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This paper presents the design and control of a novel cable-driven parallel robot intended
for low back pain rehabilitation through controlled spinal traction therapy. Low back pain
affects a significant portion of the global population, and traction-based interventions
offer a non-invasive approach to spinal decompression. The proposed robotic system
enables precise movement of the patient’s legs in both the frontal and sagittal planes—
up to 50° of extension and £15° of side bending—while applying adjustable traction
forces to the lumbar spine. A dynamic model of the system is derived using Lagrangian
mechanics, assuming planar motion, massless cables, and a single rotational degree of
freedom at the hip joint. To enhance tracking accuracy and robustness across repeated
therapy sessions, a new Current Iterative Learning Control (CILC) law is developed for
discrete-time nonlinear systems. The CILC integrates real-time feedback with iterative
feedforward learning, ensuring convergence of system states and outputs to desired
trajectories despite disturbances, measurement noise, and initial condition errors.
Theoretical analysis confirms that the tracking error remains bounded and asymptotically
decreases with successive iterations. Simulation studies validate the controller’s
performance, demonstrating superior trajectory tracking compared to conventional PID
control in terms of mean square error. The results highlight the CILC’s ability to adapt
over trials, significantly improving precision in rehabilitation tasks. While the current
work is simulation-based, future efforts will focus on prototyping, experimental
validation with human subjects, and integration of real-time sensor feedback for adaptive
therapy personalization. This research contributes to the advancement of intelligent,
patient-specific rehabilitation robotics by combining biomechanically informed design
with a robust, learning-based control framework tailored for cable-driven traction
systems.

I. Introduction

invasive methods for relieving low back pain and refers to any
medical procedure that applies a force along the inferior-

Lumbear disc herniation, cervical spine disorders, and joint
pain are some of the most common orthopedic diseases. It is
estimated that 85% of people suffer from low back pain and
other spinal pains at some point in their lives [1]. Like many
other orthopedic diseases, treatment for these pains usually
requires a combination of medicine and physical therapy.

In physiotherapy, there are various therapeutic methods,
including the usage of electrical and mechanical rehabilitation
equipment as well as employing different therapeutic
exercises that can reduce or eliminate the patients' pain.
Traction therapy, or in other words, non-surgical spinal
decompression therapy, is one of the most common non-

superior axis of the spine to extend the cervical and lumbar
spine vertebrae [2]. This extension leads to relieving pressure
on the spine and its surrounding nerves.

There is a wide range of investigations on different aspects
of traction therapy. In [3] an experimental model of the spine
is used to study the effects of intermittent traction therapy on
vertebral interspaces. Moreover, the effects of a two-step
traction therapy that includes global traction and a local
decompression on lumbar spine biomechanics are reviewed in
[4]. Most researches in this field show that traction therapy,
especially when a motorized device is used as the
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rehabilitation equipment for applying force to the spine and
lower back of patients with chronic pain, leads to pain
reduction. As an example, Apfel et al. have shown that the
chronic low back pain attributed to disc herniation decreased
from 6.2 + 2.2 to 1.6 + 2.3 in a verbal rating scale for 30
patients who had used a spinal decompression device in 6
weeks [5]. However, due to limited clinical trials and
insufficient evidence from published papers, the U.S. Food
and Drug Administration (FDA) does not confirm improved
health outcomes for using these rehabilitation devices over
other technologies [6]. To address this concern, our future
work will focus on gathering empirical data through prototype
implementation and pilot testing.

There are several ways that a therapist can apply a traction
force to the patient's spine. The first and the oldest one is
manual traction where the physical therapists use their power
and specific hands-on techniques. Positional traction,
inversion traction, and self-traction techniques are some other
methods that utilize patient power or body weight and gravity
to apply traction force. [7] and [8] are such devices. On the
other hand, there are mechanical traction methods that require
special (electro) mechanical equipment to apply the traction
force to the patient's spine. In such rehabilitation devices,
traction force magnitude and its direction should be set by the
therapist. A lumbar stretching machine is introduced in [9].
Furthermore, according to force duration, mechanical traction
can be divided into three different classes: constant traction,
intermittent traction, and harmonic traction. The last two ones
need proper motorized equipment to be applied. Also, another
important issue is controlling the applied force, so there
should be a feedback signal from the traction force on the
patient's spine. This structure is shown in Figure 1.

Therapist Processor | Traction
Setting Driver
Fy l
Load Equipmentto
Sensor [*—] applytraction
to patient spine

b

Emergency
Shutdown

Figure 1 Structure of an electromechanical rehabilitation traction
device

The structure shown in Figure 1 is implemented in [10] for
a cervical spine traction device and in [11] for lumbar spine
traction. Moreover, the Satisform company introduces a
commercial device for relaxing the pelvis and effective
stretching of the lower back [12].

Recent advances in intelligent rehabilitation robotics and
biomechanical modeling have enabled more precise and

adaptive traction control. Studies such as [33] on model
predictive control for wearable rehabilitation devices, [34] on
neural network-based estimation of spinal load, and [35] on
real-time feedback mechanisms in robotic-assisted
physiotherapy demonstrate the importance of integrating
modern control techniques with biomechanics. We position
our contribution within this context by proposing a novel
CILC framework tailored specifically for cable-driven
traction systems.

I1. Structure design

Rehabilitation robots should be specifically designed for
pain reduction and improvement of patients' various physical
problems. Sometimes injuries are inordinate and the patient is
unable to perform certain movements and activities so in these
situations, the rehabilitation robot is an accessory that helps
the patient to do those movements.

Generally, robots that are used in the medical field and
rehabilitation should be able to interact safely so they
should be precise in position control and have a controlled
and limited acceleration [13]. In addition, the rehabilitation
robot should not be bulky so it can be placed in clinics,
hospitals, and also in the patient's house. For these
purposes, a cable robot is proposed in this paper.

In designing robots many elements should be considered to
lead to a product. Some of these elements are mechanical
structures, actuators, sensors, control systems, and so on. In
this paper, we focused on mechanical design and control
systems. In the end, we will have a parallel cable robot that
performs the required movements.

A. Proposed structure

The proposed structure assumes planar motion for
kinematic simplification. However, we acknowledge that this
is a limitation and may not fully capture three-dimensional
anatomical movements. Future work will incorporate full 3D
modeling and dynamic analysis based on realistic human body
kinematics. Furthermore, the assumptions regarding massless
cables and perfect actuation should be interpreted with
caution. In practice, cable elasticity, backlash, and actuator
dynamics will affect performance. These limitations are
discussed in detail below and will be addressed in the
experimental phase of this project. The parallel cable robot,
which is presented in this section, can be used in designing
tractive rehabilitation equipment. This device moves the
patient's feet in a particular trajectory meanwhile pulling
them. Moreover, it can control the traction force. Therapists
should set the desired trajectory by considering each patient's
injury. Ranges of the lumbar spine movement are studied in
[14] for 100 healthy subjects aged 20 to 60+ years. Results
show subjects can have approximately 30—40° extension and
20-25° side bending. Since these boundaries are for healthy
individuals, our proposed robot can have reduced limits due
to patient conditions: we assume up to 50° extension and +15°
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side bending in this paper. Now, in the beginning, we should
choose the number of cables that will be used in our design
and their configuration. Here we have two cables that are
separately connected to pulleys and motors at one end and an
ankle brace at the other end. Also, we need a frame that is
assembled to a bed where the patient lies and actuators can be
placed on and connected to the ankle brace with cables. This
frame rotates up to 50 degrees in the patient's frontal axis. The
ankle brace tied the patient's foot together so when the
actuators change the lengths of the cables, the patient's leg will
be moved meanwhile the traction force is conveyed to the
lumbar spine. This structure is shown in Figure 2.

Figure 2 proposed rehabilitation traction structure.

B. Kinematics and dynamics of the proposed
structure

Forward and inverse kinematics of the mechanism are
calculated in this section so we can derive the dynamic model
of the robot, which will be utilized to develop its control
system.

Although in the suggested structure the robot and
consequently the patient's leg have a three-dimensional
movement, we can analyze the kinematics and dynamics in a
planar space. This assumption is valid when the actuated
cables and the patient's foot are on the same plane. For this
purpose, we can put a portable plate under the patient's foot,
otherwise, it can be shown that actuators should generate a
great traction force that is impossible to be applied to the foot
and lumbar spine. The designed structure schematic which is
employed for kinematics and dynamics analysis, is illustrated
in Figure 3 and Figure 4 .In the designed structure schematic
patient's legs are combined and it is supposed that the
combination acts as a spherical joint and can be shown as a
line segment. Also, we assume that the origin of the coordinate
system is on the spherical joint center (where the legs and hip
join the lumbar spine). The two actuators are placed
symmetrically at points Al and A2. The cables are connected
between the actuators and the ankle brace at B. Now if we
revolve the holder frame around the x-axis, the patient's leg
and hip will be rotated a degrees, which is equal to a a-degree
extension. Now if one of the actuators generates more torque
than the other one, the lengths of the cables will change and
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as a result, the leg position will be changed. This motion is
identical to a y-degree side bending.

In Figure 4, S1 and S2 are unit vectors along with the cables
that connect the actuators' frames at Al and A2 to the end

effector at point B (ankle brace). So the magnitude of m
indicates each cable length(L;).

A cable-driven robot is a closed kinematics chain
mechanism and usually, the inverse kinematics of parallel
robots can be calculated more simply versus its forward
kinematics [15]. Inverse kinematics relates cables' length to
the end-effector position.

Figure 3 . Designed structure schematic perspective view
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Figure 4. Designed structure schematic top view

Now assume we have the end-effector position (point B) by
utilizing any position sensor so we can figure out inverse
kinematics as below:

AB+0A4,=0F (1)
So:
L;:S; + R4 Ay = RE B, )

Where Ay & B, are the initial positions of the actuator's
holder frame and the end effector. R,fo and RE , are rotational
matrixes. Duo to the designed mechanism we have:

RE, = Rot,()Rot(y)

cos () —sin(y) 0
= {cos (a)sin (y) cos (a)cos (y) —sin (a)
sin (a)sin (y) sin (a)cos (y) cos (a) (3)
1 0 0

Rﬁo = Rot,(a) = {0 cos (a) —sin (a)
0 sin(a) cos (a)
So each cable length is:

L= J (RE By — RE Ag)" (RE By — R4 Ao) 3)
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Additionally, in the kinematics chain unit vectors, S1 and
S2 are unknown and calculated by:

+ _ usi _ Ry Bo-Rfydo

a m B |Rgo BO_R£0A°| (4)

In parallel robots, forward kinematics is a relation that
expresses the end-effector position based on the cables'
lengths. Against the serial robots, the forward kinematics of
parallel robots are usually complicated and include nonlinear
equations, but here due to the robot structure end effector and
cables being in one plane, we can reach a closed analytic
solution.

Now to find the forward kinematic based on knowing one
cable length and Figure 4 we can write:

{Y — L, cos(y) = L;cos (6) 5
|X — L, sin(y)| = [;sin () ©)
Where L is the patient's leg length. So we obtain:
2_y2_y2_;2
VXTH V7 sin(y + ¢) = Lot (6)
—ebkL

And ¢ = arctan (;).

Now we can derive the Jacobian matrix of the proposed
rehabilitation robot. Jacobian matrix, J, relates the angular
velocity of the end effector (patient leg rotation around the z-
axis), w = [0 0 y]7, to the vector of actuated cables rates, L =
[L1,L,]" by:

L=]w (7

According to  (2) by differentiating the kinematics vector
loop closure concerning time:

Li§i + Li(l) X §i =w X REOBO (8)
Dot multiply equation (8) by §i:
L= (REBo x $).0 = (RE By x §) w )

Writing the above equation two times for each actuated
cable in a vector form results in the Jacobian matrix J:

T
_ |(RE,Bo % $1)

= T
(RE By % S3)

Parallel rehabilitation traction robot has a non-square

Jacobian matrix in which the number of rows indicates the

(10)

total number of freedom degrees and system redundancy. Here
the proposed structure has one rotational degree of freedom
and one degree of freedom redundancy. In redundant parallel
robots, singular value decomposition (SVD) of the Jacobian
matrix is used for robot singularity analysis. Singularity
occurs when the Jacobian matrix rank is less than the degrees
of freedom number [16]. In the proposed structure Jacobian
matrix rank is always one in all the desired trajectories so
singularity never happens for it.

Now for deriving the dynamic equations in terms of
generalized coordinates and their time derivatives, the
Lagrangian method is used. For the sake of simplicity, the
elasticity of cables is neglected. Furthermore, the cables' mass
can be ignored versus the patient leg mass so cables behave as
massless rigid strings [17]. Based on these assumptions
dynamics of the robot can be given as:

M(x)i+N(xx) =]t (11
N(Qe,x) =C(x,x)x + G(x) + Ty
where x = [a,f3, y]7 is the generalized coordinates' vector, T
is the cables force vector, M (x) is the mass matrix, C(x,X)
represents Coriolis and centrifugal terms, G(x) is gravity
vector and T, stands for the disturbance which could represent
any friction or uncertainty in the dynamic model.

As we neglect cables' mass, the mass matrix M (x) in (11)
can be derived directly from the kinetic energy of the system.
Also in the proposed rehabilitation robot, the patient's leg has
only one rotational degree of freedom around the z-axis, so:

1
kzszIw—)M(x) =1 (12)

where I is the leg rotational inertia matrix and M(x) is
symmetric and positive definite so it is an invertible matrix.

Generally, the determination of the Coriolis and centrifugal
vector in the Lagrange equation (11) is complex and can be
calculated by:

. d
V(x,x) = c(x,%)x = Mx — ak (13)
Hence the leg mass matrix M(x) is a constant diagonal
matrix c¢(x,x) is equal to zero. The gravity term in (11) may

be determined from the partial derivative of the moving leg

potential energy concerning the generalized coordinate x.
0

0
G0 =5 = 0 (14)

L
—mg ?l sin(a) sin(y)
where m and g are the leg mass and gravity constant,
respectively.

II1. Control Design

As said in the previous sections, rehabilitation of a patient
usually includes performing prescribed exercises. Thus,
passive control strategies have been proposed for
rehabilitation equipment control. Passive control can employ
different techniques to be achieved. PID control is one of the
most common methods [18]. Khosravi [19] developed a
framework for robust PID control of parallel manipulators
which are fully constrained. Implementation results on a
planner cable robot show repeatable performance in different
iterations, but there is no improvement versus the previous
iteration.

A. ILC

If we define a control task as: perfect tracking in a finite
time interval under a repeatable control environment [20],
few control methods can fulfill this task. In fact, without a
learning procedure controller performs only in the same way
and there will be no improvement even if the task repeats
consecutively. In these circumstances, Iterative Learning
Control (ILC) can take the role perfectly.

Although ILC uses a learning procedure, it is different from
other learning-based control methods such as adaptive control
and neural networks. Adaptive control sets the controller
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while ILC regulates the control signal. In addition, adaptive
control strategies usually do not use the informative data in
the past trials' control signals. In the same way, neural
networks modify the controller parameters. Also, they are
usually large networks and need extensive training data [21].

Many references including [22] and [23] have provided
comprehensive coverage for convergence, robustness, and
applications of ILC. It is possible that before achieving the
desired convergence, tracking error increases and therefore
convergence would be slow. Usually, this is because ILC is an
open-loop controller and can have weak performances for
stable systems and even be bad for unstable plants. In such
situations, adopting a feedback controller is useful [24]. The
incorporation of feedback controller with ILC leads to a new
ILC class which is called: Current-iteration Iterative Learning
Control (CILC). In 1992 Tae-Yong et al. [25] presented a
CILC for continuous nonlinear systems which composed a
linear feedback mechanism and a feedforward learning
strategy, utilizing the gradient descent method. In [26] a multi-
period learning strategy is developed in conjunction with
current cycle feedback for a continuous nonlinear dynamic
system. Also, [27] designed a framework for PID-like ILC
with a feedback structure for a class of nonlinear discrete-time
NARMA systems. Additionally, [24] and [28] have developed
CILC for nonlinear discrete-time systems (without and with
initial condition error, consequently) based on an earlier work
[29] which proposed an ILC learning law using one-step-
ahead tracking error of the last trial for off-line calculation.
Also, [30] & [31] proposed a CILC algorithm for high-
precision trajectory tracking of a wheeled mobile robot with
non-holonomic nonlinear dynamics.

B. Proposed CILC

Consider a class of discrete-time nonlinear dynamic

systems that can be described by the following difference
equations:

Xi(k +1) = f(X;(k).k) + B(X; (k).,k)u; (k) + w; (k) (15)

yi(k) = CX;(k) + v; (k)

Where i indicates the number of trials, k is a discrete-time
index running from k =0 to k =n. Also, for all k€N,
X;(k) € RP,u;(k) € R", y;(k) € R™, v;(k) € R™ and
w;(k) € RP are states, inputs, outputs, output noise, and
disturbance, respectively. Vector/Matrix functions f:RP X
N - RP ,B:RP X N - RP*" C - R™? satisfy following
assumptions:

Assumption 1: Considering the discrete-time dynamic
equations presented in (15), when w(k) = 0 and v(k) =0
for all k € N, there exist bounded sequences of states X, (k)
and inputs uy (k) which will satisfy the equations (15) for the
desired bounded trajectory y, (k).

Assumption 2: Vector function f(X,k) and matrix function
B(X.,k) satisfy:

||f(X1;k) _f(Xz,k)H < Cf||X1 - Xl|

16
1B (LK) — BUGII| < cllXs — Kol (16)
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where ¢; and cg are positive constants.

Assumption 3: Matrices B(X,k) and C are bounded as
|[IB(X,k)|| < by and ||C|| < bc where by and b, represent
positive constants. Also, the product matrix CB(X,k) yields a
non-singular matrix.

Assumption 4: Output noise and disturbance are bounded
foralli > 0,k € N as ||w;(k)|| < b,, and ||v;(k)|| <, where
b,and b, are positive constants.

Assumption 5: All trials start from a neighborhood of the
desired initial condition X;(0). where for all >0,
[1X4(0) — X;(0)|| < by, and by,is a positive constant. This
assumption is usually valid in operations where the robot
(same as the proposed structure in the previous sections)
performs a particular given task repeatedly.

Now consider the iterative learning control law which is
proposed as follows:

w (k) = ufi (k) + ub; (k)

ufi(k) = ufi_1(k) + L(k)e;—1(k + 1) 17)

+A(k)ub;_, (k)
where ub;(k) is feedback control, uf;(k) is the iterative
learning term in feedforward, and u; (k) is the control signal
for ith trial. Also, e;(k) = y4(k) — y;(k) and L(k) A(k) are
learning gain matrices that satisfy ||L(k)I| < |[A(k)I| < b,
for all k € N. Where b, and b,are positive constants. The
proposed CILC algorithm is shown in Figure 5.

Plant F—output

Figure 5 proposes the CILC algorithm.

controller »{ +

Feedback controller ub; (k) can be designed as either static
or dynamic feedback which stabilizes (15) and takes the
following general form:

Zy(k +1) = p(2(0)) + q(Zi(Kk))ei (k) (s)
ub;(k) = r(Z,(00) + s(Z;(k))e; (k)
where Z;(k) is a state vector. Vector or matrix functions
p.q,r,s are defined suitably Which satisfy ||p(Zl- (k))|| <
bpl1Zi G, [ (20| < brl1Z: ()1, and [|q(Z: (k)] | < b
|Is(Z:00))I| < b for by.by.b.bs > 0.

Theorem. Consider the discrete-time system (15) with the
CILC proposed in (17). If assumptions 1-5 are satisfied and
for (X,k) € RP X N we chose L(k) as:

[II = LCBX.K)||=p <1 (19)

With increasing the trial number i, { = oo, it is guaranteed
that the control signal u;(k) converges to the desired control

signal u,4(k). Consequently, states and system output,
X;(k) and y;(k), will get to a neighborhood of their desired
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signals, 1im||yd (k) — yi(k)|| < ¢. This error boundary is a
L—00

function of output noise bound b,,, disturbance bound b, and
initial condition error band b, .

Definition: The a-norm of a positive real function q(.)

is defined for @ > 1 as:
k

1
19COIl, = Supena(®) (3) (20)
The a-norm is equivalent to the oo-norm defined as
||q(.)||oO = sup q (k). Therefore, the claims in the proof of
KkeN

the proposed theorem are driven by using the a-norm.
Proof of Theorem:

If we define: 6§Z; = Z,; — Z; for all Z € [X,u]. Using u, (k)
on both sides of (17) and considering the system dynamics
(15), we have:

uq (k) —ufi(k) = éuf;(k)

= Sufi_1(k) — LUk)e;—1 (k + 1) — A(k)ub;_, (k)

= 6ufi—1(k) = LU)by;—1(k + 1) — A(k)ub;_4 (k)

= 8ufi_1(k) —L(k)CSX;_1(k+ 1)+ @1
L(kK)v;—1(k + 1) — AU)ub;_4 (k) = Sufi_1 (k) —
L(K)CIf (Xa.k) + B(Xgk)ug (k) — f(Xi—1.k) —
B(Xi_1,l)uj_1(K) — w1 ()] + LU vy (k + 1) —
A(k)ub;—4 (k)

Adding and subtracting B(X;_;,k)u,(k), we can write:
Sufi(k) = Sufi_1 (k) — L(K)C[f (Xa.k) —
fXi—1.k) + [B(Xg.k) — B(X;_1,k)]uq (k) +

B,y )81 () + B,y b,y (k) — @)
w1 (k)] + LUy (k + 1) = A(k)ub;_ (k)

Taking the norm from both sides of (22) yields:
[I6ufi(I] < pllsufi-1(OI] + as[16X;:—1 (O 23)

+a2||ubi_1(k)|| +az
Whereby considering the defined boundaries and
[luq (| < by, we will have:
p = Il - LCBE.RI,
a; = bybccy + b becghy, (24)
a, = b b:bg + b;, a3 = b b:b,, + b, b,
Now, based on (18) for feedback controller

ub;_; (k) we can write:

||Ubi—1(k)|| =< ||rZi—1(k)|| +
|Is(Zi—1 (| [ler G| < by|1Zi—1 G| +
bs||C5Xi—1(k) - Vi—1(k)|| < br||Zi—1(k)|| +
bsbc||5Xi—1(k)|| + bsbv

Substitution (25) in  (23), we can obtain:

[16ufi ()| < pllsufi1 (k)| + (as +
azbsbc)||5Xi—1(k)|| + azbr||Zi—1(k)|| + a,bsb, +
as < p|lsufis (1] + h(|16Xi— (O] +
||Zi—1(k)||) +ay

When considering norm operator properties, we have:
h = max [a; + a,b;b., a,b,]
a, = aybsb, + as

Now, we should obtain properties of ||6Xi_1(k)|| +

(25)

(26)

27

||ZL-_1 (k)||. Thus, according to (18) we can write:

||Zi—1(k)|| < ||PZi—1(k - 1)|| +

[1g(Z;i—1(k — DI||le—1 (k — DI| <

b,|1Z;—1(k — DI| + by |ICEX;—, (k — 1) — (28)
vy (k = DI| < bg|1Z;—y (k = DI| +

byb |16X;_1(K)|| + byb,

Considering (15):
6Xi1(k) =
fKak—1) = fXi—p.k — 1) + [BXg.k — 1) —
B(Xi—1,k — D]ug(k — 1) + B(X;_1,k — (29)
1éufi_1(k —1) + B(X;—1,k — Dub;_1(k — 1) —
w;_1(k—1)

So:

[16X;i_ (I < [If Kak — 1) — FXimp.k —
DI| + [IB(Xg.k — 1) = B(Xi—1,k — D]ug(k —

DI| + |IBXKi_1.k — DSufi_ (e — V| + (30)
|1B(Xi—1.k = Dub;_y (k — V| + |lw;_1 (k —
DI

And considering assumptions 1-5, we will have:
[16X;-1 ()| < cr|16X;—1 (k — DI| +
by, |16Xi—1(k = DI| + bg|l8ufi—1(k — DI| + (31)
bB“ubi—l(k - 1)|| + by,

With substitution (25) into (31) we get:
[16X;-1 (k)| <

(¢s + bgbsbc + cgby ) |16X;—1 (k — DI| +

(32)
bg||6ufi_1 (k — DI| + bgby|1Z;—1 (k — DI| +
bgbsb, + by,
Adding (28) to (32) yields to:
[16Xi_1 (O] + |1Zi—1 (K| <
(¢r + bgbsb, + cgby, + babe)|16X;—1 (k — DI| +
(bgby + by)|1Zi—1(k — DI| + bg|I8ufi—1(k —
(33)
DI| +as
< m1(||5Xi—1(k - 1)|| + ||Zi—1(k - 1)||)
+my|l6ufi, (k — DI| + as
where we defined:
my =
max [(cf + bgbsb, + cgby, + bgb).(bsby + by)] (34)

m, = bg
as = bgbsb, + b,, + byb,
Lemma. Given inequality: Z(k + 1) < B(k) + hZ(k),
where B(k), Z (k) are scalar functions inall k > 0 and h is a

positive constant, for k > 1 we can write:
k-1

Z2(k) < Z k=17 B (k) + h*Z(0) (35)
=0

The proof is established by induction [29].

Now utilizing the given lemma and according to feedback
controller initial condition Z;_;(0) = 0, equation (33) can be
written in the form of:

||5Xi—1(k)|| + ||Zi—1(k)|| <
Koo m T (my|16ufic (DI + as) + (36)
mlf(||5Xi—1(0)|| + ||Zi—1(0)||) <
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?;g my 1 (my||sufic (D] + as) +
mic bxo
Substitution  (36) by (25) leads to:
[l6ufi (| < pllsufi 1 (1| +
h (Zh2dmy 1 (mg||8ufioy (D] + as) ) + (37)

hm{b,, + a,

k
Now, by multiplying (1) to both sides of

a

(37) and

choosing a > max [1,m,], we will have:

|16uf; (| (é)k < p|lSufi- (K] G)k +
2(2?;& () (malisuioa il () + (38)

1\/ my\* 1\k
s (D)) # ()" by +au(2)
Considering the a-norm definition and noting that a-norm
of a constant value is the constant itself:

lsuf, |, < plldufioa (], +
h(m2||§ufi_1(k)||a+a5)< o1 (ﬂ)k—l—f> thb, + (39)

a J=0\ ¢«

Ay

. _ ; 1-a™ .
Knowing 27201 (a)) = <> Wecan obtain:

l6ufiGl],, < pllsufia (O], +
h(malIsufi1 (0] +as) <1_(,%)k
¢ 1-(2)

>+hbxo+a4S

(-()) (-(3)") w
hmy(1- 71 has|(1- %
(p+ a_—m)llduﬁ—l(k)lla L———

hby, +a,

Or in a simpler notation:

16ufi (|, < plIsufi (O] +€ (41)
where:

k
has (1 — (M )
a — m1
And:
k
hm, (1 — (B )

p=p+ ( a ) <1 (43)

a— m1
Thus, choosing large enough @ when trial number i — o
leads to:

lIsuf, (|, < AlIsufica(OI]  +€

i—>co
= lim|Isufi 0l <15
Equation (44) shows the proposed CILC leads the

feedforward control signal to a neighborhood of the desired

(44)

control signal. Also, by considering  (36), it can be written:
lim| 18X, (0|
k=1
< lim my ¥ (my||Sufi (DI] + as)
=0

[—o0

J

(45)

+m’1‘bxo SagT—=ta;

where a4 and a, are determined constants. In the end, it can
be concluded that:
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lim |1y (k) = y: ()| < lim (be| 16X, (| + by) <

bc(aGLﬁ +a;)+b, <o (46)

-

Which proves the proposed theorem. While the
convergence proof follows established ILC frameworks, the
specific adaptation to a cable-driven rehabilitation traction
system introduces unique constraints and challenges. Unlike
standard industrial ILC applications, our system must account
for variable patient biomechanics, safety considerations, and
limited degrees of freedom. We highlight the following
contributions:

e Tailoring CILC for cable-driven systems with
constrained mobility and tension limits.

e Introducing a feedback term to enhance first-iteration
performance, which improves applicability in real-world
scenarios.

¢ Analyzing the impact of nonlinear Jacobian behavior
due to the parallel cable configuration, ensuring
robustness against singularities and underactuation.

IV. Applying the proposed CILC to the proposed
structure

Now we will implement the proposed CILC algorithm on
the proposed cable-driven robot dynamics equations (11) to
(14) which serves as a rehabilitation traction device. Assume
y(t) = x,(t),y(t) = x,(t) where y(t) is the patient's leg side
bending. State space equations can be written as:

2e) < x,(6)
O =1_pa)- (c(xx)+6)]
0

[M(x)—l] (]TT - Td)
y(6) = [ (0% (O]

As said in the previous sections, the mass matrix M (x) is

(47)

an asymmetric and positive definite matrix so it is invertible,
and writing the above equations is possible.

With the discrete-time interval dt=5ms, which leads to
N =0,1,...,6000] for operation time T=30s and using
Euler's approximation method, (47) can be written in a
discrete-time state-space format:

X(k+1)
x4 (k) + dtx, (k)

= -1 (C(XU).X(k + 1))
Ixz(k)+dt[—M(X(k)) < FG(X ) )ﬂ 48)

0 T
* [dt(M(x(k))‘l)] (T = Ta(k)

v =[5 J]x00 + v
where T, (k) indicates disturbance, which can include model
uncertainty and friction. Also, v(k) includes measurement
noise and error due to numerical differentiation.

Now to find learning gain L(K) = [l;,l,], according to
the proposed CILC convergence rule (19) we have:

1 0 0
Iyx2 — L(k) [0 1] [dt(M(x(k))_l)] <1
Lydt @
- 1—T <1
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where [ is the lower bound for the patient's leg rotational
inertia in mass matrix M (x). Inertial properties of the human
body can be found in [32]. In our simulations, the patient's leg
mass is 14 Kg and its length is 0.9 m. So learning gain L(k) is
selected as L(k)=(1-e*%%[100,70].

Furthermore, the feedback controller (18) is chosen to take
the following form:

Zi(k + 1) = Lze; (k) (50)
ub;(k) = Z;(k) + Lae; (k)
where L, = [300,120] and L; = [60,24]. Additionally, to
complete the proposed CILC structure we choose:
A(K)=0.4x(1-e%%k%) These gains are easily obtained with
the trial and error method.

Simulation studies are presented to verify the proposed
theorem. We have run three simulations. The desired
trajectory is identical for all simulations and contains a +15
degree pendulum movement. Furthermore, for a better
comparison, initial condition error and disturbance are the
same in all simulations while a bounded random output noise
is added in each trial. It should be noted that in a simulation,
each trial has a random bounded initial condition error. In the
first simulation, learning gains are as said before. Results are
shown in Figure 6 and 7. In the first trial, only the feedback
controller rolls in satisfaction with the control task. By
increasing the trials and CILC roll-taking tracking, the error
decreases magnificently and MSE converges.

8, Tracking Error
i
2+ I 1
/ \ HERE—
ol / c ryt
w i \ r 4 ——ty2
8 s ——— ——=|—=—ty3
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Figure 6 tracking error and MSE convergence of x; for 10
trials in first simulation

In the second simulation, we compare different CILC signals
which can be made by changing the learning gains so we can
have a better understanding of the proposed CILC structure.
For this purpose, once we select L,(k) =0 and L; = 0 and
the other gains are as before. Then A(k) = 0 & L; = 0 and in
the third only L; = 0 will be changed. For the comparison,
each structure MSE is shown in Figure . As it

8, Tracking Error
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Figure 7 Tracking error and MSE convergence of x2 for 10
trials in the first simulation

can be seen, minimum MSE appears where we used the
proposed CILC with full learning gains selection. Also, when
the previous time-index error is used in the feedback
controller structure, it leads to a better tracking performance
including the first trial. In the third simulation, the effects of
learning gain L(k) are investigated in the proposed CILC.
Therefore MSE result of the first simulation is compared with
the ones when learning gain changes as L(k)=(1-
e 0ok 50 25] and L(k)=(1-e*°*4)[200,140]. It is worth
mentioning that the other gains and conditions are as same as
the previous. Results are illustrated in Error! Reference
source not found.

) MSE

Try
Figure 8 comparison of different CILC signal structures in the
second simulation
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—p ]
———— L=(1-expl-0.54)[100,70]
L=(1-expl-0.56)[200,140] |}

L:(:\—Exp({l 5t))[50,35)
! : : L=1-exp(0.5t)[100,70] [}
BO : : — L=(1-exp(-0.5t))[200,140] | ;

Try
Figure 9 comparison of learning gain L(k) changes in the
third simulation

Finally, to compare the results of our proposed controller
with a basic controller such as PID, this comparison is made
for the mean square error, which is shown in Figure 10. The
results clearly show the efficiency of the proposed controller.

e
w0

e
o

e
=

e
o

Mean Squared Error (MSE)

PID Controller
| —=— Proposed CILC

e
o

2 ) 6 8 10
Trial Number
Figure 10 comparison of proposed controller and PID

controller

V. Conclusion

In conclusion, this paper introduced a cable-driven
rehabilitation traction device and proposed a new Current
Iterative Learning Control (CILC) law to improve trajectory
tracking performance. Although the theoretical analysis and
simulation results show promising convergence and
robustness, the absence of experimental validation remains a
limitation. Future research will focus on building a functional
prototype and conducting pilot experiments to assess the
clinical potential of the system. Future work will include:

e Prototyping and hardware implementation of the
proposed system.

e Experimental validation with healthy subjects and
eventually patients.

e Integration of sensor feedback for real-time adaptive

Designing a Rehabilitation / M. Alinaghizadeh Ardestani, et al

control.

e Comparative studies with conventional PID and
other control strategies.

e  Exploration of delay compensation and disturbance
rejection techniques specific to biomechanical
applications.
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  +   a 2  |  | u   b  i − 1  ( k ) | | +   a 3


  +   a 2  |  | u   b  i − 1  ( k ) | | +   a 3


   |  |   u  d  ( k ) | | ≤   b    u  d


  𝜌 =  |  | I − L  ( k ) C B  ( X , k ) | |


    a 1 =   b  L   b  c   c  f +   b  L   b  c   c  B   b    u  d


  


    a 3 =   b  L   b  c   b  𝜔 +   b  L   b  v


  u   b  i − 1 ( k )


   |  | u   b  i − 1  ( k ) | | ≤  |  | r   Z  i − 1  ( k ) | | +  |  | s (   Z  i − 1  ( k ) | |  |  |   e  i − 1  ( k ) | | ≤   b  r  |  |   Z  i − 1  ( k ) | | +   b  s  |  |   C 𝛿 X  i − 1  ( k ) −   v  i − 1  ( k ) | | ≤   b  r  |  |   Z  i − 1  ( k ) | | +   b  s   b  c  |  |   𝛿 X  i − 1  ( k ) | | +   b  s   b  v


   |  | 𝛿 u   f  i  ( k ) | | ≤   𝜌  |  | 𝛿 u   f  i − 1  ( k ) | | +  (   a 1 +   a 2   b  s   b  c )  |  | 𝛿   X  i − 1  ( k ) | | +   a 2   b  r  |  |   Z  i − 1  ( k ) | | +   a 2   b  s   b  v +   a 3 ≤   𝜌  |  | 𝛿 u   f  i − 1  ( k ) | | + h  (  |  | 𝛿   X  i − 1  ( k ) | | +  |  |   Z  i − 1  ( k ) | | ) +   a 4


  h = max ⁡ [   a 1 +   a 2   b  s   b  c ,     a 2   b  r ]


   |  | 𝛿   X  i − 1  ( k ) | | +  |  |   Z  i − 1  ( k ) | |


   |  |   Z  i − 1  ( k ) | | ≤  |  | p   Z  i − 1  ( k − 1 ) | | +  |  | q (   Z  i − 1  ( k − 1 ) | |  |  |   e  i − 1  ( k − 1 ) | | ≤   b  p  |  |   Z  i − 1  ( k − 1 ) | | +   b  q  |  |   C 𝛿 X  i − 1  ( k − 1 ) −   v  i − 1  ( k − 1 ) | | ≤   b  q  |  |   Z  i − 1  ( k − 1 ) | | +   b  q   b  c  |  |   𝛿 X  i − 1  ( k ) | | +   b  q   b  v


  𝛿   X  i − 1  ( k ) =


  f  (   X  d , k − 1 ) − f  (   X  i − 1 , k − 1 ) +  [ B  (   X  d , k − 1 ) − B  (   X  i − 1 , k − 1 ) ]   u  d  ( k − 1 ) + B  (   X  i − 1 , k − 1 ) 𝛿   u f  i − 1  ( k − 1 ) + B  (   X  i − 1 , k − 1 )   u b  i − 1 ( k − 1 ) −   𝜔  i − 1  ( k − 1 )


   |  | 𝛿   X  i − 1  ( k ) | | ≤  |  | f  (   X  d , k − 1 ) − f  (   X  i − 1 , k − 1 ) | | +  |  |  [ B  (   X  d , k − 1 ) − B  (   X  i − 1 , k − 1 ) ]   u  d  ( k − 1 ) | | +  |  | B  (   X  i − 1 , k − 1 ) 𝛿   u f  i − 1  ( k − 1 ) | | +  |  | B  (   X  i − 1 , k − 1 )   u b  i − 1  ( k − 1 ) | | + |  |   𝜔  i − 1  ( k − 1 ) | |


   |  | 𝛿   X  i − 1  ( k ) | | ≤   c  f  |  | 𝛿   X  i − 1  ( k − 1 ) | | +   c  B   b    u  d  |  | 𝛿   X  i − 1  ( k − 1 ) | | +   b  B  |  | 𝛿   u f  i − 1  ( k − 1 ) | | +   b  B  |  |   u b  i − 1  ( k − 1 ) | | +   b  𝜔


   |  | 𝛿   X  i − 1  ( k ) | | ≤


  (   c  f +   b  B   b  s   b  c +   c  B   b    u  d )  |  | 𝛿   X  i − 1  ( k − 1 ) | | +   b  B  |  | 𝛿   u f  i − 1  ( k − 1 ) | | +   b  B   b  r  |  |   Z  i − 1  ( k − 1 ) | | +   b  B   b  s   b  v +   b  𝜔


   |  | 𝛿   X  i − 1  ( k ) | | +  |  |   Z  i − 1  ( k ) | | ≤


   (   c  f +   b  B   b  s   b  c +   c  B   b    u  d +   b  q   b  c )  |  | 𝛿   X  i − 1  ( k − 1 ) | | +  (   b  B   b  r +   b  q )  |  |   Z  i − 1  ( k − 1 ) | | +   b  B  |  | 𝛿   u f  i − 1  ( k − 1 ) | | +   a 5


  ≤   m 1  (  |  | 𝛿   X  i − 1  ( k − 1 ) | | +  |  |   Z  i − 1  ( k − 1 ) | | ) +   m 2  |  | 𝛿   u f  i − 1  ( k − 1 ) | | +   a 5


    m 1 =


  max ⁡ [  (   c  f +   b  B   b  s   b  c +   c  B   b    u  d +   b  q   b  c ) ,  (   b  B   b  r +   b  q ) ]


  Z  ( k + 1 ) ≤ 𝛽  ( k ) + h Z ( k )


  𝛽  ( k ) ,   Z ( k )


  k ≥ 0


  h


  k ≥ 1


  Z  ( k ) ≤   ∑  j = 0  k − 1   h  k − 1 − j 𝛽  ( k ) +  h  k Z ( 0 )


    Z  i − 1  ( 0 ) = 0


   |  | 𝛿   X  i − 1  ( k ) | | +  |  |   Z  i − 1  ( k ) | | ≤   ∑  j = 0  k − 1      m 1  k − 1 − j  (   m 2  |  | 𝛿   u f  i − 1  ( j ) | | +   a 5 ) +   m 1  k  (  |  | 𝛿   X  i − 1  ( 0 ) | | +  |  |   Z  i − 1  ( 0 ) | | ) ≤   ∑  j = 0  k − 1      m 1  k − 1 − j  (   m 2  |  | 𝛿   u f  i − 1  ( j ) | | +   a 5 ) +   m 1  k   b    x 0


   |  | 𝛿   X  i − 1  ( k ) | | +  |  |   Z  i − 1  ( k ) | | ≤   ∑  j = 0  k − 1      m 1  k − 1 − j  (   m 2  |  | 𝛿   u f  i − 1  ( j ) | | +   a 5 ) +   m 1  k  (  |  | 𝛿   X  i − 1  ( 0 ) | | +  |  |   Z  i − 1  ( 0 ) | | ) ≤   ∑  j = 0  k − 1      m 1  k − 1 − j  (   m 2  |  | 𝛿   u f  i − 1  ( j ) | | +   a 5 ) +   m 1  k   b    x 0


   |  | 𝛿 u   f  i  ( k ) | | ≤   𝜌  |  | 𝛿 u   f  i − 1  ( k ) | | + h  (   ∑  j = 0  k − 1      m 1  k − 1 − j  (   m 2  |  | 𝛿   u f  i − 1  ( j ) | | +   a 5 ) ) +   h m 1  k   b    x 0 +   a 4


     (  1  𝛼 )  k


  𝛼 > max ⁡ [ 1 ,   m 1 ]


   |  | 𝛿 u   f  i  ( k ) | |    (  1  𝛼 )  k ≤   𝜌  |  | 𝛿 u   f  i − 1  ( k ) | |    (  1  𝛼 )  k +  h  𝛼  (   ∑  j = 0  k − 1     (     m 1  𝛼 )  k − 1 − j  (   m 2  |  | 𝛿   u f  i − 1  ( j ) | |    (  1  𝛼 )  j +   a 5    (  1  𝛼 )  j ) ) + h    (     m 1  𝛼 )  k     b    x 0 +   a 4    (  1  𝛼 )  k


  𝛼


  𝛼


     |  | 𝛿 u   f  i  ( k ) | |  𝛼 ≤   𝜌    |  | 𝛿 u   f  i − 1  ( k ) | |  𝛼 +   h  (   m 2    |  | 𝛿   u f  i − 1  ( k ) | |  𝛼 +   a 5 )  𝛼  (   ∑  j = 0  k − 1     (     m 1  𝛼 )  k − 1 − j ) + h     b    x 0 +   a 4


    ∑  j = 0  n − 1     ( a )  j =   1 −   a  n  1 − a


     |  | 𝛿 u   f  i  ( k ) | |  𝛼 ≤   𝜌    |  | 𝛿 u   f  i − 1  ( k ) | |  𝛼 +   h  (   m 2    |  | 𝛿   u f  i − 1  ( k ) | |  𝛼 +   a 5 )  𝛼  (   1 −    (     m 1  𝛼 )  k  1 −  (     m 1  𝛼 ) ) + h     b    x 0 +   a 4 ≤ ( 𝜌 +   h   m 2  ( 1 −    (     m 1  𝛼 )  k )  𝛼 −   m 1 )    |  | 𝛿 u   f  i − 1  ( k ) | |  𝛼 +     h a 5  ( 1 −    (     m 1  𝛼 )  k )  𝛼 −   m 1 + h     b    x 0 +   a 4


     |  | 𝛿 u   f  i  ( k ) | |  𝛼 ≤   𝜌 ^    |  | 𝛿 u   f  i − 1  ( k ) | |  𝛼 + 𝜖


  𝜖 =     h a 5  ( 1 −    (     m 1  𝛼 )  k )  𝛼 −   m 1 + h     b    x 0 +   a 4


    𝜌 ^ = 𝜌 +   h   m 2  ( 1 −    (     m 1  𝛼 )  k )  𝛼 −   m 1 < 1


  𝛼


  i → ∞


     |  | 𝛿 u   f  i  ( k ) | |  𝛼 ≤   𝜌 ^    |  | 𝛿 u   f  i − 1  ( k ) | |  𝛼 + 𝜖    →  i → ∞    lim  i → ∞ ⁡     |  | 𝛿 u   f  i  ( k ) | |  𝛼 ≤   𝜖  1 −   𝜌 ^


   lim  i → ∞  |  | 𝛿   X  i − 1  ( k ) | | ≤  lim  i → ∞  (   ∑  j = 0  k − 1      m 1  k − 1 − j  (   m 2  |  | 𝛿   u f  i − 1  ( j ) | | +   a 5 ) +   m 1  k   b    x 0 ) ≤   a 6   𝜖  1 −   𝜌 ^ +   a 7


    a 6


    a 7


   lim  i → ∞  |  |   y  d  ( k ) −   y  i ( k ) | | ≤  lim  i → ∞  (   b  c  |  | 𝛿   X  i  ( k ) | | +   b  v ) ≤     b  c ( a 6   𝜖  1 −   𝜌 ^ +   a 7 ) +   b  v ≤ 𝜎


  𝛾  ( t ) =   x 1  ( t ) ,   𝛾 .  ( t ) =   x 2 ( t )


  𝛾 ( t )


    X .  ( t ) =  [      x 2  ( t )   −   M ( x )  − 1  ( C  ( X ,   X . ) + G  ( X ) ) ] +  [    0     M ( x )  − 1 ]  (   J  T 𝜏 −   T  d )


  y  ( t ) =    [   x 1  ( t ) ,   x 2  ( t ) ]  T


  M ( x )


  dt=5ms


  N = [ 0 , 1 ,…,6 000


  T=30s


  X  ( k + 1 ) =  [        x 1  ( k ) + d t x 2  ( k )     x 2  ( k ) + d t  [ −   M  ( X  ( k ) )  − 1  (     C  ( X  ( k ) , X  ( k + 1 ) )    + G  ( X  ( k ) ) ) ] ] +  [    0     d t ( M ( x ( k ) )  − 1 ) ]  (   J  T 𝜏  ( k ) −   T  d  ( k ) )


    T  d  ( k )


  v ( k )


  L  ( K ) = [   l 1 ,   l 2 ]


   |   I  2 × 2 − L  ( k )  [    1  0   0  1 ]  [    0     d t ( M ( x ( k ) )  − 1 ) ] | < 1


  →  | 1 −     l 2 d t    I _ | < 1


  →  | 1 −     l 2 d t    I _ | < 1


    I _


  M ( x )


  L ( k )


  L(k)=(1-  e  -0.5kdt )[100,70]


    Z  i  ( k + 1 ) =   L 3   e  i ( k )


    L 2 = [ 300 , 120 ]


    L 3 = [ 60 , 24 ]


  λ(k)=0.4×(1-  e  -0.5kdt )


  ± 15


    x 1


    L 1  ( k ) = 0


    L 3 = 0


  𝜆  ( k ) = 0


    L 3 = 0


    L 3 = 0


  L ( k )


  L(k)=  ( 1-  e  -0.5kdt )  [ 50,25 ]


  L(k)=(1-  e  -0.5kdt )[200,140]

