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Single-phase rectifiers are one of the most practical instruments with various 

applications. Among them, active front-end (AFE) rectifiers are introduced with 

bidirectional power transfer capability for power factor correction and the elimination of 

current harmonics. This paper proposes an adaptive model predictive control (MPC) for 

a single-phase AFE rectifier. The AFE topology used in this paper is a half-bridge boost 

converter. This topology has higher efficiency than other single-phase AFEs due to the 

fewer number of active semiconductor devices. Considering the presence of one leg of 

capacitors in this topology, balancing the voltages of these capacitors is a challenge, 

along with other control objectives. Also, this paper benefits from an MPC approach by 

which the switching signal for every switching state is chosen such that the defined cost 

function is minimized in the operation state to achieve all control goals based on the 

predefined model of the rectifier. Furthermore, an adaptive algorithm for the inductor 

current estimation is presented to robustify the control system against any unwanted 

disturbance in the control system. As a demonstration of the superior performance of the 

proposed method, a 1kW rectifier setup with 700Vdc output voltage fed from a 

230Vrms/50Hz grid is built in the laboratory. The applicability of the MPC controller is 

verified and all operation waveforms of the test setup are presented. The proposed 

method offers a high-quality input current with total harmonic distortion (THD) below 

5% and a high-power factor (PF) close to one. Also, the efficiency is comparable with 

the available commercialized rectifiers  
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I. Introduction 

Switch-mode power supplies and rectifiers have high 

demand in various industrial applications and home appliances 

such as telecom power supplies, uninterruptible power 

supplies (UPSs), chargers, motor drive systems, and LED 

drivers. Diode and thyristor bridge-rectifiers are the simplest 

AC-DC circuits. But, these rectifiers suffer from many 

problems including a poor quality input current with high 

harmonic contents and a low power factor. Therefore, new 

rectifier circuits are proposed for reducing the grid current 

harmonic content and improving its quality, which are known 

as power factor correction (PFC) rectifiers. These rectifiers can 

be categorized into active and passive groups. The passive PFC 

rectifiers include boost PFC rectifiers and Vienna rectifiers, 

while the active type includes active front-end (AFE) rectifiers 

presented in [1]-[11]. 

The AFE rectifiers have a wide range of applications from 

low-power systems to high-voltage DC transmission systems 

and UPSs. Unlike diode rectifiers, AFE rectifiers offer 

bidirectional power flow with a high control capability and 

waveform quality. Therefore, these rectifiers are suitable to be 

employed for energy recovery braking systems, wind turbines, 

variable speed drives, and active power filters. Also, they are 

used in electrolysis, transportation, controlled power supplies, 

and many other appliances. However, regulating the output 

voltage of AFE rectifiers and their input current PFC need a 

multi-closed-loop control process, which complicates its 

implementation.  

The predictive control method is widely used in power 

electronics due to its design simplicity, flexibility, and robust 

operation with various types of multi-variable and nonlinear 

systems. Besides, the high computational burden is no longer 

a negative point for implementing predictive control methods 

since powerful processors have been commercialized in recent 

years [12]. The main concept of predictive control methods is 

to use the present system state and its model for predicting the 

next state of the system. This data is used to follow the future 

behavior of the controlled variables in an optimized and 

predefined way. Predictive control methods are mainly known 

as deadbeat control, hysteresis-based, trajectory-based, and 

model predictive control (MPC) methods [13]. 

The deadbeat predictive control method is a model-based 

method that calculates the controlled variable such that the 

error of the reference value and the measured one become as 

close to zero as possible in each sampling period. This method 

has been successfully employed for inverters [14]-[16], 

rectifiers [17], active power filters [18], and PFC converters 

[19]. The basic concept of the hysteresis-based predictive 

control method is trying to maintain the controlled variables 

within the boundaries of a region or hysteresis space [20], 

while in the trajectory-based predictive control method, the 

controlled variable follows a predefined trajectory [21]. MPC 

is known as the most powerful method in which a cost function 

is defined and the controlled variables are calculated for 

optimizing the cost functions. The continuous control set MPC 

and finite control set MPC are the most well-known types in 

the literature. The main difference between these two types is 

in modeling, implementation, and complexity [22]-[25]. The 

main drawback of the MPC method is that its switching 

frequency is not fixed, which incurs higher switching losses 

compared to the deadbeat predictive control method, which 

uses a modulator with a constant frequency.  

In this paper, a half-bridge boost AFE converter with one 

capacitors leg is used as the output voltage filter. This topology 

offers a high efficiency due to its fewer number of 

semiconductor devices. However, balancing the voltages of its 

output capacitors has always been a serious challenge. Two 

approaches have been discussed in the literature for balancing 

the voltages of the capacitors. The first method is to measure 

the unbalance of the capacitors’ voltages and add it to the 

current reference as a DC value [26]-[29]. The main drawback 

of this method is that the PI controller coefficients need to be 

updated after every parameter change, e.g. load current, which 

leads to the unbalance of the capacitors’ voltages. This means 

that for the sake of maintaining the fast dynamic performance 

of the converter, the PI controller should operate like an 

adaptive controller, resulting in a more complicated control 

process. The second approach is to replace the circuit topology 

with a full bridge converter, which is not desirable due to its 

higher power loss and cost with more switching devices [30]-

[33]. 

This paper studies the performance and advantages of the 

predictive controller for balancing the voltages of the 

capacitors in a conventional converter, along with regulating 

its output voltage and maintaining an input current power 

factor close to one. 

The paper is organized as follows. Section II describes the 

topology and its operating principles. Section III introduces the 

proposed controller, and Section IV presents the simulation 

and experimental results. 

II. Selected Topology and Performance 

Analysis  

Fig. 1 shows the topology. In this circuit, the grid current 

can only be controlled if the voltage of each of the output 

capacitors is higher than the grid peak voltage. Two possible 

states in Fig. 1 are shown in Fig. 2 and 3, where S1(S2) is 

ON(OFF) and S1(S2) is OFF(ON). In the following, the circuit 

equations are derived in each of the two so-called states, and 

the model is discretized by using the Forward-Euler method. 

According to Fig. 2, the inductor voltage can be obtained by 

KVL in the loop including the input source and capacitor C1. 

Accordingly, one can write, 

1( ) ( ) ( ) ( )
S sL S s L CV t V t R i t V t= − −  (1) 

1

( ) 1
( ( ) ( ) ( ))S

S

L

S S L C

s

di t
V t R i t V t

dt L
= − −  (2) 
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where VLs is the inductor voltage, VS is the input source 

voltage, LS is the input inductor, RS is the equivalent series 

resistor (ESR) of the inductor, VC1 is the voltage of the 

capacitor C1, and iLs is the input source current. According to 

the predictive controller nature, the continuous-time domain 

equations should be converted to the discrete-time domain. For 

this purpose, this paper uses the Forward-Euler method. 

Therefore, (2) is written as, 

1( 1) ( ( ) ( )) ( )(1 )
S S

s
L S C L

S S

t R t
i k V k V k i k

L L

 
+ = − + −  (3) 

where ∆t is sampling period, k is the current sample, and 

(k+1) is the next sample. By using (3) and the input voltage, 

capacitor C1 voltage, and input current in the k-th sampling 

period, the input current in the next sample can be derived. 

Also, the voltages of the output capacitors in the next sample 

can be obtained using the follwong equations.  

1 1 1 2( 1) ( ) ( ) ( ( ) ( ))
sC L C C C

Load

t t
V k i k V k V k V k

C C R

 
+ = + − +


 (4) 

2 2 1 2( 1) ( ) ( ( ) ( ))C C C C

Load

t
V k V k V k V k

C R


+ = − +


 (5) 

where C=C1=C2, RLoad is the resistance of the load, and VC2 

is the voltage of the capacitor C2.  

Following the same procedure for the circuit shown in Fig.3, 

(1)-(5) can be rewritten as follows, 

2( ) ( ) ( ) ( )
S sL S s L CV t V t R i t V t= − +  (6) 

2

( ) 1
( ( ) ( ) ( ))S

S

L

S S L C

s

di t
V t R i t V t

dt L
= − +  (7) 

 

Fig. 1. Single-phase half-bridge AFE rectifier. 

 

Fig. 2. Converter structure when S1 is on. 

 

Fig. 3. Converter structure when S2 is on. 

 

2( 1) ( ( ) ( )) ( )(1 )
S S

s
L S C L

S S

t R t
i k V k V k i k

L L

 
+ = + + −  (8) 

1 1 1 2( 1) ( ) ( ( ) ( ))C C C C

Load

t
V k V k V k V k

C R


+ = − +


 (9) 

2 2 1 2( 1) ( ) ( ) ( ( ) ( ))
sC L C C C

Load

t t
V k i k V k V k V k

C C R

− 
+ = + − +


 (10) 

III. Proposed Control Algorithm 

According to the discretized model of the converter and 

based on the MPC requirements, the predefined cost function 

is derived as,  
2 2Ref

1 2g ( 1) ( 1) ( 1)
s sL L C Ci k i V k V k = + − + + − +  (11) 

where g is the cost function, iLs
Ref is the input current 

reference, and α and β are the weight factors of the cost 

function. As is seen in the cost function, balancing the voltages 

of the capacitors is added as a penalty in addition to input 

current control. Moreover, the squared error is selected for 

each term of the cost function since (11) is a binomial cost 

function. Obviously, by appropriately selecting the weight 

factors, a tradeoff can be made between the control objectives.   

Fig. 4 shows the proposed flowchart of the control algorithm. 

As shown, the input current reference is calculated by a PI 

controller with the measured values. Then, given that in each 

instance, one can decide which power switch should conduct. 

The input current and capacitors voltages are calculated for 

every possible switching operation, along with its 

corresponding cost function output. Finally, the power switch 

with the lower cost function output should conduct in the next 

instance. 

IV. Simulation And Experimental Results 

A. Simulation Result 

To analyze the performance of the proposed method, the 

power and control stages are first simulated in PLECS with 

parameters given in Table I. Fig. 5 shows the steady-state input 

current and voltage of the converter. The input current 

harmonic spectrum is shown in Fig. 6 in comparison with the 

IEC61000-3-2 standard. According to Fig. 6, the total 

harmonic distortion (THD) of the input current is 2.7%. Also, 

the power factor is close to unity (Fig. 5). The output voltage 

of the converter and the voltages of the output capacitors are 



International Journal of Industrial Electronics, Control and Optimization (IECO). 2023, 6(2)             84 

 

 

 

also shown in Fig. 7. According to this fig., the output ripple is 

about 2%, and the voltages of the capacitors are balanced. It 

should be noted that balancing the voltages of the capacitors 

depends on the control method, load current, capacitance of the 

capacitors, etc. [26], [27], [30]. The output power changes are 

shown in Fig. 8 where the mean value of the power is 1kW.  

In the second stage, the converter is constructed in the 

laboratory. The system parameters are listed in Table I.  

B.  Experimental Result 

This paper used the MSOGI-FLL technique to detect the 

input voltage phase and derive its fundamental components 

(without distortion). Phase-locked loop (PLL) is a common 

method of voltage phase detection. The MSOGI-FLL 

technique is replaced with the conventional PLL for the 

following reasons: 

• The control goals considered can be affected by 

uncontrollable factors such as input voltage distortion and 

harmonics; 

• The delay in the conventional PLL causes moving away 

from control goals; 

• MSOGI-FLL has faster and more accurate than the 

conventional PLL; 

• MSOGI-FLL is an appropriate approach to getting the 

frequency and reference phase in power system frequency 

fluctuations and input voltage harmonics conditions. 

Fig. 9 shows the MSOGI-FLL structure. According to this 

fig., by harmonic analysis of the input voltage and determining 

the desired harmonic number, MSOGI-FLL extracts this 

harmonic component in the output. In this paper, we 

considered fundamental, third, and fifth harmonic components 

in the MSOGI-FLL structure [34]-[36]. 

 
Fig. 4. The proposed flowchart of the control algorithm. 

 

 

TABLE 1 

SIMULATION AND EXPERIMENTAL PARAMETERS 
 

Description Values 

Rated Power (
O

P ) 1kW  

Input AC Voltage (
SV ) 220 rmsV  

Frequency ( f ) 50Hz  

Output DC Voltage ( Ref

DCV ) 700V  

Capacitor (
1 2,C C ) 1200 F  

Input Inductor (
SL ) 8 ( 0.2 )mH ESR =   

IGBT Switch (
1 2,S S ) FGL40N120AND 

Sampling Time ( t ) 25 S  

Microcontroller STM32F407 

 
Fig. 5. Simulation results: input voltage (black) and input 

current (red). 

 
Fig. 6. Comparison between the converter input current 

harmonic spectrum with the standard spectrum. 
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Fig. 7. Simulation results: output voltage (black), capacitor 

C1 voltage (blue) and capacitor C2 voltage (red). 

 
Fig. 8. Simulation results: output power. 

To confirm the theoretical and simulation results, a 

laboratory setup of the proposed method is built, which is 

shown in Fig. 10. The setup parameters are listed in Table I. 

The steady-state input voltage and current, and output 

voltage and current are shown in Fig. 11. As can be seen, the 

input current has a sinusoidal waveform with THD<5%, and 

the output voltage reaches its reference value with a voltage 

ripple lower than 2%. The steady-state output voltage with 

capacitors voltages is also shown in Fig. 12.  

The capacitors voltages are balanced at the same DC voltage 

(350V), and the output voltage ripple is lower than 2%. 

The steady-state output voltage, current, and power are 

shown in Fig. 13. According to this fig., the output power is 

1kW with a very low ripple. Therefore, the successful 

performance of the proposed method is confirmed. 

The THD and the PF of the proposed method are measured 

by using a FLUKE-435 power analyzer. The results show that 

THD is lower than the standard limits at nominal power. The 

power factor and THD at different output powers are also 

shown in Fig. 14 and 15. The power factor is almost always 

near unity. 

 

Fig. 9. MSOGI-FLL structure [34]-[36]. 

 
Fig. 10. Laboratory setup. 

 
Fig. 11. Experimental results: CH1: input voltage (yellow), 

CH2: input current (cyan), CH3: output voltage (purple) and 

CH4: output current (green). 
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Fig. 12. Experimental results: CH1: output voltage (yellow), 

CH3: capacitor C1 voltage (purple) and CH4: capacitor C2 

voltage (green). 

 

Fig. 13. Experimental results: CH3: output voltage (purple) 

and CH4: output current (green) and CH-M: output power 

(red). 

 

Fig. 14. Measured converter power factor at different output 

power. 

Table II presents previous studies in which the controller 

structure has been modified to help achieve a balance in the 

voltage of the capacitors. As can be seen, some studies were 

limited to proving their results in the simulation environment. 

Considering the difference between the simulation results and 

experimental results, the studies with experimental results are 

more reliable. The output voltages of the works mentioned in 

Table II are not more than 530V. Meanwhile, the voltage 

unbalance of the capacitors will be higher at high voltages. 

 
Fig. 15. Measured grid current THD at different output power. 

 As a result, the effectiveness of the methods used in past 

research for the high output voltage and output power of the 

converter is ambiguous. Also, according to Table II, references 

6 and 7, which have considered a higher output power for the 

converter, used analog control to balance the voltage of the 

output capacitors. The experimental results of this paper show 

the effectiveness and appropriate performance of the controller 

in reducing input current THD and balancing output capacitors 

voltage in higher output voltage and power versus the previous 

works. 

V.Conclusion 

In this paper, a single-phase AFE rectifier with predictive 

control and output power of 1 kW was designed and built in 

order to verify the feasibility of the proposed control method. 

Simulation and laboratory results show that the predictive 

controller accurately balance the voltage across the capacitors 

while regulating the output voltage. Also, this method has the 

ability to maintain the high quality of the grid current in a wide 

range of load change .  

Therefore, this method is a suitable alternative for previous 

solutions. The single-phase AFE circuit is a more 

advantageous topology than other well-known counterparts, 

especially in terms of cost and power loss.  
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Due to the high penetration coefficient of wind and solar energy in the grid and the 

uncertainty of these sources, we need a possible analysis. This paper contributes to the 

design, modeling, and planning a distributed generation (DG) network with wind and 

solar by means of the particle swarm algorithm (PSO) and backtracking search 

optimization (BSO) algorithm in the IEEE 33-bus network, aiming to minimize the 

results indicate an adequate performance in a variety of environments, and the presence 

of distributed wind/solar energy generators decreases network stress by feeding loads 

locally. These systems (wind and solar) can be used in remote areas without power 

networks, or even in areas where there is a tendency to use renewable energy despite the 

presence of a power network. They can also supply the output load for most of the day 

and night. Probability distribution functions are used, and the outputs are expressed as 

probability density distribution functions instead of absolute numbers. In addition, there 

is a high degree of uncertainty regarding the state of the system, which is an associated 

renewable energy source within the power system elements. By means of the MATLAB 

software, the proposed method is implemented in order to ensure effectiveness and 

validate the results. Finally, the superiority of the BSO algorithm over PSO will be seen.  

 

NOMENCLATURE  

Wind velocity  𝑉𝑊 

Blade radius  𝑅 

Blade angle  𝛽 

Air density 𝜌 

Turbine power factor 𝐶𝑃 

Wind velocity scale parameter 𝐾𝑡 

Formation parameter 𝐶𝑡 

Series resistance  RS 

Parallel resistance  RSH 

Wind turbine output power  Pw 

Radiation-induced current  𝐼𝐿 

Diode current 𝐼𝑂 

Boltzmann constant k 

Electric charge of an electron q 

  

 

Ideality factor of a diode 

 

n 

Nominal thermal voltage of a cell v 

Beta distribution factors 𝛼𝛽 , 𝛽𝛽  

Sunlight intensity 𝑅𝐶 

Gamma function 𝛤 

Mean and standard deviation  𝑎𝑛𝑑 𝛿𝑠
𝑡   𝜇𝑠

𝑡 

Open circuit voltage 𝑉𝑜𝑐 

Short circuit current 𝐼𝑠𝑐 

Ambient temperature 𝑇𝑐 

Weight function 𝑤 

Resistance and reactance of airline 

feeder 

X and R 

Active and reactive power Q and P 
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I. Introduction 

To date, the issues of optimal operation with the presence of 

renewable resources and optimizing the production of these 

resources have become very relevant. Wind and solar power 

plants are among the most attractive opportunities for investors. 

The consolidation of a significant amount of power from 

renewable sources such as the wind and the sun in distribution 

networks poses significant operational challenges due to the 

degree of uncertainty involved [1-4]. In order to meet the 

increasing electricity demand, the most important task of 

energy distribution companies is to plan the development of 

sustainable power distribution networks [5-8]. The main goal 

of distribution network expansion planning is to provide 

consumers with an acceptable and affordable service [9] while 

keeping voltage levels and power quality within acceptable 

limits. In addition, the purpose of a distribution network is to 

provide power to customers and respond rapidly to changes in 

their demands. In this vein, it becomes necessary to assess the 

state of sustainable energy generation with regard to wind and 

solar (photovoltaic, PV) systems [10-14] in terms of 

transmission, distribution, and consumption conditions. A 

distribution network does not have a power plant, but it does 

have transmission lines that deliver electricity to it. Large 

power plants create electricity, which is then supplied to 

distribution networks through transmission lines. Given the 

urge to minimize coal/gas power plants and the increasing 

consumption of electricity, there is a need for new generation 

resources [15-19]. However, the privatization of the power 

industry has changed the status of power plants from regulative 

to competitive. The advent of small power plant technologies 

(clean generation and higher-efficiency power plants) has 

aided in meeting the current energy demands [20-22]. The 

conditions of energy markets and geographical conditions 

completely dictate investors’ choices with regard to power 

plants [23, 24]. 

Many sectors of distribution networks are nowadays 

crowded due to the intervention various small scale renewable 

energy and coal/gas power plants. This, while investment in 

the generation sector declines [25] and the energy demand 

rises, as well as the price of electricity, particularly in western 

Asia, in countries such as in Iran [26]. The goal of the electrical 

sector is to provide residents and companies with clean, safe, 

and dependable energy, so it is critical to invest in new 

technologies that enhance current power systems and usher in 

a revolution in this industry [27-31]. This will not be possible 

unless the structure of the distribution network and its control 

system are fundamentally changed. One solution is the use of 

distributed generation (DG) resources [32-33]. In recent years, 

the utilization of DG resources in networks has contributed to 

improving effectiveness and reliability. Most classical point-

to-point methods (e.g., direct methods and derivation-based 

methods) use computational techniques to arrive at the optimal 

solution [34]. However, as the problem size and search space 

increase, finding the solution via classical methods becomes 

more complicated. Computational intelligence optimization 

algorithms have been used in various fields, including science, 

business, and engineering, to solve complex optimization 

problems. This is due to their ease of use, wide execution 

capability, and overview. The most popular method is particle 

swarm optimization (PSO) [35, 36]. PSO is better in terms of 

solution quality and number of iterations, namely regarding the 

initial random population, particle upgrades, and the 

generation of new solutions. However, these methods of 

collective intelligence are limited by premature convergence 

and because they are often trapped in local minima. To 

overcome these issues, these algorithms have undergone 

different variations, aiming to improve their performance [37]. 

These methods’ principles of operation are inspired by natural 

genetic evolution, which why they are the most famous 

example of a genetic algorithm. 

In [38], the effect of influence of distributed generation with 

different technologies on annual energy losses is calculated. 

This includes combined cycles, wind energy, and photovoltaic 

and solar cells. It is shown that wind energy has the worst 

behavior with respect to reducing losses, and it is concluded 

that distributed generation units with reactive power control 

capabilities have a greater effect on improving the voltage 

profile and reducing losses in the network. The authors of [39] 

combine genetic algorithms and particle aggregation to 

optimize the size and location of scattered products. 

In [40], an algorithm for determining the optimal location 

and size of DGs in distribution networks is introduced. This 

algorithm is based on a new index that examines the effects of 

energy sources. The work by [41] offers a way to optimally 

locate different DG technologies in order to reduce energy 

losses. Voltage limits, line load capacity, the maximum 

influence of DG, and steps to increase or decrease DG capacity 

are among the constraints of the problem. The authors of [42] 

propose an analytical method for minimizing system losses, 

which involves installing different types of DGs. To this effect, 

in addition to the resource capacity, the optimal power factor 

for the four types of distributed generation resources is 

determined in order to obtain the greatest reduction in losses. 

Thereupon, this method studies the types of DGs that can 

generate or absorb reactive power. 

The authors of [43] present a probabilistic method to 

analyze the steady-state operating conditions of a distribution 

system with wind and photovoltaic power plants. This method 

is based on the uncertainty of power system loads and power 

generation from renewable systems, as well as on a 

combination of Monte Carlo simulation techniques and linear 

equations. In [44], the load distribution of a power system is 

analyzed using a new point estimation method while 

considering the system’s uncertainty, which may arise from a 

variety of sources such as load or downtime. A new algorithm 

for the longitudinal differential protection of transmission lines 



91                   Optimization and Placement of DG…/ Farhad Zishan, et al 

 

is described in [45], and the imperialist competitive algorithm 

is employed in [46] for determining the location and size of 

optimal multiple DGs in a distribution network. In [47], an 

optimal controlled strategy for multiple distributed generations 

in a micro grid island is presented. Below are some relevant 

applications of wind and solar systems in distribution networks 

[48]:  

1. Increasing the average annual growth rate of energy 

consumption in the country and reducing oil exports 

2. Expanding the influence of renewable energy on the 

energy supply  

3. Introducing these technologies into the global energy 

supply market  

4. Backing up the power supply in order to provide power 

to sensitive loads such as special industrial units during 

network power outages, as well as improving reliability 

5. Reducing the costs associated with the power supply, 

which can be very expensive in remote areas or due to 

geographical obstacles  

6. Providing the power required by the load during peak 

hours  

7. Providing part of the power required by the base load  

8. Reducing environmental pollution 

 The aforementioned solutions have limited control 

capabilities due to the lack of a communication infrastructure. 

Loading transmission lines with distributed generation sources 

is a common topic of discussion. This paper addresses their 

placement within the power system to reduce losses and keep 

the transmission lines free. 

 The aim of this research is to minimize the density of 

transmission lines and coordination in systems that integrate 

DG energy sources and wind and solar energy. The placement 

of these resources is studied using the PSO algorithm in an 

IEEE 33-bus network. This article first introduces wind and 

solar sources, and it delves into losses in networks with DGs. 

Then, the coordination of these sources and the use of the PSO 

and BSO algorithm for locating and reducing line loading are 

discussed. Finally, the results are reviewed and analyzed. 

Among the most important works of this article: 

 

Results of losses with wind sources 

Results of losses with solar sources 

Results of losses with hybrid sources 

Load rate of lines in optimal condition with wind resources 

Load rate of lines in optimal condition with solar resources 

Load rate of lines in optimal condition with wind and solar 

resources 

Locating resources with PSO and BSO 

 

 

 

 

 

II. Research Methodology 

A. Wind turbine performance 

A wind turbine first converts wind energy into mechanical 

energy, which is in turn converted into electrical energy by a 

generator. The active power output from the wind turbine and 

the input to the generator only depend on changes in the 

generator's optimum speed. Thus, the output power may be 

regulated by adjusting the generator's speed. The relation of 

wind power can be expressed as shown in Equation (1) [18]. 

 

PW =
1

2
ρπR2Vw3CP(λ, B).                     (1) 

Figure 1 show a diagram and power area in terms of wind 

turbine speed. Wind turbines start moving at cut in velocity 

and generate electricity up to cut out velocity. Where VW is the 

wind speed, R is the blade radius, β is the blade angle, 𝜌 is 

the air density, and CP is the turbine power factor, which is a 

function of λ and β Figure 1 shows the power-speed curve of 

the wind turbine. Wind turbines start moving at a cut-in 

velocity and generate electricity up to a cut-out velocity. The 

type of wind turbine considered in this study is DFIG. Wind 

velocity is modeled with a Weibull  distribution. The 

Weibull function is a specific state of the gamma distribution 

which is more flexible than other functions. Moreover, 

different time frames can be used for long-term measurements. 

Wind velocity can be characterized by its mode and by random 

events. The implemented Weibull distribution function is 

shown in Equation (2) [49]: 

f(v) =
Kt

Ct
(
V

Ct
)Kt−1 ∗ exp [−(

v

Ct
)]
2

               (2) 

 

Where Kw is the Weibull wind speed scale parameter, Cw 

is the Weibull wind speed formation parameter, and V is the 

wind speed. The turbine output capacity can be determined 

according to Equation (3) [50-54]: 

 

 

 
Fig. 1. Wind turbine performance in different areas 
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PWTG = {

0                if     v < Vi or v > V0

Prw 
V−Vi

Vr−Vi
             if      Vi < v < Vr

PrW                     if    Vr < v < Vo

        (3) 

 

Where 𝑉𝑖, 𝑉𝑜, 𝑎𝑛𝑑 𝑉𝑟 are the starting speed (cut-in 

velocity), the cut-off speed (cut-out velocity), and the nominal 

velocity of the turbine, respectively. Note that v represents the 

wind velocity. 

 

B. Photovoltaic Cell Modeling 

Solar energy is converted into electrical energy by 

photovoltaic panels and converters. Photovoltaic technology 

uses semiconductor cells made up of diodes. By radiating light 

on the cell, voltage and current are produced. The cells 

combine to form a module that can be modeled as a current 

source parallel to a diode, as shown in Figure 2. Using the 

relationships of the solar cell, a general relation can be given, 

as shown in Equation (4): 

I = IL − IO (E
q(V+I.Rs)

nkT − 1) −
V+I.Rs

RSH
              (4) 

In this equivalent circuit, RS and RSH are series and parallel 

resistors, IL is the radiation current, IO is the diode current, k 

is the Boltzmann constant parameter, q is the electric charge of 

one electron, T is the cell temperature, n is the ideal coefficient 

of the diode, and v is the nominal thermal voltage of the cell. 

Solar radiation is modeled as a distribution function based on 

the model presented in [20]. The probability distribution 

function can show the probable state of the solar radiation 

phenomenon. Solar radiation has a high degree of uncertainty 

and changes as a function of several factors such as climate, 

time, day, month, season, and the orientation of solar cell 

generators (P_SCG). Sunlight is modeled with the beta 

distribution function, as shown in Equation (5) [20]: 

f(R: αβ , ββ ) =
Γ(αβ +ββ )

Γ(αβ ) Γ(ββ )
 Rαβ −1(1 − R)ββ       (5) 

 

Here, α_(β )  and β_(β )are beta distribution factors, and 

𝑃𝑆𝐶𝐺 is the output power is related to solar radiation, which is 

shown in Equation (6): 

 

 

Fig. 2. Circuit equivalent to a solar cell 

 

 
 

 

PSCG =

{
 

 
Prs                           if v ≤ R < RC

Prs 
R

RSTDRC
                    if RC ≤ R < RSTD

Prs                          if RSTD ≤ R

  (6) 

 

 RSTD is the radiation intensity under standard conditions 

(usually 150W/m2), P_rs (usually 1000 W/m2) is the output 

power of a solar cell, and 𝑃𝑆𝐶𝐺 is the total output power. 

 

C. Modeling network losses 

Determine the number of changes in distribution network 

losses when DG re-sources are integrated, the load distribution 

of the network must first be calculated. The purpose 

determining the load distribution in this context is to analyze 

the voltage quality at each connection point. The increase in 

voltage due to the presence of the generator is obtained with 

Equation (7): 

Δv =
PR+QX

V
                                 (7) 

For low-voltage networks, the effect of the resistance is 

greater than that of the reactance. Therefore, active power is 

more effective than reactive power in the network. For control 

purposes, the powers in the network are continuously 

measured. Implementing a power measurement period and 

running simulations can be an effective way to minimize losses. 

Figure 3 shows a part of the distribution feeder and power 

distribution path. The generators provide active power, but 

their reactive power capabilities are not used. 

The reactive power at bus 1 (a load-bearing bus) can be 

obtained from Equation (8): 

Q1j = Q2j+ QL1                            (8) 

In this equation, if the reactive power of generator G1 is 

equal to Q1j, equal to the sum of Q2j and QL1 according to the 

node law. The same procedure applies to other buses. To 

achieve optimal loss reduction [21], most operators cannot get 

the reactive power of DG resources. 

 

A. Resources Uncertainty 

There are several uncertainties throughout the distribution 

network, including changes in network load and the accidental 

output of power equipment. With the use of renewable energy 

sources, which have a variable nature, the uncertainty of power 

systems has increased even more. This poses many challenges 

with regard to the design and planning of these systems. 

Analytical load distribution can help to calculate the voltage of 

the nodes and the power of the branches under certain defined 

conditions, but it is not able to consider the uncertainty of the 

network parameters. Because wind and solar power are 

completely random and probabilistic, the amount of electrical 

power they generate during the day or night is completely 

variable. The optimal location of solar and wind resources in a 

distribution 

 

Fig. 3. Example of power distribution [21] 
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network is obtained by considering seasonal loads and changes 

in weather conditions, such as the solar radiation level and 

wind velocity. De-spite the uncertainty, the beta distribution 

for solar resources can be expressed as shown in Equation (9) 

[53-55]:  

{
fs
t
(s)=

Γ(at+B
t
)

Γ(at).τ(B
t
)
∗ (st)

at−1
∗ (1− st)

Bt−1 

for  at > 0   , Bt > 0  

       (9) 

 

Where Γ represents the gamma function, a and B is 

parametric quantities, 𝑓𝑠
𝑡
(𝑠) i is the radiation intensity, and 

𝛿𝑠
𝑡
 and 𝜇𝑠

𝑡 are the mean and standard deviation, respectively. 

The wind distribution formulation is as follows:  

{
 
 

 
 

fv
t
(v)= k

t

ct
∗ (v

t

ct
)
k
t−1

exp∗ (v
t

ct
)
k
t−1

for  ct > 0 , k
t
> 0 ,k

t
> 0

        (10) 

Where 𝑘
𝑡
 , wind velocity scale parameter, and 𝑐𝑡 is the 

formation parameter. These are calculated according to 

Equations (11). Generation capacity of the solar system is 

calculated, as according to Eq (12). 

 

k
t
= (δ

t

μv
t)
−1.086

 , ct =
μv
t

Γ(1+ 1

k
t)

                   (11) 

PPV=∑ PGPV∗PS(sg
tNs

g=1 )
t

                          (12) 

 

This equation is used to distribute the wind velocity and 

radiation level throughout the day and night by considering the 

variable daily load consumption and, as a result, the potential 

power generated by the solar cell or wind turbine. This is done 

by integrating the potential density function. Thus, 〖PG〗

_PV and P_(S) are calculated, as shown in Equation (13). 

 

PS(sg
t) =

{
 
 

 
 ∫ fs

t(s)ds          for  g = 1
sg
t+sg+1

t )/2

0

∫ fs
t(s)ds          for  g = 2… . . (Ns − 1)

sg
t+sg+1

t )/2

sg−1
t +sg

t )/2

∫ fs
t(s)ds          for  g = Ns

∞

sg−1
t +sg

t )/2

 ,   (13) 

𝑃𝐺𝑃𝑉𝑔(𝑠𝑎𝑔)=𝑁𝑃𝑣𝑚𝑜𝑑𝑒𝑙∗𝐹𝐹∗𝑉𝑔∗𝐼𝑔 

The current, voltage, and temperature of the panel are 

determined as follows: 

 

{

𝐼g = Sag((Isc + Ki(Tc − 25))

Vg = Voc − Kv ∗ Tcg

𝑇𝑐𝑔 = 𝑇𝐴 + 𝑆𝑎𝑔(
𝑁𝑜𝑡−20

.8
)

                   (14) 

 

 The efficiency of each solar panel is calculated according 

to (15): 

𝐹𝐹 =
𝑉𝑀𝑃𝑃∗𝐼𝑀𝑃𝑃

𝑉𝑜𝑐∗𝐼𝑠𝑐
                            (15) 

 

𝐼𝑀𝑃𝑃and 𝑉𝑀𝑃𝑃are the maximum voltage and current of each 

panel. Losses PLoss are calculated according to Equation (16): 

𝑃𝐿𝑜𝑠𝑠 =

∑ ∑
𝑟𝑖((𝑃𝐷,𝑖+1

𝑡 )
2
+((𝑄𝐷,𝑖+1

𝑡 )
2

(𝑉𝑖+1
𝑡 2

)

𝑁1
𝑖=1

𝑁𝑡
𝑡=1

𝑁𝑡
              (16) 

 

 𝑃𝐷,𝑖+1
𝑡

and 𝑄𝐷,𝑖+1
𝑡

,are the active and reactive power, 𝑉𝑖+1
𝑡

is 

the bus voltage, and Nt is the number of bus lines. 

 

B. Objective Function 

 For the sake of stability and security, as well as to improve 

the power quality, several limits are established for the voltage 

and current across the lines, as well as for the losses. Hence, 

the above-mentioned constraints imply an optimization 

problem. To solve the problem with the one-objective 

optimization method, the variable weighting technique is used 

(Equation (17)). The goals of the optimization problem are to 

minimize the average annual power losses, maximize the 

voltage stability index, and minimize the network security 

index. Traditionally, a multi-objective problem is 

reconstructed into a single-goal optimization one via the 

weight accumulation method, as the objective functions 

depend on the location, size, and type of renewable DGs. Thus, 

a multi-objective performance index can be formulated [55]: 

(17) 

𝐹 = f(∑ ∑ PDGi,j ∗ ni ∗ Li

j€type

Nb

i=2

)

= w1 ∗ sPLosa −w2 ∗ VSFa + w3

∗ NSIa       wi = [0 ,1] 

PDGi,j, is the bus injection capability and w is the weight 

function. Indicators are used to assess voltage stability. Buses 

in the transmission or distribution network are very fast And 

effective tools for measuring off-line voltage stability Status of 

buses Voltage stability index VSF proposed in for each bus-i 

in the time segment’s’ can be displayed as follows Nb is the 

total number of network buses. It is assumed that Bass-1 is 

located in the main distribution post. . The network will 

become more stable. VSF is calculated according to Equation 

(18): 

SFa =
∑ ∑ VSFi+1

tNb
i=2

Nt
t=1

Nt(Nb−1)
   ,𝑉𝑆𝐹𝑖+1

𝑡 = (2𝑖+1
𝑡 −𝑉𝑖

𝑡)     (18) 

The formulation of losses while considering generation and 

reactive power is expressed below [56]: 

 

PGss
t + ∑ ∑ PDGi,j ∗ ni ∗ Lij€type

Nb
i=2 − ∑ PDi

tNb
i=2 −

PLosst = 0 , QGss
t + −∑ QDi

tNb
i=2 − QLosst = 0         (19)                                  

Eq. (23) is considered in the distribution network: 
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∑ ∑ PDGi,j ∗ ni ∗ Lij€type
Nb
i=2 ≤ ∑ PDi

tNb
i=2           (20)  

Where PGss
t

and 𝑄𝐺𝑠𝑠
𝑡

are the active and reactive power fed 

by the substation at a given time, and Plosst and Qlosst 

are the active and reactive power losses at a given time PSO 

algorithm, whose full details are reported elsewhere [57], was 

implemented in this research.  

C. Backtracking search optimization algorithm 

(BSOA) 

 Backtracking search optimization algorithm is introduced 

in [30-31]. This algorithm uses the jump operator during the 

search to avoid getting stuck in local optima during the first 

iterations while obtaining new solutions. The main 

components of BSOA-based design, i.e., initialization, 

selection, mutation, reproduction, and selection, are described. 

There will be a random generation (PoP) initialization phase at 

the edge boundaries: 

for i =  1: PopSize 

for j =  1: D                                 (21) 

PoP(i, j) =  PoPmax(j) −  rand/ 

(PoPmax(j)  −  PoPmin(j))                 

end 

end 
In relation (21), Pop Size and D are the maximum 

population size and the dimensions of the population set. The 

algorithm with selection, mutation and reproduction is the 

following steps: 

Define mixrate 
oldPoP =  oldPoP(randperm(PopSize), : ); 
map =  zeros(PopSize, D); 
if rand <  rand, 
for i =  1: PopSize,                           (22) 
u =  randperm(D); 
map(i, u(1: ceil(mixrate ∗  rand ∗  D)))  =  0; 
end 
else 
for i =  1: PopSize, 
map(i, randi(D))  =  0; 
end 

III. The System under Study and result 

The single-line diagram of the studied system (IEEE 33-bus 

network) [58-59] is shown in Figure (4), and the model 

information is shown in the Appendix. The set under study 

comprises a combination of the aforementioned resources, 

along with their quantity and location. There are several 

Properties in power systems, including changes in network 

load and the accidental output of power equipment. 

 

Fig. 4. IEEE standard model of a 33-bus distribution network  

With regard to the performance of the system for a 24-hour 

period, the probability distribution program of solar and wind 

power plant is shown in Figures 5 and 6, and the information 

of these models is given in Tables 1 and 2. Due to the relatively 

small asymmetry, the probability distribution of the resources 

is relatively symmetric and may be approximated by a normal 

distribution. If it has a relatively large and positive symmetry, 

the probability distribution will tend to be in one direction (left 

or right). In this case, it cannot be approximated to a normal 

distribution. Data sometimes creates a curve that does not have 

a natural distribution, i.e., its two ends are not symmetrical. 

When there is no fit between the two ends of the curve, the 

curve is skewed. 

 
Fig. 5. Probability distribution of solar power (monte carlo 

methods) [59] 

 
Fig. 6. Probability distribution of wind power (monte carlo 

methods) [59] 
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In Table 1, a comparative summary of the literature on the 

protection of smart grids and MGs has been presented. The 

summarized literature review shows that a research gap exists 

in developing a new study for MG protection using the DS-

DOCRs that takes into account N-1 contingency-based 

network topologies and corresponding selectivity constraints. 

This research aims to fill this gap. Indeed, using the DS-

DOCRs, as a specified characteristic, would be useful to 

mitigate the challenges of the protection system’s speed in [4]. 
 

 

 

TABLE 1 

PARAMETERS STUDIED IN THE SOLAR SYSTEM 

 

Photovoltaic system power 200W 

Maximum voltage 28.36𝑉 

Maximum current 7.76 A 

Open circuit voltage 36.96V 

Short circuit current 8.38 A 

Flow on temperature factor Ki =  0.00545 

Voltage on temperature factor Kv = − 0.1278 

 

TABLE 2 

WIND SYSTEM INFORMATION [59] 

Minimum wind speed          5 m/s 

Maximum wind speed          20 m/s 

Average wind speed          9 m/s 

Generation capacity          250 kW 

 

Figure 7 shows the proposed per-unit load value for the four 

seasons. Note that the load peaks occur many times at noon 

and during the night. 

 
Fig.7. Load for a season of the year for DG resources 

 

In the first stage, the PSO algorithm is used to find locate 

wind power plants. As an optimization issue, the mode 

estimation problem requires deliberate and restricted 

performance. Figure 8 shows the power generation of wind and 

solar power plants throughout a day. The variable loads and 

generators are considered to be fixed variables, and the 

distributed generation resources are regarded as variable 

modes. The results regarding losses with wind, solar, and 

hybrid sources are shown in Figures 9, 10, and 11, respectively. 

Figure 12 shows the convergence diagram for locating three 

wind power plants. 

 
(a) 

 
(b) 

 

Fig. 8. Power generation after implementing the PSO 

algorithm throughout the day in a year with four seasons: 

 (a) Hourly solar power generation and (b) wind power 

generation in the studied period 
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Fig. 9. Results of losses with wind sources 

 
Fig.10. Results of losses with solar sources 

 
Fig.11. Results of losses with hybrid sources 

 
Fig.12. Convergence of the algorithms 

Distributed generation resources usually reduce the feeding 

path, which reduces network losses. A load-proportional DG 

is installed at the desired location according to the relationship 

between the loss formulation and the reduced injection 

capacity. In fact, the effect of these sources is on the voltage 

and loss profiles, and these two components are closely related. 

The presence of DGs, as they feed loads locally, also reduces 

network load (Figure 13) and frees up the different line 

capacity, which is one of the advantages of these resources. 

However, some lines may be overloaded if the design is not 

adequate. Normally, DG reduces line current by feeding part 

of the network load. However, de-pending on the size and 

condition of the network, it is possible for the DG current to 

flow in the opposite direction. If the DG is larger than its loads, 

part of its current will return to the post. This may not be a 

problem unless the flow through the post is greater than the 

conductor capacity. However, this can occur under certain 

conditions, one of which is the release of loads after the DG 

due to unpredictable errors. If the DG size is large and the 

network is designed based on the same assumptions as 

traditional networks, it may face overcurrent issues. Figures 

(14, 15) show the load of lines with solar and hybrid resources. 

Note that, with the hybrid system, the line release space is 

significantly different than that of the previous two modes. The 

three wind resources are placed at nodes 30, 24, and 13 of the 

IEEE 33-bus network. More wind and solar resources were 

also tested, and their locations are shown in Tables 3 to 5. 
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Figure 13. Load rate of lines in optimal condition with wind 

resources 

 
Fig.14. Load rate of lines in optimal condition with solar 

resources 

 

 

Fig. 15. Load rate of lines in optimal condition with wind and 

solar resources 

 

 

 

 

 

 

 

TABLE 3 

LOCATING WIND RESOURCES IN THE 33-BUS NETWORK 

Number of wind 

resources  

Locating 

resources with 
BSO 

 

Locating resources 

with PSO 

 

3 

4 
5 

13-24-30 

4-24-27-30 
7-13-14-29-32 

11-24-30 

4-24-27-30 
7-13-14-29-32 

 

TABLE 4 

LOCATING SOLAR RESOURCES IN THE 33-BUS NETWORK 

Number of solar 

resources 

Locating resources 

sources with BSO 
 

Locating resources 
with PSO 

 
3 

4 

5 

13-24-30 

11-13-17-27 

13-14-27-29-32 

13-24-30 

11-15-17-27 

13-14-27-29-30 

 

TABLE 5 

LOCATING HYBRID RESOURCES IN THE 33-BUS NETWORK 

Number of 
hybrid resources 

Locating resources with 
BSO 

 

Locating resources 
with PSO 

 
3 

4 

5 

13-24-30 

11-13-17-27-32 

7-13-27-29-32 

13-24-30 

11-16-17-27-32 

7-13-27-29-31 

 

IV. Conclusions 

  The utilization of renewable energy sources, which have a 

fluctuating nature, has increased the unpredictability of power 

networks, which poses a number of challenges to their design 

and development. This study presented the calculation of the 

probability density function for networks with loads and wind 

and solar sources with variable output, thus contributing to the 

minimization of the u coordination in network load and 

unintentional power equipment output. Sustainable wind and 

solar power systems were located using the particle swarm 

optimization algorithm. In this study, the effect of distributed 

generation on a 33-bus network was analyzed. The optimal 

location of solar and wind resources was determined by 

considering seasonal loads and changes in weather conditions 

such as solar radiation level and wind speed. The coordination 

of these sources was based on the PSO and BSO algorithms, 

aiming to reduce the line load. The results show acceptable 

performance under various conditions, and the presence of 

DGs reduces network load because they feed loads locally. The 

optimal results of resources with two algorithms were 

compared and showed close answers. These systems can be 

used in remote areas without power grids or even in areas 

where, despite the existence of a power grid, there is a 

tendency to use renewable energy. It is presented for future 

research in this field: 

• Reducing voltage fluctuations to achieve the maximum 

production power from DG sources 

• Improving line losses by using compensators 



International Journal of Industrial Electronics, Control and Optimization (IECO). 2023, 6(2)             98 

 

 

 

REFERENCES 

[1] Ahmed, Z., Ahmad, M., Rjoub, H., Kalugina, O. A., & 

Hussain, N. (2021). Economic growth, renewable energy 

consumption, and ecological footprint: Exploring the role of 

environmental regulations and democracy in sustainable 

development. Sus-tainable Development. 

https://doi.org/10.1002/sd.2251 

[2] Adebayo, T. S., Rjoub, H., Akinsola, G. D., & Oladipupo, S. 

D. (2022). The asymmetric effects of renewable energy 

consumption and trade openness on carbon emissions in 

Sweden: new evidence from quantile-on-quantile regression 

approach. Environmental Science and Pollution Research, 

29(2), 1875-1886. 

[3] Adebayo, T. S., & Rjoub, H. (2021). A new perspective into 

the impact of renewable and nonrenewable energy 

consumption on environmental degradation in Argentina: a 

time–frequency analysis. Environmental Science and 

Pollution Research, 1-17. 

[4] Odugbesan, J. A., & Rjoub, H. (2020). Relationship among 

economic growth, energy consumption, CO2 emission, and 

urbanization: evidence from MINT countries. Sage Open, 

10(2), 2158244020914648. 

[5] Farhadi, P., & Taheri, B. (2017, April). Smart meter tariff 

pricing using load demand response model. In 2017 5th 

International Istanbul Smart Grid and Cities Congress and 

Fair (ICSG) (pp. 135-139). IEEE. 

[6] Liang Zhang, Xuesong Wang, Zhe Zhang, Ying Cui, Lyu 

Ling,... Cai, G. (2021). An Adaptative Control Strategy for 

Interfacing Converter of Hybrid Microgrid Based on 

Improved Virtual Synchronous Generator. IET Renewable 

Power Generation. doi: 10.1049/rpg2.12293 

[7] Jalili, A., & Taheri, B. (2020). Optimal sizing and sitting of 

distributed generations in power distribution networks using 

firefly algorithm. Technology and Economics of Smart 

Grids and Sustainable Energy, 5, 1-14. 

[8] Zishan, F., Akbari, E., Montoya, O. D., Giral-Ramírez, D. 

A., & Nivia-Vargas, A. M. (2022). Electricity retail market 

and ac-countability-based strategic bidding model with 

short-term energy storage considering the uncertainty of 

consumer demand response. Results in Engineering, 100679. 

[9] Cho, G. J., Kim, C. H., Oh, Y. S., Kim, M. S., & Kim, J. S. 

(2018). Planning for the future: Optimization-based 

distribution planning strategies for integrating distributed 

energy resources. IEEE Power and Energy Magazine, 16(6), 

77-87. 

[10] Tightiz, L., Mansouri, S., Zishan, F., Yoo, J., & 

Shafaghatian, N. (2022). Maximum Power Point Tracking 

for Photovoltaic Systems Operating under Partially Shaded 

Conditions Using SALP Swarm 

Algorithm. Energies, 15(21), 8210. 

[11] Kalantar, Saeed Vedadi, Amir Ali Saifoddin, Ahmad 

Hajinezhad, and Mohammad Hossein Ahmadi. "A Solution 

to Prevent a Blackout Crisis: Determining the Behavioral 

Potential and Capacity of Solar Power." International 

Journal of Photoenergy 2021 (2021). 

[12] Ganjei, N., Zishan, F., Alayi, R., Samadi, H., Jahangiri, M., 

Kumar, R., & Mohammadian, A. (2022). Designing and 

Sensitivity Analysis of an Off-Grid Hybrid Wind-Solar 

Power Plant with Diesel Generator and Battery Backup for 

the Rural Area in Iran. Journal of Engineering, 2022.  

[13] D. Ma et al., "Dual-Predictive Control with Adaptive Error 

Correction Strategy for AC Microgrids," IEEE Transactions 

on Power Delivery , Volume: 37, Issue: 3, June 2022. 

[14] Grisales-Noreña, L. F., Montoya, O. D., Cortés-Caicedo, B., 

Zishan, F., & Rosero-García, J. (2023). Optimal Power 

Dispatch of PV Generators in AC Distribution Networks by 

Considering Solar, Environmental, and Power Demand 

Conditions from Colombia. Mathematics, 11(2), 484. 

[15] Fan, S., Wang, Y., Cao, S., Zhao, B., Sun, T.,... Liu, P. 

(2022). A deep residual neural network identification 

method for uneven dust accumulation on photovoltaic (PV) 

panels. Energy (Oxford), 239, 122302. doi: 

10.1016/j.energy.2021.122302 

[16] Taheri, B., Foroud, A. A., & Jabari, F. (2023). Design and 

performance optimization of a tri‐generation energy hub 

considering demand response programs. Energy Science & 

Engineering, 11(2), 675-684. 

[17] R. Wang, Q. Sun, W. Hu, Y. Li, D. Ma and P. Wang, "SoC-

Based Droop Coefficients Stability Region Analysis of the 

Battery for Stand-Alone Supply Systems With Constant 

Power Loads," in IEEE Transactions on Power Electronics, 

vol. 36, no. 7, pp. 7866-7879, 2021.  

[18] Zishan, F., Mansouri, S., Abdollahpour, F., Grisales-Noreña, 

L. F., & Montoya, O. D. (2023). Allocation of Renewable 

Energy Resources in Distribution Systems while 

Considering the Uncertainty of Wind and Solar Resources 

via the Multi-Objective Salp Swarm Algorithm. Energies, 

16(1), 474. 

[19] Rikani, A. S. (2021). Numerical analysis of free heat transfer 

properties of flat panel solar collectors with different 

geometries. Journal of Research in Science, Engineering 

and Technology, 9(01), 95-116. 

[20] Huy, P. D., Ramachandaramurthy, V. K., Yong, J. Y., Tan, 

K. M., & Ekanayake, J. B. (2020). Optimal placement, 

sizing and power factor of distributed generation: A 

comprehensive study spanning from the planning stage to 

the operation stage. Energy, 195, 117011. 

[21] Zhang, S., Cheng, H., Li, K., Tai, N., Wang, D., & Li, F. 

(2018). Multi-objective distributed generation planning in 

distribu-tion network considering correlations among 

uncertainties. Applied energy, 226, 743-755. 

[22] Jiawen Bai et al., " Day-Ahead Robust Economic Dispatch 

Considering Renewable Energy and Concentrated Solar 

Power Plants’’, Energies 2019, 12(20), 3832. 

[23] Sadeghi, B., Shafaghatian, N., Alayi, R., El Haj Assad, M., 

Zishan, F., & Hosseinzadeh, H. (2022). Optimization of 

synchronized frequency and voltage control for a distributed 

generation system using the Black Widow Optimization 

algorithm. Clean Energy, 6(1), 869-882. 

[24] Ahmadi, Mohammad Hossein, Alireza Baghban, Milad 

Sadeghzadeh, Mohammad Zamen, Amir Mosavi, 

Shahaboddin Shamshirband, Ravinder Kumar, and 

Mohammad Mohammadi-Khanaposhtani. "Evaluation of 

electrical efficiency of photovoltaic thermal solar collector." 

Engineering Applications of Computational Fluid 

Mechanics 14, no. 1 (2020): 545-565. 

[25] R. Wang, Q. Sun, D. Ma and Z. Liu, "The Small-Signal 

Stability Analysis of the Droop-Controlled Converter in 

Electromagnetic Timescale," in IEEE Transactions on 

Sustainable Energy, vol. 10, no. 3, pp. 1459-1469, July 2019. 

[26] Akbari, E., Sheikholeslami, A. R., & Zishan, F. (2023). 

Participation of Renewable Energy in Providing Demand 

Response in Presence of Energy Storage. Renewable Energy 

Research and Applications, 4(2), 225-234. 

[27] Böttcher, O. (2012). Energy efficient and sustainable—

federal buildings in Germany. REHVA J, 49(3), 41-45. 

[28] Alayi, R., Zishan, F., Mohkam, M., Hoseinzadeh, S., 

Memon, S., & Garcia, D. A. (2021). A sustainable energy 



99                    Optimization and Placement of DG…/ Farhad Zishan, et al 

 

distribution configuration for microgrids integrated to the 

national grid using back-to-back converters in a renewable 

power system. Electronics, 10(15), 1826. 

[29] Taheri, B., Jabari, F., & Foroud, A. A. (2023). A green 

cogeneration microgrid composed of water-source heat 

pumps, a gravity energy storage, and a bio-fueled gas 

turbine: design and techno-economic 

optimization. Sustainable Cities and Society, 104594.  

[30] Zamani, R., Hamedani-Golshan, M. E., Haes Alhelou, H., 

Siano, P., & R Pota, H. (2018). Islanding detection of 

synchronous distributed generator based on the active and 

reactive power control loops. Energies, 11(10), 2819. 

[31] Maalla, A. (2020, June). Research on Reactive Power 

Control of the HVDC Transmission System. In 2020 IEEE 

4th Infor-mation Technology, Networking, Electronic and 

Automation Control Conference (ITNEC) (Vol. 1, pp. 2475-

2479). IEEE. 

[32] Zishan, F., Akbari, E., Montoya, O. D., Giral-Ramírez, D. 

A., & Molina-Cabrera, A. (2022). Efficient PID Control 

Design for Frequency Regulation in an Independent 

Microgrid Based on the Hybrid PSO-GSA 

Algorithm. Electronics, 11(23), 3886. 

[33] Tang, Y., Hu, W., Cao, D., Hou, N., Li, Y., Chen, Z., & 

Blaabjerg, F. (2021). Artificial intelligence-aided minimum 

reactive power control for the DAB converter based on 

harmonic analysis method. IEEE Transactions on Power 

Electronics, 36(9), 9704-9710. 

[34] Ehsan, A., & Yang, Q. (2018). Optimal integration and 

planning of renewable distributed generation in the power 

distribu-tion networks: A review of analytical techniques. 

Applied Energy, 210, 44-59. 

[35] Mykola, T., Valerii, K., Andriy, R., Demeshchuk, V., & 

Воhdan, K. (2019). Evaluating Simulation and 

Development of Algo-rithms of Energy Consumption 

Reduction Based on Wireless Sensor Networks. Journal of 

Research in Science, Engineering and Technology, 7(3), 18-

24. 

[36] Wang, Y., Zou, R., Liu, F., Zhang, L., & Liu, Q. (2021). A 

review of wind speed and wind power forecasting with deep 

neural networks. Applied energy, 304, 117766. doi: 

10.1016/j.apenergy.2021.117766 

[37] K. Deb, A. Kumar, Real coded genetic algorithms with 

simulated binarycrossover: studies on multi modal and multi 

objec-tive problems, Complex Syst.9 (1995) 431–

454.Quezada, V. M., Abbad, J. R., & Roman, T. G. S. 

(2006). Assessment of energy dis-tribution losses for 

increasing penetration of distributed generation. IEEE 

Transactions on power systems, 21(2), 533-540. 

[38] R.C. Eberhart, J. Kennedy, A new optimizer using particle 

swarm theory, in: Pro-ceedings of the Sixth International 

Sym-posium on Micro Machine and HumanScience, New 

York, NY, 1995, pp. 39-43. 

[39] Zhang, M., Xu, Z., Lu, X., Liu, Y., Xiao, Q., & Taheri, B. 

(2021). An optimal model identification for solid oxide fuel 

cell based on extreme learning machines optimized by 

improved Red Fox Optimization algorithm. International 

Journal of Hydrogen Energy, 46(55), 28270-28281. 

[40] Moradi, M. H., & Abedini, M. (2012). A combination of 

genetic algorithm and particle swarm optimization for 

optimal DG location and sizing in distribution systems. 

International Journal of Electrical Power & Energy Systems, 

34(1), 66-74. 

[41] Aman, M. M., Jasmon, G. B., Mokhlis, H., & Bakar, A. H. 

A. (2012). Optimal placement and sizing of a DG based on 

a new power stability index and line losses. International 

Journal of Electrical Power & Energy Systems, 43(1), 1296-

1304. 

[42] Atwa, Y. M., El-Saadany, E. F., Salama, M. M. A., & 

Seethapathy, R. (2009). Optimal renewable resources mix 

for distribution system energy loss minimization. IEEE 

Transactions on Power Systems, 25(1), 360-370. 

[43] Hung, D. Q., Mithulananthan, N., & Bansal, R. C. (2010). 

Analytical expressions for DG allocation in primary 

distribution networks. IEEE Transactions on energy 

conversion, 25(3), 814-820. 

[44] Porwik, P., Doroz, R., & Orczyk, T. (2016). Signatures 

verification based on PNN classifier optimised by PSO 

algorithm. Pattern Recognition, 60, 998-1014. 

[45] G.Carpinelli,P.Caramia,P.Varilone, Multi-linear Monte 

Carlo simulation method for probabilistic load flow of 

distribution systems with wind and photovoltaic generation 

systems, Renewable Energy, Volume 76, April 2015, Pages 

283–295. 

[46] Montoya, O. D., Zishan, F., & Giral-Ramírez, D. A. (2022). 

Recursive Convex Model for Optimal Power Flow Solution 

in Monopolar DC Networks. Mathematics, 10(19), 3649. 

[47]  Akbari, E., Shafaghatian, N., Zishan, F., Montoya, O. D., 

& Giral-Ramírez, D. A. (2022). Optimized Two-Level 

Control of Islanded Microgrids to Reduce Fluctuations. 

IEEE Access, 10, 95824-95838. 

[48] M. Rostamzadeh1, K. Valipour1, S. J. Shenava1, M. 

Khalilpour1, N. Razmjoo,’’ Optimal location and capacity 

of mul-ti-distributed generation for loss reduction and 

voltage profile improvement using imperialist competitive 

algorithm’’, Artificial Intelligence Research, December, 

Vol(1), 22012. 

[49] A.M. El-Zonkoly,’’ Optimal placement of multi-distributed 

generation units including different load models using 

particle swarm optimization’’, Swarm and Evolutionary 

Computation (1),2011. 

[50] Reza Jabbari-Sabeta , Seyed-Masoud Moghaddas-Tafreshib, 

Seyed-Sattar Mirhoseinic,’’ Microgrid operation and 

manage-ment using probabilistic reconfiguration and unit 

commitment’’, Electrical Power and Energy Systems (75), 

(2016) . 

[51] Ugranlı F. Ersavas_ C. Karatepe E. Neural network based 

distributed generation allocation for minimizing voltage 

fluctua-tion due to uncertainty of the output power. In: Proc 

IEEE INISTA, June, 2011, Istanbul, Turkey; 2011. p. 415–

9. 

[52] Karki R, Hu P, Billinton R. A simplified wind power 

generation model for reliability evaluation. IEEE Trans 

Energy Con-vers 2006;21(2):413–8. 

[53] Mansouri, S., Zishan, F., Montoya, O. D., Azimizadeh, M., 

& Giral-Ramírez, D. A. (2023). Using an intelligent method 

for microgrid generation and operation planning while 

considering load uncertainty. Results in Engineering, 17, 

100978. 

[54] Mohseni‐ Bonab, Seyed Masoud, and Abbas Rabiee. 

"Optimal reactive power dispatch: a review, and a new 

stochastic voltage stability constrained multi‐ objective 

model at the presence of uncertain wind power generation." 

IET Generation, Transmission & Distribution 11.4 (2017): 

815-829.  

[55] Singh D, Misra RK, Singh D. Effect of load models in 

distributed generation planning. IEEE Trans Power Syst 

2007;22:2204e12. 

[56] Kayal P, Chanda CK. Placement of wind and solar based 

DGs in distribution system for power loss minimization and 



International Journal of Industrial Electronics, Control and Optimization (IECO). 2023, 6(2)             100 

 

 

 

voltage stability improvement. Elect Power Energy Syst 

2013;53:795e809. 

[57] Alayi, R., Zishan, F., Seyednouri, S. R., Kumar, R., Ahmadi, 

M. H., & Sharifpur, M. (2021). Optimal load frequency 

control of island microgrids via a PID controller in the 

presence of wind turbine and PV. Sustainability, 13(19), 

10728. 

[58] Sarineh Hacopian Dolatabadi, Maedeh Ghorbanian, 

Pierluigi Siano, and Nikos D. Hatziargyriou,’’ An Enhanced 

IEEE 33 Bus Benchmark Test System for Distribution 

System Studies’’, IEEE Transactions on Power Systems , 

Volume: 36, Issue: 3, 2021. 

[59] Morteza Aien, Mahmud Fotuhi-Firuzabad, and Masoud 

Rashidinejad,’’ Probabilistic Optimal Power Flow in 

Correlated Hybrid Wind–Photovoltaic Power 

Systems’’IEEE TRANSACTIONS ON SMART GRID, VOL. 5, 

NO. 1, JANUARY 2014. 
 

 

 

Farhad Zishan was born in Ardabil, Iran, 

1985. He received the B.Sc. degree in 

Electrical Power Engineering from Islamic 

Azad University, Ardabil, Iran, in 2014and 

M.Sc degrees in Electrical Power System, 

from 2015 to 2017. In 2020, I entered the 

PhD course in power electricity at Sahand University of Technology. 

His research interests include renewable energy, distributed 

generation, optimization and power system . 

 

Ehsan Akbari received the MSc degree from 

Mazandaran University of Science & 

Technology (MUST), Babol, Iran, in 

electrical power engineering in 2014. His 

research interests include power quality and 

distribution flexible AC transmission systems 

(DFACTS), application of power electronics 

in power systems, power electronic multilevel inverters, smart grids, 

harmonics and reactive power control, and renewable energy 

systems.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Abdolreza Sheikholeslami was born 

in Iran. He received the B.Sc. (Hons.) 

degree in electrical engineering from 

Mazandaran University, Babolsar, Iran, 

in 1979, and the M.Sc. and Ph.D. 

degrees in electrical power engineering 

from the University of Strathclyde, 

Glasgow, U.K., in 1978 and 1989, respectively. He has been an 

Associate Professor with the Department of Electrical and 

Computer Engineering, Babol Noshirvani University of 

Technology, Babol, Iran, since 2009. His current research interests 

include power electronic, power quality, harmonics, smart grids, 

and renewable energy. 

 

 

Nima Shafaghatian received his M.S. 

degree from Zanjan University and is 

currently studying Ph.D there. He has 

authored two articles in the well-known 

Journals, published by IET and Springer. 

He has also published two books on 

renewable energy and the relationship 

between industry and academia subjects. 

In addition to studying Ph.D, He is a 

lecturer at Al-Ghadir University in 

Zanjan and offers courses in electrical installations, smart home 

design and specialized language of electricity. His research interests 

include microgrids, distributed generation and electricity market. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Copyright © Ebrahim Abbaszadeh-Soorami
 
at al. 

Publisher: University of Sistan and Baluchestan 

 

 

 

Fractional-Order Variable Structure Equations In Robust Control 
 

Ebrahim Abbaszadeh-Soorami1  | Mohammad Haddad-Zarif1  
 

Department of Electrical and Robotic Engineering, Shahrood University of technology, Shahrood, Iran.1  

Corresponding author’s email: mhzarif@shahroodut.ac.ir 

 
 

Article Info ABSTRACT 

Article type: 

Research Article 

 

Article history: 

Received: 2023-January-23 

Received in: 2023- May-3 

Accepted: 2023-May-23 

Published online: 2023-July-1 

 

Keywords: 

Fractional-order,  

Robust Control,  

Fast Response,  

Variable Structure Control. 

 

 

This work is trying to introduce a fractional order floated pole controller as a fast and 

robust approach. We designed a robust variable structure control that yields a continuous 

and constrained control signal, also a fast response in the presence of model uncertainties 

and external disturbances. In the proposed controller, we employed the pole placement 

algorithm, then by designing proper polynomials gave it robust property, then due to a 

simple optimization routine, we make it fast and faster within the stability region. Finally, 

to evaluate the proposed method, numerical examples in different situations of the 

presence of noise, disturbance, and model uncertainties, also comparative results are 

presented. This paper proposed an accurate, fast, and robust controller. This can improve 

the performance of the perturbed functional systems used in the industrial fields. It is 

proposed to spread the benefit of fractional calculus in the control of complex systems in 

practical situations.  
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I. Introduction 

A. Background 

The main goals of each control system are to achieve the 

appropriate speed and accuracy. Besides, the control systems 

demanded to be used in the industry suffer from degradation 

caused by model uncertainties and external disturbances. In 

this manuscript, with the benefit of recent findings on two 

wings Fractional Calculus (FC) and Variable Structure Control 

(VSC), we are to propose an accurate, fast, and robust 

controller. This can improve the performance of the perturbed 

functional  systems; robust control provides a reliable base for 

future smart systems.  

B. Literature review 

As the first wing, in this work the FC is used to spread the 

benefit of FC in control of complex systems; moreover, the 

advantage of using FC in real application has been proven in 

recent research [1]. FC is the generalization of Integer-Order 

(IO) differentiation to Fractional-Order (FO) ones. It has a long 

history in mathematics, and today enhancing both transient and 

steady-state responses of the closed-loop performance is 

confirmed. Furthermore, FO controllers can make a very 

important role in robust systems against model uncertainties 

and disturbances [1, 2]. Fractional-order (FO) controllers offer 

greater flexibility in robustness that can only be achieved with 

high-order IO controllers [2]. Using FC in robust control can 

make a remarkable improvement compared to the 

conventional IO control [3]. In [4], an optimal approach for a 

fractional-order PID controller proposes to control electrical 

autonomous cars. In [5] the fractional-order PID controller in 

a combination of the type-2 fuzzy logic is developed for 

efficient and robust control of seismic systems. PID control as 

a common form of industrial control is faced limitations like 

uncertainties and parameter variations. Using FC in PID first 

proposed by Podlubny, and gives more efficiency in 

robustness of the system against gain variations [6, 7]. Sliding-

Mode Control (SMC) as another traditional robust control 

strategy experiences chattering phenomenon, because of the 

switching non-linearity [8-10]. In [8], a model-free adaptive 

SMC is designed for control of input saturated chaotic systems. 

In [9] a fractional-order sliding mode controller is improved 

considering the estimated disturbance output. SMC uses a 

linear hyperplane as the sliding surface. In [10] a non-linear 

sliding mode observer is used to compensate cyber-attack and 

load disturbance in smart power systems. However, these 

control methods ensure asymptotic convergence of the system 

states to the equilibrium point, but there is no guarantee in 

finite-time. For a better robust control, the modified versions 

of SMC are used; like Higher-Order Sliding Mode Control, 

Terminal Sliding Mode Control (TSMC), etc... [11]. In [12] 

neural network-based TSMC is mentioned for control of the 

on-holonomic spherical robot. A deep recurrent neural 

networks with TSMC for a chaotic fractional-order financial 

system is proposed in [13]. Chattering is discussed still as a 

challenge in TSMC. Fuzzy and neural network approaches is 

used in SMC it’s modified versions to enhance the robustness 

of systems [14]. In addition, using FC in SMC preserve all the 

advantages of SMC and additionally, can reduce chattering 

and to improve the robustness of the system. In [15] a new 

design of robust fractional adaptive decoupled control on a 

parallel micropositioning piezostage is proposed that contains 

three intuitional terms. A feedback model reference adaptive 

control term with fractional updating rules that represses the 

creep effect, external disturbances and parameters uncertainty, 

further increases the robustness and accuracy of positioning. 

However, this work assumes the prior knowledge of the upper 

bound of the system uncertainty. First use of fractional order 

control (FOC) in power electronics is mentioned in [16]. A 

new robust fractional-order super-twisting sliding mode 

control for supercapacitor-based power supply is proposed in 

[17]. As the chattering-free design of the controller, a robust, 

steady and smooth DC voltage can be provided. Also, this 

controller requires prior knowledge of the upper bound of 

system uncertainty.  

On the second wing, VSC as an effective way to achieving 

the least  settling time is performed. In VSC the control 

decision switches between n designed control way to achieve 

short settling times [18]. However, high frequency pattern 

switching in VSC is not desirable in industrial applications. So 

Soft Variable Structure Control (SVSC) introduced through 

increasing the number of predesigned structures to infinity in 

order to the selecting control function becomes continuous [18, 

19]. But, because of the lack of robustness discussion, there is 

no reliability in the operational use of multitude of theatrical 

systems in the industrial environment. 

C. Research gap and motivation 

With an increasingly understanding of the potential of FOC, 

the number of studies and applications is increasing. However, 

by summarizing the current research results, it can be found 

that the research on this field is still at a preliminary stage. Our 

try is to develop a new control strategy for FO systems and 

help to complement the exploitation of the applications of FOS 

in modeling and controlling complex physical phenomena.  

D. Challenges 

To overcome the problem of disturbances in practice, 

applying FOC in variable structure schema is on the agenda; 

we are to solve the problems of modification of the RST 

control structure [19] with proper polynomials that guarantees 

the robustness of system, and propose a routine to vary the 

control signal continuously in a limited frame. The challenge 

relevant between velocity and parameters of the controller is 

adjusted by the Characteristic Ratio Assignment (CRA) 

method [20] in the FO pole placement algorithm [21]. The 

proposed VSC is to have a stable and robust control system, 
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with quick response, soft and restricted control signal.  

E. Contribution 

The contributions and novelties of the work are summarized 

as follows: 

• The presented SVSC approach is raised in FO systems; 

compared with SVSC in [18] that are integer-order. 

• The variable structure property of the proposed scheme, 

compared to fixed structure control in [22, 23], carries out 

a faster response, robust and stable control system, with a 

smooth and restricted control signal.  

• In comparison with [19] that uses PSO, in this paper in 

order to decrease computational effort, a new simple and 

stable procedure for changing the parameters of the 

controller is proposed.  

• In comparison with [19], system the robust performance 

and robust stability against external disturbances and 

model uncertainties is guaranteed.  

F. Paper organization 

This paper is organized as follows. In section 2 the 

procedure of the proposed SVSC is reviewed. Section 3 

contains the stability and robustness discussion of the proposed 

control schema. Section 4 presents the simulations to validate 

the efficiency of the control system. Section 5 is dedicated to 

concluding remarks. 

 

II. The proposed control scheme  

To introduce the new proposed control scheme, we divided 

the dissection  in four subsections: RST control structure, 

generalization to FO, desired commensurate system, and 

the SVSC approach. 

A. RST control structure 

The RST control structure is employed as a Pole Placement 

Controller (PPC) [20]. 

If we consider the system 𝐺  and desired system 𝐺𝑚  as 

follow: 
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Where 𝑎𝑖 , 𝑏𝑖 , 𝑝𝑖 , 𝑞𝑖  𝜖 𝑅, 0 < 𝑞1 < 𝑞2 < ⋯ < 𝑞𝑛 and 0 < 𝑝1 <

𝑝2 < ⋯ < 𝑝𝑚. Also, 𝑎′𝑖 , 𝑏′𝑖 , 𝑝′𝑖 , 𝑞′𝑖  𝜖 𝑅, 0 < 𝑞′1 < 𝑞′2 < ⋯ <

𝑞′𝑛 and  0 < 𝑝′1 < 𝑝′2 < ⋯ < 𝑝′𝑚. Am is the desired 

characteristics polynomial and the Ac is closed loop 

characteristics polynomial from Diophantine equation: 

cAR BS A+ =  (3) 

So we will have: 
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Fig 1. The RST control system 
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The controller polynomials R, S and T will be derived from (3) 

and (4). 

B. Generalized FO-PPC 

To generalize the RST method to FO-systems, at first, we 

make an integer-order reflection of FO polynomial. Therefore 

in polynomials, the minimum common resolution (𝑞𝑛) will be 

chosen and substituted by 𝛿. Second, the RST-based PPC will 

be applied to the reflective transfer functions [22]. 

1 1

1 1

( ) 1 1 0

( )

( ) 1 1 0

...n n

m m

p p p

n n

p p p

m m

B b b b b
G

A a a a a

  



   



  

  

−

−

−

−

+ + + +
= =

+ + +

 
 (5) 

1 1

1 1

( ) 1 1 0

( )

( ) 1 1 0

...n n

m m m

gq gq gq

m n n

gp gp gp

m m m

B b b b b
G

A a a a a







  

  

−

−

  

−

  

−

   + + + +
= =

   + + +

 
 (6) 

The Diophantine equations (3 and 4) and Re-reflecting, give 

the S, R, and T, in FO form. By this design, the closed loop 

poles are directed to desired. Also, removing unstable zeros 

and poles is avoided. 

C. Desired commensurate system 

Because of the high-order nature of FOS, the velocity-

parameters relation is adjusted by the CRA. According to CRA 

and Laplace scaling property, the response of closed loop 

systems (8), is ξ-times faster than the response systems (7) and 

the overshoots are the same. 
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Where 𝑞 is commensurate fractional order. 

D. The SVSC approach 

In the non-variable structure controller, the amplitudes of 

states decrease during the control period, so if we can modify 

the parameters of the controller during a control clock most 

capabilities of the control system can be used and earn a faster 

controller. Based on the proposed SVSC approach, at first, a 

FO-PPC will be designed; then the time-scaling factor ξ will 

be large and larger in the stability framework and constraint of 

the control signal. Changes in the controller’s parameters make 

the system faster while the overall system is stable, the control 

signal is limited, and since the number of changes in the 
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controller decreases to infinity, the control signal is smooth. 

In our proposed method, after shaping the FO-PPC, we try 

Increase 𝜉  in 𝐺𝑚(𝑠,𝜉)  by consideration the following 

conditions: 

𝜉𝑖 > 𝜉0 > 0 

|𝑟
𝐺𝑓𝑓

1 − 𝐺𝐺𝑐
| − |𝑢𝑚𝑎𝑥| ≤ 0 

|𝜉𝑖 − 𝜉𝑖−1| ≤ 𝑁|𝑥(𝑡)| 

 (9) 

Where N is a positive constant. We have 𝜉𝑖 = 𝜉𝑖−1 +𝑁𝑥(𝑡) 

and if the condition (9) is not fulfilled in the increase 𝜉, then 

𝜉𝑖 = 𝜉𝑖−1 − 𝑠𝐷𝑥(𝑡) until establishment of (9). 𝑠𝐷 is a positive 

constant. So we get the biggest time-scaling factor 𝜉,  the 

desired commensurate system will be reshape in each control 

period 𝑖 , and by applying the controller the overall system 

were faster and faster. 

 

III. Stability, sensitivity and robustness  

In this section, the stability discussion of the system is 

provided in subsections on internal and overall time-variant 

system stability. Also, the sensitivity and robustness of the 

proposed system against external disturbances, noise, and 

model uncertainties is interpreted. 

 

A. Internal stability 

 In order to have internal stability and model following 

condition, BT and Ac have to have no common factor in in 

Diophantine equations (3, 4). So we separate polynomial B 

into B+ and B− as stable and an unstable part (10). The unstable 

poles of B− cannot be canceled and it can cause instability 

problem; to overcome this problem, we can consider B−as a 

part of 𝐵𝑚 (11). And, B+ should be a common factor in Ac and 

R (12, 13). 

  B B B− +=   (10) 

m m
B B B− =   (11) 

R R B +=   (12) 

0
. .

c m
A A A B +=   (13) 

Where A0 is the residual part poles. Therefore, the Diophantine 

equation is reduced as bellows. 

0 m
AR B S A A− + =   (14) 

Also, about T we will have 

0 m
T A B =   (15). 

B. Time-variant system stability 

Changing the controller parameters during every control clock 

leads the proposed controller to a FO time-variant system. We 

consider the proposed SVSC as the following system. 

( ) ( ) ( ) ( ) ( ) ( )
d

x t A t x t x t A t tA x
dt




= = +      (16) 

Where 𝑥(𝑡) ∈ 𝑅𝑛  is the system state vector, 𝐴̃(𝑡) ∈ 𝑅𝑛×𝑛 is 

system equivalent matrix. The VSC approach produces the 

time-variant portion , ∆𝐴(𝑡) ∈ 𝑅𝑛×𝑛, the , 𝐴̅(𝑡) ∈ 𝑅𝑛×𝑛 is a 

constant matrix, and 0 < 𝛼 < 2 is fractional order 

In the following, before presenting the main theory of stability 

of the studied system, it is necessary to mention some 

definitions and lemmas. 

Definition 1: The α-order Caputo derivative of function ℎ(𝑡) 

is defined as (17), and its Laplace transform at 𝑡0 = 0  is 

written as (19) [1]. 
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Where (.)  denotes the Gamma function.  

Definition 2: The system 𝐷𝑡
𝛼𝑥(𝑡) = 𝑔(𝑡,𝑥(𝑡))𝑡0

𝐶 , 0 < 𝛼 ≤ 1 

(also 1 < 𝛼 < 2) is stable if, for any initial values, there is 

𝜀 > 0  such that ‖𝑥‖ < 𝜀  for all 𝑡 > 𝑡0 . The system is 

asymptotically stable if ‖𝑥‖ → 0 as 𝑡 → +∞.  

Definition 3 [1, 24]: The introduction of Mittag-Leffler 

function is mentioned in (20), and its two-parameters form and 

its Laplace transform are mentioned in (21) and (22). 
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Where 𝑧 is a complex number, 0 < 𝛼, 0 < 𝛽 and 𝐿{. }, is 

the Laplace transform symbol. In particular, if 𝛼 = 1  and 

𝛽 = 1, then 𝐸1,1(𝑧) = 𝑒
𝑧. 

Lemma 1 [19]: If 𝐴 ∈ 𝐶𝑛×𝑛 and 0 < 𝛼 < 2 , 𝜇 satisfies

 2 min ,    
, 𝛽 is an arbitrary real number, and 𝑃 >

0  is a real constant, then Mittag-Leffler function in (23) 

applies. 
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
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In which arg( ( ))spec A   , . is the L2 norm and 

(.)spec  denotes the eigenvalues of the matrix. 

Lemma 2: based on Gronwall inequality [19] for all continuous 

functions on  )0 , ,t T T  +  , ( ) 0k t  and we have 
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Theorem 1: For fractional order 𝛼 if:  

a) 0 < 𝛼 ≤ 1 , 
arg( ( )) 2spec A 

, 
1A 

, and 

( ) ( )A t x t in 
( ) ( )

( )
0

lim / 0
A t x t

x t
x



→
=

 applies,  

b) 1 < 𝛼 ≤ 2 , 
arg( ( )) 2spec A 

, ( 1) 1A −  , and 

( ) ( )A t x t in 
( ) ( )

( )
0

lim / 0
A t x t

x t
x



→
=

 applies,  

then the system (16) is asymptotically stabile.  

 

Proof. (a). The PPC system is as follows. 

D X AX Bu = + ( )A BK X AX= + =   (26) 

Where 𝐾 ∈ 𝑅𝑛  includes the pole placement gains and 

A BK A+ = . So the time-variant proposed SVSC can be 

considered as (16). 

To get the solution of (16), firstly we take Laplace transform 

on (16), and secondly Laplace inverse transform. 

 1 1

0
( ) ( ) ( ( ) )( )X s Is A s x L A t x t − −= − +            (27) 

0

1

,1 0 0 ,
( ) ( ( ) ) (( ) ( ( ) ) ( ) ( )

t

t

x t E A t t x t E A t A x d  

  
    −= − + − − 

, (28) 

Where I is identity matrix. 

Lemma 1 says that there exist positive constants 𝑃and 𝑃0 

that get as follows.  

0

1

0 0

0

( )
( ) ( ) ( )

1 ( ) 1 ( )

t

t

x t
x t A x d

A t t A t



 


  



− − 
 + 

+ − + −


   (29) 

Considering the assumption |𝜉𝑖 − 𝜉𝑖−1| ≤ 𝑁|𝑥(𝑡)| we have 

0

1
( ) ( ) ( )A t x t x t 

  
  (30) 

Substituting (30) into (29), we gets  

‖𝑥(𝑡)‖ ≤
Ρ‖𝑥0‖

1+‖𝐴‖(𝑡−𝑡0)
𝛼 + ∫

(𝑡−𝜏)𝛼−1

1+‖𝐴‖(𝑡−𝜏)𝛼

𝑡

𝑡0
‖𝑥(𝜏)‖𝑑𝜏    ,(31) 

By applying Lemma 2 on (31), results in: 

‖𝑥(𝑡)‖ ≤
Ρ‖𝑥0‖

1+‖𝐴‖(𝑡−𝑡0)
𝛼 + Ρ∫

(𝑡−𝜏)𝛼−1‖𝑥0‖

(1+‖𝐴‖(𝜏−𝑡0)
𝛼(1+‖𝐴‖(𝑡−𝜏)𝛼)

𝑡

𝑡0
×

exp (∫
(𝑡−𝑠)𝛼−1𝑑𝑠

(1+‖𝐴‖(𝑡−𝑠)𝛼

𝑠

𝜏
) 𝑑𝜏 =  

Ρ‖𝑥0‖

1+‖𝐴‖(𝑡−𝑡0)
𝛼
+

Ρ∫
(𝑡−𝜏)𝛼−1‖𝑥0‖

(1+‖𝐴‖(𝜏−𝑡0)
𝛼)(1+‖𝐴‖(𝑡−𝜏)𝛼)

(1−
1

𝛼‖𝐴‖
)
≤ 

𝑃‖𝑥0‖

1+‖𝐴‖(𝑡−𝑡0)
𝛼
+

𝑡

𝑡0

Ρ‖𝑥0‖‖𝐴‖
(

1

𝛼‖𝐴‖
−2)

∫ (𝑡 − 𝜏)
1
‖𝐴‖

−1
(𝜏 −

𝑡

𝑡0

𝑡0)
−𝛼𝑑𝜏 =

𝑃‖𝑥0‖

1+‖𝐴‖(𝑡−𝑡0)
𝛼
+ Ρ‖𝑥0‖‖𝐴‖

(
1

𝛼‖𝐴‖
−2) Γ(

1
‖𝐴‖

)Γ(1−𝛼)

Γ(1+
1
‖𝐴‖

−𝛼)
(𝑡 −

𝑡0)
1
‖𝐴‖

−𝛼
      (32) 

Thus, when , ( ) 0t x t→+ →  for 1A  , that ensures 

the asymptotic stability of the system (16). 

 

(b) assume ( )

0( ) ( 0,1)k

kx t x k= = as initial conditions. Through 

the Laplace and Laplace inverse transform, the output of (16) 

is as follows. 

0

,1 0 0 0 ,2 0

,

1

1

( ) ( ( ) ) ( ) ( ( ) )

( ) ( ( ) ) ( ) ( )) .
t

t

x t E A t t x t t E A t t x

t E A t A x d

 

 

 

 
    −

= − + − −

+ − − 

 
 (33) 

 

Lemma 1 says that there exist positive constants 1 , 2 , and 

3 such that 

0

1

1 0 2 0 3

0 0

1
( ) ( )

( ) ( ) ( )
1 ( ) 1 ( ) 1 ( )

t

t

x t t x t
x t A x d

A t t A t t A t



  


  



−  −  −
 + + 

+ − + − + −


 

(34) 

Considering the assumption |𝜉𝑖 − 𝜉𝑖−1| ≤ 𝑁|𝑥(𝑡)| we have 

3

1
( ) ( ) ( )A t x t x t 

  
 (35) 

Submitting (35) into (34), we gets 

0

1

1 0 2 0 1

0

( ) ( )
( ) ( ) ( )

1 ( ) 1 ( )

t

t

x t t x t
x t A x d

A t t A t



 


  



− + − −
 + 

+ − + −


     (36) 

By applying Lemma 2 on (36), results in: 

‖𝑥(𝑡)‖ ≤
Ρ1‖𝑥0‖+Ρ2(𝑡−𝑡0)‖𝑥1‖

1+‖𝐴‖(𝑡−𝑡0)
𝛼 +

∫
(Ρ1‖𝑥0‖+Ρ2(𝑡−𝑡0)‖𝑥1‖)(𝑡−𝜏)

𝛼−1

(1+‖𝐴‖(𝜏−𝑡0)
𝛼(1+‖𝐴‖(𝑡−𝜏)𝛼)

𝑡

𝑡0
× exp (∫

(𝑡−𝑠)𝛼−1𝑑𝑠

(1+‖𝐴‖(𝑡−𝑠)𝛼

𝑠

𝜏
) 𝑑𝜏 =

 
Ρ1‖𝑥0‖+Ρ2(𝑡−𝑡0)‖𝑥1‖

1+‖𝐴‖(𝑡−𝑡0)
𝛼 + ∫

(Ρ1‖𝑥0‖+Ρ2(𝑡−𝑡0)‖𝑥1‖)(𝑡−𝜏)
𝛼−1

(1+‖𝐴‖(𝜏−𝑡0)
𝛼)(1+‖𝐴‖(𝑡−𝜏)𝛼)

(1−
1

𝛼‖𝐴‖
)
≤

𝑡

𝑡0

 
Ρ1‖𝑥0‖+Ρ2(𝑡−𝑡0)‖𝑥1‖

1+‖𝐴‖(𝑡−𝑡0)
𝛼

+ Ρ1‖𝑥0‖‖𝐴‖
(

1

𝛼‖𝐴‖
−2) Γ(

1
‖𝐴‖

)Γ(1−𝛼)

Γ(1+
1
‖𝐴‖

−𝛼)
(𝑡 −

𝑡0)
1
‖𝐴‖

−𝛼
+ Ρ2‖𝑥1‖‖𝐴‖

(
1

𝛼‖𝐴‖
−2) Γ(

1
‖𝐴‖

)Γ(2−𝛼)

Γ(2+
1
‖𝐴‖

−𝛼)
(𝑡 − 𝑡0)

1
‖𝐴‖

−𝛼
 (37) 

Therefore, if ( 1) 1A −  , then ( ) 0x t → as t →+ , 

which implies that the system (16) is asymptotically stable. 

 

C. External disturbances 

Assume that there is a process disturbance 𝑑  and 

measurement noise 𝑛 as is illustrated in Fig. 2. In the system 

in Fig. 2 𝑦  is the process output and 𝑦𝑛  denotes the 

measured signal. So for the signals 𝑦, 𝑦𝑛, and 𝑢 we have: 
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Fig 2. Block diagram of closed-loop system with load 

disturbance 𝑑 and measurement noise 𝑛  

 

𝐴𝑦 = 𝐵(𝑢 + 𝑑) 

𝑦𝑛 = 𝑦 + 𝑛                                 

𝑅𝑢 = 𝑇𝑟 − 𝑆𝑦𝑛 

 (38) 

n

BT BR BS
y r d n

AR BS AR BS AR BS

BT BR AR
y r d n

AR BS AR BS AR BS

AT BS AS
u r d n

AR BS AR BS AR BS

= + +
+ + +

= + +
+ + +

= − −
+ + +

 

 (39) 

These equations show the effect of command signals and 

disturbances in the closed-loop system response separately. 

The design of the closed-loop system assumed always stable, 

so all the roots of characteristic polynomial 𝐴𝑐 = 𝐴𝑅 + 𝐵𝑆 is 

in the left half plane. The Diophantine algebraic problem is 

finding two polynomials 𝑅(𝑠) and 𝑆(𝑠) for given 𝐴(𝑠), 𝐵(𝑠), 

and 𝐴𝑐(𝑠) from one equation (3). The designer can consider 

the auxiliary constraints by choosing an appropriate 

polynomial and obtaining another one. 

First, consider the low frequency load disturbance 𝑑 is a step. 

To avoid that there is a steady-state error we must require that 

the static gain from the disturbance 𝑑  to 𝑦𝑛  is zero. This 

means that lim
𝑠→0

𝐵(𝑠) 𝑅(𝑠) = 0 . If the process itself has a 

nonzero gain, 𝑠  must be a factor of 𝑅(𝑠) . Secondly, 

measurement noise is typically of high frequency. One way to 

make sure that measurement noise does not generate large 

signals is to require that the controller 𝐺𝑐  have a low-pass 

filter nature. This means that measurement signals do not give 

any errors in the process variable. To summarize, the 

disturbances can be dealt with by introducing constraints on 

the polynomials 𝑅 and 𝑆.  

D. Model uncertainties 

If we consider that the design of the controller is based on the 

nominal uncertain model𝐺, true open-loop transfer function is 

𝐺; The closed-loop system will be 𝑇𝑐𝑙  and 𝑇̂𝑐𝑙  respectively. 

𝑇𝑐𝑙 =
𝐺𝑓𝑓𝐺

1 + 𝐺𝑐𝐺
  (40) 

𝑇̂𝑐𝑙 =
𝐺𝑓𝑓𝐺̂

1 + 𝐺𝑐𝐺̂
  (41) 

The sensitivity of closed-loop system respect to variations in 

𝐺 is given by 

𝑑𝑇𝑐𝑙
𝑑𝐺

=
𝐺𝑓𝑓

(1 + 𝐺𝑐𝐺)
2  (42) 

The relative sensitivity of closed-loop system respect to 𝐺 

can be written as 

𝑑𝑇𝑐𝑙

𝑇𝑐𝑙
=

1

1 + 𝐺𝑐𝐺

𝑑𝐺

𝐺
= Γ

𝑑𝐺

𝐺
  (43) 

The transfer function Γ  is called sensitivity function and 

transfer function Δ is called complementary sensitivity. 

Γ =
1

1 + 𝐺𝑐𝐺
 

Δ = 1 − Γ =
𝐺𝑐𝐺

1 + 𝐺𝑐𝐺
 

 (44) 

 

 (45) 

The poles of the closed-loop system are the zeros of the 

function 

𝑓(𝑠) = 1 + 𝐺𝑐(𝑠)𝐺̂(𝑠) 

= 1 + 𝐺𝑐(𝑠)𝐺̂(𝑠) + 𝐺𝑐(𝑠)𝐺(𝑠) − 𝐺𝑐(𝑠)𝐺(𝑠) 

= 1 + 𝐺𝑐(𝑠)𝐺(𝑠) + 𝐺𝑐(𝑠)(𝐺̂(𝑠) − 𝐺(𝑠)) 

 (46) 

If in the left half plane 

|𝐺𝑐(𝑠)(𝐺̂(𝑠) − 𝐺(𝑠))| ≤ | 1 + 𝐺𝑐𝐺| = |
𝐺

𝑇𝑐𝑙
| |𝐺𝑓𝑓|  (47) 

Then it follows from the principle of variation of the argument 

that the differences between the number of poles and zeros in 

right half plane for the function 1 + 𝐺𝑐𝐺 and 1 + 𝐺𝑐𝐺 are 

the same. The relative precision needed for stability robustness 

is obtained by dividing by 𝐺𝑐𝐺. 

|
𝐺 − 𝐺

𝐺
| ≤ | 

1 + 𝐺𝑐𝐺

𝐺𝑐𝐺
| = |

1

Δ
|  (48) 

The complementary sensitive function thus makes it possible 

to determine bounds for stability robustness. The following 

theorem results. 

Theorem 2: Consider the closed-loop systems 𝑇𝑐𝑙  and 𝑇̂𝑐𝑙  

obtained from systems with transfer functions 𝐺  and 𝐺  I 

respectively. The system 𝑇̂𝑐𝑙 is stable if the following 

conditions are true : 

1.  𝑇𝑐𝑙  is stable . 
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2. 𝐺  and 𝐺  have the same number of poles in right 

half plane. 

3. The inequality (47) is fulfilled in left half plane. 

The result shows that the designer must know the number of 

unstable modes in order to design a regulator for the system. 

The theorem is, however, conservative. The inequality (47) 

gives the frequency range in which it is important to have a 

good description of the process where 𝐺(𝑠) ≈ 1. 

The transfer function of the closed-loop system given in (41) 

can also be written as bellows. 

𝑇𝑐𝑙 =
1

1 + 1
𝐺𝑐𝐺
⁄

  (49) 

The poles of the closed-loop system are thus the zeros of the 

function. 

𝑓(𝑠) = 1 +
1

𝐺𝑐(𝑠)𝐺(𝑠)
 

= 1 +
1

𝐺𝑐(𝑠)𝐺(𝑠)
+

1

𝐺𝑐(𝑠)𝐺(𝑠)
−

1

𝐺𝑐(𝑠)𝐺(𝑠)
 

 (50) 

It follows from the principle of variation of the argument that 

the differences between the zeros and poles in right half plane 

of the functions 1 +
1

𝐺𝑐(𝑠)𝐺̂(𝑠)
 and 1 +

1

𝐺𝑐(𝑠)𝐺(𝑠)
are the same if in 

the left half plane 

|
1

𝐺𝑐(𝑠)𝐺(𝑠)
−

1

𝐺𝑐(𝑠)𝐺(𝑠)
| < |1 +

1

𝐺𝑐(𝑠)𝐺(𝑠)
|  (51) 

Theorem 3: Consider the closed-loop systems 𝑇𝑐𝑙  and 𝑇̂𝑐𝑙  

obtained from transfer functions 𝐺 and 𝐺 respectively. The 

system 𝑇̂𝑐𝑙is stable if the following conditions are true: 

1.  𝑇𝑐𝑙 is stable . 

2. 𝐺 and 𝐺̂ have the same number of zeros in right half plane. 

3. The inequality (51) is fulfilled on the 𝐼𝑚 axe of complex plane. 

The theorem shows that stability can be maintained in spite of 

large differences between G and G ̂ provided that the loop 

gain is large. 

Based on theorems 2 and 3, to achieve robust stability based 

on an uncertain model the following rules are obtained . 

• The designer must know the number of unstable poles and 

zeros. 

• The designer must know the model precisely for those 

frequencies for which the loop gain can be made large. 

• The designer must make the loop gain small for those 

frequencies for which the relative error 
∆𝐺

𝐺
 is large. 

• The designer must have a model that describes the system 

precisely for those frequencies for which 𝐺̂ ≈ −1 

IV. Simulation tests 

The DC/DC converters that convert an unregulated input 

voltage to a regulated output voltage have an important role in 

energy storage systems to increase the efficiency of power 

conversion [25]. In recent studies, modeling of DC/DC 

converters in FO systems has been considered by many 

researchers. The following sample model is used for numerical 

example simulations on FO DC/DC buck converter [26] to 

show the efficiency of proposed method. 

( )

1

o i
s

V V
G

LD
L C s s

R

  
 

+

= =

+ +

 

 (52) 

Where and 𝛼 and 𝛽 reflect the non-ideality of inductor and 

capacitor model and 𝐿𝛼  and 𝐶𝛽  is fractional order 

inductance and capacitance. The control signal  𝐷 is input 

duty-cycle, 𝑉𝑜 is output voltage and 𝑉𝑖  is input voltage. The 

parameters considered as L=4.7 mH, C=10 mF, R=5 Ω, α=0.9, 

β=0.8 and Vi=1 V. Taking into account the desired response 

characteristics and the given actuator constraint |𝐷𝑚𝑎𝑥| =

1 the desired system is assumed as follows. 

22

2

( . )

1024

64 1024
m s

G
s s





 
=

+ +

 
 (53) 

Through this 𝐺𝑚 , by 0 1 =  the fastest possible system 

regarding actuator constraint will be obtained.  

A. The simulation structure 

In the simulation structure Fig. 3, the controller is performed 

as a function, by selecting polynomial 𝑆(𝑠) =
1
𝑠 +

𝑉𝑖

1024𝜉2
⁄  

and solving Diophantine equation (3), the controller’s 

polynomials will be obtained as (54) and (55). 

𝑅

=
1024𝜉2𝑠3 + (65536𝜉3 + 𝐿𝛼𝐶𝛽𝑉𝑖)𝑠

2 + (10242𝜉4 + 64𝑉𝑖𝜉)𝑠

𝐿𝛼𝐶𝛽1024𝜉
2𝑠2.7 +

𝐿𝛼

𝑅
1024𝜉2𝑠1.9 + 𝐿𝛼𝐶𝛽𝑉𝑖𝑠

1.7 +
𝐿𝛼

𝑅
𝑉𝑖𝑠

0.9 + 1024𝜉2𝑠 + 𝑉𝑖
 

 (54) 

𝑇 =
1024𝜉2

𝑉𝑖
  (55) 

In performing SVSC schema, we got N=10 and decreasing 

step  𝑠𝐷 = 0.05. By this design we have 𝑠-factor in the 𝑅(𝑠) 

cause to disappear low frequency step disturbance in steady-

state, also, the controller 𝐺𝑐 have low-pass filter nature, so it  
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Fig 3. The simulation structure 

 

 
Fig 4. Output (a), control signal (b) and error (c) of the proposed 

controller in the presence of disturbance. 

can eliminate the high frequency noise. Furthermore, by 

considering conditions in Theorem 2 and Theorem 3, the 

closed-loop system in the presence of model uncertainty will 

stay stable. 

 

B. The simulation tests 

a) In the presence of disturbance 

In order to evaluate the controller in the presence of 

disturbance, the control system is affected by step load 

disturbance with amplitude 0.05|𝐷𝑚𝑎𝑥 | = 0.05 in t=0.35s is 

shown in Fig. 4 . 

As a physical interpretation of Fig. 4, the disturbance deviation 

in the duty cycle is well compensated. It is illustrated that the 

control system has eliminated the effect of disturbance within 

an acceptable period of time and the control signal behaves 

smoothly within the actuator constraint range.  

b) In the presence of model uncertainties 

In this simulation case, the parameter of system 𝐺(𝑠)  is 

replaced by the values 𝑎2 = 0.8𝑎2, 𝑎1 = 0.82𝑎1,

𝑎𝑛𝑑 𝑎0 = 0.78𝑎0 in time 0.35s. From a physical point of  

 

 

  

 Fig 5. Output (a), control signal (b) and error (c) of the 

proposed controller in the presence of model uncertainty. 

view, this case can be interpreted as changes in the value of 

electrical elements due to wear or environmental conditions. 

As is illustrated in Fig. 5, the controller has an acceptable 

performance in the presence of significant model uncertainty. 

There is no considerable effect on response and control signal 

of the system. 

c) In the presence of noise, disturbance and model 

uncertainties 

In the following case, In addition to disturbance and model 

uncertainties, the response signal is corrupted by measurement 

noise. The 29dB white Gaussian noise is added to measured 

signal, step load disturbance with amplitude 0.05 in t=0.35s 

and the parameter change as case b is forced to system. Fig. 5 

shows the performance of the controller in this environment. 

As can be seen, the performance in the presence of noise, 

disturbance and model uncertainties is satisfactory. The 

control system can tolerate the noise, disturbance and model 

uncertainties. There is no change in the settling time, and the 

control signal is smooth within the actuator constraint range. 

d) Comparative results 

To improve the results and discussions, a comparison with 

methods Fractional-order Sliding-Mode Control [27] and 

Fractional-order PID (FPID) [28] is presented. For these cases 
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the fractional sliding surface is selected as follows: 

𝑆 = 𝑒(0.7) + 𝜆𝑒,  (56) 

Where λ=1; and parameters of the FPID selected thorough 

MATLAB SQP_ ITSE optimization (𝑃 = 0.10, 𝐼 = 22.08 

 

 

   

Fig 6. Output (a), control signal (b) and error (c) of the proposed 

controller in the presence of disturbance, model uncertainty and 

noise 

Table 1.TABLE OF RESULTS 

method 𝒕𝒔 umax 

Robust SVSC 0.15s 1.0 (by restriction) 

FSMC 0.24s 1.0 

FPID 0.41s 1.0 

 

𝜆 = 0.78, 𝐷 = 0.02, 𝑎𝑛𝑑 𝜇 = 0.09 ). Fig. 6 shows the 

comparative performance of the controllers. Table 1 

summarizes the simulation results. 

As is illustrated, the SMC is as fast as the proposed controller, 

and has good robustness against uncertainties; but the SMC is 

diagnosed with chattering, while the control signal of the 

proposed controller is smooth. Plus, there is no restriction 

barrier on the control signal in FSMC and FPID. By the 

initiative presented in this article, during the control period it 

exploits the maximum capacity of the actuator; and by 

selecting proper polynomials in controller design, the robust 

performance and robust stability against external disturbances 

and model uncertainties was obtained. Therefore, we could 

implement a faster controller while considering control signal 

constraints in the presence of model uncertainties and external 

disturbances. The control signal is soft and has no chattering.

 

Fig 7. Comparison of the proposed controller with FSMC and 

FPID: response (a), the control signal (b), and error (c) 

 

V. Conclusions 
 

In this paper, the fractional-order floated pole controller as a 

fast and robust approach for the FO systems is proposed. The 

proposed robust variable structure control yields a continuous 

and constrained control signal, also a fast response in the 

presence of model uncertainties and external disturbances. In 

the proposed method, the pole placement algorithm is 

employed, the robust property added to the controller by 

designing proper polynomials, then due to a simple 

optimization routine it made fast and faster within the stability 

region. In the proposed robust system, a continuous and 

constrained control signal is get. The sufficient condition of 

stability is developed based on attributes of the Mittag-Leffler 

function and the stability theory of FOS. Numerical 

simulations and examples are done to demonstrate the 

effectiveness of the proposed method. As the future scope, the 

generalization of other SVSC methods to FO systems can be 

relevant. Also as a recommendation for the practical use of the 

proposed method in real life, the Oustaloup approximation and 

Hankel model order reduction techniques can be used for 

approximation to integer order systems and reduce the 

complexity of such high-order integer controllers, respectively. 
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A synchronization balancing control is proposed based on the contraction theory of 

stability. The control scheme is applied to balance an inverted pendulum mounted on a 

moving cart with two wheels. The equations of motion of the system are divided into two 

cascade systems using the control law partitioning method, which allows the designer to 

split the control design process into simpler parts for each isolated fragment of the 

system. Then two control laws are proposed for the corresponding partitions. The main 

aim of the closed-loop system is to balance the pendulum and synchronize the transient 

behavior of the system state with a reference model with time-varying parameters. The 

stability is guaranteed using the contraction theory. The proposed control mechanism is 

investigated through simulation and comparison studies, and the results confirm the 

performance and superiority of the proposed controller. 

 

Nomenclature 
𝑥 State vector of system, ℝ𝑛×1 𝑔 Gravity, ℝ 

𝑓(. , . ) Continuously differentiable function, ℝ𝑛×1 𝜏𝑅 , 𝜏𝐿 Right and left wheel torque, ℝ 

𝜕/𝜕𝑥 Partial differentiation with respect to 𝑥 𝜏𝐵 Applied torque to the pendulum joint, ℝ 

𝛿𝑥 Perturbed variation to 𝑥 𝜏 Summation of the right and left wheel torque, ℝ 

𝐽(𝑥, 𝑡) Jacobian matrix of the system, ℝ𝑛×𝑛 𝜃 The rotational angle of the pendulum, ℝ 

𝐽𝑠𝑦𝑚 The symmetric part of the Jacobian matrix, ℝ𝑛×𝑛 𝑢 The output of the linear portion of the system, ℝ 

𝜆𝑚𝑎𝑥 The largest eigenvalue of 𝐽𝑠𝑦𝑚, ℝ 𝛼i, 𝛽i, 𝜉 The defined parameter in Equs (14) and (15), ℝ 

𝐼𝑛×𝑛 The dimensional identity matrix, ℝ𝑛×𝑛 𝜓 The defined variable based on the reference, ℝ 

‖. ‖ The Euclidian norm  𝑚𝐵 Body weight, 1.2 𝑘𝑔 

𝜇 A real positive fix constant, ℝ 𝑚𝑊 Wheel weight, 0.02 𝑘𝑔 

𝜑(𝑥, 𝑡) Transition matrix, ℝ𝑛×𝑛 𝐼𝐵 Body inertia, 0.015 𝑘𝑔𝑚2 

𝑧 Generalized state vector, ℝ𝑛×1 𝐼𝑊 Wheel inertia, 0.00002 𝑘𝑔𝑚2 

𝑀 A square symmetric metric, ℝ𝑛×𝑛 𝐼𝑀 Rotor inertia, 0.000001 𝑘𝑔𝑚2 

𝐹(𝑥, 𝑡) Generalized Jacobian matrix, ℝ𝑛×𝑛 𝐼𝐺  Gearbox inertia, 0.0001 𝑘𝑔𝑚2  

𝑋 The state vectors of the system, ℝ𝑛×1  𝑏𝑀 Motor damping, 0.001 𝑁𝑚𝑠/𝑟𝑎𝑑 

𝑌 The state vector of the reference system, ℝ𝑛×1 𝑏𝑊 Wheel damping, 0.001 𝑁𝑚𝑠/𝑟𝑎𝑑 

𝛾i Time-variant coefficients of the reference system, ℝ 𝑏𝐺  Gearbox damping, 0.001 𝑁𝑚𝑠/𝑟𝑎𝑑 

𝑒i synchronization error, ℝ 𝑛 Gearbox ratio, 30  

𝑧i Generalized synchronization error variable, ℝ 𝑟 Wheel diameter, 0.032 𝑚 

𝑧𝑖
𝑟𝑒𝑓

 a virtual desired value for 𝑧i, ℝ 𝑙 COG distance, 0.075 𝑚 

𝐸 Error vector of synchronization system, ℝ𝑛×1 𝑅 Armature resistance, 2.4 Ω 

𝑍 Generalized Error vector of system, ℝ𝑛×1 𝐾 Motor constant, 0.01 𝑁𝑚/𝐴 

𝜂𝑖  The desired dynamics design parameters 𝜁𝑖  Design parameters of the error system dynamics 
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I. Introduction 

Background: An Inverted Pendulum (IP) is a principal 

benchmark for control systems. IP Balancing control has 

been studied for decades due to its role in many other 

sciences, including the rocket's vertical take-off [1], biped 

robot walking analysis and control [2], self-balancing robot 

[3], dynamics of human sagittal balance [4], prosthetic 

finger robust controller design [5], lower limb rehabilitation 

robot [6], running trajectory generation [7], development of 

biomechanical gait analysis [8], dynamic walking of legged 

robots [9]. This wide range of applications makes the 

inverted pendulum an attractive research area, from 

theoretical analysis to practical control system design. 

Moreover, synchronization control is an active research area. 

Lyapunov stable fractional-order sliding mode controller with 

time-varying switching surface and without the reaching phase 

is proposed in [10]. Impulsive synchronization in fractional-

order complex-valued reaction-diffusion networked systems 

based on the Lyapunov function, finite-time Mittag-Leffler 

criteria, and linear matrix inequalities (LMIs) as a 

cryptosystem is introduced in [11].  

Literature review: In 2002, a moving IP as an archetype 

of a two-wheeled robot was presented [12]. As a result of its 

two coaxial wheels connected to two DC motors, the vehicle 

can turn without transitional motion. The controller was 

created with two state-space controllers connected to DC 

motors that drive the wheels by an isolation unit. In 2005, 

Ibanez et al. offered a nonlinear controller to balance an IP, 

which utilized partial feedback linearization [13]. The inverse 

pendulum excitation coordinates were linearized first, and then 

a Lyapunov-like function was designed to gain a stable 

feedback controller. In 2006, Muskinja and Tovornik 

developed an adaptive state controller to stabilize and 

optimally balance an IP, in which a switching mechanism 

between the swing and balance algorithm has been proposed 

[14]. In 2011, the optimal control of the nonlinear dynamic 

system of IP was proposed, using LQR and PID controllers 

[15]. In 2018, Khoshroo et al. designed a reinforcement 

learning controller based on the robust quadratic linear 

controller (LQR) for a four-degree-of-freedom inverted 

pendulum [16]. In 2018, Irfan proposed a robust control 

mechanism and compared it with time-dependent linear and 

nonlinear control methods, energy-based methods, and 

tracking controllers, to confirm the efficiency of IP control 

systems [17]. In 2018, Franco et al. introduced a balancing 

control mechanism for a kind of flexible IP, which was robust 

against external disturbances. In addition, a method was 

developed to identify the dominant parameters that impact the 

robustness of the closed-loop system [18]. In 2019, Hamza et 

al. used a rotational IP as a point of reference for a comparative 

study of different control methods, such as oscillation control, 

stabilization control, switching control, and path tracking 

control. Finally, they proposed a new general system for 

testing higher-order intelligent controllers [1]. In 2020, 

Johnson et al. implemented a perceptual controller for an IP on 

a cart. Perceptual control theory roots in a theory that says 

“behavior is the control of perception.” A unique feature of this 

controller is facing external disturbance [19]. In 2023, 

stabilization of an IP on a cart with cart position feedback was 

considered in [20]. Stable and proper compensators are not 

able to stabilize such a system. Therefore, the paper suggested 

utilizing an additional compensator in a parallel feedforward 

loop. The suggestion brought up a high sensitivity to noise. In 

2023, two reinforcement learning algorithms, i.e. basic Q-

Learning and Deep Q-Networks, were utilized to balance an IP 

without mathematical model requirement [21]. The attained 

advantage was the practical applicability of the method. 

However, the disadvantages of it were the time required for 

training the controller and the complexity of the approach. An 

adaptive fuzzy fast terminal sliding mode controller was 

detailed in [22] to balance an IP on a cart in the presence of 

uncertainties and actuator faults. The method succeeded in 

balancing the IP while compensating for the imperfections 

with a fast transient response. However, the design procedure 

and stability proof analysis were complicated. A mathematical 

controller was designed for an IP based on Taylor expansion, 

fourth-order Runge–Kutta, and multiple time-scale 

perturbation techniques [23]. The linearized stability has been 

proven based on Routh–Hurwitz criterion. However, the 

difficulty of the design process, linearized stability, and 

sensitivity to uncertainties were the drawbacks of the method. 

Research gap and motivation: However, the main issue 

in the control design is stability. The second method of 

Lyapunov for stability explicitly necessitates defining or 

finding a function as a distance metric. This metric function 

must be decreasing over time for guaranteed stability. In order 

to find this function, the system must have specific 

characteristics in its structure or involve implicit optimization. 

To solve this problem, contraction theory utilizes a 

differentially constructed distance function that is not 

explicitly defined [24]. The only required property for 

constructing the contraction metric is the stabilizability of the 

under-control system, or in other words, the existence of the 

control signal [24], [25]. This generalization enables the 

contraction metric to be applied to underactuated systems. The 

other wide usage of the contraction theory is in transfer 

learning, in which a controller is designed for a typical system 

and must be tuned to work in the presence of uncertainty or 

parameter variations [24]. The contraction metric measures the 

convergence of two systems’ trajectories [26]. Contraction 

theory, as stated in [27]-[29], is a study of the convergence of 

all nearby trajectories to a nominal motion. Therefore, this 

differential analysis is much simpler than what happened in 

Lyapunov’s theory. A “contracting nonlinear dynamical 

system” is a term assigned to a system that exponentially 
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forgets its initial conditions or external disturbances and 

returns to its nominal trajectory fast [26]. The stability is 

different from the specific trajectory, which this fact is applied 

to the control designing process. In order to convergence 

checking, contraction theory utilized the neighboring system 

trajectories’ local analysis [25]. For example, synchronization 

condition based on the contraction analysis is developed in 

[26], [30].  

Challenges: The existing synchronization methods are 

trapped in high run-time computational cost or hard controller 

design procedure when seeking high accuracy, e.g. fractional 

order controllers or iterative methods ([11], [20]-[23]), or have 

lost the analysis of convergence whenever they proposed a 

simple controller, e.g. linear stable controller proposed in [31]. 

Finding the second derivative of the Lyapunov-like functions 

to prove stability is a complex task. Therefore, some methods 

suffer from the lack of guaranteed stability. In addition, the 

contraction-based synchronization controllers are applied to 

fully actuated systems, where the symmetric part of the 

Jacobian matrix is uniformly negative definite. However, in 

the underactuated systems, the symmetric part of the Jacobian 

matrix may not be uniformly negative definite. Here, the 

asymptotic convergence of such systems is studied. Moreover, 

time-varying parameters in the reference model are less 

studied in the literature.  

Contributions: The contributions of this research can be 

listed as follows. (I) A balancing controller is designed for a 

benchmark, a two-wheeled self-balancing inverted pendulum 

robot, using a contraction-based synchronization procedure 

inspired by the works of [26] and [30]. (II) Time-varying 

parameters are considered for the synchronization reference 

model, which is different from the parameters of the under-

control system, whereas in [26] and [30], the parameters of the 

reference model are time-invariant, and their values are as 

same as those of the under-control system. (III) In addition, the 

under-control system is underactuated, so the symmetric part 

of its Jacobian matrix is not uniformly negative definite. (IV) 

The exponential convergence of the generalized state variables 

to zero and the asymptotic stability of the closed-loop 

synchronization system are guaranteed. (V) Control law 

partitioning is utilized to separate the control design process 

into two simpler mechanisms, the linear control portion (with 

a perfect control design based on transfer function) and the 

synchronization control law (which provides an underactuated 

affine system). (VI) the main achievements of the proposed 

control method are ease of design, low runtime computational 

cost, guaranteed stability with exponential convergence, 

adjustable desired transient response, small synchronization 

error, and the ability of experimental implementation due to its 

simplicity. These specifications make the proposed method 

applicable to control fast dynamics including biped walking 

robots, human gait and running balance, or rehabilitation 

robotics. 

Paper organization: In this paper, Section 2 briefly 

introduces the contraction theory. Then in Section 3, we 

present the equations of motion of the two-wheeled IP system. 

In Section 4, we propose a control law partitioning method in 

combination with contraction theory based on synchronization 

applied to the balancing control. Section 5 investigates the 

performance of the proposed controller through simulation and 

comparison studies (compared with the method proposed in 

[32]). The conclusion is stated in Section 6. 

II. Preliminaries  

In this section, the fundamental definitions of the 

contraction theory are formulated [26], [27]. Then we will 

briefly discuss the generalized distance measure, generalized 

eigenvalue analysis, and the control law partitioning approach.  

E. Contraction Theory 

Let’s consider an autonomous nonlinear dynamical system, 

𝑥̇ = 𝑓(𝑥, 𝑡), (1) 

in which, 𝑓(. , . )  is an 𝑛 × 1  continuously differentiable 

vector function and 𝑥 ∈ ℝ𝑛×1is the state vector of system. If 

the system’s state vector is perturbed by an infinitesimal shift 

of 𝛿𝑥 , also termed virtual displacement, then based on the 

concept of virtual dynamics, the first variation of the system 

will be as follows [26]:  

𝛿𝑥̇ =
𝜕𝑓(𝑥, 𝑡)

𝜕𝑥
𝛿𝑥 . (2) 

Equation (2) determines the way the system reacts to the 

virtual displacement in the future. In other words, the variation 

in the trajectory, which is due to the infinitesimal shift in the 

initial value, is investigated by the virtual dynamic theory. 

Therefore, there are two different trajectories, including 

nominal (𝑥) and perturbed (𝑥 + 𝛿𝑥). The quadratic distance 

between these two neighboring trajectories can be measured 

with 𝛿𝑥𝑇𝛿𝑥 . The behavior of convergence/divergence 

between the trajectories can be studied through their quadratic 

distance as follows:  
𝑑

𝑑𝑡
(𝛿𝑥𝑇𝛿𝑥) = 2𝛿𝑥𝑇𝛿𝑥̇ = 2𝛿𝑥𝑇

𝜕𝑓(𝑥, 𝑡)

𝜕𝑥
𝛿𝑥 . (3) 

If 𝐽(𝑥, 𝑡) = 𝜕𝑓/𝜕𝑥 is the Jacobian matrix of the system 

and 𝐽𝑠𝑦𝑚 =
1

2
(
𝜕𝑓(𝑥,𝑡)

𝜕𝑥
+

𝜕𝑓(𝑥,𝑡)

𝜕𝑥

𝑇

) is its symmetric part, then 

𝜆𝑚𝑎𝑥(𝑥, 𝑡)  is the largest eigenvalue of 𝐽𝑠𝑦𝑚  such that 
𝜕𝑓(𝑥,𝑡)

𝜕𝑥
≤ 𝜆𝑚𝑎𝑥(𝑥, 𝑡)𝐼𝑛×𝑛. Therefore, 

𝑑

𝑑𝑡
(𝛿𝑥𝑇𝛿𝑥) ≤ 2𝜆𝑚𝑎𝑥(𝑥, 𝑡)(𝛿𝑥

𝑇𝛿𝑥) . (4) 

Then, it can be proved that 

‖𝛿𝑥(𝑡)‖ ≤ ‖𝛿𝑥(0)‖𝑒∫ 𝜆𝑚𝑎𝑥(𝑥,𝑡)𝑑𝑡
𝑡
0  . (5) 

According to the 𝜆𝑚𝑎𝑥(𝑥, 𝑡) , the converging system is 

defined in [27] as follows.  

Remark 1: Every infinitesimal perturbation, ‖𝛿𝑥‖ , will 

exponentially converge to zero if 𝜆𝑚𝑎𝑥(𝑥, 𝑡)  is strictly 

uniformly negative, which means that 

∃𝜇 > 0, ∀𝑥, ∀𝑡 > 0 → 𝜆𝑚𝑎𝑥(𝑥, 𝑡) ≤ −𝜇. (6) 

Based on remark 1, when the Jacobian matrix, 𝐽(𝑥, 𝑡), is 

uniformly negative definite in a region, the system is termed 

“contracting” in that region [26], [27].  

Remark 2: If a system is contracting in whole state space, 

then global exponential convergence of the perturbed 
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trajectories to the nominal trajectory is guaranteed [26]. Hence, 

the system is contracting if  

∃𝜇 > 0, ∀𝑥, ∀𝑡 > 0 → 𝐽𝑠𝑦𝑚 ≤ −𝜇𝐼𝑛×𝑛 < 0 . (7) 

Fig. 1 shows the concept of trajectory perturbation, 

distance, and convergence. The above-mentioned concept is 

the basis of contraction theory.  

F. Distance measure generalization 

If we generalize the distance definition, we can widely 

generalize the contraction theory. The generalized distance can 

be explained by the differential coordination transition as 

𝛿𝑧 = 𝜑(𝑥, 𝑡)𝛿𝑥, (8) 

in which, 𝜑(𝑥, 𝑡) is a transition matrix, such that 𝑀 = 𝜃𝑇𝜃 

is a square symmetric differential continuous metric. This 

transition leads to a generalization of distance and the 

quadratic distance 𝛿𝑧𝑇𝛿𝑧 = 𝛿𝑥𝑇𝑀𝛿𝑥 . The convergence of 

𝛿𝑧 to zero brings the convergence of 𝛿𝑥 to zero [26]. 

 

G. Generalized eigenvalue analysis 

Time derivative of (8) is  
𝑑

𝑑𝑡
𝛿𝑧 = 𝜑̇(𝑥, 𝑡)𝛿𝑥 + 𝜑(𝑥, 𝑡)

𝑑

𝑑𝑡
𝛿𝑥 

                       = (𝜑̇ + 𝜑
𝜕𝑓

𝜕𝑥
)𝜑−1𝛿𝑧 = 𝐹(𝑥, 𝑡)𝛿𝑧, 

(9) 

in which, 𝐹(𝑥, 𝑡) = (𝜑̇+ 𝜑
𝜕𝑓

𝜕𝑥
)𝜑−1  is the generalized 

Jacobian matrix. Therefore, 
𝑑

𝑑𝑡
(𝛿𝑧𝑇𝛿𝑧) = 2𝛿𝑧𝑇

𝑑

𝑑𝑡
𝛿𝑧 = 2𝛿𝑧𝑇𝐹(𝑥, 𝑡)𝛿𝑧 . (10) 

As before, if 𝐹(𝑥, 𝑡) is strictly negative definite, then the 

convergence of 𝛿𝑧 , and consequently 𝛿𝑥 , to zero is 

guaranteed. Here, we used contraction theory to synchronize 

two nonlinear systems [26]. 

 

H. Control Law Partitioning  

Designing a controller for a complex nonlinear system is a 

complicated task. Control Law Partitioning (CLP) approach 

departs the control law into two portions to simplify the control 

design procedure. The most famous CLP method dissects the 

control law into a model-based controller and the servo 

feedback [33], [34]. The model-based control law transforms 

the system into a unit mass for the servo controller [33], [34]. 

There are other kinds of CLP, for example, layered 

architecture [29], [35], where the controller is partitioned 

based on the task. Here, we utilize CLP to separate the system's 

model into a transfer function and a simple affine system.  

 

III. System Modeling and Control Law 

Partitioning 

This section describes the mathematical model of the two-

wheeled self-balancing robot or simply an inverted pendulum 

attached to a two-wheeled moving cart [3]. The schematic of 

the system is drawn in Fig. 2.  

A. Dynamical Model of the System 

The mathematical model of the system is described as: 

(𝑚𝐵 + 2𝑚𝑤 + 2
𝐼𝑤

𝑟2
) 𝑝̈ + 2

𝑏𝑤

𝑟2
𝑝̇ + 𝑚𝐵𝑙𝜃̈

=
1

𝑟
(𝜏𝑅 + 𝜏𝐿) 

(11.a.) 

𝑚𝐵𝑙𝑝̈ +  (𝑚𝐵𝑙
2 + 𝐼𝐵)𝜃̈ − 𝑚𝐵𝑙𝑔𝜃 = −(𝜏𝑅 + 𝜏𝐿) (11.b.) 

 
Fig. 1. The concept of neighboring trajectories, virtual 

displacement, distance, and convergence 

 
Fig. 2. Schematic of the dynamical system (two-

wheeled self-balancing robot driven by dc gear motors) [3] 

It is assumed that small movements of the cart (𝑝) along 

axis 𝑥 cause a neglectable deviation in the rotational angle of 

the pendulum, θ, [3]. In other words, when the cart is moving 

along 𝑥 direction 𝜃̇ ≈ 0 and cos(𝜃) ≈ 1. Here, 𝜏𝐵, 𝜏𝑅, and 

𝜏𝐿 are the applied torque to the pendulum joint and right and 

left wheels torques, respectively. Parameters of the system are 

selected as described in the nomenclature section. 

Defining 𝜏 = 𝜏𝑅 + 𝜏𝐿 , based on (11.b.) the cart 

acceleration 𝑝̈ can be computed. 

𝑝̈ = − (𝑙 +
𝐼𝐵

𝑚𝐵𝑙
) 𝜃̈ + 𝑔𝜃 −

1

𝑚𝐵𝑙
𝜏 . (12) 

Substituting (12) in (11.a.), the following equation will be 

obtained. 

(𝑚𝐵
2 𝑙2 − (𝑚𝐵 + 2𝑚𝑤 + 2

𝐼𝑤

𝑟2
) (𝑚𝐵𝑙

2 + 𝐼𝐵)) 𝜃̈ 

−(2
𝑏𝑤

𝑟2
(𝑚𝐵𝑙

2 + 𝐼𝐵)) 𝜃̇ 

+((𝑚𝐵 + 2𝑚𝑤 + 2
𝐼𝑤

𝑟2
)𝑚𝐵𝑙𝑔) 𝜃 

+(2𝑚𝐵𝑙𝑔
𝑏𝑤

𝑟2
)∫ 𝜃𝑑𝑡

𝑡

0

 

= (
𝑚𝐵𝑙

𝑟
+ (𝑚𝐵 + 2𝑚𝑤 + 2

𝐼𝑤

𝑟2
)) 𝜏

+ (2
𝑏𝑤

𝑟2
)∫ 𝜏𝑑𝑡

𝑡

0

 . 

(13) 

For the sake of simplicity, we rename the constant 

coefficients as below, 
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{
 
 
 
 
 
 

 
 
 
 
 
 𝛽1 = −𝜉

−1 (2𝑚𝐵𝑙𝑔
𝑏𝑤
𝑟2
) ,

𝛽2 = −𝜉
−1 ((𝑚𝐵 + 2𝑚𝑤 + 2

𝐼𝑤

𝑟2
)𝑚𝐵𝑙𝑔) ,

𝛽3 = 𝜉
−1 (2

𝑏𝑤

𝑟2
(𝑚𝐵𝑙

2 + 𝐼𝐵)) ,

𝛼1 = 𝜉
−1 (

𝑚𝐵𝑙

𝑟
+ (𝑚𝐵 + 2𝑚𝑤 + 2

𝐼𝑤

𝑟2
)) ,

𝛼2 = 𝜉
−1 (2

𝑏𝑤

𝑟2
) ,

 (14) 

in which,  

𝜉 = (𝑚𝐵
2 𝑙2 − (𝑚𝐵 + 2𝑚𝑤 + 2

𝐼𝑤

𝑟2
) (𝑚𝐵𝑙

2 + 𝐼𝐵)) . (15) 

Therefore, the equation of motion is rewritten. 

𝜃̈ − 𝛽3𝜃̇ − 𝛽2𝜃 − 𝛽1∫ 𝜃𝑑𝑡
𝑡

0

= 𝛼1𝜏 + 𝛼2∫ 𝜏𝑑𝑡
𝑡

0

 . (16) 

The main aim of the controller design procedure is to find 

the control signal, 𝜏, such that the dynamical system behaves 

desirably. 

 

B. Control Design Partitioning 

In order to simplify the control design process, we 

proposed using “Control Law Partitioning,” in which the 

obtained equation of motion can be divided into two cascade 

systems. Therefore, two control laws will be designed 

separately. In fact, the designed controller consists of two 

parts, a Synchronization Control Law (SCL) and a first-order 

Linear Control Portion (LCP). To simplify the control design 

process, we propose the linear portion of the system as below: 

𝑢 = 𝛼1𝜏 + 𝛼2∫ 𝜏𝑑𝑡
𝑡

0

 . (17) 

Equation (17) is a first-order differential equation with 

constant coefficients. Therefore, 𝜏  can be easily found 

according to the new control signal, 𝑢. The proposed Linear 

Control Portion (LCP) is designed based on (17), as below: 
𝜏(𝑠)

𝑢(𝑠)
=

𝑠

𝛼1𝑠 + 𝛼2
 . (18) 

Since the angular position of the inverted pendulum is 

important to be synchronized with a desired reference system, 

one can define the state variables of the system as 𝑋1 =

∫ 𝜃𝑑𝑡
𝑡

0
, 𝑋2 = 𝜃 , and 𝑋3 = 𝜃̇ , the state vector as 𝑋 =

[𝑋1, 𝑋2, 𝑋3]
𝑇, and the state space as below: 

{

𝑋̇1 = 𝑋2 ,

𝑋̇2 = 𝑋3 ,

𝑋̇3 = 𝛽1𝑋1 + 𝛽2𝑋2 + 𝛽3𝑋3 + 𝑢 .

 (19) 

Therefore, (19) is the synchronizing portion of the system. 

In the next section, we will formulate the control design 

process for (19). 

 

IV. Contraction-based Synchronization 

In this section, we proposed a Synchronization Control Law 

(SCL) based on the contraction theory [26]. First of all, a 

desired reference system is introduced as: 

{

𝑌̇1 = 𝑌2 ,

𝑌̇2 = 𝑌3 ,

𝑌̇3 = 𝛾1𝑌1 + 𝛾2𝑌2 + 𝛾3𝑌3 ,

 (20) 

in which, 𝑌 = [𝑌1, 𝑌2, 𝑌3]
𝑇 is the state vector of the reference 

system, and 𝛾1, 𝛾2 and 𝛾3  are (time-variant/invariant) 

coefficients of the reference system, which are adjusted for 

achieving the desired transient response. In this paper, we 

utilized time-variant coefficients for the reference model. 

Synchronization error is defined as 𝑒1 = 𝑋1 − 𝑌1, 𝑒2 = 𝑋2 −
𝑌2, and 𝑒3 = 𝑋3 − 𝑌3. By subtracting (20) from (19), we have: 

{

𝑒̇1 = 𝑒2 ,
𝑒̇2 = 𝑒3 ,
𝑒̇3 = 𝛽1𝑒1 + 𝛽2𝑒2 + 𝛽3𝑒3 + 𝜓 + 𝑢 ,

 (21) 

in which, 𝜓 = (𝛽1 − 𝛾1)𝑌1 + (𝛽2 − 𝛾2)𝑌2 + (𝛽3 − 𝛾3)𝑌3 . 

Now, the control law will be designed through three steps 

based on the contraction theory. We define a new variable 

𝑧1 ≜ 𝑒1 . Considering a desired dynamic of 𝑧1  as 𝑧̇1
𝑟𝑒𝑓

=

−𝜂1𝑧1 , in which 𝑧1
𝑟𝑒𝑓

 is a virtual desired value for 𝑧1 , and 

comparing with its actual dynamics 𝑧̇1 = 𝑒̇1 = 𝑒2, a desired 

value for 𝑒2  is obtained as 𝑒2𝑑 = −𝜂1𝑧1 . Here, a new 

conceptual error is defined as: 

𝑧2 ≜ 𝑒2 − 𝑒2𝑑 = 𝜂1𝑒1 + 𝑒2 . (22) 

When 𝑧2  converges to 0 , considering (22), 𝑒2  will 

converge to 𝑒2𝑑 , which means that (𝑒̇1 + 𝑒1) → 0 that is a 

desired behavior. Based on (22), we have: 

𝑒2 = 𝑧2 − 𝜂1𝑧1 . (23) 

and the dynamic of 𝑧2 is computable as: 

𝑧̇2 = −𝜂1
2𝑧1 + 𝜂1𝑧2 + 𝑒3 . (24) 

However, the desired dynamic is 𝑧̇2
𝑟𝑒𝑓

= −𝜂2𝑧2 . 

Therefore, a new desired value for 𝑒3  can be obtained as 

𝑒3𝑑 = −𝜂1𝜂2𝑒1 − (𝜂1 + 𝜂2)𝑒2  based on (24) and 𝑧̇2
𝑟𝑒𝑓

. The 

other conceptual error is defined as: 

𝑧3 ≜ 𝑒3 − 𝑒3𝑑 = 𝜂1𝜂2𝑒1 + (𝜂1 + 𝜂2)𝑒2 + 𝑒3 . (25) 

To push 𝑧3 to zero, its dynamic is computed:  

𝑧̇3 = 𝜂1𝜂2𝑒2 + (𝜂1 + 𝜂2)𝑒3 + 𝛽1𝑒1 + 𝛽2𝑒2 + 𝛽3𝑒3
+ 𝜓 + 𝑢 . 

(26) 

However, the desired dynamic is 𝑧̇3
𝑟𝑒𝑓

= −𝜂3𝑧3. Thus, by 

𝑧̇3 → 𝑧̇3
𝑟𝑒𝑓

, we have: 

𝜂3𝑧3 + 𝜂1𝜂2𝑒2 + (𝜂1 + 𝜂2)𝑒3 + 𝛽1𝑒1 + 𝛽2𝑒2
+ 𝛽3𝑒3 + 𝜓 + 𝑢 = 0. 

(27) 

Now, we can propose the synchronization control law as: 

𝑢 = −𝜓 − (𝜂1𝜂2𝜂3 + 𝛽1)𝑒1                             

−((𝜂1𝜂2 + 𝜂1𝜂3 + 𝜂2𝜂3) + 𝛽2)𝑒2 

−((𝜂1+𝜂2+𝜂3) + 𝛽3)𝑒3 .               

(28) 

The block diagram of the proposed controller for the 

closed-loop synchronization system is depicted in Fig. 3. 

This controller design procedure roots in the contraction 

theory and guarantees the stability of the closed-loop system. 

In this paper, we defined the state vector of the closed-loop 

system as 𝐸 = [𝑒1, 𝑒2, 𝑒3]
𝑇 and the generalized state vector as 

𝑍 = [𝑧1, 𝑧2, 𝑧3]
𝑇 , therefore, the state generalization 

(coordination transition) is: 

𝑍 = 𝜑𝐸 , (29) 

in which,  

𝜑 = [

1 0 0
𝜂
1

1 0

𝜂
1
𝜂
2

𝜂
1
+ 𝜂

2
1
] . (30) 



International Journal of Industrial Electronics, Control and Optimization (IECO). 2023, 6(2)             118 

 

 

 

 
Fig. 3. Block diagram of the proposed controller for the 

closed-loop synchronization system 

Considering (21) and (28), the closed-loop system can be 

rewritten as: 

𝐸̇ = [
0 1 0
0 0 1
−𝜁1 −𝜁2 −𝜁3

] 𝐸 (31) 

in which, 𝜁1 = (𝜂1𝜂2𝜂3) , 𝜁2 = (𝜂1𝜂2 + 𝜂1𝜂2 + 𝜂1𝜂2) , 𝜁1 =
(𝜂1 + 𝜂2 + 𝜂3). In addition, the generalized system is 

𝑍̇ = [

𝑧̇1
𝑧̇2
𝑧̇3

] = [

−𝜂1 1 0
0 −𝜂2 1
0 0 −𝜂3

] 𝑍 . (32) 

Therefore, Jacobian of the system is 

𝐽 =
𝜕𝑓(𝐸)

𝜕𝐸
= [

0 1 0
0 0 1
−𝜁1 −𝜁2 −𝜁3

] . (33) 

The generalized Jacobian is 

𝐹 = (𝜑̇+ 𝜑
𝜕𝑓(𝐸)

𝜕𝐸
)𝜑−1 = [

−𝜂1 1 0
0 −𝜂2 1
0 0 −𝜂3

] , (34) 

which is a uniformly negative definite matrix. Therefore, based 

on the contraction theory, applying the proposed controller, the 

generalized state (𝑍 ) exponentially converges to zero. In 

addition, since the largest eigenvalue of the symmetric part of 

the Jacobian matrix (𝐽 = 𝜕𝑓(𝐸)/𝜕𝐸) is not uniformly strictly 

negative, the synchronization error dynamics ( 𝐸 ) is not 

exponentially convergent but it is asymptotically stable. 

Therefore, the synchronization error will converge to zero, 

despite the initial condition and the reference model. Fig. 4 

shows the exponential stability of the generalized state, in 

which, 1000 runs of the generalized system’s trajectory are 

drawn in gray lines in comparison to the exponential 

contraction (the largest eigenvalue of the symmetric part of the 

generalized Jacobian matrix, 𝐹).  

 

V. Simulation 

In this section, the proposed controller is applied to control 

the inverted pendulum that is described in section three. The 

initial conditions of the main system and the reference model 

are selected with normal random numbers in [−1,+1]. The 

reference model is the same as Eq. (20) with the following 

time-varying parameters: 

{
 
 

 
 𝛾1 = −1 − (2 − 𝑠𝑖𝑛(5𝑡))𝑒

−
1

7
𝑡,

𝛾2 = −3 − (2 − 𝑠𝑖𝑛(3𝑡))𝑒
−
1

9
𝑡,

𝛾3 = −3 − (2 − 𝑠𝑖𝑛(2𝑡))𝑒
−
1

3
𝑡 ,

 (35) 

To evaluate the performance of the proposed control 

method, we provide several simulations and comparisons in 

Matlab/Simulink 2017a in Windows 10. The Simulink blocks 

are illustrated in Fig. 5. 

 
Fig. 4. Exponential convergence of the generalized state 

 
Fig. 5. Simulink blocks of the proposed control method 

 

For a desired closed-loop system dynamics, we set the 

𝜂1 = 𝜂2 = 𝜂3 = 3. The tracking performance of the closed-

loop control system is illustrated in Fig. 6, which shows that 

the system follows the reference model, which means that all 

three state variables track the corresponding state from the 

reference model. Note that there is only one control signal. As 

proposed in this paper, the controller is first partitioned into 

two portions, a state-space synchronization control law (SCL) 

and a linear control portion (LCP). The error is first handed 

into the SCL, where the signal 𝑢 is produced, then the LCP 

converts 𝑢 to 𝜏 as the actual control signal. These two signals 

are depicted in Fig. 7. The main features of the control signal 

are its boundedness and smoothness. The trajectory of the 

reference model and the actual system is drawn in Fig. 8. Since 

the steady-state response stays at the origin and the curve 

shows the states' movements, this trajectory illustrates the 

system's transient response. Since the system is a third-order 

dynamical system, its trajectory is also drawn in 3D space in 

Fig. 9 for better illustration. As seen in Fig. 8 and 9, although 

the initial condition of the two systems is completely random 

and different, the system follows the reference model. As a 

comparison study, the proposed method is compared with a 

recent similar method entitled “Nonlinear Model Predictive 

Controller Based on Particle Filter: Processor in the Loop 

Implementation” [32], which is based on particle filters 

containing normal random sequences of control signals. 

Weights are assigned to the particles based on their 

performance in predictive control. 

SystemLCP

Ref. Sys.

SCL
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Fig. 6. Reference model synchronization control 

 
Fig. 7. Control Signals (𝑢 and 𝜏) 

 
Fig. 8. Trajectory Tracking  

 
Fig. 9. 3D Trajectory Tracking  

 

The resampling technique is utilized to provide the final 

control signal from the weighted particles. We simulated the 

method with 300 particles, a prediction horizon of 10 samples, 

and random initial weighting factors. The synchronization 

performances of the two methods are illustrated in Fig. 10, 

which shows that the proposed method has better performance 

rather than the compared method. Note that the runtime 

computational cost of our proposed method is far less than 

similar methods. The synchronization error is also drawn in 

Fig. 11, which shows the superiority of the proposed method. 

Moreover, the maximum value of the proposed control signal 

is 85.7951, while this value is 96.4092 for the comparative 

control signal. In general, the superiority of our proposed 

method can be observed in three perspectives, including (1) 

better synchronization performance and less error, (2) lower 

runtime computational cost, and (3) an easier design process. 

 

VI. Conclusions 
 

We proposed a synchronization controller based on 

contraction theory and control law partitioning for an 

underactuated two-wheeled self-balancing IP mobile robot. 

The proposed mechanism consists of a control law partitioning, 

which divides the control law into two parts, a linear transfer 

function and a synchronization control system designed based 

on contraction theory. The reference model is time-varying. 

The exponential convergence of the generalized state variables 

to zero and the asymptotic stability of the closed-loop 

synchronization system are proved. The main achievements of 

the proposed control method are ease of design, low runtime 

computational cost, guaranteed stability with exponential 

convergence, adjustable desired transient response, small 

synchronization error, and finally the ability of experimental 

implementation due to its simplicity. The proposed method is 

applicable for every dynamical system from chaotic to 

industrial robotics. The comparison study confirms the 

superiority of the method. In future studies, we will investigate 

the proposed mechanism for some chaotic mappings. 
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Fig. 10. Comparison study on synchronization performance  

 

 
Fig. 11. Comparison study on synchronization error  
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In this paper, a new basic unit is proposed for multilevel inverters. Then, a series 

connection of the proposed basic unit is used to recommend a new topology for 

multilevel inverters. To determine the magnitude of dc voltage sources, a new algorithm 

is presented. For the proposed algorithm, different performance parameters such as total 

voltage rating of switches (TVRS), number of gate drivers, and number of required 

sources are calculated as a function of the number of output voltage levels and are 

compared with other topologies. The comparison proves that the proposed cascaded 

topology requires fewer components and gate driver circuits than most of the other 

conventional topologies. Moreover, the voltage rating of switches is less than the other 

topologies which result lower cost and control complexity. Finally, the correctness of the 

theoretical analysis and the performance of the proposed inverter are verified using the 

laboratory and simulation results under different scenarios. 

 

I. Introduction 

Among conventional inverters, multilevel inverters have been 

used for many applications and are one of the most popular 

solutions in medium and high-power applications  [1, 2]. Due 

to the applicability of multilevel inverters in high-voltage 

direct current (HVDC),  hybrid electrical vehicles (HEV), 

machine drives, and FACTS devices [3-6], researchers have 

always suggested ways to optimize their topologies by 

reducing components, gate driver circuits, and rating of 

switches [7]. These inverters can produce staircase voltage 

waveforms with high-quality outputs. The desired output 

voltage is produced by appropriate switching of several dc 

voltage sources, which leads to lower rating voltage for 

switches, less total harmonic distortion (THD), and 

electromagnetic interference (EMI) [8, 9]. In general, the 

multilevel inverters are divided into three categories: neutral-

point-clamped (NPC) [10], flying capacitor (FC) [11], and 

cascaded H-bridge (CHB) inverters [12]. The CHB inverters, 

which are formed by the series connection of basic units, 

consist of various arrays of power electronic switches and dc 

voltage sources and are divided into symmetric and 

asymmetric topologies with equal and non-equal magnitudes 

of dc voltage sources, respectively. It is important to mention 

that using non-equal magnitudes reduces the number of 

required components. 

The presented topology in [13] uses non-isolated dc voltage 

sources with equal amplitudes, and this causes to produce a 

lower number of voltage levels at the output. Also,  the 

presented structure in [14] needs to a transformer and an H-

bridge on the primary side. So, it suffers from high voltage 

rates on the switches. The presented topologies in [15, 16] 

utilize a high number of IGBTs and gate driver circuits, and 

the values of rating voltage on switches are much higher. As a 

result, the cost and volume of the inverter will be high. The 

presented topology in [17] can operate in both symmetric and 

asymmetric conditions. Although, this topology can generate 
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negative and positive levels at the output and also can reduce 

the number of switches, but it needs a high number of 

independent dc voltages sources. To solve this problem, the 

presented algorithm in [18] can be used. In the presented 

topologies in [13, 17, 19, 20], the H-bridge is used to generate 

negative output levels. In [21], two topologies based on 

developed H-bridge (consists of six switches) are presented. 

The total standing voltage for these topologies is very high. 

Although the presented topology in [22] can produce even 

and odd levels at the output without using H-bridge, but it 

uses a large number of power electronic elements. The 

presented structures in [23-28] need to less number of voltage 

sources, but balancing the voltages across capacitors is the 

main drawback for these topologies. The presented 

topologies in [29, 30] need to switches with low voltage 

rating. So, these topologies are suitable for high-voltage 

applications, but need to high number of IGBTs and gate 

driver circuits. The presented topologies in [17, 31] need to 

bidirectional switches which increase the total cost of inverter. 

This paper presents a new topology for multilevel inverters 

in which the number of power electronic components and 

rating voltage across the switches are lower. The cascaded 

multilevel inverter structure is presented in Section 2. Then, a 

new algorithm to determine the magnitude of the dc voltage 

sources structure is proposed in Section 3. Section 4 compares 

the proposed topology with other topologies in terms of the 

number of IGBTs, rating voltages of switches, and the number 

of gate drivers. Finally, the laboratory results are presented for 

the production of a 15-level inverter to prove the feasibility of 

the proposed topology. 

II. Proposed Cascaded Multilevel Inverter 

Fig. 1 shows the topology of the basic unit for the 

multilevel inverter. This topology consists of eight 

unidirectional switches, two bidirectional switches with the 

common-emitter configuration, and three dc voltage sources 

(V1, V2, and V3). Clearly, the switches (
1 2,S S ), (

3 4,S S ), 

(
5 6,S S ), (

7 8,S S ), and ( ,A BS S ) are fully complementary to 

have a safe performance and cannot be turned on 

simultaneously. The switching states of the proposed basic unit 

to produce different voltage levels are provided in Table 1. In 

this table, 1 and 0 indicate the on and off states of the switches, 

respectively. To increase the number of output voltage levels , 

n basic units can be cascaded to form the proposed cascaded 

multilevel inverter shown in Fig. 2. In this topology, both 

positive and negative levels at the output are generated. The 

number of dc voltage sources ( )sourceN , the number of IGBTs 

(
IGBTN ) used, and the number of gate drivers ( )driverN  in 

the proposed cascaded topology can be calculated by the 

following equations: 

3source nN =  (1) 

12IGBT nN =  (2) 

10driver nN =  (3) 

Another important parameter in the cost of inverters is the 

number of variety voltage sources ( )varietyN , which is 

determined by the variety of the magnitudes of voltage 

sources. This factor for the topology is calculated by the 

following equation: 

3variety nN =  (4) 

The output voltage of the proposed topology is equal to the 

sum of the output voltage of all basic topologies. In other 

words: 

,1 ,2 ,3 ,o o o o noutv v v v v= + + + +  (5) 

According to Table 1 and its development for n cascaded units, 

the maximum output voltage (
max,o totalv ) is obtained as  

follows: 

, ,max , ,max ,1 ,2 ,3

1 1

( ) ( ); 1,2,3, ,
n n

o total o k k k k

k k

v v V V V k n
= =

= = + + =   (6) 

TVRS is another important parameter in multilevel 

inverters, which directly affects the price of the inverter. The 

total rating voltage on the switches of the proposed inverter is 

as follows: 

us bsTVRS TVRS TVRS= +  (7) 

where
bsTVRS and 

usTVRS  are  rating voltage of bidirectional 

and unidirectional switches, respectively, so that 
8

, ,1 1

n

us S k jk j
TVRS V

= =
=   (8) 

where 
, ,S k jV  is the value of  the rating voltage of the switches 

,1 ,2 ,3 ,8, , , ,k k k kS S S S  of unidirectional switches in the kth 

unit. The rating voltage of unidirectional switches is as 

follows: 

, ,1 , ,2 ,1S k S k kV V V= =  (9) 

, ,3 , ,4 ,1 ,2S k S k k kV V V V= = +  (10) 

, ,5 , ,6 ,2 ,3S k S k k kV V V V= = +  (11) 

, ,7 , ,8 ,3S k S k kV V V= =  (12) 

 

 
Fig. 1. The structure of the proposed basic unit. 
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Fig. 2. The proposed cascaded multilevel inverter. 

TABLE 1 

SWITCHING STATES OF THE PROPOSED BASIC UNIT 

ov  
BS  

AS  
8S   

7S  
6S  

5S  
4S  

3S  
2S  

1S  

0 0 0 0  1 0 1 0 1 0 1 

1V  0 0 0  1 0 1 0 1 1 0 

2V  0 0 1  0 1 0 0 1 0 1 

1 2V V+  0 0 1  0 1 0 0 1 1 0 

3V  0 0 0  1 1 0 1 0 1 0 

1 3V V+  0 1 0  1 0 0 0 0 1 0 

2 3V V+  0 0 0  1 1 0 0 1 0 1 

1 2 3V V V+ +  0 0 0  1 1 0 0 1 1 0 

1V−  0 0 1  0 1 0 1 0 0 1 

2V−  0 0 0  1 0 1 1 0 1 0 

( )1 2V V− +  0 0 0  1 0 1 1 0 0 1 

3V−  0 0 1  0 0 1 0 1 0 1 

1 3( )V V− +  1 0 1  0 0 0 0 0 0 1 

2 3( )V V− +  0 0 1  0 0 1 1 0 1 0 

( )1 2 3V V V− + +  0 0 1  0 0 1 1 0 0 1 

 

Now, we can calculate 
usTVRS  as follows: 

,1 ,2 ,3

1

( )4
n

k k k

k

usT VS V VVR
=

+= +  (13) 

The relation of 
bsTVRS  is given by 

, , , ,( )bs S k A S k BTVRS V V= +  (14) 

Considering the following equation: 

, , , , ,1 ,2 ,3S k A S k B k k kV V V V V= = + +  (15) 

Eq. (14) can be simplified as follows: 

,1 ,2 ,3

1

( )2
n

k k k

k

bsT VS V VVR
=

+= +  (16) 

Using (6), (13), and (16), the relation of TVRS is obtained 

as follows: 

,1 ,2 ,3 , ,max

1

( ) 66
n

k k k o toal

k

T S V V VR vV
=

+ += =  (17) 

Determining the magnitudes of dc voltage sources is 

important to calculate (6) and (17). Therefore, it is necessary 

to determine the magnitudes of input dc voltage sources for  

 

calculating the output voltage and rating voltage on the 

switches . 

 

III. Determination of the Magnitude of DC 

Voltage Sources 

Estimating the dc voltage source values is very important 

for determining the number of output voltage levels. For the 

proposed topology, it is possible to present different 

algorithms for determining the magnitude of dc voltage 

sources. Here, one of them is presented. 

In the proposed algorithm, to generate high voltage levels, the 

following method is proposed to determine the magnitude of 

dc voltage sources. 

 

First unit: 

1,1 dcV V=  (18) 

1,2 2 dcV V=  (19) 

1,3 4 dcV V=  (20) 

 

Second unit: 

max,2,1 12 14 15o dc dc dc dcV V V V V V= + = + =  (21) 

2,2 2,12 30 dcV V V= =  (22) 

3,2 2,14 60 dcV V V= =  (23) 

nth unit: 

1

max,

1

,1 2 ( ) 15
n

n

o k d dc

k

n cV V V V
−

=

= + =  (24) 

,1,2 2 nnV V=  (25) 

,3 ,14n nV V=  (26) 

In this algorithm, the number of output voltage levels, the 

maximum output voltage
,3( )stepN   , and the total value of  the 

rating voltage of the switches (
3TVRS ) are obtained by the 

following equations: 

,3 15n

stepN =  (27) 

,3

,3,max

( 1)(15 1)

2 2

n
step

out dc dc

N
V V V

−−
= =  

(28) 
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,3 33( 1)step dcNTVRS V= −  (29) 

 

IV. Comparison of Results 

This section compares the advantages and disadvantages 

of the proposed topology with other structures. Fig. 3(a) shows 

the number of IGBTs against the number of output voltage 

levels. This comparison confirms the advantage of the 

proposed multi-level inverter based on the third algorithm due 

to the use of the least number of IGBTs compared to other 

topologies. The number of gate drivers against levels in 

different structures is shown in Fig. 3(b), which indicates that 

the number of drivers in the recommended structure based on 

the third algorithm is the same as the topology presented in 

[16] and it requires a minimum number of drivers compared to 

other structures. Fig. 3(c) depicts the number of dc voltage 

sources against the number of output voltage levels. This 

figure proves that based on the proposed algorithm, the 

proposed multilevel inverter requires the least number of these 

sources as compared with the topologies presented in [23, 25, 

26, 28], but the topologies presented in [22-25, 28] use 

capacitors. Considering the importance of rating voltage on the 

switches, which is one of the most important parameters in 

determining the cost of  multilevel inverters, this parameter is 

also discussed and compared. Rating voltage of the switches 

against the number of levels for all three algorithms of the 

proposed topology has the same relation and does not depend 

on the magnitude of dc voltage sources.  

Fig. 3(d) compares the rating voltage of the switches 

against the number of levels for the topologies proposed in 

other references. This comparison indicates that the rating 

voltage of the switches in the proposed topology is lower than 

that in the other topologies. Table 2 compares the number of 

IGBTs, drivers, dc voltage sources, capacitors, diodes, and 

rating voltage for the switches of different topologies with 69 

levels in output voltage and verifies the advantage of the 

proposed topology. It is worth noting that according to Fig. 1 

and Table 1, to generate the output voltage levels, three 

transistors and one diode or four transistors are instantaneously 

in the current path. Therefore, the maximum number of 

components in the current path in the proposed multilevel 

inverter, is four. 

To compare the efficiency of different topologies, it is 

assumed that all topologies generate 69 levels with the same 

load and same maximum output voltage. Also, it is assumed 

that the same switches are used. Under these conditions, based 

on simulation results, the efficiency of all compared topologies 

are calculated and summarized in Table 3. According to this 

table, the efficiency of the proposed topology is better than in 

comparison to most of the already presented topologies. 

 

  

(a) (b) 

  

(c) (d) 

Fig. 3. The results of the comparison: (a) IGBTN , (b) driverN , (c) sourceN , (d) TVRS  versus stepN . 
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TABLE 2 

THE COMPARISON RESULTS WITH OTHER STRUCTURES FOR PRODUCING 69-LEVEL 

Parameters stepN  
IGBTN  driverN  

sourceN  Capacitors Diodes TVRS  

[13] 69 61 35 30 - - - 

[15] 69 32 32 11 - - 354Vdc 

[16] 69 20 15 6 - - - 

[17] 69 63 53 30 - - 187Vdc 

[18] 69 42 42 11 - - - 

[19] 69 54 54 30 - - 206Vdc 

[22] 69 22 16 8 - - 289Vdc 

[23] 69 93 78 1 30 - 205Vdc 

[24] 69 59 59 15 30 103 - 

[25] 69 170 170 1 34 - 236Vdc 

[26] 69 27 27 2 4 8 199Vdc 

[28] 69 169 169 1 33 - 235Vdc 

[29] 69 120 118 30 - - - 

[30] 69 30 24 7 - - 233Vdc 

[31] 69 83 73 30 - - - 

Proposed Topology 69 18 15 5 - - 177Vdc 

TABLE 3 

EFFICIENCY COMPARISON 

Parameters Efficiency [%] 

[13] 93.2 

[15] 95.7 

[16] 96.1 

[17] 92.9 

[18] 94.4 

[19] 91.3 

[22] 95.1 

[23] 87.4 

[24] 93.1 

[25] 85.2 

[26] 95.9 

[28] 85.1 

[29] 89.7 

[30] 94.9 

[31] 90.7 

Proposed Topology 94.1 

 

V. Experimental and Simulation Results 

In this section, according to Fig. 1, a 15-level inverter with 

a maximum output voltage of 400V is designed and analyzed. 

For the simulation and experimental tests, an R–L load with 

the values of R=280.39Ω and L=373.1mH is used. The 

switching frequency is 5kHz, and the minimum error method 

is used to control the proposed structure. The values of dc 

voltage sources V1, V2 and V3 are 57, 114, 228V, respectively. 

Figs. 4 and 5 illustrate the built prototype and experimental 

results of the output voltage and current waveforms, 

respectively. Also, the processor AVR ATMEGA 32 was used 

in the construction of this circuit. Fig. 6 represents the rating 

voltage on 
1 2 8, , , , ,A BS S S S S  switches with the maximum 

rating voltage on the switches as 57, 57, 171, 171, 343, 343, 

229, 229, 400, and 400V, respectively. The total value of the 

rating voltage on the switches for the 15-level inverter  (the 

sum of the rating voltage on the switches) is 2400V, which 

corresponds to Eq. 17. Positive or zero voltages in Fig. 6(a) 

indicates that the switch 
1S  is unidirectional and positive, and 

negative voltages in Fig. 6(i) Fig. 6 shows that the switch 
AS  

is bidirectional. 

 

 
Fig. 4. Laboratory prototype. 
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(a) 

 
(b) 

Fig. 5. Experimental results: (a) output 15-level voltage 

(200 V/div), (b) output 15-level current (1 A/div). 

 

 

 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 
(f) 

 
(g) 

 
(h) 

 
(i) 

 
(j) 

Fig. 6. Voltage of switches: (a) S1 (100 V/div), (b) S2 

(100 V/div), (c) S3 (200 V/div), (d) S4 (100 V/div), (e) S5 

(200 V/div), (f) S6 (200 V/div), (g) S7 (200 V/div), (h) S8 

(200 V/div), (i) SA (200 V/div), (j) SB (200 V/div). 
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To reconfirm the given theories, the simulation results in 

PSCAD software are given. Fig. 7 shows the simulation results 

for output voltage and current. Comparing these waveforms 

with experimental results, shows that there is a good agreement 

between the simulation and experimental results. Fig. 8 shows 

the simulation results for switches’ current. The maximum 

value of these waveforms shows the current rating of the 

switches. It is clear that the current rating of switches depends 

on the load. By changing the load, these values are changed. 

Fig. 9 shows the power delivered by each source. To show the 

correct operation of the proposed topology in different power 

factors, more simulation results are shown in Fig. 10. 

As mentioned before, by series connection of the proposed 

basic unit, it is possible to generate more levels at the output. 

For example, by using series connection of two units with the 

values of dc voltage sources V1, V2, and V3 are 3V, 6V, and 

12V, respectively, 225 levels with a maximum output voltage 

equal to 336V is obtained. The simulation result in PSCAD 

software for this inverter is shown in Fig. 11. 

 

VI. Conclusion 

This paper presented a new topology for a cascaded multilevel 

inverter which comprises a cascaded connection of basic units. 

The proposed topology was analyzed in symmetric and 

asymmetric modes of operation with the ffundamental 
frequency switching control method. To highlight the 
advantages of the proposed topology to the previous 

topologies, it was compared with a number of other topologies. 

Based  on the results of the comparison,  it is found  that the 

proposed cascaded topology has the minimum number of 

power components, gate driver circuits, and rating voltage on 

the switches as compared to most of other conventional 

topologies, resulting in lower cost, volume, and complexity of 

the control circuits. A 60-level inverter based on the third 

algorithm proposed technology requires 18 IGBTs and 15 

driver circuits and its total rating voltage on the switches is 

177V. While to generate the same number of output voltage 

levels, structures in [23, 17] require 93 and 63 IGBTs and 78 

and 53 gate driver circuits, and the total rating voltage on the 

switches is 205V and 354V respectively. To study the 

feasibility of the operation of the 15-level inverter based on the 

third algorithm, experimental results are provided. 

 
Fig. 7. Simulation results: output voltage and current. 

 

 
Fig. 8. Simulation results: switches’ currents. 
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Fig. 9. Power delivered by sources. 

 

 
R = 280.39Ω 

 

 
L=373.1mH 

 

 
R = 200Ω, L=55mH 

 

 
R = 50Ω, L=120mH 

Fig. 10. Simulation results for different power factors. 

 

 
Fig. 11. The output voltage and current waveforms for 

225-level cascaded inverter. 
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 Power electronics converters application has increased in modern distribution systems 

due to their advantages to control and process the power flow. Unfortunately, these 

converters generate harmful harmonics and inject them into the grid. The modern 

standards of the systems accept that the grid includes harmonics but they have to be less 

than the specified value. To satisfy standards, power filters must be added to nonlinear 

loads. This paper proposes a new hybrid power filter to achieve them. Furthermore, the 

conventional six-switch inverter of active power filters is substituted to decrease the 

overall cost and complexity of the system. To design the parameters of the passive part 

of the filter, the SPEA-II meta-heuristic optimization algorithm is used which minimized 

the overall cost as well as harmonics suppression. Consequently, the four-switch inverter 

along with the optimized design of the passive part makes the proposed hybrid active 

filter attractive for practical applications. The THD of the injected current to the grid as 

a critical index in different nonlinear and dynamic loads is less than 2%. Simulation 

results in different scenarios show the effectiveness of the proposed hybrid filter.  

NOMENCLATURE  

𝑉𝑎            Source Voltage Phase a 

𝑉𝑏           Source Voltage Phase b 

𝑉𝑐           Source Voltage Phase c 

 

𝐼𝑎            Source current Phase a 

𝐼𝑏            Source current Phase b 

𝐼𝑐            Source current Phase c 

 

𝑉𝛼           instantaneous voltages in the α axis 

𝑉𝛽          instantaneous voltages in the β axis 

 

𝐼𝛼           instantaneous Line Current in the α axis 

𝐼𝛽           instantaneous Line Current in the β axis 

 

 

 

 

𝑃          Active Power 

q       Reactive Power 

 

𝑃̅          Average Active Power 

𝑃̃          Oscillating Active Power 

 

𝑞̅          Average Reactive Power 

𝑞̃          Oscillating Reactive Power 

 

𝐼𝑠𝑛           Source current in the n-th harmonic 

 

𝐼1 Main current component 
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I. Introduction 

Due to the destructive effects of harmonics in the power 

systems, it is necessary to decrease their amplitudes. Power 

electronics converters are used in modern power systems 

diversely which caused the loads to behave nonlinear [1]. 

These nonlinear loads could inject harmonics into the grid and 

deteriorate the power quality. To reject tripled harmonics, a 

common solution is using the delta winding of transformers. 

To decrease more harmonics power filters must be added. 

 Three types of filters are proposed in power systems: 

Passive power filter (PPF), Active power filter (APF), and 

Hybrid power filter (HPF) [2-4]. The design of APFs and HPFs 

is a complex nonlinear optimization problem. PPFs consist of 

RLC circuits and are tuned to reject a special frequency. 

Variations of system impedance, during faults, and so on, 

could decrease the performance of these filters. Therefore, 

APFs are proposed to overcome the drawbacks of PPFs. The 

APFs require high-power inverters to handle harmonics and 

reactive power. It is proposed to utilize HPFs to decrease the 

overall cost of the system [5-7].  

A hybrid passive filter consisting of two passive filters, a 

series filter and another parallel filter based on TCR, is 

proposed in [8,9] to suppress the harmonics and compensate 

for reactive power. The proposed filter has a fast dynamic 

response and is non-sensitive to source impedance variation, 

but the series part of the system that the full load current must 

be handled is the main drawback of this structure. In [10], a 

new modulation scheme, named variable modulation index, is 

applied to a parallel active filter to reduce current harmonics 

in a wind turbine system based on PMSG and a rectifier. 

 A four-leg eight-switch voltage source inverter is utilized 

in [11] to reduce the harmonics of the current and unbalanced 

single-phase nonlinear current. The model predictive control 

scheme is implemented on the eight-switch inverter in this 

structure. An APF with Transformer multilevel inverter in a 

three-phase three-wire system is used in [12] that brings dc-

link voltage regulation in addition to current harmonics 

compensation. In [13], a Transformer HPF based on a two-leg 

six-switch inverter is proposed to accomplish the injected 

harmonics standard of IEEE-59. 

Due to the nonlinearity nature of designing parameters of the 

filters, some authors are proposed to use meta-heuristic 

algorithms to solve the optimization problem. PSO algorithm 

is used in [14] to optimize the filter parameters to minimize the 

harmonics content and the cost of the filter. The authors of [15] 

have proposed to utilize ant colony optimization to optimally 

design the parameters of a single-tuned filter operating in a 

non-sinusoidal power system. The objective functions in this 

study are maximization of efficiency and power factor in 

addition to harmonics reduction.  

The main goal of the authors in [16] is to minimize the 

overall cost of the filter, including initial cost and maintenance 

costs. To achieve this goal, the crow search algorithm is used. 

Genetic algorithm and Monte Carlo simulation are proposed in 

[17] to optimize the passive filter parameters in a single-tuned 

filter installed on a distribution system with photovoltaic 

generation.  

H-infinity optimal control design is used in [18] to find the 

optimal controller parameters of the hybrid active filter via a 

convex optimization algorithm. An Adaptive Sine-Cosine 

Moth-Flame Optimization Algorithm for Parameter 

Identification of Hybrid Active Power Filters is proposed in 

[19]. The authors claimed a new population-based algorithm 

named ASC-MFO to optimally design the parameters of the 

hybrid active power filter. In [20] a hybrid shunt active power 

filter is optimized by hybrid Particle Swarm Optimization-

Grey Wolf Optimization (PSO-GWO) and fractional order 

proportional-integral-derivative controller. Utilizing space 

vector modulation instead of sinusoidal pulse width 

modulation is investigated in [21].  The grasshopper 

optimization algorithm for optimizing hybrid active power 

filters’ parameters is proposed in [22]. The authors in [23] 

proposed finite-set model predictive control for a hybrid active 

power filter. Moreover, a hybrid filter that is equipped with 

a three-level converter reduces current THD to 3.11 % [24]. 

In addition, a parallel hybrid filter decreases both current 

and voltage THD to 16.49% and 5.3%, respectively [25].   
It is clear from investigating the previously published works 

on this topic that the active filters are very effective in case of 

harmonics cancelation in some steps [26] and complicated 

methods [27] but the cost of the filter would be high if we just 

utilize the active filter. Therefore, hybrid power filters could 

be used in high-power applications to bring the benefits of both 

active and passive filters. Designing the inductive and 

capacitive elements of the passive part of a hybrid power filter 

is a challenging issue that researchers work on the better 

methods. 

  Therefore, in this paper, the conventional six-switch inverter 

is replaced with a four-switch inverter to reduce the cost of 

HPF [28]. Consequently, the number of switches and drivers 

in this structure is lessened which could increase the overall 

reliability of the system. To design the THD and overall cost 

of the HPF, in this paper, the parameters of the HPF are 

optimized based on a meta-heuristic algorithm of Strengthen 

Pareto Evolutionary Algorithm-II (SPEA-II).  

  This paper is organized as follows. In section II, the 

structure of the proposed hybrid power filter is discussed. 

Optimization of the parameters of the passive filter based on 

the SPEA-II method is presented in section III. In section tor 

to investigate the performance of the proposed HPF, in 

nonlinear case study system is presented. The simulation 

results in different scenarios are discussed in this section. 

Finally, section 5 concludes the paper. 
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Fig. 1. The structure of the proposed HPF. 

 

II. Methodology  

A. THE STRUCTURE OF THE PROPOSED 

HPF 

To reduce the harmonics content and overall cost of the 

filter, in this paper it is proposed to utilize a HPF. The 

passive filter of the proposed structure is selected to remove 

the harmonics orders of fifth, seventh, and eleventh. 

Furthermore, the parameters of the passive part of the filter 

are optimized based on the two-objective SPEA-II 

algorithm. The structure of the proposed HPF is depicted in 

Figure 1.   

 

B. Reference current generation 

  Methods of reference current production could be 

classified into two categories time-based and frequency 

based. Time-based methods, such as instantaneous active-

reactive power theory, relied on measurements and three-

phase transformation. FFT is utilized for frequency-based 

methods such as bandstop filters. In this paper, the 

instantaneous active-reactive power theory is utilized. 

Three-phase voltages and currents measured in abc-frame 

are transformed to αβ-frame as follows: 
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Therefore, the powers are calculated as: 

 

[
𝑝
𝑞] = [

𝑉𝛼 𝑉𝛽
−𝑉𝛽 𝑉𝛼

] [
𝐼𝛼
𝐼𝛽
] (3) 

 

In the presence of harmonics, an oscillatory term is added to 

the average power that could be formulated as: 

In the presence of harmonics, an oscillatory term is added to 

the average power that could be formulated as: 

p = p̅ + p̃              (4) 

q = q̅ + q̃              (5) 

Where the average terms are denoted with the bar and 

oscillatory terms with tilde signs. To suppress harmonics 

components of line currents, the oscillatory terms of powers 

must be compensated by HPF. Hence, the reference currents 

of HPF could be derived as: 

[
Icα
Icβ
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2 + Vβ
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C. Four-switch inverter 

It is beneficial to decrease the cost of inverters in active 

filters. Therefore, the four-switch structure is proposed in this 

paper to substitute the conventional six-switch structure. 

Consequently, the number of active power switches and 

required drivers was reduced to four instead of six which is 

attractive in HPFs due to cost reduction and improved 

reliability of the system. 

 

III.  OPTIMIZATION OF PASSIVE FILTER 

The parameters of the passive filter are optimized based on 

meta-heuristic algorithms in this paper. The optimization 

process is briefly discussed as follows. The main factor to 

assess the performance of a filter is harmonics reduction. 

Hence, the first objective is considered as: 

f1:min {√ ∑ (
Isn
I1
)
2

n=3,5,7,…

} (8) 

 

Where Isn is the source current in the nth harmonic and I1 

is the main current component.  The second objective is the 

overall cost of the filter which is formulated as: 

f2: min{Cost(R. L. C) = KRRn + KLLn + KCCn} (9) 

   Where the cost coefficients of the filter are given by, 

KR=100($/KW), KL=250($/Kvar), and KC=0.05($/Kvar).  

A.  SPEA-II ALGORITHM 

7th 5th 11th 7th 11th 7th 11th 

inverterC
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Vs
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In this study, SPEA-II is selected as the optimizing 

algorithm to solve the multi-objective problem of designing 

the passive filter. SPEA-II is a multi-objective optimization 

method that the evolution of the population carried on a 

probabilistic method. In contrast to the other evolutionary 

algorithms, in SPEA-II the direction and the distance of the 

current population from other members of the population are 

selected to teach the search process to a desirable direction. 

Therefore, the high quality of the produced responses is 

guaranteed in this method.  

For the ith member, a strength value S(i) is assigned, which 

expresses the number of solutions which it defeats. They are 

calculated by equation (10). 

𝑆(𝑖) = |{𝑗|𝑗 ∈ 𝑃𝑡 + 𝑃̅𝑡 ∩ 𝑖 ≻ 𝑗}| (10) 

 

Where, 𝑃𝑡  𝑎𝑛𝑑 𝑃̅𝑡  are populations and archives, 

respectively. The initial fitness is calculated based on (11), 

which is computed for all members of the population and 

archive. 

𝑅(𝑖) = ∑ 𝑆(𝑗)

𝑗∈𝑃𝑡+𝑃̅𝑡,𝑖≻𝑗

 (11) 

 

  When all its members are non-dominant, to compare two 

Pareto fronts, the Pareto fronts which has the same variety of 

answers and can spread the answers with more variety in the 

space of objectives is preferred. For this reason, only using the 

raw fitness function is not enough, and a secondary criterion is 

needed to be able to provide the answers in the space of the 

objective functions, with a suitable variety. Zeitler et al. [15] 

used the density estimation technique in SPEA-II, which uses 

the concept of the kth nearest neighbor, where the density at 

each point is up to the kth nearest neighbor. It is according to 

relation (12) 

𝐷(𝑖) =
1

𝜎𝑖
𝑘 + 2

  (12) 

  

  where 𝜎𝑖
𝑘  is the distance of the ith member from its kth 

nearest neighbor. k is equal to the square root of the sample 

size [15] as a result we will estimate the density of responses: 

𝑘 = √𝑁 + 𝑁  (13) 

 

Finally, the final fitness value is calculated as the sum of the 

raw fitness and compression as equation (13). 

𝐹(𝑖) = 𝑅(𝑖) + 𝐷(𝑖) (14) 

 

The lower F(i) is more popular. 

In the following, the process of this algorithm is briefly 

discussed [29]: 

Step 1: Create an initial population 𝑃0  and a null 

external file (𝑃̅0 = ∅), determine generation size as N and 

generation count as t=0. 

Step 2: Calculate the fitness of the population in each of  

𝑃𝑡 and 𝑃̅𝑡 members. 

Step 3: Move non-dominated solutions of  𝑃𝑡 and 𝑃̅𝑡 
to. If the archived Pareto solutions size of P̅t+1  is greater 

than the maximum limit cut the size to  N̅, but if the size of 

P̅t+1 is less than  N̅, the dominated solutions in the end to 

the  P̅t+1 until the size of  P̅t+1 is equal to N̅.  
Step 4: If the stop condition is reached, select the non-

dominated solutions as the final solution. 

Step 5: select parents from P̅t+1  based on the 

championship rule. 

Step 6: Implement crossover and mutation operators on 

parents on P̅t+1. Set t=t+1 and go to step 2. 

 

IV. SIMULATION RESULTS  

At first, the system under study, schematic in Figure 2, is 

simulated without any compensation method. The currents 

injected into the grid are depicted in Figure 3. a. Also, the 

harmonics content of the current is shown in Figure 3. b. To 

generate the current’s harmonics, in this paper, a nonlinear 

load with a three-phase diode bridge is used. The parameters 

of the studied system are presented in Table 1. In the following, 

the performance of the system is studied in different scenarios. 

As it is shown in Figure 3. b, the harmonics content of the 

injected current is very high and it is necessary to compensate 

these harmonics to comply with the required standards such as 

IEEE-519. 

 
Fig. 2. Schematic of the studied system. 

 
TABLE 1 

PARAMETERS OF THE STUDIED SYSTEM 

Item Parameter Value 

1 Source Voltage 380 V 

2 Frequency 60 Hz 

3 Active power of the load 50 KW 

4 Reactive power of the load 62.5 Kvar 

5 Line resistance 0.0989 Ω 

6 
Line inductance 

1.58mH 

 

 

 



137               Four-Switch Inverter Based …/P.Rahmati kahkha, et al 

 

 
(a) 

 
(b) 

Fig. 3. The injected currents in the case of the active filter: a) 

real-time b) harmonics content. 
 

A. Active Filter 

If the active filter is utilized to compress the harmonics, the 

currents injected to the grid are depictedreal-timetime and 

frequency domain in Figures 4. a and b respectively. In the case 

of active filter compensation, the harmonics content is reduced 

but still more than the required standard of IEEE-519. 

Moreover, the required inverter in this scheme is high power 

which could limit the selection of this type of compensation in 

point of the overall system cost.  

 

B. Passive Filter 

  The conventional method is to use passive filters for 

harmonics reduction. Even triple harmonics amplitude is very 

low. Therefore, the passive filter is designed to compress the 

5th, 7th, and 11th harmonics. According to eq.15, the values of 

resistors, inductors, s, and capacitors are effective on the 

overall cost of the filter and must be designed to minimize the 

cost in addition to harmonics reduction. Hence, the problem is 

a two-objective optimization given by: 

min 𝐹(𝑥) = [𝑓1(𝑥), 𝑓2(𝑥)]  
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜        𝐶𝑖

𝑙  ≤ 𝐶𝑖 ≤ 𝐶𝑖
𝑢  ,   𝑖 = 5,7,11 

            𝐿𝑖
𝑙  ≤ 𝐿𝑖 ≤ 𝐿𝑖

𝑢    ,   𝑖 = 5,7,11 

          𝑅𝑖
𝑙  ≤ 𝑅𝑖 ≤ 𝑅𝑖

𝑢  ,   𝑖 = 5,7,11  

(15) 

 

 

  

 
(a) 

 
(b) 

Fig. 4. The injected currents in the case of the active filter: a) 

real-time b) harmonics content. 

 

   To solve the above multi-objective problem, the meta-

heuristic algorithm of SPEA-II is utilized. The obtained Pareto 

front is presented in Figure 5 for this problem (one point from 

it is selected based on the fuzzy min. max method). The 

designed parameters in this study are presented in Table.2. The 

compensated system based on the passive filter designed as 

described above is simulated. The real-time currents and 

harmonics content of the injected currents to the grid are 

depicted in Figures 6. a and b, respectively. As it is clear from 

Figure 6. b, the total harmonics distortion of the system is 

decreased to 4.96% which is less than the required standard, 

but the passive filter could not adapt to the changes of the grid 

and load. Therefore, it is proposed to use the hybrid filter in 

this paper.  

 

A. The Proposed Hybrid Filter 

It is proposed to use the hybrid filter to overcome the 

deficiencies of the active and passive filters. The power of the 

inverter of the hybrid filter is less than the active filter resulting 

in a cost reduction compared with the active filter. Also, 

including an active filter in the structure of the hybrid filter 

adds to the system adaptation due to changes in load and the 

grid.  
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TABLE 2 

OPTIMIZED PARAMETERS OF THE PASSIVE FILTER 

Item Parameter Value 

1 C5 26.5807 µ𝐹 

2 C7 33.248 µ𝐹 

3 C11 24.725 µ𝐹 

4 L5 10.6 mH 

5 L7 4.3 mH 

6 L11 2.4 mH 

7 R5 0.33 Ω 

8 R7 0.189 Ω 

9 R11 0.166 Ω 

 

 
Fig. 5. Pareto front to optimize the passive filter. 

 

 

TABLE 3 

OPTIMIZED PARAMETERS OF THE PASSIVE FILTER 

Item Parameter Value 

1 C5 25.0496µ𝐹 

2 C7 20.3711µ𝐹 

3 C11 17.6754µ𝐹 

4 L5 11.2mH 

5 L7 7mH 

6 L11 3.3mH 

7 R5 0.35Ω 

8 R7 0.31 Ω 

9 R11 0.23 Ω 

 

  Moreover, two-stage filtering brings more effectiveness to 

the overall quality of the system. 

 

 

 

 

 

 

 

 

 

 

 

 

 
(a) 

 
(b) 

Fig. 6. The injected currents in the case of the Passive filter: 

a) real-time b) harmonics content. 

 

To optimize the passive filter parameters in the hybrid filter, 

the meta-heuristic algorithm of SPEA-II is used. The obtained 

Pareto front is presented in Figure 7 for this case. The designed 

parameters, in this case, are presented in Table.3. Comparing 

results presented in Figures 3 and 8, it is clear that both 

objectives are improved in the case of the proposed hybrid 

filter. 

The real-time currents and harmonics content of the injected 

currents to the grid in this case are depicted in Figures 8. a and 

b, respectively. The proposed hybrid filter not only overcome 

the deficiencies of high power inverter and adaptation due to 

changes in system parameters but also reduced the THD of the 

injected current to 1.75% which is very less than the threshold 

required standard of 5%.  
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Fig. 7. Pareto front to optimize the proposed hybrid filter. 

 

 
(a) 

 
(b) 

Fig. 8. The injected currents in the case of the Proposed 

Hybrid filter: a) real-time b) harmonics content. 

 

D. Dynamic Load 

To investigate the proposed filter’s performance in different 

environments, an induction motor is added to the previous load 

as a dynamic load. Due to the non-sinusoidal and variable 

currents of the induction motor, a well-designed filter must be 

able to ensure high-quality currents are injected into the grid 

in all types of loads.  

In this case, the hybrid load consists of an induction motor and 

a nonlinear load. The effective currents of the induction motor 

and the nonlinear load are 53 A and 120 A, respectively. Figure 

9 shows the injected currents to the grid in real time and the 

frequency domain in this case. As it is measured from 

harmonics spectrum analysis, the THD of the injected current 

is 15.84% which could not satisfy the utility standards.  

The above simulation is repeated adding the proposed filter in 

Figures 10. a and b, respectively. The proposed hybrid filter 

reduced the THD of the injected current to 1.22% which is very 

less than the threshold required standard of 5%.  

The previous methods decrease THD to 3.11% [24], 2.15% 

[26] and 1.86% [27]. Therefore, the proposed hybrid filter 

profit more superiority.  

 

 
(a) 

 
(b) 

Fig. 9. The injected currents in case of the Dynamic load: a) 

real-time b) harmonics content. 
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(a) 

 
(b) 

Fig. 10. The injected currents in the case of the proposed 

hybrid filter and dynamic load: a) real-time b) harmonics 

content. 

 

 

V. Conclusions 
 

In this paper, a hybrid filter is proposed based on a four-switch 

inverter that is decreased the power of the inverter compared 

with the conventional active filters. Moreover, compared with 

passive filters the proposed system is capable of adaptation 

with variations in load and grid parameters. To improve the 

performance of the hybrid filter, two objective functions 

related to current harmonics and the overall cost of the system 

are considered. Therefore, utilizing a four-switch inverter with 

two switches than the conventional structures and optimized 

design of the passive filter makes the proposed hybrid filter an 

attractive choice for selection.  

The parameters of the system are optimized based on a meta-

heuristic algorithm of SPEA-II. Simulation results show that 

the THD of the injected currents to the grid is reduced from 

16.66% in the original system to 5.02%, 4.96%, and 1.75% 

with active, passive, and the proposed hybrid filters 

respectively. Therefore, the proposed filter is effective based 

on performance and overall cost of the system. 
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Objective: Demand response programs (DRPs) are considered a promising solution to 

address the variability and uncertainty of renewable generations. Heat pumps (HPs) as 

responsive loads are prone to participate in DRPs. HPs participation in DRPs will lead to 

changes in the buildings’ temperature and, correspondingly, the occupants’ thermal 

comfort (OTC). If these programs are not planned wisely, HPs owners’ tendency to 

participate in DRPs will reduce, and power system operators will be deprived of the 

DRPs benefits. This work proposes a new ASHRAE55-based framework to guarantee 

the OTC. Information gap decision theory (IGDT) is also used to address the uncertainty 

of renewable generation. Then, an objective function is defined to simultaneously 

optimize the power consumption of HPs and the uncertainty of wind turbine generators. 

To find the optimal solution, the standard and adaptive fuzzy PSO algorithms are used. 

For determining the participation of HPs in the DRPs, there is a conventional scenario in 

which the temperature of each residence should be limited to the range defined by the 

occupant(s). The simulation results verify the superiority of the proposed scenario over 

the conventional one.  

 
 

Nomenclature   

𝐷𝐺         Distributed generation 𝑇𝐴𝐵𝑆 Thermally Activated Building System 

𝐷𝑆𝑂       Distribution system operator 𝑉𝐹𝐷 Variable frequency drive 

𝐷𝑅𝑃𝑠 Demand response programs 𝑉𝑆𝐻𝑃𝑠 Variable speed heat pumps 

𝐷𝐿𝐶 Direct load control 𝑊𝑇 Wind turbin 

𝐻𝑃𝑠 Heat pumps 𝐴  Area of room surface (m2) 

𝐼𝐺𝐷𝑇 Information gap decision theory 𝐶𝑂𝑃  Compressor coefficient of performance 

𝑀𝐼𝑇 Massachusetts Institute of Technology 𝑐𝑠ℎ𝑐  Specific heat capacity [J/kg.K] 

𝑂𝑇𝐶 Occupants’ thermal comfort ℎ  Convective heat transfer coefficient [W/(m2.K)] 

𝑃𝑀𝑉 Predicted mean Vote 𝐼𝑐𝑙 Clothing insulation[m2°C/W] 

𝑃𝑆𝑂 Particle swarm optimization process 𝑘  Clothing insulation[m2°C/W] 

𝑅𝐴 Risk-averse strategy 𝑘𝜔, 𝑘𝐶  , 𝑘𝑒     VSHP steady state linear model  coefficients 

𝑅𝑆 Risk-seeker strategy 𝐿 Thickness of the room surface (m) 

𝑇𝐴𝐵𝑆 Thermally Activated Building System 𝑘𝑜𝑓𝑓𝑠𝑒𝑡VSHP steady state linear model coefficients 

𝑉𝐹𝐷 Variable frequency drive  

𝑉𝑆𝐻𝑃𝑠 Variable speed heat pumps  
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𝑅𝑐𝑣 Convective resistance[m2 K w-1] 

𝑅𝑐𝑑 Conductive resistance[m2 K w-1] 

𝑇𝑒−𝑎𝑖𝑟 Ambient temperature [°C] 

𝑇𝐶−𝑎𝑚𝑏 Outdoor air temperature [°C] 

𝜌 Density of the surface materials 

[kg/m3]] 

 ωr Compressor speed [rad/s] 

PHPs,n Heat pumps consumption in bus no.n 

[kW] 

Pmin Heat pump minimum consumption 

[kW]] 

Pmax Heat pump maximum consumption 

[kW] 

Pmax Heat pump maximum consumption 

[kW] 

P𝑇𝑚𝑖𝑛  Heat pump consumption correlated to 

Tmin[kW] 

P𝑇𝑖𝑑𝑒𝑎𝑙  Heat pump consumption correlated to 

Tideal[kW] 

Tmin Indoor air temperature correlated to 

PMV=-0.5 [℃] 

Tideal Indoor air temperature correlated to 

PMV=0 [℃] 

Tmax Indoor air temperature correlated to 

PMV=+0.5 [℃] 

𝑓 Objective function 

 

𝑋 Vector of decision variables 

𝜓̅ Predicted value of the uncertain parameter 

𝜓 Realized value of the uncertain parameter 

𝛼 Uncertain radius of uncertainty 

𝛼̂ Maximum radius of uncertainty 

𝐻 Vector of inequality constraints 

𝛤 Set of all equality and inequality constraints 

𝐺 Vector of equality constraints 

Ʌ Critical value of the objective function 

Pnet Network power provision [kW] 

Ploss Network power loss[kW] 

PHPs HPs power consumption[kW] 

𝑊𝑇
̅̅ ̅̅  Predicted value of the WT active power 

generation 

CI Congestion index [MVA] 

CI𝐶  Critical value of the CI [MVA] 

SL Power flow in line L [MVA] 

SLmax Maximum power flow in line L [MVA] 

𝑀 Metabolic Rate[met] 

𝑃𝑚 Compressor mechanical input power [kW] 

𝑄ℎ𝑝 Heat pump thermal energy [kW] 

 

I. Introduction 

The global warming phenomenon and its devastating 

effects have compelled many countries to sign international 

agreements to clear the way for the world’s energy policy. 

The Paris Agreement [1] is a landmark in this regard. 

Decarbonizing the power sector by increasing the integration 

of renewable energy and electrification of transportation and 

heating/cooling sectors should be considered as two steps to 

implement the agreements. Solar photovoltaic and wind 

turbines have experienced the fastest expansion among 

different renewable generation technologies. These 

technologies accounted for 90% of the new renewable 

generating capacity in 2022. However, the rising penetration 

level of renewable energy sources leads to the mismatch 

between renewable supply and demand because of the 

unpredictable and variable nature of wind and solar resources. 

One option to address the problem is to shift the paradigm of 

energy use and production from "production p Within the UK 

domestic sector, space and water heating comprise 80% of the 

energy consumption. Furthermore, by 2030, the UK might 

have 9 million Heat Pumps (HPs), shifting a portion of 

heating energy resources from gas to electricity. A survey 

found that nearly 90 percent of American households have 

HPs of some sort; hence, these loads have a high potential to 

be deployed by demand response programs (DRPs).ursuing 

demand" to "demand  

pursuing generation". Therefore, one promising DRPs option is 

HPs consumption control for managing the uncertainty and 

curtailment of renewable energy resources [2, 3]. This paper 

investigates the effect of using HPs in managing wind power 

uncertainty. Controlling the consumption of HPs in the form of 

DRPs affects the temperature of people's living/working 

environment and their thermal comfort.  

Therefore, the thermodynamic model of residences should 

also be considered. Since a few numbers of papers 

simultaneously examined three topics including the OTC, 

uncertainty management, and buildings thermal networks, the 

review of references has three subsections including 

uncertainty management, OTC, and thermodynamic models of 

buildings.  

a) OTC related publications: From the OTC perspective, 

three different visions were investigated by authors: 

• Feedback based: In this category, the data from an 

experimental room provided the main foundation of the 

method. With the aid of a supervisory control strategy called 

smart zoning in every room of the building, set points were 

regulated so that the whole building's performance was 

optimized from energy consumption and OTC perspectives [4]. 

In [5], a two-level supervisory closed-loop feedback strategy 

was exploited. At the first level, each building used a local 

closed-loop feedback controller that only analyzed local 

measurements; at the upper level, a centralized unit monitored  
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updated the local controllers to optimize energy cost and 

thermal comfort. Anand et al. [6] utilized three occupancy-

based HPs operational strategies to optimize energy 

consumption and indoor air quality when a typical variable air 

volume system served multiple zones inside a building. Based 

on the duration residents occupied a specific room, the amount 

of air entering the area and the temperature were set. In the 

abovementioned references, OTC was utilized only to prove 

the effectiveness of the proposed methods and not as their 

foundation. Moreover, the main reason for HPs introduction 

into electrical surveys is their remedial capability in the future 

operational issues of renewable-dominated energy systems. 

Therefore, ignoring operational objectives, constraints, and 

interactions of these loads with power systems (especially low-

voltage grids) would not be appropriate. Moreover, as each 

occupant would have his behavior or each room in a building 

could have a different occupancy pattern, the control algorithm 

will be too elaborate for distribution system operator (DSO) or 

load aggregator to adopt for a large number of HPs. 

• Consumer ideal temperature range: For the day-ahead and 

intra-day scheduling of the operation of heating units within a 

city section, Diekerh et al. [7] used a hierarchical robust 

distributed optimization algorithm. The paper concentrated on 

optimization methods, and each consumer introduced a 

separate objective function (OF) to be optimized. In [8], 

considering self-defined occupant thermal comfort, a mixed-

integer linear programming approach provided optimal 

scheduling for electrical loads in a smart building. The OTC 

defined the degree of flexibility offered by the HPs. A 

consumer could define the degree of flexibility; however, it 

should be determined by the DSO so that OTC is assured while 

operational and power market issues are managed. Marco Pau 

[9] quantified customer flexibility with an optimization 

method. Each consumer introduced an ideal range for 

temperature variations. 

• OTC ignorance: An economic model of predictive 

control was proposed in [10] to explore how district heating 

companies can use power-to-heat devices and traditional 

central cogeneration to balance the generation and 

consumption of electric energy in smart grids. The authors of 

[11] proposed a method that controls HPs based on local price 

to avoid the overload in systems; however, they ignored the 

OTC. Mendeza et al. [12] represented a control model for HPs.  

DR signals from the power market altered the loads' thermal 

setting to improve the magnitude of the network voltage; 

however, the effect of HPs set points alteration on the OTC 

was not investigated. The authors of [13] introduced an 

aggregated electro-thermal model for a group of houses. 

Energy consumption moved in time to balance the grid. 

Thermal discomfort was permitted. They considered large 

energy storage capacities to shift energy consumption to the 

periods in which high penetration of renewable energy sources 

happened. In [14], no calculation was carried out to understand 

if users-defined thermal comfort is following their real thermal 

needs. An optimization procedure achieved coincident power 

peak shaving in the distribution grid and provided the required 

thermal comfort for end-users. Kim et al. [15] modeled the 

thermal dynamics of variable speed heat pumps (VSHPs) using 

a set of piecewise linear equations for two different methods 

of room temperature control; however, the results were so 

contingent upon how an occupant defined his suitable thermal 

comfort. Abyaneh et al. [16] introduced a probabilistic 

nonlinear model for maximizing multi-energy storage and 

demand response flexibility. The proposed model has provided 

adjusted temperatures for consumers. The temperature was not 

based on occupants’ real thermal needs, and no specific index 

was proposed for evaluating the OTC. 

• b) Uncertainty related studies: In [17], to obtain the 

optimal locations of wind power plant installation, the 

uncertainty of electrical loads and wind power and their 

correlation have been considered. Considering the correlation 

between hourly loads and wind power variations mitigates the 

mismatch between the load profile and wind power. 

Malekijavan et al. have proposed a method to optimize the 

operating and reliability costs of an energy hub while 

considering uncertainties of loads, energy price, electrical 

vehicle demand, and equipment availability [18]. In this study, 

the OTC is ignored to be considered as a constraint in the 

optimization problem. In [19] micro-grid operation was 

optimized by considering reliability, flexibility, and 

environmental constraints. In this study, the renewable energy 

generation uncertainty was addressed using stochastic 

programming. The optimal energy management and operation 

of networked microgrids using dispatchable (fuel cell and 

microturbine) and non-dispatchable units (wind turbine and 

solar units) have been investigated by Vosoogh et al. [20]. In 

this study, a stochastic framework has been utilized to solve 

the optimal economic dispatch of the units and investigate the 

uncertainty effects of renewable energy resources, electric 

vehicles, and load demand. The abovementioned references 

utilize stochastic planning methods to deal with uncertainties 

of renewable generations which were not as helpful as the 

IGDT when micro-grids are subject to severe uncertainty. In 

[21] a multi-timescale economic scheduling model considering 

the uncertainty of wind power has been proposed. Day-ahead, 

intraday, and real-time scheduling periods were considered in 

which wind power prediction accuracy was improved, and 

optimal planning was carried out using the appropriate 

methods. In the presented model, the prediction error range 

must be specified in advance. Otherwise, the model will not be 

applicable, and the IGDT should be substituted for the 

proposed method. In [22], the interval optimization method 

considers the uncertainty of wind power and photovoltaic units 

in a combined cooling, heating, and power system. The 

advantage of this study is that, in addition to the energy cost, 

carbon oxide emissions are also minimized. The interval 
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optimization method requires the lower and upper limits of 

uncertainty parameters. So, this method is impossible to 

implement without knowing these boundaries. Authors in [23] 

minimize the total energy cost of the multi-carrier microgrids 

and decrease CO2 emission rates by considering HPs. 

Uncertainties associated with a wind turbine (WT), electrical 

loads, electricity market price, and behavior of the electric 

vehicle are considered. Coelho et al. propose an optimization 

model to use the flexibility of multi-energy systems to mitigate 

the uncertainty associated with wind generation [24]. Correa et 

al. present an optimization model for home energy 

management systems while the uncertainty of energy prices, 

PV production, and load are considered [25]. OTC has been 

ignored in all the above-mentioned references. Probability 

density or the membership function-based, IGDT-based and 

hybrid-based frameworks were proposed in researches to deal 

with the renewable energy resources uncertainty. In a network 

with severe uncertainty in the wind power profile, the IGDT-

based method was proved to be more effective with less 

computational burden [26]. In [27], a hybrid stochastic/IGDT 

approach is utilized to optimally schedule a wind-based energy 

hub and manage the electricity price uncertainty while the 

OTC was ignored. Murphy et al. study both opportunistic and 

conservative effects of a WT uncertain generation on the 

standard distribution system congestion [28]. Fixed integrated 

pre-determined multi-level of load flexibility has been 

assigned to the nodes (one node for each level of flexibility) 

with the dominant effect on the congestion (as the OF) to 

exhibit the effectiveness of the DRPs on uncertainty 

management problem. A two-step optimal operating procedure 

for a community-integrated energy system was presented by 

Wang et al., addressing multiple uncertainties and integrated 

demand response [29]. In [30], a stochastic framework for 

residential energy management in multi-carrier buildings has 

been proposed. Thermal and electrical loads are categorized as 

price-responsive and non-responsive loads. The authors of [31] 

consider the electrical chiller as the cooling supplier of an 

office building. A two-step hierarchical microgrid energy 

management method for an office building is proposed that 

accounts for uncertainties from renewable generation, electric 

load demand, outdoor temperature, and solar irradiance while 

ignoring the OTC impacts on the system flexibility. A 

resilience-oriented stochastic framework considering 

integrated demand response is proposed in [32] to improve the 

overall economy and system resiliency, whereas HPs' high 

potential for managing uncertainty is ignored. 

• c) Thermodynamic models for buildings: 

Simplified dynamic models of buildings are gaining more and 

more attention recently. TABULA and EPISCOPE are two 

European projects that provided a compatible structure for 

classifying building types and constructing building 

archetypes based on statistical analyses of large building 

samples [33]. Detailed analyses of buildings’ models are 

proposed in [34-36] as well as international standard ISO 

13790 and the German Guideline VDI 6007. The system 

domain in these models is approximated by a series of nodes 

connected by thermal resistances and capacitances. Their main 

advantage is that once the parameters are identified, the system 

can be solved analytically, avoiding the problems that arise in 

numerical schemes. In [34] an elaborated thermodynamic 

model of an experimental room is introduced. The reference 

did not study the distribution system operational limits and 

system-wide effects of HPs consumption alteration. The model 

is developed in [35] for HPs control methods investigations. In 

[36], reduced-order thermal response models of twelve 

representative German building types in three insulation states 

were proposed. The DRPs potential of the buildings’ structural 

thermal mass (called passive storage) was used in two 

predefined cases. In the discharge case, HPs are actively 

switched off, while the heat demand is covered by the passive 

storage discharge. In charge case, HPs are actively switched 

on regardless of the current heat requirements by overheating 

the passive storage. HPs have an on-off controller which is an 

old control method and could create power quality 

consequences, especially if the degree of HPs penetration 

grows in the future; 20℃ to 22℃ is considered as the comfort 

band without introducing any criterion. 

In the abovementioned references, RC models are used for 

the electro-thermal simulation of buildings. Consequently, 

each model can be selected to demonstrate the effectiveness of 

the proposed method in WT uncertainty management. The 

thermal network introduced in [34] is a thermodynamic model 

modified for electrical applications. Therefore, the model is 

utilized by this paper for the investigations of the building’s 

thermal behavior. 

ASHRAE55 standard [37-38] creates a framework for the 

OTC determination that depends on occupants' physical and 

environmental status. In other words, this standard will 

transform the OTC from a personal interpretation-based factor 

to a measurable and calculable one. This work evaluates 

temperature ranges that guarantee the OTC. Consequently, 

DSO would count on steady and maximum HPs flexibility to 

overcome operational problems and postpone low voltage 

grids' future expansion. HPs consumption is a decision 

variable in this work's optimization algorithm rather than the 

source of uncertainty. HPs consumption control is considered 

a tool to save/benefit the DSO and the low voltage network to 

a specific level of decrease/increase in the WT power 

generation. Finally, DSO with direct load control (DLC) 

signals changes HPs set points or consumption in each bus of 

the test system. The contributions of this study are summarized 

as follows: 

• Based on the ASHRAE55 standard and RC-network 

representations of examined building models, a new OTC-

ensured HPs DRPs participation framework is proposed to 

introduce the loads as tools of WT uncertainty management. 
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• The core of the IGDT method is an OF which is used for 

optimizing the permissible renewable energy forecast error.  

This work adds a HPs consumption-related term to the 

function which has a positive influence on the forecast. 

 The rest of this paper is organized as follows. System 

modeling, thermal comfort and calculation of OTC-assured 

HPs consumption boundary are explained in section 2. The 

IGDT and optimization process are proposed in section 3. 

Simulation results are depicted in section 4. Finally, the 

conclusion is drawn in the last section. 

 

II. System modeling 

A. MIT experimental room’ thermal network 
The building is located at MIT and divided into two parts: 

Climate Room and Test Room. The outdoor temperature 

changes are simulated by changing the climate room 

temperature. The test room is equipped with Thermally 

Activated Building System (TABS) ventilation system (Fig.1). 

The system provides resilience complexes with warm water. 

Hot water pipes pass through the floor. The walls are made of 

layers of thermal insulation and concrete. Each layer is defined 

by its thickness, thermal conductivity, specific heat capacity, 

and density. The test room has a heater and lighting. The heat 

generated by these sources simulates thermal losses. 

In this work, DLC signals, via a Variable Frequency Drive 

(VFD), control compressor speed, rate of the working fluid, 

and power consumption of a VSHP in a central load 

dispatching center or local control center (Fig.2). The signals 

are applied according to the DSO operational /power market 

goals, while the indoor air temperature is maintained at hourly 

based, OTC-assured limits. All residents’ complexes are 

assumed to have the same structure as the experimental room.  

In Fig.3 thermal network of the room is introduced. 

Conductive and convective resistances are modeled by 

electrical resistances. The electrical equivalent of temperature 

is the voltage source, and heat gains are modeled by voltage 

and current sources, respectively [35].   Qhp is the thermal 

energy injected into the building, and Te-air is the operative 

temperature. The values of convective thermal resistance 

(Rcv), conductive thermal resistance (Rcd), and thermal 

capacitance (C ) could be obtained via (1)-(3). 

1
.( . )Rcd L k A

−
=   

(1) 

( )
1

.Rcv h A
−

=  
(2) 

. . .
shc

C c L A =  
(3) 

L and A are the thickness and area of the room surface, 

respectively. ρ and cshc are the density and specific heat 

capacity of the surface materials. Also, k and h are the 

conductive and convective heat transfer coefficients; indeed, h 

is set to 5W/ (m2.K), regardless of the surface characteristics, 

although all the convective resistors are denoted as Rcv. All 

parameters in the RC model are calculated based on the 

experimental room characteristics proposed in [34].   

B. Occupants’ thermal comfort 

Thermal comfort is a mental state that expresses the degree of 

satisfaction of a person from the thermal conditions of the 

environment. There are several physical parameters involved 

in thermal comfort. Two conditions must be fulfilled to create 

thermal comfort: 1-The composition of the temperature 

produced inside the body and the skin temperature create a 

neutral thermal sensation (not cold or warm), and 2- The 

energy balance is created in the body, which means that the 

heat generated by the metabolism is equal to the temperature 

exchanged between the body and the environment. 

Relationships between skin temperature parameters, the 

degree of heat inside the body, and the amount of physical 

activity create a neutral sense of warmth in experimental 

studies. In these experiments, transpiration rate and skin 

temperature are measured for different amounts of body 

metabolism, while the person under the test has thermal 

comfort in all conditions. What makes looking into thermal 

comfort vital is its remarkable impact on residents’ satisfaction 

with consistent DRPs participation. Therefore, HPs DRPs will 

be reduced if the OTC is ignored by the DSO. 

Predicted Mean Vote (PMV) is a seven-point scale for heat 

sensation. This index allocates a number for the degree of 

thermal sensation of individuals. According to an occupant's 

clothing, metabolism, and physical conditions, the room 

temperature equals a specified PMV. PMV could be positive 

or negative. The positive values of the table (1) are equivalent  

to the temperatures in which the residents feel a little heat, 

and the negative values of the table correspond to the 

temperatures that will cause the residents to feel a little cold. 

The ideal residence's temperature is the one that occupants feel  
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Fig1. Experimental room. 
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Fig2. Heat loads in a bus. 
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TABLE 1 

PMV AND THERMAL SENSATION 

PMV THERMAL INDICATION 

+3 Too warm 

+2 Warm 

+1 A little warm 

0 Neutral 

-1 A little cold 

-2 Cold 

+3 Too warm 

+2 Warm 

+1 A little warm 

0 Neutral 

thermally neutral.  The ASHRAE55 standard introduces (4) 

as the allowable range for PMV deviation from the ideal value 

(PMV=0). 

0.5 0.5 PMV−   +  (4) 

In the following section, the temperature range in which the 

constant regulation of the indoor air temperature ensures the 

OTC is determined (the temperature range equivalent of (4)). 

For the internal space temperature of a house, this work 

defines ‘Tideal’ as a temperature in which the PMV index is 

zero; ‘Tmin’ is the minimum permissible temperature in which 

PMV=-0.5 and occupants feel a tolerable sense of coldness, 

and ‘Tmax’ is the maximum allowable temperature in which 

PMV=+0.5 and occupants have an endurable sense of warmth. 

Tmin, Tmax, and Tideal are determined using a relationship 

between the operative temperature and PMV [37- 39]. 

C. OTC-assured temperature boundary 
PMV equation is denoted as follows: 

_
, ,( , , )

e air r cl
PMV M W ITf t=

 
(5) 

Two different groups of information should be provided:  

• Occupants’ physical characteristics include their 

metabolic rate (M), effective mechanical power (W) that is 

dependent on the type of activity, and thermal insulation of 

occupants’ clothing (Icl).  

• Environmental characteristics include airspeed, relative 

humidity, operative temperature (Te_air), and mean radiant 

temperature (tr). Te_air describes the combined effects of 

convective and radiant heat transfer, and tr shows the radiation 

temperature of surrounding surfaces. 

 Most of the needed parameters could be estimated by 

statistical methods. In system-wide investigations, the number  

 

 

 

 

 

 

 

 

of HPs is high, and each occupant would feel thermal 

discomfort even if the indoor temperature is maintained in the 

OTC-assured boundary (Eq.5); therefore, in this work, a day is 

divided into three time periods. In each period, all effective 

parameters on residents’ sense of warmth, except HPs injected 

thermal energy (Qhp), are assumed to have minimum possible 

values defined by the standard (Table.2). The assumptions are:  

• The mean radiant temperature is assumed to be the 

minimum ASHRAE55-defined value (10℃). In this way, the 

effect of residents surrounding objects in heating the building 

is minimized; especially in the daytime, the radiant 

temperature is higher than 10℃ , and residents' sense of 

warmth increases. In other words, HPs are assumed as the only 

means of providing thermal energy for residents. 

• Tables in Appendix B of the ASHRAE55 standard are 

used to estimate the clothing insulation parameter (Icl). The 

maximum value of the parameter is 1, which represents typical 

winter indoor clothing. For the period between 9 PM-7 AM, 

Icl is assumed to be 1. Usually, at night time residents wear 

clothes with higher insulation values. For example, using a 

multi-purpose quilt and wearing full-slip sleepwear at night 

can raise the Icl to 4.56 [40]; the PMV and thermal sensation 

of occupants will be more than what is considered by the DSO.  

• The parameters related to the weather have been selected 

based on Tehran's monthly and annual statistics [41-42]. 

• For 9 PM-7 AM and 5 PM-9 PM periods, archetypal 

activity levels (M) are supposed for occupants. From 8 AM to 

4 PM, an activity with a low metabolic rate is assumed for 

occupants. More common daytime activities increase the 

metabolic rate, PMV, and occupants' thermal sensation. Based 

on the above assumptions and Eq.4, Tmin, Tideal, and Tmax 

are calculated and depicted in Fig.4.      

The operative temperature should be held at the boundary 
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Fig.3. Electro-thermal network of the experimental room. 

TABLE 2 

TYPICAL CLOTHING INSULATION AND ACTIVITY 

Time 

period 
ICL 

Residents’ clothes M Resident’s 

activity 

10PM-

7AM 

1 Typical winter 

indoor clothing 

40 Sleeping 

8AM-

4PM 

0.85 Long sleeve shirt 65 Typing 

5PM-

9PM 

0.96 Sleep wear pajama 

tops 

100 Housework 

5PM-

9PM 

0.96 Sleep wear pajama 

tops 

100 Housework 
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known as the OTC-assured temperature boundary (6). 

_min maxe air
T T T   (6) 

D. The relationship between OTC-assured temperature 

boundary and VSHP power consumption 

The thermal network of the experimental room can be 

utilized to calculate the energy needed to maintain the 

operative temperature in the OTC-assured boundary. 

The equivalent network is a thermodynamic circuit; 

nonetheless, the dynamic behavior of the building model is 

ignored. The reason is that the presented approach in this work 

changes the temperature of a building in a range that, at all 

points, OTC is assured. In other words, in all temperature 

values between initial and steady-state values, the OTC is 

guaranteed, and HPs are exploited for handling network 

operational issues. Therefore, the steady-state response of the 

building is considered. 

For example, the OTC-assured boundary is between 18°C 

and 21°C on a winter night. According to the step response 

(Fig.5), it takes 4000 sec. (nearly 1 hour) for the indoor air 

temperature to rise from 18°C to 21 °C and vice versa. If the 

DLC signal is applied an hour before the schedule (in the form 

of the day-ahead operational planning), then the temperature 

will be set at the intended value; therefore, the thermal 

behavior of the building between initial and steady-state values 

could be ignored. 

 

  

VFD
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Compressor

DLC signals
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Fig. 6. Schematic diagram of a heat pump heating cycle. 

E. Modeling of a DLC-enabled VSHP 

Fig.6 shows that VSHP comprises an evaporator, a 

compressor, a condenser, and an expansion valve. The heating 

cycle of a heat pump extracts heat from the air outside, raises 

its temperature, and heats indoor air with warm air. Liquid 

refrigerant transforms into a gas by absorbing the outdoor air 

heat in the evaporator. The compressor raises the gas pressure 

and temperature. The hot gas passes through a condenser coil 

in the indoor space. Its temperature is higher than the indoor 

air temperature. Therefore, the gas transfers heat to the indoor 

space and condenses into a liquid. Eventually, the fluid passes 

through the expansion valve. The cycle terminates by lowering 

the liquid's pressure and temperature. 

The shaft speed (ωr), condenser ambient temperature (TC-

amb), and evaporator air temperature (Te-air) are the input 

variables for the VSHP model. Only ωr is controlled. 

Compressor mechanical power (Pm) and heat rate (Qhp) are 

the output variables. Additionally, the coefficient of 

performance (COP), which is defined as the ratio of Qhp to Pm, 

is used to assess the VSHP performance. The power usage of 

the fan is disregarded. Compression consumes the majority of 

the VSHP input power. VSHP has a dynamic behavior in 

response to the DLC signals; however, as stated earlier, the 

DLC signal was applied long enough before the instant of 

operation; therefore, in this work, a linear steady state function 

has been utilized for VSHP modeling (7). 

0 0 0m r C C amb e e air offset
P k k T k T k




− −
= + + +

 
(7) 

In [31], multiple polynomial regressive algorithms were 

applied to 2210 different combinations of the input variables 

over typical VSHP operating points to find the coefficients kω, 

kC, ke, and koffset. Te-air0 is the indoor air temperature 

ensuring the OTC. It is determined by the PSO algorithm; Tc-

amb0 is the outdoor air temperature and a known variable; 

therefore, the equation is deployed to find the speed ωr0 which 

is necessary for producing the mechanical power Pm. 

Subscript ‘0’ denotes the parameter values at steady condition. 

F. HPs minimum and maximum consumption calculation 

for winter 

In this section Tideal, Tmin, and Tmax are employed to 

calculate the minimum and maximum HPs power consumption 

(Pmin and Pmax, respectively). In the following sections, 

Pmin and Pmax are utilized in the optimization procedure to 

 
Fig4. Tmin, Tideal and Tmax in a winter day.  

 

Fig. 5. Step response of the building. 
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determine HPs flexibility in DRPs. Any value for HPs 

consumption between Pmin and Pmax determined by the PSO 

will satisfy the OTC. 

In winter, if the outdoor temperature becomes lower than 

Tmin, then the minimum power consumption of the HPs is 

equal to the power needed for heating the temperature to Tmin. 

The maximum consumption of the HPs is the power for 

heating the temperature to Tideal. When the temperature is in 

other areas, the minimum and maximum consumption of HPs 

are determined using the Eq. (8). 

max,min

max

min

min

max min max

0

=
 

=

= =  

 
 
   



HP

ideal

ideal

T

ideal

T ideal

P P
T T T

P P

P P P T T T Tor

 

(8) 

P_(T_ideal ) is the power needed to maintain indoor air 

temperature at Tideal.  

Temperature is a constant parameter; therefore, in [35], a 

‘voltage source’ is considered the electrical equivalent of 

temperature. The current source is the electrical equivalent of 

HPs thermal power (Qhp). In the experimental room model 

(Fig.3), at a specific hour, for a definite value of ambient 

temperature (Tambient), a certain value of Qhp is needed for 

heating the building to Tmin /Tideal. Te_air (the indoor air 

temperature) is replaced by a voltage source with the value 

Tmin /Tideal. HPs power consumption for generating Qhp is 

determined using the COP. The index is supposed to be 0.7. 

G. Test network 

The chosen test network under examination is a modified 

IEEE 33-bus test system. The technical data of the network is 

provided in [43]. The modification includes a WT installation 

in bus no.18 and 20% of HPs penetration in each bus (Fig.7). 

III. Uncertainty management of renewable 

generations using HPs 

This work introduces a decision-making framework that 

exploits HPs and a WT reactive power generation capability to 

manage the uncertainty of wind power. Occupants’ thermal 

comfort is assured consistently. PSO is employed to determine 

optimized decision variables. 

A. Uncertainty Modeling 

The general optimization problem is defined in (9) - (11), 

where a series of decision variables optimize the OF. Equality 

and inequality constraints will limit the optimized decision 

variables' values. 

X is the vector of decision variables, ψ ̅ is the predicted 

value of the uncertain parameter, Γ is the set of all constraints, 

H and G are the set of inequalities and equalities for the 

variables X. 

B. IGDT Risk Averse (RA) strategy 

If the OF is optimized based on 𝜓̅, then underestimation of 

the wind forecast will deteriorate the OF from the optimized 

value. In this case, the DSO, as the decision maker, specifies 

the maximum tolerable deterioration in the optimized value of 

the OF(15). In return, IGDT determines X and the maximum 

manageable underestimation of wind forecast (𝛼̂ in (12)). If 

the DSO operates the network based on the vector X, then for 

the uncertainty gap between zero and 𝛼̂, the value of the OF is 

restricted to the DSO pre-specified critical limitation (15) and 

all constraint equations remain true ((13) and (14)). IGDT Risk 

Averse (RA) strategy is formulated as: 

ˆ ( ,max ) 
X

X  (12) 

n ineq
( , ) 0, n  H X  (13) 

( , ) 0,
eq

m = 
m

G X  (14) 

 
C bc

ˆ max | f ( , ) (1 )f =     = +X  (15) 

U( , )    =
 − 

 


 (16) 

min ( , )
X

f X   (9) 

n ineq
( , ) 0, n H X    (10) 

( , ) 0,
eq

m = 
m
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Fig7.Modified IEEE 33-bus test system. 
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C. IGDT Risk Seeker (RS) strategy 

Overestimation of the wind forecast will improve the value 

of the OF. IGDT in the RS approach calculates a minimum 

value for the radius of uncertainty (17) that leads to a pre-

defined improvement of the OF (20). 

ΛO as a pre-defined opportunistic limit, is hoped to be achieved 

when the realized values are the improved version of the 

forecasted ones. The expected level of the OF improvement is 

βo. The minimum value of α is   which should be determined, 

while the value of the OF is kept below the parameter ΛO. 

D. Decision variables 

Decision variables include HPs consumption in each bus. 

E. Optimization procedure 

The objective of an optimization problem is to identify a 

variable represented by a vector X=[x1,x2,x3,...xn] that 

minimizes or maximizes a cost function known as the fitness 

function or the objective function. The position vector, X, is an 

n-dimensional variable vector where n is the total number of 

variables in the problem. The OF evaluates the quality of a 

specific position vector X. Particle Swarm Optimization 

(PSO) is a metaheuristic optimization technique that solves 

challenging optimization problems with high efficiency and 

simplicity. However, several PSO variations exist because 

the performance of the normal PSO is prone to be caught in 

local extrema. Fuzzy logic concepts have widely improved 

the PSO algorithm. In this study, the performance of a 

modified version of PSO algorithms known as Adaptive 

Particularly Tunable Fuzzy Particle Swarm Optimization 

(APT-FPSO) is compared with the performance of the 

standard PSO. The standard PSO compares the outputs of 

this work's presented scenarios. Section 5 demonstrates that 

APT-FPSO produces more acceptable results than the 

standard PSO. In [38], PSO and in [39], APT-PSO 

optimization methods are, respectively, introduced. The 

standard PSO compares the outputs of this work's presented 

scenarios. Section 5 demonstrates that APT-FPSO produces 

more acceptable results than the standard PSO. In [38], PSO 

and in [39], APT-PSO optimization methods are, 

respectively, introduced.   

PSO for each iteration generates a swarm of P position 

vectors (X). The velocity vector (V) moves the position vector 

from one iteration to the other one (toward a more optimal 

version). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The parameter w is the inertia weight with a positive constant. 

The parameter balances the global and local searches. The first 

search is known as exploration, and the second search is known 

as exploitation. Higher values of w dominate exploration; 

however, lower values of the parameter dominate exploitation.  

𝑝𝑏𝑒𝑠𝑡𝑖
𝑡  is the personal best record of the ith particle in the tth 

iteration, and 𝑔𝑏𝑒𝑠𝑡𝑡  is the global best in the tth iteration; r1 

and r2 are random numbers within the range [0; 1]; c1 and c2 

and are constants known as the personal and global learning 

coefficients, respectively. 

F. The developed adaptive particularly tunable fuzzy PSO 

algorithm 

As already mentioned, the standard PSO variants have 

facilitated the algorithm from premature convergence 

phenomena. The main objective of PSO variants is to achieve 

an adaptive, dynamic, well-balanced strategy for adjusting 

PSO’s setting parameters during exploration and exploitation. 

Fuzzy Adaptive algorithms are more useful than other variants 

of the PSO. They utilize fuzzy logic concepts to tune the 

setting parameters of the PSO algorithm adaptively and 

dynamically. The Adaptive Particularly Tunable Fuzzy 

Particle Swarm Optimization (APT-FPSO) proposes the best 

strategy for balancing between exploration and exploitation 

[46]. Section IV demonstrates that APT-FPSO produces more 

acceptable results than the standard PSO. In [44], PSO and in 

[45], APT-PSO optimization methods are, respectively, 

introduced. The standard PSO compares the outputs of this 

work's presented scenarios. 

The Mamdani fuzzy inference system (FIS) has two inputs. 

The first input normalizes the iterations (NIt) from the start 

(NIt = 0) to the end (NIt = 1) of the algorithm. Eq. (24) 

represents the normalized iterations. 

ˆ ( , )min 
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Uses the previous 

solutions, 

determines the best 

solution of a 

specific region. 

Diversification: Looks for novel 

solutions and identifies areas that 

may have the solutions. 

Inertia: Makes 

particles move in the 

same direction and at 

the same speed. 
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individual. Using the 

previous position 
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Makes the particle 

follow the best 

neighbors’ direction 
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Current iteration
NIt =

Maximum number of iterations
 (24) 

Three linguistic variables "Low", "Medium", and "High" 

and corresponding three Gaussian Membership Functions 

(MFs) fuzzify the normalized iterations. The second input of 

the developed FIS is the fitness value of each particle. The 

APT-FPSO algorithm uses the best and worst swarm fitness 

values at each iteration to normalize particle fitness. (25) 

formulates the normalized fitness index (NFI). 

t ,i t

t t

fitness min(fitness )
NFI

max(fitness ) min(fitness )

−
=

−
 (25) 

fitnesst,i is the fitness value of the ith particle in the tth iteration. 

The max(fitnesst) and min (fitnesst) are the maximum and 

minimum fitness values of the swarm in the tth iteration, 

respectively. Three Gaussian MFs are the second input NIt 

linguistically called low, medium, and high. Fig. 8 (a) and 

Fig.8 (b) indicate the inputs of the developed FIS. The outputs 

of the proposed FIS are personal and global learning 

coefficients, i.e., 𝑐1,𝑡
𝑖 and 𝑐2,𝑡

𝑖 .Their values are proved to be 

within the range [0.5, 2.5] in [41, 42]. 𝑐1,𝑡
𝑖 and 𝑐2,𝑡

𝑖 are the 

learning coefficients of c1 and c2 for the ith particle in the tth 

iteration respectively. Five triangular MFs represent the 

outputs of the developed FIS known as, very low, low, medium, 

high, and very high (𝑐1,𝑡
𝑖 and 𝑐2,𝑡

𝑖 ). Briefly, the developed FIS 

  

  

Fig.8 Membership functions of inputs (a, b) and outputs (c, d) of the developed FIS 

 
 

(a) (b) 

Fig9. Surfaces of the inputs and the outputs for the rule-base structure No.1. 



153      Thermal Comfort-Based Heat Pumps… /Sedaghat, et al 

 

 

 

has normalized iteration and normalized fitness index as the 

inputs, and two outputs known as  𝑐1,𝑡
𝑖 and 𝑐2,𝑡

𝑖 .  

The outputs of the algorithm are shown in Fig.8(c) and 

Fig.8(d) For the proposed inputs and outputs, many rule bases 

can be introduced with unique performances. The rule-base 

surfaces utilized by this work are shown in Fig.9. 

G. Objective function 

In this work, the OF is formulated as: 

T

33

T 1 2
n 2

(X, W )
HPs,n

DR0,n

f W G, k ( ) k
P

P=

= + +  (26) 

PHPs,n is the optimized consumption of HPs in bus No.n. PDR0,n 

shows the consumption of the loads when HPs offer no 

flexibility in bus No.n. G is a penalty factor which is a linear 

summation of constraints. PSO minimizes both terms in (26). 

The PSO utilizes HPs DRPs participation minimizing the first 

term. The second term is the IGDT OF and is defined as 

follows: 

(1 )
T T

W W= −  (27) 

(1 )
T T

W W= +  
(28) 

 
In RA and RS strategies, WT, as the realized value of the 

uncertain parameter, is related to the forecasted value by (27) 

and (28).  𝑊̅̅̅̅𝑇 is the wind power predicted value. 

H. Constraints 

• IGDT constraints: Critical and opportunistic values of CI 

are utilized as the DSO or the decision maker inputs to the 

IGDT-based PSO algorithm ((29) and (30)). 

32

C c
1

CI =(1 ) =(1 )= L
L

CI s 
=

 + +   

(29) 

 

32

O O
1

CI =(1 ) =(1 )= L
L

CI s 
=

 − −   
(30) 

• The power flow constraint: The power flow equation 

ensures that the power which the network and the WT provide 

((Pnet and PWT, respectively) is equal to the summation of HPs 

consumption (PHPs) and the network power loss (Ploss). 

net WT HPs loss
P P P P+ = +  

   

(31) 
• The operating limits of WT, HPs and bus voltages: The 

OTC-assured operating limit of HPs is (32).  Safe operating 

limit for bus voltages is formulated in (33). 

min HPs max
PP P 

 
(32) 

 

0.9 V 1.1
busj

pu pu   (33) 
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I. The role of heat pumps in uncertainty management 

The decision maker (DSO) defines specific values for the 

indices Ʌc, Ʌo, or β. Moreover, the limitations denoted in 

section 4.9.2, are inequality constraints of the optimization 

algorithm (the flowchart in Appendix A). The OF optimizes 

HPs consumption and the radius of uncertainty(α) 

simultaneously. Sections 4.9.2 and 4.9.3 prove that placing the 

term related to HPs consumption along with the one related to 

the IGDT will improve the output of the theory in both RA and 

RS strategies 

J. RA strategy 

For each iteration of the PSO, after determining the 

population, the Congestion Index (CI) is calculated by carrying 

out power flow while the constraint provided by the IGDT is 

examined (34). 

C O
CI or    (34) 

Candidate solutions with α closer to 1 are more liable to be 

selected as the final solution; according to (27), the network 

and the DSO will be protected against losing a higher portion 

of the WT generation. The higher value of α  ̂ corresponds to 

the lower value of the WT generation (27) and a higher value 

of CI. Because of the IGDT constraint (34), candidate 

solutions with α closer to 1 may not be the final solution. 

Therefore, the only obstacle to achieving values is the 

limitation provided by the IGDT. Placing the sentence related 

to the optimization of the HPs consumption in the OF and 

trying to reduce their consumption is an attempt to reduce the 

CI and achieve the PSO to populations with α closer to 1. 

K. RS strategy 

Candidate solutions with 𝛼̌ 𝑐loser to 0 are more liable to be 

selected as the final solution; according to (28), the amount of 

improvement desired by the DSO will occur for a lower 

increase in the WT generation. Therefore, the decision-maker 

can be more hopeful of realizing his optimism about the WT 

generation increase and the improvement defined in the CI. 

Reducing the consumption of HPs can have the same effect as 

increasing the generation of the WT on the CI. Therefore, the 

desired improvement will be achieved with a lower increase in 

WT generation. 

IV. Simulation results and discussion 

In section A and B conservative and opportunistic 

approaches have been taken into consideration, respectively. 

For every single case, the outputs are compared for two 

scenarios: 

• Scenario I (user-defined). Occupants’ pre-defined 

favorite temperature boundary is utilized for HPs consumption 

determination. The temperature is assumed to be 28 ℃ for 

winter and 18 ℃ for summer. Based on the typical wear of 

occupants in winter it is assumed that occupants intrinsically 

introduce temperatures which are equal to PMV +2 for winter 

and -2 for summer (Table.1).  

• Scenario II (DSO-defined). In this scenario which has 

been proposed by this paper, instead of using occupants’ 

personal view of the suitable temperature range (which is the 

most common way of HPs DRPs participation), ASHRAE55 
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is exploited to find the real thermal needs and the appropriate 

boundary for occupants. Consequently, the utmost HPs degree 

of flexibility will be achievable in DRPs. 

A. Conservative approach 

The first group of simulations are performed in a case in  

which underestimation of the wind forecast is of interest. 

Thus, the WT will generate less than what is expected (27). A 

‘base case study’ is considered in which no uncertainty exists 

in the WT power generation. The results of HPs consumption 

optimization by PSO can be seen in Fig.10. 

As can be seen, the loads consumption related to a specific 

level of critical congestion index (β=0.6) is less than the base 

case. DSO has decreased the loads opportunity for increasing 

α ̂ to a higher value. As the β value rises, the power 

consumption has been set to lower values (Fig.11), and 

consequently the value of α ̂ will be raised (Fig.12).  

Contrary to [28] in which a fixed predefined value of load 

flexibility is assigned to a bus with the most influence on  

 
 

Fig.13. Scenario I & scenario II HPs consumption alteration 

for β=0.6 

the OF, in this work, a more realistic situation is taken into 

consideration for HPs flexibility. Accordingly, HPs are 

distributed all over a practical distribution system; 

therefore, HPs in each bus are considered to provide 

flexibility for uncertainty management. Moreover, HPs in 

each bus are considered to offer a different level of 

flexibility in a way that buses with higher penetration of 

HPs offer higher levels of flexibility; therefore, without 

violating the OTC, peak shaving has been performed by β 

increment and the proposed operating point (set of decision 

variables) would be more attractive for the DSO to be 

selected. 

a. Scenarios comparison from uncertainty management point 

of view 

Two proposed scenarios have approximately the same reaction 

to β increment; but, for a definite value of β, scenario II 

determines a lower consumption for HPs (Fig.13). Fig.13 

depicts the results for β=0.6 but the same results can be 

obtained for other values of β. Fig.12 compares α ̂ for both 

scenarios. In fact, higher values of α and a wider range of 

possible increase for β, are defined by Scenario II (0.1≤ β≤0.9 

for the scenario I and 0.1≤ β≤1.4 for scenario I).  For β values 

higher than 0.9, HPs consumption in scenario I remain 

constant (PHPs=Pmin or Pmax in Appendix A). It means HPs’ 

consumption will no longer be the decision variable or be 

effective in uncertainty management. Higher values for β in 

scenario II mean more effective usage of HPs in uncertainty 

regulation. Therefore, from an uncertainty management point 

of view, scenario II would lead to higher levels of wind 

forecast underestimation (29) and more acceptable results. 

b. WT power reduction capability 

 
Fig.10. Scenario I HPs consumption alteration versus the 

base case. 

 
Fig.11. Scenario I HPs consumption alteration versus β. 

 
Fig.12. Radius of uncertainty. 
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In the conservative approach, the realized values of WT 

power generation are lower than the forecasted ones.  For a 

specific value of ΛC ‘dispatchable DG output’ refers to the 

minimum value of WT power generation which can be 

accommodated by the network. Therefore, in the proposed 

method, wider WT power generation variations are allowed 

which are more appropriate from a conservative approach 

perspective (Fig.14). 

 
 

Fig.14. Scenarios WT manageable WT power generation with 

critical limit ΛC=0.7 

 
 

Fig.15. Scenario I HPs consumption vs. β increment 

(opportunistic approach).  

 

 
Fig.16.Scenario II HPs consumption vs. β increment 

(opportunistic approach). 

B. Opportunistic approach 

 

In the test system, if the wind power goes higher than the 

predicted value, then the congestion index will decrease. In the 

proposed scenarios, higher values of β are accompanied by lower 

values of HPs consumption (Fig.15 and Fig.16).  According to 

(30) increasing the β value leads to CI index improvement. 

Moreover, in comparison with the conservative approach, β could 

not grow higher than 0.4 (40% improvement in the OF). This is  

 
Fig.17. Scenario I & scenario II HPs consumption (β=0.6, 

opportunistic approach) 

 

Fig.18. Scenario I scenario II radius of uncertainty. 

because of the fact that the WT generation increment could only 

provide a limited improvement and would never cause the 

opportunistic congestion index to lower values.   

a. Scenarios comparison from uncertainty management point 

of view 

Fig.17 and Fig.18 compare HPs consumption and radius of 

uncertainty for both scenarios, respectively. Scenario II offers 

lower values for HPs consumption and α̂. Therefore, from the 

uncertainty management point of view, scenario II would lead 

to more acceptable results because, with lower HPs 

consumption, a lower wind power generation increment is 

required to produce the same enhancement in the CI parameter. 

b. WT power generation for opportunistic scenario 

For a specific value of ΛO, “opportunistic WT power 

generation” refers to the minimum value of WT power 

generation increment which is needed to meet the DSO 

predefined congestion index while all constraints are met. As 

can be seen in Fig.19, the proposed method assigns lower 

values for opportunistic WT power generation which are more 

desirable. 
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Fig.19. Scenarios WT opportunistic WT power generation 

with opportunistic limit ΛO=0.1. 

 

Fig.20. Scenario I and scenario II compressor speed 

C. Technical and operational comparison 

To show the technical superiority of scenario II, a number 

of parameters that are effective in the operation of equipment 

and network have been examined for a conservative approach. 

a. Compressor speed 

As it was stated earlier, A VFD which is driven by DLC 

signals controls the compressor speed. So, power consumption 

of HPs is controlled by the speed adjustment. Lower VSHPs 

power consumption in scenario II means that the VFD drives 

compressor at lower speed which reduces the wear in the 

mechanical components. Fig.20 compares compressor speed 

variations between two scenarios. 

b.  Compressor Coefficient of Performance 

As was stated in section 2.4, COP can be calculated by (35). 

hp

m

Q
COP

P
=  (35) 

The larger the COP, means that a fixed amount of Pm 

produce higher thermal energy. In other words, less 

mechanical power is required to produce a certain amount of 

thermal energy. Therefore, higher COP, higher efficiency, 

lower energy (power) consumption and thus lower operating 

costs are the results of the proposed method (Fig.21). 

 
Fig.21. Scenario I & scenario II COP. 

 

Fig.22. Scenario I and scenario II voltage profile. 

c. Voltage profile 

For β=0.1, the voltage profiles are examined for two 

scenarios. In the proposed method, due to lower HPs 

consumption, the voltage profile is improved across the 

network. As can be seen in Fig.22, it is obvious that buses 13-

18 and 29-33 have the lowest voltage magnitude. 

D. PSO and APT-FPSO results comparison 

Applying the APT-FPSO optimization method to both risk-

seeker and risk-averse strategies can improve some results. In 

terms of radius of uncertainty, this optimization method will 

produce the same results in both strategies. But the amount of 

consumption in the network will be reduced to an acceptable 

level due to the use of the APT-FPSO method. In the following, 

these two optimization methods will be compared for two risk-

seeker and risk-averse strategies for scenario II. 

a. Risk-averse strategy 

In Fig.23, the test system power consumption is compared 

for β=0.2. Although the APT-FPSO strategy has slightly 

increased the consumption in some buses, in total, by using this 

method the amount of consumption in the entire network has 

decreased by 176 kW. This amount is 20 kilowatts more than 

the typical consumption in bus bar No. 32 of the IEEE 33-bus 

network. 
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Fig. 23. PSO and APT-FPSO HPs consumption for RA 

strategy. 

 
Fig.24. PSO and APT-FPSO HPs consumption for RS 

strategy. 

b. Risk-seeker strategy 

In Fig.24, the amount of network power consumption per 

bus is compared for b=0.2 and using two optimization methods. 

The APT-FPSO strategy has reduced the consumption in all 

buses and, the total amount of consumption reduction is 200 

kilowatts, which is equivalent to the typical consumption in 

bus No. 33 of the IEEE 33-bus network. 

V. Conclusion 

To simultaneously achieve two main aims, a framework 

based on the ASHRAE55 standard for determining the optimal 

flexibility of HPs in DRPs has been proposed. To achieve the 

first goal means guaranteeing the OTC, a new method to 

control the consumption of HPs was presented. In the first step, 

the ASHRAE55 standard determines the temperature ranges in 

which the OTC is assured during the day. Then, using the 

electro-thermal network of the experimental room at MIT, the 

boundary of thermal energy required to stabilize the room 

temperature in the abovementioned ranges and the 

corresponding HPs power consumption boundaries were 

determined. The results of using this method were compared 

with the common one in which the temperature of the building 

is adjusted within the predetermined limits by the residents. 

The method has been proposed by this work reduces the 

consumption of HPs by an average of 13%. To achieve the 

second goal means managing the uncertainty of the WT, The 

DSO handles this uncertainty by controlling the power 

consumption of HPs. The effectiveness of two methods of 

controlling the consumption of HPs in managing uncertainty is 

compared using two risk-averse and risk-seeker strategies 

provided by the IGDT. Using the proposed method, in the first 

strategy, the radius of uncertainty increases by an average of 

6%, and in the second strategy, it decreases by an average of 

5.5%. The proposed method results are also more acceptable 

for network voltage profile and compressor mechanical wear. 

A. Future works 

• Uncertainty management using IGDT by coordinated 

operation of energy storage and HPs while considering OTC 

as a constraint can be an attractive topic for future research. 

• To further convince the DSO and HPs owners to adopt the 

proposed scenario, the environmental and economic objectives 

could be considered in the optimization problem which can be 

considered as future work.  

• To determine a complete framework for HPs participation 

in DRPs using classical and fuzzy approaches to find the 

superior one is also an attractive topic that can be investigated 

in future work.    
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