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This paper presents an enhancement of the dynamic stability of a power system equipped with both a unified power 

flow controller (UPFC) and a doubly-fed induction generator (DFIG) by using the LMI technique. We use all UPFC 

main basic PI controllers and its power oscillation damping (POD) supplementary controller. A more complete model 

of DFIG and both rotor-side converter (RSC) and grid-side converter (GSC) dynamics with their controllers are 

considered, too. These two devices controllers are simultaneously coordinated and optimized with compromising 

between their control variables parameters. The particle swarm optimization (PSO) algorithm is used to optimize the 

objective function based on eigenvalues and damping ratio to reach the best parameters and variables of controllers 

of both UPFC and DFIG. Linear matrix inequality (LMI) is applied to the whole system linearized model to reach 

optimally modified eigenvalues. Within the steady state and dynamic study, we consider practical line thermal 

capacity and UPFC power rating, too. Simulation results in 39-bus 10-machine New-England power systems illustrate 

the capability of the applied method. The results demonstrate that coordinated control of these two devices besides 

using LMI results in more damping of system modes oscillations and more stability in the power system. 
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I. INTRODUCTION 

The unified power flow controller (UPFC) is an 

effective flexible alternating current transmission system 

(FACTS) device that helps overcome some of existing power 

system operation limitations. It is the most important and 

comprehensive device that helps stability improvement in 

power systems. UPFC is equipped with a power oscillation 

damping (POD), and the damping effect of this POD is better 

than the power system stabilizer (PSS).  

  On the other hand, wind energy conversion systems 

(WECS) are growing fast due to environmental issues and the 

limitations of natural resources. The application of wind 

energy to produce electrical energy using doubly-fed 

induction generators (DFIGs) is growing in power systems 

because DFIGs allow a larger portion of the wind energy to 

be absorbed. The interaction of DFIG controllers will occur 

with both electrical and mechanical system modes leading to 

electrical and mechanical oscillations [1]. Then, the effect of 

these devices on power system oscillations and stability is an 

important issue.  

The stability enhancement of a three-machine system by 

using the coordinated application of the UPFC and the PSS 

designed employing the Firefly algorithm was already 
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compared with the genetic search algorithm approach [2]. To 

UPFC POD controller design in MMPS, in three-machine 

system, with selecting damping ratio based objective function 

LQR (Linear Quadratic Regulation) have used under different 

loading condition and better result demonstrated [3]. The 

improved grey wolf optimizer (IGWO) was compared with  

differential evolution (DE) and particle swarm 

optimization(PSO) to optimize UPFC POD controller with 

integral of time-weighted absolute error (ITAE) criteria too 

and the results demonstrated the stability enhancement of 

MMPS in the three-machine system while comparing using 

either 𝑚𝐵 or 𝛿𝐸 [4].         

On the other hand, the effect of DFIG controllers and 

system parameters in linear modal analysis of DFIG torsional 

interaction was investigated and the results showed that the 

DFIG controllers should be adjusted, otherwise, an 

interaction may occur and the system oscillations may 

increase, which may even make the system unstable. The 

damping mechanisms of power systems were analytically 

compared with induction generator-based wind power 

generation by Bu in a multi-machine power system in which 

a model with rotor-side converter (RSC) dynamics and a 

model without RSC dynamics with fixed rotor speed and with 

offset rotor voltage only and with constant rotor voltage were 

investigated [5]. 

Today, power systems may consist of both of these two 

important devices because of their operational, economic, and 

environmental advantages. Beside these advantages, they 

have interactions and influence the stability of power 

systems. So, many studies have recently focused on the 

effects of each of these two devices on the other device or the 

overall power system. 

UPFC can be used to improve the overall performance 

of WECS through the development of an appropriate control 

algorithm. The application of a UPFC control algorithm is 

also investigated in one research to overcome some problems 

associated with the internal faults associated with WECS [6]. 

Based on power control and speed error minimization 

objectives, wind turbines were utilized in a research 

study,and to improve reactive and real power, IEEE-9 and 14 

bus systems were investigated by installing UPFC in the 

transmission line. [7]. The simulation results show that UPFC 

can improve the low voltage ride-through (LVRT) of 

DFIG-based WECS, reduce machine oscillations, and finally 

maintain wind turbine connection to the grid during certain 

levels of voltage fluctuations on the grid side and fault 

conditions [8]-[10]. UPFC can noticeably improve the fault 

ride-through (FRT) capability of WECS, so it can support the 

grid during fault conditions [11]. UPFC has been used in a 

DFIG-based wind turbine system to provide dynamic reactive 

power support at the PCC in the occurrence of three-phase 

fault conditions [12]. In a transient stability study, a control 

proposed for the admittance model of the UPFC was 

validated in a DFIG wind farm penetrated power system. The 

power output of the DFIG was stabilized, which helped 

recover rotor angular deviation of the respective generators, 

which significantly stabilized the network [13]. Performance 

of wind power and UPFC to increase the fault critical 

clearing time of power system using MATLAB/SIMULINK 

software simulated the IEEE 3 machines 9 buses verified and 

showed that the better result will be obtained while these two 

devices are in the optimum location [14]. 

Linear matrix inequality (LMI)-based techniques have 

already been used for the stability of power systems that are 

equipped with UPFC to have optimal control while the LMI 

approach is used for optimal pole placement [15]. This 

approach has been used in the robust adaptive model 

predictive control of DFIG [16]. But, it has not been 

employed in multi- machine power systems consisting of 

both of these two devices. Then, we applied LMI in order to 

optimize pole placement more optimally and improve the 

robustness of this large power system linear system model. 

Then, it is important to study and improve this stability 

in the systems in which both UPFC and DFIG are installed. 

Here, we have studied more complete small signal models of 

UPFC and DFIG to investigate the damping effects of UPFC 

and DFIG in multi-machine power systems considering all 

dynamic states of both of them in comparison with previous 

studies. We have considered practical constraints too while 

using PSO (its detail algorithm can be found in [17]). To 

optimize the control parameters of each of them, LMI was 

applied to the system to have optimal eigenvalues, too. 

The main contributions of the study are the application 

of all classic controllers of UPFC together, the application of 

practical constraints of line and UPFC capacities, the use of 

DFIG complete electrical model and all of its converters 

controllers, the use of PSO to optimize simultaneously and 

coordinated UPFC and DFIG controllers, the use of LMI 

approach to more optimization in eigenvalues of the whole 

system, and increasing the whole control system robustness. 

The following sections introduce UPFC and its small signal 

model and control aspects. Then, DFIG small signal 

modeling and control are reviewed. Then, the combined 

power system model with UPFC installed and DFIG 

connected models are presented. PSO algorithm and LMI 

technique, which have been used, are briefly described too. In 

the last section, the simulation results of these two devices 

that are applied to dynamic stability individually and together 

are demonstrated and compared.  

 

II. UNIFIED POWER FLOW CONTROLLER 

As is seen in Figure 1, UPFC consists of two converters 

coupled through a common DC link. Eq. (1) expresses the 

UPFC terminals voltages. 

𝑉̅𝐸 =
𝑚𝐸𝑉𝑑𝑐

2
𝑒𝑗𝛿𝐸  , 𝑉̅𝐵 =

𝑚𝐵𝑉𝑑𝑐

2
𝑒𝑗𝛿𝐵                                    (1) 
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Where 

mB  is the pulse width modulation index of the 

series(boosting) inverter, mE is the pulse width modulation 

index of the shunt (exciting) inverter, δB is the phase angle 

of the series injected voltage, and δE is the voltage phase 

angle of the shunt inverter.  

The series branch of the UPFC injects an AC voltage with 

controllable magnitude and phase angle at the power 

frequency. Then, it can exchange real and reactive power 

with the installed line. The shunt converter is primarily used 

to provide active power demand of the series converter 

through a common DC link and can exchange reactive power 

to adjust the voltage of the bus, which is connected. So, due 

to these capabilities, UPFC is an excellent choice for 

damping power system oscillations. This damping can be 

obtained by regulating the abovementioned controllable 

parameters by controlling the decoupled variables of the 

UPFC by the following four controllers: 

𝛿𝐵 = (
1

1+𝑇𝛿𝐵𝑠
) (𝐾𝑃𝑝 +

𝐾𝑃𝑖

𝑠
) (𝑃𝑅𝑒𝑓 − 𝑃)                (2) 

𝑚𝐵 = (
1

1+𝑇𝑚𝐵𝑠
) (𝐾𝑄𝑝 +

𝐾𝑄𝑖

𝑠
) (𝑄𝑅𝑒𝑓 − 𝑄)               (3) 

𝑚𝐸 = (
1

1+𝑇𝑚𝐸𝑠
) (𝐾𝑉𝑝 +

𝐾𝑉𝑖

𝑠
) (𝑉𝑅𝑒𝑓 − 𝑉)               (4) 

𝛿𝐸 = (
1

1+𝑇𝛿𝐸𝑠
) (𝐾𝐷𝐶𝑝 +

𝐾𝐷𝐶𝑖

𝑠
) (𝑉𝐷𝐶,𝑅𝑒𝑓 − 𝑉𝐷𝐶)           (5) 

 

Where  

Tx  is delay time constants, and Kxp  and Kxi  are PI 

controllers proportional and integral gains, respectively, 

P, Q, V and VDC are active and reactive power flow through 

line and bus voltage to which UPFC is connected and UPFC 

dc link voltage, respectively.  

Comprehensive models of UPFC for steady-state, transient 

stability and dynamic stability studies and also a dynamic 

model of the system installed with UPFC are presented in 

[18] and [19]. A unified model of a multi-machine power 

system and developed UPFC models is proposed that has 

been linearized and incorporated into the Heffron-Phillips 

model [19]. The conflict between UPFC multiple control 

functions and their interactions was investigated and it was 

shown that the application of all four control functions may 

sometimes decrease the accuracy of the results [20]. We used 

all of these four controllers simultaneously and made a 

compromise between four control variables. Due to technical 

and economical restrictions, the rating of the UPFC power is 

limited and this leads to applying limits of its real and 

reactive power by additional limiter blocks and then 

modifying the UPFC related parameters in each of iteration. 

 
Fig. 1. The UPFC power and control flow diagram 

 

A supplementary controller, known as POD, is designed in 

UPFC to enhance the transient stability of the entire electric 

power system. Inverse interaction between PSS and series 

part control is compensated by providing a UPFC-based 

damping controller [21]. As shown in Figure 1, POD 

controllers have a lead-lag controller structure transfer 

function consisting of gain, a washout function, and two 

lead-lag blocks, which should be adjusted. Fixed parameter 

classical controller is not suitable for the UPFC damping 

control design. Then, a flexible controller should be 

developed. Several approaches have been proposed for it, 

such as root locus and sensitivity analysis, pole placement, 

and robust control. The conventional techniques require 

heavy computation and have slow convergence. The search 

methods may also be trapped in a local minimum and the 

solution obtained may not be the finest. In addition, it is 

necessary that the designed controller provide some 

robustness to the variations of parameters, conditions, and 

configurations. Also, the controller parameters, which have 

stabilized the system in a certain operating condition, may no 

longer have acceptable results in case of large disturbances 

[22]. 

To improve its dynamic performance, its parameters can be 

optimized by using an optimization problem. Based on 

eigenvalues, a multi-objective function related to the damping 

factor and damping ratio is considered as: 

 

𝐽 = ∑ ∑ (𝜎0 − 𝜎𝑖𝑗)
2

𝜎𝑖≥𝜎0

𝑁𝑃

𝑗=1

+ 𝛼 ∑ ∑ (0 − 𝑖𝑗)
2

𝑖≥0

𝑁𝑃

𝑗=1

 

𝑓(𝑥) = min 𝐽
                                    (6) 
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Where  σ𝑖𝑗 is the real parts of system eigenvalues, σ0  is 
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desired real part of eigenvalue, 
𝑖𝑗

 is the damping ratios of 

system variables, and 0 is the desired damping ratio. This 

optimization problem can use a numerical technique, such as 

PSO. 

 

III. AN INTRODUCTION TO DFIG STUDY 

 

In DFIG, two converters are included in the rotor circuit. The 

power electronic converters ratio is a fraction of the total 

power. Therefore, the losses in the power electronic converter 

can be reduced compared to a system where the converter has 

to handle the entire power, and the system cost is lower due 

to the partially rated power electronics. DFIG operates in 

both sub-synchronous and super-synchronous modes with a 

rotor speed range around the synchronous speed. For 

variable-speed systems, DFIG offers adequate performance 

[23]. Figure 2 shows a DFIG-based wind farm connected to a 

power system. 

 

 
Fig. 2. DFIG connected to a multi-machine power system 

 

In [24], different state space models of DFIG for power 

system study have been compared. The modeling details of 

the turbine, drive train, pitch controller, induction machine, 

and the controllers of both RSC and the grid-side converter 

(GSC) of DFIG have been introduced. 

DFIG state equations in dynamic stability studies are 

mentioned below. 

Eq. (7)-(10) are related to two-mass model turbine drive 

dynamic, Eq. (11)-(13) are for the three-degree model of the 

machine, Eq. (14)-(17) are related to for GSC controller, and 

Eq. (18)-(21) are for RSC controller as follows: 

 

2𝐻𝑡
𝑑𝜔𝑡

𝑑𝑡
= 𝑇𝑚 − 𝑇𝑠ℎ                                              (7) 

2𝐻𝑔
𝑑𝜔𝑔

𝑑𝑡
= 𝑇𝑠ℎ − 𝑇𝑒                               (8) 

1

𝜔𝑏

𝑑𝜃𝑡𝑤

𝑑𝑡
= 𝜔𝑡 − 𝜔𝑔                                (9) 

𝑇𝑠ℎ = 𝐷
𝑑𝜃𝑡𝑤

𝑑𝑡
+ 𝐾𝜃𝑡𝑤                                        (10) 

𝑇0
′ 𝑑𝐸𝑞𝐷

′

𝑑𝑡
= −(𝐸𝑞𝐷

′ + (𝑋𝑠 − 𝑋𝑠
′)𝐼𝑑𝑠) + 𝑇0

′ (𝜔𝑠
𝑋𝑚

𝑋𝑟
𝑉𝑑𝑟 − (𝜔𝑠 −

𝜔𝑟)𝐸𝑑𝐷
′ )                                         (11) 

𝑇0
′ 𝑑𝐸𝑑𝐷

′

𝑑𝑡
= −(𝐸𝑑𝐷

′ + (𝑋𝑠 − 𝑋𝑠
′)𝐼𝑞𝑠) + 𝑇0

′ (𝜔𝑠
𝑋𝑚

𝑋𝑟
𝑉𝑞𝑟 − (𝜔𝑠 −

𝜔𝑟)𝐸𝑞𝐷
′ )                                         (12) 

2
𝐻𝐷

𝜔𝑠

𝑑𝜔𝑟

𝑑𝑡
= 𝑇𝑚 − 𝐸𝑑𝐷

′ 𝐼𝑑𝑠 − 𝐸𝑞𝐷
′ 𝐼𝑞𝑠                    (13) 

 

While: 

𝑉𝑞𝑠 = −𝑅𝑠𝐼𝑞𝑠 − 𝑋𝑠
′𝐼𝑑𝑠 + 𝐸𝑞𝐷

′  

𝑉𝑑𝑠 = −𝑅𝑠𝐼𝑑𝑠 + 𝑋𝑠
′𝐼𝑞𝑠 + 𝐸𝑑𝐷

′  

𝐼𝑑𝑟 =
𝐸𝑞𝐷

′

𝑋𝑚

+
𝑋𝑚

𝑋𝑟

𝐼𝑑𝑠   , 𝐼𝑞𝑟 = −
𝐸𝑑𝐷

′

𝑋𝑚

+
𝑋𝑚

𝑋𝑟

𝐼𝑞𝑠 

𝑇0
′ =

𝑋𝑟

𝜔𝑠𝑅𝑟

    ,   𝑋𝑠
′ = 𝑋𝑠 −

𝑋𝑚
2

𝑋𝑟

 

𝐸𝑞𝐷
′ =

𝑋𝑚

𝑋𝑟

𝜑𝑞𝑟   , 𝐸𝑑𝐷
′ = −

𝑋𝑚

𝑋𝑟

𝜑𝑞𝑟 

 

Considering RSC and GSC dynamic via defining auxiliary 

variables, 𝑥1 to 𝑥8, which are displayed in Figure 3, are as 

follows: 

 

)(
1

1
1 rrefKI

dx    (14)

))))(((( 11
1

2 2 rrefPqrK
Kxidx

I
                 (15) 

3

1

3
( )

I
sref sK

dx Q Q                             (16) 

))))(((( 33
1

4 4 ssrefPdrK
QQKxidx

I
                (17) 

5

1

5
( )

I
DCref DCK

dx V V  (18)  

))))(((( 55
1

6 6 DCDCrefPqgK
VVKxidx

I
       (19) 

)(
7

1
7 srefsK

VVdx
I

                                                
(20) 

))))(((( 77
1

8 8 srefsPdgK
VVKxidx

I
                (21) 

 

 

               
 

Fig. 3. DFIG RSC and GCS PI controllers 
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The equation, which represents DC link capacitor between 

two converters dynamic, is as follows: 

𝐶𝐷𝑉𝐷𝐶
𝑑𝑉𝐷𝐶

𝑑𝑡
= (𝑣𝑑𝑟𝑖𝑑𝑟 + 𝑣𝑞𝑟𝑖𝑞𝑟) − (𝑣𝑑𝑔𝑖𝑑𝑔 + 𝑣𝑞𝑔𝑖𝑞𝑔)  

(22) 

 

 

IV. MODELING POWER SYSTEM WITH UPFC 

INSTALLED 

 

The performance analysis of UPFC requires its steady-state 

and dynamic models. Figure 4 shows UPFC in a 

multi-machine power system: 

 

 
Fig. 4. UPFC in the multi-machine power system 

 

With reducing the bus admittance matrices to generator 

internal buses and UPFC terminal buses, the following 

equation can be written:  

   

  Y̅E̅ = I ̅ , Y̅ = [
YGG   YGU

YUG   YUU
] , E̅ = [

E̅G

V̅U

] , I̅ = [
IG̅
IU̅

]      (23) 

While YGG is the reduced admittance matrices connecting the 

generator current injection to the internal generator voltages. 

 YGU is the admittance matric component, which gives the 

generator currents due to the voltages at UPFC buses,  YUG 

is the admittance matrices component, which gives UPFC 

currents in terms of the generator internal voltages, YUU is 

the admittance matrices connecting UPFC currents to the 

voltages at UPFC buses,  E̅G  is the vector of generator 

internal bus voltages,  V̅U  is the vector of UPFC ac bus 

voltages,  IG̅ is the vector of generators’ currents injection, 

 IU̅ is the vector of UPFC currents injected to the power 

network. Then these parameters values will incorporate in 

deriving matrices equation of multi machine power system 

with UPFC installed which is essential in dynamic stability 

analysis.  

For the small signal stability studies of the power system, the 

linear model of Heffron-Phillips is used, which provides 

reliable and enough accurate results [25]. The nonlinear 

dynamic model of the system installed with the UPFC 

equations is as follows: 

 

𝛿̇ = 𝜔𝑏(𝜔 − 1)                                 (24) 

𝜔̇ = 𝑀−1(𝑇𝑚 − 𝑇𝑒 − 𝐷(𝜔 − 1))                         (25) 

𝐸̇𝑞
′ = 𝑇𝑑𝑜

′ (𝐸𝑓𝑑 − 𝐸𝑞
′ + (𝑋𝑑 − 𝑋𝑑

′ )𝐼𝑑)                  (26) 

𝐸̇𝑓𝑑 = (𝐾𝐴(𝑉𝑅𝑒𝑓 − 𝑉𝑡) − 𝐸𝑓𝑑)/𝑇𝐴 (27)                           

𝑉̇𝐷𝐶 =
3𝑚𝐸

4𝐶𝑑𝑐
(𝑠𝑖𝑛𝛿𝐸𝐼𝐸𝑑 + 𝑐𝑜𝑠𝛿𝐸𝐼𝐸𝑞) +

3𝑚𝐵

4𝐶𝑑𝑐
(𝑠𝑖𝑛𝛿𝐵𝐼𝐵𝑑 + 𝑐𝑜𝑠𝛿𝐵𝐼𝐵𝑞    (28) 

These equations can be re-written and after linearization in 

following matrix format and detail value calculation of K 

coefficients firstly introduced in [18]:
 

 

[
 
 
 
 
 

∆𝜹̇
∆𝝎̇
∆𝑬𝒒

′̇

∆𝑬𝒇𝒅
̇

∆𝑉̇𝐷𝐶]
 
 
 
 
 

=

[
 
 
 
 
 

 0                ω0I                 0                     0                  0  

−M−1K1     –M−1D          –M−1K2          0           –M−1Kpd

−Tdo
−1K4           0             – Tdo

−1K3               Tdo
−1           – Tdo

−1Kqd

−TA
−1K5KA        0         – TA

−1K6KA          − TA
−1      –TA

−1K6Kvd 
 K7                    0                    K8                     0               − K9 ]

 
 
 
 
 

[
 
 
 
 

∆𝜹
∆𝝎
∆𝑬𝒒

′

∆𝑬𝒇𝒅

∆𝑉𝐷𝐶]
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B

B

E

E
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m

m

KKKK




vdbA
1

AvbA
1

AvdeA
1

A5A
1

A

qdb
1

doqb
1

doqde
1

doqe
1

do

pdb
1

pb
1

pde
1

pe
1

KKTKKTKKTKKT

KTKTKTKT

KMKMKMKM

0000

   (29) 

 

As we can see, the above equation is the standard form of the 

linear system as below: 

∆𝑋̇𝑔 = 𝐴𝑔∆𝑋𝑔 + 𝐵𝑔∆𝑈                          (30) 

This matrix equation is suitable for classical linear control 

and numerical solving of the system equations as well as 

analysis such as eigenvalues-related techniques. 

 

V. MODELLING OF DFIG CONNECTED TO 

POWER SYSTEM 

 

Recently researchers have shown that in a modal study if 

wind farm is replaced by an equal dynamic DFIG, it will have 

acceptable result [26]. A comprehensive model of DFIG 

connected to a power system is similar to Wang’ [19] idea 

that was conducted before FACTS devices were developed 

[27]. Multi-machine power system linearized model 

considering DFIG connections (e.g., Figure 2) may be 

extracted as follows: 

𝑑

𝑑𝑡

[
 
 
 

∆𝛿
∆𝜔
∆𝐸𝑞

′

∆𝐸𝑓𝑑]
 
 
 
=

[
 
 
 
 
 0               𝜔0𝐼           0                 0

−𝑀−1𝐾1  –𝑀−1𝐷  –𝑀−1𝐾2    0

−𝑇𝑑𝑜
−1𝐾4     0         – 𝑇𝑑𝑜

−1𝐾3   𝑇𝑑𝑜
−1

−𝑇𝐴
−1𝐾5𝐾𝐴  0   – 𝑇𝐴

−1𝐾6𝐾𝐴  − 𝑇𝐴
−1]

 
 
 
 

 

[
 
 
 

∆𝛿
∆𝜔
∆𝐸𝑞

′

∆𝐸𝑓𝑑]
 
 
 
+

[
 
 
 

0
−𝑀−1𝑘𝑃𝑃

−𝑇𝑑𝑜
−1𝑘𝐸𝑃

𝑇𝐴
−1𝐾𝐴𝑘𝑉𝑃]

 
 
 
∆𝑃𝑊 +

[
 
 
 
 

0
−𝑀−1𝑘𝑃𝑄

−𝑇𝑑𝑜
−1𝑘𝐸𝑄

𝑇𝐴
−1𝐾𝐴𝑘𝑉𝑄]

 
 
 
 

∆𝑄𝑊                         (31) 
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The state vector of the whole grid, 𝑿𝒈, in the matrix format 

while DFIG is connected is as follows: 
𝑑

𝑑𝑡
∆𝑿𝑔 = 𝑨𝑔∆𝑿𝑔 + 𝒃𝑃∆𝑃𝑤 + 𝒃𝑄∆𝑄𝑤                (32) 

Where  𝑉𝑊 is the bus by which DFIG is connected to power 

system voltage amplitude that can be represented as below:

                   

∆𝑉𝑊 = 𝐶𝑔∆𝑋𝑔 + 𝑑𝑔1∆𝑃𝑊 + 𝑑𝑔2∆𝑄𝑊                 (33) 

DFIG linearized model can be used in the following format:
 
 

𝑑

𝑑𝑡
∆𝛹𝑤𝑠𝑑 = 𝐾𝑤𝑑1∆𝛹𝑤𝑠𝑑 + 𝐾𝑤𝑞1∆𝛹𝑤𝑠𝑞 + ⋯+ 𝐾1𝑉𝑉𝑤    (34) 

𝑑

𝑑𝑡
∆𝛹𝑤𝑠𝑞 = 𝐾𝑤𝑑2∆𝛹𝑤𝑠𝑑 + 𝐾𝑤𝑞2∆𝛹𝑤𝑠𝑞 + ⋯+ 𝐾2𝑉𝑉𝑤    (35) 

For any other selected state variable of DFIG:  
𝑑

𝑑𝑡
∆𝑥𝑗 = 𝐾𝑤𝑑𝑗∆𝛹𝑤𝑠𝑑 + 𝐾𝑤𝑞𝑗∆𝛹𝑤𝑠𝑞 + ⋯+ 𝐾𝑗𝑉𝑉𝑤       (36) 

In matrix format: 
𝑑

𝑑𝑡
∆𝑿𝑤 = 𝑨𝑤(𝑝)∆𝑿𝑤 + 𝒃𝑤(𝑝)∆𝑉𝑤                  (37) 

Output power of DFIG in linear form can be shown as: 

[
∆𝑃𝑤

∆𝑄𝑤
] = [

𝒄𝑃𝑤
𝑇

𝒄𝑄𝑤
𝑇 ] ∆𝑿𝑤 + [

𝑐𝑃𝑉

𝑐𝑄𝑉
] ∆𝑉𝑤                   (38) 

We can replace them in Heffron-Philips equations to form 

matrix format equations containing both power system and 

DFIG variables: 

Here, we have used a more complete model of DFIG so that 

the state variable vector of DFIG is: 

∆𝑋𝑤 = [∆𝛹𝑤𝑠𝑑   ∆𝛹𝑤𝑠𝑞   ∆𝛹𝑤𝑟𝑑   ∆𝛹𝑤𝑟𝑞   ∆𝜔𝑟1  ∆𝜔𝑟2  ∆𝜃𝑤𝑟  ∆𝑥𝑤1     

 ∆𝑥𝑤2 ∆𝑥𝑤3 ∆𝑥𝑤4 ∆𝐼𝑑𝑐𝑑   ∆𝐼𝑑𝑐𝑞   ∆𝑉𝑤𝑑𝑐∆𝑥𝑤5  ∆𝑥𝑤6 ∆𝑥𝑤7]
𝑇                                            

(39) 

Where w index refers to wind (DFIG) parameters, s 

represents the stator, r is the rotor, d to d axis, q to q axis and 

dc to dc link.  ∆𝑥𝑤1  to ∆𝑥𝑤7  are linearized auxiliary 

variables to consider RSC and GSC dynamics. 

Combining Eq. (32), (33), and (38) will form a dynamic 

equation for both systems as follows: 

 ⌊

∆𝑋𝑔
̇

∆𝑋𝑤
̇

∆𝑋𝑐
̇

⌋ = 𝐴 [

∆𝑋𝑔

∆𝑋𝑤

∆𝑋𝑐

]                              (40) 

Where  𝑋𝑐  is the state variables related to PIs of DFIG 

control system.  

For the dynamic stability study of the whole system, we 

should combine Eq. (30) and (40) to reach Eq. (41), which 

explains multi-machine power system simultaneously 

contains UPFC and DFIG and we can use it to investigate 

small signal issues of the whole system. 

∆𝑋̇ = 𝐴∆𝑋 + 𝐵∆𝑈                               (41) 

While: 

∆𝑋 = [

∆𝑋𝑔

∆𝑋𝑊

∆𝑋𝑐

∆𝑉𝐷𝐶

]                                   (42)
 

Dimension of this state vector is 4n+1+17. n is the number of 

synchronous generators, 1 state for UPFC and 17 state for 

DFIG while 7 of them are auxiliary to express PI controllers. 

We use Eq. (41) to design control system and, if required, we 

can do compromising, co-ordination, and optimization using 

this last overall matrix linear equation. 

 

VI. PARTICLE SWARM OPTIMIZATION 

ALGORITHM 

 

PSO is a population-based optimization technique to solve 

optimization problems with constraints. In the PSO system, 

multiple solutions are candidate and cooperate 

simultaneously. Each candidate, named a particle, flies in the 

problem search space looking to land on the optimal position. 

During the generations, particles adjust their own positions 

according to their own experience and the experience of 

particles located in the neighborhood. This algorithm 

attempts to balance exploitation and exploration by 

combining global and local search methods, and new velocity 

and position of each particle will be updated according to the 

following equations [17]: 

𝑉𝑖[𝑘 + 1] = 𝑤𝑉𝑖[𝑘] + 𝑐1𝑟1(𝑝𝑏𝑒𝑠𝑡𝑖[𝑘] − 𝑋𝑖[𝑘]) +

𝑐2𝑟2(𝑔𝑏𝑒𝑠𝑡[𝑘] − 𝑋𝑖[𝑘])  , 𝑖 = 1,2, …,                  (42) 

𝑋𝑖[𝑘 + 1] = 𝑋𝑖[𝑘] + 𝑉𝑖[𝑘 + 1]                     (43) 

where 𝑁  is the number of particles, 𝑘  is the current 

iteration, 𝑤  is an inertia weight, 𝑟1  and 𝑟2  are random 

variables between 0 and 1, 𝑐1  and 𝑐2  are acceleration 

coefficients, 𝑉𝑖  and 𝑋𝑖  are the velocity and position of the 

particle 𝑖,  respectively, 𝑝𝑏𝑒𝑠𝑡𝒊 are the local best position 

of particle 𝑖, And 𝑔𝑏𝑒𝑠𝑡𝒊 is the global- best position of all 

particles. 

In this study, PSO was used three times; (a) Optimizing J 

function mentioned above with PSO, the lead-lag controller 

parameters, 𝑇1  to 𝑇4 , and wash-out gain K are adjusted 

while only UPFC have used in power system. (b); To 

optimize similar J function (based on Eigen values) to 

optimize the values of 7 PIs of RSC and GSC of DFIG while 

only DFIG is connected to the power system. (c) To optimize 

the same function for the whole system in order to optimize 

UPFC POD parameters and DFIG PIs parameters 

simultaneously. 

 

VII. AN INTRODUCTION TO LMI 

TECHNIQUE APPLICATION 

   LMIs are matrix inequalities that are linear or affine in a 

set of matrix variables. They are basically convex constraints, 

so many optimization problems with convex objective 

functions and LMI constraints can easily be solved efficiently. 

Many control problems can be formulated as LMI problems. 

An LMI has the following form: 

𝐹(𝑥) = 𝐹0 + ∑ 𝑥𝑖𝐹𝑖  > 0𝑛
𝑖=1                         (44) 

where 𝑥 ∈ ℛ𝑚  is the vector of decision variables and 

𝐹0, 𝐹1, … , 𝐹𝑛 are the constant symmetric real matrices, i.e., 
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𝐹𝑖 = 𝐹𝑖
𝑇 ,𝑖 = 0,…𝑚 . The inequality symbol in the equation 

means that 𝐹(𝑥) is positive definite, i.e., 𝑢𝑇𝐹(𝑥)𝑢 > 0 for 

all nonzero  𝑢 ∈ ℛ𝑛 . This matrix inequality is linear in the 

variables 𝑥𝑖.  

In the analysis of the state feedback controller, the objective 

is to determine a matrix 𝐹 ∈ ℛ𝑚×𝑛  such that all the 

eigenvalues of the matrix 𝐴 + 𝐵𝐹 ∈ ℛ𝑛×𝑛 lie in the open 

left-half of the complex plane. Using Lyapunov theory, it can 

be shown that this is equivalent to finding a matrix 𝐹 and a 

positive definite matrix 𝑃 ∈ ℛ𝑛×𝑛 such that the following 

inequality holds: 

(𝐴 + 𝐵𝐹)𝑇𝑃 + 𝑃(𝐴 + 𝐵𝐹) < 0                     (45)  

or 

𝐴𝑇𝑃 + 𝑃𝐴 + 𝐹𝑇𝐵𝑇𝑃 + 𝑃𝐵𝐹 < 0                    (46)  

Note that the terms with products of 𝐹 and 𝑃 are nonlinear 

or bilinear. Let us multiply either side of the above equation 

by 𝑄 = 𝑃 − 1. This gives: 

𝑄𝐴𝑇 + 𝐴𝑄 + 𝑄𝐹𝑇𝐵𝑇 + 𝐵𝐹𝑄 < 0                   (47)  

This is a new matrix inequality in the variables 𝑄 > 0  . But 

it is nonlinear too. By defining a second new variable= 𝐹𝑄, 

we have: 

𝑄𝐴𝑇 + 𝐴𝑄 + 𝐿𝑇𝐵𝑇 + 𝐵𝐿 < 0                      (48) 

This gives an LMI feasibility problem in the new variables 

𝑄 > 0 and 𝐿 ∈ ℛ𝑚×𝑛. After solving this LMI, the feedback 

matrices 𝐹  and Lyapunov variable 𝑃  can be recovered 

from 𝐹 = 𝐿𝑄 − 1  and 𝑃 = 𝑄 − 1 . This shows that by 

making a change in the variables, we can obtain an LMI from 

a nonlinear matrix inequality [28]. While LMI solvers are 

concerned to resolve stability issues, we used LMI to achieve 

a more acceptable result [29]. 

 

VIII. SYSTEM SIMULATION 

A. Implementation algorithm 

We applied this simulation method to several power systems 

and we report the results of one of them here. Figure 5 shows 

the studied power system, which is a 10-machine 39-bus New 

England network whose data can be found in [30]. For small 

signal analysis, the sampling time was selected as 0.1 msec, 

thus the frequency of the two UPFC and DFIG inverters’ 

parameters updating is 10 kHz, which is consistent with the 

existing switches’ speeds. In this study, a PSS was used only 

for the generator that is installed on the slack bus. We 

simulated four scenarios: power system without UPFC and 

without DFIG, power system using UPFC controller only, 

power system while connected DFIG (wind farm) controller 

acts, power system while both UPFC and DFIG controllers 

are simultaneously designed and used. 

 
Fig. 5. The New England power system network schematic 

single line 

 

B. Power system simulation results 

In this study, MATLAB program was used to simulate the 

model. Within the load flow solution, the thermal limits of 

lines capacity are considered. A 3-phase earth fault is applied 

to the line between bus 3 and 4 and its duration to clear is 0.1 

sec which is short enough for small signal analysis. 

Oscillations are demonstrated by extracting ∆𝛿 and ∆𝜔 of 

all machines. 

Figure 6 depicts the results while DFIG is not connected and 

UPFC is not installed. As we can see, the system states are 

oscillating or have weak damping while UPFC is not installed. 

(We see in next section that after using UPFC, the system 

will be more stable after fault clearing.). The results of load 

flow implementation are used to find UPFC placement to 

improve voltage profile. 

 
 (a) All machines load angle deviations 

 
 (b) All machines speed deviations 

Fig.6. System oscillations without UPFC and DFIG 
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C. power system using UPFC controller 

The results of load flow implementation are used to find 

UPFC placement to improve voltage profile and load flow of 

the power system. Within load flow solution, the thermal 

limits of lines capacity are considered. After UPFC insertion 

in the power network, the load flow is executed again. When 

UPFC is installed between 6 and 7 buses in the system, the 

active and reactive power loses are reduced. It is also verified 

that not only the power losses are reduced, the voltage profile 

of the buses is improved after incorporating UPFC. This 

simulation is carried out according to flowchart in Figure 7. 

Fig. 7. The flowchart of the simulation of the power system with 

UPFC installed 

For small signal and dynamic stability study, we used UPFC 

dynamic model and interfacing with power system as 

described in Section IV. All four basic controllers of UPFC 

are considered. Eigenvalues and damping ratios of the 

linearized system are derived and, based on these values, the 

PSO algorithm is used to optimize damping oscillations 

controller. Figure 8 demonstrate the eigenvalues of the 

system with and without UPFC in a complex plane. As we 

can see, some of eigenvalues have a little more negative real 

part. Some of critical eigenvalues are shown in Table I. 

 

 
Fig.8. A comparison of the system eigenvalues with and without 

UPFC 

Table I 

SOME CRITICAL EIGENVALUES BEFORE AND AFTER 

USING UPFC 

Related state Without UPFC With UPFC 

Machine no. 1 load angle 

deviation 

0.638 + 7.701i -0.849 - 6.908i 

Machine no. 3 load angle 

deviation 

0.292 + 7.707i -0.871 - 5.203i 

Machine no. 1 angular speed 

deviation 

0.286 + 4.887i -0.948 - 3.181i 

Machine no. 3 angular speed 

deviation 

0.478 + 4.702i -1.287 - 1.866i 

 

To investigate the enhancement of the power system stability 

by a UPFC, we studied the results and responses of 

three-phase earth fault scenarios, too. Figures 9(a)-(d) show 

four UPFC parameters, faulted bus voltage, the variation of 

all machines load angle variations, and all machines speed 

variations with three-phase earth fault applied, respectively. 

 
 (a) four UPFC parameters 

 
      (b) faulted bus voltage 
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Fig.9 Continued 

 
 (c) All machines load angle deviations 

 

 
 (d) All machines speed deviations 

Fig.9. Damping performance and effect of UPFC in three-phase 

earth fault 

 

D. Power system using connected DFIG controller 

While DFIG (connected to bus 19 with a short line) controller 

is used to damp oscillations, we can see that its effect is less 

than when we used UPFC. But, we found that when we 

increased the capacity of the wind farm (equal DFIG), its 

effect on oscillation damping increased too. This simulation 

was carried out according to the flowchart in Figure 10. 

Figures 11(a)-(c) depict the variations of all machines load 

angle, all machines speed variations, and DFIG states as 

assigned in (39), respectively. 

 
Fig.10. The flowchart of the simulation and power system with 

DFIG connected 

 

 
 (a) All machines load angle deviations 

 
 (b) All machines speed deviations 
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Fig.11 Continued 

 
 

 (c) DFIG states deviations 

Fig.11. Damping effect of DFIG in three phase earth fault 

 

E. Power system using both UPFC and DFIG controller 

According to the flowchart in Figure 12, the whole system 

linearized equation, shown in (42), is used to optimize 

parameters of both UPFC and DFIG and solve and extract the 

deviation of the variables. While there are both UPFC and 

DFIG in power system, and we simultaneously and 

coordinately designed them in one state matrix, damping 

effect of them is better than when we used their controller 

with individual design of them. Figures 13(a)-(c) display the 

variations of all machines load angle, all machines speed 

variations, and DFIG states as assigned in equation (39), 

respectively. 

 

Fig. 12. The flowchart of the simulation and power system with 

DFIG connected and UPFC installed 

 
 (a) All machines load angle deviations 

 
   (b) All machines speed deviations 

 
 (c) DFIG states variables deviations defined in (39) 

Fig.13. Damping effect of both UPFC and DFIG in earth fault 

while coordinately designed 

 

F. Power system using both UPFC and DFIG controller 

while LMI has used 

The system and all situations, described in Section E, were 

used again to simulate and solve whole system linearized 

state space model using state feedback control and 

application of LMI technique, described in Section VI. 

Figures 14(a)-(c) depict the variation of all machines load 

angle, all machines speed variations, and DFIG states as 

assigned in Eq. (39), respectively. While comparing them 
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with Figure 13, faster damping and lower overshoots and then 

more acceptable result is clear. The results of this more 

complete models’ simulation with both UPFC and DFIG 

controllers by using LMI has more acceptable damping 

effects versus [1],[2] and [3] which have used only UPFC 

with classic controller, only DFIG with classic controller, and 

using LQR, respectively. 

 

 
 (a)All machines load angle deviations 

 
 (b) All machines speed deviations 

 
 (c) DFIG state variables deviations defined in (39) 

Fig. 14. Damping effect of both UPFC and DFIG in earth fault 

while coordinated designed and LMI used 

 IX. CONCLUSIONS 

In this study, the power system with UPFC and its main and 

damping controls and its POD here modeled based on the 

Heffron-Philips model. DFIG small signal modeling was 

carried out considering its 17 non-mechanical and control 

state variables. The individual effect of UPFC and DFIG on 

dynamic stability was also studied. Then, their linearized 

model was added to the power system model and the modal 

analysis and dynamic stability of the power system was 

studied in a 10-machine 39-bus New England multi-machine 

power system. The results show that UPFC can noticeably 

improve dynamic stability of the whole power system. The 

control of DFIG in power system helps the system to improve 

the dynamic stability of DFIG and the power system. While 

there are both of these two devices in the multi-machine 

power system, by coordinating and making some 

optimization in UPFC parameters and controllers and 

optimized adjustment in DFIG controllers, the dynamic 

stability of DFIG and the power system can be improved. The 

result is better when LMI is used versus when only classic 

described controllers are used. When using LMI, after 4 

seconds oscillations are acceptably damped while before 

using LMI, near 9 seconds was required to damp oscillations 

acceptably. 

 

APPENDIX 

A: UPFC used Data: 

In 39-bus New England network: UPFC Rating=190 

MW=1.9 pu, xE= 0.0725 pu, xB=0.0725 pu, C=1 pu, 

Sb=100MW. 

B: DFIG used Data: 

Mw=3.4, Dwm=0, Rwr=0.0007, Kwm=3.95, 

Jwr1=8, Jwr2=8, Dwr1=0.0, Dwr2=0.0, 

Xws=0.0878, Xwr=0.0373, Xwm=1.3246, Xwr3=0.05, 

Xwf=0.05, sw0=-0.01, Cw=13.29, Rws=0, DFIG rating 

power=56MW=0.56 pu 
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