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The present paper proposes a novel numerical approach for approximating solutions to
optimal control problems with parabolic constraints. Utilizing Laguerre polynomials as
a novel basis set, a method was developed to address a class of this problem. The
employment of these basis functions in conjunction with the collocation method
facilitates the transformation of optimal control problems governed by parabolic
constraints into a system of nonlinear algebraic equations. The present study proposes an
efficient discretization and transformation of complex optimal control problems
governed by parabolic equations into lower-dimensional algebraic systems by leveraging
the unique properties of Laguerre polynomials. Convergence analysis has been
demonstrated to ascertain the optimal value approximations of the proposed method. In
order to provide a comprehensive illustration of the reliability and applicability of the
proposed method, two illustrative examples are presented. The findings underscore the
efficacy and precision of the implemented methodology. This work makes a significant
contribution to the field by offering a robust framework for solving complex parabolic
control problems, thereby demonstrating the potential of spectral methods in the context
of optimal control theory.

Spectral method,

I. Introduction

Recent advances in the theory and numerical analysis of
optimal control problems governed by parabolic partial
differential equations have significantly enhanced the
capacity to model and solve complex systems in science and
engineering. Parabolic partial differential equations,
including the heat equation, are instrumental in the
simulation of dynamic processes, such as the distribution of
temperature, diffusion phenomena, and energy transport.
The utilization of these equations is pervasive, encompassing
diverse disciplines such as physics, biology, and engineering.
Their application lies in the comprehension of imprecise
dynamics, chaotic systems, and tangible phenomena in the
real world, including fluid flow and chemical reactions [1,
8]. The optimal control of such systems entails the
formulation of strategies that enhance performance while
adhering to the constraints imposed by the governing
equations and boundary conditions.

The study of optimal control problems for parabolic
equations has introduced innovative approaches to
addressing challenges related to the minimization or
maximization of cost functionals. For instance, Casas [1]
investigated semilinear parabolic equations with memory
effects, deriving first and second order necessary optimality
conditions and analyzing associated inverse systems.
Similarly, Na [8] examined degenerate parabolic equations,
highlighting their applications in economics and physical
modeling.  These  studies emphasize theoretical
advancements in understanding the behavior of parabolic
systems within the framework of optimal control. Fithrer
proposed a space-time least-squares finite element method
for distributed optimal control problems [2]. In addition, in
[12] employed algorithms based on the Pontryagin
maximum principle for semilinear parabolic equations and
demonstrated their convergence and efficiency in solving
such problems. Other approaches, such as the Ritz method

combined with Legendre polynomial bases, were presented
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by Mamehrashi et al. in [6]. Similarly, Hosseini and co-
authors utilized block-pulse Legendre functions to solve
optimal control problems subject to parabolic differential
equation constraints [4]. Latifi [5] applied the Jacobi-Gauss-
Radau Lagrangian method, discretizing variables to create a
parametric framework for solving parThe paucityabolic
optimal control problems. In [9] modified variational
iteration method (MVIM) to solve nonlinear optimal control
problems more efficiently than the standard VIM by
eliminating extra computations. The approach first
transforms the optimal control problem into a two-point
boundary value problem using Pontryagin’s maximum
principle and then applies MVIM with a Taylor series
expansion for nonlinear terms. For additional numerical
approaches see [10, 11].

The paucity of analytical solutions for optimal control
problems with parabolic constraints (OCPPC) necessitates
the development of robust numerical and approximate
methods. This paper introduces a novel approach utilizing
Laguerre polynomials, which represents a significant
advancement in addressing these complex challenges. By
leveraging a spectral method based on collocation points,
this technique reduces computational complexity and
enhances the accuracy of approximating solutions.
Moreover, it has been demonstrated to expand analytical and
practical capabilities, providing a comprehensive framework
for tackling optimal control problems. The innovative
application of Laguerre polynomials in this context signifies
a pioneering effort within the field, addressing a critical gap
in the extant literature and proposing novel avenues for
research and application in optimal control theory. The
objective of this work is to make a substantial contribution
to the advancement of knowledge in the domain of parabolic
optimal control problems, thereby laying the foundation for
future progress in this field

The present study proposes an efficient discretization and
transformation of complex optimal control problems
governed by parabolic equations into lower-dimensional
algebraic systems by leveraging the unique properties of
Laguerre polynomials. This approach not only enhances the
performance and accuracy of existing numerical methods but
also opens promising avenues for future research in optimal
control. The present study focuses on minimizing a cost
functional that is dependent on the state variable z(x, t), and
the control input u(x, t). These variables are governed by a
partial differential equation (PDE) involving second-order
spatial derivatives, as well as the direct influence of the
control input. The cost functional, which has been defined,
serves as a critical component in formulating the optimal
control problem. This ensures that the proposed method
effectively addresses the challenges posed by parabolic
constraints. The following structure has been employed in
the composition of the present manuscript: In Section II, the

mathematical formulation and problem setup are presented.
The Section III of this text is devoted to a discussion of the
Laguerre polynomial approximation method and its
application to optimal control. The convergence analysis is
substantiated in Section IV. In Section V, the numerical
implementation and experimental results are described, and
a discussion of the results is provided. Finally, the conclusion
is stated in Section VL.

II. Methodology

A. Problem Statement
We consider a class of optimal control problems governed
by parabolic partial differential equations. The aim is to
determine the state and control functions z(x, t) and u(x, t),
respectively, that minimize the following quadratic cost
functional [6]:

J@w) =3, [ 2K[AzZ2(x,0) + BuP(x, O)ldx dt; (1)
subject to the following dynamic constraints:

0z(x,t) 0%z(x,t) | kdz(xt)
B (o2 + 2 2E) 4 u(x, 1); @)

at dx? x 0x

and the initial and boundary condition:
z(x,0) =z4(x), 0<x <R, z(R,t)=0, t>0. (3

That A and B are defined as two arbitrary functions, £ is a
positive constant representing the diffusivity coefficient, R is
characterized as a positive real number, and k may assume
the values of 1 or 2. Also the functions z(x, t) and u(x,t)
are differentiable and exhibit smooth characteristics. The
aim is to solve the above problem with the Laguerre
polynomials, which is defined below.

B.Definition and Properties of 2D Laguerre Polynomials

The two-dimensional Laguerre polynomials L., ,(z,z"),
defined for two (generally independent) complex variables z
and 7', constitute a powerful basis for representing
multivariate functions. These polynomials are employed for
approximate solutions to a wide range of problems across
various domains. The 2D Laguerre polynomials, are defined
as follows [13, 14, 15, 16, 17]:

L N — _ 92 m,/n 4
nn(2,2) = exp (= 55—) 2"z™. @)

Expanding the exponential operator yields the explicit
polynomial form:

Lm,n(Z' Z’) _ Zmin{m,n} (-1)/mmn migm=j 5)

Jj=0 Jim=)in=j)!
The inverse of relation (4) is computed as follow
m, /'n — aZ !
zMmz'™ = exp (—) Linn(z,2")

0z0z!
— Zmin{m,n} min! Lm_j,n_j (Z, Z’). (6)

J=0jim= i)t
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Remark 1. The following Laguerre polynomials are
directly related to the inversion (6) [17].

_ DM .

Lm,n(z' O) - (m—n)! ’
O™
bna(0,2) - =G
Linn(0,0) = (=1)"n! 6y
Lino(z,2") =2z", Lon(z,2)=2™, Lop(z,2")=1.

Remark 2. We have the following relations for the partial
derivatives of the Laguerre polynomials [17].

aLm,n(z' Z,) = mLm—l,n(Z' ZI);

a I
al’m,n(z! Z,) = an,n—l(Z!Z ).

These relations are instrumental in deriving system
dynamics and adjoint equations in the Laguerre spectral
domain. They also satisfy the following recurrence
identities [17]:

Lm+1,n(zﬂ Z,) = ZLm,n(Z' Z,) - an,n—l(ZJ Z,);

Lm,n+1(z' Z,) = Z,Lm,n (z, Z,) - mLm—l,n(Z' Z,)- @)

Since the problems considered in this manuscript are based
on the real values x and t, all the relations stated in section 3
hold accordingly. In particular, the recurrence relation (7)
takes the following form:

Lm+1,n(x: t) = XLy (x,t) — an,n—l(xJ );

Lm,n+1(x: t) = th,n (x,t) — mLm—l,n (x,t). ¥

II1. Numerical solution method

In this section, we provide an approximate solution for
problem (1)—(3). For this

z(x,t) = zyy(x,t) = 2, jy=o CijLij(x, £);
u(x,t) Zuyy(x,t) =Xl XV, dijLy(x, t); )
OSXSXf, OStStf

We can rewrite the solution function (9) in the following
matrix form

zun(x,t) = X, ?’:o cijLij(x,t) = CTL(x, t); (10)

that C is an (M + 1) X (N + 1) matrix whose entries are

real-valued coefficients c;;, where i =0,1,...,M and j =

JE
0,1, ..., N and the matrix form are defined as follows:

CO,O 60’1 CO,N

C1,0 C1’1 Cl,N
C=]. : DR )

CM,O CM,1 CM,N

¢;j denotes the unknown coefficients and will be determined
during the solving process. L(x,t) represents a (M +
1) X (N +1) matrix, whose elements are Laguerre
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polynomials L;;(x,t), where i=0,1,..,M and j=
01,..,N.

[Loo(x,t)  Los(x,t) .. Lon(x,t)
L(x,t) = }

Liog(x,t) Lyis(x,t) .. Lyn(x,t)
-;‘M,O (x,t) :LM,1(X' t) '. :LM.N (x, t)J

The aforementioned 3 X 3 matrix form is as follows:

1t t?
L(x,t) =|x —-1+tx —2t + t%x
[x2  —2x +tx? 2 —4tx + t?*x?

A. Partial derivative with respect to t and x(First-Order)
The first-order partial derivative with respect to t is given
by:

0z(xt) _ ~7 OL(xt)
Y = C o (11)
Here
dLoo(xt)  0Lgq(xt) dLo N (x,t)
at at at
oL, OL1o(xt)  9Lyi(xt) 9Ly n(xt)
— = at at at
ot : : “
aLMyo(X,t) aLMyl(X,t) OLM,N(x,t)
at at at
AL(x,t) .
where o denotes a (M + 1) X (N + 1) matrix, whose
. aL;j(xt ,
elements are given by — (tx ), where i =

0,1,..,Mand j = 0,1, ..., N. Using the properties of two-
dimensional Laguerre polynomials

a

ELm,n(x' t) = nlypn-1(x, 0).
Thus

0z(x,t) _ AT

= CL(x ),

where

.....

The first-order partial derivative with respect to x is given
by,

az(x,t) T OL(x,t)
——= =0 —= 12
ox ox ( )
Here
OLoo(x,t)  OLga(xt) OLo,n(x,t)
ax ax ox
oL@, _ angix,t) angix,t) aLL‘;Vx(x,t)
0x : : - :
laLM,o(X-t) Ly, (xt) OLy,N(x.t)
ox ox ox

where % denotes a (M + 1) X (N + 1) matrix, whose

ix't),wherei =0,1,..,Mandj =

. oLy
elements are given by %
0,1, ..., N. Using the properties of two-dimensional Laguerre

polynomials
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d
a Lm,n(x' t) = mLm—l,n (x, t).
Thus
0z(xt) _ At .
0 = C ' Le(x, t);
where:

Le(x,t) = [mLm_l'"(x' t)]m=1,...,M,n=o,...,N'

B. Partial derivative with respect to x (Second-Order)
The second-order partial derivative with respect to x is
given by

8%z(xt) _ cT 92L(x,t)

ax2 ax2 '
Here
0%Lop(xt)  9%Loi(xt) 8%Lon(x,t)
x? x? dx?
9L(x,t) %Lyo(xt)  92Lya(xt) 9%Ly N (x,t)
ax? = 0x? 0x? dx?
%Lyo(xt)  92Lya (1) %Ly, (xt)
x? x? ax?

where L( t) denotes a (M + 1) x (N + 1) matrix, whose

1](

elements are given by where i=01,..,Mandj =

0,1, ..., N. Using the propertles of two-dimensional Laguerre
polynomials

62
Lex(x, 1) = ﬁLm,n(x' t) =m(m — 1)Lp_pn(x,t);
if m=2, n=0.
Thus

3%z(x,t)

ek CTL,, (%, ).

Let us now assume that
Uy (%, t) = XLy Xio dijLij(x,t) = DTL(x, t); (13)
that D is an (M + 1) X (N + 1) matrix whose entries are

real-valued coefficients d;;, where i =0,1,..,M and j =

0,1, ..., N and the matrix form are defined as follows:

doo dos - don
D= 511,0 511,1 511,1\/ _
dyo dma - dun

d;; denotes the unknown coefficients and will be determined

during the solving process. Taking into account for the
dynamical system (2), we have

CTLe(x,8) = B(CTLue (1, 6) + =CTL, (x, 1)) —

DTL(x,t) = G(x,t) = 0. (14)

C. Selection of Collocation Points
This discretization transforms the differential equations
into a system of algebraic equations. Furthermore, by taking
the collocation points as

— Xf~*o P —
X; = Xy + OO DZ i; i=1,..,M,

Y=o . j=1,..,N,

t=tot 2(M+1)(N+1)-27"

j
and substituting them into Eq. (14), it leads to the following
system of algebraic equations

Aj=G6G(x,t)=0; i=1,.,M j=1,.,N. (15)
The initial condition from Eq. (3) can be rewritten as:

Agp = CTL(xq,0) — zo(x) = 0. (16)

The cost function, as defined in Eq. (1), can be approximated
as follows:

1 01 (R
J@ZU) =3 [ [y x*[ACCTL(x,£)* +
B(DTL(x, t))?] dx dt.
To enforce the constraints and optimize the performance
index, the Lagrange multipliers method is employed. The
augmented functional is defined as

J(Z,U,1) =J(Z,U0) + 31 ZNOAUAU,
where 4;; are the Lagrange multipliers corresponding to the
re51duals. The necessary conditions for optimality are

a ay ay
L=0 L=0 L=o (17)
To solve (17), various techniques have been developed for
addressing nonlinear optimization problems. In this study,
we have opted to utilize the techniques provided by the
available software tools.

IV. Convergence Analysis

In this section, the convergence of the method presented in
Section 4 is examined.

Theorem .\ For each Q € C?([0,x] X [0, t]), there exists
a sequence of polynomials L;;(x,t)} € Q that converges

uniformly to Z(x, t).
Proof. Refer to [3] for the proof.

Lemma 1. Let Q c C2([0,R] X [0, 1]) denote the set of
admissible pairs (z,u) satisfying the following parabolic
partial

0z (x t) k 0z

- ﬁ(axz X ox )+u(x 0;

with the initial and boundary conditions:

z(x,0) = z5(x), 0<x <R,

z(R,t) =0, 0<t<1. (18)
The associated cost functional is defined by

J(z,u) = %fol foR x*[Az%(x,t) + Bu®(x,t)]dx dt.



31

Let {Quyn}mn=0 as a sequence of subspaces spanned by
Laguerre polynomials of degree at most MN. Define the
infimum of the cost functional J over each subspace as

Yun = inf J(z,u);

(zweQyN

then,

lim = inf J(z,u).
M‘N_)oo}/MN (z,u)eﬂj( )

Proof. Consider the cost functional J: Q — R defined by
J(z,u) = if()l fOR x*[Az%(x,t) + Bu?(x,t)]dx dt.  (19)

where (z,u) € Qsatisfy in (YA) and (19). Let {L;;(x, £)}{=0

denote the Laguerre basis on [0, R] X [0,1]. Define Qy as
the finite-dimensional subspace consisting of pairs
(zyn, uyy) expressed as

Zun(x,t) = XiLo L)oo cijlij(x, t); (20)
uyn(x,t) = Xito 7:0 diiLi;(x,t). (21

where the coeffcients {c;j,d;;} are unknown and will be
determined during the solving process.

Define the infimum of the cost functional over each
subspace Qy as

Yun = Inf  J(z,u).

(zweEQuN

That the set Q,y is finite-dimensional and consists of
continuous functions that meet theinitial and boundary
conditions. Since J is continuous on (), we conclude that y,y
is well-defined. Since every subspace of Laguerre
polynomials of degree up to MN is contained within the
subspace of Laguerre polynomials of degree up to (M +
1)(N + 1), it follows that Qyy S Qys1yv+1)-

Since J is defined as an infimum over each subspace Q,y,
we have

= inf zZ,u) <
YmM+1)(v+1) (zwe O-(M+1)(N+1)] (z,u)
inf MU) = .
il J(ZW) = Yun
Consequently,

Ym+nv+1) = Ymn-
Thus the sequence {y,,y} is monotonically decreasing
Yun < Ym-nov-1 = = Y

Each subspace Quy € Q consists of functions (z,u) that
satisfy the same initial and boundary conditions as those in
Q. Consequently, the restriction of ] to Qy ,, is also bounded
below by infy/. Specifically, we have

> inf.
Ymun n

By the monotone convergence theorem, since {yyn} is
monotonically decreasing and bounded below, the limit
exists. Define this limit as

Approximate Optimal Control / Y. Mohamadi , et al
lim =1L
M'N_)OOVMN
where L > inf]. To show that L =inf ], let € >0 be
o) Q

arbitrary. By the definition of infq/, there exists a function
(z,u) € Q such that

J(zu) <inf] +e
n

Since Laguerre polynomials are dense in CZ([0,x;] X
[0,¢¢]), we can approximate (z,u) by a sequence
(zun> umyn) € Qyy that converges uniformly to (z,u). By
continuity of J, we find

MLIVTOOJ(ZMN'UMN) =J(z"u%);
implying that
L<inf] +e

0

Since € is arbitrary, it follows that L = inf J.
n

Thus, we conclude that

lim =inf].
M,NaooYMN I{]

V. Numerical Implementation and Results

This section includes two numerical examples to
demonstrate the effectiveness and computational efficiency
of the proposed method. The findings substantiate the
dependability and efficacy of the Laguerre-based
methodology. The simulated results have been carried out
using Mathematica 11 on a 2.53 MHz Alpha Machin with
8GB RAM.

Example 1. Consider the following OCPPC:
min/(z,u) = %fol f: x[z2(x, t) + u?(x, t)] dx dt;

subject to the constraint

dz(xt) _ 9%z(xt) | 19z(xt)
at  ox2 x 9x

+ u(x, t);

with the following initial and boundary conditions:
z(x,0)=1—-x2, 0<x<1, z(1,t)=0; t>0. (22)

This example is numerically solved by the proposed
method for kind of iteration, M = 2,N =2; M = 2,N = 4;
M =3,N=7and M = 4,N = 4. A comparison of the cost
function values across different iterations for the proposed
method and the methods presented in [4] and [6] is provided
in Table 1. As shown in Table 1, for example, in iterations
M = 3,N =7, the cost functional value obtained by our
method is 0.00292532, while for the method proposed in
[6]1s 0.013027. This demonstrates that our approach yields
better results in comparable iterations. Furthermore, when
examining the cost function values overall, our method
provides superior results even in iterations M = 2, N = 2,
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outperforming the methods proposed in [4] and [6]. Figure 1
shows the state function z(x, t) over the space-time domain
[0,1] X [0,1] for M = 2,N = 2. The plotted surface is
smooth and continuous, clearly reflecting the system
dynamics under the influence of optimal control. This
observation indicates that the proposed method yields
qualitatively accurate results even at a low order of
approximation with M = 2 and N = 2. The corresponding
optimal control function u(x, t) is presented in Figure 2. The
control surface is smooth and well-behaved, exhibiting no
signs of numerical irregularities such as oscillations or
instability. The relatively small magnitude of the control
values suggests that the obtained solution is not only stable
but also effective in minimizing the control effort, which is
a fundamental goal in optimal control problems. The
behavior of the state function z(t) at a fixed spatial point x =
0.2 for three different iterations designed in Figure 3 for M =
33,N=7,M=3,N=3,and M = 4,N = 6. As depicted in
the figure, the solution becomes progressively smoother and
more accurate with increasing values of the approximation
parameters M and N, demonstrating the convergence and
improved performance of the proposed numerical method.
Figure 4 shows the behavior of the control function u(t)
evaluated at x = 0.2. As can be seen, the control profile
Uy (t) captures more precise variations compared to us5(t)
and u,,(t), indicating that higher-order approximations
provide a more accurate representation of the control
dynamics.

TABLE 1: J*(z,u) FOR EXAMPLE 1

Methods ]

Mamehrashi and Yousefi (2016)

m=1n=4 0.081044
m=2n=4 0.028790
m=2n=7 0.016484
m=3n=7 0.013027
Hosseini (2022)
m=3n=2 0.029328
m=3n=3 0.016930
m=3n=5 0.0720
m=4n=>5 0.0665
Presented Method

M=2,N=2 0.0104436
M=2N=4 0.00359086
M=3N=7 0.00292532
M=4N=4 0.00190655

Figure 1: State function z(x,t) with N=2,M=2.

Example 2. Consider the following OCPPC:

1 1 1
minj = 5 f f x*[Z%(x, t) + u?(x, )], dx, dt.
0 0

The dynamic constraint of the system is given by

oy
04 \\
03- |}
02- — z37(t)
— 233(t)
— Z46(t)

0.1-
00-

01~

02
0.0 0.2 0.4 0.6 08 10

Figure 2: Control function u(x,t) with N =2, M = 2.

— u24(f)

el / o
\
N
\
\
1

0.00 -

— u4B(f)

-0.02

-0.04 -

o M | i i L

0.0 0.2 04 0.6 08

Figure 3: State function z(t) with varying M and N.

0z(x,t) _ 8%z(xt) n 2 9z(x,t)
at  ox2 x 0x

z(x,0) =sin(2nx); 0<x<1;

+ u(x,t), (19.4)

and the boundary condition
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z(1,6)=0; t>0.

Numericall results obtained by applying the proposed
method for J*(z,u) are reported in the table 2. This table
includes the computed values of J(z,u) reported by
Mamehrashi et al. [6] and Mohammadi et al. [7], as well as
the results calculated in this study. As observed, the values
of J*(z,u) obtained in this study demonstrate superior
performance compared to those reported. For example,
Table 2, in iterations M = 2, N = 6, the cost function value
obtained by our method is 1.14694 x 10~°, while for the
method proposed in [6] is 0.018283. This shows that our
approach yields better results in comparable iterations.
Furthermore, when examining the cost function values
overall, our method provides superior results in every
iteration, outperforming the methods proposed in [6] and
[7]. Figures 5 and 6 show the calculated state function
z(x,t) and control function u(x,t) for the spectral
approximation case with N = 3 and M = 3. In Figure 5, the
surface plot of z(x, t) demonstrates a smooth and continuous
structure characterized by slight fluctuations on the order of
107%7. The curvature of the surface indicates the nature of
the dynamic response under the given approximation
parameters. The nearly flat profile with minimal deviation
suggests a system with negligible dynamics under the
imposed control or a highly accurate balancing of the state
trajectory within the constraints of the spectral method. In
contrast, Figure 6 presents the control function u(z,t),
which exhibits more pronounced variations. Such

TABLE 2: J*(z,u) FOR EXAMPLE 2
Methods ]

Mamehrashi and Yousefi (2016)

m=2n=4 0.028790
m=2n=6 0.018283
m=3n=7 0.013027
m=3n=9 0.010405

Mohammadi and Hassani (2018)

m =m,=n,=n,=2 6.29 x 1078
my=2m,=3n=n,=3 2.91x107°
m=m,=n,=n,=3 6.43 x 10710
m=my,=n,=n,=7 1.57 x 10712
Presented Method
M=2,N=6 1.14694 x 107°
M=2,N=7 3.80595 x 10715
M=3N=5 2.77562 x 10714
M=3N=7 1.68474 x 10718

Approximate Optimal Control / Y. Mohamadi , et al

1.0

Figure 5: State function x(t) with N = 3,M = 3.

behavior is indicative of low-order spectral
approximations attempting to capture sharp control
transitions or discontinuities in optimal solutions.

VI. Conclusion

This paper presented a novel approach to solving a class
of parabolic optimal control problems. The proposed method
utilizes a spectral collocation technique, underpinned by
Laguerre polynomials, to facilitate the solution process. The
proposed method involves expanding the state and control
variables in terms of Laguerre basis functions. This
transformation of the original optimal control problem into a
finite-dimensional nonlinear system can be efficiently
solved. The convergence of the proposed scheme was
mathematically established, ensuring its theoretical validity.
The efficacy of the method was confirmed through a series
of numerical experiments, which demonstrated its accuracy,
stability, and efficiency. The findings indicated that, even at
low approximation orders, the method produces smooth and
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physically meaningful solutions for both the state and control
functions. Furthermore, a comparative analysis with
previously published methods in [4] and [6] confirmed the
superiority of the proposed approach. As demonstrated by
the numerical results, the cost functional value obtained with
iteration parameters M = 3, N = 7 was significantly lower
than those reported in earlier works. The behavior of the state
and control functions within their respective domains has
been shown to exhibit improved accuracy and convergence
with increasing approximation order. The findings indicate
the robustness of the proposed technique and underscore its
potential for broader applications, including future
extensions to multidimensional or fractional-order optimal
control problems.
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