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Objective: In this article, time-varying chaotic systems with uncertainties, including 

external disturbances, are considered, and sliding mode control (SMC) is used to control 

such systems. To control these systems, an autonomous differential equation is first 

introduced. Then, based on this differential equation, a sliding surface is defined to 

control this chaotic system. This kind of controller is remarkable in that it removes the 

effects of disturbances, whether bounded or unbounded. Therefore, the system is known 

to be fixed-time stable. Where the trajectories of this chaotic system are not placed on 

the sliding surface, we have created creative controllers to place the trajectories on the 

sliding surface in finite time. Theoretical investigations show that such chaotic systems 

can be made fixed-time stable by applying the controls proposed in this study. Based on 

the findings of this study, the controllers are designed to eliminate all disturbances, 

whether bounded or unbounded. The results can be said to apply to chaotic, time-

dependent, and time-independent systems. To further consolidate the results obtained in 

this article, two examples, namely the time-dependent system of the Gyro and the time-

independent system of the Liu, are investigated, and the results were compared with 

previous works by other researchers. 

 

 
 

I. Introduction 

Chaos theory is an interdisciplinary scientific study and a 

branch of mathematics concerned with the underlying patterns 

and deterministic principles of dynamical systems that are very 

sensitive to the initial circumstances and were previously 

assumed to have fully random states of disorder and 

irregularity [1]. The butterfly effect is a term used in chaos 

theory to describe this occurrence. It is a simile used to 

describe how a butterfly may behave in Brazil while flapping 

its wings under specific conditions, which might then result in 

a storm in Texas [2]. As a result, it is not imaginable to forecast 

how these systems will behave in the long run. Although it can 

be assumed that random dynamics act chaotically, 

deterministic dynamic systems may also exhibit chaos, 

demonstrating that chaos need not be the result of an accidental 

element [3, 4]. It can be shown that chaotic behavior in 

continuous dynamical systems requires at least three variables. 

Chaotic movement is a frequent and acceptable nonlinear 

event that has lately gained increased attention due to its 

various uses. Some of its industrial applications include data 

processing, secure telecommunication systems, electrical 

converters, and chemical processes [5-8]. Since the early 

1990s, ample research has been done on how to regulate chaos 

in the chaotic systems [9]. As a result, a number of researchers 

have now developed numerous strategies to combat the chaotic 

behavior in such dynamic systems. Here, we mention several 

papers. In [10], barrier function-based SMC approaches were 

used. In [11], stochastic delay methods were applied. In [12, 

13], intelligent control methods based on neural networks were 

handled. In [14], the problem was challenged by using linear 
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matrix inequalities. In [15, 16], to control such dynamic 

systems, sliding mode control (SMC) was introduced. In [17, 

18], backstepping control was convincingly used. In [19, 20], 

adaptive control provided an effective solution. In [21, 22], the 

optimal control method has provided an efficient solution to 

the chaotic behavior of such systems. In [23, 24], the 

backstepping method, as a common method, was used for such 

chaotic systems. Among the control techniques mentioned 

above, sliding mode control has been successfully applied in a 

number of applications to enhance controller performance and 

address issues including immeasurable modes, input saturation, 

and others. It is a practical and effective method for dealing 

with the issue of uncertainty in nonlinear systems [25, 26]. 

However, simple adaptive control cannot be used to precisely 

regulate a nonlinear dynamical system with unknown model 

uncertainties. Additionally, the sliding mode control approach 

is a reliable and effective tool for engineering study of high-

order nonlinear systems, both theoretically and practically. 

Among the existing control strategies, the SMC is a reliable 

and successful way for chaos control in chaotic systems [25]. 

However, the chattering problem, which occurs because the 

sign function of control input signal is discontinuous, affects 

the majority of typical SMC techniques. Recently in [26] , the 

undesirable chattering assumption was eliminated using an 

innovative chattering-free SMC technique. The design was 

developed with the hypothesis that the first derivatives and 

upper bounds of the uncertainty term are known. Unknown 

upper bounds for the uncertainty and its derivatives have not 

been studied in this case. SMC methods are frequently used in 

industrial settings. In [27], some new developments in SMC 

for networked control systems (NCSs) were investigated. First, 

a few innovative SMC methods to address NCSs with time 

delays, uncertainty, and disturbances are briefly described. 

Next, the issue of SMC for NCSs was covered. A SMC 

approach is also suggested in [28] for nonlinear systems with 

time delays and undetermined missing probability. The study 

by [29] examined nonlinear fractional systems with external 

disturbances and uncertainties. Using an appropriate sliding 

surface, they introduced a method for investigating and 

evaluating stability. They created a robust adaptive fractional 

sliding mode controller in response to the external disturbances 

and an unknown upper bound on uncertainties. The study of 

chaotic dynamics in environmental phenomena was addressed 

in article [30]. For this fractional-order system, they derived 

two distinct sliding-mode controllers to manage chaos. They 

created a new controlled system of equations both with and 

without uncertainties through this process. Additionally, the 

new systems' global stability is established. The study by [31] 

investigated chaos in the Bloch equation. In this work, the 

Bloch equation with and without delay was studied in relation 

to the Caputo fractional derivative. They explored the 

underlying chaos using a sliding-mode controller. The 

effectiveness of the controller was monitored in the presence 

of external disturbances and uncertainty.  

 In most of the studies reported in this paper, the researchers 

considered common sliding surfaces and then tried to put the 

trajectories of chaotic dynamic systems on this surface with 

complicated and challenging techniques. However, the present 

study presents an innovative sliding surface and controllers 

that disregard the boundedness of uncertainty and system 

disturbances in order to solve the upper bounds of unknown 

uncertainty.  

The most significant contributions of the study are as follows: 

• It develops a fixed-time controller for the 

stabilization of chaotic systems, utilizing an 

innovative sliding-mode surface. 

• It offers a technique for establishing a limit 

on chaotic systems' fixed-time stability. 

without depending on the starting 

circumstances. 

• It creates controllers without taking into 

account system disturbances and the 

uncertainty bound. 

The rest of this article is divided into the following sections: A 

few explanations and definitions are provided in Section 2; the 

controller structure is both defined and formulated in Section 

3; to demonstrate the effectiveness of the suggested control 

mechanism, simulation results are shown in Section 4; finally, 

some conclusions are reached in Section 5. 

 

II. Preliminaries and system description  

Nonlinear chaotic systems have a dynamic equation that is 

often expressed as follows: 

𝑥̇ = 𝑓(𝑡, 𝑥) + ⅆ(𝑡, 𝑥)  + 𝑢(𝑡). (1) 

where 𝑥 = [𝑥1, 𝑥2, ⋯ , 𝑥𝑛]𝑇 ∈ 𝑅  represents the system state 

vector, 𝑓(𝑡, 𝑥): 𝑅+ × 𝑅𝑛 → 𝑅𝑛 indicates a nonlinear function, 

ⅆ(𝑡, 𝑥): 𝑅+ × 𝑅𝑛 → 𝑅𝑛 is the unknown uncertainty term that 

denotes model uncertainties mixed by unknown external 

disturbances and system unmodeled dynamics, and 𝑢(𝑡) ∈ 𝑅𝑛  

is the control signal. The number of control signals 𝑢 and the 

number of state variables are assumed to be equal in the chaotic 

system equation (1).  

 

Definition 1 [32]: An autonomous dynamic equation: 

𝑓: 𝑅𝑛 → 𝑅𝑛 ,     𝑥̇(𝑡) = 𝑓(𝑥(𝑡)) ,    𝑥(0) = 𝑥0. (2) 

is said to be fixed-time stable if 

∃ 𝑡∗  ∀ 𝑡 > 𝑡∗ ; ‖𝑥(𝑡) = 0‖  ⋀  lim
𝑡→𝑡∗

‖𝑥(𝑡)‖ = 0. (3) 

𝑡∗  is independent of the initial value of the autonomous 

differential equation. 

 

Remark 1: In this definition, if we consider the dynamic 

system as  𝑥̇(𝑡) = 𝑓(𝑡 , 𝑥(𝑡)) , the concept of fixed-time 

stability is described in a similar way. 
The goal of this article is to develop a sliding surface and 
controllers for chaotic systems with model uncertainties 

combined with unidentified external perturbations in order to 

establish closed-loop systems that are fixed-time stable for any 
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initial conditions. It indicates that the system's trajectory 

converges to the origin in a limited amount of time, 

irrespective of the initial conditions. 

 

Remark 2: It should be noted that system (1) simply turns into 

this dynamical system: 

 

{

𝑥̇1 = 𝑓1(𝑡 , 𝑥) + ⅆ1(𝑡 , 𝑥) + 𝑢1(𝑡),

𝑥̇2 = 𝑓2(𝑡 , 𝑥) + ⅆ2(𝑡 , 𝑥) + 𝑢2(𝑡),
⋮

𝑥̇𝑛 = 𝑓𝑛(𝑡 , 𝑥) + ⅆ𝑛(𝑡 , 𝑥) + 𝑢𝑛(𝑡).

 (4) 

 

Lemma 1: Suppose that 𝐾 > 0 , 𝑀 > 0 and 𝑥 ∶ 𝑅 → 𝑅 is a 

continuous function. If there exists a function 𝐹(𝑥) such that: 

𝑥̇ = −𝐾 𝐹(𝑥). (5) 

And 

∀ 𝑎, 𝑏 ∈ 𝑅 , |∫
ⅆ𝑥

𝐹(𝑥)

𝑏

𝑎

| < 𝑀. (6) 

then the autonomous differential equation (5) is fixed-time 

stable and 𝑡∗ <
𝑀

𝐾
 . 

Proof: The result of equation (5) is: 
ⅆ𝑥

𝐹(𝑥)
= −𝐾 ⅆ𝑡. (7) 

upon careful evaluation of equation (7), it becomes apparent 

that:  

∫
ⅆ𝑥

𝐹(𝑥)
= −𝐾 ∫ ⅆ𝜏

𝑡

0

𝑥(𝑡)

𝑥(0)

. (8) 

therefore, it is obtained: 

∫
ⅆ𝑥

𝐹(𝑥)
= −𝐾𝑡.

𝑥(𝑡)

𝑥(0)

 (9) 

however,  ∀ 𝑎, 𝑏 ∈ 𝑅 , |∫
𝑑𝑥

𝐹(𝑥)

𝑏

𝑎
| < 𝑀   ,  thus: 

|∫
ⅆ𝑥

𝐹(𝑥)

𝑥(𝑡)

𝑥(0)

| = |−𝐾𝑡| < 𝑀. (10) 

this gives the result |𝑡| <
𝑀

𝐾
 , hence the autonomous 

differential equation (5) is fixed-time stable and 𝑡∗ <
𝑀

𝐾
. ∎ 

Corollary 1 [33]:  Suppose that 𝐾 > 0    : 

𝐴(𝑥) =  𝑠𝑖𝑔𝑛(𝑥)(|𝑥| + 1)√(|𝑥| + 1)2 − 1. (11) 

and 𝑥: 𝑅 → 𝑅  is a continuous differentiable function that 

satisfies the following conditions: 

𝑥̇ = −𝐾 𝐴(𝑥)  ,    𝑥(0) = 𝑥0. (12) 

then the system (12) is fixed-time stable and setting time is 

𝑡∗ ≤
𝜋

𝐾
  . 

Fig. 1 shows that if we take 𝐾 = 2 and 𝑥(0) = 5, the setting 

time for the solution curve of (12) is 𝑡∗ ≤
𝜋

2
. Also, if we take 

𝐾 =
1

2
 and 𝑥(0) = −7, the setting time for the solution curve 

of (12) is 𝑡∗ ≤ 2𝜋. 

 

 

 

 
Fig. 1. solution curve for (12) 

 

 

 
Fig. 2. Solution curves for (14) 

 

 

Corollary 2:  Suppose that: 

 𝐾 > 0  ,   𝐵(𝑥) =  𝑠𝑖𝑔𝑛(𝑥) (𝑥2 + 1). (13) 

and 𝑥: 𝑅 → 𝑅  is a continuous differentiable function that 

satisfies the following conditions: 

𝑥̇ = −𝐾 𝐵(𝑥)  ,    𝑥(0) = 𝑥0. (14) 

then the system (14) is fixed-time stable and setting time is 

𝑡 ≤
𝜋

2𝐾
  . 

Proof: Assume that  𝐹(𝑥) = 𝐵(𝑥)  thus: 

∫
ⅆ𝑥

𝐹(𝑥)
= ∫

ⅆ𝑥

𝑠𝑖𝑔𝑛(𝑥)(𝑥2 + 1)

𝑥(𝑡)

𝑥(0)

.
𝑥(𝑡)

𝑥(0)

 (15) 

therefore, it is obtained: 

∫
ⅆ𝑥

𝐹(𝑥)
=

𝑥(𝑡)

𝑥(0)

𝑡𝑎𝑛−1(𝑥)

𝑠𝑖𝑔𝑛(𝑥)
|

𝑥(0)

𝑥(𝑡)

= −𝐾𝑡. (16) 

 

however, for any 𝜃 , | 𝑡𝑎𝑛−1(𝜃)| <
𝜋

2
. Lemma 1 concluded 

that 𝑡 <
𝜋

2𝐾
 , hence the autonomous differential equation (14) 

is fixed-time stable and 𝑡∗ <
𝜋

2𝐾
 . ∎ 

 

Fig. 2 shows that if we take 𝐾 = 2 and 𝑥(0) = 5, the setting 

time for the solution curve of (14) is 𝑡∗ ≤
𝜋

4
. Also, if we take 

𝐾 =
1

2
 and 𝑥(0) = −4 , the setting time for the solution curve 

of (14) is 𝑡∗ ≤ 𝜋. 

 

 

III. Controller design by SMC  

SMC is employed in the suggested control strategy to address 

the model uncertainties of the chaos system.  

Remark 3: The system uncertainty terms ⅆ𝑖(𝑡 , 𝑥)  are 

assumed to be bounded in article [34], but this article does not 

make that same assumption. 
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 A novel sliding mode controller is created for this part in 

order to provide fixed-time stable control over a nonlinear 

system. Two major steps are involved in the design of the 

proposed fixed-time controller: 

• Constructing an appropriate sliding surface. 

• Establishing an effective fixed-time control of the 

sliding motion within a specified setting time. 

The nonlinear sliding mode is constructed in the following way 

to achieve system control (4) : 

𝐾 > 0, 𝑠𝑖 = 𝑥𝑖 + ∫ 𝐾 𝐹(𝑥𝑖)
𝑡

0

. (17) 

 

It is clear that  𝑠𝑖 = 0 , 𝑠̇𝑖 = 0 if the system's trajectories are 

on the sliding surface. 

Theorem 1:  Assume that the sliding surface is dynamic (17). 

In the case where 𝑠𝑖 = 0  , the system is fixed-time stable, and 

the setting time 𝑇1, is specified  𝑇1 ≤
𝜋

𝐾
 if 𝐹(𝑥) = 𝐴(𝑥), or  

𝑇1 ≤
𝜋

2𝐾
 if 𝐹(𝑥) = 𝐵(𝑥)  . Its trajectories converge to the 

equilibrium 𝑥𝑖(𝑡) = 0. 

Proof: Assuming    𝑠𝑖 = 0  and 𝑠𝑖̇ = 0  ,   therefore  

𝑥̇𝑖 = − 𝐾 𝐹(𝑥𝑖), Lemma 1 shows the theorem's validity. As a 

result, 𝑥𝑖(𝑡) converges to the origin, and the setting time 𝑇1 

is given 𝑇1 ≤
𝜋

𝐾
 according to corollary 1 or 𝑇1 ≤

𝜋

2𝐾
 

according to corollary 2. 

If 𝑠𝑖 ≠ 0, which indicates that the trajectories of system (4) 

are outside of the sliding surface, then we should construct a 

suitable controller to bring the trajectories into the sliding 

surface and maintain them there continuously. To reach this 

objective, the following theorem is offered: 

Theorem 2: Assume that  𝐾 > 0 : 

𝑢𝑖(𝑡) = 𝜉𝑖 − 𝐾 𝐹(𝑥𝑖) − 𝑓𝑖(𝑡 , 𝑥) − ⅆ𝑖(𝑡 , 𝑥). (18) 

With 

𝜉𝑖 = −𝐾 𝐹(𝑠𝑖). (19) 

if the trajectories of system (4) are outside of the sliding 

surface, then the controller (18) brings the trajectories into the 

sliding surface. And reaching time 𝑇2  is given 𝑇2 ≤
𝜋

𝐾
 

according to corollary 1, 𝑇2 ≤
𝜋

2𝐾
 according to corollary 2. 

Proof: It follows from calculation 𝑠̇𝑖  : 

𝑠̇𝑖 = 𝑥̇𝑖 +  𝐾 𝐹(𝑥𝑖),

     = 𝑓𝑖(𝑡 , 𝑥) + ⅆ𝑖(𝑡 , 𝑥) + 𝑢𝑖(𝑡) + 𝐾 𝐹(𝑥𝑖),

     = −𝐾 𝐹(𝑠𝑖).

 (20) 

thus 𝑠̇𝑖 = − 𝐾 𝐹(𝑠𝑖), Lemma 1 proves the correctness of the 

theorem 2. As a result, 𝑠𝑖  is fixed-time stable, and the setting 

time 𝑇2 is determined by 𝑇2 ≤
𝜋

𝐾
 according to corollary 1 or 

𝑇2 ≤
𝜋

2𝐾
 according to corollary 2. 

Theorem 3: The state variables of the controlled system (4) 

can be stabilized into the origin fixed-timely if the controller 

𝑢𝑖(𝑡)  is defined as (18). The whole process time, 𝑇3  is 

predicted by  𝑇3 ≤ 𝑇1 + 𝑇2  . 

Proof: The conclusion of Theorem 3 is clear in light of 

Theorems 1–2. 

Remark 4: The determination of fixed-time stability depends 

on the existence of a differential equation 𝑥̇ = −𝐾 𝐹(𝑥) 

satisfying the conditions of Lemma 1. Furthermore, the initial 

conditions and the system characteristics had no effect on the 

control structure in this investigation. The method described 

here might be applicable to more kinds of chaotic dynamics.  

 

IV. Numerical simulation 

We executed two numerical simulations of the Gyro system 

and Liu's uncertain chaotic system in order to demonstrate how 

effectively the suggested technique performed in these two 

systems. 

Example 1: The time-dependent Gyro system is investigated 

from the viewpoint put out in this article. Gyro system 

dynamics are described by: 

𝑓(𝑡, 𝑥) = [
𝑥2

𝑏1𝑥2 + 𝑏2𝑥2
3 + 𝑔(𝑥1, 𝑡)

] .  (21) 

 

𝑔(𝑥1, 𝑡) = 𝑏3 sin(𝑥1) − 𝑏4
2

(1 − 𝑐𝑜𝑠(𝑥1))
2

𝑠𝑖𝑛3(𝑥1)

+ 𝐹𝑠𝑖𝑛(𝜔𝑡)𝑠𝑖𝑛(𝑥1). 

 

ⅆ(𝑡 , 𝑥) = [
1 + 𝑠𝑖𝑛(𝑥2)𝑐𝑜𝑠(2𝑥1) 

𝑠𝑖𝑛(𝑥1)
]. 

 

equation (21) can be considered as follows: 

{
𝑥̇1 = 𝑥2,

𝑥̇2 = 𝑏1𝑥2 + 𝑏2𝑥2
3 + 𝑔(𝑥1, 𝑡).

 (22) 

In [35], the dynamics of (22) were studied. Specifically, the 

system (22) with the parameters defined by the equations 𝑏1 =

0.5, 𝑏2 = 0.05, 𝑏3 = 1, 𝑏4 = 10, 𝐹 = 35, 𝜔 = 2  can behave 

chaotically. In Fig. 3 and Fig. 4, the chaos movement of the 

equation (22) with 𝑥(0) = (−1,3) is depicted. 
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Fig. 3. The chaotic attractor of (22) with 𝑥(0) = (−1,3) 

 

 

Fig. 4. 𝑥1(𝑡) , 𝑥2(𝑡)  of system (22) 

 

Control over the chaotic system (22) is given by: 

 

𝑢1(𝑡) = 𝜉1 − 𝐾𝐹(𝑥1) − 𝑥2 − ⅆ1(𝑡 , 𝑥),

𝑢2(𝑡) = 𝜉2 − 𝐾𝐹(𝑥2) − 𝑏1𝑥2 − 𝑏2𝑥2
3 − 𝑔(𝑥1, 𝑡) − ⅆ2(𝑡 , 𝑥).

 (23) 

 

That 𝜉1 = −𝐾𝐹(𝑠1), 𝜉2 = −𝐾𝐹(𝑠2) , ⅆ1(𝑡 , 𝑥) = 1 +

sin(𝑥2)𝑐𝑜𝑠(2𝑥1) , ⅆ2(𝑡 , 𝑥) = 𝑠𝑖𝑛(𝑥1) are the uncertainties. 

It can be observed that in (23), controllers 𝑢1(𝑡) , 𝑢2(𝑡)are 

designed to remove the effects of uncertainties 

ⅆ1(𝑡 , 𝑥) , ⅆ2(𝑡 , 𝑥), whether they are bounded or unbounded. 

Based on the discussed results, we design efficient controllers 

such that (24) is fixed-time stable. 

 

{
𝑥̇1 = 𝑥2 + ⅆ1(𝑡 , 𝑥) + 𝑢1(𝑡),

𝑥̇2 = 𝑏1𝑥2 + 𝑏2𝑥2
3 + 𝑔(𝑥1, 𝑡) + ⅆ2(𝑡 , 𝑥) + 𝑢2(𝑡),

 (24) 

 

 

Fig. 5. With assumption  𝐹(𝑥) = 𝐴(𝑥) and K= 1 , comparing 

our method with the method of article [32] 

 

 

              TABLE 1: EVALUTION OF RESULTS  

5 4 3 2 1 0 t Method 

-2.8121e-19 -2.8121e-19 -2.8121e-19 -2.8121e-19 -2.8121e-19 1 𝒙𝟏 
Our 

method 
-2.8121e-19 -2.8121e-19 -2.8121e-19 -2.8121e-19 -2.8121e-19 -3 𝒙𝟐 

1.4312e-4 1.4867e-4 1.7498e-4 1.4082e-5 9.6686e-5 1 𝒙𝟏 
Method of 

Ref [32] 
1.2743e-5 6.2350e-4 0.1211 0.2856 0.2085 -3 𝒙𝟐 

 

Remark 5: The numerical simulations conducted in the 

Simulink environment demonstrate that the suggested method 

is more effective than the one suggested in [32]. Fig. 5 displays 

the controlled system's trajectories. 

Table 1 demonstrates that 𝑥1 and 𝑥2 converge to zero using 

our strategy in less than a second. However, the convergence 

happens after three seconds in the technique suggested in [32]. 

Fig. 5 also reveals that 𝑥1 and 𝑥2 converge to zero in less 

than a second. However, the convergence occurs after three 

seconds in the method suggested in [32]. 

 

Example 2: In this part, the Simulink environment is used to 

assess the performance of the recommended method. Consider 

the Liu system [34], starting with the dynamic equation given 

below: 

𝑓(𝑥) = [

−10𝑥1 + 10𝑥2

−40𝑥1 + 𝑥1𝑥3

4𝑥1
2 − 2.5𝑥3

]. (25) 

 

ⅆ(𝑡 , 𝑥) = [

𝑠𝑖𝑛(𝑥1)
𝑠𝑖𝑛(𝑡)

𝑠𝑖𝑛(𝑥1) + 𝑠𝑖𝑛(𝑡)
]. (26) 
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The dynamical system can be considered as follows: 

 

Fig. 6. The chaotic attractor of (27) 

 

 

Fig. 7. The phase diagrams of states (27) 

 

 
Fig. 8. 𝑥1(𝑡), 𝑥2(𝑡), 𝑥3(𝑡)  of (27) without controller 

 

 

 

 

 

 

 

 

{

𝑥̇1 = −10𝑥1 + 10𝑥2 + 𝑠𝑖𝑛(𝑥1),

𝑥̇2 = −40𝑥1 + 𝑥1𝑥3 + 𝑠𝑖𝑛(𝑡),

𝑥̇3 = 4𝑥1
2 − 2.5𝑥3 + 𝑠𝑖𝑛(𝑥1) + 𝑠𝑖𝑛(𝑡).

 (27) 

 

Due to the fact that Liu's chaotic system is a time-

independent system, time is not a factor in the dynamics 

in this case. As a result, in (4), the function 𝑓(𝑥)  has been 

utilized rather than 𝑓(𝑡 , 𝑥) . However, ⅆ(𝑡, 𝑥)  is a 

combination of uncertainties and disturbances, and its values 

are indicated in (26). The chaotic movement of (27) with  

𝑥(0) = (−0.2, 0.3, 0.2)    is shown in Fig. 6 to Fig. 8. 

 

Although in our method, stabilization is possible for any time-

dependent or time-independent system with any initial 

conditions without considering the boundary conditions for 

uncertainties and disturbances, but in example 2, we 

considered the initial conditions assumed in article [34]. We 

did this in order to be able to compare the results obtained in 

this article with those in [34]. Of course, it should be noted that 

in a non-linear system, initial conditions are important. A 

nonlinear system may become chaotic only under certain 

initial conditions. Therefore, the initial conditions cannot be 

chosen arbitrarily.  

Considering the controllers, (27) can be written as: 

 

{

𝑥̇1 = −10𝑥1 + 10𝑥2 + 𝑠𝑖𝑛(𝑥1) + 𝑢1(𝑡),

𝑥̇2 = −40𝑥1 + 𝑥1𝑥3 + +𝑠𝑖𝑛(𝑡) + 𝑢2(𝑡),

𝑥̇3 = 4𝑥1
2 − 2.5𝑥3 + 𝑠𝑖𝑛(𝑥1) + 𝑠𝑖𝑛(𝑡) + 𝑢3(𝑡).

 (28) 

 

Control over the chaotic system (28) is given by: 

 

𝑢1(𝑡) = 𝜉1 − 𝐾𝐹(𝑥1) + 10𝑥1 − 10𝑥2 − ⅆ1(𝑡 , 𝑥),

𝑢2(𝑡) = 𝜉2 − 𝐾𝐹(𝑥2) + 40𝑥1 − 𝑥2𝑥3 − ⅆ2(𝑡 , 𝑥),

𝑢3(𝑡) = 𝜉3 − 𝐾𝐹(𝑥3) − 4𝑥1
2 + 2.5𝑥3 − ⅆ3(𝑡 , 𝑥).

 (29) 

 

That 𝜉1 = −𝐾𝐹(𝑠1), 𝜉2 = −𝐾𝐹(𝑠2), 𝜉3 = −𝐾𝐹(𝑠3) , 

ⅆ1(𝑡 , 𝑥) = sin(𝑥1) , ⅆ2(𝑡 , 𝑥) = 𝑠𝑖𝑛(𝑡) , ⅆ3(𝑡 , 𝑥) =

𝑠𝑖𝑛(𝑥1) + 𝑠𝑖𝑛(𝑡) are the uncertainties. It can be observed that 

in (29), controllers 𝑢1(𝑡) , 𝑢2(𝑡), 𝑢3(𝑡)  are designed to 

remove the effects of uncertainties ⅆ1(𝑡 , 𝑥), 

 ⅆ2(𝑡 , 𝑥), ⅆ3(𝑡 , 𝑥) whether they are bounded or unbounded. 

Based on the aforementioned results, we design robust 

controllers. The numerical simulations demonstrate that the 

suggested strategy is more effective than the one suggested in 

[34]. As a consequence, using the suggested method, Fig. 9 

shows the simulation results. 
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Fig. 9. 𝑥1(𝑡), 𝑥2(𝑡), 𝑥3(𝑡) of (28) with 𝐹(𝑥) = 𝐴(𝑥), 𝐾 = 1 

 

 

Remark 6: In [34], a terminal sliding mode control strategy is 

designed and put into practice for a type of chaotic system with 

uncertainty. The dynamic uncertainties of the chaotic system 

were taken into account using sliding mode control (SMC), 

and the boundary problem of unknown model uncertainties 

was solved using a mix of SMC and an adaptive control 

strategy. In [34], by using an adaptive barrier function, 

chattering is fully removed. But in our method, by designing a 

suitable sliding surface, the control of Liu's system has been 

stabilized without any chattering in the control signals or the 

sliding surface curves of the system. In addition, in our method, 

the system becomes fixed-time stable. This example shows the 

effectiveness of our method. 

 

V. Conclusions 
 

In most of the articles mentioned in the references, researchers 

have considered a common sliding surface and then tried to 

stabilize a system with bounded uncertainty by using methods 

in adaptive control, optimal control, backstepping control, the 

barrier function, etc. Although these methods make the system 

stable, they often lead to complex calculations and the 

submission of special conditions to the system. But in this 

article, we sought to find an efficient sliding surface that is 

useful for most time-dependent and time-independent systems 

with uncertainties and disturbances that are not necessarily 

bounded. As it is clear in the proof of the theorems, using a 

suitable sliding surface does not require the use of Lyapunov’s 

theorem. In this article, we have shown that in order to find a 

suitable sliding surface, one should first find the differential 

equation 𝑥̇ = −𝐹(𝑥)  ,  which applies to condition 

|∫
𝑑𝑥

𝐹(𝑥)

𝑏

𝑎
| < ∞ . Then, using this function   𝐹(𝑥) , the sliding 

surface and controllers should be designed. Upcoming studies 

may focus on finding such functions. Furthermore, future 

research may focus on applying the results of this study to 

stabilize other kinds of dynamic systems with uncertainty and 

external disturbances. 
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