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This paper introduces a novel optimal iterative learning control scheme for continuous-
time systems with multiple-inputs and multiple-outputs and linear time-varying
dynamics. While iterative learning control has been extensively studied in the discrete-
time domain, the development of optimal iterative learning control for continuous-time
systems remains limited due to the lack of lifted-formulations and associated
mathematical challenges. The proposed method transforms the original optimal iterative
learning control problem into a linear quadratic tracking-like problem, enabling the
derivation of an explicit close-loop control law that ensures both tracking performance
and control effort minimization. Unlike many existing approaches that rely on learning
algorithms involving derivative terms, which are often sensitive to measurement noise,
the proposed design avoids such terms and remains computationally efficient. Moreover,
the monotonic convergence of the tracking error and the associated cost function are
proved by rigorous mathematical analysis. Theoretical results are supported by four
comprehensive simulation examples, including comparisons with several existing
iterative learning control methods. Quantitative evaluations confirm that the proposed
optimal scheme significantly outperforms previous techniques in terms of convergence
speed and error reduction rate. This contribution offers a new framework for the optimal
control of continuous-time systems with multiple inputs and outputs in repetitive tasks
and provides a foundation for future extensions to constrained, nonlinear, or partially
measurable systems.

I. Introduction

ILC methods leveraging neural iterative learning identifiers
are proposed for a class of unknown time-varying nonlinear

Iterative learning control (ILC) is an effective method for
managing systems that perform repetitive tasks over a finite
time interval [1, 2]. The key feature of ILC is the utilization
of information from previous iterations to enhance the
performance of the system in subsequent executions [3, 4].
This iterative process allows the system to progressively
improve from iteration to iteration, which makes ILC
particularly valuable in applications requiring high precision
and repeatability, such as robotics, manufacturing, and
biomedical fields. Since its introduction [5], ILC has seen a
variety of design approaches and has been successfully
applied across a wide range of practical scenarios [6, 7, 8].

Notably, various approaches to ILC have been proposed to
address different challenges in control systems. For example,
in [9], an adaptive repetitive controller is introduced to reject
periodic disturbances with an unknown period. In [10], two

systems. The design of ILC for continuous-time linear
systems is reformulated as a two-dimensional stabilization
problem in [11]. Subsequently, a dynamic output feedback
control strategy is developed to effectively resolve this
challenge. A data-driven ILC method, integrating predictive
control and point-to-point ILC, is proposed in [12] for a class
of unknown, repetitive, non-affine nonlinear single-input
single-output (SISO) systems. The issue of quantized ILC,
which utilizes encoding and decoding mechanisms for
networked control systems (NCSs) with bandwidth-
constrained communication links, is addressed in [13].
Additionally, a piecewise-type ILC law is designed for linear,
discrete, time-varying systems with different initial time
points using segment compensation techniques in [14].
Lastly, an error-tracking-driven adaptive back-stepping ILC
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is proposed in [15] for a type of nonlinear parametric strict-
feedback systems performing repetitive tasks over finite
intervals.

On the other hand, various optimization-based control
strategies, such as genetic algorithms (GA) and particle
swarm optimization (PSO), have been widely used to design
optimal controllers for complex systems. For instance, a
novel approach for the optimal control of robotic
manipulators using PSO is presented in [16]. However, these
methods fundamentally differ from ILC. While GA and PSO
are global optimization techniques that explore the entire
parameter space to find an optimal solution, ILC improves
control performance through repetitive task execution,
refining the control signal based on errors from previous
iterations. This makes ILC particularly well-suited for
systems performing repetitive tasks, where data from past
executions can be utilized to enhance performance over time.

This unique characteristic of ILC has given rise to a
category that combines optimization techniques with ILC for
controlling systems that perform repetitive tasks. Since an
optimal ILC can significantly improve both convergence
speed and overall system performance [17], there has been
growing interest among researchers in developing
optimization-based ILC methods. Below, some of the key
studies in this area are outlined.

For instance, in [18], a model-based ILC method is
introduced, generalizing ILC using a quadratic performance
criterion for time-varying linear constrained systems affected
by both deterministic and stochastic disturbances. In [19], a
parameter optimization-based ILC approach is presented as a
new paradigm for solving the ILC problem in discrete-time
linear time-invariant (LTI) systems. A recursive optimal
algorithm minimizing the input error covariance matrix is
proposed in [20] to determine the optimal forgetting and
learning gain matrices for a P-type ILC in linear discrete-
time-varying systems with arbitrary relative degrees.

In [21], a feed-forward parameter-optimal high-order ILC
algorithm is proposed, noted for its ease of implementation.
The extension of the classical proportional-integral-
derivative (PID) controller to linear repetitive discrete-time
systems is addressed in [22], where an optimal design method
is introduced for determining the PID learning gains. Mishra
et al. [23] further developed optimization-based ILC schemes
for constrained discrete-time LTI systems. In [24], two
paradigms of norm-optimal ILC and parameter-optimal ILC
are explored for multivariable LTI systems.

Further studies include [25], which established an extended
PID-type ILC with four independent learning gains, and [26],
which proposed a non-lifted norm-optimal ILC method for
linear time-varying (LTV) systems. In [27] and [28], rational
basis functions and a novel optimal N-parametric ILC design
for discrete-time LTI systems are presented to improve
extrapolation properties and design flexibility.

To enhance the convergence rate, [29] introduced an
optimal approach for online tuning of PID-type ILC. A robust
optimal ILC scheme for updating PID gains in linear systems
affected by initial state errors and disturbances is proposed in
[30]. The high-performance tracking problem for discrete-

time SISO and LTI systems with unknown dynamics is
tackled in [31], where two parameter-optimal ILC approaches
are introduced, one based on a data-driven algorithm and the
other using reinforcement learning.

Zhuang et al. [32] proposed an optimal ILC algorithm for
LTI MIMO discrete-time systems with non-uniform trial
lengths under input constraints. In [33] and [34], norm-
optimal ILC in integer-valued control and optimal ILC for
constrained systems with bounded uncertainties are
examined. Furthermore, in [35] and [36], an optimal
feedforward ILC for discrete-time LTI, SISO systems is
developed, combining performance cost and task flexibility.
This method outperforms standard norm-optimal ILC in both
flexibility and performance.

Finally, in [37] and [38], gradient-like and alternating
projection-based optimal ILC designs are presented for LTI
continuous-time SISO and MIMO systems, respectively.
Meanwhile, in [39] and [40], data-driven tracking control for
LTI discrete-time ILC systems and computationally efficient
iterative optimization frameworks for nonlinear batch
processes are proposed, respectively.

As observed in the aforementioned studies, the majority of
optimization-based ILCs have been developed for discrete-
time systems. This is primarily due to the fact that, in discrete
systems, time is represented as an integer-valued variable, and
thus the number of time points per iteration is finite, denoted
by M. This enables a compact formulation, known as the
lifted-form [17, 24] (or super-vector form [41, 42]), which
simplifies the system in the repetition domain by eliminating
the time variable and utilizing the Markov parameters of the
system. The lifted-form approach reduces the optimal ILC
design for discrete-time systems to a parametric and static
optimization problem [22, 28, 42], making it solvable.

Despite these advances in discrete-time systems, designing
optimal ILCs for continuous-time systems remains an under-
explored area. The key challenge stems from the absence of a
compact lifted representation in continuous time. Since time
is a continuous variable, the infinite-dimensional nature of the
signal space makes it difficult to formulate the learning
problem as a static optimization problem. As such, only a
limited number of studies have addressed optimal ILC in
continuous-time settings, and most of them are restricted to
scalar systems or assume time-invariant dynamics. One
possible approach to overcome this challenge could be to
discretize the system and then apply the lifted-form method.
However, to achieve sufficient accuracy in the discretization,
a very small step size would be required. This would lead to
significantly large dimensions for the vectors and matrices in
the resulting lifted-form, thereby causing a substantial
increase in the computational volume and complexity.

This paper addresses this gap by proposing an optimal ILC
framework for continuous-time systems, specifically for
MIMO linear time-varying (LTV) systems. To the best of the
authors' knowledge, this approach has not been explored in
previous research. The closest results to those presented in
this paper can be found in Chapter 9 of [42] for time-invariant
systems. However, there are fundamental differences, which
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are detailed in Section 3. In this work, we propose an
alternative approach to prove convergence, avoiding the use
of complex mathematical concepts such as the properties of
self-adjoint operators in Hilbert spaces.

To present our approach more clearly, we propose a novel
optimal iterative learning control (OPILC) method for
continuous-time systems with MIMO dynamics and time-
varying characteristics. This method reformulates the ILC
problem into a linear quadratic tracking-like (LQT) problem,
facilitating the derivation of an explicit closed-loop control
law that guarantees both accurate tracking and minimized
control effort. This approach is especially advantageous for
applications where monotonic convergence of the tracking
error is of paramount importance. In contrast to previously
developed continuous-time ILC methods, which often rely on
derivative-based learning algorithms [1], [2], [S1], that may
be susceptible to measurement noise, the proposed method
eliminates these terms, thereby ensuring both computational
efficiency and robustness. We provide theoretical guarantees
for monotonic convergence through a rigorous mathematical
analysis, which is validated by extensive simulation results.
For a comprehensive comparison, the proposed method is
analyzed in relation to existing ILC techniques, such as those
presented in [14], [48], and [51], with key distinctions
highlighted in terms of convergence speed and error reduction
rate.

The main contributions of the proposed optimal ILC in this
paper are summarized as follows:

A. Direct Addressing of Continuous-Time Dynamics:

It works directly with continuous-time system dynamics,
eliminating the need to discretize the system and apply the
lifted-form method. As a result, the computational workload
remains low and efficient.

B. Penalizing Error and Input Variation:

To ensure a fair and comprehensive evaluation, our method
considers both tracking accuracy and control smoothness.
Specifically, the weighting matrices in the cost function,
which penalize error and input variation, are adjusted to
balance the trade-off between aggressive learning and
conservative input usage. This highlights the flexibility of the
proposed optimal ILC in addressing performance
specifications and physical constraints.

C. Independence from Derivative-Based Learning:

The proposed approach does not rely on derivative-based
learning algorithms (D-type learning). While many
previously presented continuous-time ILCs are based on D-
type learning, which involves differentiating tracking errors
or system outputs, such algorithms are highly sensitive to
noise. This sensitivity becomes a significant issue in real-
world applications, where measurements are inherently noisy.

D. Applicability to Time-Varying Systems:

Unlike the method in [42], which is limited to time-
invariant systems, our formulation is designed to handle
general time-varying systems.
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E. Guaranteed Monotonic Convergence:

We prove that the proposed optimal ILC ensures the
monotonic convergence of both the tracking error and the cost
function, utilizing only elementary mathematical tools, such
as the concepts and properties of the transition matrix for
homogeneous linear differential equations. In contrast, the
method used in [42] to prove convergence, even for the time-
invariant case, involves many mathematical premises,
including the theory of self-adjoint operators in Hilbert spaces
and the properties of these operators.

F.Computational Efficiency and Ease of Implementation:

In the proposed method, two types of learning gains exist.
The first type is a symmetric n X n matrix, where n represents
the order of the controlled system. This matrix is obtained
prior to the first iteration by solving a Riccati matrix
differential equation, using the system coefficient matrices
and the cost function weighting matrices. This learning gain
is then used throughout all iterations. The second type of
learning gain is a vector with n components, which needs to
be determined by solving a linear vector differential equation,
using the tracking error obtained from the previous iteration.
This calculation is done before the start of each new iteration
and when the system is being reset. Thus, all learning gains
are determined either before the first iteration or during the
intermediate phases between iterations. In other words, no
algebraic or differential equations need to be solved during
the iterations themselves. This characteristic significantly
enhances computational efficiency and simplifies the
practical implementation of the proposed method.

G. Superior Performance:

Extensive simulation results, including comparisons with
the ILC methods in [14], [48], and [51], show that the
proposed optimal ILC achieves faster convergence and higher
tracking accuracy, while maintaining an acceptable
computational cost.

The rest of this paper is organized as follows. Section II
formulates the OPILC problem for continuous-time LTV
systems and defines the mathematical assumptions. Section
IIT derives the optimal control input using LQT theory and
presents the resulting OPILC structure. Section IV rigorously
proves the monotonic convergence of the tracking error and
cost function. Section V provides detailed simulation results
and performance comparisons with existing ILC methods.
Section VI concludes the paper and discusses future
extensions such as incorporating input/state constraints,
uncertainty, or nonlinear dynamics.

I1. Problem Setup
Consider the continuous-time MIMO LTV system that
performs a repetitive operation:
% (1) = A(t)x;(t) + B(Ou;(t) + 14 (1)
yi(t) = C(0)x;(t) +ny (2) , (1)
0<t<ti=01,..
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where t denotes the time variable, i is the operation or
iteration index, x € R", u € R?, and y € R? are the system
sate, input, and output vectors, respectively. 1, € R™ and
ny €RT are the unknown but bounded deterministic
disturbances, or the effects of the un-modeled dynamics of the
system, which impact the state and output vectors of the
system, respectively. t; is a constant and specified, indicating
the time duration of iterations. A(t), B(t), and C(t) are the
real-valued coefficients with appropriate dimensions.
Moreover, the superimposed dot denotes the time derivative.

Consider system (1) and make the following reasonable
assumptions:

Al) Every entry of B(t) is a continuously differentiable
function in the interval t € (0, t;).

A2) All entries of A(t), B(t), C(t), and B(t) are bounded
and continuous functions in the interval t € [0, t;].

A3) C(t)B(t) has full row rank in the interval t € [0, tf],
that is:
rank(C(t)B(t)) = qVt € [0, tf]. 2)

A4) The initial condition x;(0) remains constant in all
iterations, i.e.
x(0) =x9i=0,1,... 3)

Remark 1. Assumptions Al and A2 have been considered
in order to guarantee the existence and uniqueness of the
solution to the homogeneous differential equations that will
be encountered later.

Remark 2. Assumption A3 is a standard assumption in ILC
design, which guarantees the existence of learning gains [14,
29, 32, 34, 47]. It is clear that a necessary condition for
assumption A3 to hold is that the number of system inputs
must not be less than the number of outputs (p = q). Since
the goal is to independently control all system outputs through
appropriate selection of the inputs, the number of inputs must
be greater than or at least equal to the number of outputs.

Remark 3. ILC systems usually have the same initial states
x, for each working cycle [34, 42, 46, 47]. Thus, assumption
A4 is not a restriction. This assumption is required for the
perfect convergence of any type of ILC. Clearly, if the initial
conditions of the system change randomly, it will be
impossible to achieve perfect convergence because the
controller encounters new conditions in each iteration, and
therefore, learning and using past experiences to improve the
performance becomes ineffective.

Let us define the problem of optimal iterative learning
control (OPILC) as follows:

Consider system (1) and suppose that operates in a
repetitive mode in the finite continuous time interval t €
[0,t] and assumptions Al1-A4 hold. A desired output

trajectory y,(t) € RY is given. The error between the system
output and y, (t) at iteration i is defined as follows:

ei(t) =ya(t) —y:(®i=012, .. 4)

Suppose that we are at the start of the current iteration i,
and all the system signals in the previous iteration i — 1, such
as u;_1(t), x;_1(t) and e;_,(t), are known and stored in the
controller memory. Determine the system input in the current
iteration i, that is u;(t), so that the system output approaches
¥4 (t) by minimizing the following quadratic cost function:

Ji = 5 {lei O + v O} = 1.2, .. (5)
where

v (0) = wi(t) — w1 (1), (6)
and

1
t 1
le:(llg = [ f Tt (t)Q(t)ei(t)dt]z.
0

1
ol = [£; v ©R@vi(Ode]’, ™)
and T denotes the transpose, Q(t) € R™*? and R(t) €
RP*P are the weight symmetric and positive definite matrices
whose entries are the continuous functions of t € [0, ¢f].

The physical interpretation of the given cost function (5) is
that we want to bring the output of the system close to the
desired output trajectory, and at the same time, the input of
the system does not differ much from the previous iteration.
The relative degrees of these two opposing goals is absorbed
in matrices Q(t) and R(t).

II1. Problem Solution
Let us define the vectors z;(t) and w;(t) as follows:

7 (8) = x; () — x4 (8)
wi () = yi(8) = i1 (O). (3)
0St<ti=12..

Differentiating z;(t) with respect to t yields:
Zi(t) = X;(t) — %;—1(t)
w;(t) = yi(t) — yi-1 (D).
0<t<tri=12,.
By substituting x;_; (t), x;(t), y;—1(t) and y;(t) from (1)
into the above equations, one obtains:
(Z(t) = A®x; (1) + BOwi(t) +nx(t) — A(O)x;-1(8)
' =B()u;—1(t) = 1x(t)

| =A@ (G (®) — %1 () + BO (&) —w-1(D)
{Wi(t) =yi(t) = ¥i-1 (&) = C@O)x; () + 1, (1) :
l —C(®)x;-1(t) —ny(®)

=C(O)(x(t) —x-1 (1))

Inserting x; (t) — x;_4(t) and u; (t) — u;_,(t) from (8) and
(6), respectively, into the above equations, yields:
(©) = A0 + OO
wi(t) = C(t)z () '
0<t<t,i=12,.. )
On the other hand, substituting y;(t) from (8) into (4)
gives:
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e;(t) = ya(t) — yi_1 (&) — wi(D),

that is:
e(t) =ri(t) —w ()i =12,.. (10)
where
ri(t) = e;—1(t). (1)

Substituting e;(t) from (10) into (5) yields:

1 [t
Ji=3 | 1@ —m@re®mn® - wi)
+ v (OR®Ov; ()} dt.

i=12,.. (12)

Now, let us consider relation (9). This relation represents a
hypothetical linear time-varying system, where z;(t), v;(t),
and w; (t) are its state, input, and output vectors, respectively.
1;(t) is the given desired output for this hypothetical system,
and minimizing cost function (12) for this hypothetical
system implies addressing a problem similar to the linear
quadratic tracking (LQT) problem.

A review of the LQT problem and its solution procedure is
provided in the Appendix. Based on this solution, and
utilizing equation (A-3), the proposed OPILC problem is
solved as follows:

vi(t) = =R (BT (O[K )z (1) — g:(D].

0<t<t,i=12,..

(13)
and the optimum value of cost function (12) is obtained as
(see (A-8)):

1
Ji =52 (0)K(0)z(0) = 7{ (0)g:(0) + ¢:(0).

i=12,.. (14)

where K(t) € R™" is a symmetric and positive definite
matrix that is the solution of the following Riccati matrix
differential equation (see (A-4)):

K(t) = —K(t)A(t) — AT (K (t)
+K(t)B(t)R ()BT (H)K(t)
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and g;(t) € R™ is a vector that is the solution of the
following linear vector differential equation (see (A-6)):

§i(®) = =[A@®) = BORT'OBT(OK®]" 9:(t)

—CT()Q)ei-1 ().

i=12,.. (16)
The third term in the right-hand side of (14), i.e., ¢;(0), is

obtained from the backward integration of the following

scalar differential equation (see (A-9)):
. 1,
$:i(1) = —5ei1(HQMei-1 (1)

+2 T OBOR OB,

i=12,.. (17)

By comparing (12) with (A-2), it is observed that the matrix
F in the cost function (12) is zero. Therefore, from (A-5), (A-
7), and (A-10), it follows that the terminal conditions of the
differential equations (15), (16), and (17) are all zero, that is

K(tr) = 0,9i(tr) = 0,¢:(tf) = 0. (18)

Using (6) and (13), the input to system (1) at the i -th
iteration is expressed in terms of its input at the previous
iteration and other available information as follows

ui () = ui—1 () = RTHOBT (O (O [xi (1) — xi-1(8)]
-9}
0<t<tni=12,.. (19)
Remark 4. Equation (15) is independent of the iterations.
Therefore, it is solved only once prior to the first iteration, and
the resulting gain K (t) is used in all subsequent iterations. It
should be noted that although matrix K(t) has n?

components, its symmetry implies that Riccati equation (15)
n(

1 . . .
represents a system of n; ) first-order differential equations

instead of n? equations.

—CT ()R (D). (15)
u; (1) System ¥t
{i - 1th iteration) -
Memory Memory
Y1) Kt x,(t) - x,_,(t)] %a®
+ Kit)
+ +
( Je—— R (1)BT(t) X
- e (b -
Memory Calculate gt} |&——T—{ Memory
a,(t) Yal(t)
Ut System Yilh
{i th iteration)

Fig. 1. The block diagram of the proposed OPILC.
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Remark 5. The existence of e;_; (t) in equation (16) makes
it an iteration-dependent equation. Therefore, it is necessary
to re-compute g;(t) for each iteration. Given e;_, (t), one can
compute g;(t) off-line in the time between iteration i and i —
1, when the system is being reset. After this time, e;_; (t) can
be removed from the memory.

Considering (19), the obtained OPILC can be illustrated as
Fig. 1

As mentioned in Section I, in [42] Algorithm 9.5, one can
find results similar to those of (15), (16), and (19) for the time-
invariant case. The main differences between these two
approaches can be summarized as follows:

1) The results given in Algorithm 9.5 of [42] are based on
time-invariant self-adjoint operators acting on a Hilbert
space. These assumptions ensure the applicability of classical
spectral theory and operator analysis. However, such results
are not directly extendable to time-varying operators, whose
domains, boundedness, or self-adjointness properties may
evolve over time. Consequently, the results of Algorithm 9.5
in [42] cannot be applied directly to time-varying systems. In
contrast, our approach is fundamentally different from that of
[42] and has been specifically developed from the outset to
handle time-varying systems.

2) The method of proving convergence in [42], even for the
time-invariant case, involves many mathematical premises,
including the theory of self-adjoint operators in Hilbert spaces
and the properties of these operators (see Theorems 9.1, 9.2,
and 9.3 in [42]). However, our scheme to prove convergence
is completely different from the method used in [42] and only
relations (14), (16), and (17) and the concept of the transition
matrix of the homogeneous linear differential equation are
used in it (see Theorems 1, 2, and 3 in Section IV).

IV. Convergence Analysis

One of the desired features in the ILC design is to achieve
convergence, and particularly monotonic convergence.
Convergence implies that the tracking error converges to zero
as the number of iterations increases. That is:

lime;(t) = 0Vt € (0, t], (20)

where e; (t) is the tracking error defined in (4).

The concept of monotonic convergence is that the norm of
the tracking error in each iteration is smaller than the previous
iteration. It means to have:

{”ei(-)” < lle;—1 O iflle;—1 (DIl = 0
lle; (DIl = lle;—1 ()1l = Oiflle;—s (Il = 0

where ||e;(.)]| is a chosen norm for e;(t).

vi=12,.. (1)

Monotonic convergence is a stronger condition than
general convergence, as the latter can be deduced from the
former. However, the reverse does not hold in the general
case.

For the convergence analysis of the proposed OPILC, the
following theorem is required.

Theorem 1. For any i =1,2,... the following three
statements are equivalent:

e;_1(t) = 0Vt € (0, ¢]. (22)
BT (t)g;(t) = 0Vt € [0, t;]. (23)
v,(t) = 0Vt € [0, ¢]. (24)

Proof. (22)& (23): Suppose (22) holds. Then, substituting
e;_1(t) = 0 into (16) yields:

gi®) = () g:(®), (25)
where
F(t) = =[A(t) = B®OR ()BT (K (®)]". (26)

Since all of the entries of F; (t) are bounded and continuous
functions in the interval t € [0,t¢], for any given terminal
condition g;(tr), homogenous equation (25) has a unique
solution in the interval t € [0,tf], and this solution is
obtained as follows:

gi(t) = D,(L, tr)g:(tr)VE € [0, t7], (27)

where @, (.,.)is the state transition matrix of equation (25).
By applying the terminal condition g;(¢t;) = 0, as given in

(18), to (27), we obtain

gi(t) = 0Vt € [0, tf]. (28)

Left-multiplying both sides of (28) by BT (t) yields relation

(23).

Conversely, assume that equation (23) holds. Then, using
(16), we obtain the following:

gi(®) = AT (D) g: (1) = CT(OQ(B)ei—1 (D). 29)
Left-multiplying both sides of (29) by BT (t) gives:
BT(0)gi(t) = —BT()AT()gi(t) — BT ()CT ()Q(t)ei-1 (1)

(30)
We have:
S [BT(0)g:(8)] = BT()gi(t) + BT(£)gs(t) = 0. €2))
Thus, ’
BT()gi(t) = —B"()g:(®). (32)

Combining (32) with (30) yields the following result:

[C(©)BMITQ()ei—1(8) = [BT(t) = BT(©)AT ()] g:(1)- (33)
By left-multiplying both sides of the above equation by
C(t)B(t), the following relation is obtained:
COBMICEOBMIQM)ei-1(t) =
COBM[B (1) - BT (AT (®)]g:(0). (34)
Since, according to Assumption A3, C(t)B(t) has full row
rank, it follows that C(t)B(t)[C(t)B(t)]" is invertible.
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Multiplying both sides of equation (34) from the left by
Q1 (OCOBOICOB®]N ™ yields:
ei-1(0) = QI (OCOBOICHOBM®IN™

x C()B(&)[BT (t) — BT(H)AT ()] g: (t). (33)
Substituting e;_4 (t) from (35) into (29) yields:

9i(t) = F,(£)g:(t). (36)

where

Fy(t) = —{A(®) + [B(t) — A@®B®)](C(®)B()"

x (COBMICOBMINTC®I. (37

According to Assumption A2, all entries of
A(t),B(t),C(t) and B(t) are continuous and bounded
functions in the interval t € [0, t¢]. It then follows from (37)
that all entries of F,(t) are also continuous and bounded. As
aresult, for any given terminal condition g; (t;), equation (36)
has a unique solution in the interval t € [0, ], and this
solution is obtained as follows:

gi(t) = @,(¢, tr)gi(tr)VE € [0, tf], (33)

where @, (.,.)is the state transition matrix of equation (36).

Applying the terminal condition g;(t) = 0, as given in
(18), to (38) gives (28). Then substituting g;(t) from (28) into
(35) yields (22).

(23)e (24): Suppose (23) holds. Then, substituting
BT(t)g;(t) = 0 into (13) yields:

vi(t) = —RTI(OBT (DK (O)z; (D). (39

By substituting v;(t) from (39) into (9), the following
homogeneous equation is obtained:

z;(t) = F3()z;(0), (40)
where
F3(t) = A(t) — B(OORL()BT()K (b). (41)

All of the entries of F;(t) are continuous and bounded
functions in the interval t € [0, t]. Hence, for any given
initial condition z;(0), equation (40) has a unique solution in
the interval t € [0, t¢], as follows:

z;(t) = ®3(t,0)z;(0)Vt € [0, tf], (42)

where @5(.,.)is the state transition matrix of equation (40).
From (3) together with the definition of z;(t) in (8), it
follows that:

z(0)=0i=12,.. (43)

Substituting z;(0) from (43) into (42) yields the following
result:
z;(t) = OVt € [0, t]. (44)

By substituting z;(t) from (44) into (39), one can obtain
(24).

Conversely, if (24) holds, then from (9) and (43), we can
obtain (44). Finally, substituting v; (t) and z; (t) from (24) and
(44), respectively, into (13) yields (23).
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Now, we are in a position that we can analyze the
convergence properties of the proposed OPILC.

Theorem 2. The proposed OPILC guarantees monotonic
convergence in the sense of norm ||e;(.)|l, defined in (7).

Proof. Substituting z;(0) from (43) into (14) yields that the
optimum value of cost function (12) is as follows:

Ji=¢:(0)i=12,.. (45)

Integrating both sides of equation (17) over the interval
[0, tr] gives:

1
Bilt) — :(0) = ~ 3 leis Ol
1 (Y
+3] o @BOR @B g @

By inserting ¢;(tf) and ¢;(0) from (18) and (45),
respectively, into the above equations, the following
expression is obtained:

Ji =3 leia O3 =3 f, gl (OBOR™Y(DBT ()gi(t)de. (46)

On the other hand, based on (7), (10) and (12), J{ has the
following form:

Ji = S {lle N3 + llvi (I3} 47)
From (46) and (47) one gets:

el = e Oz -2 [Tror

16Ol =3 lles Ol =5 | OREOW(E

+gl BMOR™' (BT (O g:(t)}dt. (48)

Since R(t) and, consequently, R™1(t) are symmetric
positive definite matrices for all t € [0, tr], equation (48)
yields the following result:

lle;(Dllg < llei—1 (Dl = 1,2,... (49)

and (49) holds as an equality if and only if one has:

vi(t) = 0Vt € [0, t], (50)
and:
BT (t)g;(t) = 0Vt € [0, t]. (51)

Taking Theorem 1 into account, each of the relations (50)
and (51) is equivalent to (22).

Therefore, the proposed OPILC is convergent, and this
convergence is monotonic in the sense of norm ||e; ()l -

Theorem 3. The proposed OPILC guarantees monotonic
convergence in the sense of cost function (5).

Proof. By adding and subtracting % [lv;_1 ()| to the right-

hand side of (46), one obtains:

1t
Ji =l = [ L ORODA®

+g! ()B(OR ()BT (1) g; (t)}dt.
i=23,.. (52)
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Since R(t), and therefore, R™1(t) are symmetric positive
definite for all t € [0, tf], (52) yields:

Ji<Jii=23,.. (53)

and (53) holds as an equality if and only if we have:

vi_1(t) = 0,BT(t)gi(t) = 0.
Vt € [0,t],i = 23,.. (54)

According to Theorem 1, (54) is equivalent to:

ei_z(t) = ei_l(t) =0Vt € (0, tf],l = 2,3,... (55)

Consequently, the proposed OPILC is convergent, and this
convergence is monotonic in the sense of cost function (5).

V. Illustrative Examples and Comparison with
Other ILCs

In this section, four simulation examples are provided to
demonstrate the applicability and performance of the
proposed OPILC.

All simulations were performed on a computer with a 12th
Gen Intel® Core™ i3-12100 CPU @ 3.30 GHz, 16.0 GB of
RAM, running Windows 10 Pro (version 22H2). MATLAB
R2016b was used for implementation and numerical
computations.

Example 1. Consider a second-order repetitive system in
the form of (1), where the coefficient matrices, time duration
of iterations, and disturbances 7,(t), n,(t) are given as
follows:

—t 1 t
A) = [2 sin(mt) —Ln(t+ 1)] B = [Sineh( t)] ’
c) =los t2tr=1,
esin(4nt)

nx(8) = [t cos(Znt)] 11y (8) = 0.05( = 05).

To perform the simulation, the initial condition of the
system and its input at the initial iteration i = 0 are set to be
zero. That is:

x;(0) = [8] fori =0,1,...,up(t) = 0for0 <t < 1.

The desired output trajectory y,(t) is chosen as:
ya(t) = sin(60t — 92t% + 48t — 8t*) for0 <t < 1.

In order to compare the performance of the method
proposed in this paper with the approach presented in [48],
the simulation of this example is conducted in two cases. In
these cases, the method proposed in this paper and the
approach presented in [48] are used, respectively.

Case 1. Using the OPILC proposed in this paper

The symmetric positive definite matrices Q(t) and R(t) in
cost function (5), are chosen as follows:
Q(t) = 104 R(t) = 1.

The time response of the system output, along with the
desired output trajectory, is depicted in Fig. 2. This figure

indicates that the system output successfully converges to the
desired output trajectory by increasing the number of
iterations.

The values of %IIei(.)Ilé and cost function J; versus the

number of iterations are given in Fig. 3 (in the log scale). This
figure demonstrates that the convergence is monotonic with
respect to both |le;(.)|l, and J;, which are consistent with
Theorems 2 and 3.

A key aspect of iterative learning control is how the control
input evolves over successive trials. Figure 4 illustrates the
progression of the input profiles across iterations. It can be
observed that the input converges to a particular signal that
was not known a priori and only emerged as a result of the
learning process.

01 02 03 04 05 06 0.7 08 09 1
Time(t)

Fig. 2. The output trajectories y4(t) and y;(t)(i = 0,1,2,5) for

Example 1 (Case 1).
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Iteration Number (i)
Fig. 3. The monotonic convergence of ||e; ()|l and J; with

respect to i for Example 1 (Case 1).
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Fig. 4. The system input at iterations i = 0,1,5,20 for Example
1 (Case 1).
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Case 2. Using the ILC presented in [48]

First, we provide a brief review the method given in [48].
In [48], the system under control is discrete-time, MIMO, and
LTV, which is represented by:

xi(k + 1) = Ap (k)x;(k) + Bp (k)u; (k)

yi(k) = Cp(k)x; (k) : (56)
k=01,...,Ni=0,1,...

and the ILC problem is defined as follows:
Given System (56) with boundary conditions x;(0) = x, (i =
0) and uy(k)(0 <k <N-1), and reference output
trajectory y4(k)(1 <k < N), find an appropriate control
input u;(k) (0 <k <N —1andi = 1) such that the system
output follows the reference trajectory.

To solve this problem, the following ILC is presented by
[48]:

Uipq (k) = u; (k) + F(k + De;(k + 1)

k=01,...N-1i=01,... (57)

where F(k + 1) is a time-varying learning gain matrix with
appropriate dimensions, and e;(k + 1) shows the tracking
error, which is:

eik+1)=y,k+1)—y;(k+1).

Using two-dimensional (2-D) system theory, it has been
shown in [48] that if the gain matrix F (k) is chosen such that
the following relation holds:

pil = Cy(k)Bp(k— DF(k)} < 1,
k=12,...,N. (58)

where [ is the identity matrix and p{. } represents the spectral
radius of the matrix.
Then ILC (57) guarantees:

lime;(k) = Ofork = 1,2,...,N. (59)
11—

Moreover, it has been shown that there exists a gain matrix
F (k) that yields (58) only if matrix Cp (k)Bp(k — 1) has full-
row rank, and in this case, condition (58) can be achieved by
calculating F (k) as follows [48]:

F(k) = (Cp(k)Bp (k — 1) {Cp (k)Bp (k — 1)

X (Cp(k)Bp (k — 1)} — @(k)),

fork =1,2,...,N. (60)
where @(k) is an arbitrary matrix with appropriate
dimensions that satisfies the condition p{®(k)} < 1 for k =
1,2,...,N.

When system (56) is SISO, then Cp(k)Bp(k — 1), @(k),
and F(k) are scalars, and consequently, formula (60)
simplifies to:

1-0(k)
F(k)=mf0rk=1,2,...,N. (61)

and condition p{®(k)} < 1 is reduced to |® (k)| < 1 for
k=12,...,N.

It should be noted that the above ILC is given for discrete-
time systems, whereas this study focuses on continuous-time
system. For this reason, first, the system given in Example 1
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is discretized by choosing the sampling time At = 0.001.
Therefore, we have:

s
N = yrin 10°.

In addition, since the system is SISO, (61) is used to
calculate the learning gain F(k). To have the maximum
possible convergence rate, @ (k) is chosen as @ (k) = 0.9975
(fork =1,2,...,10%) through trial and error.

The trajectories obtained for the system output from the
simulation in some iterations are shown in Fig. 5. Although
according to this figure, the output of the system is closer to
the desired trajectory with the increase in the number of
iterations, by comparing this figure with Fig. 2, it is clearly
inferred that the convergence rate in Fig. 5 is much slower
than in Fig. 2. To evaluate this more precisely, let us use the
following total square error of tracking:

EE (i) = Y=o el (k) = Xio e/ (k). (62)

Figure 6 shows the total squared error of tracking (in the
log scale) for both cases 1 and 2. It can be observed that the
convergence rate of the OPILC proposed in this paper is much
faster than that in the method presented in [48].

To enable a more comprehensive comparison of the
performance of the OPILC proposed in this paper with other
ILCs, we employ quantitative performance metrics including
error reduction rate, convergence speed, and computational
complexity. For this purpose, let I,,o, (forn = 50,10,1) denote
the minimum number of iterations required for the error to
become less than or equal to n percent of its initial value (i.e.,
the error at iteration zero), as a measure of the error reduction
rate. Similarly, let I;,-3 represent the minimum number of
iterations required for the absolute value of error to reach or
fall below 1073, serving as a measure of convergence speed.
To assess computational complexity, T; is used to denote the
time required to execute a single iteration on the hardware
platform specified at the beginning of this section.

The results obtained from the comparison of Cases 1 and 2
for Example 1 are presented in Table I. It should be noted that
the term "error" in this table refers to the total square error as
defined in equation (62). According to this table, the error
reduction rate and convergence speed of the proposed method
are significantly higher than those of the ILC method
presented in [48]. Specifically, the error is reduced by 90%
after just one iteration using the proposed method, whereas
the ILC in [48] requires 710 iterations to achieve the same
reduction. Moreover, the convergence speed of the proposed
method is over 75 times faster than that of the ILC in [48].
Although the proposed scheme requires approximately
3.8225 times more computational time per iteration compared
to the ILC method presented in [48], as will be clarified in
Remark 6, this increase does not introduce any practical
impediments.
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Fig. 5. The output trajectories y4(t) and y;(t) (i =
0,10,500,1000) for Example 1 (Case 2).
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Fig. 6. The total square errors of tracking with respect to i for
Example 1 (comparison of Cases 1 and 2).

TABLE I. Comparison of Cases 1 and 2 for Example 1

Method ILC of OPILC proposed
[48] in this paper

Error Reduction Isgo, 285 1
Rate Loy, 710 1
L1 1220 2
Convergence Speed 1193 4150 55

Computational T; 0.012535 0.047915

Complexity (sec.)

Example 2. The rotation dynamics of a rigid body in space
can be described by Euler equations in the principal
coordinates as follows [49, 501]:

Jrwy = Uy = J)wyw, + uy
]yd)y =(; —Jw,wx + Uy. (63)
J:0; = Ux = Jy)wxwy + u,
where w,, w,, and w, are the components of the angular
velocity vector w along the principal axes; u,, u,,, and u, are
the torque inputs applied about the principal axes; and J,, J,,
and J, are the principal moments of inertia.
Assuming that the body is axial-symmetric, i.e., J, = J, =
J, rotational dynamics along the x and y axes are considered,

under the assumption that w,(t) is a known function of time.
This yields an LTV system of the form

. 0 0(t) 1 0
xz[—!)(t) 0 ]x+[o 1]“
. s® 68
10 '
y= [o *

< L
c(t)
where

x =[]y =lo] w=2[) 00 = w0 ©9)

Let us consider model (64). This is a two input-two output
(TITO) system. It is desired to control this system iteratively
in a given time interval [0, t;].

For simulations, we choose ty = 2 and 2(t) = t sin( 2mt).
Moreover, the desired output trajectories are selected as
follows:

»(¢) = tanh [20cos(t) ] sin(t*),

Y2 (6) =10te™ cos(nr). (66)

The initial conditions and the initial input of the system (the
input of the system in iteration i = 0) are all chosen to be
ZEero.

In order to compare the performance of the OPILC
proposed in this paper with the methods presented in [51] and
[14], the simulation of this example is conducted in three
cases. In these cases, the procedure proposed in this paper and
the ILCs presented in [51] and [14] are used, respectively.
Case 1. Using the OPILC proposed in this paper

The symmetric positive definite matrices Q(t) and R(t) in
cost function (5) are chosen as follows:

Q(t) =10*L,R(t) = 1.

The trajectories obtained for the system outputs from the
simulation at some iterations, along with the desired outputs
trajectories, are shown in Figs. 7a and 7b. These figures
indicate that by increasing the iteration number, the outputs
quickly converge to the given desired outputs trajectories,
such that at iteration i = 1, the system outputs exactly follow
the desired outputs trajectories.

Furthermore, Fig. 8 shows %llei(.)llé and J; (in the log

scale) versus the number of iterations. According to this
figure, both |le;(.)ll, and J; converge to zero with a
monotonic convergence rate, which confirms Theorems 2 and
3.

An essential feature of ILC lies in the evolution of the
control input over repeated trials. As shown in Figs. 9a and
9b, the system inputs profiles gradually adjust through
iterations and eventually converge to two consistent patterns
that are not predefined but arise from the learning dynamics.

—y()
= i=0

e i=1

021 \/ 1
-0.4 : : : : . : : : .

"0 02 04 06 08 1 12 14 16 18 2
Time(t)
Fig. 7a. The output trajectories yél)(t) and yi(l) t)(i=0,1) for
Example 2 (Case 1).
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Fig. 7b. The output trajectories yéz)(t) and yi(z)(t)(i =0,1) for
Example 2 (Case 1).
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Fig. 9a. The system input ugl)(t) at iterations i = 0,1,20 for

Example 2 (Case 1).
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Fig. 9b. The system input ulgz)(t) at iterations i = 0,1,20 for

Example 2 (Case 1).
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Case 2. Using the ILC presented in [51]

The iterative learning tracking control problem for a class
of MIMO nonlinear continuous-time LTV systems is studied
in [51]. The system at the i-th iteration is described as
equation (67):

#(8) = £(t, %) + BO)u;(t)

yi(t) = C([)x:(t)

x:(0) = xo
0<t=<ti=01,...

(67)

where B(t) € R™P and C(t) € RT”" are time-varying
coefficients, and f(.,.) is a nonlinear function that is
piecewise continuous in t € [0, t¢] and globally Lipschitz in
x € R", ie.,

30 <y <o |If (&%) — F (& 2D S ¥llxg — %2l
Vxy,x, € R", Vt € [0, tf]. (68)

y is the Lipschitz constant.
The ILC presented in [51] for system (67) is a PD-type one
and has the following form:

U1 (8) = i (1) + Kp(t)eir1 (1) + A(OKp (0)€i44 (). (69)
where e;, 1 (t) is the tracking error at iteration i + 1, which is
defined as (4); Kp(t) and K, (t) are the proportional and
derivative gains, respectively, with appropriate dimensions;
and A(t) = 1 is an exponentially increasing function with
respect to t such as et (M > 0).

As proved in [51], if a unique control input u, (t) exists for
system (67) such that it generates the desired output trajectory
y4(t), i.e., uy(t) and y,(t) satisfy the following equations:

%q(t) = f(t,x4(8)) + B(H)uqa(t)

ya(t) = C(1)xq(t)

xq(0) = xo
0<t<t

(70)

where x4 (t) is the state corresponding to y,(t).
Then for any initial input u,(t)(0 <t < tf) and initial
state x;(0) = x4(i = 0,1,...), we have:
lime;(t) = OVt € [0, tf].
L—00
If the following condition holds:
p{ll + A(OKp(t)C()B(t)] '} < 1Vt € [0, tf]. (71)

where I denotes the identity matrix and p{.} is the spectral
radius of the matrix.

It is clear that if system (67) is linear similar to (1), that is
if f(.,.) is as follows:

f(&xi(6)) = A(®)x; (1), A(t) € R (72)
and all entries of A(t) are the piecewise continuous and

bonded functions in the interval t € [0, t¢], then condition
(68) is satisfied. Consequently, let us try to use ILC (69) for
linear system (64).

For any given differentiable desired output trajectory
ya(t) = [ya(zl)(t) y‘gz)(t)]T, such as the one given in (66), a
unique control input uy(t) = y4(t) — A(t)y4(t) is obtained
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for system (64) such that it generates y;(t). Hence, ILC (69)
is applicable to system (64).
For system (64), the following gains of ILC (69) satisfy the

convergence condition (71):

Kp(t)=(2) g],KD(t)=[0(')1 0?1],A(t)=e°-8f.

The desired output trajectories and the obtained trajectories
for the system outputs are given in Fig. 10a and 10b for some
iterations. Although these figures show that as the number of
iterations increases, the system outputs tend towards the
desired output trajectories, comparing these figures with Figs.
7a and 7b indicates that the convergence rate in Figs. 7a and
7b is much faster than in Figs. 10a and 10b. For a more
accurate comparison, the following performance index, i.e.,
the 2-norm of the tracking error, is considered:

el = [ ef (©)e;(H)de]™. (73)

The obtained results for ||e;(.)||, in both cases 1 and 2 are
illustrated in Fig. 11. This figure clearly demonstrates that the
tracking performance of the proposed OPILC is superior to
that of the method in [51].
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Fig. 10a. The output trajectories yél)(t) and yi(l)(t) (i=
0,1,2,5,10) for Example 2 (Case 2).
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Fig. 11. The 2-norm of the tracking error e;(t) with respect to i
for Example 2 (comparison of Cases 1 and 2).

L i

in [51]. Remarkably, a single iteration of the proposed
method results in a 99% reduction in error, whereas the ILC
approach in [51] requires 19 iterations to achieve a similar
level of improvement. Furthermore, the convergence speed of
the proposed scheme is approximately 19 times greater than
that of the ILC in [51]. Despite the fact that the per-iteration
execution time is nearly 4.1 times greater than that of the ILC
approach in [51], as elaborated in Remark 6, such a rise in
computational effort does not translate into any significant
practical constraints.

Case 3. Using the ILC presented in [14]
Recently, an ILC approach has been presented in [14] for

linear discrete-time, MIMO, and LTV systems described by
(56), where the system has the same number of inputs and
outputs and different initial time points. However, in this
paper, we focus on systems that have fixed initial time points.
For such systems, the structure of the ILC given in [14] is in
the form of relation (57), but the method of determining the
gain matrix F(k) is different from equation (58). In [14], it
has been shown that if F (k) is chosen to make:

TABLE II. Comparison of Cases | and 2 for Example 2
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Fig. 10b. The output trajectories yéz)(t) and yl.(z)(t) (i=

0,1,2,5,10) for Example 2 (Case 2).

Quantitative performance metrics for comparing Cases 1 and
2 in Example 2 are provided in Table II. In this table, the term
"error" refers to the 2-norm of the tracking error as defined in
equation (73). As observed, the proposed method exhibits a
substantially higher error reduction rate and faster
convergence speed compared to the ILC method introduced

Method ILC of OPILC proposed
[51] in this paper
Error Reduction Isg0, 2 1
Rate Loy, 7 1
Lo, 19 1
Convergence Speed 119-3 38 2
Computational T, 0.078188 0.319841
Complexity (sec.)
sup |1 = F(k)Cp(k)Bp(k — DIl <1, (74

ke{1,2,..N}

then (59) holds.

Let us apply the above ILC to the system explained in
Example 2. Since this ILC is given for discrete-time systems
and in Example 2, the system is continuous-time, the given
system is first discretized by choosing the sampling time At =
2 X 10™*. Therefore, we have:

t
f 4
N =-—=10%
At
The learning gain F (k) is chosen as follows:

[ 1 -05. . _ .
FUO={_gpe o) fork =12,.,10%
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It is easy to show that this learning gain satisfies convergent
condition (74).

As a result, Figs. 12a and 12b show the actual tracking
performance of the system outputs yl.(k)(t) to the desired

trajectories yék) (t) at the iterations i = 0,10,100,500 for k =
1,2, respectively. As seen in these figures, with the increase
of the iteration number, the system outputs converge to the
desired trajectories. However, comparing these figures with
Figs. 7a and 7b demonstrates that the convergence rate in
Figs. 7a and 7b is much faster than in Figs. 12a and 12b. Let
us use the following index to evaluate this fact more precisely:

EE(i) = SN e] (k) ei(k) = Zi% e] (k)e; (k). (75)

This index is an extension of (62) to the MIMO case.
Hence, it can be stated that it is the total square error of
tracking.

Figure 13 shows the profiles of EE (i) versus iterations for
both cases 1 and 3. It is observed that the system with the
OPILC proposed in this paper has a much better convergence
performance in speed and precision than the one with the ILC
presented in [14].
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Fig. 12a. The output trajectories ytgl)(t) and yi(l)(t) (i=

0,10,100,500) for Example 2 (Case 3).
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Fig. 12b. The output trajectories yg(lz) (t) and yi(z)(t) (i=
0,10,100,500) for Example 2 (Case 3).

Table III reports the quantitative performance metrics for
comparing Cases 1 and 3 in Example 2. In this table, the error
is defined as the total square error of tracking, as formulated
in equation (75). The results clearly demonstrate that the
proposed method offers a dramatic improvement over the ILC
approach introduced in [14], both in terms of error reduction
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Fig. 13. The total square errors of tracking with respect to i for

Example 2 (comparison of Cases 1 and 3)

rate and convergence speed. Specifically, the proposed
algorithm achieves a 99% reduction in tracking error after
only a single iteration, while the ILC method in [14] requires
390 iterations to reach a comparable level of accuracy.
Moreover, the convergence speed of the proposed strategy is
approximately 4062 times faster than that of the referenced
ILC. Although the iterative execution time is approximately
1.8 times longer relative to the ILC framework described in
[14], as will be discussed in greater detail in Remark 6, this
increased computational burden does not undermine the
practicality or operational efficiency of the proposed method.

Example 3. This example, which considers a practical
MIMO process, is taken from [52]. The schematic diagram of
a quadruple-tank process is shown in Fig. 14. In this process,
the target is to control the level in the lower two tanks with
two pumps. The process inputs are V;,; and Vvj,, (input
voltages to the pumps) and the outputs are v, and
Vourz (Voltages from lower two tanks level measurement
devices).

The voltage applied to Pump j is v;,; and the corresponding
flow is k;jvi,; (j = 1,2). The parameters y;, ¥, € (0,1) are
determined from how the valves are set prior to an
experiment. The flow to Tank 1 is y;k,v;,; and the flow to
Tank 4 is (1 — y;)k, Vi, and similarly for Tank 2 and Tank 3.

The linearized model of this process around a stationary
point is obtained as follows [52]:

—L1 0 43 0 Yaky 0
T AT Aq
i= 2 et el
0 o0 —Tl 0 | 0 <1+>k
3 3
{ _ .(76
0 0 0 _l (A-y1)ky 0 ( )
| T, A,
A B
_-kc 0 0 0]
Y=lo k. o ol*
C

and 4; is the cross-section of Tank j; a;is cross-section of
the outlet hole and #; is water level of Tank j(j = 1,2,3,4).
The acceleration due to gravity is denoted by g, and the
superscript 0 indicates the stationary point.
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TABLE III. Comparison of Cases 1 and 3 for Example 2

Method ILC of OPILC proposed
[14] in this paper
Error Reduction Isgo, 17 1
Rate Loy 57 1
Lo, 390 1
Convergence Speed  [,,-3 16250 4
Computational T, 0.178568 0.319841
Complexity (sec.)
]
\J v
Tank3 Tank 4

v e——

[

outl

vinl ———@

Pump1 4

Fig. 14. Schematic diagram of the quadruple-tank process.

In the state-space model (76), the variables and parameters
are defined as follows:

=[x x x x] =[h b by b =[BRSk ]
1 ”z]T :[Vinl vin2] [ Vini Vn2:|T

_ T _ T 0
y= yl yZ] _[Voutl voutZ] _|:voutl Vut2:| H

<
Il

— — —
<

S j=12.34
a\ & (77)

The linear model (76) is a fourth-order system that has two
inputs and two outputs. We wish to control this system
iteratively in a finite time internal [0, tf].

For simulation the parameters and stationary point of the
process are chosen as [52], which are follows:

A, = A; = 28cm?, A, = A, = 32cm?,

a, =az; = 0 071cm?, a, =3a4 = 0.057cm2é

k 05 .k =333 &, =335
¢~ re Vs 27 7Y ys

cm
Y, = 0.7,)/2 =0.6,g =981 e
hY = 12.4cm, b = 12.7cm,
hy = 1. 8cm,h2 = 1.4cm,
Ving = Vinp = 3V.
The time duration of iterations is selected ten seconds (t; =

10sec). The desired output trajectories, and the state and
output disturbances are chosen as follows:

it 0<r<3
Vi (6)=+0.5 3<t<7,
+(10-1) 7<t<10
Vo) = 0.0ISinh(S sin(O.ZTct)).
cos(t) tanh(0.75¢t)
_ 0.5sin(t)
(1) = 0.25 cos(mt) My ()
—-Ln(t+1)

0.01¢t2
[0 5(1 sm(o 25nt)) .

The system initial conditions and the initial input all
selected to be zero.

To compare the performance of the proposed method with
the approach in [14], simulations of this example are
conducted under two scenarios, applying the method
proposed here and the approach of [14], respectively.

Case 1. Using the OPILC proposed in this paper

The symmetric positive definite matrices Q(t) and R(t) in
the cost function (5) are chosen as follows:
Q(t) = 10*LR(t) = 1.

The simulated output trajectories of the system at several
iterations, along with the desired trajectories, are shown in
Figs. 15a and 15b. These plots demonstrate that as the
iteration index increases, the system outputs quickly converge
to the desired trajectories. In fact, at iteration { = 2, a perfect
match is observed between the actual and desired outputs.

Fig. 16 further illustrates the evolution of % lle;()I5 and J;
over iterations. Both measures are seen to decrease steadily

and approach zero, which supports the theoretical findings
established in Theorems 2 and 3.

1
0.8}
0.6
041
0.2}

0
>-02f

-04f
-0.6
0

(1)

(1

),y

(H (t)

—_— =0

(1)

d

—-—i=t

| | | , ‘ L i=2 |

1 2 3 4 5 6 7 8 9 10
Time(t)

Fig. 15a. The output trajectories yg(ll) (t) and yi(l)(t)(i =0,12)

for Example 3 (Case 1).
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Fig. 15b. The output trajectories y,; )(t) and y(z)(t)(l =0,1,2)
for Example 3 (Case 1).
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Fig. 16. The monotonic convergence of ||e;(. )|l and J; with

respect to i for Example 3 (Case 1).

The system input profiles, shown in Figs. 17a and 17b,
change gradually with each iteration and ultimately settle into
two consistent forms. These patterns are not predetermined,
but instead result from the underlying learning mechanism.

>

— =0
10+ — =1
i=2
===i=10
..... i=100

o 1 2 3 4 5 6 7 8 9 10
Time (t)

Fig. 17a. The system input ugl)(t) at iterations { =
0,1,2,10,100 for Example 3 (Case 1).
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Fig. 17b. The system input ui(z) (t) at iterations i =
0,1,2,10,100 for Example 3 (Case 1).

Case 2. Using the ILC presented in [14]
The ILC proposed in [14], which is discussed in Case 3 of

Example 2, is now applied to the system in Example 3. Since
the method in [14] is designed for discrete-time systems, and
the system in Example 3 is continuous-time, we first
discretize the system using a sampling time of At = 0.01.
Then, we have:

t
- _ 103
N =-—=10°.
At
The following learning gain is chosen:

_[10 -51, . _ ,
FOO = [og o) fork = 1.2..,10%
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It can be readily shown that this learning gain satisfies the
convergence condition (74).

Figures 18a and 18b illustrate the tracking performance of
the system outputs yi(k) (t) relative to the desired trajectories
yék)(t) at iterations i = 0,50,100, for k = 1,2, respectively.
As evident from these figures, the tracking accuracy improves
progressively with increasing iteration number, leading to
convergence toward the reference signals. Nevertheless, a
comparative analysis with Figs. 15a and 15b reveals that the
convergence rate in Case 1 is considerably higher. To provide
a more rigorous assessment, the total squared tracking error
EE (i), as defined in equation (75), is employed. Figure 19
presents the evolution of EE (i) across iterations for both Case
1 and Case 2. The results confirm that the OPILC scheme
proposed in this study offers significantly enhanced
convergence performance, both in terms of speed and
accuracy, compared to the ILC approach reported in [14].

1.5 , . . . . . — —
N, 1
17 Y 1
S Ny !
s 05 , . e SRR
> = o
-0
=
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Time(t)
Fig. 18a. The output trajectories yél)(t) and yi(l)(t)(i =
0,50,100) for Example 3 (Case 2).

_ 05
T_0
> 1]
=-05 AN
= —yP0 N \
= -1 —i=0 o \
--=i=50
-1-5_ I ! -----i=100 ! ! ! | l¥
0 1 2 3 4_5 6 7 8 9 10
Time(t)

Fig. 18b. The output trajectories yéz)(t) and yi(z)(t)(i =
0,50,100) for Example 3 (Case 2).
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Fig. 19. The total square errors of tracking with respect to i for
Example 3 (comparison of Cases 1 and 2)
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Table IV presents the quantitative performance measures
comparing Cases 1 and 2 for Example 3. In this table, the error
metric refers to the total square error of tracking, as defined
in equation (75). As the data indicate, the proposed method
also demonstrates substantially superior error reduction rate
and convergence speed in Example 3 compared to the ILC
method reported in [14]. Specifically, a single iteration of the
proposed algorithm leads to a 99% reduction in tracking error,
whereas the ILC approach in [14] requires 232 iterations to
achieve a similar reduction. Additionally, the convergence
speed of the proposed method in this example exceeds that of
the referenced ILC by a factor of over 83. While the method
requires a per-iteration runtime approximately 1.7 times that
of the ILC technique referenced in [14], this elevated
computational demand, as will be further addressed in
Remark 6, does not pose any meaningful limitations in
practical applications.

TABLE IV. Comparison of Cases 1 and 2 for Example 3

Method ILC of OPILC proposed
[14] in this paper

Error Reduction Isgo, 56 1
Rate Low 71 1

L1, 232 1

Convergence Speed  [,,-3 1330 16
Computational T, 0.034856 0.058784
Complexity (sec.)

Example 4. A relatively complex fifth-order fully time-
varying MIMO system is given in the form of (1) with the
following coefficients:

cos(2mt) t
sin(mt?) et
A(t) =04 (G t cos(4mt)
—20 tan™1(4t) sin( cosh(t))
25—t —Ln(1.1 + sin(20t))
2t — 4 =2t 0.01(t2 = 1) 1
2 sin( 3mt) 0.1cosh(t)  0.2sin(0.5m/t)
Ln(t + 0.01) 0.1¢t —t?
te—O.lt
~ 310 3c0s71(0.02t)  4cos(2mtd)
L t
t 4+ 1)5in 1(0.01t) cos(8t)
t+1 ¢ t+25
[2+tet t—cos(t) Ysin(mt)
t? Ln(0.1 +¢t) te~tcos(mt)
3t2 -
[ [ sinh™ ~(0.25t)
sin(4t) ) 7e
B(t) = 0.02 ,
2 e?t tanh[sin(t?)]
t+1
eZt
-t V10—t
i t+3

1 _T
W tt+1

(sin~1(e=002t))3 cos(t?)

_ s sinh” ' (Ln(1 + t))
C(t) =01 St —
estn) 0.5t —3

1
| tan1(t) + 0.1 It =25l |

We aim to control this complex system iteratively in the
time interval [0,5].
Let the desired trajectories be defined as:
{y;”(t) =125¢* - 0.05t*
yP(t) = ttan"1(2.5-t)
To perform the simulation, the initial conditions of the

<5.

system and its input at the initial iteration { = 0 are all
assumed to be zero. The disturbances 7,(t) and 7,(t) are
chosen as follows:

te—O.St
cosh(sin(t)) .
B - _ sin(Ln(t + 1))
nx(t) = 0.1 _;(CZO(;(OQO 1y(6) = 05 [Ln(sin( t)+2)I
tan™1(t)

This example presents a particularly challenging scenario,
under which previously reported ILC methods do not achieve
convergence, to the best of our knowledge. Let us now apply
the proposed OPILC to this system.

The symmetric positive definite matrices Q(t) and R(t) as
follows:

Q() =10LR(t) = I

Here, due to the limitation in the number of pages, only the
results obtained for % lle;(.)1I% and cost function J; from the

simulation are given in Fig. 20 (in the log scale on both axes).
This figure proves that the learning convergence is monotonic
from the point of view of both [le; (. )|l and J;, consistent with
Theorems 2 and 3.

To study the effect of the weighing matrices Q(t) and R(t)
in cost function (5) on the performance of the proposed
OPILC, the simulation of Example 4 is repeated using Q (t) =
Al and R(t) = I, for several different values of the positive
scalar A. As a result, the obtained profiles for the 2-norm of
the tracking error e;(t) and the input variation v;(t), which
are defined as (73), are given in Figs. 21 and 22 in the log
scales, respectively. These figures clearly demonstrate that
with the increase of A, the convergence rate of e;(t) increases,
while that of v;(t) decreases. To comprehend and explain this
phenomenon, it can be stated that by choosing large or small
weighing matrices Q(t) and R(t) relative to each other, the
desired importance can be assigned to each term [|e;(.) [ and
[lv; ()l in cost function (5). That is, if the minimization of
the tracking error has a higher significance, then Q(t) must
be chosen larger than R(t). However, if the prevention of
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sharp and fast variation of the system input is of interest, then
Q(t) must be chosen to be small relative to R(t).

10° 10" 102 103
Iteration Number (i)

Fig. 20. The monotonic convergence of [|e;(. )|l and J; with

respect to i for Example 4.

0 1 2 3 4 5 6 7 8 9 10
Ilteration Number (i)

Fig. 21. The profiles of the 2-norm of the tracking error e; (t)
for several different values of A for Example 4.
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Fig. 22. The profiles of the 2-norm of the input variation v; (t)
for several different values of A for Example 4.

Remark 6. The proposed OPILC has been compared with
several existing ILC approaches. Due to space limitations,
only three of these comparisons are presented in Examples 1
through 3. The results clearly demonstrate that the proposed
OPILC achieves significantly higher error reduction rate and
faster convergence speed than previous methods.
Furthermore, the convergence behavior is monotonic, an
important characteristic for any ILC algorithm, which has
also been theoretically proven in Theorems 2 and 3. However,
as shown in Tables I to IV, the proposed method exhibits
higher computational complexity than some existing ILC
approaches, leading to a longer computation time for
generating the control input in each iteration. To identify the

A Guaranteed Monotonically Convergent Optimal.... / N. Taghvamanesh, et al

source of this increased computation time, let us analyze the
structure of the proposed OPILC. As noted in Remark 4, the
matrix Riccati differential equation (15) is solved only once,
prior to the first iteration, and the resulting gain matrix K(t)
is used throughout all subsequent iterations. Therefore, the
time required to solve equation (15) does not contribute to the
per-iteration computational burden. The main source of
increased computation lies in solving the linear vector
differential equation (16) to compute g;(t), which must be
carried out before each iteration, as discussed in Remark 5.
Nevertheless, in practical industrial repetitive systems (such
as robotic manipulators) a reset period typically exists
between two successive iterations. This period is usually long
enough to accommodate the solution of equation (16), making
its computational burden practically negligible. Thus, the
additional computational effort does not pose any serious
challenge or limitation in real-world applications.

VI. Conclusion

This paper introduced a novel optimal ILC approach for
MIMO continuous-time LTV systems. The proposed method
transforms the ILC problem into a linear quadratic tracking-
like (LQT) problem. Subsequently, LQT theory is employed
to derive an explicit closed-loop learning control law that
guarantees both accurate tracking and minimized control
effort. In contrast to many existing ILC methods for
continuous-time systems that depend on derivative-based
learning algorithms, which are sensitive to measurement
noise, the proposed design avoids these terms, mitigating
noise amplification.

Through rigorous mathematical analysis, it has been
proven that the proposed OPILC guarantees the monotonic
convergence of both the tracking error and the associated cost
function, a property that is essential for any high-performance
ILC. The effectiveness of the method is demonstrated through
four comprehensive simulation examples, which show that
the proposed scheme achieves faster convergence and higher
tracking accuracy compared to existing ILC methods.
Additionally, the method demonstrates significant
computational efficiency by determining certain learning
gains prior to the first iteration and updating others during
system reset periods.

In summary, the proposed OPILC framework offers a
powerful solution for iterative learning control in continuous-
time systems, providing a foundation for further
advancements and extensions to more complex systems.
Extending the approach to discrete-time LTV systems is
straightforward. However, the formulation and solution of the
problem for each of the following cases require further
investigation:

1. Output Measurement: The current approach assumes full
access to the state vector. Extending this method to cases
where only output measurements are available is an important
future step.
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2.

System Constraints: Incorporating input and state

constraints into the OPILC framework is crucial for practical
applications where physical limitations must be considered.

3.

Iteration-Varying Disturbances: The method assumes

iteration-invariant disturbances, but many real-world systems
experience iteration-varying disturbances. Accounting for
this in the optimization framework could improve robustness.

4.

System Uncertainties: Future work could explore

handling system uncertainties and unknown parameters
within the OPILC framework, enhancing its robustness in
practical applications.

5. Nonlinear Systems: The proposed method is tailored for
linear systems. Extending it to nonlinear systems remains a
valuable research direction, as many real-world systems
exhibit nonlinear dynamics.
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Appendix

Let us consider a linear time-varying system whose state
x(t) € R™, input u(t) € R?, and output y(t) € RY are related
by the system of equations:

{x(t) = A(Dx(t) + B(Ou(t)
y (@) = C(®)x(t) '

(A-T)

For system (A-1), the linear quadratic tracking (LQT)
problem is defined as follows [44, 45]:

The desired output r(t) € RY is given, while u(t) is
unconstrained in magnitude. Determine u(t) such that the

following quadratic cost function is minimized:
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1 T
I=5 [r(tr) = y(tp)] Flrity) —y(tp)]
+2 [l (®) = YOI QO [r() — y(O] + uT (HR(Ou(t)} dt.
(A-2)

where the terminal time t; is specified, Q(t) € R4 and
R(t) € RP*P are the positive definite matrices, and F € R4
is a constant positive semidefinite matrix.

The calculus of variations has been employed to
demonstrate that the above optimal control problem admits a
unique solution, expressed analytically as follows (see
Chapter 9 of [44] or Chapter 12 of [45]):

u(t) = —R(OBT(OIK ®)x(t) — g(®O)]- (A-3)

where K(t) € R™" is a symmetric and positive definite
matrix, obtained from the solution of the following Riccati-
type matrix differential equation:

K(t) = —K()A(t) — AT (K (t)

+K()Bt)R™L()BT (K (t)

—CT(QMC(1), (A-4)
with the terminal condition
K(tp) = CT(tf)FC(tf). (A-5)

The vector g(t) € R™ is the solution of the linear vector
differential equation:

g(®) = —[A(®) = BOR'MOBT(OK O] 9(®)

—CT ()T (1), (A-6)
with the terminal condition
g(tp) = CT(tp)Fr(ty). (A-7)

It has also been shown that applying input (A-3) to system
(A-1) yields the minimum of the cost function (A-2), as
follows

J* = 5xT(0)K(0)x(0) = xT(0)g(0) + $(0).  (A-8)

where ¢(0) is obtained from the backward integration of the
following scalar differential equation (see Chapter 9 of [44]
or Chapter 12 of [45]):

$(t) = =577 (OQOT () +5 9T (OBOR(DBT (D)9 (1),

(A-9)
with the terminal condition:

b(tp) = ST (t)Fr(ty). (A-10)
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