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Optimization methods are widely used in various fields to find the best possible solution
to a given problem through the minimization or maximization of an objective function
while adhering to specific constraints. In this paper, we present a new optimization
algorithm, called WOADD, which was designed to handle the challenges of constrained
optimization problems that involve dependent data. Unlike traditional algorithms that
struggle with data dependencies and valid range constraints, WOADD uses a unique
normalization process and a dynamic updating mechanism that accurately considers the
interdependencies among features. By calculating a scaling parameter to navigate within
feasible regions, WOADD adjusts its search strategy to ensure the preservation of data
dependencies and adherence to constraints, ultimately leading to more efficient and
precise optimization outcomes. Our extensive experimental analysis, which compared
WOADD against other swarm optimization methods using a suite of benchmark
functions, demonstrates its superior performance in terms of faster convergence rates,
improved solution quality, and enhanced determinism in outcomes.

l. Introduction

Optimization methods are widely used in diverse fields,
such as engineering, finance, and data science, with the aim of
finding the best possible solution to a problem while meeting
certain constraints [1-6]. These methods can be broadly
classified into two categories: traditional optimization
methods [7, 8] and swarm optimization methods [9, 10].
Traditional optimization methods, such as gradient descent [8]
and Newton's method [11], rely on the derivatives of the
objective function to approach the optimal solution iteratively.
These methods are efficient for simpler problems, but may
struggle in complex, high-dimensional or noisy scenarios. On
the other hand, swarm optimization methods [1, 5, 9, 10, 12-
16] are better suited for such complex problems as they explore
the search space more extensively, but they can be
computationally expensive and require careful parameter
tuning for optimal performance.

According to [17], dependent data are “data where the
observations are not independent of each other, and hence, the
standard statistical methods that assume independence may not

be applicable". Dependent variables are common in real-world
scenarios across various fields including geochemistry (e.g.
mineral compositions) [18, 19], Biology (e.g. microbiome
research [20, 21]), tourism (e.g., distribution, share, allocation)
[22, 23], society science (e.g. personal behavior) [24, 25],
political science (e.g., voting proportions) [26], marketing (e.g.
sale data) [27, 28], and Bioinformatics [29].

Assigning weights to the parameters of a function or model
is acommon problem defined on dependent data. This problem
is known as feature weighting in machine learning, and it aims
to identify important features and assign weights to the model
parameters accordingly [30]. In linear regression, the weights
assigned to the predictor variables determine their relative
importance in predicting the outcome variable [31]. In neural
networks, the weight assigned to each connection between
neurons determines the strength of the connection and can
significantly impact the network's performance [32, 33].
Optimizing the weights for parameters can be quite a challenge,
particularly when dealing with high-dimensional data. One
possible solution to address this issue is to use optimization
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algorithms [1, 3, 9, 10, 12]. However, it's worth noting that
optimization algorithms are primarily designed for
unconstrained data, where variables can change independently.
To handle constrained data, such as those with dependencies,
optimization  algorithms  employ  constraint-handling
techniques such as penalty functions, repairing infeasible
solutions, and multi-objective optimization.

In this research paper, we present a new method for
handling dependent data in optimization systems. Our study
shows that penalty functions often lead to convergence
problems and suboptimal solutions. Instead, we propose a
novel approach that uses the Whale Optimization Algorithm
(WOA) to seamlessly integrate constraints into the
optimization process. Our algorithm, called WOADD,
normalizes the data and dynamically updates the search
strategy to consider the interdependencies among the features.
It calculates a scaling parameter to maneuver within feasible
regions and ensure the preservation of data dependencies and
adherence to constraints. Our method has been found to have
superior performance in handling optimization problems
characterized by dependent data, and it shows potential for
more effective and efficient optimization solutions.

Throughout the remainder of this paper, we review related
works in Section Il, examine the problem statement in Section
I, present the proposed method in Section IV, analyze
experiments in Section V, and conclude our findings in Section
V1.

Il.  Literature Review

Evolutionary Algorithms (EAs) often struggle to handle
constraints directly during optimization in many problems.
Various techniques have been used in EAs to solve constrained
optimization problems, including penalty functions, repairing
infeasible solutions, and multi-objective optimization. An
overview of the literature on applying EAs to constraint
optimization algorithms is presented in [34].

A penalty function is a method that converts a Constrained
Optimization Problem (COP) into an unconstrained one by
adding or subtracting a certain value to or from the objective
function based on the number of constraint violations present
in a given solution [35, 36]. However, determining the
appropriate penalty factor for a problem can be challenging,
because selecting an excessively high or low penalty can lead
to issues [35]. Another group of techniques involves repair
algorithms, which aim to transform infeasible solutions into
feasible ones by applying specific procedures or mechanisms
[37, 38]. Although repair algorithms are useful when
converting infeasible solutions to feasible ones is
computationally inexpensive, they may introduce biases and
adversely impact the evolutionary process. Furthermore,
designing a repair algorithm for each problem is a problem-
dependent requirement.

A different way of dealing with constraints involves
transforming a COP into a problem with m + 1 objectives,
where m is the total number of constraints. This problem can
then be solved using a multi-objective evolutionary algorithm
[39] [40-43]. However, applying multi-objective optimization
is not a simple process and requires careful consideration of

various factors. One popular approach is to minimize both the
original objective function and the degree of constraint
violation simultaneously. The paper [39] used a modified non-
dominated sorting genetic algorithm after transforming a COP
into multi-objective optimization. On the other hand, [40]
employed a Pareto-ranking-based Differential Evolution (DE)
algorithm. Li et al. [41] addressed many-objective
optimization problems through dynamic constraint handling,
and [42] converted a COP into a dynamical bi-objective
optimization problem. In [43], a multi-objective optimization
problem is decomposed into sub-problems using the weighted
sum approach, and dynamic adjustments to the weights enable
each sub-problem to converge towards an equivalent objective.
Recent advancements include techniques such as feasible-ratio
control and dynamic constraint boundaries [44] to enhance
EAs with dynamic constrained multi-objectives.

I1l.  Problem Statements
A. Problem Definition
Let RP be the feasible region of the search space, contained
within the D-dimensional rectangular space S. Denote X =
[Xy, .., X, ..., Xp] as the feasible solution vector, where X is
an element of R?, where RP < S. Each component of the
feasible solution vector X, denoted as X, must satisfy the
upper and lower boundary limits X, and X, respectively,
where X < X; < X;. The objective function value of
solution X is defined as f(X), while the functions g;(X) and
h;(X) represent the j-th equality constraint and inequality
constraint, respectively. A COP is defined as follows:
X=[X1,...,r)gl,rl.,xD]eiRD F&0

(9;X)<0,j=1,..,p 1)
’ '{hj(X) =0,j=1,..,q

, where p and g represent the numbers of inequality and
equality constraints of problem respectively.

In the problem of assigning weights to the parameters of a
function, the objective is to assign weights to different
parameters of a function such that the sum of the weights
equals a constant x, and each weight falls within the range of
zero to one. This form of optimization problem can be defined
as follows:

n
min b Z Xf X Vf
x_[xl,...,xf,...,xD]em =

X, =0, f=0,..,n @)

) n
5 ZXf =K
f=0

where X, shows the weighting parameter for 0 < f < n,
and V; is the value of the element which should be weighted
by Xr.

B. Whale Optimization Algorithm (WOA)

WOA is an algorithm that follows the social behavior of
humpback whales. It works by initializing a set of random

solutions (whales) and updating their positions based on
whether they are in the exploration or exploitation phase. In
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the beginning, each whale is assigned random values. The
search process for finding the optimal solution involves two
phases: exploration and exploitation. The exploitation phase
models the bubble-net behavior of humpbacks when attacking
prey. This behavior is modeled with two types of movement:
shrinking encircling and spiral updating position. To encircle
prey, the positions of search agents are updated towards the
best search agent that is assumed to be the target or near the
target. This update of the search agents is represented by the
following equations, as in [45]:

D=|C.W ) -W(@)| 3)
W(t+1)=W?(t)—AD @)
where W(t) and W(t+ 1) shows the configuration of an
search agent in the i-th iteration and (i+1)-iteration
respectively, W7*(t) shows the best search agent regognized

until iteration t. Vectors A and C are coefficient vectors
which are calculated as follows:

A=2d.7—d (5)
C =27+ (6)
During iterations, the linearly decreasing vector d is reduced
from 2 to zero, while the k-dimensional vector 7 has random
values within the range of [0, 1]. The method for achieving
shrinking encircling involves decreasing the a in Eq. (5).
Since # is a random vector within the range of [0, 1], the
values of A fall within the range of [—a,a]. This model
demonstrates how the search agents move within hyper-cubes

towards the current best solution.
The spiral updating position simulates the helix-shaped
movement of humpback whales to exploit prey. This behavior

is modeled as follows:

W(t+1) = D e cos(2ml) + W*(t) (7)
, Where b is a constant which is set to one, and [ is arandom
value in [—1,1]. Vector D’ shows the distance between the

search agent and the best current solution (the prey) and is
defined as follows:

D' = [W (@) - W) ®)
Humpback whales use two hunting strategies shrinking
encircling and spiral updating positions together to efficiently
catch their prey. To mimic this behavior, a new parameter (p)
is introduced that randomly switches between the two
strategies by taking on a random value between 0 and 1.
During the exploitation phase, the configuration is updated
using the following process:

W(t+1)

B {W’(t) - AD if p<05 ©)
D'.e". cos(2ml) + W¥(t) if p = 0.5

During the exploration phase, the search agents update their

positions based on a randomly selected search agent

wrand(t) as follows:

D= |c. wrand () — W (t) (10)
W(t+1) =wrad(t) — A.D (11)

IV.  Methodology

A. Normalization

Optimization algorithms often use randomly generated initial
populations. However, when dealing with dependent data, the
features of an object are interdependent. To maintain the
dependency of the features while still generating a random
initial population, a two-step process is proposed for individual
initialization. Firstly, the population is randomly generated.
Then, each individual is normalized to preserve the data's
dependency.
Let X =[Xy,..,X; ..,Xp] represents a solution vector,
where X is an element of RP . Furthermore, let » =
{Xp, ..., X}, where »x € X shows a set of features of X that
are dependant on each other according to the condition M, (x).
This condition is an equality condition that takes the form of a
sum function similar to those which are common in the
weighting problems. To normalize Individual X based on
M, (), each X; € » is first subtracted by the minimum value
in the set » as follows:

X{ = Xi — Xmin (12)
By setting the value of M.(3) as o, Eq.(13) is used to
transform the independent variables of % into dependent
variables [46].

XDy = _*

PN ZXiE}fXL"
If there exists equality conditions
M., (1), M, (33), ..., M, () for sets sy, ,,..,5, , and
these sets have no overlap, then each equality condition can be
applied independently to the individuals of the population to
obtain individuals that are within the valid domain of the
search.

B. Updating Positions
In the WOA, the optimized solution is determined based on the
leader individual, which is the best individual in all iterations.
During iterations, the position of each individual X; is
updated based on three movements: two based on the position
of the leader individual and the third based on the position of
arandomly selected individual. While features of an individual
are updated independently in the WOA, a filtering step is
executed after updating positions to eliminate individuals that
don't satisfy constraints for dependent data or other constraints.
When the features of an individual are dependent, changes
made to one feature may impact the other features. In such
cases, because it is unlikely to generate a valid solution
through random changes to the features, many solutions will
be eliminated during the filtering stage. Therefore, it is crucial
to consider this dependency when updating the individuals.
The Whale Optimization Algorithm for Dependent Data
(WOADD) employs an appropriate policy for updating data
that considers the dependence between features to avoid
unnecessary processing. The changes are precisely controlled
to preserve the equality constraints, and the features
collaborate to satisfy these constraints.

The change in the value of a feature is entirely dependent on
the type of whale movement in the corresponding iteration.
The magnitude of change in feature X; € X is calculated
using the following formulas depending on whether it's a

X X{ (13)
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circular movement, spiral movement, or exploratory
movement:
AX ircutar = A X |G X X{ = X (14)
M pirar = 1Xi — Xl X eP x cos (2ml) (15)
AXoypr = A; X |C; x XT4 — X, (16)

Where X; shows the i-th feature of normalized individual X,
b is a constant for defining the shape of the logarithmic spiral,
and [ isarandom number in [-1,1]. The values of A4; and C;

show the i-th element of vectors 4 and C calculated by (5)
and (6), respectively.

The change of feature X; € » may violate the equlity
condition M_(3). In this case, any change in one feature is
completed with a candidate one. Let £ S » shows the set of
features that haven’t been changed in the current iteration. The
members of L are those that could be chosen as candidates.
To ensure equal chances of being chosen, each member of £
is assigned a random probability, and then sorted in descending
order based on their random number. The member with the
highest probability is checked first for candidacy. Let AX
represent the amount of change of feature X; € », and X,
represent the feature being considered as a candidate. There
are three possible situations that may occur:

e If AX >0, an overflow has occurred in set » based on
the equality constraint. To resolve this issue, the candidate
element should have the ability to reduce this additional
load. If (X, — AX) satisfies the defined constraints on X_,
then there will be a load transfer between X; and X.. If
not, the next candidate feature is checked.

e If AX < 0, an underflow has occurred in set . Therefore,
the candidate element should have the potential to carry
additional load. If (X, + |AX]) is validated according to
the defined constraints, X, is selected as the candidate for
X;. Otherwise the other potential candidates are checked.

¢ |f a candidate cannot be found for X;, it is returned to its
previous value.

In each iteration, the features in an individual are updated at
most once, and a flag is reserved for each feature to indicate its
status. At the start of each iteration, all features of an individual
are marked as unchanged. If a feature is modified or checked
for an update and no candidate is found, it is marked as
changed. Load transfers are continued until all the involved
features are marked as changed.

In order to avoid exceeding the valid range of features, a
parameter is introduced to limit the range of change for each
feature. This parameter's value is determined based on the
constraints of the problem and the specific requirements of the
application. For simplicity, letall X; € » satisfy L < X; < U.
The mathematical formulation of circular and exploratory
movements are similar in that the position of an individual is
updated based on a goal individual X¢ which can be either
the leader individual or a randomly selected individual. Let
XE denote the value of the i-th feature in X¢. The next value
of X; in the circular and exploratory movements is obtained
as follows:

X(t+1) =XF —AX; (17)

, where the inequality conditions L < X;(t+1) <U
should be met. Since AX,,, =0 and AX;. =0 and X¢
is an individual in the valid search space, the unequality
X;(t +1) < U is always true. To have more control on the
movement of objects, we consider a scaling parameter u > 0
on the change values, and solve the following unequality:

X{ —ubX; <U (18)
This implies that:
ps Kb (19
= Alcxf - x|

On the other hands, when completing the change of X; with
candidate X, the following unequalities should be satisfied
for X.:

L<X +uAX;<U (20)
Since AXy,; =0 and AXypqe =0 and X, is in the valid
range, the unequality L < X, + puAX; is always true and the
unequality L < X, + uAX; should be examined. Solving this
implies that:

U-X,
< - -
= Alcxf = x|
Both the equations (19), (21) should be satisfied, therefore u
is determined as follows:

u (21)

U min (X¢ —L,U —X,) (22)

< _
T Alcxf - X
As an example, if any variable falls within the range of [0,1],
the maximum value of A and C is 2, and the maximum distance
between two features of two whales is 1. Therefore, the range
of u would be as follows:

XF1-Xf
4 4

In the spiral movement, the sign of AX,,;.q is relative to the
sign of cos (2ml). If the value of feature X; after spiral
movement be equal to (X,-* + #AXspimz) , the following

unequalities should be met:

O<,u$min( (23)

L<X;+up(X; —X;| x e?' x cos(2ml)) < U (24)
By solving the inequalities, u is calculated as follows:
< U—Xi if cos(2ml) = 0
#= |X; — X;| X eP! X cos(2ml) 1 eostemt) =
X —L (25)

< if cos(2ml) < 0
# |X; — X;| x Pt x |cos(2nl)| ' (2nD)
To ensure that the given set of inequalities are satisfied, p is
chosen accordingly.

1
O<u<
H= |x; —X;|xeblx|cos(2ml)|

It is noted that the candidate feature X_in a spiral movement
is changed to (X, — uAXgpirq) Which must fall within the
range of L and U. However, this constraint also leads to the
same range for u as given in equation (26). The pseudo-code
of the proposed algorithm is shown in Figure 1.
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Algorithm 1: WOADD

Initialize the Whale population W;,i =1, ...,n

Normalize the initial population

Initialize a, A, C, b, |

while t < number of iteration do

Calculate the fitness of each Whale

Select the best Whale as the Leader Whale

for each Whale (X) do

Randomly initialize r, p

Updatea,A,C, u

for each feature (X;) in X do

if (p < 0.5 and |A| < 1)do
Calculate AX by (14)

if (< 0.5 and |4] = 1) do
Select a random whale (x7¢"%)
Calculate AX by the (15)

if p=0.5 )do
Calculate AX by the (16)

X, =Find a candidate for X;

if (X! =null)

XL=XL+|JAX
—\— X, =X, — uhX
| t=ct+1

return LeaderWhale
Fig. 1. Pseudo-code of the WOADD algorithm

V. Test Results

A. Benchmark functions

The performance of optimization algorithms is usually
evaluated using a set of 24 benchmark functions [2, 3, 12, 14,
47, 48], as mentioned in CEC 2005 [49]. However, these
functions aren't designed to account for dependent data. To test
the proposed algorithm, we used a set of functions in Table 1
that include constraints imposing dependence among features.
The focus is on minimizing the objective, and the last column
of the table shows the optimal values for each function. As
previously mentioned, most optimization algorithms lack
explicit policies for handling problem constraints. Instead,
they rely on penalty functions to manage them. The middle
column of Table 1 shows the updated functions based on
constraint penalties.

To evaluate optimization algorithms, two measures are
commonly used: average fitness value and standard deviation.
Suppose the initial population contains n objects. The average
fitness value is obtained by summing the fitness value of each
member of the population and dividing by the population size.
The standard deviation is computed as the square root of the
sum of squared distances of each fitness value from the

average fitness value, divided by the population size minus one.

The standard deviation represents the diversity among the
fitness values of the population members. If the standard
deviation is very small, it indicates that all search agents are
near each other. In such cases, the algorithm may find it
difficult to find the best solution, particularly if there are
several local optima available.

To demonstrate the effectiveness of the proposed algorithm
(WOADD), we conducted a comparative analysis with three
other state-of-the-art optimization algorithms, namely Whale
Optimization  Algorithm (WOA) [45], Gray Wolf
Optimization Algorithm (GWO) [12], and Aquila optimizer
[10]. In all experiments, the number of search agents is set to

30, and the number of iterations is set to 300. We use state-of-
the-art methods with default parameter values, but a penalty
function is added to penalize invalid solutions, as shown in
Table 1. The penalty function uses o, 3, and y values of 10, 10,
and 20, respectively. The results of this comparison are
presented in Table 2 for solutions with five and ten dimensions.
For each test case, this table displays the algorithm's optimal
f(x) value, along with the average and standard deviation of
f(x) obtained by various search agents employed by the
algorithm. As heuristic algorithms produce non-deterministic
solutions, the presented results are the average of 20 runs.
The results show that the proposed algorithm has successfully
obtained the minimum value for all functions f,, f3, fi, fs
and f, with particularly significant improvements observed
for more complex functions f; and f;. Notably, the proposed
method achieved a result approximately 100% better than
GWO and about 50% better than WOA for function fs.
However, the low standard deviation observed in GWO is not
ideal for population-based approaches as it implies that all
search agents are focused on a single target point.

The functions f; and f, have an additional parameter (c¢) to
be determined in tests. Table 3 shows the performance of the
optimization algorithms on these functions for ¢ values of 0.1,
0.3, and 0.5. For instance, when ¢ = 0.1, it means that m
terms of the series carry 0.1 of the total weight, while the
remaining terms carry 0.9 of the total weight. The results
demonstrate that the proposed algorithm was able to achieve
the best minimum value for the functions in all cases.

B. Analysis of Convergence curve

In population-based evolutionary algorithms, the search agents
tend to extensively explore promising regions of the design
space and gradually converge toward the best solution. During
the initial stages of the optimization process, the search agents
undergo abrupt changes, and then gradually converge towards
the optimal solution. According to [5], this behavior
guarantees that a population-based algorithm eventually
converges to a point in the search space. The convergence
curves of WOA, GWO, and WOADD for the benchmark
functions are compared in Figure 2. Aquila is not included in
the figure due to its large values in some cases. The results
indicate that the WOADD algorithm is capable of quickly
identifying promising areas within the search space during the
initial stages of iteration and converges more rapidly towards
the optimal solution.

Figure 3 illustrates the diversity of outcomes generated by
different algorithms in 20 runs for functions f; and f;. As
shown in the figure, WOA and GWO display a high degree of
diversity across different runs. In contrast, the results
generated by WOADD are very similar to each other, and a
consistent outcome is obtained in almost all runs. This makes
WOADD more suitable for applications that require more
deterministic results.
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VI. Conclusion

The paper presents an improved version of WOA that is
specifically designed to handle dependent data. The proposed
algorithm focuses on the valid range of data while searching
the data space, leading to a more efficient search and faster
attainment of the optimal solution. The experimental results
demonstrate that this algorithm produces superior solutions,
requiring fewer iterations to reach the optimal solution.
Notably, for complex functions, the proposed algorithm
achieves approximately 100% improvement over other tested
algorithms. Additionally, the experiments show that the
proposed algorithm's outcomes are more deterministic than
other state-of-the-art ones, making it more suitable for
applications that require precise outputs. Further development
and refinement of such methods could unlock new insights and
solutions from dependent data, an area that has received little
attention thus far.
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