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In this paper, an ultrasonic horn based on the PSO algorithm for emulsion homogenization is 
optimized and fabricated. The application of various ultrasonic instruments such as horns in 
different industrial procedures is increasingly expanding and developing. Horn is a tool that 
has played a crucial role in the energy transfer to fluid. Longitudinal frequency, vibration 
amplitude, length-to-diameter ratio, a distance of frequency from other frequency modes, 
wide distribution of cavitation along with the horn’s length, and increasing the area of 
acoustic energy transfer are the main characteristics of the horn design procedure. Therefore
considering these important features with using the PSO algorithm and electro-mechanical 
circuit method to finding resonance frequency, the design procedure of the optimized horn is 
performed. The definition of the objective function is based on the horn’s amplification factor, 
and the rest of the other characteristics are defined as design constraints. The simulation 
results show a 15% improvement in the natural frequency compared to the target frequency 
and a suitable frequency distance of 2.5 kHz between the previous and next modes. According 
to the barbell part of the horn, the amplification factor of 14 was obtained for the proposed 
horn, the frequency and amplitude of the vibration were evaluated. The experimental results 
were very close in terms of amplification factor and frequency to the simulation results with 
reasonable accuracy.  

 
 

 

I. Introduction 
High-power ultrasound has been used in many industrial 

processes such as cleaning, extraction, homogenizing, 
emulsification, sonochemistry, pollutant destruction, etc. 
These Processes are primarily based totally on the impact of 
acoustic cavitation made via way of means of ultrasonic horn 
vibration in water. This oscillation is produced by an 
electromechanical transducer, which is composed of 
piezoelectric elements that convert high-frequency voltage 
into mechanical oscillation. However, the amplitude of the 
transducer is not sufficient to cause cavitation. To transmit 
sound waves into the water, you need a rod horn of a 
different shape. 

 One of the most important challenges in using ultrasonic 
horns on an industrial and semi-industrial scale is propagating 
an acoustic wave with a high vibration amplitude throughout 

the fluid or emulsion. Widespread cavitation production all 
over the liquid increases the efficiency of emulsification. To 
this end, extensive research has been conducted on the design 
of high-power ultrasonic horns. The three main goals in 
increasing efficiency are to increase the amplitude of 
vibration and increase and distribute emission area along with 
the horn. 

High-amplitude horns are used in various ultrasonic 
applications such as ultrasonic operation, ultrasonic motors, 
ultrasonic lubrication, ultrasonic homogenizing, and 
ultrasonic welding. According to different horn shapes, 
ultrasonic horns can be divided into stepped, exponential, 
conical, catenary, and bezier. Moreover, there is specialized 
complex hybrid ultrasonic horn such as cylindrical with 
cuboid hole, multi-Step, double conical, cylindrical conical 
exponential, cylindrical double exponential horn, barrel, 
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barbell, spool-shaped, double conical stepped, double conical 
cylindrical, multistep conical, etc. Each type has advantages 
and disadvantages [1].  

Use of ultrasonic transducers is common in various 
applications, including machining [2-3], burnishing [4], 
emulsion of solutions, flotation improvement in the mining 
industry, Friction Stir Welding, etc. During recent decades 
studies on the development of ultrasonic horns have been 
done. One part of the study is analytical modeling [1,5-7] , 
and another part is numerical [8–10].  

One type that suggests homogenizing emulsion is the 
barbell horn. Previous studies on barbell horns have been 
done for modeling and optimization horns. Peshkovsky 
[11-13] developed a novel type of high-power ultrasonic 
transducer, which has a large radiating surface and high 
amplification factor. Peshkovsky and colleagues [14] 
published a report on CBD Nanoemulsions stabilized by 
tween80/span80. The report was created with a 
laboratory-scale ultrasonic liquid processor; they also 
demonstrated the scalability of the emulsification process. Fu 
[15] developed a full-wave rod horn with longitudinal 
vibration, which helps to improve the sound energy 
transmission of the ultrasonic vibration system working in the 
longitudinal vibration mode, and obtains the resonance 
frequency equation. 

Heikkila studies have done much to optimize ultrasonic 
horn. The interactive multiobjective optimization method 
NIMBUS is applied in designing a high-power ultrasonic 
transducer. The performance of the transducer is simulated 
with a finite element model, and three design goals are 
formulated as objective functions to be minimized [16]. 
Deibel and Wegener [17] proposed a multi-dimensional 
optimization numerical method for stepped double-flanged 
horns. This method uses genetic algorithms to determine the 
basic shape of the horn and then uses the simplex method to 
further optimizing the shape. Zohourmesgar [18] checked the 
optimization based on temperature increase, which would 
change its mechanical properties and significantly reduce the 
resonance frequency and vibration efficiency. In addition, the 
thermal optimization of the horn is carried out in two steps 
with the idea of fins using genetic algorithms. Roşca [19] 
proposed a shape optimization method that takes into account 
the stiffness of the contact between the horn and the 
connected instrument. It is considered to be the objective 
function of minimizing the volume under the condition of 
structural equilibrium. Rosca [20] developed and 
characterized an ultrasonic horn with a given operating 
frequency, gain, and node position, and effectively used 
theories, experiments, and calculation methods for this 
purpose. Afshari and Arezoo [21] proposed a dual-purpose 
method for optimizing the wide horn topology. This is for 
two purposes: the longitudinal natural frequency of the horn 
should be similar to the frequency of the adjustable 

transducer amplifier, and the output surface of the horn 
should vibrate uniformly. Afshari and  Arezoo [22] use 
factors such as the regularity of vibration amplitude, 
longitudinal natural frequency, frequency spacing, 
magnification, and maximum stress of the horn body. The 
problems With using genetic algorithm and boundary 
condition processing methods, a block horn optimization 
design method was investigated. Kumarasami [23] is 
studying the design and optimization of slotted horns used in 
the ultrasonic insertion process through integrated response 
surface method (RSM), finite element analysis (FEA), and 
genetic algorithm (GA). He [24] based on the genetic 
algorithm, by optimizing the control points at the start and 
end of the Bezier curve, a horn with a large amplitude ratio is 
obtained. Yu [25] proposed a systematic method for 
optimizing and adjusting the target natural frequency of the 
horn at high temperatures. The numerical results show that 
the longitudinal natural frequency of the horn decreases 
significantly with the increase of the mold temperature. YN 
[26] assumes that the ten-element horn is modeled by the 
electromechanical equivalent circuit method and retains the 
longitudinal vibration of the HPU transmitter. The resonance 
frequency equation and structure size are also optimized for 
the longitudinal vibration. Zuguo et al. [27] optimization 
design method coupled finite element genetic algorithm and 
heat for the ultrasonic oscillator is proposed. In Wei and 
Weavers’s study [28], a multi-stepped ultrasonic horn with a 
coned tip was analytically designed, and its sonochemical 
performances were effectively enhanced. Additionally, 
special ultrasonic block horns with slots or island arrays were 
optimally designed to achieve uniform amplitudes at their 
work. Based on the studies regarding the ultrasonic horns, the 
material and design of horn geometric shape, determine its 
magnification factor [29]. 

In this paper optimization barbell horn has done with 
purpose increasing amplitude and cross-section with adding 
multistep in the end part of the horn . For this purpose have 
used impedance equivalent circuits to calculating frequency 
and amplification factors and constraints have considered for 
geometrical parameters.  

The paper is organized as follows. The proposed structure of 
the ultrasonic barbel horn and equivalent circuit  are 
discussed in Section 2. A brief overview of the PSO algorithm 
is presented in Section 3. Shape optimization of the proposed 
barbell horn based on PSO algorithm is done in section 4. 
Finite Element model and Experimental procedure and 
materials is presented in section 5 and 6. Results evaluation 
and discussion are in section 7. In the end, the concluding 
remarks are drawn. 

 
II. The proposed structure of the ultrasonic 

barbell horn 
For access to high vibration amplitude in emulsification, a 

barbell horn was invented. This horn has five elements that 
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are designed based on full wavelength. High gain factor and 
increasing the propagation area of ultrasonic waves are 
original targets for the invention barbell horn. Moreover 
propagation acoustic waves of the cross-sectional area of the 
horn cause increasing diffusion and energy efficiency so 
barbell horn structure to 9 elements Fig.1 has increased 
topological changes to the structure occur in five elements 
Such that multi-step add to the Fifth element. 

 
Fig.1. Multi Step barbell Horn  

 
Another characteristics of this horn is that the maximum 

amplitude is not at the end of the horn, but we will also have 
the maximum amplitude along with the horn.  This is an 
opportunity that ultrasonic emission zones cannot be 
concentrated in just one area but extended along the horn to 
increase efficiency and effectiveness.  In the proposed horn 
structure, an attempt has been made to create steps at the end 
of the barbell horn to increase the cavitation areas in the 
emulsion homogenization. Therefore, an attempt was made to 
change the geometric parameters with the optimization and 
numerical solution algorithm to achieve the desired goal. 

 

III. Equations of Vibration of the horn for 

each element and gain factor 
The suggested horn has nine elements that for calculating 

gain factor need to solve the equation of vibration for each 
element in Equ. (1).  
𝑑ଶ𝑢

𝑑𝑥ଶ
+

1

𝐴(𝑥)

𝑑𝐴

𝑑𝑥

𝑑𝑢

𝑑𝑥
+ 𝑘ଶ𝑢 = 0           )1 (  

 

where k = ω/c is the wave number, ω = 2πf is the angular 
frequency of vibrations, c is the velocity of sound in the 
material, f is the frequency of vibrations and A(x) is the 
position dependent cross sectional area. The radius change 

along the horn α =
୰భି୰మ

୐୰భ
is defined ( rଵ  is radius at the 

beginning and rଶ at the end of the horn) and L is its length. 
The relation of the cross section area of the cone at different 
distances x will was A୶ = πr୶

ଶ = πrଵ
ଶ(1 − αx)ଶ. Because of 

the geometrical difference between cylindrical and conical 
horn, it is needed to drive equations individually. So the 
solutions have presented in Equ. (2) .Each element has 
independent coordinates system and solve based on the 
condition of continuity of force and speed in boundary points. 

)2 ( 

𝑢ଵ = 𝐴ଵ cos 𝑘𝑥 + 𝐵ଵ sin 𝑘𝑥               0 < 𝑥 < 𝐿ଵ    

𝑢ଶ = 𝐹ଶ(𝐴ଶcos 𝑘𝑥 + 𝐵ଶ sin 𝑘𝑥)       0 < 𝑥 < 𝐿ଶ    

𝑢ଷ = 𝐴ଷ cos 𝑘𝑥 + 𝐵ଷ sin 𝑘𝑥           0 < 𝑥 < 𝐿ଷ    

𝑢ସ = 𝐹ସ(𝐴ସcos 𝑘𝑥 + 𝐵ସ sin 𝑘𝑥)    0 < 𝑥 < 𝐿ସ     

𝑢ହ = 𝐴ହcos 𝑘𝑥 + 𝐵ହ sin 𝑘𝑥            0 < 𝑥 < 𝐿ହ     

𝑢଺ = 𝐴଺cos 𝑘𝑥 + 𝐵଺ sin 𝑘𝑥     0 < 𝑥 < 𝐿଺     

𝑢଻ = 𝐴଻cos 𝑘𝑥 + 𝐵଻ sin 𝑘𝑥     0 < 𝑥 < 𝐿଻     

𝑢଼ = 𝐴଼cos 𝑘𝑥 + 𝐵଼ sin 𝑘𝑥     0 < 𝑥 < 𝐿଼     

𝑢ଽ = 𝐴ଽcos 𝑘𝑥 + 𝐵ଽ sin 𝑘𝑥     0 < 𝑥 < 𝐿ଽ     

Then, using the boundary conditions for the horn’s elements, 
the system of equations for displacements (u1…u9), is 
obtained. Therefore, gain factor of the horn can be expressed 
as Equ. (3) [11]. 
 

𝐺 = ฬ
𝑢௢௨௧

𝑢௜௡
ฬ =

𝐴ଽcos 𝑘𝐿ଽ + 𝐵ଽ sin 𝑘𝐿ଽ

𝐴ଵ cos 𝑘𝑥 + 𝐵ଵ sin 𝑘𝑥
 )3 ( 

 

IV. The Impedance equivalent circuit and 

resonance frequency equations of the horn 
In designing and analyzing the vibrational characteristics 

of elastic mechanical elements The electro-mechanical 
equivalent circuit model has been proven to be very useful 
method. One of most important vibration characteristic is 
resonance frequency that with this method calculates 
analytically. The equivalent circuit Based on the transmission 
line theory for the horn can be obtained With Considering 
force and velocity continuity conditions at the boundaries of 

the nine elements of the horn [30]. 

 

 
Fig. 2  electro-mechanical equivalent circuit of multi-step 

barbell horn 
 
The multi-step barbell horn consists of nine elements, 

including six constant cross-section cylinders and two conical 
cross-section rods connected in series mechanically. The 
equivalent circuit of the nine-element barbell horn can be 
obtained based on conical metal rod and a constant cross 
section metal rod (Fig.2). The expressions for the impedances 
of the nine elements are as follows Equ. (4) to Equ. (23). 

(4)  𝑧ଵଵ = 𝑧ଵଶ = 𝑗𝑧ଵtan (𝑘𝑙ଵ/2) 

(5) 𝑧ଵଷ = −𝑗𝑧ଵ/sin 𝑘𝑙ଵ 
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(6) 
𝑧ଶଵ = 𝑗𝑧ଶ ൬

𝑁ଶ − 1

𝑁ଶ𝑘𝑙ଶ
+

1

𝑁ଶsin 𝑘𝑙ଶ
−

1

tan 𝑘𝑙ଶ
൰ 

(7) 
𝑧ଶଶ =

𝑗𝑧ଶ

𝑁ଶ
൬

1

sin 𝑘𝑙ଶ
−

𝑁ଶ − 1

𝑁ଶ𝑘𝑙ଶ
−

1

𝑁ଶtan 𝑘𝑙ଶ
൰ 

(8) 
𝑧ଶଷ = −

𝑗𝑧ଶ

𝑁ଶsin 𝑘𝑙ଶ
 

(9) 𝑧ଷଵ = 𝑧ଷଶ = 𝑗𝑧ଷtan (𝑘𝑙ଷ/2) 

(10) 𝑧ଷଷ = −𝑗𝑧ଷ/sin 𝑘𝑙ଷ 

(11) 
𝑧ସଵ = 𝑗𝑧ସ ൬

𝑁ଶ − 1

𝑁ଶ𝑘𝑙ସ
+

1

𝑁ଶsin 𝑘𝑙ସ
−

1

tan 𝑘𝑙ସ
൰ 

(12) 
𝑧ସଶ =

𝑗𝑧ଶ

𝑁ଶ
൬

1

sin 𝑘𝑙ସ
−

𝑁ଶ − 1

𝑁ଶ𝑘𝑙ସ
−

1

𝑁ଶtan 𝑘𝑙ସ
൰ 

(13) 
𝑧ସଷ = −

𝑗𝑧ଶ

𝑁ଶsin 𝑘𝑙ସ
 

(14) 𝑧ହଵ = 𝑧ହଶ = 𝑗𝑧ହtan (𝑘𝑙ହ/2) 

(15) 𝑧ହଷ = −𝑗𝑧ହ/sin 𝑘𝑙ହ 

(16) 𝑧଺ଵ = 𝑧଺ଶ = 𝑗𝑧ଵtan (𝑘𝑙଺/2) 

(17) 𝑧଺ଷ = −𝑗𝑧ଵ/sin 𝑘𝑙௜ 

(18) 𝑧଻ଵ = 𝑧଻ଶ = 𝑗𝑧଻tan (𝑘𝑙଻/2) 

(19) 𝑧଻ଷ = −𝑗𝑧଻/sin 𝑘𝑙௜ 

(20) 𝑧଼ଵ = 𝑧଼ଶ = 𝑗𝑧଼tan (𝑘𝑙଼/2) 

(21) 𝑧଼ଷ = −𝑗𝑧଼/sin 𝑘𝑙଼ 

(22) 𝑧ଽଵ = 𝑧ଽଶ = 𝑗𝑧ଽtan (𝑘𝑙ଽ/2) 

(23) 𝑧ଽଷ = −𝑗𝑧ଽ/sin 𝑘𝑙ଽ 

 

where 
𝑧ଵଵ, 𝑧ଵଶ, 𝑧ଵଷ, 𝑧ଷଵ, 𝑧ଷଶ, 𝑧ଷଷ, 𝑧ହଵ, 𝑧ହଶ, 𝑧ହଷ, 𝑧଺ଵ, 𝑧଺ଶ, 𝑧଺ଷ, 𝑧଻ଵ, 𝑧଻ଶ,  
𝑧଻ଷ , 𝑧଼ଵ, 𝑧଼ଶ, 𝑧଼ଷ, 𝑧ଽଵ, 𝑧ଽଶ, 𝑧ଽଷ are mechanical impedances 
of cylindrical elements and 𝑧ଶଵ, 𝑧ଶଶ, 𝑧ଶଷ,   zସଵ, zସଶ, zସଷ  are 
mechanical impedances of conical elements. In impedance 
relations 
 𝑧ଵ = 𝜌𝑐𝑆ଵ,  𝑧ଶ = 𝜌𝑐𝑆ଶ, 𝑧ଷ = 𝜌𝑐𝑆ଷ,, 𝑧ସ = 𝜌𝑐𝑆ସ, 𝑧ହ =

𝜌𝑐𝑆ହ, 𝑧଺ = 𝜌𝑐𝑆଺, 𝑧଻ = 𝜌𝑐𝑆଻, 𝑧଼ = 𝜌𝑐𝑆଼, 𝑧ଽ = 𝜌𝑐𝑆ଽ𝑁ସ =
ௗమ

ௗర
, 𝑁ଶ =

ௗభ

ௗమ
, 𝑆ଵ = 𝜋(𝑑ଵ/2)ଶ, 𝑆ଶ = 𝜋(𝑑ଵ/2)ଶ, 𝑆ଷ = 𝜋(𝑑ଷ/

2)ଶ, 𝑆ହ = 𝜋(𝑑ହ/2)ଶ, 𝑆ସ = 𝜋(𝑑ଷ/2)ଶ  sound speed and 
wave-number to the longitudinal vibration  𝑐 =

ඥ𝐸/𝜌 and 𝑘 =
ఠ

௖
 and 𝜌, E, and σ are density, Young’s 

modulus, Poisson’s ratio of longitudinal vibration .  
Acoording to impedance relation equivalent impedance is 

Z = R + jX   that R  is real part of impedance 
(resistance) and X  is imaginary part of impedance 
( reactance) . for find resonance frequency solve reactance 
equation as follows: 
Im(Z) = 𝑋 = 0 (24) 

This relation depends on material and geometrical 
parameters of horn. So this has used in optimization for 
investigating domain frequency.  

V. particle swarm optimization (PSO) 
Particle swarm optimization (PSO) is a computational 

method that optimizes a problem by iteratively trying to 
improve a candidate solution with regard to a given measure 
of fitness. The PSO is a proposed metaheuristic method that 

simulates a stylized representation of the movement of 
organisms in a bird flock or fish school. The standard PSO 
algorithm works by having a swarm of particle’s, a 
population of candidate solutions, which move around in the 
search space according to the particle’s position and velocity 
[31-32].  

This method can be defined as a group of birds randomly 
searching for food in an area and there is food only in one 
part of the search area. None of the birds know the location of 
the food, but they know the distance to the food at each stage 
of the search. The question now is what is the best way to get 
to food? Perhaps the most effective strategy is for the birds to 
follow the bird that is closest to the food. 

 

Fig. 3  Mechanism of finding the answer to the problem in the 
particle swarm method [31]  

 
In PSO algorithm, the group of particle’s in search space  

purpose to optimize a fitness function, in an approach like to  
movement of flocks of birds in natural environment in search  
of food. The particle’s are positioned randomly in search 
space and  they calculate their suitability at that position. Then, 
for a predefined number of iterations, each particle changes to 
a new  location which provides better fitness than the earlier 
position.   This program is based on the history of particles 
own best  and current locations with those of the best 
positions achieved  by other particle’s in the swarm, with 
some chance  perturbations. Thus in following iterations the 
swarm reaches  the most optimum solution to the fitness 
function in the  problem space, with a defined number of 
particle’s employed  together. The fitness or objective 
function in PSO algorithm  is a performance evaluation 
criterion that depends on the  application area of the algorithm. 
The performance principle is  usually defined by a 
mathematical formulation to compute the  system 
performance achieved through a performance index . 

The algorithm first starts with a randomly initialized 
population of particle’s and updates with iterations and 
generates new positions, and searches for the optimal point. If 
population size is assumed to be N particle’s, the ith particle 
in iteration t and in ant m dimension search space, has three 
properties.  

The ith particle has position X୧(x୧ଵ, x୧ଶ, … , x୧୫) and 
velocity V୧(v୧ଵ, v୧ଶ, … , v୧୫) . And x୮ୠୣୱ୲ , x୥ୠୣୱ୲  represents 
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personal best position and global best position of ith particle. 
At first iteration, the personal best position will be updated to 
the current position of the particle and the personal best 
position at t+1 iteration will be x୮ୠୣୱ୲୧

(t + 1) 

𝑥௣௕௘௦௧ ୧
(t + 1)

= ቐ
𝑥௣௕௘௦௧୧

(t)    f(x୧(t + 1)) ≥ f ቀ𝑥௣௕௘௦௧ ୧
(t)ቁ

𝑥௣௕௘௦௧୧
(t)    f(x୧(t + 1)) < f ቀ𝑥௣௕௘௦௧ ୧

(t)ቁ
 

(25) 
  After the best individual position of the ith particle in the t 
iteration was determined, It is easy to determine the best 
position ever seen among all the population particle’s. This 
position with 𝑥௚௕௘௦௧   has shown that to obtain it, the best 

individual position of the whole N particle is observed up to 
the t iteration with 𝑃(𝑡) relation  
 

𝑃(𝑡) = ቄ𝑥௣௕௘௦௧ଵ
(𝑡), 𝑥௣௕௘௦௧ଶ

(𝑡), … , 𝑥௣௕௘௦௧ ே
(𝑡)ቅ (26) 

The best position found by the whole population particle’s up 

to the t iteration of the algorithm is obtained using Equ. (27). 

f(𝑥௚௕௘௦௧(t)) = 𝑚𝑖𝑛 ቄf ቀ𝑥௣௕௘௦௧୧
(t)ቁ ∣ 𝑥௣௕௘௦௧ ୧

(t)

∈ P(t)ቅ 

(27) 

 

  In the t iteration of the PSO algorithm, the position of the 

ith particle is 𝑋௜
௧, which is updated by the vector 𝑉௜

௧ାଵ and the 

i particle finds the new position 𝑋௜
௧ାଵ according to the Equ. 

(28).  

(28) 

𝑉௜
௧ାଵ = 𝑤𝑉௜

௧ + 𝑐ଵ𝑟ଵ൫𝑥௣௕௘௦௧ − 𝑋௜
௧൯

+ 𝑐ଶ𝑟ଶ൫𝑥௚௕௘௦௧ − 𝑋௜
௧൯ 

 𝑋௜
௧ାଵ = 𝑋௜

௧ + 𝑉௜
௧ାଵ 

 

So the position of the updated particle 𝑋௜
௧ାଵ  of the four 

factors of the current position 𝑋௜
௧, the current velocity 𝑉௜

௧, 

the distance between the current position and the best 

individual position (𝑥௣௕௘௦௧ − 𝑋௜
௧) and the distance between 

the current position and the best position Social (𝑥௚௕௘௦௧ − 𝑋௜
௧) 

follows. 

In this relation, the values r1 and r2 are random numbers with 

uniform distribution in the range (1,0), C1 is related to 

(𝑥௣௕௘௦௧ − 𝑋௜
௧) and C2 is related to (𝑥௚௕௘௦௧ − 𝑋௜

௧). Therefore, 

C1 and C2 are called individual and social cognition 

parameters, respectively. In the above relation, C1 determines 

the maximum amount of particle motion towards the best 

individual position of the particle and C2 determines the 

maximum amount of particle motion towards the best social 

position. In the above relation, in order to better explore the 

search space, they limit the movement speed between the 

intervals [-vmax, vmax]. This causes the particle to move a 

little slower towards the best response as it moves, so that if 

there is a better response in the distance between the particle 

and the best t iteration response, the particle will find that 

answer 

VI. Shape optimization of the proposed 

barbell horn based on PSO algorithm 
 
The barbell horn is one of the most widely used ultrasonic 

horns. The geometric dimensions of the barbell horn have a 
direct effect on its performance in producing ultrasonic waves. 
Determining the geometric dimensions of the barbell horn to 
achieve the desired performance using analytical methods is 
very complex and there is an approximation like the results. 
The use of numerical analysis methods such as Abacus 
software in the design of the barbell horn leads to more 
accurate results, but the shape design procedure is done by 
trial and error, which is very time-consuming and has local 
optimal results.  

Therefore, the PSO algorithm can be used effectively in 
design the shape of the barbel horn, by defining the design 
procedure in the form of a suitable optimization problem. In 
determining the optimal shape of the proposed barbell horn, 
minimizing the amount of frequency, minimizing vibration, 
and increasing the voltage are very important. According to 
these goals and the structure of the barbell horn, the 
optimization problem for the shape design procedure is 
defined according to Equ. (29).  
When the goal of the problem is more than one objective, 
such as optimizing the horn, we are faced with a 
multi-objective problem. In this case, since the frequency 
range of the horn is a priority due to the limitation of using 
transducers and generators to stimulate the horn, it has been 
determined as the initial condition and primary goal in the 
algorithm. Therefore, at this step, the particle population is 
evaluated in terms of frequency and particle’s that are not in 
the frequency range are replaced with new random particle’s. 
The process of the algorithm continues as standard with the 
evaluation of the horn interest and is shown schematically in 
Fig. 4. 
𝐹𝑖𝑛𝑑:  𝑋ு  = [𝑙ଵ

 , 𝑙ଶ
 , … , 𝑙ଽ

 , 𝑑ଵ
 , 𝑑ଷ

 , 𝑑ହ
 , … , 𝑑ଽ

 ]் 

𝑀𝑎𝑥𝑖𝑚𝑎𝑖𝑧𝑒:  𝐹௖(𝑋ு) = ฬ
𝑈௢௨௧

𝑈௜௡
ฬ 

𝑆𝑢𝑏𝑗𝑒𝑐𝑡𝑒𝑑 𝑡𝑜:

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧

19,500Hz < 𝑓 < 20,500Hz
𝑑ଵ

 = 50𝑚𝑚,
1 < 𝑑ଵ

 /𝑑ଷ
 < 5

0.5 < 𝑑ହ
 /𝑑ଵ

 < 2

1.1 < 𝑑ହ,଻,ଽ
 /𝑑଺,଼

 < 1.5

𝑙ଵ
 +  𝑙ଶ

 + ⋯ + 𝑙ଽ
 = 𝜆

10mm ≦ 𝐿ଵ, 𝐿ଷ ≦ 50mm

10mm ≦ 𝐿ଶ, 𝐿ସ ≦ 30mm

10mm ≦ 𝐿ହ, 𝐿଺, 𝐿଻, 𝐿଼, 𝐿ଽ ≦ 30mm (29) 
 
where 𝑋ு  represents the design vector for the 
implementation of the optimal shape design procedure. 
According to the structure of the proposed barbel horn in the 
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previous section, the longitudinal dimensions and diameters 
are indicated by 𝑙௜

  and 𝑑௜
 . The wavelength is indicated by 

𝜆. The components of the objective function, 𝑓௜ ,  are defined 
according to Equs. (30) – (31).   

𝑓ଵ(𝑋ு) =
|𝑢ത௭௘௡ௗ|

|𝑢ത௭ଵ|
 (30) 

𝑓ଶ(𝑋ு) =
|𝑓௡௢௠௜௡௔௟ − 𝑓 |

𝑓
 

(31) 

Equ.30 being the amplitude ratio between input (𝑢ത௭ଵ) and 

output (𝑢ത௭௘௡ௗ) and Equ.31 consider difference frequency 

between nominal frequency (𝑓௡௢௠௜௡௔௟) and frequency (𝑓).  

 

Fig. 4 Pso optimization algorithm 
The Fig. 4 shows the PSO modified algorithm, so that that 

before checking the population, its frequency must be 
calculated. If it was in the specified frequency range, it will 
continued, otherwise, a new random population will replaced. 

VII. Finite element model 
One of the most effective and efficient methods for 

designing and evaluating the shape of a horn is using the 
numerical method. The numerical solution has very high 
accuracy but is relatively slower than the analytical method. 
The finite element method, like Abacus software, is a method 
for numerical solutions and offers approximate solutions to 
many complex engineering problems. Using the finite 
element method (FEM), any type of geometry can be studied; 
Such as deformation of members or geometry of elements, 
which is usually very difficult to use analytical methods. 

Optimization does by Modal analysis that determines the 
natural frequencies and the mode shapes by solving the 
Eigenvalue equation as follows 
൫𝑘 − 𝑤௜

ଶ𝑀൯Φ௜ = 0 (32) 

where K is the global stiffness matrix, M is the global mass 
matrix, Φi is ith eigenvector, and wi is ith circular natural 
frequency. 3D model of the ultrasonic stack is developed in 
Abaqus software. Block Lanczos method is selected to 
compute the natural frequencies and mode shapes in the 
frequency range between 16 kHz and 25 kHz. The horn and 
booster are meshed by the C3D10 element (10-node quadratic 
tetrahedron element) with a different mesh size such that 
mesh size does not affect results. 

   
17.567 kHz 19.996  kHz 21.238 kHz 

Fig. 5  Mode shapes of the ultrasonic optimized Horn near 

target frequency 

 
Fig. 6 Spectrum frequency Analysis of optimized horn 

 

To determine the maximum stress value in the horn body 
and output peak-to-peak vibration amplitude of tip and 
different horn positions in a frequency equal to the 
longitudinal natural frequency of horn in the longitudinal 
direction do harmonic analysis. So in loop optimization use 
of two-step frequency and harmonic analysis in abaqus 
direct-solution steady-state dynamic analysis is utilized to 
calculate the stress value. 
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Fig. 7  Stress distribution and Displacement Amplitude in the 

optimized horn body 

 

Stress distribution in Fig. 5 for optimized Horn is given. 
Stress maximum has occurred in point step which is 
considered to increase cavitation in the emulsion. Therefore, 
the maximum stress value will not be in the range of 316 steel 
fatigue stress. Due to the high-frequency dynamic load for 
any horn, infinite life can not be imagined.  

Vibration Amplitude in the longitudinal direction of the 
optimized horn in Fig. 6 is given. Input amplitude in the first 
cross-section horn in harmonic step was 1(μm) that is 
amplified by the horn to 14.7 (μm) in the tip of the horn. So 
amplification factor of the optimized horn is 14.7. 

Furthermore, the frequency difference between the 
longitudinal mode with the nearest previous and next modes 
are 2439 Hz and 1232 Hz, respectively. This shows that the 
frequency separation is more than 1 kHz. 

 
Fig. 8.  Displacement amplitude of optimized multistep barbell 

horn 

VIII. Experimental procedure and materials 
To test the vibration amplitude and frequency of the 

manufactured results from the optimization, sensor eddy 
current (gap-sensor model AEC 5502A-01) has been used. 
Vibrations are measured at the tip of the horn and compared 
with harmonic analysis of Abaqus and calculated gain factor 
in experimental 14.83 and in numerical solution was 14.73 
(Table 1). Operating power for the transducer is provided by 
a generator with a maximum output of 500W. The generator 

regulates the power output based on the selected amplitude 
setting and is designed for 20kHz. To check the frequency of 
the longitudinal mode of each result, used of high-precision 
commercial ZX70A impedance analyzer Fig. 10. The 
material used for manufacturing the ultrasonic devices is 
S316 with a Young’s modulus of E = 193 GPa, υ = 0.285, ρ = 
8000 (kg / m3) Poisson ratio of 0.3, and damping ratio of 1%. 
Material properties used in the FEM analysis are set 
accordingly. As shown in the Table 1, the experimental 
frequency and numerical difference of 4%. 

 
TABLE 1  

COMPARE EXPERIMENTAL AND NUMERICAL 
GAIN FACTOR 

Gain Factor 

(Experimental) 
Gain Factor 
(Numerical) 

Gain Factor 
(Analytical) 

14.83 14.73 15  

 

 

Fig. 9. amplitude and phase measurements with standard values 

 

Fig. 10. Generating impedance curve by high-precision 

commercial ZX70A impedance analyzer 

TABLE 2  
COMPARE EXPERIMENTAL AND NUMERICAL 

FREQUENCY 
Natural Frequency 

(Experimental) 
Natural Frequency 

(Numerical) 
Relative 

Variation (%) 
20081 19996 0.04  

 

 
IX. Conclusions 

One of the most important challenges in designing an 
ultrasonic horn is determining its optimal dimensions. In the 
present study, the dimensions of a barbell horn were 
optimized to improve the vibration amplitude and surface 
area of the ultrasonic wave propagation. In the proposed, 
designed procedure, special attention was paid to the 
frequency and gain factor. Solving vibration equations of 
proposed horn with nine element and continuity force and 
velocity in boundary has arrived to gain factor. For finding 
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resonance frequency has used electro-mechanical circuit 
method. The design process was performed with MATLAB 
software and with optimization algorithm PSO. With the 
proposed method, the natural frequency was 0.15 higher than 
the target frequency and the distance between the frequency 
of the previous and next shape modes was about 5 kHz. The 
vibration amplitude coefficient, which is the ratio of the 
output amplitude to the input, increased to 14. The maximum 
stress with safety factor 2 was in the range. Experimental and 
numerical results showed little relative error. According to 
the comparative criterion of power coefficient, the optimized 
barbell horn had better performance and a larger wave 
propagation area, which led to better efficiency.  
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