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I. INTRODUCTION

A piecewise affine (PWA) system is a dynamical system

that contains multiple affine subsystems and a switching signal
that allows switching between various subsystems. These
systems have broad applications in a range of science and
engineering. This type of system constructs a robust structure
for to model a wide variety of hybrid and nonlinear systems in
that nonlinearities are estimated by a set of linear-affine
models around different operating points. [1].
A time delay is inevitable in the real world. It exists in
industrial processes, control systems, energy systems, and so
on. The time-delay may cause unsatisfactory efficiency,
undesired oscillation, and also system instability. So, it is
imperative to analyze the stability criterion of systems with
time-delay [2].

The PWA systems with time-delay have a key role in the
modeling of such systems as communication networks,
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highway transportation systems, automotive clutch systems,
etc. Delay is an outstanding design and performance
characteristic of these systems and cannot be ignored.

To study the stability of switching systems and PWA
systems, the primary approach is to obtain a common
Lyapunov function for the system under arbitrary switching [3].
For less conservative results, multiple Lyapunov functions
have been proposed [4] - [7]. LyapunovKrasovskii functional
and Lyapunov-Razumikhin functional techniques are used for
time-delay systems to obtain stability criteria [8]. A critical
goal in the delay-dependent stability analyses is to improve
conditions in which one guarantees the stability for the
allowable UB of time delay as large as possible. The
conservativeness of the results depends on two points. The first
one is the choice of proper Lyapunov functional. In order to
improve the results, an augmented vector has been used to
make a Lyapunov functional. Augmented state variables
contain information about current and delayed states, their
integral and their derivative. The stability of time-delay
systems depends on the current states and their history, so the
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use more states information in Lyapunov functional can be a
less conservative way for stability analysis [9-12]. In all of
these work, the novel augmented L-K-F are proposed, and
according to this selection, the results will be less conservative.
The other one is to estimate the bound of integral that appears
in the time derivation of the Lyapunov functional. Several
remarkable approaches have been reported to estimate a tighter
bound of integral terms such as Wirtinger's inequality [13],
free-weighting matrix [14], Jensen's inequality [2], double
integral inequality [15], delay-dependent-matrix based
(DDMB) reciprocally convex inequality [16], and etc.

The first time the PWA with time-delay systems to stability
analysis has been discussed in [17]. Then the sufficient
conditions that guarantee the stability of the PWA-TVD
system have been investigated in [18-19]. In which, switching
law is based on only the current states, and the results are more
conservative. In [20-21], the state-dependent switching
condition depends on the delayed states that are considered,
but the delay is constant. In [22], stability conditions are
derived for PWA-TVD systems with the switching law, which
is dependent on the statesdependent delay and the delayed-
states. Then a switching signal that is independent of the
timedelayed states for the Lyapunov function is designed. In
all of these works, LMIs depend only on the bound of delay
and bound of its derivative, and therefore, the results are more
conservative.

In the present work, the PWA-TVD systems with switching
law, which is based on both the states and delayed states, are
considered. We aim at improving the existing results by
proposing a proper L-K-F and developing a new inequality
used to derive a more accurate estimation of the lower bound
of the integral, which appears in the time derivation of the L-
K-F. The proposed L-K-F contains more information about the
states. This Lyapunov functional depends on the current and
delayed states, the integral of the states across the time-delay,
and the time derivative of the states. Integral terms with time-
varying delay intervals are considered in the suggested
Lyapunov functional, and new stability conditions are
presented, which depend on time-varying delay, and its
derivative does not depend only on the bound of these. Also,
we use new inequality to find the bound for the derivative of
the Lyapunov functional, and we then propose stability criteria,
which enhance the feasible region of stability, for the TVD-
PWA system. The new stability results for the TVD-PWA
system are formulated in terms of LMIs. These LMIs depend
on time-varying delay and derivative of delay.

The paper is organized as below. The preliminaries and
problem formulation are defined in in Section II. The main
stability theorem is proposed in Section Ill. Section IV is
dedicated to numerical examples. The paper is terminated with
a conclusion paragraph in Section V.
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Notation: R?"
S denotes a set of symmetric rxr matrices. In addition Q > 0,
for QeR™™ , means that Q is positive definite. We describe
Sym(X) = X + XT, for any square matrix X€R™®. The
notation Iy represents the appropriate unit matrix. The symbol
* represents the symmetric structure. K* denotes the matrix
basis for the null space of K € R™™

is the set of all gxr real matrices.

Il. PROBLEM FORMULATION

The following formulation represents the PWA-TVD
system:

x=Ax(O+A{xq(H)+ag; x(D)=0(t), te[-hy,0]

X .
\4 [Xd] € 5 1€l

where x(t) € R™! is the system current states, Xq(t)=x(t-
dn(t)) is the delayed-states, A;, A% eER™™ are the current state
and time-delayed state matrices respectively, a,eR™! is the
affine terms, and o(t) is an initial condition. The state space
is partitioned to a number of polyhedral cell that are shown

with 7= {@b)erR"™<R"| £ [{] 0. Ef ['l’]zo} . where

S,: (1)

E=[E e, Ef:[E? ef] are the cell boundaries matrices.

I= {1, ..., E} shows the index of the subsystems. d,(t) is a
time-varying delay, which value and its rate are bounded:
0<dy,(t)<hg, -pu<d,(t)<u (2
The state space can be partitioned as below:
- = i(t)] Cu[X :
[Ei Ei] [F_id(t) >0; V [Xd] €y, » 1€l 3)
where X(D)2[x(t) 1]7, and X (t)2[xq(t) 1]7.
The continuity matrices F,=[F; f], F?:[F? 1], satisfying:

[F, FIXO xOI™=[F, F]EO = 0]

X . (4)
v [Xd] exiﬂxj., 1,jel
The following in [23] can construct these matrices.
Define the following augmented matrices; A= [/3‘ %‘]
xd_[AY o ; .
Aj= 0' 0 , thus the system (1) is formulated as:
S, {R(O)=ARO+AZ (0; V| | ey . i€l 5
2 {RO=ARO AR V[ |ex, - €T} ®)

The subsystems that contain the origin is expressed by I,
and other subsystems are denoted by I;.

I1l. MAIN RESULT

In this section, the set of delay-dependent LMI-based
sufficient conditions is extracted to analyze the stability of the
PWA-TVD. We introduce the following lemmas that will be
used in the extraction of the stability criteria. Then, the main
theorem is presented.



Lemma 1 [24]: If y is a differentiable function:[3,,3,]—R",
for any matrices M,ER*3and V,, V,ER*"and symmetric
matrices M;, M;ER*3" and QER™" , and satisfying:

M, M, V,
[* M; V,[>0 (6)
* * Q
the following inequality holds:
)
[ Qi dsal©,9v,0,0,9,) ™
91
Where
9
'31(91a92)=[yT(91) YT(92) YT(S)dS]
91-9, Jg,

v, =(8,-81) (M1+%M3> +
Sym{Vi[lqg -lg O]+V,[-ly -Is 2L}
Lemma 2 [25]: (Finsler's Lemma) Let WeR" , SeS", and
KeR™" so that Rank (K) < n. The statements (1) and (2) are
equivalent to:
(1) WT'S W<0, VKW=0, x£0
() KL'S Ki<0;
Finsler's lemma can be used to give novel linear matrix
inequality characterizations to stability and control problems.
We now present novel stability criteria for the PWA-TVD
system, which conditions are dependent of time-delay.

Theorem 1: For positive constants hy and u, the system
(1), in the absence of sliding behavior, is asymptotically stable,
if there exist, positive symmetric matrices R, S, Q, Z, Z, , Z,,
Z, Z4(Vi€ly), R,S,Q,Z,Z,, Z,, Zs, Z4(Vi€l)),
any matricesY, Y, (Vi€ly), Yy, Y, (Vi€l;), Nj, N, N3, N,
(Vi€ly), N, N,,N;,N, (vi€l,) , symmetric matrices
L,eR™™  H;eR™™ (i€l) such that H; have nonnegative
entries, where:

_[FIL]Fi

" RLE,

_ [FILIE

Pi= =dT = =dT. —d
Fi LiF; F LiF;

,which satisfy the following LMIs for every region and for

vd,(DE{0,hg}, dy(HE{-pul.

FILF{
T
Fd L Fe

. VlEIO,

FLFE|
= N VIEII

i

For Viel,
Zr Yy N Z; Yy N;
* 7, No|20, [ * z, N,[>0;
Z,534€R N, 55, €RVIY | H,ER™, RERM™
ETH,E, EHE!
i'[ le o le ' d} >0 ©)
ES HE, E! HES
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(B) v, (BH)<0 (10)

where

B=[A;, AY 0 -I; 0 0 0 0] h(®=1-dy),
b;G=1...., 8)ER*™™:block entry matrices, by=0gyn;

v =Sym{E,P,E; }+Sym{E;SE} }+Q, +Q, thye,Rej+®,+D,
Q,=EsQE;-hE QE¢+Sym{E;QE; };

Q,=hE ZE;-E,(ZE,+Sym{E,, ZE|,}

E;=[b; b,],E;=[bs hb], E=[b; du(t)b; (hy-dy(t))bs],
E,=[bs bi-hb, hb,-bs],

Es=[b; by bg], Eg=[b; bs by-by],

E,=[dy(Db, by-b, dy(t)(b,-by)],

Eg=[by by by], Eq=[b; bs by], Ejp=[b; bs by-bs],

E; 1 =[(hg-d,(t))bs  by-bs  (hg-dy(t))(b,-bs)],
E;p=[bo by hb],E =[b; b, bs],E;=[b; by bs]

@,=d,(DE,3 (Zl“‘ézz) Ef+

Sym {E;3(N; (b;-by) "+N, (2bs-by-by) "}
@1ty O)E,, (245 24 ) ELt

Sym{E (N3 (by-b3)"+N4(2bg-b,-b3) '}

[Si1 Si2 Sis Q, Q, Q;

S=|Sh: Sx» Sul. @=|Qh Q, Qi ,
ST sT S T T
13 23 33 Q13 Q23 Q33
le ZIZ Zl3

T T
Z13 2y Zss
RER™™, SER*™3" QER™", ZERM3™

For Viel,

Z, Y, N, Z, Y, N

* 7, N,|20,|* Z, N,[>0
* * R * * R

Z1253 4E]R3(n+1)><3(n+1), N3 4E]R3(n+1)><(n+1), (11)
¥, ,ERID3+D) ReRr+1x(re1)

_[E'THE EHE
| g1 T 4|70 (12)
E; HiE; E; HE;
1. T_ —1
(Bi) v,(Bi)<0 (13)
where

B=[a, A" 0 I, 0 0 0 o0 :
BjGZI,Z,.., 8)ER8(n+1)X(n+l), 50:08(n+1)x(n+1)

7,=Sym {E,P.E; } +Sym {E;S Ej} +0, 40, +hye,Re} +3, +3,
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~ — =T — ——T = =T
Q=EsQE;s-hE Q E¢+Sym {E7Q Es}

=~ = =T = ==T = =T
0,=hE,Z Es-E 1 ZE |y +Sym {E ZE )
E1=[1t_)1 Bz],Ezz[FM htBS],

E;=[b; dy(t)b; (hg-dy()bgl, Es=[bs bi-hib, hib,-bs],

EsZ[FN _1_34 E’O]’_E6:[Bz _BS_ 61'52]
E=[d(0b; b1-by  du(®)(B,-b7)]

E8=[BO l_’0 54],E9=[‘t_)2 l_’5 l_>o]v E10:[53 56 B2'53]

E;=[(hg-dy(t)bg  by-bs (hd'dh(t))(BQ'BS)]:
EIZZ[bO by htbs],
E=[b; b, bsl,E4=[b, b; bsl
_ IRV TN
B=4,0F s (21457, ) Ely+
— o — = T — = — — T
Sym{E13(Nl(bl'b2) +N2(2b7'b1'b2) }
_ I NN
By-(hyedy(O)F,, (Z5+5Z:) Erit

Sym{E;4(N; (52'53)T+N4 (268'52'53)T}

[S]] 0 S]z 0 S]3 O]
*0 0 0 0 O
= [R Rp = |* * S 0 S 0
R= >0, S= 22 23 >0
IRT, Rzz] * % k0 0 0
* * * * S33 0
l* * * * * OJ
_Qn 0 Q12 Q121 Q13 Q131
* 0 0 0 0 0
— * sz QZZI Q23 Q213 |
- T s
oo szz Q231 Q232
oo * Q33 Q33|
_* * * * * Q332
Ziw 0 Zyp Zi Ziz Ziy
* 0 0 0 0 0
7 * * Zyy Zyy Zoy Zoy

Z31 Zox
¥k X * Zys  Zsyy
l* * * * * 2332J
SERA DB GER3mD<3tD) 7R3 <3ar1)

*
*
*
N
N
N
[

Proof: For Vi€l,, the L-K-F is proposed as follow:

Vitx 0=V (0+ YV, (660
g=2

Vi (t)=n] (©OPm, (), V,(tx)=n] ()Sn, (D),
V3= [, m A, ()dy,
V,(tx.2)= fﬁd oM Zn,(x)dy,

Vs (t,x,x)= f tXT (W)Rx(w)dw dy

t-hg

N O2"®  x" O
102 [xT(hy) [ xTOdw  [5H0Tw)dw]
LG @[]

L0 T () dw]T

X K@ [

According to Schur complement and positive definiteness
of S, Q, Z, R, the proposed L-K-F is positive definite from LMI
9)

Define:
EMAT® x"® x"(thy) K'@®) %1 X' (thy)
1 t-dp (1) : 1 t-dy (V) .
du(t) thy x (W)dw hy-di(t) Jon, x(w)dw]

Calculating the time derivative of V; gives:

ov_ovi, > v,
2 o Lot

V=,

where

—“=&T(o Sym {E,PiE] J£(0).

22—£"(1) Sym {EssEZ}é(t) 2T (R,
—a ©0.0, 2 —a (DhgesRe]E(D)-

t dy () t
f T (W)RX(w)dw - f T (W)Rx(w)dw

-hgq t-dp(t)
By applying Lemma (1) with LMI (8), the UB of the
derivative can be estimated as:
aVi
= =8 OwE® (14)
According to Lemma (2), it is clear that if LMI (10) holds,
then inequality (14) is satisfied.

For i€l considerthe L-K-F as bellow:

\_/i (tax9x):\_/1i(tax)+\_/2 (t,X) +\_/3 (t,X,J’C)"‘V;‘ (t,X,jC)"’vS (t,X,x)
Viitx)=i; OP;H, (0, V,(tx)=1) (OSH, (O,

V3(tx0)= [, 1 QM ¢)dy,

Va(tx)= [, T 0ZH,)dy,

Vs(tx,%)= fh fi (W)RX(w)dw dy

1,0=K'0 'Ol
RO=[Ch) [, KWy O wyw]

ﬁ3(y)=[iT(y) X (y) f ?%T(w)dw]

t=dp(t) T

n,(y)= [x ¥ X f X (W)dW]
A similar approach to Vi€l, can be repeated for this case.

According to LMI (12) and positive definiteness of R, S, Q,
Z , the Lyapunov functional is positive definite. LMI (13) with
respect to LMI (11) guarantees that the derivative of Lyapunov
functional decreases over time.



Note that V,=V,, V;=V,, V,=V,, Vs=Vs, and the
condition that guarantees the continuity of V, and V, at the
boundaries can be obtained by using the appropriate continuity
matrices.[]

The suggested Lyapunov functional is continuous, but its
derivative is not continuous at all points of the state space, so
Theorem 1 is confirmed if sliding behavior does not occur at
the boundaries. It is necessary to study of the appearance of the

charming sliding modes at the boundaries for the PWA systems.

An analysis to recognize this sliding mode according to the
Filippov solution is discussed in [23].

IV. NUMERICAL EXAMPLES

This section, presents three numerical examples to
illustrate the effectiveness of the proposed stability
conditions. In the first example, it is considered a switched
linear time-delay system. In this system, the delay is
constant and switching law depends on the current states.
In the second example, it is considered the equation of the
water level changes in a tank. In this example, the delay is
time-varying and switching law depends on the current
states. The third example is about the equation of motion
of a simple pendulum. In this example, the delay is
constant and switching law depends on the delayed states
as well as the current states. The characteristics of these
examples are given in Table 1. The conservatism of delay-
dependent stability conditions is checked by computing
the maximum allowable UB of time delay.
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In this system, the time-delay is constant (dn), and the
switching law depends on the current states. Table 2 shows the
maximum allowable time delay obtained by Theorem 1 (hg)
and existing methods [17-21]. As shown in this table, the
results obtained by Theorem 1 are less conservative than the
currently existing ones.

Table Il
Comparison of UB of delay for example 1

Methods Feasible UB for delay (hq)
[17] 0.0142
[18,19] 0.0142
[20,21] 0.0168
Theorem 1 0.0193

Table |
The characteristics of the studied systems
Dependence type of
Type of delay P - yp

switching law
Example 1 Constant Current states
Example 2 Time-varying Current states

Current states and

Example 3 Constant

delayed states

Example 1: Suppose the switched linear time-delay system
x=A;x(D)+A4x(t-d,) with the system matrices given by:

A‘:[-%l -(?.1]’
Af[_%l -(21]’A3=[_%1 -(g).l]’A‘*:[_odl -(?.1];
Aol Al glasll Glak(g ol

and the cell partition:

S ET R PR R ey Bl R

The state trajectories of the system with initial conditions
[-2,0]" are shown in Fig.1. As shown in this figure, the system
is stable for dy = 0.02 and unstable for d, = 0.021. According
to this, the theoretical maximum UB for time-delay in the
system is between 0.02 and 0.021. Therefore, the simulation
results confirm less conservatism in Theorem 1.

dh=0.02

X,(0

X.(0)

@
d,=0.021

2 3 0 1 2
X, (1)
(b)
Fig.1: The state trajectories of the system in Example 1
with (a) dn=10.02 and (b) dn=0.021

Example 2: Fig.2 shows a water tank and a pipe with length
of L. In this example, a water tank system with a nonlinear
model has the following statement [18]:

1 1
x()= Ao (- oV pgx(D)+ui, (t-dy (1)) (15)
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where g=9.8 ms?, ¢=1000 kgm=, H =11.3882 mY?kg*”? and
A=10 m?2. The pipe length L makes a time-varying delay (d, (t))
in the water inflow to the tank. The goal is to keep the water
level at x=0.5cm. We obtained a PWA model of the system
with linearization around two operating point x¢=0.25 cm,
X0=0.75 cm, as follow as:

s-—20 L ()

2AH,/0.25¢g A9
( 0.25¢g J0.250g
2AH./0.25¢g ¢AH

X(t): ﬂ + AL(Puin (t'd(t))+

2AH,/0.75¢g
,/0.75(pg>

( 0.75¢

2AH/0.75pg 9AH

and the cell partition is obtained:
_[-1 05 _[r -0.5
El_[o 1 ]’EZ_[() 1 ]

The switching law is based on the current states.

> ; 0<x(t) <0.5

;0 0.5<x(t) <1

Fig.2: Water tank

Suppose a control input denoted as below:
Uin(t)= 0.2A¢x(1), 0<x(t) <0.5
Uin(t)= -0.1A@x(t), 0.5<x(t) <1

Fig.3 shows the level of water for the system without delay.
As shown in this figure, the system without delay is stable. But
in practice the system should be considered with delay.
Incrasing the delay can cause closed-loop instability.
Therefore, it is necessary to found the maximum allowable
upper bound of the time-delay for which the stability of the
closed loop system is guaranteed.

Table 3 shows the results for the maximum allowable time-
varying delay for various bounds of the time derivative of the
time delay obtained by Theorem 1. In Table 3, u is the UB of
the derivative of time delay, as shown in (2). It can be verified
with the simulation that the nonlinear system is marginal stable
for constant delay dy=6.53 as shown in Fig. 4 and the system
is unstable for d,=6.54. The maximum allowable constant
delay obtained with Theorem 1 for the equivalence PWA
system is hq=6.265.

IECO 480
Table 11l
The maximum allowable time-varying delay for several of u
U 0.1 0.3 0.6
Maximum 6.00 4.94 0.02

allowable delay

05 -

x(ly

1 1 1 1
0 50 100 150 200 250 300 350 400 450 500
Time (sec)

Fig. 3: The water level in the tank without delay

I I I
[] 50 100 150 200 250 300 350 400 450 0o
Lime {sec)

Fig. 4: The water level in the tank with constant input delay
dn=6.53

Example 3: In this example, a simple pendulum motion
model with constant time delay (dn) between the sensor and the
controller is considered as bellow [20]:

M, L38(t) = -M, gL, sin(9(t))+T(t-dn) (16)
where Mp=1Kkg is the mass of pendulum, L,=9.8m is the length
of pendulum, g is the gravity of earth, and T is the input torque.
A PWA model of this system with time delay and the switching
conditions, which depend on both the states and the delayed
states, is obtained in [20]:

S 9(t) 9(t-dn)]  9(t-di)
[g(t)] B [-o.gzs (1)] [Q(t)] " [01 01] [S(t-d:)] PV [Q(t-dL)] et

0) 9(t) 9(t-dp) 9(t-dp)
[g(t)] B [-o.gzs (1)] [Q(t)] i [(; 05] [Q(t—d:)] v [S(t-d:)] ez
S| 9(t) 9(t-dn)]  [9(t-dy)
[Q(t)][-O.fWS (1)] [9(t)]+[-()l 01] [g(t_d:)]’v[g(t_d:) €3
9() 9(t) 9(t-dp) 9(t-dy)
[g(t)] B [-0.4?875 (1)] [Q(t)] i [(; 05] [Q(t—d:)] v [S(t-d:)] e

with partitions:

W1:{-0.7854<9(t)<0, -0.7854<9(t-d)<0};
W2:{-0.7854<9(t)<0, 0<9(t-dn)<0.7854};
W3:{0<8(t)<0.7854, -0.7854<9(t-dn)<0};

Y4 {0<9(t)<0.7854, 0<9(t-d»)<0.7854};

The simulation results are given in Fig. 5, and 6 and show
that the system is stable with dn=0.19, but becomes unstable
when d=0.196, which implies that the theoretical UB of the
delay is between 0.19 and 0.196. The maximum allowable
delay obtained with Theorem 1 for this system is hg =0.18. Due
to switching based on delayed-states, the methods proposed in



[17-19] cannot deal with this example and the maximum upper
bound that is obtained in [20], is hg=0.161. As a result, the
proposed approach can achieve less conservative estimate of
the UB for the delay in this system.

~
al

—

Pendulum Angle
- )

'
~
= -

0.5 1 1.5 2 2.5 3
Time(sec)

Fig. 5: The pendulum angle for dn=0.19

'

~
T

Pendulum Angle
5 o

1
S

2 4 6 8 10
Time(sec)

Fig. 6: The pendulum angle for dv=0.196

<>

V. CONCLUSIONS

This paper introduced novel stability conditions for the
PWA-TVD system. It is considered that the system switches
are based on both the states and the delayed states. The stability
criteria for the PWA-TVD system have been established in
terms of LMIs. By choosing the improved L-K-F and using
new inequality for the estimation of its derivative, the derived
results are less complex and conservative. Future research can
focus on several extensions such as stability condition for
uncertain PWA systems, the use of different Lyapunov
functional to obtain less conservative results, and the use of the
presented theorem to stabilize PWA systems with time delay
and uncertainty.

APPENDIX

The following algorithm is used to find the maximum
allowable upper bound for delay:
Stepl: Select the positive constants hy and u.
Step2: Solve LMIs (8)-(13) and then check the feasibility of
LMiIs for vd,(t)€{0,hy}, dy(H)E{-w,u}.
Step3: If LMIs will be feasible, increase hq,and then solve
LMIs (8)-(13) again (step2), else if LMIs will be infeasible,
exit the algorithm.
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