to record data [43]. 

 

C. input signal 
  There are two methods for injecting the wide range of 

frequencies required. Based on the injected or reference signal, 

the FRA can be divided into two groups: 

▪ Sweep Frequency Response Analysis (SFRA)  

▪ Impulse Frequency Response Analysis (IFRA) 

 

SFRA advantages: 

▪ The signal-to-noise ratio is high. Network analysts 

typically use a narrowband filter to remove noise. 

▪ Given that input and output waveforms are available for 

a wide frequency range, amplitude and phase angle 

curves are extracted without any additional conversion. 

▪ The number of desired frequency points can control 

image resolution. If more precise resolution is required, 

the range can be divided into multiple frequency bands 

and then measured. The distribution of points can usually 

be linear or logarithmic [36]. 

o the detection of mechanical faults since these faults cause 

the high-frequency equivalent circuit parameters to 

change which, could be detected easily using this test 

[44]. 

 

SFRA disadvantages: 

• Using the standard network analyser, it is not possible to 

determine several TFs at the same time. 

• The measurement process takes a long time: depending 

on the number of points and the amount of filtering, it 

may take several minutes. 

• The signal amplitude is low. 

• Averaging techniques are very time-consuming. 

 

IFRA advantages: 

• several TFs can be measured simultaneously, reducing 

outages during revision. 

• It is very fast compared to SFRA. The measurement 

process is usually done in one minute (several impulse 

signals are applied to create an average time series) [44-45]. 

 

IFRA disadvantages: 

• Frequency resolution is constant. This leads to poor 

resolution at low frequencies. This may make it difficult to 

diagnose electrical faults. In addition, the signals are 

usually filtered with high-pass filters to reduce the 

problems associated with the FFT function. 

• Noise cannot be filtered. 

• The power spectrum of the injected signal is frequency-

dependent.  

• Signals that are slowly damped are not recorded. 

• Noise and faults related to digitizers. 

• The reference and response signals are converted to the FD 

using FFT. Therefore, to some extent, accuracy depends on 

mathematical calculations [45-46]. 

 

SFRA and IFRA should have similar results under the same 

conditions. Recent research shows these methods can also be 

used in online FRA [47-48]. 

 

II. Types of FRA configuration 
The FR can be determined as a voltage ratio (VR) between 

two terminals of a phase or as the input impedance or admittance 

of a winding. In practice, using the VR is the most common. Of 

course, some studies have used input impedance or admittance 

for FRA and the results show that these TFs can detect faults. As 

shown in Fig. 6, common circuit connections are [36]: 

• open-circuit (OC) connection 

• short-circuit (SC) connection 

• capacitive inter-winding connection 

• inductive inter-winding connection 

 

In Fig. 6, Vr is the reference voltage and Vm is the response 

voltage [36]. 

 

A. Open-circuit 
In this connection, the reference signal is injected into one of 

the winding terminals while all the other terminals are OC, the 

FR is measured at the other winding terminal (Fig.6(a)). This 

method is used for windings with Y and D connections as well 

as for single-phase units. It can be used to evaluate the core [36]. 

 

B. Short-circuit 

The SC connection is also done in a similar as the OC 

connection, but on the secondary side, the winding in the 

identical phase is SC (Fig. 6(b)). Short circuit connection is only 

suitable for evaluating windings [36]. 

 

C. Capacitive inter-winding 
In this connection, the reference signal is injected into one of 

the winding terminals and the response signal is obtained from 

the same phase winding on the secondary side, while the other 

terminals are OC (Fig. 6(c)).  

 

D. Inductive inter-winding   
This connection is done in the same as the capacitive inter-

winding, except that the second terminals of the windings under 

test are grounded (Fig. 6(d)). The response signal in the low and 

medium frequency range practically represents the transformer 

ratio and at higher frequencies does not have beneficial data [35, 

42, 45]. 

According to what has been said, the accuracy of FRA 

depends on the type of configuration and its components. Some 

studies have investigated the accuracy and ability to detect FRA 

in different connections and termination resistors [49-55]. The 

results show that in many cases, the TFs based on the VR have 

the highest accuracy and the input admittance has the lowest 

accuracy in FRA measurement [51]. Also, in the diagnosis of 

mechanical defects, the capacitive inter-winding connection is 
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the most precise among the four connections mentioned. 

Furthermore, adjusting the measuring impedance and 

terminating resistors significantly reduces the noise in the FRA 

results [52].  

 

III. Evaluation of FRA results 
Response data can be evaluated with reference data, directly 

(visual inspection) or indirectly (after data processing) [39]. As 

shown in Fig. 7, three common methods for obtaining reference 

data are as follows: 

 

A. Time-based 

In this method, the fingerprint data is obtained from previous 

FRA test results on a healthy transformer.  This data is obtained 

when we make sure that the transformer does not have any 

defects or problems (for example, right after the installation of 

the transformer) [36]. 

 

B. Type-based 

Another method to collect reference data is to use the FRA test 

results of similar transformers. These transformers are named 

twins or sisters and they mainly include distribution transformers 

[36]. 

 

C. Construction-based 

Another recommended alternative method is to use the results 

of the other phases of the power transformers, due to the 

symmetry in the construction. This method is mainly used for 

transformers at the transmission level. [35-36, 42, 57]. 

IV. Frequency range 
The FRA response can be classified into three ranges: low 

frequency, medium frequency and high frequency. The FRA 

frequency range should be chosen according to the expected fault. 

It should be noted that for this purpose, factors such as measuring 

equipment, noise, natural frequencies of the winding, core 

magnetization, etc., which can affect the test results, must be 

taken into account [58-60]. The frequency range is divided into 

bands which are shown in Table 1. In Table 2, the parameters of 

the transformer model and the mechanical faults affecting them 

are given. The effects of ±10% changes in various electrical 

parameters on the amplitude and resonance frequency of the 

FRA (compared to the FRA signature) are summarized in Table 

3. In Table 4, the effect of changing different parameters of the 

transformer model on FRA is shown [34]. 

 

 

𝑽𝒓 
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𝑽𝒓 

𝑽𝒎 

𝑽𝒓 𝑽𝒎 𝑽𝒓 𝑽𝒎 

(a) (b) (d)(c)  
 

Fig. 6. FRA circuit configurations: a) open-circuit, b) short-

circuit, c) capacitive inter-winding, d) inductive inter-winding [36]. 

 

 

 
 

Fig. 7. Types of evaluation in the FRA test 

 
TABLE 1  FREQUENCY BANDS AND THEIR SENSIVITY TO DIFFERENT FAULTS [34] 

Frequency Band Fault Sensitivity 

>400kHz 20-400 kHz <20 kHz 

No No Yes Core deformation, Open circuits, Short turns residual magnetism 

No No Yes Bulk winding movement, Clamping structure loosing 

Yes Yes No Deformation within the main or tap winding 

Yes No No Ground impedance variations 

 
TABLE 2  CORRELATION BETWEEN MECHANICAL FAULTS AND TRANSFORMER MODEL PARAMETERS [34] 

Symbol Type of Fault Model Parameter 

Ls Disc deformation, Local breakdown, Core deformation and winding short 

circuit 

Inductance 

Csh Disc movement, Buckling due to large mechanical forces, Moisture ingress and 

loss of clamping pressure 

Shunt capacitance 

Rs Shorted or broken disc, Failure of caulking contacts and tap changer contact 

wear 

Resistance 

CHL Aging of insulation, Moisture ingress and disc movement Series capacitance 
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TABLE 3  EFFECT OF CHANGING ELECTRICAL PARAMETERS ON AMPLITUDE AND RESONANCE FREQUENCY [34] 
Frequency Range Parameters Variations 

>400kHz 20-400 kHz <20 kHz 

Magnitude and resonance 

frequencies decreased 

Magnitude and resonance 

frequencies decreased 

Magnitude and resonance 

frequencies decreased 

10% increase Ls 

Magnitude and resonance 

frequencies increased 

Magnitude and resonance 

frequencies increased 

Magnitude and resonance 

frequencies increased 

10% decrease 

Magnitude and resonance 

frequencies decreased 

No Impact No Impact 10% increase Csh 

Magnitude and resonance 

frequencies increased 

No Impact No Impact 10% decrease 

Magnitude and resonance 

frequencies decreased 

No Impact No Impact 10% increase Cg 

Magnitude and resonance 

frequencies increased 

No Impact No Impact 10% decrease 

Resonance frequencies 

increased 

Resonance frequencies 

increased 

Resonance frequencies 

increased 

10% increase Mg 

Resonance frequencies 

decreased 

Resonance frequencies 

decreased 

Resonance frequencies 

decreased 

10% decrease 

Magnitude decreased No Impact No Impact 10% increase G 

 

 
TABLE 4  EFFECT OF DIFFERENT PARAMETERS ON FRA SIGNATURE [34] 

Frequency Range Parameters Variations 

High Medium Low 

Amplitude change Resonance peaks shift right 
amplitude change 

Amplitude change 10% decrease Ls 

Amplitude change Resonance peaks shift right 

amplitude change 

Amplitude change 10% increase 

Resonance peaks shift right 

amplitude change 

No Impact No Impact 10% decrease Csh 

Resonance peaks shift right 

amplitude change 

No Impact No Impact 10% increase 

Resonance peaks shift right 

amplitude change 

Resonance peaks shift right 
amplitude change 

Amplitude change 10% decrease Cg 

Resonance peaks shift   left 

amplitude change 

Resonance peaks shift left 

amplitude change 

Amplitude change 10% increase 

Amplitude change No Impact No Impact 10% decrease Rs 

Resonance peaks shift right 

amplitude change 

Amplitude change No Impact 10% increase 

No Impact No Impact No Impact 10% decrease G 

Resonance peaks shift right 

amplitude change 

Amplitude change Amplitude change 10% increase 

 

 

V. Online FRA 

As mentioned, offline FRA has many advantages compared to 

other methods of assessing the condition of the transformer, but 

for this, it is necessary to take the transformer out of service. Due 

to its high importance in the power system, out of service of the 

transformer imposes a high cost on the network and will reduce 

the reliability of the grid.  For this reason, research is being 

developed to conduct the online FRA [36]. 

The problem arises when the transformer is energized during 

the measurement process. In this condition, high voltage is 

available and also oil is circulating inside the transformer tank. 

Among the major problems in measuring online TF, the 

following can be mentioned [25]: 

• Lack of proper signal for injection. 

• Isolating the response of the transformer from the external 

system. 

• Problems related to natural variations within the transformer, 

such as winding temperature and steady-state magnetization. 

• transformer state caused by loading conditions; 

• Instrumentation system protection against power signal. 

• Effect of LV load on the TF results. 

• Oil circulation inside the transformer tank. 

• Oil bushing on the LV side of the transformer because it 

does not have a test tap. 

 

Regarding signal injection, it is important to note that making 

a direct connection to the high-voltage bus or overhead line 

between the transformer and the surge arrester is complicated 

and expensive due to the need for insulation. Therefore, the best 

way is to use the tap bushing of the transformer as an 

input/output for testing the transformer. It is also suitable for 

injecting a low-voltage signal as an input when measuring the 

online TF. The impulse or sweep frequency can be applied 

through a coaxial cable or optical fiber through an external 

connection circuit and create a low voltage on the test tap as a 

reference signal. Then, on the other side of the winding under 

test that has passed through the neutral bushing, the response 

signal can be measured. Accordingly, the neutral test tap will be 

the output probe. If the neutral bushing is connected to the 

ground, the protective circuit for the neutral bushing is not 

necessary. In the case of three-phase transformers, if the 

connection is delta, a protective circuit is required for the input 

as well as the output test taps. In addition, the measurement can 

be done between two phases, in this case, the validity of the 

measured signal is debatable [25, 60-61]. 

If the signal is controlled, both SFRA and IFRA tests can be 

performed, but if the signal is uncontrolled, only the IFRA test is 

applicable. Due to the connection of the transformer to the 

network and the mentioned limitations, the response signal needs 
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filtering and a series of mathematical processes. This process is 

shown in Fig. 8. It should be noted that due to the connection of 

the transformer to the network, the FR in the online FRA test is 

affected by the conditions of the network and the transformer in 

service, and this problem makes the measurement conditions 

more complicated. [36, 62]. 

To detect the deformation of transformer windings, the online 

methods used are the vibration method [63-65], the 

communication method [66-68], the current deformation 

coefficient method [69], the ultrasonic method [70], short-circuit 

impedance and winding stray reactance method [71] and TF 

method [72-73]. Fig. 9 provides an overview of the development 

of the online FRA method based on the type of excitation signal 

[74-80]. 

 

 

 

 

 
Fig. 8. Online FRA schematic [62] 
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Fig. 9. Online FRA based on the type of stimulation signal 

 

 

 

VI. FRA results in interpretation methods 
A. Interpretation of FRA results based on numerical 

indicators 
Numerical indices are the most common and intuitive methods 

to evaluate the amount of change between two FR measurements. 

Statistical indicators operate based on the degree of 

compatibility or lack of compatibility between two sets of 

measurements related to the fault and normal conditions of the 

transformer [34]. It is easier to use statistical measures and there 

is no need to calculate the parameters of the models which leads 

to faults and problems. These indices convert the difference 

between traces into a unique value that can be easily evaluated 

[81-88]. The measured indicators can be classified into two main 

groups: 

• Indicators derived directly from FR measurement data 

(amplitude and phase vectors). 

• Indicators based on resonance points (amplitude and 

frequency) 

All indices shown in Table 5, except complex distance (CD) 

index, are calculated based on amplitude vector. In the CD index, 

amplitude and phase responses are used to calculate the index. 

Indicators show different sensitivity to amplitude and FR 

changes, for example, correlation coefficient (CC) index is not 

affected by constant amplitude deviation between two traces, so 
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researchers have developed approaches that combine several 

indicators [89]. 

 
TABLE 5  NUMERICAL INDICES BASED ON FRA VECTORS 

References Equation Definition Abbreviation 

[98,119] 
𝐴𝑆𝐿𝐸 =

∑ |20 log10 𝑌1𝑖 − 20 log10 𝑌0𝑖|
𝑁
𝑖=1

𝑁
 

Absolute Sum of 

Logarithmic Error 

ASLE 

[102,108] 
𝑀𝑆𝐸 =

∑ (𝑌0𝑖 − 𝑌1𝑖)
2𝑁

𝑖=1

𝑁
 

Mean Square Error MSE 

[103] 

𝐶𝑆𝐷 = √
∑ [(𝑌0𝑖 − 𝑌0̅) − (𝑌1𝑖 − 𝑌1̅)]

2𝑁
𝑖=1

𝑁 − 1
 

Comparative Standard 

Deviation 

CSD 

[96] 

𝐸𝐷 = √∑(𝑌0𝑖 − 𝑌1𝑖)
2

𝑁

𝑖=1

 

Euclidean Distance ED 

[130] 

𝑆𝐷 = √
∑ (𝑌0𝑖 − 𝑌1𝑖)

2𝑁
𝑖=1

𝑁
 

Standard Deviation SD 

[92] 

𝑅𝑀𝑆𝐸 = √
1

𝑁
∑[

|𝑌0𝑖| − |𝑌1𝑖|
1

𝑁
∑ |𝑌1𝑖|
𝑁
𝑖=1

]2
𝑁

𝑖=1

 

Root Mean Square 

Error 

RMSE 

[107,109] 

σ =
1

𝑁
∑√[

𝑌0𝑖 − (
𝑌0𝑖+𝑌1𝑖

2
)

𝑌0𝑖+𝑌1𝑖

2

]2 + [
𝑌1𝑖 − (

𝑌1𝑖+𝑌0𝑖

2
)

𝑌1𝑖+𝑌0𝑖

2

]2
𝑁

𝑖=1

 

Spectrum Deviation σ 

[121] 

𝜎𝑠 =
100

𝑁
∑|

𝑌0𝑖 + 𝑌1𝑖
𝑌1𝑖

|

𝑁

𝑖=1

 
Stochastic Spectrum 

Deviation 
𝜎𝑠 

[31] 

𝑆𝑆𝑅𝐸 =
∑ (

𝑌1𝑖

𝑌0𝑖
− 1)2𝑁

𝑖=1

𝑁
 

Sum Squared Ratio 
Error 

SSRE 

[119] 

𝑆𝑆𝑀𝑀𝑅𝐸 =
∑ (

max⁡(𝑌0𝑖.𝑌1𝑖)

min⁡(𝑌0𝑖.𝑌1𝑖)
− 1)2𝑁

𝑖=1

𝑁
 

Sum Squared Max-
Min Ratio Error 

SSMMRE 

[105,106] 
𝑀𝑀 =

∑ min⁡(𝑌0𝑖.𝑌1𝑖)
𝑁
𝑖=1

∑ max⁡(𝑌0𝑖.𝑌1𝑖)
𝑁
𝑖=1

 
Max-Min Ratio MM 

 
𝐶𝐶𝐹 =

∑ (𝑌1𝑖 − 𝑌1̅) − (𝑌0𝑖 − 𝑌0̅)
𝑁
𝑖=1

√∑ (𝑌1𝑖 − 𝑌1̅)
2𝑁

𝑖=1 . √∑ (𝑌0𝑖 − 𝑌0̅)
2𝑁

𝑖=1 ⁡
 

Cross Correlation 

Factor 

CCF 

[95] 

ρ =
∑ [|𝑌1𝑖| −

1

𝑁
∑ 𝑌1𝑖
𝑁
𝑖=1 ] [𝑁

𝑖=1 |𝑌0𝑖| −
1

𝑁
∑ 𝑌𝑜𝑖
𝑁
𝑖=1 ]

√∑ [|𝑌1𝑖| −
1

𝑁
∑ 𝑌1𝑖
𝑁
𝑖=1 ]𝑁

𝑖=1

2
∑ [|𝑌0𝑖| −

1

𝑁
∑ 𝑌0𝑖
𝑁
𝑖=1 ]𝑁

𝑖=1

2

⁡

 

Normalized 

Correlation Coefficient 

ρ 

[97] 
CC =

∑ 𝑌0𝑖𝑌1𝑖
𝑁
𝑖=1

√∑ [𝑌0𝑖]
𝑁
𝑖=1

2
∑ [𝑌1𝑖]
𝑁
𝑖=1

2
⁡

 
Correlation 

Coefficient 
CC 

[104] 

𝐶𝐷 = √∑(
|𝑌1𝑖𝑐𝑜𝑠𝜑𝑌1𝑖

− 𝑌0𝑖𝑐𝑜𝑠𝜑𝑌0𝑖|
2

+|𝑌1𝑖𝑠𝑖𝑛𝜑𝑌1𝑖
− 𝑌0𝑖𝑠𝑖𝑛𝜑𝑌0𝑖|

2)

𝑁

𝑖=1

 

Complex 
Distance 

CD 

[103] 
DABS =

∑ |𝑌0𝑖 − 𝑌1𝑖|
𝑁
𝑖=1

𝑁
 

Absolute Difference DABS 

 

 

The development of indices based on resonance points 

involves an additional challenge regarding the position of the 

resonance points (maximum and minimum), which may seem 

simple, but especially in the case of noise or small resonances, 

the detection of the actual resonance frequency is very sensitive 

and may create faults in these indicators [90]. The vector fitting 

approach can be used to fit a rational function to the measured 

FR and thus estimate the maximum and minimum (pole and zero) 

[91]. The accuracy of the fitting result should be within the 

reproducible range of the measurement, i.e., the main resonances 

should be recorded with a frequency deviation less than the 

recorded frequency resolution [92]. [93] uses the derivative of 

TF equations by processing FRA data to evaluate the condition 

of transformer windings. These functions are used for the 

mathematical description of FRA curves, and by observing the 

FRA curves produced by these functions, they can check the 

transformer winding condition.  

In Table 5, the most common numerical indices extracted from 

FRA vectors and also in Table 6, numerical indices extracted 

from resonance frequency points are presented. In Table 5, Y0 is 

the reference set of data, Y1 is a set of compared data, 𝑌0̅̅̅̅  and 

𝑌1̅̅̅̅  are the arithmetic mean values of all the accumulated values 

of a data set and N is the total number of points. In Table 6, the 

subscripts X and Y refer to new traces and FRA fingerprints, 

respectively. A(i) and f(i) refer to the amplitude and frequency 

of the i-th resonance or anti-resonance point, respectively, and 

AF represents the level below the FRA trace between two anti-

resonance points. Pi represents the i-th pole of the rational 

function, a and b are the numerator and denominator coefficients 

of the rational function, and m and n are the order of estimation 

of the numerator and denominator polynomials, respectively. Wai 

and Wfi are the weighting factors of the i-th resonance point. 

 [94] proposes a transformer winding fault detection method 

based on the polar plot. The excitation-response ratio is provided 
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to calculate the relative coefficient for partial fault detection. The 

fault states are detected by the polar plot distribution, which 

combines the amplitude-frequency and phase-frequency 

characteristics.  
 

TABLE 6  NUMERICAL INDICES BASED ON RESONANCE AND ANTI-RESONANCE POINTS 
References Equation Definition Abbreviation 

[90] 

MDA =
1

𝐾
∑|𝐴𝐹𝑌(𝑖) − 𝐴𝐹𝑋(𝑖)|

𝐾

𝑖=1

 
Mean 

Deviation of 

Areas 

 

MDA 

[90] 

MAD =
1

𝐾
∑|𝐴𝑌(𝑖) − 𝐴𝑋(𝑖)|

𝐾

𝑖=1

 
Mean 

Amplitude 

Deviation 
 

MAD 

[90] 

MAD =
1

𝐾
∑|𝑓𝑌(𝑖) − 𝑓𝑋(𝑖)|

𝐾

𝑖=1

 
Mean 

Frequency 

Deviation 
 

MFD 

[99] 

IAD =∑|
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𝐾
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Index of 

Amplitude 
Deviation 
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FI 
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SDP =∑|
𝑃𝑌(𝑖) − 𝑃𝑋(𝑖)

𝑃𝑋(𝑖)
|

𝐾

𝑖=1

 
Sum of 

absolute 

Displacement of 

Poles 
 

SDP 

B. Interpretation of FRA results based on machine learning 
Machine learning and artificial neural networks (ANN) are 

intelligent algorithms often used for pattern classification by 

learning from examples. In unsupervised learning, monitoring 

the network and providing target outputs to match the inputs is 

unnecessary. In supervised learning, a target output is provided 

for each input vector injected into the network. Based on the 

calculated output fault (the difference between the target output 

and the estimated output), the network adjusts its synaptic weight 

using heuristic algorithms in each iteration [111-112]. [113] 

presents a new approach using a multi-layered perceptron model 

for modeling and direct analysis of FRA data, simulating types 

and degrees of the transformer winding faults. [114] compares 

several well-known and widely used classifications of machine 

learning, including radial basis function (RBF), support vector 

machine (SVM), and statistical k-nearest neighbour (k-NN). In 

recent years, due to the ability of these models to solve 

classification problems, regression, and other applications, they 

have become very popular in various fields. RBF, SVM, and k-

NN networks performed well classification of faults using 

the CSD index and desired frequency ranges as input. 
 

[115-118] estimates the parameters of a three-phase low-

frequency model of the transformer by using the data obtained 

from the FR. [119-120] estimates the FRA data by a rational 

function consisting of two polynomials describing the zeros and 

poles of the transformer model. ANN and fuzzy logic have also 

been used to compare and interpret the results of the TF of 

transformers [121-124]. 

[125] presents an algorithm for interpreting FRA results based 

on numerical indicators and a supervised machine-learning 

technique. For this purpose, random forest (RF) classifiers were 

developed for the first time to identify the 

condition of transformer windings and classify various faults 

in transformer windings. The results show that the 

much human intervention. [126] by presenting the enhanced 

vector fitting algorithm, tries to create an algorithm with 

appropriate accuracy for the automatic interpretation of the 

results measured by FRA. However, to detect any spectral 

deviation as detection of any mechanical damage inside the 

transformer, the impedance measurement must be free from 

other influences such as the change in the state of the insulating 

materials (paper, pressboard and oil) that may cause spectral 

deviations in the FR of the winding impedance [127]. 

Furthermore, the laminated steel core can only support 

magnetic flux up to about 100 kHz. Therefore, any change in a 

material property (permeability) or clamping structure can 
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lead to deviation in the FRA spectrum in this frequency 

range [128].  [129] uses ensemble machine learning techniques 

to detect and diagnose transformer mechanical faults based on 

the extraction of winding frequency responses using outlier 

detection and ensemble algorithms, which together form an 

efficient hybrid method. 

 

VII. Fault location based on FRA 
In many studies, various methods have been presented to 

detect the type, location, and extent of faults in power 

transformers. [130] Classification of the type, location and 

intensity of different faults is done using a support vector 

machine with cubic polynomial kernel. The accuracy of 

different indices and amplitude, phase, real and imaginary 

components of TF have been checked. [131-132] presented a 

new calculation method of TF comparison indices called 

windowed calculated index (W-index). The ability and 

accuracy of the proposed W-index were studied and Fisher 

discriminant analysis was used to classify the fault as well as 

to determine the location and intensity of the fault. [133] 

proposed an algorithm to determine the location and amount 

of winding buckling. The fault location is determined by 

comparing the direction of change of the measured and 

simulated results at resonant frequencies, and the SD index is 

proposed to determine the amount of deformation of the 

winding. [134] investigated the mechanical faults of DSV, RD, 

and AD on three different test samples of similar size using 

their TF.  

To determine the type of fault using the CC index in 

different frequency ranges, a certain coefficient (α) has been 

used so that the weight functions of amplitude and frequency 

can specify the location along with the amount of fault. The 

disc-disc, RD, and AD faults in the winding are modeled based 

on the detailed model presented in [135]. Some correlation-

based features and other mathematical models of TF 

measurement were used to train the ANN classifier. The results 

show an overall accuracy of 98.8% for detecting the type of 

fault and 95.4% for detecting the location of the fault, and there 

is no discussion about the amount of fault. [136] proposes a 

new location method for transformer failure. This method is 

based on a combination of FRA and evidential reasoning (ER) 

process. 

The wavelet transform (WT) has proven to be very efficient 

for the study of transient signals, as it can analyze and change 

the resolution of signals in both the TD and FD. This change 

occurs because the WT allows good resolution for the analysis 

of both slowly varying (60 Hz) and rapidly varying 

components typically associated with high-frequency events 

[137]. The rationale behind decomposing FRA responses using 

WT is to create smooth TF versions with different levels of 

information to improve the signal difference detection process 

for different frequency regions. This method adds more 

robustness to the FRA and reduces the possible impact of 

disturbances during the measurement on the detection result 

[138].  Also [139] a method based on wavelet transform is 

proposed as a powerful technique to analyze even slight 

changes in transformer FR characteristics for fault detection. 

[140] introduces a new theoretical method to obtain the FR 

curve with the transformer in service (online) from the 

transient signals analysis by applying the continuous WT. [141] 

presents a new method for fault detection and location in 

power transformers. In this method, the neutral current, whose 

change is very minor in the event of a minor fault, is analyzed 

using the WT, and its performance is investigated by 

considering a fault in different locations. The WT benefits 

from the TF in three aspects: 

1. The neutral current that changes when the fault occurs is 

seen as a non-constant signal and used directly in the 

analysis, without any reference to the voltage, as in the TF. 

2. The time of fault occurrence can be recognized. This time 

provides a means to accurately detect the location of the 

fault in a particular transformer winding, based on the 

wave propagation speed. 

3. It is possible to find very minor faults while it is not 

possible with TF. 

In Table 7, some papers are categorized according to the 

type of fault identified, and the method of identification and 

index used. 

[142-143] presents a new method for detecting and locating 

turn-turn faults in power transformers using both the TF 

method and the ANN technique. Some faults in turn in the 

winding have been simulated and the corresponding TF has 

been measured. Then, using ANN and a back-propagation 

learning algorithm, a method to identify the fault location is 

presented. The results show that if the ANN network is trained 

using the provided patterns, it can well detect the location of 

the fault. 

 
TABLE 7  CLASSIFYING SOME REFERENCES FOR 

FAULT LOCATION METHOD 
Type of Fault Proposed Method Ref. 

 

winding fault (SC, OC) 

ANN technique [134],[141], 
[142] 

Wavelet Transform [136-140] 

Polar Plot [92] 

Winding deformation 

(AD, RD, DSV) 

 

Support Vector 
Machine 

[114],[118] 

mechanical 

displacements (AD, 

RD) 

Vector Fitting [101],[116] 

 

 

VIII. Conclusion 
The power transformer insulation system is one of the vital 

parts of the power transformer. Thus, the quality of the 

insulation system must be constantly monitored. One of the 

most powerful and accurate tools for diagnosing and locating 

various faults in power transformers is FRA. But interpreting 

FRA curves still requires a higher level of expertise to identify 

and quantify faults. Because the FRA interpretive code is not 

yet widely accepted. Most of the conducted studies have dealt 

with the detection and location of faults related to the winding. 

This paper, after an in-depth study of the application of FRA 

as a fault detection method in transformers, examines the 

ability of this method to detect and locate insulation faults in 

transformers. Studies show that based on the detailed model of 

the transformer, any change in the insulation condition leads 

to a change in the parameters of this model, and it is possible 

to detect and locate these types of faults by FRA. 
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This article focuses on the design of a controller for quadcopter position control, which 

is then used to organize a group of quadcopters into a specific formation. Initially, PID 

controllers are developed to manage all output variables of the quadcopter systems 

efficiently. Subsequently, a constrained tube-model predictive control (Tube-MPC) 

approach is implemented to regulate the system's position, comparing its performance to 

that of the tube-MPC controller. The article also explores the coordination of a group of 

six quadcopters, focusing on achieving a predefined formation that maintains the desired 

shape. Three different scenarios are examined to control the formation, assessing how 

each approach influences the arrangement and coordination of the quadcopters. The 

dynamics of the system's control are crucial for effective operation in multi-agent 

systems. Moreover, the configuration of the quadcopters is influenced by each 

quadcopter's internal controller, ensuring accurate formation and tracking. This study 

underscores the significance of sophisticated control strategies in improving the 

performance and coordination of multiple quadcopter systems. 

NOMENCLATURE 

𝑚 Quadcopter total mass 

𝑙 Length of quadcopter arm 

𝐼𝑥 Rotational inertial along the x-axis 

𝐼𝑦 Rotational inertial along y-axis 

𝐼𝑧 Rotational inertial along z-axis 

𝑗𝑟 Rotor’s inertial 

𝑔 Acceleration due to gravity 

 

𝑟𝑎       Obstacle radios 

𝐾𝑟 Constant coefficient  

𝐾𝑎 Constant coefficient 

𝑘 Constant coefficient 

𝑞𝑜 Circle position 

𝜆𝑖 Constant coefficient 

𝑡𝑠 Formation transition time 

𝜏 Exponential rate 

𝑑𝑖
1 Desired distanc

 

I. Introduction 

 

In recent years, the field of quadcopters, also known as 

quadrotor helicopters, has experienced a surge in interest. 

These UAVs and other unmanned aerial vehicles are no longer 

limited to military applications but have expanded into civilian, 

research, and commercial domains. Examples of application 

scenarios range from military and law enforcement 

surveillance and reconnaissance to fire monitoring, 

agricultural services, and nuclear reactor inspection. 

The unmanned aerial vehicle (UAV) system is rapidly 

advancing and proving highly practical in unmanned systems. 

Its affordability, ease of use, and versatility make it a standout. 

Among UAV types, the quadrotor stands out for its ability to 
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hover, take off, land vertically, and fly indoors. As applications 

and mission requirements grow more diverse, single UAV 

capabilities are becoming constrained, highlighting the 

importance of coordinating multiple UAVs for formation 

flights in various scenarios [1-3]. A fleet of cost-effective 

UAVs has the potential to substitute costly multi-functional 

drones in extensive, high-precision missions, thereby boosting 

mission success rates[4]. The quadrotor's dynamics present a 

challenge due to having six degrees of freedom but only four 

inputs. This results in nonlinear, coupled, and under-actuated 

dynamics, making control difficult. Furthermore, during 

formation flight, quadrotors are susceptible to aerodynamic 

effects and random disturbances, necessitating advanced 

control strategies for stable, autonomous flight. Various 

strategies have emerged to address these control challenges in 

formation flight. For instance, Fu et al. delved into algorithms 

that maintained and reconstructed formations by employing 

artificial potential fields [5]. While the initial dynamic model 

of quadcopters is the starting point for all studies, subsequent 

research has introduced more complex aerodynamic features 

[6, 7]. Certainty-equivalent model predictive control (MPC) is 

a contemporary optimization-driven control method widely 

employed across diverse industrial processes[8, 9]. Wolfe et al. 

demonstrated the effectiveness of distributed multi-model 

Model Predictive Control (MPC) for tracking ground targets 

using quadrotors. The control algorithm was executed on the 

UAV's onboard computer[10]. Kuriki et al. developed a 

formation controller with obstacle avoidance capabilities by 

leveraging distributed Model Predictive Control (MPC) and a 

linearized model[11]. Additionally, from a geometric 

perspective, an NMPC design was introduced in [12] to 

address obstacle avoidance and enable aggressive trajectory 

tracking.  Zhou et al. devised a controller for inward collision 

avoidance utilizing nonlinear Model Predictive Control 

(NMPC). Their approach involved a first-order model in two-

dimensional space[13]. Unlike certainty-equivalent MPC, 

robust Model Predictive Control (MPC) offers a feasibility 

guarantee for the controlled system, typically within a 

specified uncertainty range[14]. In implementing MPC 

controllers, the computational time required to derive the 

feedback law is a major concern. Significant efforts have been 

dedicated to addressing certainty-equivalent MPC[15]. While 

the MPC framework has been introduced in previous 

studies[16, 17], there remains a necessity for additional 

reduction in computational burden within the control 

algorithms to facilitate the practical implementation of 

formation flight. The computational resources conserved could 

then be allocated to expanding the prediction horizon by 

employing a more precise UAV dynamics model. Model 

Predictive Control (MPC) has been utilized in quadcopter 

systems to track reference trajectories while accommodating 

disturbances. Additionally, nonlinear H-infinity techniques 

have enhanced the system's robustness[18]. Different control 

methods have been investigated for quadcopter control, 

including PID controllers[19, 20]. Moreover, in most articles 

related to quadcopters, the primary focus is on the impact of 

disturbances, addressing simulation results, and, to a large 

extent, not concentrating on experimental studies[21, 22]. In 

[23], the fundamental aspects of modeling and controlling 

quadcopters are discussed as a basis for further research and 

developments in this field. In the article mentioned above, the 

differential dynamic equations of a quadcopter are presented 

and simulated; then, stability is addressed by implementing a 

PD controller. Additionally, in [24], the motor model of a 

quadrotor is investigated using body equations and nonlinear 

simulation. Furthermore, algorithms and tracking models are 

being utilized to enable a quadcopter to track objects and 

perform optimal movements accurately[25]. In this study, after 

examining the mathematical model of a quadcopter and its 

motion equations, algorithms and controls related to object 

tracking are adjusted to track objects and perform optimal 

movements intelligently. In another study[26], a PID 

controller was designed to control a quadcopter's height, 

attitude, direction, and position. Subsequently, a PID 

controller is proposed for the nonlinear model, and the results 

are analyzed, concluding with a simple interfering PID 

controller for path tracking. Additionally, extensive research 

has been conducted on the group arrangement of quadcopters. 

For example, in[27], a distributed predictive model-based 

controller is suggested based on consensus theory for the group 

control of quadcopters. This controller addresses issues such 

as collision avoidance, obstacle avoidance, and maintaining 

communication topology during the movement of agents to 

achieve the desired formation. On a broader scale, a collision 

avoidance system based on herd decentralization by defining 

an anti-Laplacian matrix is provided[28]. Moreover, methods 

and regulations for arranging quadcopters are detailed and 

simulated in[29]. A robust model predictive control (MPC) 

approach has been proposed for quadcopter trajectory tracking, 

addressing the challenges of nonlinearity and disturbances by 

utilizing differential flatness for variable reformulation. This 

method transforms the trajectory tracking problem into the 

stabilization of a constrained linear time-invariant system, 

enabling effective control under disturbances. The approach is 

validated through simulations and experiments, demonstrating 

its capability to maintain robust tracking despite external 

disturbances  in [30]. in [31] presents a tube-based nonlinear 

model predictive control (NMPC) strategy tailored for non-

holonomic systems. The approach addresses the challenge of 

handling system constraints and disturbances by creating a 

robust control tube around the desired trajectory, ensuring 

stability and constraint satisfaction in real-time applications. In 

[32], formation control of quadcopters with mixed constraints 

is discussed, and other studies have investigated formation 

tracking control for a group of quadcopters with desired 

predefined trajectories in[33]. These challenges arise from 
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several factors, including the methodology used for control 

design, the need for effective communication among all agents, 

the potential for collisions, and the intrinsic complexity of 

quadcopter dynamics.[34, 35].  In [36], the author uses a 

leader-follower approach to form and control unmanned 

surface vehicle (USV) networks. The authors address the 

challenges posed by system uncertainties and stochastic 

disturbances in maintaining the formation. They propose a 

robust control method designed to handle these uncertainties 

and random disturbances, ensuring the stability of the 

formation. In [37] considered the DOCC of MASs with input 

saturation and collision avoidance constraints. On the other 

hand, [38] explore a method for localizing a radio frequency 

(RF) source by leveraging the presence of obstacles and their 

reflective properties. The authors propose a technique that uses 

a map of obstacles in the environment to enhance the accuracy 

of RF source localization. By accounting for reflections off 

surfaces, the method improves localization precision in 

complex environments where direct line-of-sight might be 

obstructed. The study demonstrates that incorporating 

information about obstacles and reflections significantly 

enhances the ability to pinpoint the RF source’s location 

accurately. 

The simulation results presented in the paper demonstrate 

the effectiveness of the proposed method under various 

environmental conditions and disturbances. The main 

contributions of this paper are as follows: 

• Design a constrained Tube-MPC controller and 

compare it with a PID controller  with a 

Disturbance 

• Apply single-integrator formation to the nonlinear 

model with PID controller with three scenarios  
This study begins by presenting the nonlinear and linear 

models of the quadcopter. Subsequently, a PID controller is 

crafted for the nonlinear model. The design process extends to 

developing PID and Tube-MPC controllers for the linear 

system. Furthermore, a continuous endeavor involves 

formulating a single integrator formation control for a fleet of 

six quadcopters, explicitly defining control inputs for tracking 

an unknown target. Lastly, the concluding section showcases 

simulations and outputs for each phase, facilitating a 

comprehensive comparative analysis. 

The structure of this paper is outlined as follows: Section II 

describes the mathematical model of the quadcopter, while 

Section III presents the controllers. Section IV provides the 

formation control of a multi-agent quadcopter. Section V 

offers a simulation of controllers and formation of quadcopters. 

Lastly, the concluding remarks are shown in the final section. 

II. Quadcopter Model 
 
A typical quadcopter features four rotors arranged in a cross 

configuration. Adjusting the throttle involves simultaneously 

increasing or decreasing the speeds of all four rotors equally, 

generating a vertical force (𝑈1) in the body-fixed frame, which 

enables the quadcopter to ascend or descend. As shown in Fig. 

1, controlling the roll movement involves increasing the speed 

of the left rotor while decreasing the speed of the right rotor. 

Similarly, pitch movement is controlled by applying the same 

process to the other two rotors. For yaw motion control, the 

quadcopter adjusts the front and rear rotors to rotate 

counterclockwise while the other two rotors rotate clockwise. 

This allows the quadcopter to perform a yawing maneuver by 

increasing the speed of the counterclockwise rotating motors 

and reducing the speed of the clockwise rotating motors. 

Two reference frames are established to describe the 

dynamics of the quadcopter, as depicted in Fig. 1. The 

quadcopter's orientation is defined by three Euler angles: roll 

angle (𝜃), pitch angle (𝜑), and yaw angle (𝜓). The vector 

Ω𝑇 = (𝜑, 𝜃, 𝜓)represents these Euler angles, specifying the 

object's orientation. The vehicle's position in the inertial frame 

is given by the vector 𝑟𝑇 = (𝑥, 𝑦, 𝑧)The rotation matrix R is 

used to transform vectors from the body-fixed to the inertial 

frame. In this context, terms like 𝑐𝜃 denote the cosine of 𝜃, 

and 𝑠𝜃 denote the sine of 𝜃, facilitating the transformation 

between these frames. 

𝑅 = [

𝑐𝜓. 𝑐𝜃 𝑐𝜓. 𝑠𝜃. 𝑠𝜑 − 𝑠𝜓. 𝑐𝜑 𝑐𝜓. 𝑠𝜃. 𝑐𝜑 + 𝑠𝜓. 𝑠𝜑
𝑠𝛹. 𝑐𝜃 𝑠𝜓. 𝑠𝜃. 𝑠𝜑 + 𝑐𝜓. 𝑐𝜑 𝑠𝜓. 𝑠𝜃. 𝑐𝜑 − 𝑐𝜓. 𝑠𝜑
−𝑠𝜃 𝑐𝜃. 𝑠𝜑 𝑐𝜃. 𝑐𝜑

] (1) 

 

Each rotor generates a thrust force perpendicular to its plane 

of rotation and produces an induction moment that opposes the 

rotor's direction of rotation. The thrust force for each rotor is 

specified as follows: 

𝑇 = ∑ |𝐹𝑖|
4

𝑖=1
= 𝑏.∑ 𝜔𝑖

2
4

𝑖=1
    𝑖 = 1,2,3,4 (2) 

 

where 𝑏 represents the constant thrust coefficient, and  𝑤𝑖  

denotes the angular speed of each rotor [7]. The aerodynamic 

moment produced by the rotors is defined as follows: 

𝜏𝑖 = 𝑑. Ω𝑖
2  𝑖 = 1,2,3,4 (3) 

 

where 𝑑 is the constant drag coefficient of the propeller [7]. 

The external forces and torques acting on the quadcopter are 

determined according to criteria (3). 

 
Fig. 1. Configuration inertia and body fixed frame 
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𝐹𝐵 = (
0
0

𝑏(𝜔1
2 + 𝜔2

2 + 𝜔3
2 + 𝜔4

2)

) 

The speeds produced are used to generate a 

relative speed, 𝐹𝐵, Which is required for quadcopter 

dynamics, as shown in Equation(4). 

 

(4) 

𝑀 = (

𝐿𝑏(𝜔3
2 − 𝜔4

2)

𝐿𝑏(𝜔1
2 − 𝜔2

2)

𝑑(𝜔1
2 + 𝜔2

2 − 𝜔3
2 − 𝜔4

2)

) 

(5) 

the torque M consists of 𝜏𝜑 , 𝜏𝜃 , 𝜏𝜓 which is the moment’s 

input provided to the actuators to create the angular positional 

changes. 𝐿  being the distance between the rotor and the 

center of mass of the quadcopter, d They can be explained in 

equation (5).  

 

Overall dynamic model in the following form[38]: 

 

𝑥̈ = −(cos 𝜑 ⋅ 𝑠𝑖𝑛 𝜃 ⋅ cos𝜓 + 𝑠𝑖𝑛𝜑. 𝑠𝑖𝑛𝜓).
𝑈1

𝑚
 

𝑦̈ = (cos 𝜑 ⋅ 𝑠𝑖𝑛 𝜃 ⋅ 𝑐𝑜𝑠 𝜓 − 𝑠𝑖𝑛𝜑. 𝑠𝑖𝑛 𝜓).
𝑈1

𝑚
 

𝑧̈ = −𝑔 + (cos𝜑 ⋅ cos 𝜃).
𝑈1

𝑚
 

𝜑̈ = 𝜃̇𝜓̇ (
𝐼𝑦𝑦 − 𝐼𝑧𝑧

𝐼𝑥𝑥

) −
𝐽𝑟
𝐼𝑥𝑥

𝜃̇Ω𝑟 +
ℒ

𝐼𝑥𝑥

𝑈2 

𝜃̈ = 𝜙̇𝜓̇ (
𝐼𝑧𝑧 − 𝐼𝑥𝑥

𝐼𝑦𝑦

) +
𝐽𝑟
𝐼𝑦𝑦

𝜑̇Ω𝑟 +
ℒ

𝐼𝑦𝑦

𝑈3 

𝜓̈ = 𝜃̇𝜑̇ (
𝐼𝑥𝑥 − 𝐼𝑦𝑦

𝐼𝑧𝑧

) +
1

𝐼𝑧𝑧

𝑈4 

Ω𝑟 = (𝜔1 +  𝜔2 + 𝜔3 + 𝜔4) 

(6) 

where g is the gravity coefficient, m is the mass of the 

quadcopter, 𝜑, 𝜃, 𝜓   represent roll , pitch , and aw . 

𝐼𝑥𝑥 , 𝐼𝑦𝑦, 𝐼𝑧𝑧   is the total moment of inertia , 𝐽𝑟  is the rotor 

moment of inertia, Ω𝑟  is the total of gular speed , 

𝑈1, 𝑈2, 𝑈3, 𝑈4 are th control inputs . 

  

𝜔1
2 =

𝑇

4𝐾
−

𝜏𝜃

2𝐾𝑙
−

𝜏𝜓

4𝑏
 

𝜔2
2 =

𝑇

4𝐾
−

𝜏𝜙

2𝐾𝑙
+

𝜏𝜓

4𝑏
 

𝜔3
2 =

𝑇

4𝐾
−

𝜏𝜃

2𝐾𝑙
−

𝜏𝜓

4𝑏
 

𝜔4
2 =

𝑇

4𝐾
−

𝜏𝜙

2𝐾𝑙
+

𝜏𝜓

4𝑏
 

(7) 

 

𝑈1 = 𝑏(𝜔1
2 + 𝜔2

2 + 𝜔3
2 + 𝜔4

2) (8) 

𝑈2 = 𝑏(𝜔3
2 − 𝜔4

2) 

𝑈3 = 𝑏(𝜔1
2 − 𝜔4

2) 

𝑈4 = 𝑑(𝜔1
2 + 𝜔2

2 − 𝜔3
2 − 𝜔4

2) 

Equation 7 is implemented to receive torques and generate 

the angular velocity of motors. Subsequently, the input control 

of the model dynamics is presented in Equation 6 . 

 

𝑑

𝑑𝑡
[
𝜃̇
𝑖𝑎

] =  

[
 
 
 −

𝐵𝑚

𝐽
−

𝐾𝑡

𝐽

−
𝐾𝑡

𝐽
−

𝑅𝑡

𝐽 ]
 
 
 

[
𝜃̇
𝑖𝑎

] + [

0
1

𝐿𝑎

] 𝑣 (9) 

𝑦 =  [1 0] [
𝜃̇
𝑖𝑎

] (10) 

 

Equations 9 and 10 present the state-space model of the DC 

motor introduced in[39]The transfer function is derived and 

should be positioned within Block 3 before the equations by 

utilizing these equations. To linearize the above equations, 

𝜙 ,and 𝜃 are considered small and 𝜓 is considered to be zero. 

So that after linearization, they can be effectively neglected. 

 

𝑋̇ = 𝐴𝑋 + 𝐵𝑈  

      Y = CX + DU 

(11) 

  

𝐴 =

[
 
 
 
 
 
 
 
 
 
 
 

0 1 0 0 0 0
0 0 0 0 0 0
0
0
0
0
0
0
0

−𝑔
0
0

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
𝑔
0
0
0
0

1
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0

0
0
1
0
0
0
0
0
0
0

0 0 0 0 0 0
0 0 0 0 0 0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
1
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
1
0
0
0

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
1
0]
 
 
 
 
 
 
 
 
 
 
 

 
(12) 

 

 

𝐵 =

[
 
 
 
 
 
 
 
 
 
 
 
 
0
0
0
0
0
0
0
0
0
0
0
1

𝑚

0
1

𝐼𝑥
0
0
0
0
0
0
0
0
0
0

0
0
0
1

𝐼𝑦
0
0
0
0
0
0
0
0

0
0
0
0
0
1

𝐼𝑧
0
0
0
0
0
0]
 
 
 
 
 
 
 
 
 
 
 
 

 

 

(13) 

𝐶 = 𝐼12×12 (14) 

𝐷 = 012×4 (15) 
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III. Control Scheme 

In this section, the attitude control of the quadcopter is first 

investigated. Then, the position and attitude of the quadcopter 

are controlled. The PID, Tube-MPC algorithm is used for 

attitude and position control of the quadcopter. 

A. PID Controller 
 

At the beginning of this section, we design a PID controller 

for a non-linear system. In this context, we consider the 

reference values for both x and y to be 10 cm, and the reference 

value for z to be 20 cm. Moreover, the objective is to bring all 

angles to zero. The implementation diagram of the PID 

controller on the quadcopter is illustrated in Fig. 2 . 

 
Fig 2. Control diagram for quadcopter system 

 

In the design of the controller for the nonlinear system, the 

saturation value has been considered in the range of −
𝜋

36
 to 

𝜋

36
. In this case, the PID controller coefficients are obtained 

through a trial-and-error method to achieve admissible settling 

time. The PID controller control equation is as follows: 

𝑢(𝑡) = 𝐾𝑝𝑒(𝑡) + 𝐾𝑖 ∫𝑒(𝑡)𝑑𝑡 + 𝐾𝑑

𝑑𝑒(𝑡)

𝑑𝑡
 

𝑖 = 1,2,3,4,5,6 

(16) 

In (16), 𝐾𝑝 represents the proportional gain, 𝐾𝑖 represents 

the integral gain and 𝐾𝑑 represents the derivative gain. 

Furthermore, 𝑒(𝑡) represents the error between the desired 

value and the output.  

In the Quadcopter system, there are six positional states 

(𝑥, 𝑦, 𝑧) and three angular orientations (𝜑, 𝜃, 𝜓). However, 

only four control inputs are available, represented by the 

angular velocities of the four rotors, denoted as 𝜔𝑖 . The 

relationship between these states and the total thrust (𝑇) and 

torque  (𝜏) generated by the rotors is described in the 

Quadcopter's dynamics, as shown in Equation (1) The total 

thrust (𝑇) primarily affects the acceleration along the Z-axis, 

which is g the Z-axis, crucial for maintaining the Quadcopter 

airborne. Meanwhile, torque 𝜏𝜑 influences the angular 

acceleration around the 𝜑  angle, torque 𝜏𝜃 impacts the 

angular acceleration around the 𝜃 angle, and torque 

𝜏𝜓contributes to the angular acceleration around the 𝜓 angle. 

As shown in Fig. 3. 

 

𝑇 = (𝑔 + 𝑢1(𝑡)) ×
𝑚

𝑐𝑜𝑠𝜑. 𝑐𝑜𝑠𝜃

𝜏𝜑 = (𝑢2(𝑡)) × 𝐼𝑥𝑥

𝜏𝜃 = (𝑢3(𝑡)) × 𝐼𝑦𝑦

𝜏𝜓 = (𝑢4(𝑡)) × 𝐼𝑧𝑧

 (17) 

 
Fig. 3. Control nonlinear dynamic with motor dynamic schematic 

 

B.  Tube-MPC Control 
 
This section addresses the design of a Tube-Model 

Predictive Control (Tube-MPC) for the position control of a 

quadcopter. Generally, the key advantages of this controller 

over a PID controller lie in its online nature and adaptability. 

However, it is worth noting that the Tube-MPC controller 

tends to be slower than PID, and its implementation on the 

system is consistently more challenging. The Tube-MPC 

Controller solves a finite-horizon optimal control problem 

with constraints on the system at each sampling instant. After 

solving the problem at each sampling time, it optimizes the 

system state and then computes the optimal solution for the 

new state in the next sampling time. To address Tube-MPC 

problems, the cost function is formulated as follows: 

𝐽0(𝑋(0), 𝑈0) = 𝑝(𝑋) + ∑ 𝑞(𝑋(𝐾), 𝑈(𝐾))      

𝑁−1

𝑘=0

 (18) 

 In which  𝑝(𝑥𝑁) represents a Lyapunov function in the 

form of 𝑝(𝑥𝑁) = 𝑋𝑇𝑃𝑋, and 𝑞(𝑋(𝐾), 𝑈(𝐾)) is a quadratic 

function expressed as 𝑞(𝑋(𝐾), 𝑈(𝐾)) = 𝑋𝑇𝑄𝑋 + 𝑈𝑇𝑅𝑈 . 

Additionally, 𝑈0 denotes the input set over the time interval 

from 0 to 𝑁 − 1. 

In general, the solution framework for Tube-MPC problems 

is as follows: 

𝐽0
∗(𝑋(0)) = 𝑚𝑖𝑛

𝑈0
𝐽0(𝑋(0), 𝑈0) 

𝑠. 𝑡.   𝑋𝑘+1 = 𝐴𝑋𝑘 + 𝐵𝑈𝑘         𝑘 = 0,… . , 𝑁 − 1 

𝑋𝑘 ∈ 𝜒   𝑈𝑘 ∈ 𝒰              𝑘 = 0,… . , 𝑁 − 1  

              |
𝑑𝑈

𝑑𝑡
| ≤ 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

𝑋𝑁 ∈ 𝜒𝑓 

𝑋0 = 𝑋(0) 

(19) 
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 𝑁  is the time horizon and 𝜒 , 𝒰  , 𝜒𝑓  are polyhedral 

regions. 

 The introduction of constraints results in a reduction of the 

adequate size of polyhedral regions. This reduction raises the 

possibility of encountering situations where a solution for the 

equation may not be feasible. In response, Tube-MPC 

controllers can be designed to offer maximum saturation, 

minimum saturation, or zero, aligning with the specific 

requirements of the target quadcopter. 

The Tube-Model Predictive Control (Tube-MPC), 

functioning as an online controller, necessitates careful 

considerations when selecting a control or prediction horizon. 

Opting for a more extensive horizon may solve the system in a 

longer time step. Two strategies can be employed for those 

seeking solutions within a more minor time step. Firstly, one 

may reduce the control or prediction horizon, understanding 

that such an adjustment may impact system performance. 

Alternatively, the use of Explicit Tube-MPC offers a second 

solution. In this approach, the minimizing answer is computed 

and provided to the system as a function. However, this 

solution comes with the drawback of requiring substantial 

memory, rendering it both costly and resource-intensive. 

Consequently, quadcopters equipped with larger motors must 

effectively manage this added load. 

Furthermore, in this article, all computations are done by 

Tube-MPC block in MATLAB-Simulink. Therefore, we 

designed a Tube-MPC controller by adding four PD controllers 

to the Tube-MPC block, for this Fig. 4 ., Present a block 

diagram in Simulink of MATLAB. 

 
Fig. 4 . Tube MPC schematic 

 

IV. Formation Controller  
 
The proposed framework assumes that each quadrotor 

within the system senses the positions of other swarm 

members relative to a reference coordinate system. The control 

structure incorporates both inner and outer control loops. The 

inner loop is responsible for stabilizing the platform within a 

quadrotor, while the outer loop is dedicated to tracking a 

reference path. Due to the considerable difference in time 

constants between these two loops, they can be effectively 

decoupled into low- and high-level dynamics[40], Specifically, 

high-level dynamics are employed for swarm control, as 

shown in Fig. 5, which depicts a schematic representation of 

the controlled nonlinear dynamics in formation. 

 

 
Fig. 5. Schematic Formalization of Nonlinear Controlled Systems 

 

A. Formation Helix 
 

This section aims to leverage the dynamics of a nonlinear 

quadcopter model to guide a subset of quadcopters toward a 

specific formation. To accomplish, this, we consider a group 

comprising six quadcopters  .Ultimately, the goal is for all 

quadcopters to converge into a specific shape.  The chosen 

formation strategy is based on a single-integrator integral-

bilayer formation model. The noteworthy aspect involves 

integrating the dynamics of the nonlinear system controlled in 

Section Three into the formation strategy. 

A nondirectional graph, denoted as G, can be defined as a 

tuple (V, E), where V represents the set of vertices (1, 2, …, 

n), and E is a subset of 𝑉 ×  𝑉,Constituting the undirected 

edges. Notably, the inclusion of the vertex pair (𝑖, 𝑗)  in E 

implies the inclusion of its counterpart (𝑗, 𝑖).  

Given an arbitrary ordering of the edges in E, the edge 

function 𝜙: ℝ𝑛𝑚  →  ℝ𝑙 for a framework F = (G, q), where G 

= (V, E), is defined as follows [24]: 

𝜙(𝑞) = [… , ‖𝑞𝑖 − 𝑞𝑗‖
2
 , … ] ,   (𝑖, 𝑗) ∈ 𝐸 (20) 

 

where 𝑞𝑖  represents i’th agent position, and the kth 

component of (19), described as ‖𝑞𝑖 − 𝑞𝑗‖
2
Corresponds to 

the kth edge in E connecting vertices i and j. When delving into 

the infinitesimal rigidity analysis, a framework's rigidity 

matrix becomes a valuable tool. The rigidity matrix, denoted 

as 𝑅: ℝ𝑛𝑚  →  ℝ𝑙×𝑛𝑚, is defined as: 

𝑅(𝑞) =
1

2

𝜕𝜙(𝑞)

𝜕𝑞
 

(21) 

We also represent the relative position of the two agents as 

follows: 

𝑞̃𝑖𝑗 = 𝑞𝑖 − 𝑞𝑗 (22) 
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And consider 𝑞̃ = [… , 𝑞̃𝑖𝑗 , … ] ∈ ℝ𝑚𝑙  where (𝑖, 𝑗) ∈ 𝐸∗ ,  

maintaining the same term order as defined in the edge 

function (19). The distance error is expressed as: 

𝑒𝑖𝑗 = ‖𝑞̃𝑖𝑗‖ − 𝑑𝑖𝑗 (23) 

Systems. If we consider 𝑧𝑖𝑗 = ‖𝑞̃𝑖𝑗‖
2
− 𝑑𝑖𝑗

2 ,  According to 

(19), we can express the equation as follows: 

𝑧𝑖𝑗 = 𝑒𝑖𝑗(𝑒𝑖𝑗 + 2𝑑𝑖𝑗) (24) 

Given the above equations, we have the following theories: 

Theorem1. Considering the formation 𝐹(𝑡) = (𝐺∗, 𝑞(𝑡)), 

And assuming that the initial conditions of the error dynamics 

satisfy 𝑒(0) ∈ 𝛺1 ∩ 𝛺2, where: 

𝛺1  = (𝑒 ∈  ℝ𝑙  ∣  𝜓(𝐹, 𝐹∗ )  ≤  𝛿), 

𝛺2 = (𝑒 ∈  ℝ𝑙

∣ 𝑑𝑖𝑠𝑡(𝑞, 𝐼𝑠𝑜(𝐹∗ ))  𝑑𝑖𝑠𝑡(𝑞, 𝐴𝑚𝑏(𝐹∗))) 

(25) 

 

where 𝛿 represents a suitably small positive constant. The 

control law is defined as follows: 

𝑢 = 𝑢𝑎 ≔ −𝐾𝑣𝑅
𝑇(𝑞̃)𝑧 (26) 

And 𝐾𝑣 > 0 denoting a user-defined control gain. The 

introduced control law helps the system reach a specific form 

by considering the distance of agents from their desired 

values[29].  

Theorem2. Considering the formation 𝐹(𝑡) =

(𝐺∗, 𝑞(𝑡)) with initial conditions on e(0) as specified in 

Theorem 1, the control 𝑢 = 𝑢𝑎 + 1𝑛 ⊗ ℎ,  where 𝑢𝑎 =

[𝑢𝑎1, … , 𝑢𝑎𝑛]  defined in (18), and ℎ = (𝐾1 + 1)𝑒𝑇 + 𝑣𝑇 −

𝑢𝑎𝑛 Enables the agents to track an unknown object . 

Where 𝑣𝑇 Represent target velocity that assumed to be 

measured by sensors and received by agent 6 and 𝑒𝑇 

defined.The proof of Theorem 1 and Theorem 2 has been 

presented in[29] 

𝑒𝑇 = [

𝑥𝑟

𝑦𝑟

𝑧𝑟

] −  [

𝑥𝐴𝑔𝑒𝑛𝑡 6

𝑦𝐴𝑔𝑒𝑛𝑡 6

𝑧𝐴𝑔𝑒𝑛𝑡 6

]       (27) 

 

Formation and Obstacle Avoidance  

 

The following section considers formation and obstacle 

avoidance in placing quads in a line formation while avoiding 

the sphere obstacle. The general equations of double integrator 

with obstacle avoidance can be written as follows:  

𝑞̈𝑖 = 𝑢𝑖 (28) 

𝑢1 = 𝑞̈𝑑 + (𝑞̇𝑑 − 𝑞̇1) + (𝑞𝑑 − 𝑞1) + 𝑢𝑜𝑖 (29) 

𝑟𝑖 = ‖𝑞𝑖 − 𝑞0‖ − 𝑅 (30) 

𝑢𝑖 = ∑
𝐾𝑟(𝑞𝑖 − 𝑞𝑗)

‖𝑞𝑖 − 𝑞0‖
𝑗

+ ∑𝐾𝑎 ((𝑞𝑗 − 𝑞𝑖)

𝑗

+ (𝑞̇𝑗 − 𝑞̇𝑖)) 

(31) 

In the above equations, position is defined as  𝑞 =  [
𝑥
𝑦
𝑧
]. In 

this formation, even the leader gets control input, as shown in 

(29). The first part consists of the difference between desired 

acceleration, velocity, and position and the first agent's 

acceleration, velocity, and position. The second part of the 

control input (𝑢𝑜𝑖) Is added to avoid collision as follows: 

𝑢𝑜𝑖 =  (
𝐾

𝑞𝑖 − 𝑞0

𝑟𝑖
2 (

1

𝑟𝑖
−

1

𝑟𝑎
) , 𝑟𝑖 ≤ 𝑟𝑎

0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

) (32) 

In (30), 𝑅 is the radius of an obstacle, 𝑞𝑖 is the position of 

ith agent and 𝑞𝑜 is the position of obstacle (30) is the input 

control for other agents. 

Variation formation 

 

Variation formation in quadcopters, often termed formation 

control, involves the coordination of multiple quadcopters to 

maintain a specific spatial configuration during flight. This is 

achieved through leader-follower models, Model Predictive 

Control (MPC) The leader-follower approach ensures 

followers adjust their positions relative to a designated leader, 

maintaining formation integrity[41] MPC optimizes 

trajectories for obstacle avoidance and efficient movement, 

while MPC ensures robust convergence to desired formations 

despite disturbances. These advanced strategies are pivotal in 

applications such as surveillance, search and rescue, and 

environmental monitoring, allowing for precise and reliable 

multi-agent coordination. 

In this section, system is same as the system in (22), even 

though formation changes after 𝑡𝑠  and the relation and 

distance between agents is determined through the following 

equation 

𝑑𝑖 = (𝑑𝑖
1 − 𝑑𝑖

2)(1 − 𝑒−𝜏(𝑡−𝑡𝑠))𝑢(𝑡 − 𝑡𝑠) (33) 

According to (33), 𝑗 and 𝑖 in 𝑑𝑖
𝑗
 show the position of the 

quad in varying formation and the ith agent, respectively. Then, 

control input is applied to system as follows:  

𝑢𝑖 = 𝜆1(𝑞1 − 𝑞𝑖 − 𝑑𝑖) + 𝜆2 (𝑞1̇ − 𝑞𝑖̇) (34) 

 

V. Simulation and Results 

This section explores three scenarios involving various 

modes of PID and Tube-MPC controllers and their behavior in 

the presence and absence of disturbances. Subsequent analysis 

illustrates Tube-MPC controllers' performance under disturbed 

and undisturbed conditions. Table 1 provides the constant 

values utilized in the quadcopter simulation. 

It is important to note that this discussion is divided into two 

sections. In the first section, two internal controllers are 

designed and compared. The second section considers three 

scenarios for formation control using the selected 

controller.Table I. Model design parameter. 
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Table I. Model design parameter 

Symbol Parameter Value Unit 

𝑚 𝑄𝑢𝑎𝑑𝑐𝑜𝑝𝑡𝑒𝑟 𝑡𝑜𝑡𝑎𝑙 𝑚𝑎𝑠𝑠 0.8 kg 

𝑙 𝐿𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑄𝑢𝑎𝑑𝑐𝑜𝑝𝑡𝑒𝑟 𝑎𝑟𝑚 0.3 m 

𝐼𝑥 𝑅𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑖𝑛𝑒𝑟𝑡𝑖𝑎 𝑎𝑙𝑜𝑛𝑔 𝑥

− 𝑎𝑥𝑖𝑠 

0.0156

7 

kg.m2 

𝐼𝑦 Rotational inertia along y-axis 0.0156

7 

kg.m2 

𝐼𝑧 𝑅𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑖𝑛𝑒𝑟𝑡𝑖𝑎 𝑎𝑙𝑜𝑛𝑔 𝑧

− 𝑎𝑥𝑖𝑠 

0.0283

4 

kg.m2 

𝐽𝑟 𝑅𝑜𝑡𝑜𝑟’𝑠 𝑖𝑛𝑒𝑟𝑡𝑖𝑎 6.01e-5 kg.m2 

𝑔 𝐴𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑑𝑢𝑒 𝑡𝑜 𝑔𝑟𝑎𝑣𝑖𝑡𝑦 9.81 m.s2 

A. Comparison PID and Tube-MPC Controller 

The mathematical model of the quadcopter vehicle and its 

associated control systems were constructed in 

MATLAB/Simulink to facilitate simulation. The primary goal 

of this analysis is to assess the control algorithms' efficacy in 

preserving the quadcopter's stability. The initial state assumes 

the quadcopter is in hover mode with specific pitch, roll, and 

yaw angles. Then, the quadcopter is commanded to transition 

into a stable state where these angles gradually approach their 

desired values. Both control strategies are applied in this 

scenario, and their outcomes are subsequently compared. The 

gains for the classical PID controller were determined using 

the Ziegler-Nichols method. We used this approach to 

determine the PID and Tube-MPC gain parameters presented 

in Table II.  and Table III.   

Furthermore, linearized equations are utilized to design the 

Tube-MPC controller on this system, with a sampling time of 

0.001 considered. Moreover, a prediction horizon of 20 and a 

control horizon of 15 are chosen. On the other hand, the input 

and output weight values are denoted by 𝑅 =

𝑑𝑖𝑎𝑔(0.73891,0.73891,0.73891,0.73891)  and 𝑄 =

 𝑑𝑖𝑎𝑔(10,1,10,0,1,1,100,10,100,10,100,0) × 7.3891 , 

Respectively. It should be emphasized that all these values 

have been determined through trial and error. The coefficients 

of these four controllers are as follows according to Table III. 

 

Table II. PID controller coefficients for the nonlinear system 

 𝑲𝒑 𝑲𝒊 𝑲𝒅 

𝝍 2 10 2 

𝝓 3 10 2 

𝜽 1 0 0.2 

𝒙 0.1 0 0.7 

𝒚 0.01 0 0.2 

𝒛 1 0.5 0.5 

 

 

 

Table III. PD controller coefficients for the Tube MPC 

controller 𝑲𝒑 𝑲𝒅 

PD1 -52.087 -22.98 

PD2 1 0 

PD3 1 0 

PD4 9.94 2.57 

The results of applying two controllers to the system are 

Shown from Fig. 6 . to Fig. 7 . , This clearly shows the system's 

successful stabilization by the PID and Tube-MPC  controller 

with position and Angles. Moreover, the system outputs have 

precisely attained the desired reference values. These visuals 

also illustrate the effective stabilization achieved by the Tube-

MPC controller. To investigate the robustness of the design, a 

disturbance is added from second 5th onwards, which is the 

sum of a step function and a sinusoidal function with an 

amplitude of 0.7, to the values of 𝜙, 𝜃 and𝜓. 

The performance of PID and Tube-MPC controllers was 

evaluated for both position and angle response characteristics, 

using key control parameters: Rise Time (RT) and settling 

Time (ST) These parameters were extracted and analyzed 

based on the system's position (x,y,z) and angle (𝜙, 𝜃, 𝜓 ) 

responses, specifically focusing on each controller's ability to 

achieve stability, precision, and rapid response. 

The results of the position response for both PID and Tube-

MPC controllers reveal a significant difference in their 

performance. Tube-MPC demonstrated a faster response 

across all axes, with lower rise times and settling times than 

PID. Furthermore, the Tube-MPC controller achieved zero 

overshoot for all position axes, indicating a more stable and 

precise control behavior. In contrast, the PID controller 

exhibited a noticeable overshoot, especially in the x and y axes, 

which could result in oscillations and prolonged settling times. 

This behavior illustrates the advantage of Tube-MPC in 

applications where quick and precise positioning is critical. 

For the angle responses, the Tube-MPC controller also 

generally outperformed the PID controller in terms of rise time 

and settling time, especially in the 𝜙 and 𝜃 axes. The Tube-

MPC reached the desired angle with minimal overshoot, 

ensuring smoother control. In the 𝜓 axis, both controllers 

experienced high overshoot due to the inherent dynamics of 

this axis. Still, Tube-MPC achieved a faster settling time, 

indicating its ability to stabilize even in challenging conditions. 

This comparison demonstrates Tube-MPC’s superiority in 

achieving quicker and more stable angular responses across 

multiple axes. All these changes have been calculated in Table 

IV and Table V, and for IAE and ISE in TableVI and Table 

VII. 
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Fig. 6 . Comparison between PID and Tube-MPC position 

control 

 

Fig. 7 . Comparison between PID and Tube-MPC attitude 

control 

Table IV. COMPARISON OF CLASSICAL Angles PID AND 

Tube-MPC Controller 
Angle RT-

pid 

RT-Tube-mpc OS-pid OS-Tube-mpc ST-pid ST-Tube-

mpc 

Roll 0.3 0.15 0.15 0 1 0.5 

Pitch 0.3 0.15 0.05 0.002 0.7 0.3 

Yaw 0.4 0.3 0.4 0.3 2.5 2 

 

Table V. COMPARISON OF CLASSICAL Position PID AND Tube-

MPC Controller 
Position RT-

pid 

RT-Tube-mpc OS-pid OS-Tube-mpc ST-pid ST-Tube-

mpc 

x 0.3 0.15 1.2 0.01 1 0.6 

y 1.2 0.3 0.4 0.3 5.1 0.6 

z 1.5 0.2 0 0 3.5 0.5 

 

Table VI. COMPARISON OF IAE and ISE for Angles PID AND 

Tube-MPC Controller 
Angle IAE-pid IAE-Tube-mpc ISE-pid ISE-Tube-mpc 

Roll 2.5 0.3 2 0.1 

Pitch 1.8 0.2 1.5 0.1 

Yaw 3.5 3 2 1.8 

 

Table VII. COMPARISON OF IAE and ISE for Position PID 

AND Tube-MPC Controller 
Position IAE-pid IAE-Tube-mpc ISE-pid ISE-Tube-mpc 

x 3 1 2.5 0.5 

y 5 1.2 4 0.6 

z 4 0.8 3.5 0.4 

 
 

B. Formation Control 
 

The results reveal that the Tube-MPC controller effectively 

rejects disturbances and accurately controls all outputs. 

Ultimately, we explore a problem involving six agents and 

conduct comprehensive simulations to implement formation 

control on a nonlinear model. 

At this juncture, it is essential to outline three scenarios to 

illustrate the controller's performance. The forthcoming 

discussion will encompass these scenarios, showcasing the 

robustness and precision of the Tube-MPC controller in 

various formation control task.  

C. Formation Helix 

In this scenario, we chose these parameters for the helix 

formation, adjoint matrix is shown in (35). 

𝐴 =

[
 
 
 
 
 
0 1 1 1 1 1
1 0 1 1 1 1
1 1 0 1 1 1
1 1 1 0 1 1
1 1 1 1 0 1
1 1 1 1 1 0]

 
 
 
 
 

 (35) 

Additionally, the desired distance matrix has been defined 

below: 

𝑑 =

[
 
 
 
 
 

0 1.1756 1.9021 1.9021 1.1756 1
1.1756 0 1.1756 1.9021 1.9021 1
1.9021 1.1756 0 1.1756 1.9021 1
1.9021 1.9021 1.1756 0 1.1756 1
1.1756 1.9021 1.9021 1.1756 0 1

1 1 1 1 1 0]
 
 
 
 
 

 (36) 

 

Furthermore, to achieve the formation among agents, The 

value of 𝐾𝑣 has been set to 50, and 𝐾1 has been set to 1 Q top 

from the helix formation for the three dimensions x, y, and z is 

established in Equation (37) 

 

𝑥𝑟 = 5 𝑠𝑖𝑛
𝜋

20
𝑡 

𝑦𝑟 = 5 𝑐𝑜𝑠
𝜋

20
𝑡 

𝑧𝑟 = 0.1𝑡 

(37) 

The value of the target velocity, assumed to be estimated, is 

represented below: 

𝑣𝑇 = 

[
 
 
 
 

𝜋

4
𝑐𝑜𝑠

𝜋

20
𝑡

−
𝜋

4
𝑠𝑖𝑛

𝜋

20
𝑡

0.1 ]
 
 
 
 

 (38) 

Therefore, the chart of the formation factors is illustrated in 

Fig. 8 . Based on Fig. 8 . , it can be concluded that all six 
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controlled nonlinear dynamic factors have successfully 

reached the desired formation and can follow the helix 

formation. Therefore, the results indicate that controlled 

system dynamics can be employed instead of conventional 

formation methods to format agents . This involves initially 

controlling the agents using an internal controller and then 

applying the specified formulas to the system dynamics, 

determining the path for helix formation so that they reach a 

defined form and can be accurately tracked. 

 

Fig. 8 . Agents’ formation in desired path 

 

a) Formation and Obstacle Avoidance  

 Now, 6 agents choose a line formation and track a 

particular path. An obstacle is positioned in the path's middle, 

and agents must bypass it within a determined distance. 

Parameters of obstacle-avoiding formation are depicted in 

Table VIII. And it’s present in Fig. 9 . 

 

Table VIII. obstacle avoiding formation parameters 

𝑠𝑦𝑚𝑏𝑜𝑙 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 𝑣𝑎𝑙𝑢𝑒 

𝑟𝑎 𝑂𝑏𝑠𝑡𝑎𝑐𝑙𝑒 𝑟𝑎𝑑𝑖𝑜𝑠 5 

𝑘𝑟 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 0.05 

𝑘𝑎 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 10 

K 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 10 

𝑞0 𝐶𝑖𝑟𝑐𝑙𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 (10,10,2.5) 

 

 

Fig. 9 . Obstacle avoiding formation 

 

 

D. Variation formation 

In this section, time-varying formation is considered. Before 

the 50s, formation was as a line, and afterward, it was changed 

to a pentagon shape, as illustrated in Fig. 10 . The Z trajectory 

is considered zero in the plotting. It is evident from Fig. 10 that 

agents have to keep their line formation while avoiding the 

collision through the trajectory. Parameters and gains 

regarding this formation are shown in Table IX. For better 

illustration, time-varying formation in 2D can be seen in Fig. 

11 .  

 

 

TABLE IX. VARIATION FORMATION PARAMETERS 
𝑠𝑦𝑚𝑏𝑜𝑙 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 𝑣𝑎𝑙𝑢𝑒 

𝜆1 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 5 

𝜆2 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 5 

𝑡𝑠 𝐹𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑜𝑛 𝑡𝑖𝑚𝑒 50 

𝜏 𝐸𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙 𝑟𝑎𝑡𝑒 10 

𝑑1
1 𝐷𝑒𝑠𝑖𝑟𝑒𝑑 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 [0 6]𝑇 

𝑑1
2 𝐷𝑒𝑠𝑖𝑟𝑒𝑑 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 [0 2]𝑇 

𝑑2
1 𝐷𝑒𝑠𝑖𝑟𝑒𝑑 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 [0 4]𝑇 

𝑑2
2 𝐷𝑒𝑠𝑖𝑟𝑒𝑑 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 [2 cos(18) 2 𝑠𝑖𝑛(18)]𝑇 

𝑑3
1 𝐷𝑒𝑠𝑖𝑟𝑒𝑑 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 [0 2]𝑇 

𝑑3
2 𝐷𝑒𝑠𝑖𝑟𝑒𝑑 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 [−2 cos(18) 2 𝑠𝑖𝑛(18)]𝑇 

𝑑4
1 𝐷𝑒𝑠𝑖𝑟𝑒𝑑 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 [0 −2]𝑇 

𝑑4
2 𝐷𝑒𝑠𝑖𝑟𝑒𝑑 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 [2cos (54) −2𝑠𝑖𝑛 (54)]𝑇 

𝑑5
1 𝐷𝑒𝑠𝑖𝑟𝑒𝑑 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 [0 −4]𝑇 

𝑑5
2 𝐷𝑒𝑠𝑖𝑟𝑒𝑑 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 [−2cos (54) −2𝑠𝑖𝑛 (54)]𝑇 

 

Fig. 10 . pentagonal formation in variation formation 

 



175                                                                    Formation Control of Quadcopters…/S. Khankalantary, et al 

 

Fig. 11 . variation formation 

 

VI. Conclusion 

In this paper, after investigating the nonlinear model of a 

quadcopter as a case study and examining its parameters, the 

analysis of the linearized quadcopter system was undertaken 

and introduced its state space model. In the first section, the 

control objective is to pursue position control in the nonlinear 

quadcopter system using a PID controller. For this purpose, six 

PID controllers were utilized and coefficients were determined 

to control all system outputs effectively. By examining the 

system output plots, it is observed that the assigned 

coefficients appropriately regulate the outputs. A constrained 

Tube-MPC controller was designed for the nonlinear system 

in the following section. By examining the plots of the Tube-

MPC controller and comparing it with the PID controller, it 

was concluded that Tube-MPC controlled the outputs better 

than the PID controller when constraints were considered. 

Also, according to the physical limitations of the quadcopter, 

the Tube-MPC controller can apply better control inputs to the 

system than the PID controller. In the following section, the 

article’s objective was to design a formation for a group of six 

quadcopters considering nonlinear dynamics, such that, in 

addition to achieving a specific formation. We first reviewed 

the formation theories to accomplish this goal and then 

attempted to implement them on the controlled nonlinear 

dynamics using a nonlinear PID controller. Simulating this 

problem and examining the plots, the implemented method 

successfully utilizes the controlled nonlinear system dynamics 

to reach an appropriate form. 
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The objective of this research is to optimize the crude distillation unit (CDU) in oil 

refineries by reducing energy consumption and improving operational efficiency through 

the application of a Proportional-Integral-Plus (PIP) control system within a Non-

Minimal State Space (NMSS) framework. Simulations of the CDU were carried out 

using Aspen Plus for modeling the distillation process and MATLAB for implementing 

the PIP control structure. The controller was tuned by an economic cost function, 

optimizing key parameters such as furnace duty, side-draw rates, and condenser heat 

removal. The PIP control system was compared to traditional control methods, with 

performance evaluated under various disturbances, including feed rate, temperature, and 

composition changes. The PIP control strategy significantly improved the CDU’s 

performance, reducing operating costs by up to 100% compared to traditional control 

methods optimized by the Integral of Time-weighted Absolute Error (ITAE). The PIP 

system demonstrated superior disturbance handling and energy efficiency while 

maintaining product quality. The findings indicate that the PIP control system is a highly 

effective tool for optimizing energy consumption and process stability in modern 

refineries, especially under fluctuating operational conditions. Its application could lead 

to substantial cost savings and improved efficiency in CDU operations. 
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I. Introduction 

The crude distillation column is one of the most energy-

intensive and crucial units in oil refineries, responsible for 

separating crude oil into valuable fractions. Given the 

significant energy consumption and the critical role it plays in 

product quality, optimizing control strategies for this process 

is essential. In modern industrial practice, there is an 

increasing demand for advanced control systems that ensure 

operational efficiency, reduce energy consumption, and 

maintain desired output specifications, especially as energy 

sustainability becomes a global priority [1].  

Historically, various control methodologies have been 

applied to distillation columns, with conventional 

proportional-integral-derivative (PID) control being one of the 

earliest and most widely adopted strategies. Despite its 

simplicity and ease of implementation, PID control often falls 

short in dealing with multivariable interactions, nonlinearities, 

and the dynamic nature of the distillation process. As a result, 

PID-based control schemes often lead to suboptimal energy 

usage and reduced control over product quality, particularly 

when facing disturbances or changes in operating conditions 

[2]. 

To overcome these limitations, advanced control techniques, 

such as Model Predictive Control (MPC), have been 

introduced and extensively studied in recent decades. MPC 

excels in handling multivariable systems and has the ability to 

predict future system behavior using dynamic models. 

Numerous studies have demonstrated its effectiveness in 

optimizing the operation of distillation columns, particularly in 

reducing energy consumption and improving control precision 

[3-5]. However, MPC requires accurate models and can be 

computationally expensive, limiting its application in real-time 

or highly dynamic environments [6]. Furthermore, tuning 

MPC parameters for complex processes like crude distillation 

can be challenging and time-consuming [7]. Recent studies 

have proposed hybrid approaches that integrate multi-

objective optimization with nonlinear model predictive control 

(NMPC) to address some of these challenges in complex 

processes [8]. 

Other notable approaches include nonlinear control 

strategies, adaptive control, and fuzzy logic control, each 

offering advantages in handling system uncertainties and 

nonlinearities. For instance, multi-objective MPC methods, as 

explored by Bemporad et al. [9], integrate multiple production 

objectives, providing a more robust solution for systems with 

variable process dynamics and multiple objectives. This 

approach enables decision-making strategies to balance energy 

efficiency and control performance in complex industrial 

systems, such as distillation columns. Adaptive control 

methods have shown promise in addressing dynamic 

variations in distillation columns [10], though these methods 

can be limited by computational complexity and 

implementation challenges. Recent advances have explored 

the use of machine learning, particularly reinforcement 

learning, as part of adaptive control systems to develop more 

autonomous and efficient process control solutions that learn 

from operational data [11]. 

Research has focused on optimizing energy consumption in 

crude oil distillation units, but practical application of optimal 

control strategies for these systems remains limited. Optimal 

control involves determining control actions that meet 

operational constraints while optimizing objectives like energy 

efficiency or product quality [12, 13]. Typical steps for 

implementing optimal control include modeling the system 

dynamics, identifying constraints, and defining a cost function 

to guide the control process. 

In optimal control, physical constraints must be defined for 

both states and controllers. This approach aims to select a cost 

function that, when minimized, enhances system performance 

and reduces costs. Specifically, we seek an acceptable control 

strategy that guides the system along a desired trajectory while 

minimizing the cost function. In the PIP control for the crude 

oil distillation tower, the weight matrices Q and R were 

adjusted to simultaneously minimize the system cost and 

functional error. By fine-tuning these matrices, the control 

strategy is better equipped to balance energy consumption with 

product quality, which remains a key challenge in distillation 

control. 

One particularly promising method is the Nonsquare 

Multivariable Non-Minimal State Space Proportional Integral 

Plus (NMSS-PIP) control, introduced by Khalilipour et al [14]. 

Their work demonstrated the effectiveness of NMSS-PIP 

control in an industrial crude distillation column, where the 

system exhibited ill-conditioning due to nonsquare 

configuration. The proposed control was based on a Singular 

Value Factorization (SVF) control design using the Linear 

Quadratic (LQ) optimal control method. The weighting 

matrices of the PIP control (Q and R) were optimized by 

minimizing the Integral of Time-weighted Absolute Error 

(ITAE), leading to smooth input manipulation and robust 

output control under several challenging scenarios. This 

approach outperformed conventional PI controllers, which 

struggled with the nonsquare nature of the system and 

provided suboptimal control [14]. Their findings strongly 

support the NMSS-PIP structure as a more robust and efficient 

solution for managing the complex dynamics and interactions 

in crude distillation columns. 

The NMSS-PIP control strategy offers a balance between 

complexity and performance. Unlike traditional control 

methods, NMSS-PIP incorporates a more flexible control 

framework that is well-suited for multivariable systems with 

strong interactions [15]. Recent studies have demonstrated the 

potential of NMSS-PIP control in various industrial 

applications, showing significant improvements in both energy 

efficiency and process stability [16, 17]. For example, Kharaji 

et al. [18] applied NMSS-PIP to a tert-amyl methyl ether 
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(TAME) production unit using reactive distillation, which 

previously suffered from oscillatory behavior under 

conventional PI controllers. Their study revealed that NMSS-

PIP completely eliminated the oscillations, providing smoother 

responses and better settling time than PI configurations. 

Furthermore, the ITAE criterion was significantly reduced by 

88% using NMSS-PIP control, highlighting its potential for 

improving process control in multivariable systems [18]. 

Additionally, the integration of NMSS-PIP control with 

data-driven soft sensors further demonstrates its versatility and 

effectiveness in process monitoring. In a study by Bidar et al. 

[19], a data-driven soft sensor using the Local Instrumental 

Variable (LIV) technique was developed to monitor ASTM-

D86 of side products in a crude distillation unit. By 

implementing the NMSS-PIP control structure alongside the 

soft sensor model, they achieved smoother responses and 

better alignment with dynamic process changes when 

compared to conventional methods. The proposed soft sensor 

model, applied to an Aspen dynamic simulation of the column, 

showed strong predictive performance and validation against 

Aspen soft sensors, further establishing the merit of NMSS-

PIP control in matching with soft sensors to enhance process 

optimization [19]. 

Recent advancements in process control have highlighted 

the potential of integrating modern techniques such as artificial 

neural networks (ANN) and Proportional-Integral-Plus (PIP) 

control into industrial applications. For instance, Shin et al. 

[20] developed a model predictive control (MPC) system 

utilizing an ANN model for a depropanizer. This study 

revealed that replacing traditional linear models with ANN 

significantly improved the optimization speed and accuracy, 

resulting in superior performance compared to conventional 

PID control. The results demonstrated a marked reduction in 

settling and rise times, showcasing the ANN's efficacy in 

enhancing operational efficiency in distillation processes. 

Similarly, Li et al. [21] implemented PIP control in a high 

redundancy actuator for a railway track switch system. Their 

study emphasized the advantages of closed-loop control, 

which increased the reliability of the actuation system. The 

development of a model-based PIP controller illustrated its 

capability to meet actuation requirements effectively, 

providing valuable insights into the design of redundant 

control systems. This work underscores the adaptability and 

robustness of PIP control, further validating its relevance in 

various industrial contexts. 

Despite these advancements, there is still a gap in the 

literature regarding the integration of NMSS-PIP control with 

energy optimization objectives in distillation processes. Most 

studies have focused on either improving the control precision 

or minimizing energy consumption, without fully addressing 

the simultaneous optimization of both factors. The use of a cost 

objective function within the NMSS-PIP framework, as 

proposed in this paper, aims to fill this gap by providing a 

method that balances energy efficiency with product quality 

[22, 23]. 

The primary contribution of this paper lies in the application 

of the NMSS-PIP control structure within a non-minimal state 

space context for the optimization of a crude distillation 

column. This control strategy enables centralized control 

pairing and utilizes a cost objective function aimed at 

minimizing the energy consumption of the column while 

maintaining high product quality. By addressing these dual 

objectives, this work aims to improve the operational 

efficiency of the distillation process, potentially offering a 

more sustainable and economically viable solution for the 

industry. The remainder of the paper is organized as follows: 

Section 2 provides a detailed overview of the NMSS-PIP 

control theory and its application to distillation processes. 

Section 3 outlines the non-minimal state space formulation, 

and Section 4 presents the simulation results and comparative 

analysis. Finally, Section 5 offers conclusions and 

recommendations for future work. 

 

I. Methodology  

A. NMSS-PIP Control Theory and Its Application to 

Distillation Processes 

The PIP control strategy, grounded in the NMSS 

framework, provides an effective balance of complexity and 

control precision for multivariable systems like distillation 

columns. Originally conceptualized in the 1960s, the NMSS 

model extends conventional minimal state space formulations 

by allowing a broader representation of the system dynamics 

without the need for state reconstruction. This approach 

enables direct state measurement, facilitating the 

implementation of a full-state feedback controller that 

promotes robust and efficient control, even in high-disturbance 

environments. As a logical successor to conventional PI/PID 

controllers, the NMSS-PIP model simplifies the process design 

while enhancing the stability and performance of control 

systems. In particular, the PIP controller offers practical 

implementation advantages comparable to traditional PI/PID 

control strategies but is structured in the optimal state space, 

akin to General Predictive Control (GPC). As part of the SVF 

control design, PIP can be integrated into multiple design 

methods, including closed-loop pole assignment and optimal 

control frameworks like linear quadratic (LQ) or robust 

LQG/H∞ control. 

The use of the NMSS-PIP approach is especially 

advantageous in the context of crude distillation units (CDUs), 

where multivariable interactions, nonlinearities, and large time 

delays pose challenges for conventional controllers. NMSS-

PIP controllers are particularly adept at handling these 

complexities because they minimize both energy consumption 

and process deviations, optimizing energy efficiency and 

product quality. This study leverages these attributes by tuning 

the NMSS-PIP controller through an economic cost function 
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that targets key parameters such as furnace duty, side-draw 

rates, and condenser heat removal, enabling effective control 

under varied operational disturbances like fluctuations in feed 

rate, temperature, and composition. 

In this work, the PIP control framework is applied to an 

atmospheric distillation column at Shiraz Refinery. The 

atmospheric distillation tower separates crude oil into various 

fractions, such as overhead products, naphtha, kerosene, and 

gas oil, through a series of complex, nonlinear operations as 

depicted in figure 1. This column consists of 43 trays, two mid-

tower condensers (pumparounds), and three 6-stage strippers, 

with a maximum operating capacity of 60,000 bbl/day. 

Superheated stripping steam is injected from the bottom of the 

column to adjust the temperature profile and remove light 

hydrocarbons from the stripper's side products. The feed is 

preheated by heat recovery from the pumparounds, kerosene, 

and gas oil, and its temperature is increased to 690°F using a 

fired heater. 

TABLE 1 INPUT VARIABLES [14] 

Variable Description u0 Unit 

u1 Side-draw of naphtha 29,748.8 lb/h 

u2 Side-draw of kerosene 12,8254.6 lb/h 

u3 Side-draw of gas oil 122,868.1 lb/h 
u4 Furnace duty 110,173,828 Btu/h 

u5 Reflux split fraction 0.61676 — 

u6 Heat removed in pumparound1 −22,428,847 Btu/h 

u7 Heat removed in pumparound2 −26,172,804 Btu/h 

 

 
Fig. 1. Process flowsheet of atmospheric distillation column [14] 

B. Non-Minimal State Space Formulation and 

waiting functions 

Possible manipulated variables that influence product 

quality include heat removal from the mid-condensers, fired 

heater duty, reflux split fraction, and side-draw flows of 

naphtha, kerosene, and gas oil. The system is configured with 

7 manipulated variables and 4 controlled variables, after 

addressing the pressure and level control challenges, as shown 

in Tables 1 and 2. 

TABLE 2 OUTPUT VARIABLES [14] 

Variable Description Set point (R) Unit 

y1 Overhead temperature 295.7 K 

y2 95% -ASTMD86 of naphtha 385.69 K 
y3 95% -ASTMD86 of kerosene 502.23 K 

y4 95% -ASTMD86 of gas oil 622.87 K 

 

The NMSS formulation is an essential part of the PIP control 

design for complex chemical processes like distillation. In this 

formulation, the system’s transfer function is represented using 

the left matrix fraction description (LMFD). The state vector 

is a combination of present and past output values, past input 

values, and the integral of the error between the setpoint and 

the output, ensuring a robust framework for addressing process 

disturbances and maintaining product quality. 

In NMSS representation, the transfer function is expressed 

as LMFD [ 24]: 
1 11 (z )(z )t t

− −−=   y B uA
 

(1) 

where 1(z )−
A  and 1(z )−

B  are defined by: 

1 1

1(z ) z ...... z n

p n

− − −= + + +A I A A
 

(2-a) 

1 1

1(z ) z ...... z m

m

− − −= + +B B B  (2–b) 

Transfer function in the form of NMSS can be written as: 

1 1

d

t t t t− −= + +x Fx Gu Dy
 

(3–a) 

t t=y Hx  (3–b) 

The state vector ( tx ) in Eq. (3) is directly related to present 

and past values of outputs, past values of inputs and integral of 

error (
T

tz ) between referenced value (
d

ty ) and output as: 

1 1 1 1 1... ....
T

T T T T T T T

t t t t n t t t m t− − + − − − +
 =  x y y y u u u z

 
(4–a)

 

1

d

t t t t−
 = + − z z y y

 
(4–b) 

The state matrices of Eq. (3) are defined as: 

1 2 2 3 1

1 2 1 2 3 1

n-1 n m m

p

p

p

r

r

r

n n m m r

−

− −

− − − − 
 
 
 
 
 
 
 

=  
 
 
 
 
 
 
 

− − − −  

A A A A B B B B 0

I 0 0 0 0 0 0 0 0

0 I 0 0 0 0 0 0 0

0 0 I 0 0 0 0 0 0

F 0 0 0 0 0 0 0 0 0

0 0 0 0 I 0 0 0 0

0 0 0 0 0 I 0 0 0

0 0 0 0 0 0 I 0 0

A A A A B B B B I

(5–a) 
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 
T

1 1r= −G B 0 0 0 I 0 0 0 B  (5–b) 

p
 =  H I 0 0 0 0 0 0 0  (5–c) 

T

p
 =  D 0 0 0 0 0 0 0 I  (5–d) 

where 
pI  and rI  denote p p  and r r  identity matrices, 

respectively and 0 is an appropriately defined matrix of zeros. 

The controllability of the NMSS model is discussed in Wang 

et al.[23]. The NMSS transformation of Eq. (3) can be 

formulated based on optimal LQ design. The SVF control law 

is written as:  

t t= −u Vx
 

(6)
 

where V  is the control gain matrix (CGM). It can be 

calculated from LQ optimal control by minimizing the 

quadratic cost function of Eq. (7) for an infinite horizon. 

0

T T

i i i i

i

J


=

= +x Qx u Ru
 

(7) 

It is worthy of that tuning of Q and R is usually limited to 

the diagonal weights because translation of weighting matrices 

are not readily convert into typical closed loop response. 

Further information can be found in earlier publications [27- 

28]. The weighting matrices   and   are defined as symmetric 

positive semi-definite and symmetric positive definite, 

respectively. The gain matrix which minimizes Eq. (7) can be 

obtained by solution of discrete algebraic riccati equation 

(ARE) [28]. Within the NMSS-PIP framework, the critical step 

involves defining the weight matrices Q and R, which dictate 

the performance criteria in the controller’s objective function. 

These matrices can be configured by minimizing the economic 

cost function or by tuning them based on system-specific 

performance objectives. By using an Integral of ITAE 

criterion—particularly suited for systems with extended time 

delays—the control structure can prioritize minimizing 

persistent errors, leading to stable and energy-efficient 

operation. This tuning process was performed in MATLAB, 

ensuring precise configuration for application in the CDU 

context. 

This work utilizes the NMSS-PIP framework as a 

pioneering approach to achieve optimal control in distillation 

processes. The results presented here underscore the NMSS-

PIP’s promise as an effective control strategy for maintaining 

process stability and energy efficiency in real-world scenarios, 

laying a foundation for further exploration and application in 

other critical process systems. 

It’s important to define the changes and limitations in 

optimal control regarding modes and controllers. To achieve 

this, the cost of modifying each input is treated as a cost 

function, with the change cost per variable unit established for 

all inputs. Since the prices of products within a quality range 

are generally uniform for all outputs from the distillation 

tower, minimizing performance error is preferred over 

maximizing profit. For side flows, the operational cost was 

represented by the pumping cost and the associated electricity 

usage [29]. 

2

3600 pump

F
E


=  (8) 

The pump efficiency   is set at 0.96, and F represents the 

flow rate. Equation (9) calculates the change cost per variable 

unit of furnace heat rate. 

( )furnace fuel furnace fuelQ F Q=    (9) 

In this regard, furnace the efficiency of the unit furnace 

(equal to 0.96) and fuelQ  is the low heat value of the fuel used 

in the furnace, whose value is considered equal to fuelQ = 

41,816 kJkg-1. The Cooling water consumption in terms of t/h 

for intermediate condensers is expressed in the form of 

equation (10): 

,

C
Cw

P Cw Cw

Q
F

C T
=


 (10) 

In this equation, 
, kJ/ (kgK)P CwC = 4 / 2and CCwT = 15are the specific heat 

capacity for the cooling water and the increase in the 

temperature difference of the cooling water, respectively while 

passing through the condenser. It is clear that the input cost 

function is equal to the sum of the mentioned costs, which is 

expressed in the form of the equation (11): 

cos t fuel Cw elecf C C C=  +  +   (11) 

which fuelC , CwC and elecC are increased in fuel 

consumption, cooling water and electricity respectively while 

calculated by equations (12-14): 
0( )fuel fuel fuel fuelC P F F = −  (12) 

0( )Cw Cw Cw CwC P F F = −  (13) 

0( )elec elec elec elecC P F F = −  (14) 

In these relationships, P denotes the costs of fuel, cooling 

water, and electricity, with the superscript 0 indicating their 

values in the system's steady state (initial values). Table (3) 

provides the costs for electricity, cooling water, and furnace 

fuel. 

TABLE 3 COSTS FOR ELECTRICITY, COOLING WATER, 

AND FURNACE FUEL [30] 

Variables Description Cost (USDs) 

Pfuel Furnace fuel (t) 673.17 

PCw Cooling water (t) 0.17 

Pelec Electricity(kWh) 0.19 

 

Next, these costs should be organized by the input variable. 

Table (4) shows the cost for each input variable per unit 

change, based on the specified cost functions. 
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To perform a dynamic simulation of the proposed control 

structures under realistic conditions of the crude oil distillation 

tower, a conventional proportional-integral (PI) controller was 

initially used to benchmark the PIP controller. The PI 

controllers were tuned using a sequential adjustment approach, 

systematically refining controller parameters within a closed-

loop configuration until minimal oscillations (within 10% of 

the set range) were achieved. 

 

TABLE 4 THE COST OF INPUT VARIABLES PER UNIT 

CHANGE 

Variable Unit Cost of input variables 

change* 

Normalized 

value 

u1 $/(lb/h) 9.7857×10-7 1 

u2 $/(lb/h) 9.7857×10-7 1 

u3 $/(lb/h) 9.7857×10-7 1 

u4 $/(Btu/h) 1.769×10-5 18.0773 

u5 $ 0.367 375,530 

u6 $/(Btu/h) 2.8×10-6 2.861 

u7 $/(Btu/h) 2.8×10-6 2.861 

* Such as electricity of pump and utility cost 

 Controller parameters were later refined using the Tyros-

Leiben method, which applies smaller gains and a larger 

integrator constant than Ziegler-Nichols, optimizing stability 

for chemical processes. In the simulations, temperature control 

loops were assigned realistic delays: one minute at the tower 

top, three minutes for feed, and three minutes for side products, 

reflecting the slower response dynamics in furnaces relative to 

heat exchangers. The resulting matrices for the NMSS-PIP 

control structure, essential for real-time CDU management, 

were generated from open-loop gain tests and detailed in [14]. 

Finally, the distillation tower model was linked with the PIP 

control algorithm in ASPEN Dynamics through the 

SIMULINK interface, with a custom PIP controller toolbox 

designed in MATLAB to ensure seamless integration of 

control and dynamic models. 

To streamline the optimization process, the cost per variable 

change has been normalized, as shown in the third column of 

table (4). Profit reduction from specific quality intervals and 

product storage relates solely to decreased production output. 

Since the profit reduction costs for all products are nearly 

identical due to similar pricing, the normalized output values 

have been set to one. Additionally, the optimization requires 

adjusting one of the integrators. The optimization scenario 

mirrored the previous case, featuring a 5% step change in the 

input feed rate. Based on the normalized values in table (4), the 

optimal values for weight matrices Q and R, are derived from 

relations (15). 

 1 2 3 4diag (1 1 1 1) 1q q q q=Q  (15–a) 

 ( )2

1diag 1 1 1 18.0773 375,530 2.861 2.861r=R  (15–b) 

In equation (15-a), the first four elements of the matrix 

represent the four outputs in the weight matrix, while the last 

four values correspond to the available integrators. Since 

chemical processes have significant time delays between 

inputs and outputs. Among the integral of error methods, ITAE 

places greater emphasis on long-lasting errors. Our 

optimization goal is to minimize the performance error of the 

PIP controller, using the weight functions Q and R from 

equations (15-a) and (15-b) based on ITAE (equation 16). The 

optimization algorithm employed in MATLAB is the Nelder-

Mead simplex method. The optimal values of Q and R are 

provided in table (5). 

( )
0

ITAE t e t dt


=   (16) 

 

TABLE 5 OPTIMAL VALUES OF PARAMETERS OF 

WEIGHT MATRICES 

PARAMETERS OF WEIGHT MATRICES OPTIMAL VALUE 

1q  6.7741 

2q  0.0621 

3q  0.9993 

4q  0.9959 

1r  1.1×10-5 

 

The weight matrices were computed using the proposed 

algorithm: 

 diag (6.7741 6.7741 6.7741 6.7741 1 0.0621 0.9993 0.9959=Q

(17–a) 

5 5 5 6 5 5diag 1.1 10 1.1 10 1.1 10 0.0036 1.55 10 9.03 10 9.03 10− − − − − =       R

(17–b) 

 Based on the results from equation (17-a), it can be 

concluded that only one integrator was effective for optimal 

control performance. 

While the NMSS-PIP approach offers substantial 

advantages over traditional plant-wide control methods, 

several limitations and challenges exist in practical 

applications. Unlike conventional control strategies that often 

require variable pairing, the NMSS-PIP framework facilitates 

comprehensive dynamic interaction without needing such 

pairing, allowing for a more streamlined setup. Additionally, 

as compared to centralized control systems, NMSS-PIP can 

directly measure state variables without reconstruction 

algorithms, like observers or predictors, thereby simplifying 

implementation. This simplicity makes NMSS-PIP 

particularly accessible for field engineers, allowing them to 

effectively manage and adjust the system in real-world 

operations. 

However, NMSS-PIP control is most effective in regulatory 

and continuous processes, where it consistently maintains 

performance. In batch processes, frequent setpoint changes can 

necessitate recalculations of the weight matrices Q and 𝑅, 

potentially requiring additional estimations to maintain 

optimal performance. Moreover, tuning these matrices for 
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dynamic, high-variability environments may demand further 

adjustments to the control algorithm. Despite these limitations, 

the NMSS-PIP control structure continues to perform 

effectively in the TAME process for crude distillation units, 

demonstrating improved oscillation suppression, faster settling 

times, and lower ITAE values when compared to conventional 

PI control structures, even under cost-based function 

optimization. 

II. Test Results 

The performance of the NMSS-PIP control strategy in the 

CDU was evaluated using simulations carried out in Aspen 

Plus for the distillation process and MATLAB for the control 

implementation. The primary objectives of this study were to 

optimize energy consumption while maintaining product 

quality and to examine the robustness of the control strategy 

against disturbances, such as changes in feed rate, temperature, 

and composition. 

 

 
Fig. 2. Output response to ±3% changes in input feed, NMSS-

PIP controller for economic weight functions 

Figures 2 and 3 illustrate the output response and input 

changes when a ±3% step change was applied to the feed rate. 

 

The NMSS-PIP controller, with weight matrices derived 

from the economic cost function, effectively dampens the 

disturbances. As seen in Figure 2, the system's output response 

is smooth, and the overshoot remains within an acceptable 

range, indicating that the controller effectively maintains 

product quality despite the input variation. Notably, the 

economic weighting functions allow for efficient control 

actions without introducing large oscillations, which can be 

detrimental in industrial operations. The input changes, shown 

in Figure 3, demonstrate that the control efforts are minimized, 

keeping the system inputs well-regulated while avoiding 

abrupt control actions that could lead to inefficiencies. 

The results suggest that the NMSS-PIP controller, tuned 

using economic weight functions, offers superior disturbance 

rejection. For instance, in the crude oil distillation process, 

where even small changes in feed rate can significantly impact 

the separation of crude oil into different fractions, this level of 

control precision is crucial. By minimizing both energy 

consumption and deviation from product setpoints, the NMSS-

PIP control structure enhances process stability, making it 

ideal for energy-intensive systems like the CDU. 

 

 
Fig. 3. Input changes to ±3% changes in input feed, NMSS-PIP 

controller for economic weight functions 

The NMSS-PIP controller was further tested against step 

changes in feed temperature, as shown in Figures 4 and 5, 

where a ±5°F step change was applied. The results indicate that 

the controller maintained steady outputs within the desired 

range, with minimal oscillation. The ability of the NMSS-PIP 

controller to maintain tight control over the product 

temperature demonstrates its robustness, even in the presence 

of feed temperature disturbances. In practical terms, this can 

help prevent undesirable changes in the output product's 

quality, especially when the crude oil feedstock's properties 

fluctuate. 
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Given the stringent temperature requirements for the 

fractionation process, particularly for fractions like naphtha 

and gas oil, the NMSS-PIP controller's performance is     

significant. Maintaining optimal temperatures directly 

correlates with energy savings, as excessive heating or cooling 

is avoided. Furthermore, the controller adapts to changing 

conditions quickly, ensuring smooth transitions without a loss 

in product quality. 

 

 
Fig. 4. Output response to ±5°F step change in input feed 

temperature for economic weighting functions 

To assess the effectiveness of the NMSS-PIP control 

strategy in handling disturbances, a change in the feed 

composition was introduced. Specifically, after a set time, 95% 

of the input feed was mixed with 5% of the upstream flow, 

while keeping the volumetric flow rate constant. This allowed 

for the evaluation of the controller’s performance when faced 

with composition variations, independent of volumetric 

disturbances. The true boiling point (TBP) specifications for 

the primary feed, the overhead product, and the combined feed 

are provided in Table 6, offering a detailed breakdown of the 

thermodynamic properties of the feed mixtures. 

True Boiling Point (TBP) specifications for various 

feedstock volumes and the corresponding overhead product, 

including values for the combined feed in the distillation tower 

are elucidate in Table 6. This table highlights the TBP 

differences between crude, overhead, and combined feeds, 

illustrating the control requirements for maintaining product 

quality under variable feed compositions. 

II. As depicted in Table 6, the TBP specifications vary 

across different volumetric fractions, highlighting the 

complexity of the composition change. For instance, the TBP 

of the combined feed reaches 1,328°F at 100% volume, 

whereas the overhead product shows a more controlled range, 

indicating the separation effectiveness. The ability to maintain 

such distinct separation profiles, despite the composition shift, 

is essential for achieving high product quality and efficient 

energy use. 

TABLE 6 TRUE BOILING POINT (TBP) SPECIFICATIONS 

FOR FEEDS AND OVERHEAD PRODUCT 

Volume percentage 

of distillated 

product % 

TBP of 

crude 

(°F) 

TBP of 

overhead 

product (°F) 

TBP of 

combined 

feed (°F) 

0 25 -12 26 

10 120 52 110 

5 188 88 180 

30 399 185 362 

50 594 236 573 

70 806 282 791 

90 1088 321 1075 

95 1221 339 1214 

100 1330 368 1328 
 

 
Fig. 5. Input changes for ±5°F Step change in input feed 

temperature for economic weighting functions 

Figures 6 and 7 show the system's response to these 

disturbances. The NMSS-PIP controller managed the feed 

composition change smoothly, ensuring only minor deviations 

in the controlled outputs. These deviations were quickly 

corrected as the system returned to its setpoints, demonstrating 

the controller's ability to adapt to varying feedstock 

compositions. Notably, even with the introduction of an 

upstream flow and the alteration in the TBP characteristics, the 

system maintained stable operation, underscoring the 

robustness of the NMSS-PIP control strategy. 

This result is critical in industrial scenarios where crude oil 

feedstocks often exhibit varying properties due to differences 

in sourcing. The refinery’s ability to process crude from 

multiple origins without significant process disruptions or the 
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need for continuous manual intervention is crucial for 

maintaining consistent product quality. By responding swiftly 

and efficiently to changes in feed composition, the NMSS-PIP 

controller ensures that the distillation column operates within 

desired specifications, reducing the likelihood of costly off-

spec products or energy wastage. Furthermore, the smooth 

control actions prevent overcompensation in input variables, 

thereby optimizing the energy consumption of critical 

subsystems, such as the furnace and intermediate condensers. 

 
Fig. 6. Input changes affecting the percentage composition of input 

feed for economic weighting functions 

Figure 8 shows the output response of the NMSS-PIP 

controller to ±1°F setpoint changes, demonstrating that the 

controller maintained system stability without inducing 

significant oscillations. The slight overshoot observed during 

the +1°F step change is well within operational tolerances. The 

control actions, depicted in Figure 9, show smooth and gradual 

input adjustments, further confirming the effectiveness of the 

NMSS-PIP controller. 

 

 
Fig. 7. Output response to change in input feed percentage 

composition for economic weight functions 

The setpoint control performance is particularly relevant for 

optimizing production in response to market demands. 

Refineries may need to adjust product specifications to meet 

customer requirements, and the ability to make such 

adjustments dynamically, without energy penalties or 

compromising product quality, is a valuable asset for process 

optimization. 

The comparison of energy consumption between two tuning 

methods, namely the economic cost function and ITAE 

minimization, is summarized in Table 7.  

 

 

 

 

 
(b) 

 
(a) 

Fig.8. Input changes affecting the percentage composition of input feed for economic weighting functions 
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TABLE 7 . COMPARISON OF OPERATING COSTS USING 

ECONOMIC WEIGHTING FUNCTIONS AND ITAE TUNING  

Scenario 
furnaceC ($/h) pumparoundsC

($/h) 

pumpsC ($/h) totalC ($/h) 

Case 

a 

Case 

b 

Case 

a 

Case 

b 

Case a Case 

b 

Case 

a 

Case b 

Change in 

feed rate 

117.5 0 0.2 0.005 0.0001 0 118 0.006 

Change in 

feed 

temperature 

34.5 0 0.03 0 0 0.015 34.5 0.015 

Change in 

Feed 

composition 

56.5 0 0.009 0 0.003 0.006 57 0.006 

Change in 

setpoint 

18.5 0 0.1 0 0 0.001 19 0.001 

Scenario (a): Weighting matrices based on minimizing ITAE; Scenario 

(b): Weighting matrices based on economic cost functions. 

 

This table presents an operating cost comparison between 

the NMSS-PIP control strategy with economic weighting 

functions and the ITAE tuning scenario. It breaks down 

furnace, pumparounds, and pumping costs under various 

disturbances (feed rate, temperature, composition, and setpoint 

changes), highlighting the NMSS-PIP controller's cost-saving 

advantages in energy management. In Table 7, furnace cost 

refers to the operating cost per input variation in the furnace 

by the end of each scenario, pumparounds cost indicates the 

operating cost for intermediate condensers per input variation, 

pumping cost represents the cost associated with pump 

operation per input variation, and total operating cost is the 

sum of all input variable variations. Additionally, Scenario (a) 

represents NMSS-PIP control tuned using ITAE minimization 

weighting functions, while Scenario (b) corresponds to tuning 

based on economic weighting functions. Across all scenarios, 

the NMSS-PIP control based on the economic cost function led 

to significant cost savings, reducing operating costs by nearly 

100% relative to the ITAE-based scenario. This improvement 

is particularly evident in the furnace's operating costs and 

cooling water usage, both of which saw substantial reductions. 

In terms of practical implications, these cost reductions can 

translate into considerable economic benefits for refineries. 

For example, the study shows that an increase in feed rate by 

1800 barrels per day over one month could result in cost 

savings of approximately $84,700. These findings underscore 

the importance of using a control method that not only 

optimizes product quality but also minimizes energy 

consumption, making the process more sustainable and 

economically viable. 

 

 
(b) 

 
(a) 

Fig. 9. Input changes in response to setpoint variations for the NMSS-PIP controller under the application of economic weighting 

functions: (a) +1°F step change; (b) -1°F step change. 

The results from this study highlight the effectiveness of the 

NMSS-PIP control strategy for managing complex, 

multivariable processes in crude distillation columns. The 

economic cost function approach used to tune the controller 
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demonstrates clear advantages in reducing energy 

consumption and maintaining product quality across 

different operating conditions. Compared to traditional 

control methods like PID and even advanced strategies like 

MPC, the NMSS-PIP controller offers a balanced solution, 

providing robustness and efficiency with fewer 

computational demands. 

Moreover, the flexibility of the NMSS-PIP controller 

allows for easy integration with existing refinery 

infrastructure, making it a practical choice for operators 

looking to improve their process control without investing in 

entirely new systems. 

In terms of closed-loop stability, the robustness of the 

NMSS-PIP control structure has been validated in previous 

research by Taylor et al. [27], who developed and tested 

robust PIP controllers within the non-minimal state space 

(NMSS) framework. Their work demonstrated that the PIP 

control strategy maintains stable closed-loop performance 

even under challenging conditions, such as model 

uncertainties and significant disturbance inputs. Specifically, 

Taylor et al. evaluated this control structure on multivariable 

systems, including laboratory-scale materials handling and 

stochastic benchmark simulations, underscoring its 

capability to handle variability and ‘worst-case’ disturbance 

scenarios. Therefore, this study relies on Taylor et al.'s 

findings as a foundational stability assessment for the 

NMSS-PIP controller, focusing here on its optimization for 

energy efficiency and cost functions. 

The NMSS-PIP control method demonstrates marked 

advantages in optimizing energy consumption, maintaining 

product quality, and managing disturbances within the CDU 

framework, effectively addressing the limitations 

encountered with traditional PI control. As illustrated in the 

results, the NMSS-PIP controller not only minimized 

operating costs by nearly 100% through economically 

weighted tuning but also maintained consistent product 

quality across varied operational conditions. For instance, in 

scenarios of ±5°F step changes in input feed temperature, the 

NMSS-PIP controller ensured product output stability with 

minimal oscillation, a notable improvement over PI, which 

often struggled to stabilize under similar disturbances. 

Moreover, with its centralized nature, the NMSS-PIP can be 

tuned based on cost objective functions, making it 

particularly suited to address the energy efficiency demands 

of Industry 4.0 as global energy shortages intensify. The 

NMSS-PIP’s adaptable structure and direct compatibility 

with industry-standard software position it as a viable next-

generation industrial controller, providing a practical 

alternative to the PI controller for large-scale processes. This 

combination of robustness, cost optimization, and practical 

scalability underscores the potential of NMSS-PIP to evolve 

as an advanced, energy-conscious control solution in modern 

industrial applications. 

III. Conclusions 
 

This study demonstrates the effectiveness of the NMSS-

PIP control strategy in optimizing the operation of crude 

distillation units (CDUs). By implementing the PIP control 

system within a Non-Minimal State Space (NMSS) 

framework, the controller achieved substantial energy 

savings while maintaining product quality under disturbance 

scenarios, such as changes in feed rate, temperature, and 

composition. The economic cost function approach used to 

tune the controller’s weight matrices led to significant 

reductions in operating costs, particularly in furnace duty 

and cooling water usage, highlighting its energy-saving 

potential. Results indicate that the NMSS-PIP strategy 

outperforms traditional PID and ITAE-tuned controllers in 

both energy efficiency and control precision, offering robust 

disturbance rejection with smooth control actions. 

However, the NMSS-PIP control strategy may be most 

effective in continuous, steady-state processes, such as 

regulatory control in CDUs, rather than in highly variable or 

batch processes, where frequent recalibration of weighting 

matrices could be required. Additionally, while the NMSS-

PIP method shows promise for enhancing operational 

efficiency in energy-intensive environments like refineries, 

further research is needed to validate its performance across 

different refinery units and under varying feed compositions 

over extended periods. 

In conclusion, the NMSS-PIP control framework presents 

a powerful tool for optimizing crude distillation processes, 

with significant potential to improve energy savings, 

operational efficiency, and process stability. Future work 

could explore real-time implementations and assess the 

adaptability of NMSS-PIP control in broader refinery 

applications, contributing to more sustainable process 

control in the oil and gas industry. 
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Bearing-less induction motors (BLIMs) are suitable candidates for high-speed 

applications but suffer from low torque density and complex control issues due to the 

interaction of torque and levitation forces. To address these challenges, this paper 

presents a new control strategy that combines vector control and direct torque control 

(DTC) for torque management, alongside a novel force control method based on finite 

element analysis (FEA). The proposed approach minimizes interference between torque 

and force magnetic fields by employing a parallel winding structure and distinct control 

units for torque and force. Simulation results demonstrate that the proposed method 

significantly reduces torque ripple and improves steady-state performance compared to 

conventional vector control and DTC. Furthermore, the force control unit outperforms a 

dual field-oriented control (FOC) method in regulating rotor position, offering better 

suspension force control and faster stabilization. This work contributes to the 

development of more efficient control strategies for BLIMs, enhancing their performance 

in industrial applications. 

NOMENCLATURE    
𝑊𝑚 Magnetic energy 𝐿2𝑠 Torque windings self-inductances 
𝑖𝑎𝑏 Two-phase current vector 𝐿4𝑠 Force windings self-inductances 
𝐿𝑎𝑏 Inductance matrix 𝐹𝑎𝑣 Average suspension force 

𝐹𝑥 𝑎𝑛𝑑 𝐹𝑦 Suspension forces in x and y directions 𝑇𝑎𝑣 Average electromagnetic torque 
𝜔𝑟𝑚 Mechanical rotor speed 𝜓2𝛼𝑟, 𝜓2𝛽𝑟 Flux linkages 
𝜔2𝑠 Two pole slip frequency 𝑣𝑘 Terminal voltage vector 
𝜔4𝑠 Four pole slip frequency 𝑖𝑘 Winding current vector 

𝑖2𝛼𝑠, 𝑖2𝛽𝑠 Two pole stator constant dc currents 𝜓𝑘 Flux linkage vector 
𝑖2𝛼𝑟, 𝑖2𝛽𝑟 Two pole rotor constant dc currents 𝐿 Inductance matrix 
𝑖4𝛼𝑠, 𝑖4𝛽𝑠 Four-pole stator constant dc currents 𝛾 Angle between stator and rotor fluxes 
𝑖4𝛼𝑟, 𝑖4𝛽𝑟 Four pole rotor constant dc currents 𝑛1𝑝 Number of pole pairs in torque windings 

𝑀24
′  Mutual inductance between torque and force   

windings 
  

I. Introduction 

Bearing-less motors are attractive electrical machines that 

work without any mechanical connection between the 

stationary and moving parts. This offers advantages such as 

low thermal problems, low maintenance requirements, high-

speed capability, and no spark [1]. The stator in a bearing-

less induction motor is same as a conventional induction 

motor. But, two separate windings are located in each slot 

which are connected to distinct power supplies. Fist P pole 

winding called torque or motoring winding which generates 

the torque electromagnetic field. The second one, is P±2 pole 

force winding which generates the suspension force field [2-

5]. Despite the simplicity of this structure, the torque density 

is very low, which is due to the occupation of the slot space 
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by the force winding. The combined winding structure 

partially solves the problem and enhances the efficiency as 

much as conventional induction motors. In this method both 

fields are produced by a single set of windings [6-8]. 

However, the combined winding strategy requires a 

complicated power electronics converter constructed. 

Moreover, there is speed induced voltage in force windings 

which reduces the quality of performance, especially at high 

speeds.  

The motor proposed in this work, has been designed and 

manufactured based on a novel winding strategy presented 

in [9] and [10]. The structure consists of two three phase 

parallel coils, one of which has a neutral point, while the 

other is connected to the force power supply. Researches 

have shown that parallel winding structure can reduce the 

speed induced voltage in the force windings to zero. 

Control of a BLIM is an inherently challenging problem 

due to the effect of rotor induced currents. In addition to the 

torque current, force current is also induced in the rotor bars 

which degrade the torque and force quality. Also, the 

magnetic suspension force is defined with respect to 

displacement and current. So, the transfer function is 

unstable complicating the controller design. Vector control 

in a bearing-less motor with combined winding structure has 

been explained in [11]. In [12], a non-linear control system 

for an especial type bearing-less motor with rotor angle 

consideration has been presented. Fuzzy logic systems have 

been used in some articles to control the rotor position [13] 

and [14]. This method is usually fast and does not require 

complex mathematical equations. Among the other methods 

that can be used for estimating the parameters of an induction 

motor in control methods is the PSO algorithm [15]. 

Accurate estimation of the induction motor parameters has a 

significant impact on the performance and quality of the 

control system. The effects of cross-coupling in a combined 

winding BM by extracting an appropriate disturbance 

transfer function has been investigated in [16]. Decouple and 

separate control of the torque and force windings voltage 

disturbances is the most important point in a bearing-less 

motor. [17] investigated a DPNV type bearing-less motor 

and has shown that the structure is very effective in the field 

interference reduction. Optimization of the commutation 

period in a bearing-less motor has been proposed in [18]. In 

the work, the turn- on angle and conduction region of each 

phase winding have been chosen as the control targets. 

In this work, a new control strategy has been provided for 

a BLIM. Force control unit is based on finite element 

analysis without any need to complex mathematical 

equations. Torque control unit is a modified direct torque 

control method based on phase currents controllers. 

 

II. Proposed BLIM 

A. Structure of the motor 

Traditional BLIMs consist of two separate windings 

located in same slots which create torque field and force 

field. In combined winding structure, both fields are 

generated by only one winding set. But the existence of non-

zero speed induced voltage in the force windings 

significantly reduces the system efficiency. To solve the 

problem, a parallel winding structure has been used which is 

shown in Fig. 1.  
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Fig. 1. BLIM with parallel winding structure 

This structure has two sets of terminals, one for torque 

current and the other for suspension force current. Although 

both terminals belong to the common coil, the torque 

terminal is connected in such a way that the two similar parts 

of the coil have opposite directions. The winding of phase k 

(k=u, v, w) has two parallel parts denoted by 𝑘1 and 𝑘2 in 

Fig. 1, one is connected to the neural point point and the 

other one is connected to the force inverter. The current of 

phase k of the torque winding is divided between two parts 

𝑘1 and 𝑘2, so that half of the current enters each of coils and 

induces the speed voltage (𝑒𝑘) in them. The force inverter 

supplies current (𝑖𝑘𝑡 2⁄ − 𝑖𝑘𝑓) into the winding, where the 

force current 𝑖𝑘𝑓 flows through both coils 𝑘1 and 𝑘2. The 

speed induced voltage in one of the force windings is 

negative while the other winding has a positive induced 

voltage, so that eventually the windings will be without 

voltage. In this way, the force current can be controlled 

independently of the rotor speed and without the need for 

isolation with the torque inverter. 
 

B. Dynamic equations 

Terminal voltage in the torque and force inverters consists 

of three components including the resistance drop voltage, 

the electromotive force, and the speed voltage. 

𝑣𝑘 = 𝑅𝑘𝑖𝑘 + 𝐿
𝑑𝑖𝑘
𝑑𝑡

+ 𝜔
𝑑𝜓𝑘

𝑑𝑡
 (1) 

where the bold parameters 𝑣𝑘 . 𝑖𝑘 . and 𝜓𝑘 represent the 

windings voltage vector, windings current vector, and flux 

linkage vector, respectively. 
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𝑣𝑘 =

[
 
 
 
 
 
𝑣𝑈1

𝑣𝑈2

𝑣𝑉1
𝑣𝑉2

𝑣𝑊1

𝑣𝑊2]
 
 
 
 
 

,  𝑖𝑘 =

[
 
 
 
 
 
𝑖𝑈1

𝑖𝑈2

𝑖𝑉1

𝑖𝑉2

𝑖𝑊1

𝑖𝑊2]
 
 
 
 
 

, and 𝜓𝑘 =

[
 
 
 
 
 
𝜓𝑈1

𝜓𝑈2

𝜓𝑉1

𝜓𝑉2

𝜓𝑊1

𝜓𝑊2]
 
 
 
 
 

,  (2) 

And 𝐿 denotes the self and mutual inductances in a 6 × 6 

matrix as follows. 

𝐿 =

[
 
 
 
 
 
𝐿𝑢 𝑀11

𝑀11 𝐿𝑢

𝑀12 𝑀13

𝑀13 𝑀12

𝑀12 𝑀13

𝑀13 𝑀12

𝑀12 𝑀13

𝑀13 𝑀12

𝐿𝑣 𝑀11

𝑀11 𝐿𝑣

𝑀12 𝑀13

𝑀13 𝑀12

𝑀12 𝑀13

𝑀13 𝑀12

𝑀12 𝑀13

𝑀13 𝑀12

𝐿𝑤 𝑀11

𝑀11 𝐿𝑤 ]
 
 
 
 
 

  (3) 

where, 𝑀11 denotes the mutual inductance between two coils 

𝑘1and 𝑘2, 𝑀12 is the mutual inductance between coil 𝑘1 and 

𝑘2
′
, 𝑀13 illustrates the mutual inductance between coil 𝑘1 

and 𝑘3
′
, and 𝐿𝑘 denotes the self inductance of winding 𝑘, 

while 𝐿𝑢 = 𝐿𝑣 = 𝐿𝑤 = 𝐿. 

Considering 𝑅𝑘 = 𝑅 and according to the matrixes, the 

voltage in terminals 𝑢1 and 𝑢2 are written as: 

𝑣𝑢1
= 𝑅 (

𝑖𝑢𝑡

2
+ 𝑖𝑢𝑓) +

1

2
(𝐿 + 𝑀11 − 𝑀12 −

𝑀13)
𝑑𝑖𝑢𝑡

𝑑𝑡
+ (𝐿 − 𝑀11 − 𝑀12 + 𝑀13)

𝑑𝑖𝑢𝑓

𝑑𝑡
+

𝜔
𝑑𝜓𝑢

𝑑𝑡
  

(4) 

𝑣𝑢2
= 𝑅 (

𝑖𝑢𝑡

2
− 𝑖𝑢𝑓) +

1

2
(𝐿 + 𝑀11 − 𝑀12 −

𝑀13)
𝑑𝑖𝑢𝑡

𝑑𝑡
− (𝐿 − 𝑀11 − 𝑀12 + 𝑀13)

𝑑𝑖𝑢𝑓

𝑑𝑡
+

𝜔
𝑑𝜓𝑢

𝑑𝑡
  

(5) 

According to Fig. 1, the terminal voltage of the force 

converter can be calculated as: 

𝑣𝑢𝑓
= 𝑣𝑈1

− 𝑣𝑈2
= 2𝑅. 𝑖𝑢𝑓 + 2(𝐿 − 𝑀11 −

𝑀12 + 𝑀13)
𝑑𝑖𝑢𝑓

𝑑𝑡
  

(6) 

Same equations can be written for two other phases. The 

equation indicates that voltage of the force winding is 

independent of the speed induced component. 

III. Control of BLIM 

There are different factors that affect a BLIM 

performance. A delay in force response of a BLIM is one of 

them, which can be caused by iron losses, saturation, etc. 

Another factor is the error of the angular position of the rotor, 

which is caused by the interference of suspension force in 

axes x and y. Also, the interference between the torque and 

force fields is very important in suspension system 

performance in a BLIM. The motor proposed in this work 

has been constructed with the special structure explained in 

the previous section which almost eliminates the interference 

between the electromagnetic fields. Due to the non-linear 

structure, mathematical model can't guarantee the precise 

performance of the BLIM, especially at high speeds. In order 

to compensate the direction error and the delay in suspension 

force generation system, a new method has been proposed in 

this work which is based on finite element analysis (FEA) of 

the motor. In the presented control method, all non-linear 

working conditions of the motor are taken into account in 

FEA, and there is no need for complicated and time-

consuming mathematical equations in force control unit. 

Moreover, a new torque control strategy including a 

switching table and current controller has been proposed that 

shows a precise and fast responses. 
 

A. Proposed Force Control Strategy 

In the proposed system, the data obtained by finite element 

analysis are used to model the system. Therefore, there is no 

need to use complex and high-order equations. Fig. 2 shows 

some rotor displacements from the center and the appropriate 

compensating force vectors. It can be seen that without any 

deviation, there is only a constant force 𝐹0 in vertical 

direction to suspend the rotor.  
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Fig. 2. Rotor deviation in different directions and suspension force vector 
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By defining ∆𝑟 as the deviation of the rotor from the center 

and 𝜃 as the counterclockwise deviation angle from the 

horizontal axis, at the first step the suspension force vector 

𝐹⃗ = 𝐹𝑥 + 𝐹𝑦 is determined for the command position of the 

rotor  ∆𝑟 = 0 and 𝜃 = 0. In the following, the force factor is 

obtained for 𝜃 = 0, and ∆𝑟 = 0.2. 0.4 . … . 2 mm. The step is 

repeated exactly for 𝜃 = 5. 10.… . 360 and the 

corresponding force values are recorded. In this way, a set of 

data has been obtained that show the relationship between 

the force and the deviation from the center of the rotor in the 

entire movement range. 

By defining ∆𝑟 as the deviation of the rotor from the center 

and 𝜃 as the counterclockwise deviation angle from the 

horizontal axis, at the first step the suspension force vector 

𝐹⃗ = 𝐹𝑥 + 𝐹𝑦 is determined for the command position of the 

rotor  ∆𝑟 = 0 and 𝜃 = 0. In the following, the force factor is 

obtained for 𝜃 = 0, and ∆𝑟 = 0.2 0.4 . … . 2 mm. The step is 

repeated exactly for 𝜃 = 5. 10.… . 360 and the 

corresponding force values are recorded. In this way, a set of 

data has been obtained that show the relationship between 

the force and the deviation from the center of the rotor in the 

entire movement range. By using curve fitting technique, the 

above relationship is made continuous covering all points of 

the air gap. The obtained profile for the proposed BLIM is 

shown in Fig. 3. Further investigations shown that the 

profiles are independent of the load torque value. 

 
(a) 

 
(b) 

Fig. 3. Data obtained by FEA for the proposed BLIM 

The data obtained by FEA are used to extract the 

suspension force vector for each deviation of rotor from the 

center. Block diagram of the proposed force control system 

is shown in Fig. 4.  

As deviation of the rotor is determined by the position 

sensors, parameters ∆𝑟 and 𝜃 are calculated and entered into 

the FEA block. This block is the continuous form of Fig. 3, 

which, selects the values 𝐹𝑥
∗ and 𝐹𝑦

∗ for a specified load 

torque. Assuming that the stator and rotor currents are 

specified by s and r, the suspension force in a squirrel cage 

BLIM has been illustrated in [19] as a matrix equation.  
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Fig. 4. Force control system 

[
𝐹𝑥

𝐹𝑦
] = 𝑀′ [

𝑖1𝛼𝑔 𝑖1𝛽𝑔

−𝑖1𝛽𝑔 𝑖1𝛼𝑔
] [

𝑖2𝛼𝑔

𝑖2𝛽𝑔
] (7) 

 

{
𝑖2𝛼𝑔 = 𝑖2𝛼𝑠 + 𝑖2𝛼𝑟

𝑖2𝛽𝑔 = 𝑖2𝛽𝑠 + 𝑖2𝛽𝑟
  (8) 

where 𝑀′ is a parameter related to the motor dimensions and 

characteristics, calculated as [19]. Numbers 1 and 2 in 

parameters correspond to the torque and force windings 

current, respectively.   Also, 𝛼 and 𝛽 are axes in the two 

phases system. For example, 𝑖1𝛼𝑔 and 𝑖2𝛼𝑔 denote the airgap 

flux component of current in torque and force windings, 

respectively. The BLIM proposed in this work has a special 

rotor structure presented in [4]. This structure has a main 

advantage that no current is induced by the stator force 

currents on the rotor. This means 𝑖2𝛼𝑟 = 𝑖2𝛽𝑟 = 0, and so, 

𝑖2𝛼𝑔 = 𝑖2𝛼𝑠 and 𝑖2𝛽𝑔 = 𝑖2𝛽𝑠. In this way, the suspension 

force will be proportional to the torque winding current.  

𝑖2𝛼𝑠 =
𝐹𝑥

∗

𝑀′ .𝐼𝑚
= 𝑘𝑓𝐹𝑥

∗ and 𝑖2𝛽𝑠 =
𝐹𝑦

∗

𝑀′ .𝐼𝑚
= 𝑘𝑓𝐹𝑦

∗ (9) 

This is an assumption that greatly simplifies the analysis. 

But the study on the BLIM and its control system showed 

that the use of exact motor equations leads to a better 

response and compensates the delay. Flux linkages in the 

two-phase system can be expressed as: 

{
𝜓2𝛼𝑟 = 𝐿𝑢 × 𝑖2𝛼𝑟 + 𝑀2 × 𝑖2𝛼𝑠

𝜓2𝛽𝑟 = 𝐿𝑢 × 𝑖2𝛽𝑟 + 𝑀2 × 𝑖2𝛽𝑠
 (10) 

where 𝑀2 is the mutual inductance between the stator force 

winding and the rotor. By combining the equations (8) and 

(10), it may be written 

{
𝑖2𝛼𝑔 = 𝑖2𝛼𝑠 +

1

𝐿𝑢
(𝜓2𝛼𝑟 − 𝑀2𝑖2𝛼𝑠)

𝑖2𝛽𝑔 = 𝑖2𝛽𝑠 +
1

𝐿𝑢
(𝜓2𝛽𝑟 − 𝑀2𝑖2𝛽𝑠)

  (11) 

Also, in an airgap flux-oriented vector control method, the 

vertical current component is zero (𝑖1𝛽𝑔 = 0). For a constant 

𝛼 axis current (𝑖2𝛼𝑠=𝐼𝑚), combination of (7) and (11) is: 

{
𝑖2𝛼𝑠 = (

𝐹𝑥
∗

𝑀′ .𝐼𝑚
 −  

𝜓2𝛼𝑟

𝐿𝑢
) (1 −

𝑀2

𝐿𝑢
)⁄

𝑖2𝛽𝑠 = (
𝐹𝑦

∗

𝑀′ .𝐼𝑚
 −  

𝜓2𝛽𝑟

𝐿𝑢
) (1 −

𝑀2

𝐿𝑢
)⁄
  (12) 

The complete block diagram of the BLIM control system 

is shown in Fig. 6. 



195                                                                                                                                                                      Torque vector control…. / Ghanizadeh, et al 

 
The obtained two phase force winding currents are 

compared with the corresponding actual currents measured 

by sensors and the error is entered to a PI controller. 

Proportional and integral gains of this controller in this 

controller have been obtained based on trial-and-error 

method as 1.28 and 0.025, respectively. 
 

B. Proposed Torque Control Strategy 

Various vector control (VC) structures have been 

presented for induction motors in all of them the stator 

current is used to control the produced torque. Assuming that 

indices “1” show the values related to the torque windings, 

the current is decomposed into two perpendicular torque and 

flux components denoted by 𝑖1𝛼  and 𝑖1𝛽 , which are used to 

control the torque and flux, respectively. So, the torque in 

rotor flux reference frame can be written as 

𝑇𝑒 =
3

2
𝑛1𝑝

𝐿1𝑚

𝐿𝑟

(𝜓1𝛼𝑟 × 𝑖1𝛽𝑟 − 𝜓1𝛽𝑟 × 𝑖1𝛼𝑟) (13) 

where 𝐿1𝑚 and 𝐿𝑟 denote the magnetizing inductance and 

rotor inductance, respectively. 𝑛1𝑝 is the number of pole 

pairs in the torque windings. Also, 𝜓1𝛼𝑟  and 𝜓1𝛽𝑟 indicate 

two perpendicular axes rotor flux linkages. Ignoring the flux 

in 𝛼 axis, it can be written as: 

𝑇𝑒 =
3

2
𝑛1𝑝

𝐿1𝑚

𝐿𝑟

(𝜓1𝛼𝑟 × 𝑖1𝛽𝑟) (14) 

On the other hand, a direct torque control (DTC) system 

does not require any current controller. The equations of a 

DTC for the torque windings of a BLIM can be written as: 

𝑇𝑒 =
3

2
𝑛1𝑝𝐼𝑚{𝜓⃗⃗1𝑠

∗  𝑖1𝑠} (15) 
 

𝑖1𝑠 =
1

𝜎𝐿1𝑠

𝜓⃗⃗1𝑠 −
𝐿𝑚

𝜎𝐿1𝑠𝐿𝑟

𝜓⃗⃗1𝑟 .  𝜎 = 1 −
𝐿𝑚
2

𝐿1𝑠𝐿𝑟

 (16) 

Combining the equations, following equation is obtained. 

𝑇𝑒 =
3

2
𝑛1𝑝

𝐿𝑚

𝜎𝐿1𝑠𝐿𝑟

|𝜓⃗⃗1𝑠||𝜓⃗⃗1𝑟|𝑠𝑖𝑛𝛾 (17) 

Where 𝛾 denotes the angle between the stator and rotor flux 

linkage vectors. The derivative of (17) indicates that, the 

produced torque depends on angle 𝛾. Therefore, the motor 

torque can be controlled quickly by adjusting the angle 𝛾. By 

applying appropriate voltage vectors to the stator torque 

windings, the phase equation for a torque winding on stator 

can be written as follows. 

𝑑𝜓⃗⃗⃗⃗1𝑠

𝑑𝑡
= 𝑉⃗⃗1𝑠 − 𝑅1𝑠𝑖1𝑠 ≈ 𝑉⃗⃗1𝑠  → ∆𝜓⃗⃗1𝑠 = 𝑉⃗⃗1𝑠∆𝑡 (18) 

 

𝑑𝜓⃗⃗⃗⃗1𝑟

𝑑𝑡
+ (

𝐿𝑚

𝜎𝐿1𝑠𝐿𝑟
−

𝑅𝑟

𝐿𝑟
− 𝑗𝜔2) 𝜓⃗⃗1𝑟 =

𝑅𝑟𝐿𝑚

𝜎𝐿1𝑠𝐿𝑟
𝜓⃗⃗1𝑠  (19) 

where indices “1” show the values related to the torque 

windings. In order to obtain a fast response with low ripple 

and high precision, a new control strategy has been presented 

in this work which includes a switching table instead of pulse 

width modulation (PWM) method. Also, hysteresis current 

controllers have been used to adjust the torque winding 

currents. Assuming that the flux is constant and ∆ denotes 

small variation, the equations of the conventional vector 

control method in the torque windings can be written as: 

{
|𝜓⃗⃗1𝑟| = 𝐾𝛼 × 𝑖1𝛼

𝑇𝑒 = 𝐾𝛽 × 𝑖1𝛽     
→ {

|𝜓⃗⃗1𝑟| ∝ 𝑖1𝛼

𝑇𝑒 ∝ 𝑖1𝛽      
→

{
∆|𝜓⃗⃗1𝑟| ∝ ∆𝑖1𝛼

∆𝑇𝑒 ∝ ∆𝑖1𝛽      
  

(20) 

Based on direct torque control strategy, by applying a 

voltage in a short switching interval, the stator flux vector 

rotates from 𝜓⃗⃗1𝑠 to 𝜓⃗⃗1𝑠
1 , as shown in Fig. 5. Due to the large 

time constant of the rotor, it can be assumed with reasonable 

accuracy that the rotor flux linkage is constant in this 

interval. 

ψ1r

ψ1s

ψ1s
1

γ

 

Δψ1T

Δψ1R

 
Fig. 5. Flux change in a short switching interval 
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Fig. 6. Block diagram of the proposed control system for the BLIM. 
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Change of stator flux ∆𝜓⃗⃗1𝑠 is decomposed into two radial 

and tangential components denoted by ∆𝜓⃗⃗1𝑅 and ∆𝜓⃗⃗1𝑇, 

respectively. According to Fig. 5, (17) can be rewritten as 

follows: 

∆𝑇𝑒 = 𝐾|𝜓⃗⃗1𝑟|(|𝜓⃗⃗1𝑠
1 |𝑠𝑖𝑛(𝛾 + ∆𝛾) − |𝜓⃗⃗1𝑠|𝑠𝑖𝑛𝛾) (21) 

 

With suitable approximations 

𝑠𝑖𝑛(𝛾 + ∆𝛾) = 𝑠𝑖𝑛𝛾 + 𝑐𝑜𝑠𝛾 𝑠𝑖𝑛∆𝛾 (22) 
 

𝑠𝑖𝑛∆𝛾 =
∆𝜓⃗⃗1𝑇

|𝜓⃗⃗1𝑠|
 (23) 

 

|𝜓⃗⃗1𝑠
1 | = |𝜓⃗⃗1𝑠| + ∆𝜓⃗⃗1𝑇 (24) 

 

Equation (21) can be written as follows. 

∆𝑇𝑒 = 𝐾|𝜓⃗⃗1𝑟| {∆𝜓1𝑇𝑐𝑜𝑠𝛾 + ∆𝜓1𝑅  𝑠𝑖𝑛𝛾 +

∆𝜓1𝑇 ∆𝜓1𝑅

|𝜓⃗⃗⃗⃗1𝑠|
𝑐𝑜𝑠𝛾}   

(25) 

Second and third terms are ignorable. Therefore, (25) can 

be simplified as: 

∆𝑇𝑒 = 𝐾|𝜓⃗⃗1𝑟|∆𝜓1𝑇  𝑐𝑜𝑠𝛾 →    ∆𝑇𝑒 ∝ ∆𝜓1𝑇  (26) 
 

∆|𝜓⃗⃗1𝑠| = ∆𝜓1𝑅 (27) 

Ignoring the first order delay between stator and rotor 

linkage fluxes in (19), it can be obtained 

∆|𝜓⃗⃗𝑟| = ∆𝜓1𝑅 (28) 

Comparing the equations (18), (26), and (28) gives the 

following results. 

∆𝜓1𝑅 ∝ ∆𝑖1𝛼  (29) 
 

∆𝜓1𝑇 ∝ ∆𝑖1𝛽 (30) 

According to the analysis, block diagram of the proposed 

control method is shown in Fig. 6. It can be seen that the 

proposed torque controller is a direct control method in 

which, unlike the conventional DTC, the phase currents are 

controlled. The obtained results show that this has a good 

effect on the performance quality with respect to the 

conventional DTC. On the other hand, PI controllers and 

PWM have been eliminated, which reduces the system 

response time with respect to the conventional vector control 

method. The proposed controller includes hysteresis 

controllers for the current components, like a vector control, 

and a switching table as a direct torque control strategy. 

 

IV. Simulation Evaluation 

In order to examine the performance of the proposed 

control system, the BLIM along with the control system have 

been simulated in Matlab/Simulink software. Parameters of 

the BLIM are shown in TABLE I. For a more complete 

study, the results obtained by the proposed controller are 

compared with the dual field oriented method [10]. The 

suspension force profile with respect to other parameters are 

shown in Fig. 7.  

To evaluate the performance of the four-pole motoring 

unit, an external load has been applied to the motor at t= 0.8 

s. The obtained results using conventional vector control 

(VC), direct torque control (DTC), and the proposed control 

system have been shown in Fig. 8. As mentioned in the 

previous section, the proposed system is a current controller 

system which works based on switching table. The results 

indicate that the torque resulted by proposed system has less 

ripple than the conventional DTC method, while its transit 

time is better than the VC. 

 

TABLE 1 PARAMETERS OF THE PROTOTYPE BLIM 
Parameter Symbol Constraints 

Power 𝑃 2200 W 

Speed 𝑁 15000 rpm 

Torque winding poles 𝑃𝑡 2 

Force winding poles 𝑃𝑓 4 

Supply frequency f 250 Hz 

Stator slots 𝑄𝑠 30 

Rotor slots 𝑄𝑟 24 

Voltage 𝑉𝐿 220 V 

Torque winding phase current 𝐼𝑡 10 A 

Force winding phase current 𝐼𝑠 5 A 

Stack length 𝑙 38 cm 

Rotor slot depth ℎ𝑟𝑝 2.5 cm 

Stator slot fill factor 𝑓𝑓 0.6 

 

  

  
Fig. 7. Electromagnetic force in BLIM. 

To show the force controller performance, it is assumed 

that the rotor is initially located at point 𝑥 = −0.2 mm and 

𝑦 = −0.1 mm. As shown in Fig. 9, the electromagnetic 

forces are generated in two directions to return the rotor to 

the center of the stator. Fig. 9 (a) indicates the forces in the 

dual field-oriented control (FOC) presented in [11] while 

forces obtained by the proposed controller are shown in Fig. 

9 (b). In both Fig. 9 (a) and Fig. 9 (b), the horizontal axis 

force (𝐹𝑥) is produced for a short time and when the rotor 
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reaches the center, this force becomes zero. But the vertical 

force is reduced to a specified value to levitate the rotor in 

the center in normal performance condition. In this work, the 

displacement tolerance of the rotor in two directions is 

defined as 0.01 mm. In this way, after the rotor returns to this 

range, the force becomes zero.  The rotor position variation 

in the process is shown in Fig. 9 (c) and (d) for the dual FOC 

and proposed system, respectively. The results indicate that 

using the proposed control system, the rotor returns to the 

center almost directly and in a short time. 

 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Fig. 8. Torque comparison, (a) direct torque control, (b) vector 

control, (c) proposed control, (d) transient time comparison. 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Fig. 9. Force comparison, (a) dual FOC method, (b) proposed 

method.. 

In order to investigate the rotor deviation in critical 

situations, an external load was applied to the motor at t=0.8 

s and the results were extracted as Fig. 10. Comparison of 

position fluctuations using the dual FOC and the proposed 

controller confirm that the proposed force control method 

can regulate the suspension force so that the rotor has less 

fluctuations. To further demonstrate the effectiveness of the 

proposed control method, its performance on the bearingless 

induction motor has been compared with the method 

proposed in reference [20]. This comparison, under load 

conditions and during the moment of load application at t= 

1.2 s, is shown in Fig. 11. This figure shows the currents with 

rotor deviation from the center. Fig. 11 (a) and (b) compare 

the force winding currents and Fig. (c) and (d) demonstrate 

the torque winding current of the motor using two control 

strategies. It can be observed that the proposed radial 

position control exhibits a short transient time during both 

startup and load application. 

 

  
(a) 

 
(b) 

 
(c) 

Fig. 10. Rotor position comparison, (a) speed and torque 

profiles, (b) proposed method, (c) dual FOC method. 

 

V. Conclusions 

A new control method for a parallel winding bearing-less 

induction motor has been presented. The method includes 

distinct torque and force control units. A direct torque 

control strategy with a current controller was used to adjust 

the motor torque and speed. The outputs obtained by the 

strategy is faster than conventional direct torque controller 

while includes fewer ripples in compare with conventional 

vector controller. Also, a new force control strategy was 
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presented that uses finite element analysis data to determine 

the appropriate force winding current. Using this method, the 

suspension force is adjusted without any complicated 

mathematical equations. The results obtained by simulation 

showed that the proposed control system shows acceptable 

capability in distinct control of torque and force in a bearing-

less induction motor. The effect of load application on the 

force current is negligible using the proposed control 

strategy, and the rotor returns to the center position more 

quickly during startup. 

 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 11.  Current comparison, (a) force current, proposed 

method, (b) force current, method presented in [20], (c) torque 

current, proposed method, (d) torque current, method presented 

in [20]. 
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This paper proposes three techniques aimed at enhancing the seismic performance of 

base-isolated tall buildings through uniform deformation of the superstructure. The first 

and second methods focus on generating a uniform modal shape and an even 

distribution of seismic loads across the floors, while the third method seeks to minimize 

the standard deviation of story drifts. For these purposes, an optimization procedure 

based on a gas Brownian motion optimization (GBMO) algorithm is defined. 

Simulation results, compared to those for a 20-story reference base-isolated structure, 

demonstrate that these techniques effectively reduce maximum floor displacement, 

particularly in the upper levels of the studied buildings. The proposed methods show 

clear advantages in lowering maximum floor drift, a critical factor in seismic damage. 

Specifically, methods 1 and 3 resulted in significant reductions in maximum floor drift, 

ranging from 30% to 80% in the upper floors. Additionally, these methods led to a 

reduction of 10% to 15% in maximum acceleration and seismic forces on the upper 

floors, while a slight increase was observed in the lower floors. Among the methods, 

method 1 exhibited the best overall performance, yielding average reductions of 6.65%, 

32.65%, and 0.88% in maximum floor displacement, drift, and acceleration, 

respectively, when compared to the reference base-isolated structure. While methods 2 

and 3 resulted in only modest reductions in displacement and acceleration, they were 

effective in significantly lowering maximum floor drift.  
 

I. Introduction 

Base isolation is an engineering technique to protect 

structures from the damaging effects of earthquake 

excitations. Decoupling the structure from ground motion, 

significantly reduces the seismic forces transmitted to the 

structure, thereby enhancing its resilience and safety during 

an earthquake. This method has been increasingly adopted in 

the design and retrofit of both new and existing structures, 

particularly in regions prone to seismic activity [1]. Base 

isolation systems were initially designed for short-period 

structures, such as low-rise buildings, which are subjected to 

short-period ground motions, like those from far-field 

earthquakes. The use of base isolation techniques shifts the 

fundamental period of typical low-rise buildings to 2.0–3.0 

seconds, thereby significantly reducing seismic force 

demands during far-field ground motions and the spectral 

acceleration decreases. However, However, the concerns 

regarding the application of base isolation systems in high-

rise buildings arise primarily from the relatively long 

fundamental period of the fixed-base superstructure [2-3]. 

Although the seismic performance of base isolation in tall 

buildings may not be as pronounced as those observed in 

short-period structures, they are still significant when 

compared to the improvements achieved in the response of 

long-period structures using some well-established seismic 

protection systems [3]. Over the last decade, the 18-story 

office Sendai MT building, the 41-story Thousand Tower, 

and a super high-rise building with a height of 177.4 m are 

some examples of utilizing the base isolations in tall 

buildings [2-3]. Furthermore, several studies have been 

carried out on base-isolated high-rise buildings. Roussis and 

Constantinou [4] introduced innovative devices designed to 

address the damage caused by the uplift of isolators during 

significant earthquakes. Ariga et al. [5] examined the 

resonant behavior of these buildings under long-period 

https://orcid.org/0000-0003-0928-599X
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ground motions, highlighting critical vulnerabilities. Hino et 

al. [6] employed the Monte Carlo method to evaluate the 

limitations on the height-to-width ratio for base-isolated 

buildings, ensuring their stability. Ma et al. [7] Studied the 

seismic response of base-isolated tall buildings under fully 

nonstationary excitation. The effects of stiffness of a base-

isolation layer and a superstructure for a base-isolated high-

rise building were studied in [8]. Darwish and Bhandari [9] 

investigated the seismic performance of two 12-story and 15-

story base-isolated steel–concrete composite buildings 

equipped with lead rubber bearing isolators. Li et al [10] 

conducted a comprehensive investigation on the reduced 

model and the seismic response of the inter-story isolated 

building. 

In recent years, metaheuristic optimization algorithms have 

garnered significant attention from researchers for the 

optimal design of seismic isolators in structures subjected to 

earthquakes. Shourestani et al. [11] applied a particle swarm 

optimization algorithm for seismic control of a smart base-

isolated structure considering soil-structure interaction effects. 

Pal et al. [12] employed a genetic algorithm to optimize base 

isolation parameters across various soil conditions, including 

hard, medium, and soft soils. Etedali et al. [13] addressed the 

optimal design of pure-friction isolators with restoring 

devices in seismic-excited structures using a multi-objective 

cuckoo search-based approach. Ockak et al. [14] conducted a 

comprehensive study on the optimization of seismic isolators 

at the base of structures, using an adaptive harmony search 

algorithm. Öncü-Davas [15] explored various metaheuristic 

approaches for optimizing non-linear base isolation systems 

under near-fault earthquakes, considering the flexibility of the 

superstructure. Etedali and Khosravi Kareshk [16] proposed 

two optimal isolator distributions in the base story of 

asymmetric base-isolated structures to reduce torsional 

responses. Lastly, Lei and Yang [17] proposed an improved 

method for stochastic optimization of electromagnetic inertial 

mass dampers in nonlinear hybrid isolation systems subject to 

seismic excitations.  

Base isolators are known to significantly reduce spectral 

acceleration by increasing the fundamental period of the 

structure. Optimal seismic isolation performance is achieved 

when the superstructure behaves as a rigid body, making base 

isolators particularly effective for low-rise structures with 

greater rigidity. This results in substantial reductions in inter-

story displacements and absolute acceleration of the 

superstructure floors. Conversely, as the number of floors and 

the flexibility of the superstructure increase, the response of 

the base-isolated structure becomes increasingly influenced 

by the superstructure’s lateral movements and interactions. In 

such scenarios, the effectiveness of seismic isolation in 

controlling inter-story drift and absolute floor acceleration 

generally diminishes. However, the motion shape of the 

superstructure can be controlled through the optimal design 

of floor stiffness, employing an optimization process to 

achieve uniform deformation across the superstructure. This 

technique aims to create an ideal state of isolation for the 

structure. This study proposes three uniform deformation 

techniques based on the GBMO algorithm to enhance the 

seismic performance of base-isolated tall buildings. 

Numerical analyses were conducted on a 20-story base-

isolated building, and the seismic performances of these three 

proposed techniques were compared. 

The structure of the paper is as follows. Section 2 

introduces the equation of motion for the nonlinear base-

isolated structures. Section 3 presents three methodologies for 

seismic performance enhancement of base-isolated tall 

buildings. An overview of the GBMO algorithm is provided 

in Section 4. Section 5 includes a numerical study on a 20-

story base-isolated structure. The simulation results are 

discussed in Section 6. The paper concludes with a summary 

of the findings in the end section. 

 

II. Equation of Motion for Nonlinear Base-

Isolated Structures  

The mathematical representation of the motion for a base-

isolated structure under the ground acceleration  𝑥𝑔̈(𝑡)  is 

expressed as [18]: 

 

𝑀ü(𝑡) + Cu̇(𝑡) +  Ku(𝑡) + Λf(𝑡) = −M1𝑥𝑔̈(𝑡) (1) 

 

Here, M, C, and K denote the mass, damping, and stiffness 

matrices of the structure, respectively. Also, t is the duration 

of the ground acceleration. The terms u(𝑡) , u̇(𝑡) , and 

ü(𝑡) represent the vectors of relative displacement, velocity, 

and acceleration of the base story and superstructure floors 

relative to the ground. The vector 1 indicates the location of 

the earthquake, Λ is the vector corresponding to the location 

of the isolation system and f(𝑡) represents the restoring force 

of the isolation system. The restoring force of a lead rubber 

bearing (LRB) as a well-known isolation system can be 

calculated as: 

 

 

In this context, 𝑄𝑝𝑏  represents the yield force of the lead 

plug, while k1 and 𝑐1 denote the linearized average stiffness 

of the nonlinear force-displacement loop of LRB and the 

viscous coefficient of the linearized LRB damping, 

respectively. The terms 𝑥1(𝑡)  and 𝑥̇1(𝑡) correspond to the 

relative displacement and velocity across the bearing. The 

yield force of the lead plug can be expressed as follows: 

 

 

Here, 𝑘𝑦𝑖𝑒𝑙𝑑 and 𝑘𝑖𝑛𝑖𝑡𝑖𝑎𝑙 are the post-yield and initial shear 

f(𝑡) = 𝑄𝑝𝑏 + k1𝑥1(𝑡) + 𝑐1ẋ1(𝑡)  (2) 

𝑄𝑝𝑏 = (1 − 𝑘𝑦𝑖𝑒𝑙𝑑 𝑘𝑖𝑛𝑖𝑡𝑖𝑎𝑙⁄ )𝑄𝑦  (3) 
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stiffness, respectively, and 𝑄𝑦  represents the yield force 

arising from both the lead plug and rubber stiffness. While 

the nonlinear behavior of the LRB can be modeled using a 

bilinear approach, this model tends to overestimate the 

acceleration responses of the structure. To address this issue, 

the Bouc-Wen model, which better aligns with experimental 

results, can be employed. In this model, the hysteretic force 

component 𝑄ℎ𝑦𝑠𝑡  is defined as: 

 

  

The evolutionary variable 𝑧  can be described by the 

differential equation: 

 

 

where 𝑛 = 1 , and the parameters  𝐴 = 2𝛾 = 2𝛽 =

𝑘𝑖𝑛𝑡𝑖𝑎𝑙 𝑄𝑦⁄  define the shape of the hysteresis loop. 

 

III. Methodology 

An optimization problem is formulated to determine the 

optimal distribution of the superstructure’s stiffness along its 

height, ensuring that the superstructure behaves like a rigid 

body. This is achieved by seeking a more uniform 

deformation of the superstructure compared to the original 

structure, which can be addressed using the following 

methods: 

 

A. Method 1 

The first method involves identifying a stiffness 

distribution along the height of the superstructure that results 

in a uniform modal shape. The standard deviation of the first 

mode shape vector, denoted as 𝜎𝜑 is given by: 

 

𝜎𝜑 = √
1

𝑁 + 1
∑(𝜑𝑖1 − 𝜑̅1)2

𝑁+1

𝑖=1

 (6) 

 

where N is the number of structural floors, 𝜑𝑖1is the ith 

element of the first mode shape vector, and 𝜑̅1 is the mean of 

the first mode shape vector, defined as: 

 

𝜑̅1 =
1

𝑁 + 1
∑ 𝝋𝑖1

𝑁+1

𝑖=1

 (7) 

 

By considering the ratio of the standard deviation of the 

first mode shape vector of the structure relative to that of the 

original structure as the cost function 𝐽1 , the following 

optimization problem is formulated to achieve a uniform 

deformation of the superstructure: 

 

Find:           𝑘𝑠 = {𝑘2, 𝑘3, … , 𝑘𝑁+1}   

Minimize:       𝐽1 =
𝜎𝜑

𝜎𝜑̃
 

Subjected to:    𝑘𝑠−𝑚𝑖𝑛 ≪ 𝑘𝑠 ≪ 𝑘𝑠−𝑚𝑎𝑥 

(8) 

 

where 𝑘𝑠  represents the design vector of the stiffness 

coefficients for the superstructure's floors, and 𝑘𝑠−𝑚𝑖𝑛  and 

𝑘𝑠−𝑚𝑎𝑥  are the lower and upper bounds of the design vector.  

 

B. Method 2 

The second method seeks to find a stiffness distribution 

along the height of the superstructure that ensures a uniform 

distribution of seismic loads across the floors. The 

optimization problem is defined as follows: 

 

Find:                    𝑘𝑠 = {𝑘2, 𝑘3, … , 𝑘𝑁+1}   

Minimize:      𝐽2 =
𝜎𝑓

𝜎𝑓̃
 

Subjected to:    𝑘𝑠−𝑚𝑖𝑛 ≪ 𝑘𝑠 ≪ 𝑘𝑠−𝑚𝑎𝑥   

(9) 

 

where 𝜎𝑓  represents the standard deviation of the seismic 

forces applied to the structure, calculated by: 

 

𝜎𝑓 = √
1

𝑁 + 1
∑(max (𝑓𝑖(𝑡)) − 𝑓̅(𝑡))2

𝑁+1

𝑖=1

 (10) 

 

Here, max (𝑓𝑖(𝑡)) is the maximum force on the i–th floor, 

and 𝑓(̅t) is the mean of the maximum forces across the floors, 

given by: 

 

𝑓̅ =
1

𝑁 + 1
∑ max (𝑓𝑖(𝑡))

𝑁+1

𝑖=1

 (11) 

 

Additionally,  𝜎𝑓̃  denotes the corresponding standard 

deviation of the seismic forces applied to the original 

structure. 

 

C. Method 3 

To achieve a rigid body-like behavior in the superstructure, 

the standard deviation of the story drifts 𝜎𝑑  is minimized 

through the following optimization problem: 

 

Find:              𝑘𝑠 = {𝑘2, 𝑘3, … , 𝑘𝑁+1}   

Minimize:       𝐽3 =
𝜎𝑑

𝜎𝑑̃
 

Subjected to:    𝑘𝑠−𝑚𝑖𝑛 ≪ 𝑘𝑠 ≪ 𝑘𝑠−𝑚𝑎𝑥 

(12) 

𝑄ℎ𝑦𝑠𝑡 = 𝑄𝑝𝑏 𝑧(𝑡) (4) 

𝑧̇(𝑡) = 𝐴𝑥̇1(𝑡) − 𝛾𝑧(𝑡)|𝑥̇1(𝑡)||𝑧(𝑡)|𝑛−1

− 𝛽𝑥̇1(𝑡)|𝑧(𝑡)|𝑛 

(5) 
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where 

 

𝜎𝑑 = √
1

𝑁 + 1
∑(max (𝑑𝑖(𝑡)) − 𝑑̅(𝑡))2

𝑁+1

𝑖=1

 

 

(13) 

𝑑̅ =
1

𝑁 + 1
∑ max (𝑑(𝑡)𝑖)

𝑁+1

𝑖=1

 (14) 

 

In these expressions, max (𝑑𝑖)  denotes the maximum drift 

of the i–th, and 𝑑̅  is the average maximum drift across all 

floors. The term 𝜎𝑑̃  represents the corresponding standard 

deviation of the story drifts in the structure. 

 

IV. Gas Brownian Motion Optimization 

The GBMO algorithm is a noteworthy addition to the suite 

of metaheuristic optimization methods, delivering strong 

performance in traversing complex search spaces. It is 

introduced by Abdechiri et al. [19]. The GBMO leverages the 

physical principles of gas molecule dynamics, specifically 

their Brownian motion and turbulent rotational movement. 

This algorithm is designed to tackle complex optimization 

challenges by thoroughly exploring the search space to locate 

global optima. The GBMO algorithm has found applications 

in various domains where intricate optimization problems are 

common, including engineering design, machine learning, 

and operations research. Its capability to avoid local optima 

and effectively search for global solutions makes it 

particularly useful in situations where conventional 

optimization techniques may fall short. In this approach, the 

positions of molecules symbolize potential solutions within 

the search space. As these molecules move, their collective 

actions guide the process toward the global optimum. In the 

GBMO, each molecule is characterized by four primary 

attributes: position, mass, velocity, and turbulent radius. The 

algorithm follows these steps [19]: 

1. Gas molecules are randomly generated within the search 

space. 

2. Each molecule is assigned a random radius within the 

range [0, 1]. 

3. The system temperature is initialized, acting as a 

convergence criterion. The temperature starts high at the 

beginning of the optimization process and gradually 

decreases over time. 

4. The positions and velocities of the molecules are updated 

according to the following equations: 

 

𝑣𝑖
𝑑(𝑡 + 1) = 𝑣𝑖

𝑑(𝑡) + √
3𝑘𝑇

𝑚
 (15) 

𝑥𝑖
𝑑(𝑡 + 1) = 𝑥𝑖

𝑑(𝑡) + 𝑣𝑖
𝑑(𝑡 + 1) (16) 

 

where 𝑥𝑖
𝑑(𝑡 ) and 𝑣𝑖

𝑑(𝑡)  represent the position and 

velocity of the ith molecule in the d-th dimension at 

iteration t, respectively. Additionally, 𝑇, 𝑘, and 𝑚 are the 

temperatures, the Boltzmann constant, and the mass 

value associated with each molecule. 

5. The fitness of each molecule's position is evaluated 

using the objective function. 

6. In addition to Brownian motion, each molecule also 

undergoes turbulent rotational motion, which is 

generated by a chaotic sequence generator under the 

setting 𝑎 = 0.5 and 𝑏 = 0.2, described by the following 

equation: 

 

𝑥𝑖
𝑑(𝑡 + 1) = 𝑥𝑖

𝑑(𝑡) + 𝑏

− (
𝑎

2𝜋
) 𝑠𝑖𝑛( 2𝜋𝑥𝑖

𝑑) 𝑚𝑜𝑑( 1), 
(17) 

7. The objective function is re-evaluated, and the fitness of 

the molecules is compared based on their updated 

positions. 

8. The mass and temperature of the molecules are adjusted 

using the following equations: 

 

𝑤𝑜𝑟𝑠𝑡(𝑡) = 𝑚𝑖𝑛 𝑓 𝑖𝑡𝑖(𝑡)𝑖 ∈ {1,2, . . , 𝑁} (18) 

𝑏𝑒𝑠𝑡(𝑡) = 𝑚𝑎𝑥 𝑓 𝑖𝑡𝑖(𝑡)𝑖 ∈ {1,2, . . , 𝑁} (19) 

𝑚𝑖(𝑡) =
𝑓𝑖𝑡𝑖(𝑡) − 𝑤𝑜𝑟𝑠𝑡(𝑡)

𝑏𝑒𝑠𝑡(𝑡) − 𝑤𝑜𝑟𝑠𝑡(𝑡)
 (20) 

𝑇 = 𝑇 − (
1

𝑚𝑒𝑎𝑛(𝑓𝑖𝑡𝑖(𝑡))
) (21) 

 

In Eq. (19), 𝑤𝑜𝑟𝑠𝑡(𝑡)  and 𝑏𝑒𝑠𝑡(𝑡)  are the worst and 

best fitness values at iteration t, while 𝑓𝑖𝑡𝑖(𝑡) represents 

the fitness of the ith molecule during the same iteration. 

9. If the stopping criterion is met, the algorithm concludes. 

If not, steps 4 through 8 are repeated until the criterion is 

satisfied. 

 

V. Numerical studies 

To evaluate the proposed methodologies for enhancing the 

seismic performance of base isolation systems in tall 

buildings, a 20-story shear building is considered for 

numerical studies. The parameters of the superstructure and 

LRB as an isolation system are summarized in Table 1. An 

artificial earthquake for modeling the ground acceleration is 

produced using a band-limited Gaussian white noise. The 

well-known Kanai-Tajimi power spectral density function 

(PSDF) is often applied to model artificial earthquake 

excitations [20]. However, several attempts have been carried 

out to overcome the existing drawbacks in the PSDF. A 

second-order filter was proposed by Nagarajaiah and 
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Narasimhan [21] with the following PSDF:  

 

TABLE 1 THE PARAMETERS OF THE SUPERSTRUCTURE AND 

LRB 
Number of stories 𝑵 = 𝟐𝟎 

Story mass (i=2,..., N+1) 𝑚𝑖 = 1024 kg 

The damping ratio of the structure 𝜉𝑠 = 5% 

Base story mass 𝑚𝑏 = 1024 kg 

The damping ratio of the LRB 𝜉𝑏 = 10% 

The target period of the LRB 𝑇𝑏=3 sec. 

Post-yield to pre-yield stiffness ratio 0.1 

Yield force 𝑄𝑦 = 0.05𝑊 

 

 
Fig. 1. The artificial earthquake excitation 

 

𝑠(𝜔) =
4𝜉𝑔𝜔𝑔𝜔

𝜔2 + 2𝜉𝑔𝜔𝑔𝜔 + 𝜔𝑔
2
 (22) 

 

where 𝜉𝑔  and 𝜔𝑔 are the damping ratio and angular 

frequency of the ground. The above-mentioned artificial 

earthquake excitation was widely employed for modeling the 

earthquakes to apply to the base-isolated structures [22-24]. 

Figure 1 indicates the output of this filter which is applied to 

simulate the ground acceleration.  

The nonlinear time-history analyses of the base-isolated 

structure are carried out using the MATLAB/Simulink 

software package [25]. Based on the optimization problem 

defined in section 3, the optimal floor stiffnesses are obtained 

using the GBMO algorithm. With an initial temperature of 

30 °C and 𝜀 = 0.001, the GBMO algorithm with 200 gas 

molecules is implemented to find the optimal stiffnesses of 

the superstructure's floors. The convergence graphs of the 

GBMO algorithm for methods 1, 2, and 3 are illustrated in 

Figure 2. As can be seen, the convergences of the GBMO 

algorithm for methods 1, 2, and 3 are achieved in iterations 

90, 90, and 150, respectively. 

 

I. Results and discussion 

The time responses of the fixed-base (FB) structure, the 

reference base-isolated (BI) structure, and the base-isolated 

structures designed using methods 1, 2, and 3 are compared 

in terms of top-floor displacement in Figure 3. Similarly, the 

time responses of the structures in terms of top-floor drift and 

top-floor acceleration are presented in Figures 4 and 5, 

respectively.  

 
Fig. 2. The convergence graphs of the GBMO algorithm 

for methods 1, 2, and 3 

 
Fig. 3. Time histories of top floor displacement of the FB 

structure, reference BI structure, and the base-isolated structures 

designed using the proposed methods 

 

As shown, the maximum top-floor displacement of the 

reference BI structure increases from 37.89 cm in the FB 

structure to 67.53 cm. Meanwhile, the maximum top-floor 

drift decreases from 3.46 cm to 1.65 cm, and the maximum 

top-floor acceleration reduces from10.58 m/s² to 4.77 m/s². 



International Journal of Industrial Electronics, Control and Optimization (IECO). 2025, 8(2)             206 

 

Therefore, it can be concluded that seismic isolation 

significantly reduces key seismic responses of the structure  

 
Fig. 4. Time histories of top floor drift of the FB structure, 

reference BI structure, and the base-isolated structures designed 

using the proposed methods 

Fig. 5. Time histories of top floor acceleration of the FB 

structure, reference BI structure, and the base-isolated structures 

designed using the proposed methods 

 

(i.e., maximum floor drift and acceleration), which often 

cause structural and non-structural damage. Furthermore, the 

proposed methods result in a notable decrease in the 

maximum top-floor drift compared to the reference BI 

structure. Specifically, the maximum top-floor drift decreases 

from 1.65 cm to 0.14 cm, 0.12 cm, and 0.19 cm for methods 

1, 2, and 3,  

 
Fig. 6. Maximum floor displacements for the reference BI 

structure and the base-isolated structures designed using methods 

1, 2, and 3. 

 
Fig. 7. Maximum floor drifts for the reference BI structure and 

the base-isolated structures designed using methods 1, 2, and 3 

 

 
Fig. 8. Maximum floor accelerations for the reference BI 

structure and the base-isolated structures designed using methods 

1, 2, and 3. 
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Fig. 9. Maximum floor forces for the reference BI structure and 

the base-isolated structures designed using methods 1, 2, and 3. 
 

respectively. Similarly, the maximum floor acceleration in 

the reference BI structure is reduced to 4.40 m/s², 3.82 m/s², 

and 3.84 m/s² using methods 1, 2, and 3, respectively. 

Figure 6 compares the maximum floor displacement values 

for the reference BI structure and the base-isolated structures 

designed using methods 1, 2, and 3. As shown, all three 

methods effectively reduce the maximum floor displacement, 

with the reduction being more pronounced on the upper 

floors of the studied structures. Method 1 demonstrates the 

best performance in reducing the seismic responses. Figure 7 

presents the maximum floor drifts for the reference BI 

structure and the base-isolated structures designed using 

methods 1, 2, and 3. Methods 1 and 3 significantly reduce the 

maximum floor drift, particularly on the upper floors. 

Although method 2 does not perform as well in reducing the 

maximum drift on some lower floors, it effectively reduces 

the maximum drift on the upper floors.  

Figures 8 and 9 compare the maximum floor accelerations 

and seismic forces of the reference BI structure and the base-

isolated structures designed using methods 1, 2, and 3. The 

proposed methods reduce the maximum acceleration and 

seismic force on the upper floors of the studied structures. 

However, on the lower floors, there is a slight increase in 

these responses. It is important to note that even with this 

increase, the acceleration levels remain significantly lower 

than those in the FB structure and fall within the range of 

non-destructive floor accelerations. In conclusion, the 

advantages of the proposed methods in reducing maximum 

displacement and drift are achieved at the cost of a slight 

increase in maximum acceleration and seismic force on the 

lower floors. 

The hysteresis loops of the seismic isolators in the 

reference BI structure and the base-isolated structures 

designed using methods 1, 2, and 3 are shown in Figure 10. 

There is no significant difference between the loops, 

indicating that the amount of dissipated energy by the seismic 

isolators in all four structures is nearly the same. 

 
Fig. 10. Hysteresis loops of the seismic isolators for the reference 

BI structure and the base-isolated structures designed using 

methods 1, 2, and 3. 
 

For further comparison, the reductions in seismic responses 

of the base-isolated structures designed using methods 1, 2, 

and 3, relative to the reference BI structure, are illustrated in 

figures 11, 12, 13, and 14. These figures respectively show 

the reduction percentages in maximum floor displacement, 

maximum floor drift, maximum floor acceleration, and 

maximum seismic force in comparison with those given for 

the reference BI structure. Figure 11 shows that method 1 

results in a 5% to 14% reduction in maximum floor 

displacement, providing the best performance among the 

methods in reducing this response. Although the other 

methods also reduce maximum floor displacement, method 1 

is the most effective. The efficiency of the proposed methods 

is particularly evident in reducing maximum floor drift, as 

shown in Figure 12. While the reduction is less pronounced 

on the lower floors, there is a significant 30% to 80% 

reduction in maximum drift on the upper 10 floors of the 

studied structures. This is crucial, as major structural and 

non-structural damages during earthquakes are often caused 

by large relative displacements between floors. Figures 13 

and 14 demonstrate that the proposed methods result in a bit 

of reduction in maximum floor acceleration and seismic force 

on the upper floors of the studied structures, although there is 

a bit increase in these responses on the lower floors. However, 

it is important to note that the maximum floor accelerations 

remain within a range that is considered non-destructive. 

To provide a general assessment of the seismic 

performance of the proposed methods, the average reductions 

in seismic responses, compared to the reference BI structure, 

are summarized in Table 2. These reductions are reported in 

terms of maximum floor displacement, maximum floor drift, 

maximum floor acceleration, and maximum seismic force. 

Overall, method 1 delivers the best performance, achieving 

reductions of 6.65%, 32.65%, and 0.88% in maximum floor 

displacement, drift, and acceleration, respectively, relative to 
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the reference BI structure. Although methods 2 and 3 show. 

Fig. 11. The reduction percentages in maximum floor 

displacement for the base-isolated structures designed using 

methods 1, 2, and 3. 

 

Fig. 12. The reduction percentages in maximum floor drift for 

the base-isolated structures designed using methods 1, 2, and 3. 

 

only minor reductions in displacement and acceleration, they 

perform well in reducing the critical seismic response of 

maximum floor drift. 

 

 
Fig. 13. The reduction percentages in maximum floor 

acceleration for the base-isolated structures designed using 

methods 1, 2, and 3. 
 

 
Fig. 14. The reduction percentages in maximum floor force for 

the base-isolated structures designed using methods 1, 2, and 3. 
 

II. Conclusions 

The seismic performance of base-isolated tall structures is 

often influenced by the superstructure’s response and the 

relative lateral movements between its floors. In such cases 
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TABLE 2 THE AVERAGE REDUCTIONS IN SEISMIC RESPONSES 

Seismic 

responses 

Average reductions (%) in  

 

Method 1 

 

Method 2 Method 3 

Max. Disp. 6.65 1.91 2.78 

Max. Drift 32.65 27.091 34.02 

Max. Acc. 0.88 2.85 1.89 

Max. Force 0.88 2.85 1.89 

 
 

the effectiveness of seismic isolation in controlling inter-story 

drift and absolute acceleration of the floors is typically 

diminished. However, it is possible to regulate the 

superstructure's deformations by optimally designing floor 

stiffness through an optimization process aimed at achieving 

uniform deformation of the superstructure. This approach can 

create an optimal isolation condition where the superstructure 

behaves like a rigid body. In this study, three techniques were 

proposed to enhance the seismic performance of base-isolated 

tall buildings by promoting uniform deformation of the 

superstructure. Numerical analyses were performed on a 20-

story base-isolated building, and the seismic performance of 

these techniques was evaluated and compared. The key 

findings are as follows: 

1. All three methods effectively reduced maximum floor 

displacement, particularly in the upper floors. Method 1 

achieved the best results, with reductions ranging from 

5% to 14% . 

2. These methods significantly minimized maximum floor 

drift, a critical seismic response. Methods 1 and 3 were 

notably successful, with reductions of 30% to 80% in 

the upper floors. While Method 2 was less effective on 

some lower floors, it still delivered significant 

reductions in the upper floors . 

3. The proposed methods also achieved a 10% to 15% 

reduction in maximum acceleration and seismic forces 

on the upper floors. However, there was a slight 

increase in these responses on the lower floors, though 

they remained within non-destructive limits. 

4. Method 1 provided the most consistent performance, 

achieving reductions of 6.65%, 32.65%, and 0.88% in 

maximum floor displacement, drift, and acceleration, 

respectively, compared to the reference base-isolated 

structure. Although Methods 2 and 3 showed only 

modest reductions in displacement and acceleration, 

they were highly effective in significantly reducing 

maximum floor drift, which is the most critical seismic 

response of the structure. 
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Objective: This paper presents a new converter featuring an auxiliary circuit 

configuration, designed to facilitate soft switching conditions while minimizing the 

number of components used. This auxiliary circuit is innovatively developed to achieve 

zero voltage switching (ZVS) and effectively recover snubber energy on the input side, 

thereby enhancing the converter efficiency. Furthermore, the deliberate integration of 

coupled inductors into the converter's design significantly boosts its gain while reducing 

voltage stress on the switching components. The modular architecture of the auxiliary 

circuit allows for adding circuit branches and increasing power capacity without 

requiring extra components for its auxiliary circuit. To evaluate the performance of the 

proposed converter, extensive simulations were performed using PSPICE software, 

along with the construction of a laboratory prototype capable of operating at 170 W. The 

alignment between the experimental results and simulation data strongly supports the 

theoretical analysis, illustrating the converter's potential for efficient power conversion 

in renewable energy systems. 

 

  Nomenclature  
𝑓 Switching frequency DIC Dual Input Converter 
𝑛 Turn ratio of coupled-inductor LM Magnetizing inductor 
𝐼𝑠𝑤 Final current of the switch before turning it off ILM Magnetizing inductor current 

𝑉𝑠𝑤 Final voltage across switch before turning on CS Snubber capacitor 

𝑡𝑟 Switch current rise time 𝐿𝐾  Leakage inductance 

𝑡𝑓 Switch current fall time 𝐷 Duty cycle 

𝑉𝐷 Diode voltage 𝑃𝑜 Output power 
𝑇 Switching cycle period 𝑃𝑊𝑀 Pulse width modulation 
VO Output voltage 𝑍𝑉𝑆 Zero voltage switching 
𝑉𝑖𝑛 Input voltage 𝑍𝐶𝑆 Zero current switching 
𝑉𝑠 Switch voltage   

 

 

I. Introduction 

Recently, rising environmental issues and the depletion of 

fossil fuels have significantly boosted the demand for 

renewable energy sources like wind turbines, photovoltaic 

(PV) panels, and fuel cells (FCs). PV sources generate low-

amplitude DC voltage, requiring high step-up DC-DC 

converters in DC-AC systems to boost this voltage to the 

desired level. The classical DC-DC boost converter is an 

essential solution for voltage boosting [1]-[4]. However, the 

https://orcid.org/0000-0003-2086-2698
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efficiency of PV systems is generally decreased by the use of 

converters, highlighting the need for high-efficiency 

converters [5-7]. Such converters are preferred over PV 

systems due to their high efficiency, low cost, and ability to 

achieve high voltage gains with fewer circuit elements. 

Achieving high efficiency and voltage gain in these converters 

typically requires several passive components, which increases 

the circuit's volume. To optimize converter size and efficiency 

and reduce input current ripple, new step-up converters are 

designed that employ techniques involving coupled inductors, 

transformers, and multiplier units [3]. Recent proposals 

include a new high step-up DC-DC converter topology that 

allows for high voltage conversion ratios with low voltage 

stress on power switches. This topology, combined with 

alternative designs that integrate SEPIC and boost converters, 

aims to address challenges such as high-power losses in 

passive components and semiconductors, as well as reverse 

recovery issues that decrease efficiency. Novel approaches 

include multi-input structures integrating energy from 

different sources, enhancing reliability and power generation 

[8]-[10].  

Dual Input Converters (DICs) are categorized into isolated, 

non-isolated, and semi-isolated types based on their design and 

operational characteristics. Isolated DICs feature magnetic 

coupling between input and output ports through transformers 

or coupled inductors, incorporating multiple switches but 

offering favorable soft-switching conditions. In contrast, non-

isolated DICs lack galvanic isolation between the inputs and 

outputs, often resulting in the loss of soft-switching 

capabilities and generally lower voltage gains [11]-[13]. These 

converters, however, offer advantages like a reduced number 

of semiconductor components and enhanced power density. 

Semi-isolated DICs uniquely isolate only one port (typically 

the output) via a transformer, enhancing voltage gain and 

providing soft switching due to the transformer's leakage 

inductance. Similar to non-isolated converters in that the input 

ports are not isolated from each other, semi-isolated DICs 

manage to use fewer semiconductors while providing 

satisfactory power sharing.  

The converter presented in [14] features two interleaved 

boost converters combined with a Cockcroft–Walton (CW) 

multiplier cell. By incorporating additional stages of the CW 

multiplier, the voltage gain of the converter is increased. 

However, a substantial rise in the number of stages increases 

conduction losses, thereby reducing the overall efficiency. To 

address this, a multi-input converter with a novel voltage 

multiplier was proposed in [16]. A technique for cascading 

boost converters was presented in [17] and [18], allowing each 

input source to independently transfer power to the output. 

Additionally, an active clamping circuit was employed to 

achieve soft-switching conditions, though it resulted in 

significant circulating current. 

In [20], the introduction of series diodes and unidirectional 

current flow in the auxiliary circuit helped to reduce the current 

stress on the switches. Nevertheless, the primary challenges of 

this converter include limited voltage gain and high voltage 

stress on the main switches. 

This paper introduces a new dual-input converter, 

characterized by its high efficiency and the capability to 

redirect snubber energy back to the input. This innovative 

design reduces voltage stress on switches and solves the diode 

reverse recovery issue by implementing ZCS conditions for 

them. 

 

II. Description of the Proposed Converter  

The proposed dual-input converter has an innovative 

auxiliary circuit with a switch Sa, an auxiliary inductor La, two 

auxiliary diodes Da1  and Da2, and two snubber capacitors Cs1 

and Cs2. This converter uses two coupled inductors L1-L2 and 

L3-L4 to increase the gain. In addition, two capacitors C1 and 

C2 are connected in series to the coupled inductors. This 

converter also has diodes D1 and D2 and Do1  and Do2. Capacitor 

Co and two main switches S1 and S2 are the main components 

of the converter. Switches S1 and S2 are turned on 

simultaneously, but due to the difference in their input 

voltages, they have different duty cycles. The auxiliary switch 

is turned on shortly before switches S1 and S2 and is turned off 

once they are turned on. Figure 1 demonstrates a schematic 

view of the proposed converter. 

A. Operation of Proposed Dual-input Converter  

The proposed dual-input converter has eight operation 

modes, which are explained. For the simplicity of the analysis 

of circuit operation, it is assumed that the output voltage and 

capacitors C1 and C2 are constant. Magnetizing inductors’ 

current is also supposed to be constant in one cycle. Fig. 2 

demonstrates the switching waveforms theoretically and Fig. 3  
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Fig. 1. A schematic view of the proposed converter 

 

illustrates the equivalent circuits of different modes of 

converter. 

Before the first status, it is assumed that both switches S1 

and S2 are off and diodes Do1 and Do2 conduct, so the energy of 

magnetizing inductors Lm1 and Lm2 is transmitted to output 

through these diodes. 
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The first mode: This condition starts when the auxiliary 

switch Sa is turned on. Due to the existence of the auxiliary 

inductor La in series with this switch, its current is increased 

linearly because the constant voltage Vo-Vc-Vin across it drops. 

In this mode, diodes Da1 and Da2 are on, and as the current La 

is increased, the current of diodes Do1  and Do2  decreases. When 

current La reaches the value of Iin1+Iin2, diodes Do1 and Do2 are 

turned off under ZC conditions. 

The second mode: When Do1  and Do2 are turned off, 

inductor La resonates with capacitors CS1 and CS2 and fully 

discharges the energy of the capacitors. In this mode, 

capacitors C1 and C2 also start to be charged from the path of 

diodes D1 and D2. 

The third mode: At the beginning of this mode, capacitors 

CS1  and CS2  are fully discharged and body diodes S1 and S2 are 

turned on. Since then, these switches will be turned on under 

zero voltage switching (ZVS) conditions. Also, the inverse 

voltage – Vc1/n drops across La and its current decreases 

linearly so that it reaches zero at the end of this mode. In the 

first to third modes, when the auxiliary switch is turned on, 

both snubber capacitors start to discharge at the input through 

the auxiliary inductor (La), so the energy of the snubber circuit 

is not dissipated and is transferred to the input. 

The fourth mode: This mode starts when Da1 and Da2  are 

turned off under ZC conditions. When switch Sa is turned off, 

the auxiliary circuit is fully disconnected from the converter. 

The fourth mode: This mode starts when Da1 and Da2  are 

turned off under ZC conditions. When switch Sa is turned off, 
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Fig.2 Theoretical main waveforms of the proposed converter 

the auxiliary circuit is fully disconnected from the converter. 

Both switches are active, causing the magnetizing inductances 

Lm1 and Lm2 to charge linearly, while the load current is 

provided by the output capacitor Co. 

The fifth mode: In this mode, switch S2 is turned off under 

ZV conditions due to the presence of snubber capacitor CS2, 

and capacitor CS2 is charged by current ILm1 up to voltage 

Vo/(n+1). 

The sixth mode: When CS1 voltage reaches Vo/(n+1), diode 

D2 is turned off and diode Do2  is turned on. This mode 

continues until S1 is turned off. 

The seventh mode: When S1 is turned off, capacitor CS1 is 

charged linearly by ILm2 current to reach Vo/(n+1). This mode 

ends when Do1 is turned on and D1 is turned off. 

The eighth mode: When D1 is turned off, this mode starts 

and the energy of inductors Lm1 and Lm2  starts to be discharged 

at the output. This mode concludes when the auxiliary switch 

is turned back on. 

 

III. Analysis of the Proposed Dual-input 

Converter 

This section analyzes the dual-input converter. Firstly, the 

converter gain and voltage stress on semi-conductor elements 

are calculated parametrically, and then the passive elements of 

the design equations of the proposed dual-input converter are 

explained. 

B. The Converter Voltage Gain: 

 By deriving the volt-second balance equation and applying 

Kirchhoff's Voltage Law (KVL) in the output loop, we have: 

−𝑉𝑖𝑛 + 𝑉𝐿1 + 𝑛𝑉𝐿1 − 𝑉𝐶 + 𝑉𝑜 = 0 (1) 

𝑉𝐿1 =
𝑉𝑖𝑛 + 𝑉𝐶1 − 𝑉𝑜

𝑛 + 1
 

(2) 

𝐷𝑇𝑉𝑖𝑛 + (1 − 𝐷)𝑇(𝑉𝑖𝑛 −
𝑉𝑜

𝑛 + 1
) = 0 

(3) 

𝑉𝐶1 = 𝑛𝑉𝑖𝑛 (4) 

𝑉𝑜
𝑉𝑖𝑛

=
𝑛 + 1

1 − 𝐷
 

(5) 

Fig. 4 demonstrates the gain diagram for different values of 

the turn ratio. 

 
Fig. 4 The gain diagram of the proposed converter for different 

values of turn ratio. 
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Fig. 3. Equivalent circuit of the proposed converter at the a) first, b) second, c) third, d) fourth, e) fifth, f) sixth, g) seventh, and h) eighth 

modes 

 

C. Voltage Stress of Semiconductor Elements 

By writing KVL in the ring in which switches and diodes 

are located (in the off mode), the element’s voltage stress can 

be obtained. Fig. 5 illustrates the normalized stress diagram of 

the components for different values of turn ratio.   
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Fig. 5. Diagram of normalized stress across the components for 

varying turn ratio values. 

 

𝑉𝑆1 = 𝑉𝑆2 =
𝑉𝑜

𝑛 + 1
 

(6) 

𝑉𝐷1 = 𝑉𝐷2 = 𝑛𝑉𝐿1 − 𝑉𝐶1 =
𝑛𝑉𝑜
𝑛 + 1

 
(7) 

𝑉𝐷𝑜1 = 𝑉𝐷02 = 𝑉𝑜 (8) 

 

TABLE 1. SPECIFICATIONS OF THE PROPOSED 

CONVERTER AND THE VALUES OF ITS COMPONENTS 
 

D. The Design of Auxiliary Elements 

We use the snubber equation to design the auxiliary 

inductor La. 

𝐿𝑎 >
𝑉𝑠𝑤.𝑡𝑟

𝐼𝑠𝑤
> 2.2𝜇𝐻   (9) 

in which tr is the switch current ascending time, voltage Vsw is 

the final voltage across the switch before turning on, and Isw is 

the final current of the switch before turning off. In addition, 

snubber capacitors can be obtained from Equation 10. 

𝐶𝑠 >
𝑇𝑟𝑒𝑠
2

2𝜋𝐿𝑎
> 11.5𝑛𝐹   (10) 

E. The design of the Main Elements 

The following equations are derived to calculate the values 

of the main circuit components based on the nominal output 

power, switching frequency, and voltage ripple across 

capacitors C1, C2, and the output capacitor, as well as the 

current ripple in the magnetizing inductance. It should be noted 

that all passive components have been designed with larger 

values to ensure compliance with the required conditions. 

𝐶𝑜 >
𝐷𝑚𝑎𝑥𝑉𝑂
∆𝑉𝑜𝑓𝑅𝑜

> 41𝜇𝐹 
(11) 

𝐶1, 𝐶2 >
𝐼𝑜𝐷

4𝑓∆𝑉𝐶
> 0.64𝜇𝐹 

(12) 

𝐿𝑚 >
𝐷(1 − 𝐷)2𝑅𝑜
4(1 + 𝑛)2𝑓

> 160𝜇𝐻 
(13) 

  

IV. Simulation Results of the Proposed Dual-

input High Step-up Converter 

Based on the design steps outlined in the previous section, 

the converter is simulated for an output power of 170 W and 

an output voltage of 410 V. Table 1 lists the values and 

specifications of all components. To verify the accuracy of the 

conducted analyses, the proposed converter was simulated 

using PSPICE software. 

The layout of the simulated converter is depicted in Fig. 6, 

with simulation results illustrated in Figs. 7 to 12. Fig. 7 shows 

the gate-source pulse waveforms for both the main and 

auxiliary switches. Figs. 8 and 9 present the simulated current 

and voltage waveforms for the main switches S1 and S2. These 

figures indicate that when the switches are turned on, the 

switch current is negative, causing the body diode to conduct 

and enabling ZVS conditions. Additionally, the voltage across 

the switches gradually increases at turn-off moments, 

establishing Zero Voltage (ZV) conditions for the main 

switches during turn-off. 

Fig. 10 demonstrates the auxiliary switch current waveform. 

According to the current slope, the auxiliary switch is on and 

is turned off under zero current switching (ZCS) conditions. 

Figs. 11 and 12 show diodes D1-Do1 and D2-Do2 current 

waveforms of the proposed converter, respectively. In all the 

figures, it is evident that the diode current exhibits a sloped 

increase and decrease, indicating that the diodes turn on and 

off under ZCS conditions.  

 
Fig.6 A schematic view of the proposed dual-input high step-up 

converter simulated in PSPICE software 
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Fig.7. The gate-source pulse waveform of switches S1 (blue), S2 

(green), and Sa (red) of the simulated converter  

 

Fig.8. The simulated converter switch S1 voltage (top) and 

current (bottom) waveform  

 

Fig.9 The simulated converter switch S2 voltage (top) and current 

(bottom) waveform 

 

Fig.10. The simulated converter switch Sa current waveform  

 

Fig.11. The simulated converter diode D1 current (bottom) 

waveform and diode Do1 current (top) waveform  

 

Fig.12. The simulated converter diode D2 current (bottom) 

waveform and diode Do2 current (top) waveform  

 

V. Practical Results 

To verify the accuracy of the theoretical analysis, a 170-W 

experimental prototype of the proposed converter was 

implemented and tested according to Table 1. Fig. 13 displays 

the laboratory setup of the proposed converter. In the 

experimental setup, a MEGATEK M0-3003 power supply was 

employed to provide a stable DC voltage. To capture and 

analyze the waveforms accurately, a GW Instek GDS-2104 

oscilloscope was used, allowing precise observation of voltage 

and current waveforms across various components of the 

converter. Also, to control and drive the switches, an FPGA 

Spartan 6 is utilized, along with an HCPL3120 as the driver. 

Fig. 14 depicts the practical waveforms for the voltage and 

current of the switches and diodes in the proposed converter. 

According to this figure, all switches and diodes of the 

proposed converter operate under soft-switching conditions. In 

Figs. 14a and 14b, the switch current is negative when the 

switches are turned on, causing the body diode to conduct and 

create ZVS conditions for the switches. At turn-off, the voltage 

increases gradually, achieving ZV conditions for the main 

switches. The maximum voltage across the main switches is 

160 V, significantly lower than the 410 V output, which helps 

reduce conduction losses. In Fig. 14c, the steep rise in current 

through switch Sa establishes ZCS conditions for the auxiliary 

switch during both turn-on and turn-off. Fig. 14d shows soft 

switching for diodes D1 and DO1, where their current rises and 

falls gradually, ensuring ZCS conditions and eliminating 

reverse recovery issues. 

 

 
Fig. 13. The experimental setup of the proposed 

converter  
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VI. Analysis of the Proposed Converter 

Efficiency 

Fig. 8 compares the efficiency between the proposed dual-

input, high step-up converter, and its dual-input. The inclusion 

of a coupled inductor necessitates the use of a clamp circuit for 

the switches in the hard-switching version, leading to 

increased circuit losses due to resistance, thereby reducing 

efficiency. However, as illustrated in Fig. 8, the efficiency of 

the converter under soft-switching conditions is markedly 

improved over that of the hard-switching setup. This 

improvement is attributed to the auxiliary circuit's brief 

connection time within the proposed converter, which limits 

the circulating current and minimizes its impact on losses. 

Nonetheless, at low output power, the auxiliary circuit may 

slightly reduce the converter's efficiency. According to Fig. 8, 

the efficiency of the proposed converter at a rated power of 170 

W reaches 95%, achieving a 5% increase over the hard-

switching counterpart. 

 

VII. Comparison of the Proposed Converter 

with Previous Converters 

Table 2 provides a comparative analysis of the proposed 

converter against previously developed similar converters, 

focusing on criteria such as component count, voltage gain, 

and voltage stress on the switches. Table 2 reveals that the 

component count for both the proposed converter and 

converters [13], [14] is the same and lower than that of [11], 

[12]. However, converters [14] and [15] operate under hard 

switching conditions and exhibit significantly lower efficiency. 

The proposed converter achieves equivalent gain and stress
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Fig.14. The practical results of (a) the measured voltage (up) and current (bottom) waveform of S1 (100V/div, 2A/div, 1µs/div) (b) the 

measured voltage (up) and current (bottom) waveform of S2 (100V/div, 5A/div, 1µs/div), (c) the measured voltage (up) and current 

(bottom) waveform of Sa (100V/div, 10A/div, 1µs/div), (d) the measured current waveform of D2 (bottom) and Do2 (up) (1A/div, 

1µs/div). 
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Fig. 15. The efficiency curve of the proposed converter in 

comparison to its hard-switching counterpart. 

levels as observed in converters [12], [13], [15], and [20], yet 

it utilizes fewer components than [12]. Converters [19]-[21] 

achieve high voltage gain without using a coupled inductor and 

require fewer components than the proposed converter. 

However, converter [19] operates with hard switching and has 

a floating source on the switch, necessitating driver circuit 

isolation. Converter [20], while efficient, suffers from 

switching losses and high voltage stress on the switches, 

leading to increased costs. Converter [21] has a low component 

count and continuous input current but also experiences high 

voltage stress and requires an isolated driver. 

 

VIII. Conclusions 
 

This paper introduced a new dual-input converter with a 

modular auxiliary circuit designed to reduce conduction and 

switching losses. The modularity of the auxiliary circuit 

enables it to remain unchanged while universally adapting to 

an increasing number of converter inputs. Additionally, the 

proposed converter achieves soft switching across all 

semiconductor devices, delivers high voltage gain, and reduces 

voltage stress on the switches. All diodes turn off under zero 

current (ZC) conditions, effectively eliminating reverse 

recovery issues, while the main switch operates under ZV 

conditions, thereby avoiding capacitive turn-on losses and 

switching losses. Since the number of auxiliary circuit 

elements is low and the auxiliary switch is on for a short 

duration, the auxiliary circuit does not impose significant 

losses on the converter. Furthermore, the proposed converter 

efficiently recovers the energy stored in the snubber capacitors 

by redirecting it to the input, thereby enhancing overall 

efficiency. As a result, the converter's efficiency improves by 

5% at full load compared to its hard-switched counterpart. 

 

TABLE 2. A COMPARISON OF THE PROPOSED DUAL-INPUT CONVERTER PARAMETERS WITH SIMILAR PREVIOUS 

CONVERTERS 
Proposed 

converter 

[21] [20] [19] [15] [14] [13] [12] [11]     Reference  

 

Parameter             

14 10 11 12 12 14 14 17 18  Number of 

elements 
 

ZV Hard Hard Hard Hard Hard ZC ZV ZV Switching 

Condition 
 

(n+1)/(1-

D) 

(1-D)/(1-

2D) 

(n+1)/(1-D) (3-D)/(1-D)2 (n+1)/(1-D) (n+1+D)/(1-D) (n+1)/(1-D) (n+1)/(1-D) 4/(1-D) Voltage 

Gain 
 

Vo/(n+1) 

 

Vo/(1-D) Vo Vo(3-2D)/(6-2D) Vo/(n+1) Vo/(n+1+D) Vo/(n+1) Vo/(n+1) Vo/4 Voltage 

Stress on 

Switch 
 

Yes No Yes Yes Yes Yes Yes No No Common 

Ground 
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